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Breathe, breathe in the air

Don’t be afraid to care

Leave but don’t leave me

Look around and choose your own ground

For long you live and high you fly

And smiles you'll give and tears you'll cry
And all you touch and all you see

Is all your life will ever be

Run, rabbit, run

Dig that hole, forget the sun

And when at last the work is done

Don’t sit down, it’s time to dig another one

For long you live and high you fly
But only if you ride the tide

And balanced on the biggest wave
You race towards an early grave

Breathe, The Dark Side of the Moon
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Notation

We add below a list of frequently used notations, together with the page of their first appearance:

|| Euclidean norm,
Il Koranyi norm,
11 operatorial norm of matrices,

() scalar product in R?",
V(,-) polarisation function of the Koranyi norm,
7 (+) projection of R*"** onto the first 2n coordinates,
mr() projection of R?"! onto the last coordinate,
TH shorthand for 7y (),
T shorthand for 7 (z),
Tz left translation by «,
Dy anisotropic dilations,
v centre of H",
U, (x) open Euclidean ball of radius > 0 and centre z,
B, (z) open Koranyi ball of radious r > 0 and centre X,
©4(¢,z)  a-dimensional density of the Radon measure ¢ at the point z,
Dar dilated of a factor r > 0 of the measure ¢ at the point « € H",
Tan,(¢,z) setof a-dimensional tangent measures to the measure ¢ at z,
U (a0) set of a-uniform measures,
M set of Radon measures in H",
supp(p)  support of the measure 1,
— weak convergence of measures,

V(n) the vertical hyperplane orthogonal to n € R*",
K(b,Q,T) the quadric (b+ Qx,z) + Tt = 0 where (z,t) € R>"*,

2(f) characteristic set of the function f : R*” — R
S(F) set where the horizontal gradient of the function F' : H” — Ris null,
J standard symplectic matrix,

M(n,m)  setofn x m matrices,
Sym(2n)  set of symmetric matrices on R?",

S(2n) subset of orthogonal matrices on R?" inducing a linear isometry on H",
Ce set of continuous functions with compact support,
Cl(Q)  setof C* functions with compact support contained in €,
Sg a-dimensional spherical Hausdorff measure centred on the Borel set £,
HE, Euclidean k-dimensional Hausdorff measure,
INQ)] Gamma function,
bl k-th moment of the measure 1,

The symbol ¢ will always denote a measure with density and the symbols p, v uniform measures.
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1. Introduction

In the Euclidean spaces the notion of rectifiability of a measure is linked to the metric by the celebrated:

Theorem 1.1 (Preiss, [37]). Suppose 0 < m < n are integers, ¢ is a Radon measure on R™ and:

0<O™(¢p,x):= lirré W < 0 at ¢-almost every x, (1.1)
r—
where U, (x) is the Euclidean ball of centre x and radius r. Then ¢ is m-rectifiable, i.e., ¢-almost all of R™ can be covered

by countably many m-dimensional Lipschitz submanifolds of R™.

The most difficult part of the proof of Theorem [1.1]is to show that the existence of the density, namely that
holds, implies that the measure ¢ has flat tangents, i.e.:

Tan(¢, z) C O™ (¢, x){H™L.V : V is an m-plane} at ¢-almost every point. (1.2)

The fact that the inclusion implies Theorem [1.1}is a consequence of the Marstrand-Mattila rectifiability
criterion, see for instance Theorem 5.1 in [15]]. The proof of such inclusion depends on the structure of the Eu-
clidean ball and it is not known whether it is possible to extend it to a general finite dimensional Banach space.
The only progress in this direction, to our knowledge, was done by A. Lorent, who proved that 2-locally uni-
form measures in /3 are rectifiable, see Theorem 5 in [27]. As one should expect, although the assumption of
local uniformity is far stronger than the mere existence of the density, already in this strengthened hypothesis,
the proof is really intricate and exploits the particular shape of the ball.

In this thesis we investigate to what extent the local structure of 1-codimensional measures in H" is af-
fected by the regular behaviour of the measure of Koranyi balls. Although the Heisenberg group shares many
similarities with the Euclidean spaces, it has Hausdorff dimension 2n + 2 and it is a k-purely unrectifiable
metric space for any k € {n + 1,...,2n + 2}, i.e,, for any compact set K C R* and any Lipschitz function
f: K — (H", |]-||) we have:

Hﬁ.n(f(K)) =0,

where Hﬁ-\l is Hausdorff measure associated to the Koranyi norm, see for instance Theorem 7.2 in [7] or The-
orem 1.1 in [29]]. This degeneracy of the structure of H™ poses a big obstacle to extending many Euclidean
results and definitions to the context of the Heisenberg groups, or in bigger generality to Carnot groups. In
particular it is not a priori clear what the correct notion of rectifiability should be, or even if there is one. In
the paper [23]] B. Franchi, R. Serapioni and F. Serra Cassano, introduced an intrinsic notion of rectifiability. A
set £ C H" is said to be (2n + 1)-intrinsic rectifiable if for S*"*'-a.e. x € E there exists a (2n + 1)-dimensional
homogeneous subgroup V, such that:

TanQ”H'l (S2n+1|—Ea Jf) = {82n+1|—V:L'}7

and ©2"*1 (82" 1 V) > 0. This definition makes the recovery of De Giorgi’s rectifiability theorem of bound-
aries of finite perimeter sets possible in H".
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The main task of this thesis is to address the question of whether or not the definition of intrinsic rectifi-
ability given by Franchi, Serapioni and Serra Cassano can be characterised by the metric in a similar way as
rectifiability is in the Euclidean spaces. In other words we are interested in determining if a result in the spirit
of Theorem[I.1]is available in H", where rectifiability is replaced with this new intrinsic rectifiability.

The main result of the thesis is the proof of the analogue of the inclusion in the Heisenberg groups,
therefore getting closer to a metric justification of the notion of intrinsic rectifiability:

Theorem 1.2. Suppose ¢ is a Radon measure in H™ such that:
0< 0 (p,2):=lim ——" <oo  for¢-ae. , (1.3)

where B,.(x) is the Koranyi ball. Then:
Tangn 11(6,x) C 2" (g, 2)M(2n +1)  for p-ace. =,

where M(2n + 1) is the family of the Haar measures of (2n + 1)-homogeneous subgroups of H"™ which assign measure 1
to the unit ball.

This is the first example beyond the Euclidean spaces, where the mere existence of the density implies the
flatness of the tangents. Theorem [1.2|leaves open the very interesting problem of determining whether or not
a result in the spirit of the Marstrand-Mattila rectifiability criterion is available in the context of Heisenberg
groups. An affirmative answer to such a question would imply, as in the Euclidean spaces, that ¢ is an intrinsic
(2n + 1)-rectifiable measure.

The study of the density problem in the Heisenberg groups was started in 2015 by V. Chousionis and ]J.
Tyson in [14] where they proved that if ¢ is a Radon measure on H" having a-density, i.e.:

B,

0 <©0%¢,x):= lim M < o0 for ¢-a.e. x, (1.4)
r—0 re

then Marstrand theorem holds in H” for the Koranyi norm, i.e., o is an integer in {0, . . ., 2n+2}. This was done,

very much as in the Euclidean spaces, by proving that implies that ¢-almost everywhere tangent measures
to ¢ are a-uniform measures (see Definition[2.3) and that the support of such a-uniform measures are analytic
manifolds. The same strategy with minor modifications works in general Carnot groups when endowed with
a left invariant polynomial norm. The development of those ideas allowed Chousionis, Tyson and Magnani in
[28] to characterise 1 and 2 uniform measures in H! and to prove that vertically ruled 3-uniform measures are
flat. As a byproduct of our analysis we complete the characterisation of uniform measures in H', see Section
We present here a survey of the strategy of the proof of Theorem giving for each key step a brief
discussion of the ideas involved. In Section 3) we prove that the support of a uniform measure p is contained
in a quadratic surface. This is a result in the spirit of Theorem 17.3 of [31]] (cfr. also with Theorem 4.1 in [25]):

Theorem 1.3. Let a € {1,...,2n + 1} \ {2}, and suppose that 11 is an c-uniform measure. Then there are b € R?",
T € Rand Q € Sym(n) with Tr(Q) # 0 such that:

supp(p) CK(b, Q,T) := {(z,t) € R*"* . (b,z) + (2, Qx) + Tt = 0}.

Despite the fact that we already know (thanks to Proposition 3.2 of [14]) that the supports of a uniform mea-
sure is an analytic variety, the algebraic simplicity of the quadrics containing the support in the 1-codimensional
case will be a fundamental simplification in our computations.

The proof of Theorem [I.3]is based on an adaptation of the arguments of Section 3 of [37]. In particular we
have extended Preiss’s moments to this non-Euclidean context (the Heisenberg moments bj;  are introduced



in Definition 3.8) in such a way that it is possible to prove (see Proposition[3.14) that for any s > 0 and any u is
the support of a given uniform measure p, we have:

< s |ull®(2 + (sl|ull*)?).

4
> v (u) — sffull*
k=1

The left-hand side in the above expression is a polynomial of fourth degree in the coordinates of u, but with
some work one can reduce (see Proposition 3.17) the above inequality to:

|(b(s), wr) + (Q(s)[unl, ur) + T(s)ur| < s ull?,

where uy is the vector of the first 2n coordinates of u, ur is the last coordinate of u and b(s), Q(s) and 7 (s)
are introduced in Definition From the above expression, sending s to 0 one gets the quadric containing
supp(pt). The most tricky part of Theorem 1.3]is to show that Tr(Q) # 0 and to the proof of this fact is devoted
the entire Subsection

When p is a (2n + 1)-uniform measure, one expects that the fact that Theorem represents a strong
information on the structure of supp(y). This idea is exploited in Section[d where we prove:

Theorem 1.4. The support of a (2n + 1)-uniform measure i is the closure of a union of connected components of
K(b, Q,T) \ X, where X is the set of those points where the tangent group to K(b, Q, T) does not exists.

The idea behind the proof of Theorem is the following. Suppose y € K(b, Q,7T) \ supp(i) and let z
be a point with minimal Euclidean distance of y from supp(p). If z ¢ %, thanks to Proposition we know
that Tang, 41 (i, ©) = {SZ"'} where V is the tangent group to K(b, Q, T) at z and SZ" " is its Haar measure.
However, by means of careful computations (see Propositions [4.8[and we show that the blowup of “the
hole in the support” By, _.(y) N K(b, Q,T) is a non-empty open subset of V, which is in contradiction with
the fact that the support the blowup of ;1 at z coincides with the whole V. This implies that the boundaries
of holes of supp(y) inside K(b, Q, 7') must be contained in ¥ and thus a standard connection argument proves
Theorem [1.4

Theorem [1.4]allows us get a better understanding of the behaviour of (2n + 1)-uniform measures at infinity.
In particular we prove that:

(i) if Tang,41(p, 00) NMM(2n + 1) # @ then p € M(2n + 1),
(ii) the set Tang,y1(u, o) is a singleton.

In the Euclidean space these properties arise from a careful analysis of the algebraic properties of moments.
In our framework the structure of moments is much more complicated and therefore (i) and (ii) are proved by
means of a geometric construction. Thanks to these two properties of (2n 4 1)-uniform measures, in Section 4
we prove the following:

Theorem 1.5. Suppose there exists a functional F : M — R, continuous in the weak-+ convergence of measures, and
a constant i = h(H"™) > 0 such that:

(i) if p € M(2n + 1) then F(u) < h/2,
(ii) if pis a (2n + 1)-uniform cone (see Definition[5.1) and F (u) < h, then p € M(2n + 1).
Then, for any ¢ Radon measure with (2n + 1)-density and for ¢-almost every x:

Tangn i1 (¢, ) € O (¢, 2)M(2n + 1).
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The proof of Theorem [L.5|follows closely its Euclidean counterpart, and it is a standard application of the
very general principle that “a tangent to a tangent is a tangent” (see Proposition 2.5).

We are left to construct the functional .# satisfying all the hypothesis of Theorem|I.5} Suppose ¢ is a smooth
function with support contained in B5(0) such that ¢ = 1 on B;(0). We claim that the functional:

Fn) = min | [ o) m, 2 duce),
mes2n—1

satisfies all the hypothesis of Theorem [1.5/and therefore Theorem [I.2]follows. The fact that .7 is a continuous
operator on Radon measures is easy to prove (see Proposition[8.1) and it is immediate to see that .# is identi-
cally null on flat measures. The most challenging hypothesis to check, as in the Euclidean case, is the existence
of A.

Thanks to Theorem [L.3|there are two kinds of (2n + 1)-uniform measures. The ones which are contained in
a quadric for with 7 = 0, that in the following are called vertical, and the ones with 7 # 0, that we will call
horizontal. The first step towards the verification of hypothesis (ii) of Theorem is the following:

Theorem 1.6. There exists a constant €3(n) > 0 such that for any m € S~ and any horizontal (2n + 1)-uniform
cone i we have:

/ (m, 2 2du(z) > €3(n).
B1(0)

The proof of Theorem [I.6] requires the entire the entire Section [6| but the arguments therein contained all
rely on Theorem which is the main result of Appendix[B| Since Theorem [1.6]requires so much work, we
wish to discuss its proof more carefully, in order to help the reader keep in mind what the final goal of the
Section [fland Appendix Blis.

If 1t is a horizontal (2n + 1)-uniform cone, we can find D € Sym(2n) \ {0} such that supp(x) € K(0,D, —1).
In Theorem we prove that such D must satisfy the algebraic constraint which implies that the
operatorial norm ||D|| of D is bounded from above and below by universal positive constants ¢, (n) and €5(n),
respectively (see Propositions[6.7/and [6.8) and thus Theorem|[1.6]follows. We refer to the proof of Theorem
for further details.

While the bound from below easily follows from Theorem obtaining the bound from above is quite
complicated. Suppose {1} is a sequence of (2n + 1)-uniform measures invariant under dilations and assume
that supp(u;) € K(0,D;, —1). If the sequence ||D;|| diverges, then the limit points of the sequence {1;} can
only be vertical (2n + 1)-uniform cones. Defined Q to be one of the limit points of the sequence D;/||D;||, one
can show that the algebraic constraints given by Theorem B.16/on D; imply that for any h ¢ Ker(Q) we have:

2(Tr(Q?) — 2(n, Q%n) + (n, On)?) — (Tr(Q) — (n, On))* =0,

where n := Qh/|Qh|. We refer to Proposition [6.3|for further details. By this key observation, via Proposition
[6.5] we prove that the sequence {;;} can only have a flat measure as limit points. The fact that the limit must
be flat together with the fact that all the eigenvalues of the D; except one (see Proposition[6.6} which is again a
consequence of Theorem [B.16) must be bounded, implies that the assumption that such a sequence {y;} exists
was absurd. Indeed the boundedness of all eigenvalues except one would prevent the limit of the y;’s from
being flat. See the proof of Proposition 6.7 for further details.

The above argument shows that the functional .% disconnects horizontal (2n + 1)-uniform cones and flat
measures. The last piece of information we need to apply Theorem [1.5]is that .7 disconnects vertical non-flat
(2n + 1)-uniform cones from flat measures:

Theorem 1.7. There exists a constant €1o(n) > 0 such that if ji is a vertical (2n + 1)-uniform cone for which:

me§2n—1

min / (m, zg)2du(z) < €1(n),
B (0)

then y is flat.



The proof of the above theorem relies on Theorems and the representation formulas of Appendix|[A]
to get a very explicit and simple expression for the quadric containing supp(4) (see Proposition[7.2). Thanks to
the structural similarities of these quadrics to their Euclidean counterparts we were able to rearrange Preiss’s
original disconnection argument to conclude the proof of Theorem[1.7)(see Theorem[/.7]and cfr. with the proof
of Theorem 3.14 in [37]).

In Appendix|C| we report some further results obtained during the PhD, which are however disconnected
from the main topic of the thesis.
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2. Preliminaries

In this preliminary section we recall many well known facts and introduce some notations. In case the
proof of a Proposition is not present in literature, but the Euclidean argument applies verbatim, we will reduce
ourselves to cite a reference where the Euclidean proof can be found.

2.1 The Heisenberg group H"

In this subsection we briefly recall some notations and very well known facts on the Heisenberg groups
H".Let 7y : R?"T! — R?" be the projection onto the first 2n coordinates and 77 : R+ — R be the projection
onto the last one. The Lie groups H" are the manifolds R*"*! endowed with the product:

xxy:= (ryg +yu, e +yr + 2{xy, Jyu)),

where z; and x7 are shorthands for 7y () and 77 (x) while J is the standard sympletic matrix on R?":

0 id
= (—id o)‘

We metrize the group (H", ) with the Koranyi distance d(-,-) : H" x H" — H" defined as:

=

d(z,y) == (lyg — zul* + lyr — 21 — 2(zu, Jyn)?)

Moreover we let ||z|| := d(z, 0) be the so called Koranyi norm and B, (x) := {z € H" : d(z,z) < r} the Koranyi
ball. The geometry of H" is quite rich and it is well known that d(-, -) is left invariant, i.e., for any z € H" one
has:
dz*xz,zxy) =d(z,y).
As a consequence, left translations 7, (y) := z * y are isometries and we have that d(z,y) = [[z7! = y| =
ly~! * z||. Moreover, defined the anisotropic dilations D : H" — H" as Dy(z) := (A\zg, A2z7), we also have
that d(-, -) is homogeneous with respect to D), i.e.:

d(Dx(x), Dx(y)) = Ad(z, y).
Besides the left translations, we have some other isometries of (H", d). Define:
S(2n) :={U € 02n):UTJU = JYU{U € O(2n) : UL JU = —J}, (2.1)

and let s be the function s : S(2n) — {—1, 1} which satisfies UJU = s(U)J . It is easy to check that S(2n) is a
group under multiplication and that s(-) is a homomorphism between (5(2n), -) and ({—1, 1}, -). Furthermore
we have:
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Proposition 2.1. Let U € S(2n). The map =y : R*" x R — R?*" x R defined as:
Ev: (z,t) = (Ux, s(U)t), (2.2)
is an isometry of H™.

For further references and a much more comprehensive account on the Heisenberg groups we refer to the
monographs [12] and [33].

2.2 Measures with density and their blowups

We recall in this subsection some very well known facts about measures with density and their blowups.

Definition 2.2. A Radon measure ¢ on H" is said to have a-density, for some o > 0, if the limit:

0%(,x) = lim 2B (@)

r—0 re ’

exists finite and non-zero, for ¢-almost every x € H".

Assume {u} is a sequence of measures in M. We say that {u; } converges to i« and we write i, — p, if:

Jimn [ @) = [ F@)n)  forany f e CRY).

Since the paper is concerned with the study of the tangents to measures with a-density, we need a meaningful
concept of tangent for a measure. Let ¢ be a Radon measure on H" with a-density and denote by ¢, , the
measure that satisfies:

for any Borel set A C H". The set of tangent measures to ¢ at = is denoted by Tan, (¢, z) and it consists of the
Radon measures y for which there exists a sequence r; — 0 such that:

QS.’I,’ T
o T

T

The set Tan,, (¢, z) is non-empty for ¢p-almost every x € H". Indeed, fix a point z € H" for which ©%(¢, z) < cc.
Then for every p > 0:

102, (Bp(0)) = 77 ¢(Byr(2)) < 20%(¢, 2)p*,

for sufficiently small r. Therefore the family of measures r~“¢, , is uniformly bounded on compact sets and
compactness of measures yields the existence of a limit for a suitable subsequence.

Definition 2.3. We say that a Radon measure ( is an a-uniform measure if:
(i) 0 € supp(p),
(i) p(Br(x)) =rforanyr > 0and any = € supp(u).

We will denote the set of a-uniform measures with the symbol Uy~ ().

The following two propositions are of capital importance as Proposition [2.4| insures that the tangent mea-
sures to a measure ¢ with a-density are ¢-almost everywhere a-uniform and Proposition that for ¢-almost
every x € H", the tangent measures to any element of Tan(¢, z) are still in Tan(¢, ). The latter stability
property is usually summarized in the effective but imprecise expression tangent to tangents are tangents.
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Proposition 2.4. Assume ¢ is a measure with a-density on H". Then for ¢ almost every x € H™ we have:
Tm’la (¢7 l’) g @Oé (¢, fL‘)Z/[Hn (a).

Proof. The proof of this proposition follows almost without modifications the one given in the Euclidean case
in Proposition 3.4 of [15]. O

Proposition 2.5. Let ¢ be a Borel measures having a-density in H". Then for ¢-a.e. x if u € Tan, (¢, x) we have:
Ty € Tang (¢, x), for every y € supp(p) and r > 0.
Proof. For a proof in generic metric groups see for instance Proposition 3.1 in [32]. O

Proposition 2.6. Let ¢ be a Radon measure and y € Tan, (¢, x) be such that r; “¢, ., — p for some r; — 0. If
y € supp(u), there exists a sequence {z; }ien C supp(¢) such that Dy, (x712z) — v

Proof. A simple argument by contradiction yields the claim, the proof follows verbatim its Euclidean analogue,
Proposition 3.4 in [15]. O

If i is an a-uniform measure, we can also define its blowups at infinity, or blowdowns. Such tangents at
infinity are Radon measures v for which there exists a sequence {R;} — oo such that:

R, “¢o,r, — v.

We will denote with Tan,, (i, 00), the set of tangent measures at infinity of x. The following proposition is a
strengthened version of Proposition 2.4 for uniform measures.

Proposition 2.7. Assume y is a a-uniform measure. Then for any z € supp(u) U {oco} we have:
0 # Tana(p, z) < Usin ().
Proof. A straightforward adaptation of the proof of Lemma 3.5 in [15] yields the desired conclusion. O

The following is a compactness result for uniform measure and for their supports.
Lemma 2.8. If {u};en is a sequence of a-uniform measures converging in the weak topology to some v then:
(i) v is an a-uniform measure,
(ii) if y € supp(v) then there exists a sequence {y;} C H™ such that y; € supp(u;) and y; — vy,
(iii) if there exists a sequence {y;} C H" such that y; € supp(p;) and y; — y, then y € supp(v).

Proof. The proof of this lemma is an almost immediate adaptation of the proofs of Proposition 2.4/and Propo-
sition[2.6 O

The following Theorem was proved by V. Chousionis, ].Tyson in [14]. They proved that if H" is endowed
with the Koranyi metric, the density problem reduces to integer exponents only, as in the Euclidean case:

Theorem 2.9. The set U~ () is non-empty if and only if o € {0,1,...,2n + 2}. In particular if ¢ is a measure with
a-density in H", then:
acf0,...,2n+2}.

Remark 2.10. Note that Uy (0) = {Jo}. Moreover arguing as in Proposition 3.14 of [15], we can also deduce
that Uy (2n + 2) = {£?>"*1}. From now on we will always assume « € {1,...,2n + 1}.

Remark 2.11. The stratification of zeros of holomorphic functions is the tool used by B. Kirchheim and D. Preiss
in [24] and later by V. Chousionis and J.Tyson in [14] to prove Marstrand’s theorem in the Euclidean spaces and
in the Heisenberg groups, respectively. It is easy to see that the same argument yields Marstrand’s theorem for
any Carnot group endowed with a polynomial norm.
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2.3 Basic properties of uniform measures in H"

Proposition 2.12. Let X : (H", |-||) — (H", ||-||) be a surjective isometry of (H", ||-||) into itself. If u € Ugn () and
there exist u € supp(u) such that ¥(u) = 0, then L4 (4) € Unn (a) and:

supp(Z4(4)) = E(supp(¢)).

Proof. Since ¥7(B,.(g)) = B-(X7!(g)), for any g € H" and any r > 0 we have that:

S40(Br(9)) = 6(57(Br(9) = ¢(B(Z7(9)))-
If g € X(supp(¢)), then there exists h € supp(¢) such that g = X(h) and then:

E#¢(Br(g)) = ¢(Br(h)) =r*

In particular X(supp(¢)) C supp(Xx(¢)). The other inclusion can be obtained similarly. O
Definition 2.13. Let £ C H" be a Borel set. For any 0 < a < 2n + 2 and ¢ > 0, define:

SEp(A) = inf { Y ri i AnEC (B, (x),r; < dand z; € E}
j=1

=1
whenever () # A C H" is Borel and ./ ()) = 0. We define the E-centred spherical Hausdorff measure as:

SE(A) := sup sup S5 (B).
BCA6>0

In the case £ := H", our definition reduces to the standard spherical Hausdorff measure (see Definition
2.10.2(2) in [21]]). In such a case we let S := Sf...

Remark 2.14. Let E C A be Borel subset of H". It is easy to see that S§(S5) < S%(S5) < 2*S5(S) forany S C E
Borel. In particular the measures SGLE and S§; are equivalent.
The following characterization of uniform measures easily follows from Federer’s spherical differentiation

theorems:

Proposition 2.15. If yuis a a-uniform measure on H", then j = Sg, -

Proof. First of all note that since p is uniform, p(9B,(x)) = 0 for any » > 0 and = € supp(p). If we let
F :={cd(B;(y)) : y € E and r > 0}, since p is uniform, we also deduce that:
711_r>r(1) sup {r~*u(cl(B,(y))) : # € B,(y) € F} = 1. (2.4)
The equality together with Theorem 2.13 of [22]], imply that whenever V' C H" is an open set, we have:
#(V) = SGipp (V)

supp(p)

In particular thanks to Lemma 1.9.4 of [10] the above identity implies that ;(E) = 85, (E), for any Borel

set F. 0

Remark 2.16. The above proposition implicitly says that a-uniform measures are uniquely determined by their
support.

Definition 2.17 (Radially symmetric functions). We say that a function ¢ : H® — R is radially symmetric if
there exists a profile function g : [0, 00) — R such that ¢(z) = g(| 2]|).
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Integrals of radially symmetric functions with respect to uniform measures are easy to compute and we
have the following change of variable formula, which will be extensively used throughout the paper:

Proposition 2.18. Let i € Un(a) and suppose ¢ : H” — R is a radially symmetric non-negative function. Then for
any u € supp(p):

[ et s aut) =a | gy,

where g is the profile function associated to .

Proof. First one proves the formula for simple functions of the form:

k
0(2) = aixs,.(0);
=1

where 0 < a;,7; forany i = 1, ..., k. The result for a general ¢ follows by Beppo Levi convergence theorem. [J

Proposition 2.19. Let p > 0 and p € Uy (). Then:

izt o a+p
/ 2lPe= 1 dpu(z) = WF( >
H» 4s™4 4

Proof. The profile function associated to ||z[[Pe~*II=I" is rPe=*"", thus by Proposition we have that:

o0 o0
/ ||Z||pefs|\z|\4d‘u(z) :a/ Taflrpefsr“dr _ %/ ta+p7167t4dt
H™ 0 0

S 4

o0
_701 / e lemT gy = 70: r (a +p) .
4s%1" Jo 457" 4
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Preliminaries




3. Uniform measures have support
contained in quadrics

First of all we introduce some notation:

Definition 3.1. Let b € R?", Q € Sym(2n) and T € R. We define K(b, @, T) to be the set of (x,t) € R?" x R for
which:
(b,x) + (x,Qx) + Tt = 0.

The main goal of this section is to prove the following:

Theorem 3.2. Let m € {1,...,2n + 1} \ {2}. For any p € Uy (m) there exist b € R*", T € Rand Q € Sym(2n)
with Tr(Q) # 0 such that:
supp(p) € K(b, Q, 7).

The proof of the above theorem is divided into 2 main steps. First we construct b € R?*", Q € Sym(2n),

T € R for which:
(b,um) + (um, Quu) + Tur =0,

for any u € supp(u). Secondly we prove that Tr(Q) # 0.

The first part of the above program follows closely Chapter 7 in [15] (for a more detailed explanation
see the beginning of Subsection [3.1]below). The basic idea behind all these computations is that the identity
w(Br(u)) = n(B,(0)) for any u € supp(p) and any r > 0 implies that:

Foot el due) — f = el ()| < ClalP
By (u) )

B, (0

for any v € H" and any r > 0, from which it is not hard to build a quadric containing supp(u) (for details see
Subsection [3.3).

The second part (contained in Subsection[3.4) is devoted to prove that the quadric is non-degenerate. In the
Euclidean case this is almost free, however in the sub-Riemannian context it requires some effort. In particular
we are able to prove that if the support of p is far away from the vertical axis V := {xz = 0}, then the quadricis
non-degenerate. The reason for which we have to avoid the case m = 2 in Theorem 3.2]is that S is a 2-uniform
measure and indeed in that case the matrix Q of our construction is 0.

3.1 Moments in the Heisenberg group and their algebraic structure

One of the fundamental tools introduced by Preiss in [37] are moments of uniform measures. If x4 is an
m-uniform meausure in R”, for any £ € N and s > 0 he defines the k-th moment of s

23 k+3

bl]z,s(ulw"uuk : / qul _él‘d ()

15
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where I(m) := [, e~ ‘Z‘zdu(z). Using these functions Preiss is able to prove the following expansion formula:

R

2

1 < SkHu”k n+9 2

D brs(u) = Y — | <5 (s|lul?), (3.1)
k=1

k!
k=1

for any u € supp(u), which allows him to find algebraic equations for points in supp(u).

The problem we tackle in this subsection is to prove an analogue of the inequality in a context where
there is no scalar product inducing the metric. The strategy of our choice is to use a suitable polarization V (-, -)
of the Koranyi norm, which is a 4-th degree polynomial (see Proposition for which a weak form of the
Cauchy-Schwarz inequality holds (see Proposition 3.7). This will allow us to prove in the next subsection an
inequality of the type with our modified moments (see Proposition 3.14).

It is possible to prove an inequality of the type even in Banach spaces with the suitable polarisation of
the norm and with the proper definition of moments. The problem is that such an expansion would not yield
many information on the structure of the support of measures as one really needs an explicit algebraic expres-
sion for the substitute of the scalar product in order to be able to push further the argument. In Carnot groups
however one always have a smooth polynomial norm which can be used as in Heisenberg case, computations
would be just much more complicated.

Definition 3.3 (Substitute for the scalar product). Let V' : H” x H" — R be the polarisation of the Koranyi
norm, i.e.:

Vi 2y o I el = ot s 2
2
for any u, z € H".

Proposition 3.4. The function V (z, ) can be decomposed as:
2V (u,z) = L(u, z) + Q(u, z) + T(u, 2),
where:
(i) L(u,z) = (upy, 4|zg|?2y + d2rJz2y),
(i) Q(u,2) := 4z, up)? = 2|zg|*lug|* — 4(Jzm, ug)? + 227ur,
(iii) T(u,z) = (zu, 4ugPug + durJug).

Remark 3.5. Note that L(u, z), Q(u, z), T(u, z) are 1, 2, 3-intrinsic homogeneous in u, respectively, and moreover
we have L(z,u) = T(u, 2).

Proof. Thanks to the definition of V" and of ||-||, we have:

2V (u,2) = [lull* + ll2l* = lu™" % 2)|* =lug* + lur* + lzu|* + o0 = |on —wnl* = oz — ur — 2(un, Jzg)?

= — 4<UH, ZH>2 — 2|UH|2|ZH|2 + 4|UH‘2<U,H7 ZH> + 4|ZH|2<UH, ZH>
— 4<'LLH7 JZH>2 + 4ZT<UH, JZH> + 2UTZT — 4UT<UH, JZH>
Recognising L(u, z), Q(u, z), T'(u, z) in the computation above proves the claim. O
Proposition 3.6. For any z,u € H" the following estimates hold:
(i) |L(u, 2)| < 4flul]2]?,
(ii) |Q(u, 2)| < 12||2]12[|ul]?,
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(i) |T(u, 2)| < 42| ul]>.
Proof. We start with proving the estimate for L(u, z):
|L(u, 2)| = |(um, 4|25 P2 + 420 T 2m)| < 4| “zH\QzH + ZTJZH’ )
Since z and Jz are orthogonal:
lznP2m + 2 J 2 = |2u|® + 27 l2m* = |2n ) I

From which we get:
[L(u, 2)| < 4llullll2]* |2zl
By Remark 3.5 we have that L(z,u) = T'(u, z) and hence point (iii) follows. At last we prove the bound for
Q(u, 2):

|Q(u, 2)| <4(zm, um)® + 2lzn P un|® + 4Tz, um)® + 2lzr[lur| < 10]2m *lugl? + 2ler|lur| < 12||2]%[lu]*.

O
Proposition 3.7 (Cauchy-Schwarz inequality for V'(-,-)). For any u, z € H" the following holds:
IV (u, 2)| < 2fullll2 (] + [121])*.
Proof. By the triangle inequality we have that ||u~!  z|| > |||u]| — |||||. Therefore:
™ 21 2 ll2ll = flull* = llull* = 4llul®ll2] + 6[lul* 2] — 4llulll2]® + 1]*.
By the definition of V' we conclude that:
AulPll2ll = 6llul®ll2l* + allullll=)® Z[lul* + l2]* = u™" 2] = 2V (u, 2).
Collecting terms, we have:
2ulllll (el + 121)* = V (u, 2).
The bound from below for V (u, z) is obtained similarly. O

The following definition extends from the Euclidean spaces to the Heisenberg group the notion of moment
of a uniform measure given by Preiss in [37]:

Definition 3.8 (Preiss’ moments). For any k € N, s > 0 and any w4, ..., u; € H", we define:
sk k 1
by (un, ... up) o= W/Wi]:[fvwhz)e—ﬂﬂ du(2),
where C(m) :=T (%2 4+ 1). Moreover, if u; = ... = u, we let:
by o(u) =0y J(u, ... u).

Proposition 3.9. For any u € H"™ the following estimate holds:

(lulls)* T(=42*)
k! I (%)

b« (u)] < 16 ((Jluls7)%* +1).
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Proof. Thanks to Proposition [3.7) we have the following preliminary estimate:

m (2s)"

. m (28)"
bl <s® meny | n (25)

\V (u, 2)|Fe #1200 dpu(z) < s ()

4 : —s||z||*
/H 2l Iz * (flull + [121)* eI du ).

Moreover, Jensen inequality (used in the first line) and Proposition (used in the third line to explicitly
compute the integrals) imply that:

m
4

25)k ol
lbi,s<u>lé23’“s kfc) / [l ll211F (fal2* + (12112 e =1 dpa(2)

<o O ([Pl )+ [ el )
% F m—+3k
gtk ]| ul|?* 55 <m+k‘> oT (m—ZBk)) < 16k(||u”3 kT (md3k )((Hu||s4)2k L),

4 KIC(m 4 k! I (%)
O
Definition 3.10. Let o € N3\ {(0,0,0)}, s > 0 and u € H". We define the functions c,_ : ®Li‘o H" — R as:
. 1 Sla"‘r% L a1 0¢2T as _SHZ”4d
ca,s(u) T 061!042!03! C’(m) " (U,Z) Q(U,Z) (U7Z) e N(Z)v
where || := oy + as + a3. Moreover, for any [ € N, we let:
A(l) = {a e N*\ {(0,0,0)} : a1 + 205 + 3a3 < 1}.
The moments b, , can be expressed by means of the functions c,, s defined above:
p s ke—sl=ll* s kg—slzll*
b o (w) :W(m) Hn(QV(u,z)) e du(z) = WCm) Hn(L(u,Z) + Qu, z) + T(u,2))" du(z)
_ 8k+% k! L aq Qs as _SHZ”4d
THCm) Jyn 2=, arlaglos! (1, 2) Qu, 2)* T u, 2)"e H) (3.2)
skt

/ L(u, 2)*' Q(u, z)O‘?T(u,z)o‘3675”2”4du(z) = Z Cas(U).

= Z a1|a21a310( ) ot
Proposition 3.11. Let o € N*\ {(0,0,0)}, s > 0 and u € H". Then:

[cas(u)] < D(@)(s4Juf) 220w Foe,
for some constant D(c) > 0.

Proof. Proposition [3.6|allows us to estimate the integrand in the definition of ¢, s in the following way (as it
gives bounds on |L(u, z)|, |Q(u, 2)| and |T'(u, 2)|):

1 slel+%

‘Ca’S(uN <

/ Lo 2) [ Qw2 [, 2)[ 11 ()

0[1'042'063' C
gortas]ges s\al

a1+2az+3as 3C¥1+20t2+a3 —s|z|1* d
~ aqlaslas! C( ) “ ” / ||Z| ‘ ‘LL( )
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Moreover Proposition yields an explicit value for the integrals in the last line of the above computations,
therefore we get:

goitaz]gas SIQH%

()] < Jusaeres [ faferiestoseslel gy
n

0{1!0[2!043! C(m)
4a1+a3 12(12 F m+3a1+2as+as
= ( 5 ) (llull*s)

- 041!(12!0(3! F(%)

aj42ag9+3ag
1

m+3a]+2agtag
4

With the choice: D(q) 1= 4122122 il

allaglagl F(%)

, we get the desired conclusion. O

Ko = p, where pio x was

Proposition 3.12. Assume p is also invariant under dilations, i.e., for any A > 0 we have

defined in 2.3). Then:

aj+2as+3ag
1

Cas(u) =s Ca,1(w),

forany s >0, a € N3\ {(0,0,0)} and any u € H".
Proof. For any 0 < A, we have that:

L(u, Dx(2))** Q(u, Dx(2))**T (u, Dx(2))** = A3 F202 % [ (u, 2) Q(u, 2)** T (u, 2)*°.

Therefore, defining A := 1/ si, using the fact that po /A" = u, we conclude that:

1 slol a @ as ,—s|z)*
Cas(t) ~arlaslaz! C(m) / L(u, 2)* Q(u, 2)**T (u, 2)**e dp(2)
1 catfopiies e son(2)
= L o azp as ,— ||zl dL,
arlasglag!  C(m) i (u,2)* Q(u, 2) (u, z)*e O

3.2 Expansion formulas for moments

This subsection is devoted to the proof of the expasion formula for the moments of uniform measures (3.3).
Moreover in Proposition we start to flesh out the complex algebra of the inequality (3.3)), in order to build
the desired quadric containing supp(u). We start with a technical lemma which will be required in the proof of

Proposition 3.14
Lemma 3.13. For any m, k € N we have the following estimate:

3k
<87 (= abp (22 .
F( 1 >—8 (7) ¢ F(4)

Proof. By definition of the I' function we have:

3k o0 oORTMmM o0 m m
r( Im> :/ R ety < HgHOO/ £ e/ dt = 8%
0 0

m
()
9lloo 1

where g(t) := ¢ ¢~ 7%/8. The function g attains its maximum at ¢, := & and thus:

7
3k
1
ol < (%) " e,

This yields I' (32m) < 8% (8k) 1 =3+ (m). -
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The following proposition is the technical core of this section. As we already remarked, (3.3) will allow us
to construct the algebraic surfaces containing supp(x). The proof follows closely its Euclidean analogue which
can be found in Section 3.4 of [37] or in Lemma 7.6 of [15].

Proposition 3.14 (Expansion formula). There exists a constant 0 < G(m) such that for any s > 0, ¢ € N and
u € supp(p) we have:

< : 'f||u|\4
PBLROED P
k=1

k=1

G(m) (s]|u T3 (2 + (s]ul|*)?9). (33)

Proof. First consider the case s||ul|* > 1: triangle inequality and Proposition 3.9 (used to get the bound in the
second line) imply that:

q k 4k q k 4k
s”|uf 5" [[ull
*Z k! T Z k!
k=1 k=1
kT (mt3k a4,k 4k
<216k |UHS ) ( :711 )((||U||S4 2k+1 _|_Z ||UH
(%)
\ 1
<)+ (((uli s + 1) BGm) + 3 20,
k=1
.
where E(m) := 2(1:1 1,?,k F(F (m)) In order to prove the proposition in this case we are left to prove that £(m)

is finite. To do this, we use Lemma 3.13]to get an upper bound on E(m):

o 16k T (m+3k)

me3k ka AN
W) et oy
— Kk T(%) k! 7

k=1

E(m) =

The series on the right-hand side in the above inequality converges by the ratio testand thus by comparison
E(m) is also finite. Defined:
G(m) := max{E(m), e},

we have that the proposition is proved in the case s||u||* > 1:

q
_ Z 5" ||ul|**
k!

k=1

< Gm)(lull )" 3 ((lull*s)* +2).

k 4k
We have to prove the thesis in the case that s||u||* < 1. The well known identity > -, % = esllull* implies

that:

q
3 sl |
Kl -

k=0

& k 4k e
1
S S < gy 3 < el
’ k=q+1

k=q+1

For any fixed s > 0, we prove that for any u € supp(p) such that s||u|* < 1, the series Y-, by s(u) converges
absolutely:

o o0 F (m+3k 6k T <m+3k)

s D) s
D fbrsw] <> 16" Ty (et + 1) <23 HW

k=1 k=1 4

=2E(m).
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We can therefore estimate its tail:

%) 4q %) s}
wul|s4 1
S ) = Yo b < 30 bt < 30 1) §@>mwwun
k=1 k=1 k=4q+1 k=4q+1 4
. oo I (mt (3.4)
SWWWNWWW“H)Z‘*(4)
L kKl T (%)
=4q+1
<(full*s) T 5 ((lull*s)**! + 1) E(m).
The next step in the proof is to prove the following equality:
3 b (u) = esllvl’ (3.5)
k=1

for every s > 0 and any u € supp(p) such that s||u||* < 1. Note that by definition:

q m

S — 1 _st ko —slzl*
%%mw¢$mwam/ywmm6 du(z).

We would like to exchange integral and the limit above using dominated convergence. To do so we first have
to find a dominating function:

Eq: W(g—suzu“

q 2\k

_ 4 4dsl||ul[||z]|(||w]] + ||z _ 4 2
<e—sll Z( [/l H(Hk'” 121)%) e sllzl*aslulll=l (rul+1=0)?
k=0

k=0

where in the first in the first inequality we applied Proposition The function f(-) := e~ sI-I*+4sllulll-IQRuli+1-1)?
isin L'(u) thanks to Proposition Thus applying the dominated convergence theorem (pointwise conver-
gence is obvious), we get:

_ B - (QSV(UVZ))]C —s|z||* _ S% sV (u,z) —s||z 4
Zbke m)/ (Z H) el gpu(z) = el /n€2 Vi) g=slzl® gy )

k=0 k=0
— st SHUH4/ —s|lz)|* +2sV (u,2)—s| 2||*
= e e ’ du(z).
com ) 1(2)

Thus by definition of V' (u, z), using Proposition and Proposition we get the desired equality (3.5).:

m

S 54 4 -1 4
b s(u) = 2 esllull / e slluT "z du(z) = eSHUH
20 = . (2) =
Triangle inequality and the bound on the tail of the series >, by s(u) (see equation (3.4)) conclude the proof:

4q a9 k|4
s llu

Zbk,s(u) o Z ” ||

k=1

k=1

4 . i Rt
<> by () — el oslul _ZT
k=0 k=0 ’
<(JJul[ )T+ ((ful|*s)2H + 1) E(m) + e(s|lu]|*)4T?

<G(m)([[ul )T (([lul*5)* + 2).

+
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Recall that in equation (3.2), we showed how by, , are sum of functions c,

bp.s(u) = Z Cos().

la|=k
Proposition implies that already for ¢ = 1, in the left-hand side of inequality (3.3):
4
DD caslu) = slull| < Gm)(slul*)F 2+ (sllul)?),
k=1 |a|=Fk

there are a lot of terms bounded by (s|lu|])%. In the next proposition we get rid of those terms pushing them to
the right-hand side.

Proposition 3.15. For any s > 0 and any u € supp(u) we have:

7 cans(w) = sllull*| < (sl|ull*)F B(s7 Jul), (3.6)

a€A(4)
where B(-) is a suitable polynomial whereas c,, () and A(4) where defined in Definition

Proof. With the choice ¢ = 1, the formula (3.3)) turns into:

4
> bk (1) — sful|*
k=1

By the triangle inequality, we have:

< G(m)(s]lul")F (2 + (sl|ulh)?).

Z Ca,s(U)| -

ag A(4)
lo|<4

4
Z Ca,s (W) _SHUH Z Z Ca,s(u _5Hu||4
k=1 |a|=k

acA(4)

By equation (3.2) we deduce that the first term in the right-hand side of the above inequality coincides with

Zizl bl (u) — s\|u||4‘ and thus we are just left to estimate the second one. Proposition|3.11)implies that:

D cos(wl <] Y7 D(@)(s¥ ufyrrrrestenn).

ag A(4) agA(4)
|| <4 la|<4
Therefore the claim holds true with the choice: B(t) := G(m)t® + Y qga(a) D(a)t*1 2230575, O

|| <4

3.3 Construction of the candidate quadric containing the support

Before describing the content of this subsection we give the following;:

Definition 3.16. For any s € (0, c0) we let:
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(i) the horizontal barycentre of the measure 1 at time s to be the vector in R?":

1
477

b= Gy / (J2u 220 + 20 Jzm)e 1=V dp(2),

(ii) the symmetric matrix Q(s) associated to the measure y at time s to be the element of Sym(2n):

9 lym 4 lym
Qs) :==— %/n|ZH|2€_S”Z”4du(Z)id2n - % /(zH ® zn + Jon © Jzm)e 1V du(z)
8s3 T 4 5 ||zl
+ W/(\zm z2p ® zg + 2pJzg @ Jzg)e” P du(z)
853+ 2 sl
+W lzg|“2r(Jzg @ zg + 25 ® Jzg)e V1 du(z),
HTL

(iii) the vertical barycentre of the measure . at time s to be the real number:

T(s) := 2527 % zresllzl*g (2).
c(my J ™ 8

The first half of this Subsection is devoted to the proof of Proposition where from Proposition we
are able to further simplify the algebra of inequality proving the existence of constant 0 < C such that:

|(b(s), wrr) + (Q(s)urr, unt) + T (s)ur| < Cstul.

In the second half of this Subsection we prove that b(-), Q(-) and 7 (-) are bounded curves as s goes to 0 and
therefore by compactness we can find b, Q and 7 for which for any u € supp(x) we have:

(b,upr) + (um, Qup) + Tur = 0.
What is left to prove in Subsection is that as s — 0, we can find a limit Q for which Tr(Q) # 0.
Proposition 3.17. For any s > 0 and any u € supp(u) we have that the following inequality holds:
[(b(s), wrr) + (Q(s)[un], un) + T (s)ur| < s¥[|ul*B' (s |[u]),
where B'(-) is a suitable polynomial and b(-), Q(-) and T (-) where introduced in Definition .16}
Proof. First of all note that if o ¢ A(2) (see Definition[3.10) then ay + 2a2 + 33 > 3. Therefore Proposition[3.11]

implies that:

D leas(@)] <(sTllul)® D7 D(@)(s[lul)r 202 ¥305 73 = (s1|ul|)* B (1 ul]).

la|<4 la|<4
agA(2) agA(2)

where B"(t) := Y |qj<4 D(a)t*rF2e213273 Hence Proposition (3.15|yields:
ag A(2)

Yo cas@)| | D0 caslu) = sllull*| +slullt + Y [eas(w)
acA(2) acA(4) || <4
ag A(2)

<(sllull)EB(s* |lull) + sllull* + (s |ull)* B (s¥]|ul]),
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where B'(t) := t?B(t) + t + B"(t). Since A(2) = {(1,0,0), (2,0,0), (0,1,0)} we just have to prove that:

€(1,0,0),s (1) + €(2,0,0),s (1) + ¢(0,1,0),s(u) = (b(s),um) + (um, Q(s)um) + T(s)ur.

The expansion of ¢(; g0y, () yields:
S
€(1,0,0),5 (1) = C(m)

1 S%Jr% 4 1
=s2 uH,i/ dzp|zm + dzpTzge P du(2) ) = 52 (ug, b(s)),

/ L(u,z)efs”zwd/,t(z)

C(m)

Expanding c(2,0,0),s (1) we get the first part of the quadric Q(s):
1s2F%

0(2’0}0)’5(’@ :im /” L(u’z)26_5|‘ZH4du(z)

o 22m)? 2sllz]*
20(m)/ (ug, |zg|?2m)? + (ug, zrJ2m) e du(z)

3257 2 L
T(m)/ (wrr, |\zm | 2m) (u, zrd zm)e du(z)

=52 (upr, Qu()[unl) + 52 (upr, Qa(s)[unl),

where:
gs2 T _
Q1(s) ::W . lzu|*2m ® 2y + 2532y @ Jzpe 5”2”4d/¢(z),
8s3t4 2 el
Qs(s) ::W ; |ze|“2r (2 @ Jzg + Jzg @ zp)e du(z).

At last c(o,1,0),s(u) contains the vertical barycentre and the second half of Q(s):

Sl+% _sllzll%
€(0,1,0,s () Zm o Q(u, z)e 1=l du(z)
81+% 4
=~ S L @l un? ATz e e
81+% N 4
T /n(_2|ZH|2|UH|2 +2zpup)e”**du(z).
From which we deduce that:
C(0.1,0),5 (W) = —52 (Qs(8)[up], urr) — 52 (Qu(s)[un], upr) + s2T(s)ur,
where:
45%"—% 4
%(5) =y / (en @ zp + T2y @ Jzm)e” VW dp(2),
QSM 4 .
Qu4(s) = L ’|zH|2675”Z” dp(z)iday,.

Noticing that Q(s) = Qi(s) + Q2(s) — Q3(s) — Qua(s)id, the claim is proven.

(3.7)

(3.8)
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Remark 3.18. Define V' to be the span of the horizontal projection of supp(u), i.e.:

V :=span{uy : u € supp(u)}.

Then with a small abuse of notation, we will always make the identification:

— st "
b(s) = B(s) = Zlc,(im)/GZHFZH +ZT7Tv(JZH))6_SHZH du(z),

where the function 7y : R*" — R?" is the orthogonal projection onto the subspace V. The reason for which we
make this identification is that:

(b(s), urr) = (B(s), un),

for any u € supp(up) which explains why we take this freedom.

Proposition 3.19. Both Q(s) and T (s) are bounded functions on (0, 00). To be precise:
(i) Endowed Sym(n) with a norm |-| there exists a constant 0 < C1, such that sup ¢ o o0)|Q(s)| < C1.
(ii) There exists a constant 0 < Cy, such that sup¢ o o0)| T (s)| < Ca.

Remark 3.20. In particular the function s — Tr(Q(s)) is bounded.

Proof. Proposition implies that there exists a constant 0 < G for which:

Gs® |ul|? 2ci2,00),6 (1) + c(0,1,00.6 (W) = 52 [{wpr, Q(s)upr) + T(s)ur| > 5% |[(upr, Q(s)umr)| — [T (s)|Jur]| -

Thus, it suffices to give a bound for 7 (s) and the other will follow:

[{ur, Q(s)[un])] < <@+ sup IT(8)> ull.

s€[0,00)

The estimate on the supremum norm of 7 (s) follows by its definition and by Proposition[2.1%

m 1, m

5%+4 —s||z||* 5274 2 —sl|lz||* — I‘(M)
TN < Gy | 2erle™ 1 ) < G [oflelte 1 dute) = 2.

4

O

From the above proposition we deduce that for any sequence {s;};en such that s; tends to zero, by com-
pactness we can extract a subsequence {s;, }ren, such that Q(s;, ) and 7 (s;, ) are converging to some Q, 7.
Therefore by Proposition[3.17

1 1
0.< Jim (6(s5,), wurr) + (Qss, Jurr, w) + T (s, )ur] < Jim s JulP B (s} lul) =0.

This implies that for any v € supp(p):

lim (b(s;, ), un) = —(Qup,up) — Tur. 3.9)

k—o0

Proposition 3.21. There existsa B € V such that limy_, b(s;,) = B.



26 Uniform measures have support contained in quadrics

Proof. First of all we note that (b(s),v) = 0 for any v € V', since b(s;,) € V for any k € N (see Remark 3.18).
Choose {ui,...,u} C supp(u), such that (u1)m, ..., (w)y is a basis for V. Thus by equation (3.9), we have
that:

E = — Z (<Q(U'L’)H, (uz)H> —+ T(UZ)T) (uz)H

i=1

O

If the measure y is invariant under dilations, finding a candidate (non-degenerate) quadric containing
supp(p) is quite easy:

Proposition 3.22. If ji9x = p for any X > 0, then b(s) = 0 for any s > 0 and:
(upr, QDup) + T(Dur =0,

for any u € supp(p).
Proof. In the proof of Proposition we defined:

5%<UH, b(s)) := C(l,O,O),s(u)a
and: .
s2 ((um, Q(s)um) + T(s)ur) = c(2,0,0),s(t) + €(0,1,0),5(1)-
Therefore Proposition implies that:

s2 (ug, b(s)) = s (b(1), up).
and: ) )
52 ((um, Q(s)um) + T(s)ur) = 82 ((um, Q)un) + T (Dur),
Therefore by Proposition[3.17|we have that:

1

s (b(1), up)+{up, Q)upg) + T(Lur)| < s7||ul>B'(s7|ul),

for any u € supp(), any s7 ||ul| < 1. Sending s to 0 we deduce that b(1) = 0 and that:
(urr, Q(V)ug) + T (Vur = 0.
O

Remark 3.23. Note that as we already mentioned, if 1 = S} where V is the vertical axis {z € R*"! : zyy = 0},
we have that p is a 2-uniform measure but Q(1) = 0. Therefore in this case our constructed quadric becomes
trivial and thus not meaningful.

3.4 Non-degeneracy of the candidate quadric

The main result of this subsection can be stated as follows. Assume p is a m-uniform measure in H" for
which:
lim Tr(Q(s)) =0, (3.10)

where Q(s) is the curve of symmetric matrices built in Proposition[3.17 Then:

Tan,, (11,00) = {3}



3.4 Non-degeneracy of the candidate quadric 27

It is not hard to show that the condition (3.10) is actually equivalent to:
b(s) — 0, Q(s) = 0, T(s) — 0,

as s — 0 and thus we are really characterizing uniform measures for which our construction fails. This part of
the argument significantly parts ways with its Euclidean analogue (see Section 4 of [25]).

Proposition 3.24. Let O(s) be the matrix defined in Proposition[3.17) For any s > 0 the following equality holds:

m+2
S 4

T =2 2 4 (8 +4n))e =1  au(z).
r(Qe) = g [ JenP(Sslal! = (3 dme 1 du:)
Proof. Let {e1,...,e2,} be an orthonormal basis of R?". Then:

n

Tr(Q(s)) = > (e, Qs)ei) + (€itn, Q()€isn).

i=1
Using the explicit expression for Q(s) we can compute both (e;, Q(s)e;) forany i =1,...,2n. If 1 <i < nwe
have:
sitd 2 2 2 TER s3+% 4,2 22 5| 2||4
(ei, Q(s)ei) = —m/(élzi +2|zg |+ 422 e I dp(z) + com) /(8|2H| 22482222 e IF dp ()
8%+% 2 4
+W/ 8|za |2 21 (2214 mzi)e 1 du(2).

On the other hand if n 4+ 1 <4 < 2n another similar expression holds:

satd 2 2 2\ —sllz||*
<ei+n7 Q(S)[ethD = C(m) (421+n + 2|ZH‘ + 427, )6 d,u(z)
sitd 4.2 2.2 4
+ Gy [ Glonlta2e, + 822 )
st

~ C(m) /n 8z |2er (221 mzi)e "1 dpu(2).

Putting together the above computations with the definition of Tr(Q(s)) we have:

n 25%+%
TH(Q(s)) = 3~ [ (a2 2l + ) (e
=1

m—42

=& | P Sslz) ! = 3 dme 1 ),

Proposition 3.25. Let f : (0,00) — [0, 00) be the function:

f(s):= \zH|26_S“z“4du(z). (3.11)
Hn

(i) If supp(p) € V one has 0 < f(s) forany s > 0,



28 Uniform measures have support contained in quadrics

(ii) f is a smooth function and its derivatives are:
FO) = (17 [ el ln eI du), 612)
H'n,
(iii) s™7°+1f0)(.) is a bounded function on (0, 00) for any i € N.

Proof. Assume there exists w € supp(u) such that wy # 0. Then:

wr|? (3wl _
lwrl® (2 ) (B rugiew)) < [ |zul?e1* 1" du(z) = f(s),

0<
2 ( Hn

for any s > 0. The fact that f is smooth is proven showing that (3.12) holds and this is a standard application
of the dominated convergence theorem. The last point is a direct consequence of Proposition 2.19 and the
formula for f(*:

mA2 e m ) 2 —slz m m+2 .
[s"EH O] < T ot ap(z) < T (+)

Hn 4
O
Remark 3.26. Proposition and Proposition[3.25|imply that:
(i) If supp(p) Z V, we have (—1)' f@)(s) > 0 forany i € N.
(if) The expression of the trace can be rewritten as follows:
s"i 4 s" P
Tr(Q(s)) :m /Hn|ZH|2(85||Z||4 — (8+4n))e~*I*"qu(z) = _SWJN(S) -8+ 4n)C(m)f(s).
(3.13)

In particular this implies by Proposition that Tr(Q(s)) is a smooth, bounded function on (0, o).
Proposition 3.27. The function f defined in (3.11) has the following representation by means of Tr(Q(+)):

f(s)= - /OSA%“ TH(Q(N)dA,

7837

forany s > 0.
Proof. Since f is smooth on (0, 00) by Proposition the following equality holds true:

d% (s 1)) = (3 + T) s2HE f(s) +55TF f(s),

The expression for Tr(Q(s)) in terms of f and f’ given in Remark (ii) togheter with the above identity
imply:
m+2 d

Ff(s) = -8 (s%+%f(s)) 4 (44 2m—dn)sEHEf(s). (3.14)

m+6

C(m)Tr(Q(s)) =—8s =

f'(s) = (8 +4n)s

Define now g(s) := sstif (s), and note that equation (3.14) becomes:

C(m)Tr(Q(s)) = —8¢'(s) + (4 + 2m — 4n) @
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For any ¢ > 0 the function g(s) solves the following Cauchy problem:

g'(s) + rg(s) = - SPUTH(Q(s)),
9(6) = 5+ £(2).

Such Cauchy Problem has an explicit unique solution on (d, c0) (as coeffcients are smooth, Lipschitz and the
vector field is sublinear in g), which is:

o) = -y | [ AP TN+ 56|
8™ 4 5
and coincides by uniqueness with g on (9, c0). Point (iii) of Proposition implies that:
64 f(0)| < o™,

2n+4

for some 0 < C. Moreover, since m < 2n + 1 we have that "7 f(§) — 0 as § — 0. This implies that for any
fixed s > 0:

g(s) = lim hg(s) = -~y { AT Q)N+ 57T f(0)
5—0 8s— =z — -0 5
-Gl [
8~ 1 Jo
where the last equality comes from the fact that |- B Tr(Q(-)) € L'([0,1]) as m < 2n + 1. O

Remark 3.28. Since Tr(Q(s)) is bounded (see Remark [3.26(ii)), if:

lim Tr(Q(s)),

does not exists or exists non-zero, there is a sequence {s; } jen such that the trace of the matrices Q(s) converges
to a non-zero value. Up to passing to a subsequence (for which b(-), Q(-) and 7 (-) converge) we can build B, Q
and 7 as in Proposition [3.24for which Tr(Q) # 0. This would imply that the quadric K(b, @, 7) would contain
supp(u) and would be non-degenerate. Therefore without loss of generality, in what follows we should always
assume lim,_,0 Tr(Q(s)) = 0.

m+2

Proposition 3.29. Suppose that lims_,o Tr(Q(s)) = 0. Then lims o s~ 2 f(s) =0.

Proof. For any e there exists a 6 > 0 such that for any s € (0, §) we have |[Tr(Q(s))| < e. In particular Tr(Q(s)) >
—¢, and Proposition .27 implies that for s € (0, §):

C(m) [° 2u-2-m eC(m) [%  2n—2-m eC(m)s™ 1 eC(m)
fs) = — -V /)\ TETR(QN)dN < S8 /)\ AN S = —
5) 8s"s Jo () 8s"2 Jo 8s"sT EZ 9(9p 42 —m)s™i
Summing up, we proved that for any s € (0,5) we have 0 < 5™~ f(s) < % O

Proposition 3.30. The following are equivalent:

m+2

(i) limsos 1 f(s) =0,
(ii) for any o > 0 there exists an R(a) > 0 such that if R > R(«), then supp(p) \ Br(0) C {z: |zu| < af/z]|}.
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Proof. Suppose (ii) fails. Then there exists an o’ > 0 such that for any j € N there exists y; € supp(u) \ B;(0) for

which [(y;) | > o/||y;||. We prove that along the sequence s; := |(y;) | ~*, the function s™* f(s) is bounded
away from 0, which contradicts (i):

m+2 e 4 m42 (y o 2 . Ny 4
st ) JenlPem W du(z) 257 | ]i Cemns o 100m12) (B 112(0)
s 'm,Z»Z _ 81(0/)4
j s ’ 4 e 16
=o€ OB () g 7R >

where we used the fact that for any 2z € By(,),|/2(y;) one has that |(y;)#|/2 < |zx| and ||z|| < 3a/|(y;)ul/2.
Viceversa suppose (ii) holds. This implies that for any o > 0:

m+2 m+ m+2

s 2 / |ZH‘2678HZ”4d/L(Z)§S 42/B (O)||z||2678”'zl‘4dp(z)+s J O‘Z/B‘ (O)HZH2675HZ”4d,LL(Z),
" R(a) R(a)

The above computation, Proposition and Proposition imply that:

1
s4 R(a)
s" 5 [ JegPe 1  du(z) < m/ tmHe=t"dr + o221 <m+2)
Hn 0

4 4
Therefore:
1
o s4 R(a) 9 9
0 < limsups™3 f(s) <limsupm gmHle=t gr 4 o2 (m—l—) <a2”r (m—l—) .
s—0 s—0 0 4 4 4 4
The arbitrariness of a concludes the proof. O

Proposition 3.31. If supp(u) C V, then p = S3.
Proof. Since supp(p) C V, then (B, (2)) = u(Br(z) N V) = r™, for any z € supp(p) and any r > 0. Note that:
B.(2) NV ={(0,5) € R*" ' : |s — 27| < r?} = U2 () NV,

where as usual U, (z) denotes the Euclidean ball of radius r? and centre x. This implies that u(U,.(z)) = r%
and hence p is a m/2-uniform measure with respect to Euclidean balls and which support is contained in the
line V. Mastrand theorem implies that m/2 must be an integer and since V is 1-dimensional, we deduce by
differentiation that m/2 is either 0 or 1. As we escluded by hypoothesis m = 0, we deduce by the classification
of 1-uniform measures in R" proved in [37] that 1 = %Héuﬂ). Since m = 2 and supp(u) = V, the result follows

by Proposition O
Proposition 3.32. Suppose that for any o > 0 there exists an R(c) > 0 such that if R > R(«), then:

supp(p) \ Br(0) € {2 : |zm| < of/2[[}.
Then m = 2 and Tans(u, 00) = {S3}.

Proof. Letn € C°(R?*" 1) such that 0 < < 1, 7(B1(0)) = 1 and n(B2(0)¢) = 0. For 7 > 0 define:

nr(z) =1 (D1/r(2)) .
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Let v € Tan(u, 00) and {\; };en be such that \; — oo and % — v. Then we have:

2e-lal? Hox(2) |(Dl/Al(z))H|2e—HDlm(Z)HL“(Z)

m
)‘l

| me@)enPe P av(e) = tim [ nule)len

i <
—0 JHnr )\lfn l—o0 H»

[N

1 _
— 1im W‘/]HI |ZH|2€ A? d'u(z) = 0.
1 n

o l—o0

The last equality in the above computation is provided by Proposition and our hypothesis on p. The
arbitrariness of r > 0 and dominated convergence theorem imply:

‘ZH|267”Z”2dl/(Z) =0.

H'Vl,
Proposition implies that supp(v) C V and Proposition implies that v = S%. Therefore by Proposition
p is a 2-uniform measure. O

As an immediate consequence we get:
Corollary 3.33. Let o € Uy (m). Iflimg_,o Tr(Q(s)) = 0, then m = 2 and:
Tany(p1, 00) = {S3}.

In particular for any m € {1,...,2n + 1} \ {2}, there exist b € R*", T € Rand Q € Sym(n) with Tr(Q) # 0 such
that:

supp(p) € K(b, Q,T).
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4. (2n + 1)-uniform measures have no holes

Let p be a (2n + 1)-uniform measure (which should be considered fixed throughout the section) and
K(b, Q, T) be the non-degenerate quadric in which supp(y) is contained. The existence of such a quadric has
been shown in Section B} What is left to understand is whether supp(y) is some kind of very irregular set inside
K(b, Q, T) or if it has a better structure. To state our main result we need some notation. Let F' : R?"*1 — R be
the quadratic polynomial:

F(z):=(b,zg) + (zm, Qzm) + T 21, (4.1)
whose zero-set is the quadric K(b, Q, 7). We define the set of singular points of K(b, Q,7) as:
Y(F)={z Kb, Q,T):b+2(Q~TJ)ry = 0}. 4.2)

Usually X(F') is called characteristic set if T # 0 and singular set if T = 0. We should not bother ourselves with
such distinctions, and regar X(F’) as the set of points where K(b, Q, T) behaves like a cone tip. The following
theorem is the main result of this section and it should be regarded as an analogue of Proposition 4.3 in [25].
We show not only that supp(u) is not a fractal inside K(b, Q, 7") but also that it can be viewed as a quadratic
surface with no holes:

Theorem 4.1. The support of p is (the closure of) a union of connected components of K(b, Q,T) \ L(F).

We give now a short account of the content for each subsection. Subsection {4.1|is split in two parts. The
main result of the first part is Proposition[4.5, where we show that everywhere outside X(F), (2n 4 1)-uniform
measures have flat blowups. Therefore, even though in principle ¢ may have holes, they are not inherited
by tangents and therefore locally supp(u) behaves exactly as the whole surface K(b, Q, 7). The second part
of Subsection [4.1]is devoted to the proof of Proposition where we show that 7 is an invariant for p: if
T = 0 then for any other quadric K(b', @', 7") containing supp(u) we have 7’ = 0. This implies that there are
two types of (2n + 1)-uniform measures which are qualitatively different. If 7 = 0, Theorem [4.1|implies that
supp(p) is vertically ruled, and hence invariant by translations with elements of the centre, while if 7 # 0 then
supp(p) coincides with K(b, Q, T), which is a t-graph, for a precise statement see Proposition [4.8|

Subsection[4.2Jand Subsection[4.3|are completely devoted to the proof of Theorem4.1]in the cases 7" # 0 and
T = 0, respectively. The idea behind the proof is the same in both situations: pick a point z € supp(u) \ X(F')
for which for any r > 0 we have:

B, (z) Nsupp(p)° NK(b, Q, T) # 0,

and show that the holes in the support pass to the blowup, contradicting the mentioned fact that at points of
supp(u) outside X(F') the tangent measure are planes.

4.1 Regularity of (2n + 1)-uniform measures

The first part of this subsection is devoted to the study of the local properties of p. First of all we introduce
the definition of vertical hyperplane and flat measure:

33
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Definition 4.2. For any n € R?" we define:
V(n):={z€eH": (n,zy) =0},

and we say that V'(n) is the vertical hyperplane orthogonal to n. A (2n + 1)-uniform measure v is said to be a flat

measure, or simply flat, if:

_ Q2n+1
=Sy

for some n € R?",

Remark 4.3. The measure S‘%’E:)l is invariant under translation by the elements of V' (n). Let E be a Borel subset
of V(n) and assume that the balls {B;};cn, centred at points of V(n), are a countable cover of E. For any

v € V(n) the balls {v * B, };cn are still centred at points of V' (n), are a countable cover of v * E and:

Z diam(v x B;) = Z diam(B;),

ieN i€N

since translations are isometries for the Koranyi metric. This in particular implies that 8‘2/’2:)1 (E) = 8‘2/’2:)1 (vxE).

The measure 8‘2/’;:)1 is also (2n + 1)-uniform, indeed Propositiontogether with Corollary 7.6 in [23] imply
that for any > 0:
n HEZ - B r\T n
S0y = et BT o, @3)

where ws,, is the volume of the unitary 2n-dimensional Euclidean ball. In {4.3)) the constant in the last equality
does not coincide with the one of Corollary 7.6 in [23]. This is due to the fact that we are not using the same
metric.

The following proposition shows that (2n + 1)-uniform measure with support contained in a vertical hy-
perplane are flat. It is an adaptation of Remark 3.14 in [15].

Proposition 4.4. Suppose that  is a (2n + 1)-uniform measure for which there exists an n € R?" for which supp(u) C
V(n). Then:
_ Qo2n+1
H= SV

Proof. By Proposition for any x € supp(x) and any r > 0:

Saoot (Br(@)) = u(By(x)) = ",

supp ()

Therefore, thanks to {.3), for any r > 0 we have:

Savpt (Br(0)) = SV (B, (0)).

Since supp(p) is closed in V(n), we deduce that supp(u) = V(n): if a ball was missing somewhere the above
equality would not be possible. O

The following proposition shows that outside 3(F') tangents to y are flat measures.

Proposition 4.5. For any x € supp(p) \ X(F') we have:

Tan2n+1 (/J'? LE) = {8‘2/77(4:(1&0»}7

where n(z) :=b+2(Q — T J)xy.
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Proof. By Proposition.7/for any z € supp(u) the set Tang,,+1(u, *) is non-empty and it is contained in Uy (2n+
1). Pickany v € Tang,1(u, ) and recall that by definition of tangent, there exist r; — 0 such that 1, ,, / rf”“ —
v. Therefore Proposition 2.6|implies that for any y € supp(v) there exists a sequence {x;} C supp(u), for which
Dy, (¢ x;) — y. Defined y; := D1, (¢~ '2;), we have that 2; = 2D, (y;) and thus for any i € N:

0=(b, (zi)ar) + ((wi)m, Qwi)ar) + T (wi)r = ri(b, (yi)m) +1i(2(Q = T)wra, (yi)m) + 73 ((yi) i, Qi) ).
Since y; — y, dividing by r; and taking the limit as ¢« — oo we deduce:
0=0+2Q—-TJ)xH,yu)

This implies that for any v € Tang,+1(x, ), we have supp(r) € V(n(z)). The claim follows by Proposition
4.4 O

In the upcoming proposition we show that Ugn (21 + 1) is split in two families that are characterized by the
coefficient 7.

Proposition 4.6. Suppose that there are b € R*", Q € Sym(2n) \ {0} and T € R such that:
supp(p) € K(b, Q, 7).
Then T = 0 if and only if T = 0.
Proof. Assume by contradiction that 7 # 0 and 7 = 0. Since:
supp(p) € S :=K(b, Q, T) NK(b, Q,0),
by Proposition and Remark[2.14} we have that:

(B (0)) = STt (B(0)) < 27 ISEEL 1 (810 B, (0)).

Note that the projection 7 (S) has £2"-measure 0 in R*". Therefore propositionimplies that Sﬂi’&f é (8N
B,.(0)) = 0, which contradicts the fact that 0 € supp(p). O

Definition 4.7. If there exist b € R*" and Q € Sym(2n) \ {0} such that:
supp(u) € K(b, Q,0),

then p is said to be a vertical uniform measure. If such b and Q do not exist y is said to be a horizontal uniform
measure.

4.2 Structure of the support of horizontal uniform measures

In this subsection we prove Theorem in case /i is a horizontal uniform measure and therefore throughout
this subsection we assume 7 # 0. Let f : R*"™ — R be the smooth function:

(h, Qh) + (b, h)

Flh) =

: (4.4
Since supp(u) C gr(f), we deduce that:

supp(p) N B(F) = {(h, f(h)) € R*" !+ h € B(f)},
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where X(f) is the set of characteristic points of f (see Subsection [A]in the Appendix for a more extensive
explanation):

S(f)i={z e R :b+2(Q— T J)h = 0}. (4.5)
Thanks to Proposition if n > 1 then X(f) cannot disconnect R?", as X(f) is an affine space of dimension
less then n. However if n = 1 there might be the case in which R? \ $(f) is split in two connected components,
which we will denote in the following by C;, with ¢ = 1, 2. The following proposition is Theorem |4.1|in case
is a horizontal measure. The idea behind the proof is to tuck cylinders inside holes of supp(u) in such a way
that they are also tangent to supp(x) is some point outside X(F') and to show with some careful computations
that the tangents to p at the point of tangency cannot be flat.

Proposition 4.8. If n > 1 then supp(p) = K(b, Q, T). If n = 1 we have two cases:
(i) if dim(3(f)) = 0, then supp(u) = K (b, Q, T),
(ii) if dim(3X(f)) = 1, then either supp(u) = K(b, Q, T') or it coincides with the closure of the graph of f|c, or flc,.

Proof. Since supp(u) is a closed set and it is contained in K(b, Q,7), then S := {p € R*" : (p, f(p)) € supp(u)}
is closed in R*". For any y € K(b, Q, T), there exists z(y) € S (possibly coinciding with yz) such that:

|2(y) — yu| = disteu(ym, S)-

As a consequence the (possibly empty) cylinder:

Clat)—yu| W) = {(@,1) € R*™ X R : |z — yg| < |2(y) — yul},

does not intersect supp(mu).

We claim that for any y € K(b, Q,T) \ (2(F) Usupp(u)) the tangency point z(y) is contained in X(f).

Let us prove the proposition assuming that the above claim holds. If 3(f) = 0, then supp(u) = K(b, Q,T)
(as y cannot exist). Hence, without loss of generality we can assume X(f) # 0.

If n > 1 then Q := R?" \ X(f) is a connected open set and S is relatively closed inside it. Suppose that there
exists a p € SN Q such that for any r > 0 there exists ¢. € S°NU,(p). This would imply (for a sufficiently small
r > 0):

disten (S, ¢r) < r < disten (B(f), ¢r)s

contradicting the fact that if z € S satisfies |z — p| = disteu (S, ¢-) then z € X(f). Note that the same argument
works in the remaining cases in which n = 1. If dim(3(f)) = 1, where we apply the reasoning above to the
connected components C; and C.

Let us now prove the claim. In order to ease notation in the following we define ¢ := (z, f(z)) € supp(p). If
by contradiction z ¢ X(f), then ¢ ¢ X(F) and thus Proposition [4.5)implies that:

Tang,+1(u, ¢) = {S* 1V (n(¢)},

where n(¢) = —(b+2(Q — TJ)z)/T. Moreover Proposition [2.6|implies that if w € V(n(¢)) and r; — 0, there
exists a sequence {v; }ien C supp(u) such that:

w; == Dy, (¢ 1vy) = w. (4.6)
Since v; ¢ ¢|._,,,|(y) by construction, we deduce that:
|z —yu| < [(CDy,(wi)) i — yul,

which reduces to:

0<2(z -y, (wi)g) + ril(w)ul*
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Taking the limit as i — oo we deduce that:
supp(v) C V(n(¢)) N {w € R*"™' : (2 — yg, wy) > 0}.

If z — yu is not parallel to n(¢) this would contradict Proposition[4.5)as supp(r) would be contained in a proper
subset of V' (n(¢)). This implies that there exists A # 0 for which z — yg = An(¢). From , we deduce that:

() (vi))g =z +riwyg + R;, with |R;| = o(r;),
(B) riwr +o(rf) = (vi)r — ¢r — 2(z, J(vi) ).
Hence putting together (o) and (3), we get:
(vi)r = Cr + 2ri(z, Jwg) + 2(z, JR;) + riwr + o(r7).
Since supp(u) C gr(f), using the definition of f and («), we deduce that:
T(vi)r = T¢r —ri(b+2Qz,wy) — (b+2Qz, R;) — 1} (wy, Qur) + o(r}).

The above computations, (5) and the fact that w € V(n(¢)) imply:

T
—(n(), Ry — 3 20D o(y2)
Therefore recollecting terms the above equality to:
) 1y = (L2220 ) 4 o0 47
On the other hand, (&) and the definition of w; imply that (w;) g = w; + If— Since w; & ¢|;_y,,|(y), we have:

i

2

0
wyg + —
T

)

0 <2(s — ym, ()} + rltw)a? =22 (0. ) 4

K3

where the last line comes from the fact that w € V' (n(¢)). Using and dividing by r;, we deduce:

2
0 <2\ <<wH’ 2wl . wT> " 'wH Bl o)
T T T
=2) <<wH’ Qua) wT> T g2+ 272,
T i
Sending i — oo, we get:
—Awr < )\7<wH’1?wH> + lwul,

which constitutes a non-trivial bound on wr and this contradicts Proposition[4.5 This implies that z € X(f).
O
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4.3 Structure of the support of vertical uniform measures

In this subsection we prove Theorem |4.1|in case 1 is a vertical uniform measure. First of all we need to
establish the relation between the centre of an Euclidean ball tangent to supp(x) and the point of tangency.

Proposition 4.9. Let y € K(b, Q,0) \ supp(p) and ¢ € supp(u) \ (F) be such that:

¢ — y| = disteu(y, supp(p)).
Then:
(i) Cr =yr,
(ii) there exists X # 0 such that \(Cg — yu) = 2QCy + b.

Proof. Since ¢ ¢ ¥(F), Proposition [t.5]implies that:
Tan2n+1(Ma C) = {5\2/?;914,,4.17)}-

By Proposition 2.6} for any w € V(2Q(y + b) and any r; — 0, there exists a sequence {v; };en C supp(u) such
that w; := D1 ,,,(("v;) — w. Therefore writing this convergence componentwise, we have:

() (vi)g =Cu + riwg + Ry, with |R;| = o(r),
(B) riwr +o(r?) = (vi)r — ¢ — 2(Car, I (vi) 1)

Putting together conditions («) and (5) we deduce that:
(vi)r = Cr + 2ri{Cu, Jwr) + 2(Cy, JR;) + r?wT + 0(7’2-2).

The fact that v; ¢ U|c_,(y) and the above expression for (v;)r imply that:

0 <2ri(Ca —yu — 2(Cr — yr)JCrswa) + 2(Car — Yy, Ri)
+lrswe + Ril? + 2(Cr — yr) (2(Ch, JR) + r2wp + o(r?)) (4.8)
+(2ri(Cars Jwrr) + 2(Car, JR;) + riwr + o(r?))?,

forany i € N. Define N := (g —yu —2(¢r —yr)JCu. If N = 0, dividing the above inequality by r? and sending
1 — 00, we get:

0 <lwg|* +2(¢r — yr)wr + 4(Cu, Jw;)*. (4.9)

If N = 0 then (v # yr, otherwise we would have that ( = y and this is not possible by the choice of ¢ and
y. Therefore if N = 0, inequality constitutes a non-trivial bound on w7 which is in contradiction with
Proposition
On the other hand, if N # 0, dividing by r; inequality and sending i — oo, we deduce that 0 < (N, wg).
This implies that:
V(29CH + b) C {(z,t) : (N,z) > 0},

and therefore there exists A # 0 such that AN = 2Q(y + b. Therefore (4.8):

0 <2(N, R;) + |riwg + Ri|> + 2(Cr — yr) (rfwr + o(r7))

+(2ri{Cu, Jwy) + 2(Cy, JR;) + Tzsz + O(T?))? (4.10)
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The condition v; € K(b, Q, 0) implies:
0= (2QCu + b, Ri) + 17 {wir, Qup) + 2ri{wm, QR;) + (Ri, QR;),
which, together with the fact that AN = 2Q(y + b, yields:
—XN, Ri) = r}(wp, Qupr) + 2ri(wr, QR;) + (Ri, QRy).

Using the above information, (4.10) becomes:

0< —§(T§<wH, Qup)+2ri(wy, QR;) + (Ri, QRy)) + |riwn + Ril* + 2(Cr — yr) (rfwr + o(r}))
+(2Ti<CH, JwH> + 2<CH, JRi> + r?wT + O(T?))Z.

Dividing the above inequality by 7? and sending i — oo, we deduce that:

2
0< _X<7~UH, Quu) + lwul* +2(¢r — yr)wr + (Cu, Jwn)?,
which if {7 # yr isa non-trivial bound on wr. This contradicts Proposition[4.5, Therefore (7 = yr and thus:

MCu —yr) = AN =209Cy +b.
O

In the following proposition we prove Theorem {4.1|in case 1 is a vertical measure. The idea behind the
proof is the following. Let ¢ and y be as in the statement of Proposition If |y — ym| is small then the vector
Cm — yu roughly lies in the tangent space of K(b, Q, 0) at ¢. Therefore (ii) of Propositionimplies that such a
vector in the tangent space to K(b, Q,0) at ¢ should be parallel to the normal to K(b, Q,0) at ¢, which is clearly
not possible.

Proposition 4.10. Assume C'is a connected component of K(b, Q,0) \ X(F). Then:
(i) either supp(u) N C =),
(ii) or C' C supp(u).

Proof. 1f 11 is flat there is nothing to prove. Therefore thanks to Proposition [A.8| we can assume without loss of
generality that:
S*H(D(F) NK(b, Q,0)) = 0.

The set C' N supp(u) is relatively closed in C, thus if it is also relatively open in C, by connectedness either
C Nsupp(p) = 0 or C Nsupp(p) = C. By contradiction suppose that this is not the case, and thus there exist
x € supp(p) N C and a rg > 0 such that:

() forany 0 < r < rg there exists y, € supp(p)°NC,
(B) cl(Upy () NK(b, Q,0) = l(Uy, (x)) N C.
Thus, for any 0 < r < r there exists ¢, € supp(u) € B,-(z) such that:
|Gr = yr| = disteu(yy, supp(p)).
By Proposition[4.9) we deduce that for any 0 < r < 7q:
©) (G = (vr)z,
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(ii) there exists A\, # 0 such that:
M) = (yr)m) = 2Q(¢r)m + . (4.11)

As ¢,y € K(b, Q,0) we have that:
0={((yr)m — (¢-)u, Qyr)m — (¢ u]) + 2QIUC) ] + b, 7y — () m)-
Therefore for a sufficiently small » > 0, equation implies:

1= ‘< (Cr)a — (yr)u 2Q(¢)m +b >‘ (@) = (G, QUyr )i — (6Dl _ 19NNy ) e — (¢r)m
[(G)m = ()l [2Q(¢)m + b () e — (G rll2Q(G)r +0 — [2Q(¢)m + 0]

However, since |y, — ((;) | converges to 0 and 29(¢,) g + b converges to 2Qzy + b # 0 as r tends to zero, we
have a contradiction. O




5. Disconnectedness of (2n + 1)-uniform
cones implies rigidity of tangents

In this section we reduce the problem of establishing the flatness of blowups of measures with (2n + 1)-
density to the study of some properties of (2n + 1)-uniform cones, that we introduce in the following:

Definition 5.1. An m-uniform measure x on H” is said to be an m-uniform cone if po » = g, for any A > 0. We
denote by Cgn (m) the set of m-uniform cones.

Such reduction consists in constructing a continuous functional on Radon measures which ”disconnects"
(2n + 1)-flat measures to the non-flat (2n + 1)-uniform cones in the following way:

Theorem 5.2. Suppose that there exists a functional .F : M — R, continuous in the weak-* convergence of measures,
and a constant i = A(H™) > 0 such that:

(i) if p € M(2n + 1) then F(u) < h/2,
(ii) if p € Cun (2n + 1) and F (u) < h, then p € M(2n + 1).
Then, for any ¢ Radon measure with (2n + 1)-density and for ¢p-almost every x:
Tanon, 11(¢, ) € O (p, 2)MM(2n + 1).
The proof of Theorem 5.2 relies on the following two properties of (2n + 1)-uniform measures:
P.1 if Tang, 1 1(p, 00) NOMM(2n + 1) # O then p € M(2n + 1),
P.2 the set Tang,, 1 (u, 0o) is a singleton.

In the Euclidean case, these properties are algebraic consequences of the development of moments. For
instance the proof ofin R™ is quite immediate (see Theorem 3.6(2) of [37]]), but it really relies on the fact that
moments are symmetric multilinear functions. In H" the structure of moments is much more complicated be-
cause they are not multilinear. This is the reason why we could prove these properties only in the codimension
1 case, where fairly strong structure results for supp() are available (see Section .

In Subsections [5.1]and [5.2] we will establish properties [P.1)and [P.2] respectively, while in Subsection [5.3|we
will prove Theorem

5.1 Flatness at infinity implies flatness

In this section we prove As a first step, we show that if ; is a uniform measure whose support is
contained in K(b, Q, 7), then any v € Tany,, 1 (u, co) has support contained in K(0, @, 7). This implies that if

41
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has a flat tangent at infinity then K(0, Q, 7') must contain a hyperplane. This is only possible when rk(Q) = 1,2
(see the proof of Theorem [5.10) and 7" = 0. In Proposition[5.6) we prove that if rk(Q) = 1, then ; must be flat,
while in Proposition we show that if rk(Q) = 2, then either p is flat or it has a unique non-flat tangent at
infitity.

Proposition 5.3. Let i be a (2n+1)-uniform measure for which supp(p) C K(b, Q,T). Then for any v € Tanay,41(u, 00)
we have supp(v) C K(0, Q,T).

Proof. Proposition[2.8]implies for any w € supp(v) there is are sequences {v;};en C supp(p) and R; — oo for
which w; := Dy g, (v;) = w. The condition v; = Dg, (w;) € K(b, @, T) reads:

Ri{(wi)m, Qlwi) ) + Ri(b, (wi) ) + R T (wi)r = 0.
Dividing the above identity by R? and sending i to infinity, we get that:
(wp, Qlwn]) + Twr =0,
which implies that supp(v) C K(0, Q,T). O

Proposition 5.4. Let E, F be closed sets in H" and suppose that Sz is a (2n + 1)-uniform measure and S>"*+'(E N
F) = 0. The measure Sy is (2n + 1)-uniform measure if and only if S>"+1(F) = 0.

Proof. Let z € E be such that p := dist(z, F) > 0 and fix r > 0. For any ¢ > 0 we have:
SEULE(Br(z)) =Spbt (B () N B(F,8)° N E) + Syt (Br(z) N B(F,0) N E)
=S (B, (x) N B(F,6)°) + Spit (Br(z) N B(F,8) N E),

where the last equality comes from the following observation. If { B; };cn is a covering of B,.(z) N B(F,§)°NE
with balls of radii smaller than §/2 and centred at E U F, then the centres must be contained in E. Sending &
to 0, since F'is closed, we deduce that:

SEH L B(B,(z)) = S (B, (2) N F) + SpiH (F N E) = SgH(B,(2)),

where the last equality comes from the fact that S>"*! F and S3**' are mutually absolutely continuous and
that by hypothesis S>*"T{(EN F) = 0.

Therefore for any r < p/2, we have Sz (B, (z)) = S5 (B,.(z)) = r?**!, and on the other hand if
S?H1(F) > 0 there exists a radius r > p such that Sp(% (B, (z)) > r2+, O

Corollary 5.5. Suppose the quadric K(b, Q,T) is connected and that it supports a (2n + 1)-uniform measure u. If
S(F)NK(b, Q,T) =0, then = Sﬂi’gbfém.

Proof. The corollary is an immediate consequence of Propositions i) (for the case 7 # 0) and (for the
case 7 = 0). O

We study here the case rk(Q) = 1, i.e., there exists a non-zero vector n such that @ = n® n.
Proposition 5.6. Let p be a (2n + 1)-uniform measure supported on K(b,n ® n,0). Then y is flat.

Proof. By scaling we can assume that n is unitary. If b = 0 there is nothing to prove since Proposition[4.4directly
implies that € 91(2n + 1). Therefore we can assume without loss of generality that b # 0. A consequence of
Propositionand the discussion of the case in which b = 0, is that Tan(u, 00) = { S?,’E;“)l .
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There are two possibilities for b: either it is parallel to n or it is not. We begin with the simpler case in which
b is parallel to n. In such a case, there exists A € R\ {0} for which b = An and:

K(An,n®n,0) =V(n)U (— )\ﬁ

The points w of the singular set X(F') (see (4.2)) must satisfy the equation:

+ V(n)).

(A4 2(wg,n))n =0,

which implies that X(F") = (). Since 8‘2/7::)1 is (2n + 1)-uniform, Propositiontogether with Proposition
imply that p1 = S‘Q/fz:‘)l.
We are left to discuss the case in which b is not parallel to n. Since Tang,,+1(p, 00) = {8‘2};:}1 1, Proposition

implies that for any w € V'(n) there exists a sequence {v; };cn C supp(u) such that Dy ;(v;) — w. Let u € R*"
be a unitary vector, orthogonal to n and such that (b, u) > 0. Moreover, let W be the the orthogonal in R?" of
the span of the vectors v and n and denote by Py the orthogonal projection on . Recall that for every ¢ the
v;'s must satisfy the equation:

(b, (vi)ur) + (n, (vi)u)* =0,

which, decomposing v; along u, n and W, becomes:

for any i € N. If we divide by ¢ the above inequality and let i — oo, we get:
(b, u)(wp,u) < —(b, Pwlwn]), (5.1)

since wy is orthogonal to n. By the arbitrariness of w € V'(n), inequality (5.1) must be satisfied for any wg
orthogonal to n. Therefore, since (5.1) holds for both wy and —wy, then:

(b, u){wr,u) = —(b, Pw[wg]).

However, the above identity cannot be satisfied for any wy orthogonal to n, proving that K(b, Q, 0) in this case
cannot support a uniform measure. O

Proposition 5.7. Let u be a (2n + 1)-uniform measure supported on K(b, Q, 0). If Q is semidefinite, then rk(Q) = 1.

Proof. For any v € Tang,41(p, o0), Proposition[5.3|implies that supp(r) € K(0, Q, 0). Suppose by contradiction
that rk(Q) > 2, then:
rk(Q)
supp(v) € [ Vin).

i=1

where n; are the eigenvectors relative to non-zero eigenvalues of Q. This would imply by Proposition[A.7]that
S?"*1(supp(v)) = 0, which is a contradiction. O

The following proposition will be useful in the rest of the section as it provides an efficient way to describe
the structure of the support of tangent measures at infinity to those (2n + 1)-uniform measures which are
supported on graphs.



44 Disconnectedness of (2n + 1)-uniform cones implies rigidity of tangents

Proposition 5.8. Let n € S*"~1 and suppose that g : R*"~! — R is a continuous function such that:

.gAh) o h
Jm == =g ] |hl, (52)

for any z € R*~1 where g> : S*~2 — R is a continuous function. Moreover we define:
Di={z4g(zm:zent} and T :={z+¢7(/|z])|zln:zent}
Let p be a (2n + 1)-uniform measure for which T' x R C supp(u). Then for any v € Tang,11(u, 00) we have:
' x R C supp(v).
Proof. Let (w,7) € I'ns X R and define the curve v : [0,00) - T' x R as:
Y(t) := (tPa(w) + g(tPu(w))n, t27),
where P, : R?" — n* is the orthogonal projection on n'. The curve v is contained in supp(x) and

P, (w)
| Pa(w)]

where the last equality comes from the fact that w € I'.. Let v € Tang,+1(p, 00) and R; — oo be the sequence
for which R;(%H) to,r; — v. Then we have that:

i D1o(2(0) = ( Potu) + 9

t—o0

)iPwlnr) = (w0

Dy g, (7(Ry)) € supp(R; ®™ ) g ).

Therefore (5.2) implies by Proposition2.8|that (w, ) € supp(). By the arbitrariness of (w, ) and of v, we have
that I'o, x R C supp(v) for any v € Tang,,4+1(u, 00). O

The following proposition establishes both properties [P.1] and [P.2] in the case the quadric K(b, Q,0) with
rk(Q) = 2.

Proposition 5.9. Suppose i is a (2n + 1)-uniform measure supported on K(b, Q,0). If rk(Q) = 2, then one of the
following two mutually exclusive conditions holds:

(i) peM?2n+1),

(i) Tang,11(p,00) = {v} and v is not flat.

Proof. Since Q is symmetric, has rank 2 and has no sign (by Proposition[5.6), there are e, e2 € R®" orthonormal
vectors and A1, Ay > 0 for which @ = —A\2e; ®e; +Mea @eo. We define n := —\je; +Asep and m := Ajeq + Aoea.

If b = 0 it is readily seen that K(0,9,0) = V(n) U V(m) and that the singular set ¥(F') coincides with
V(n) NV (m). In particular K(0, Q, 0) is disconnected by X(F) in four half planes which we denote by C;, with
i=1,...,4. We claim that supp(u) can coincide with the closure of the union of just two of the C;’s. First of all,
Proposition [4.10|implies that supp(u) must coincide with the closure of the union of some of these half-planes
and on the other hand Proposition 4.4/ implies that supp(x) cannot coincide with the closure of just one half-
plane. Moreover Proposition 5.4/ shows that there cannot be more than 3 half-planes contained in the support
of u, and thus the only remaining possibility is that there are only two half-planes contained in supp(u). If
these half-planes are contained in the same plane, then p is flat, while if they are one contained in V' (n) and
one in V' (m), then p is not flat and its tangent at infinity is unique and coincide with y itself (as y is invariant
under dilations).
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If b # 0 we have two subcases. Either b is contained in the image of Q or it is not. First we discuss the
simpler case in which b ¢ span(es, e2) (note that this implies that n > 1). In this case K(b, @, 0) is a graph of a
quadratic polynomial. Indeed, complete ey, €5 to an orthonormal basis {e1, . . ., €2, } of R*" and assume without
loss of generality that (b, e3) # 0. Then K(b, Q, 0) is an e3-graph, indeed if h € R*" satisfies (h,b) + (h, Qh) = 0,
then:

_)‘%<h7 61>2 + )‘§<hv 62>2 + Zi¢3<b7 ei><h7 6'L'>
<b’ 63>

This implies that the quadric K(b, Q,0) is an es-graph and thus it is a connected set. Moreover, since the
equation b 4+ 2Qh = 0 does not have solutions h € R?", the singular set X(F') is empty. Therefore Proposition
implies that supp(u) = K(b, Q,0). This by Proposition 5.8 implies that supp(v) = K(0, Q,0) but this is not
possible by the study of the case b = 0, and thus ;1 cannot be uniform.

Thus, we are left to study the case where b # 0 and b = bye1 +boes for some by, by € R. Forany x € K(b, Q,0),
once completed the squares we have that:

<h, 63> = —

by \?2 by \° b2 b2
_ _ 2 1 72 5.3
0 <>\1<1',61> 2)\1> + <>\2<x762>+ 2)\2> +4)\% 4)\%’ ( )

For any = € X(F') (see (4.2)), we have:
—2)\% <EH, €1>61 + 2/\% <EH, 62)62 + bre1 + boey =0,

and in particular b; = 2)\}(ZTg, e1) and by = —2)\3(ZT g, e2). This in particular implies by that T cannot be
contained in K(b, Q, 0) if b3 /4\; — b3 /42 # 0.

If b3 /4X\; — b3/4)X2 > 0 by the above discussion we deduce that X(F) = . Thanks to the identity (5.3), the
quadric K(b, Q,0) is easily seen to be the disjoint union of two e;-graphs I'y (which we assume contains 0) and
I'5. The functions g1, g2 : e — e; which define I'; and I's respectively, satisfy the hypothesis of Proposition

5.8 Indeed: N llh N
. t ,€ oo
lim 91,2( ) =4 2l( 2>|€1 291,2(|h>|h|61~

t—o0 t )\1

Proposition[#.10|implies that I'; must be contained in supp(y:) and therefore the graph of ¢¢° is contained in the
support of any tangent measure at infinity to . by Proposition[5.8} Suppose now by contradiction that supp(y:)
contains also I';. Again by Proposition [5.8)| we would have that the graph of g5° is contained in the support
of any tangent measure at infinity to u. However, since the union the graphs of g¢° and ¢5° coincides with
K(0, Q,0), by the discussion of the case b = 0, this is not possible. Therefore the support of any tangent measure
v at infinity to y coincides with the graph of ¢f°. Therefore by Proposition 2.15 Tany,, 11 (11, 0) is a singleton
and its only element cannot be flat (as the graph of ¢° is not a hyperplane). The case b%/4\; — b3/4\s < 0 is
treated in the same way with the roles of e; and e reversed.
If b3 /4N — b3 /43 = 0, the quadric K(b, Q, 0) coincides with the solutions of the equation:

by \? by \ 2
Mz — —2) = (A 2
( 11 2)\1> ( 122 + 2)\2)

Let 7 := (b1/2A?)e1 + (b2/2)03)e2 and note that K(b, Q, 0) coincides with 7 (V (n) UV (m)). Since left translations
are isometries of H", the discussion of this case reduces to the one in which b = 0, concluding the proof of the
proposition. O

Eventually, the following theorem concludes the proof of
Theorem 5.10. If 11 is a (2n + 1)-uniform measure for which there exists n € S*"~1 such that 8‘2}2:)1 € Tanay, 11 (1, 00).

Then p = 33’;:)1.
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Proof. If supp(p) € K(b, Q,7), then for any v € Tang,41 (g, 00) we have supp(r) C K(0, Q,7) by Proposi-
tion In particular V(n) C K(0,Q,7T) and this implies that 7 = 0. Complete n to an orthonormal basis
{n,ea,...,e2,} of R?" and note that, since V (n) C K(0, Q,0), we have that:

2n
> e Qe(wre)® +2 Y {es Q) (war, ei)(wp, e5) =0,
i—2 2<i<j<2n

for any w € V(n) and thus (e;, Qe;) = 0 for any 2 < ¢, j < 2n. This implies that for any = € H" we have:
2n
(wn, Quir) = (i, m) (0, Q) (wpr,m) + 23 (n, Qei)lzn, e3) ) = (a, m(m, ),
=2

where m := (n, On)n+2 222 (n, Qe;)e;. In particular rk(Q) < 2 and if m is parallel to n, Propositionimplies
that y is flat. On the other hand if m is not parallel to n, since rk(Q) = 2 and u has a flat tangent at infinity,
Proposition [5.9)implies that 1. is flat. O

5.2 Uniqueness of the tangent at infinity

This subsection is devoted to prove The uniqueness of the tangents at infinity also implies that they are

(2n+ 1)-uniform cones. Indeed, if for the sequence R; — co we have R, (2n+1)

have:

to,r; — v, for any A > 0 we also

(AR;) ™"+ g g, — A~y .

Therefore the uniqueness of the tangent implies that \=(2"*1y, y = v for any A > 0. Thus v is a (2n + 1)-
uniform cone by Definition[5.1}

The idea behind the proof of the uniqueness of the tangent at infinity is the following. Let v € Tang,, 41 (u, c0)
and fix a point w € supp(v). If we can find a continuous curve ~ : [0, c0) — H" contained in supp(u) for which:
tlg(l)lo Dy (7(1)) = w,

then w € ¢ for any € € Tang,+1(u, 00) by Propositioniii), since Dy, (y(t)) € t= D g ,.

In the various cases, the curve v will always be constructed inside the quadric K(b, Q, T') supporting 1 and
its initial point v(0) will always be a point of supp(y). In order to make sure that the whole v is contained
in supp(u), we force v to avoid the singular set X(F’), so that continuity implies that v contained in just one
connected component of K(b, Q,0) \ £(F'). Since the staring point was contained in supp(x) by hypothesis, this
implies that v must be contained in supp(u) by Proposition

Theorem 5.11. Suppose v is a (2n + 1)-uniform measure. Then Tang, 1 (p, 00) is a singleton.

Proof. Assume that supp(p) C K(b, Q,7) for some non-zero Q € Sym(2n). We can assume without loss of
generality that b # 0. Indeed if b = 0, the singular set ¥(F') and the quadric K(0, Q,7") are dilation invariant.
Therefore the measure y by Proposition |4.1]is dilation invariant too. This implies that the tangent at infinity
to u coincides with p itself and in particular Tang,, 1 (u, 00) is a singleton. In the following the measure v
will be always considered an arbitrary element of Tang,,+1(u, 00). We also let { R;} be the sequence for which
R;2n71M07Ri — v with R, — oc.

First of all we study the simpler case in which 7 # 0. For the reader’s convenience we recall that f and
3(f) were introduced in the Section[d]in and (4.5), respectively.

If T # 0 and supp(u) = K(b, Q,T), for any w € K(0, Q, T), the curve:

t s (twy, —(th + 2 Qu, wy) /T) =: 7w (1),
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is contained in supp(u) and we have lim; o D1 /¢(7w(t)) = w. This by the arbitrariness of w and Proposition
implies that K(0, Q,7) C supp(v). On the other hand Proposition |5.3|implies the previous inclusion holds
as an equality and thus Proposition 2.15implies that Tana, 1 (4, 00) is a singleton.

If T # 0 and supp(p) & K(b, Q,T), Propositionimplies that n = 1 and that supp(p) is contained in the
image under f (see (#.4)) of one of the two connected components in which R? is splitted by 3(f) (see {@.5)).
Let p,v € R? be such that p + span(v) = X(f) and p = S}y where C':= p + H* (v) and H* (v) := {z € R*" :
(v,z) > 0}. For any w € H*(v) the curve:

t (p+twy, —(p+twy, Qp +twy) +b)/T) =: Yu(t),

is contained in supp(u) and lim;_, o D1 /¢(7w(t)) = w. This implies by Proposition that {(z, —(z, Q2)/T) :
z € H"(v)} = supp(v).

We are left to prove the thesis in the case in which 7 = 0. In this case it is harder to build the curves we
mentioned above because of the presence of the singular set £(F'). We will need to distinguish two cases in
order to rule out this problem.

If 7 = 0 and there exists n € R?" for which v(V(n)) > 0, then V(n) C K(0, Q,0). Arguing as in the proof
of Theorem[5.10} we deduce that either rk(Q) = 1 or rk(Q) = 2. Proposition[5.6|and Proposition 5.9 prove the
thesis of the proposition in these cases. We can therefore assume without loss of generality that »(V'(n)) = 0
for any n € R?". This in particular implies that rk(Q) > 3 and by Proposition [5.7] we deduce that Q is not
semidefinite. For the remainder of the proof we should consider w € supp(v) fixed. By Proposition 2.8 we
can also find a sequence {v;} C supp(u) for which Dy /g, (v;) = w. We can also assume that these {v;} are
contained in the same connected component of K(b, Q,0) \ (F).

At first assume that X(F) # 0. Since v(V (b)) = 0, we can also assume without loss of generality that
(b,wgr) # 0. Let & € X(F) and define:

v(t) :== ((vi)u + twy +t0X) (&) 1, (vi)7 + twr)

where 6(t) := (2Q[(vi)u] + b, w)/(b, (vi) u + twp). If i is big enough then (b, (v;) iy + twpy) # 0 (since we have
that Dy /g, (v;) — w) and thus 6(t) is well defined for ¢ > 0. First we check that lim; o D1 /+(7(t)) = w. Indeed:

lim Dy (y(t)) = lim <(UZ)H +twg +t0(t)T (vi)r +t2wT>

= (wn + Jim 6(0)(#)m, wr) = w,

t—o0 t—o0 t ’ 12 t—00
since lim,_,, 0(t) = 0. Secondly, we check that y(t) € K(b, Q,0) for any ¢ > 0. Since & € X(F') we have:
20y +b=0 and ((@)g, Q(F)g +b) =0. (5.4)
The identities in imply:
0 = ((#)1, 20(F) 1 +b) — (&) s, Q@) + b) = ()i, Q#) ) = (b, (F)), (55)

Thus together with fact that w € K(0, Q,0) imply:
(V@) #: b+ Q(v(1) 1) =t(wrr, b) + t{(vi) 11, 2Quir) + tO()((vi) 11, 2QF) + 20(t) (wpr, 2Q7)
:t<wH, b+ QQ[(%)HD — t9(t)((vi)H + t’lUH, b> = O,

where the last equality comes from the definition of §. Thanks to (5.4) and (5.5) we can also prove that v does
not intersect 3(F’), indeed:

2Qv(1) +b,2) = = {v(),b) = =((vi) g + twr, b) # O,

for any ¢t > 0. This implies that for any ¢ > 0, the curve v is contained in the same connected component
of K(0, @,0) \ £(F) and since the initial point of v is contained in supp(y), the whole curve y by continuity
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is contained in the support of . and lim; o D1/:(7(t)) = w. Since Dy /;(7(t)) is contained in the support of
t=n D 6 4 and:

Jm Dy ((1)) = w,
we deduce that w € supp(§) for any & € Tang,, 11 (11, 00) by Proposition[2.8] Thanks to the arbitrariness of w and

& we deduce that by Proposition that the tangent at infinity is unique.
Finally suppose that ¥(F') = (). For any z € K(b, Q,0) we have that:

0=M(zm,e1)® + (ber)(@m, e1) + (Q[Pi(zx)] + b, Pi(zr)), (5.6)

where e, is a unitary eigenvector of Q relative to a positive eigenvalue A\; and P; is the orthogonal projection
on ef. Since v(V (e1)) = 0, we can assume without loss of generality that (wy, e;) > 0, and since w € K(0, Q,0)
we have that:

<Q[P1(1UH)],P1(U)H)> =-)\ (wH7 €1>2 < 0. (57)
Since Dy /g, (v;) — w, defined s(t) := P1[(v;) g + twy] and provided i is sufficiently big, we have:

(Qs(t) +b,s(t)) <0foranyt > 0.

Therefore the curve:

’Yw(t) — <\/<b, 61>2 — 4)\1<Q;gi) + b,S(t» - <b7 61>61 + S(t), (Ui)T + t2wT>,

is well defined for any ¢ > 0. The component of +,, along e; is by construction a solution to the equation:
M¢® + (boen)C + (Qs(t) +b,5(t)) = 0,

which by implies that ~,, is contained in K(b, Q,0). Since ,, is continuous, 7,,(0) = v; € supp(u) and
Y (F) = 0, by Proposition we deduce that v, (t) € supp(p) for any ¢ > 0. We are left to compute
the limit lim; ,o, D1,¢(7(t)). In the case of the vertical component the computation is immediate, indeed
lim¢ 00 (Y0 (t))7/t? = wr. The limit for the horizontal components is:

2 _ —
lim M = lim \/<b’61> A (Qs(t) + b, 5(t)) <b’€1>61 + Piwg]
t—o0 t t—o0 2\t
—4) + b,
:\/ 1<QQ’L;1\11LI wH>e1 + Pilwy] = wi,

where the last equality comes from the identity in (5.6) and the fact that (wpr, e1) > 0. Thus lim; o0 D1 /4(7(t)) =
w, which implies that w € supp(§) for any £ € Tang,4+1 (i, 00). The same argument we used in the previous
case implies that the tangent at infinity is unique. O

5.3 Proof of Theorem 5.2

The following lemma insures that if ¢ is a measure with (2n + 1)-density, at ¢-almost every x there is a flat
measure contained in Tang,, 1 (u, x).

Lemma 5.12. If ¢ is a Radon measure with (2n -+ 1)-density, then for ¢ almost every x there exists a w € R®" for which:
5‘2/?:;)1 € Tangp11(9, x).

Proof. Proposition[2.5/and Proposition 4.5 directly imply the claim. O
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We are ready to finish the proof of Theorem The argument we will use follows closely the proof of
Proposition 6.10 of [15]. By contradiction, suppose there exists a point « such that:

(1) Tan2n+1(¢7 .13) g ®(¢7 J")UH" (27’L + 1)/
(ii) there are ¢, v € Tany,4+1(¢, ) such that v is flat and ¢ is not flat,
(iii) Proposition[2.5/holds at z.

We can also assume without loss of generality that ©(¢, z) = 1. Since { is not flat, its tangent at infinity x cannot
be flat otherwise Theorem would imply that ( is flat. In particular by the assumption on the functional .%
we have .% (x) > h. Fix r, = 0 and s; — 0 such that:

¢I77‘k ¢I,Sk
Il and It X
Tk Sk

We can further suppose that s, < ri. Define for any » > 0 the function f(r) := % (r_(2"+1)¢z,r), and note that
since F' is continuous with respect to the weak-* convergence of measures, f is continuous in r. Since v is flat,
then:

lim f(r) = Z(v) < h/2,

re—0

Thus for sufficiently small r;, we have f(ry) < A. On the other hand, since:
lim f(s1) = F00) > h

for suffciently small s, we have that f(sy) > k. Fix o € [sg,7x] such that f(or) = hand f(r) < h for

r € [ok,rk]. By compactness there exists a subsequence of {0y }ren, not relabeled, such that J,C_(Q"H)qu’gk

converges weakly-* to a measure ¢ € Ugn (2n + 1). Clearly by continuity:
ar — 3 —
F(§) = lim f(ox) = h.

Note that /o), — oo, otherwise if for some subsequence not relabeled, we had that /o), converged to a
constant C (larger than 1) we would conclude that % = v since:

¢a:,rk — lim ﬂ it (bz,o'k

B = 2n - :

In particular £ would be flat, which is not possible as F'(§) = h. Note that for any given R > 0 we have:
(Rop)~ V¢, gy, — R™CnHDg o

This by continuity of .%# implies that:

v = lim
k— o0

F(R™ ¢ p) = klim J(Roy,).
c—r 00

Moreover, since ry, /o, — oo we conclude that for any R > 1 we have that Roy, € [0y, 7] whenever k is large
enough. This, by our choice of o;, and r, implies that:

F (R g) = Jim f(Roy) < h, (5.8)
—00
for every R > 1. Let ¢ be the tangent measure at infinity to £, which by Theorem is unique and it is a cone.
Therefore, thanks to we have that:
F() = lim F(R™ "¢ g) <h,

R—o00

and in particular thanks to the assumptions on the functional .%, we have that ¢» € 9t(2n + 1). This is in
contradiction with Theorem which would imply that ¢ is flat.
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6. Limits of sequences of horizontal
(2n + 1)-uniform cones

The main result of Section 5} Theorem 5.2} implies that if we can prove that flat measures are quantitatively
disconnected from the other (2n + 1)-uniform cones, measures with (2n + 1)-density have only flat tangents.
A first step towards this direction is to show that horizontal (2n + 1)-uniform cones are disconnected from
(2n + 1)-vertical cones.

Let {1 }ien be a sequence of horizontal (2n + 1)-uniform cones supported on the quadrics K(0, D;, —1).
Suppose these measures are weakly converging to a measure v which by Proposition[2.8is a (2n + 1)-uniform
cone. We define also the following sequence of matrices:

D;

Qi = )
Il

where with the symbol | A|| we denote the operatorial norm of the matrix A. Furthermore we can assume, up
to non-relabeled subsequences, that —D; /||| D; ||| converges to some matrix Q@ € Sym(2n) with || Q|| = 1.

The plan of the section is the following. First we prove that the measure v is vertical if and only if the
sequence of the norms ||D;|| diverges. Secondly, we prove that the only possible vertical limits of sequences
of horizontal (2n + 1)-uniform cones are flat measures. This second step of the section is where the results of
Appendix [B| come into play. Indeed Theorem applies to u; for any ¢ € N and it forces D; to satisfy the
following identity for any z € R?" for which (D; + J)z # 0:

Tt(D?) — 2(n;, Dng) + (g, Ding)>  n—1 1 4 (Didni,ng)  (Te(Dy) — (ng, Dini))* 0 ©6.1)
4(2n — 1) 2n—1 4 2n —1 8(2n — 1) - '

where n;(z) := % is the so called horizontal normal to the graph of f(z) = (z, D;x) at the point (x, f(z)).

Since identity holds for any i € N, we can deduce some constraints (see Proposition for the limit
matrix Q. Using a similar argument we are able to prove in Proposition 6.6 that the sequence of the second
biggest (in modulus) eigenvalue of D; is bounded. Putting together these information, we are able to prove in
Proposition [6.7)that there must exists a constant depending only on n which bounds the biggest eigenvalue of
the matrices D; associated quadrics K(0, D;, —1) support a horizontal (2n + 1)-uniform measure.

The following proposition shows the equivalence between the geometric condition for v to be vertical
(2n + 1)-uniform cone and the algebraic condition on the divergence of the sequence {|| Dl }, - This will be
very useful in the forthcoming computations.

Proposition 6.1. Let {u;};en and v as above. The following are equivalent:
(i) v is supported on K(0, Q,0) where Q is the limit of D; /|| D;|| as above,

(i) lim; o0 [|Ds| = oc.

51
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Proof. Proposition implies that for any y € supp(v) there exists a sequence {y; };en such that y; € supp(y;)
and y; — y. Assume at first the sequence ||D;|| is bounded. This implies that we can find a subsequence D;
(not relabeled) such that the matrices D; converge to some D € Sym(2n). Thanks to our assumption on y; we
know that (y;)r = ((v:) . Di[(y:) u]). Thus taking the limit as ¢ to infinity, we get:

yr = (Y, Dym).

Therefore if ||D;|| is bounded, we have that v is supported on both the quadrics K(0, Q,0) and K(0,D, —1),
however this is not possible thanks to Proposition [4.6| which implies that either 7 = 0 or 7 # 0 for any
quadric containing supp(u). Viceversa, if we suppose that ||D;||| diverges, with some iterations of the triangle
inequality, we deduce the follwoing bound:

(i)
IDal

(ye, Qua)| <I1Q — Qilllysl® + lya — (i) el (lya| + [(vi) ul) + (6.2)

The right-hand side of the above inequality goes to 0 as i — oo since we can assume without loss of generality
that ||y;|| < 2||y||- Therefore for any y € supp(v) we have that (yg, Quy) = 0 and thus supp(v) C K(0, Q,0). O

Remark 6.2. For later convenience we remark that up to considering an isometric copy of the sequence {x; }ien,
we can assume that the biggest eigenvalue of Q is 1. Without loss of generality we can assume that up to a
non-relabeled subsequence, the biggest eigevalues have the same sign. Let U € S(2n) and recall that the map
Zy introduced in Proposition 2.1]is a surjective isometry. In particular Propositions [2.1] and imply that
(Eu)#pis a (2n + 1)-uniform measure. Moreover a routine computation shows that:

supp((Zp)pp) C K(Ub,UQUT, s(U)T). (6.3)

Suppose now that the biggest eigenvalue in modulus of Q is —1 and pick some U € S(2n) for which s(U) = —1
(the function s was defined after (2.1)). Since p; — v and supp(p;) € K(0, D;, —1), we have that:

(Ev)gpi — (Ev)yv  and supp((Zp)ppi) C K0, UD;UT, 1) = K(0, -UD;UT, ~1) by
In particular, if || D; || — oo, Propositionimplies that supp((Ev)xv) € K(0,-UQUT,0). Let v be an eigen-
vector of Q relative to the eigenvalue —1, and note that:
~UQUT (Uv) = ~UQu = Uw.
This argument also shows that if p is a horizontal (2n + 1)-uniform cone, we can always assume without
loss of generality that supp(p) C K(0, D, —1) where the biggest eigenvalue of D is positive.

From now on we shall always assume that ||D;|| — oo, or in other words that the limit measure v is a
vertical (2n 4 1)-uniform cone, and that 1 is an eigenvalue of Q. In the following proposition we show how the
quadric K(0, Q,0) “remembers” that the measure v is the limit of a sequence of horizontal (2n + 1)-uniform
cones.

Proposition 6.3. Let Q be the limit of the matrices D;/||D;|| as above. Then, for any h & Ker(Q) we have:

2(Tr(Q%) — 2{n, Q%) + (n, Qn)*) — (Tr(Q) — (n, Qn))* =0, (6.4)

Qh

wheren := TOhT"

Proof. Since h ¢ ker(Q), there exists N € N for which for any ¢ > N we have:

(D; + J)h # 0. (6.5)
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Indeed, if there was a (non-relabeled) subsequence of indeces for which (D; + J)h = 0, dividing the above
equality by ||D;|| and sending ¢ to infinity, we would deduce that Qh = 0. Note that defined n;(h) := (D; +
J)h/|(D; + J)h|, we have that:

. Oh
Jim mi(h) = rop =0

Therefore Theorem implies that for any ¢ for which holds, we have:
TI'(’DZZ) — 2<IIZ,DZ2YL1> + <ni,Dmi>2 n—1 1 <DiJni,ni> (TI(DZ) — <‘[11',’Di111'>)2

_z — =0. 6.6
42n —1) 2n—1 i 2n—1 8(2n —1) 0 (66)

As already remarked, equation holds definitely, therefore dividing by ||D;|| and taking the limit as i
goes to infinity, we obtain (6.4). O

The following corollary is an easy application of Proposition [6.3|in the case h is a non-zero eigenvector of

Q.

Corollary 6.4. Let Q be the limit of the matrices D; /|| D;|| as above. Then, every non-zero eigenvalue X of Q satisfies
the equation:

—3X\2 4 2Tr(Q)\ + (2Tr(Q?) — Tr(Q)?) = 0. (6.7)
In particular Q has at most two distinct non-zero eigenvalues.
Proof. For any h € R?" unitary eigenvector relative to the eigenvalue A # 0, we have n(h) = % = sgn(A)h.

Thanks to Proposition[6.3]we have that:
2(Tr(Q%) — 20 + A%) — (Tr(Q) — A)* = 0,
which collecting A, proves the corollary. O

The following proposition shows that the non-zero eigenvalue of Q different from 1 does not exists. This
implies that Q is semidefinite and v is flat.

Proposition 6.5. Suppose lim;_, ||D;| = oo and lim;_,o D;/||D;|| = Q. Then rk(Q) = 1 and in particular the limit
v of the sequence {yu; } is flat.

Proof. Since 1 is an eigenvalue of Q, Corollary [6.4]implies that 1 solves the equation (6.7). Therefore we have:
—3 4+ 2Tr(Q) + (2Tr(Q%) — Tr(Q)?) = 0. (6.8)
Using the above equality we deduce that becomes:
=32 4+ 2Tr(Q)\ + (3 — 2Tr(Q)) = 0.
The above equation has the following solutions:

_ 2Tr(Q)

)\1 =1 and )\2 3

—1. (6.9)

If Ay > 0, the matrix Q would be semi-definite. Since K(0, Q,0) supports a (2n + 1)-uniform measure, Propo-
sition 5.7 implies that rk(Q) = 1 and Proposition [5.6| implies that ; must be flat. Therefore we can assume
without loss of generality that A, < 0. Let now k; be the dimension of the eigenspace relative to the eigenvalue
1 and k3 be the dimension of the eigenspace relative to the eigenvalue A;. By assumption k; > 1 and we can
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suppose without loss of generality that k; > 1, otherwise Q would be semidefinite and Proposition 5.6 and
Proposition [5.7imply that s is flat. This implies, by that:

2T1‘( Q) ]{/‘2

TI'(Q) = k1 + Aoko = k1 + 3

— ko.
The above equation together with (6.8), allows us to express Tr(Q), Tr(Q?) as functions of ki, k2:

3(k1 -k
Tr(Q) = 7(3 - 2k22)

~ 2k —3\?
and Tr(Q%) = k1 + (3 ok ka. (6.10)

Substituting in the above identities, we deduce that:

3(k1 — ko)

349
TS

2%, — 3\ 2 ky — ko)?
L WA LS

2k +2 | ———
et (3—%2 (3= 2ky)?2
Recollecting terms, we can rearrange the above equality in the following fashion:

0 = k?(8ky — 9) + k1(8k2 — 42ky + 36) + (—9k2 + 36k, — 27),

which allow us to express k; in terms of k2. Indeed the solutions of the above quadratic equation are:

9y — 9
k =
1 8k — 9

or klzg—kg.

The only couple of natural numbers for which k; = g’,:z:g holds is (k1,k2) = (1,0), which has been already
taken in consideration. On the other hand, there are four couples of natural numbers for which k; = 3 — ko,
which are (3,0);(2,1);(2,1);(0,3). However the only couples of natural numbers for which Q is not semi-
defined are (1,2) and (2, 1). In both these cases implies that Tr(Q) = 3 by and therefore \y = 1 by

(6.9), which is in contradiction with the assumption that Ay < 0. O

We introduce here further notation. For any ¢ € N welet A\;(1),..., A;(2n) to be the eigenvalues of D;. Such
eigenvalues are ordered in the following way:

IDill = Ai(1) = [A2)] = ... = [N(2n)],

where we can assume without loss of generality that the biggest eigenvalue in modulus is positive thanks to
Remark We further let {e;(1),...,e;(2n)} be an orthonormal basis of R?" for which e;(3) is an eigenvector
relative to the eigenvalue \; (7).

The following proposition will allow us to show in Proposition [6.7| that v must be a horizontal (2n + 1)-
uniform cone. If this is not the case, we know by Proposition[6.5| that supp(v) is a vertical hyperplane V. On
the other hand, Proposition [6.6{implies that while A, (j) is diverging, the other eigenvalues remain bounded.
Therefore the limit of the quadrics K(0, D;, —1) must coincide with supp(x) by Proposition[2.8/but on the other
hand it must be a proper subset of V:

Proposition 6.6. Let the sequence of matrices {D;} be as above, i.e.:
(i) K(0,D;, —1) for any i € N supports a (2n + 1)-uniform cone p; which converges to some v,
(i) lim; o0 || D] = lim;— 00 Ai(1) = o0.

Then the sequence {\;(2)}ien is bounded.
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Figure 6.1: The image shows why a sequence of quadrics having only one eigenvalue diverging cannot con-
verge to a full plane.

Proof. By contradiction assume that |A;(2)| — oo and let e; := ¢;(2) and A; := A;(2). We want to apply Theorem
B.16|to the points i = e;. In order to do so we need to give an explicit expression to the quantities involved in
(B-29) of Theorem [B.16] First we compute the horizontal normal of K(0, D;, —1) at the point (e;, (e;Dse;)):

0 I‘l( ) Diei + Jei )\iei + Jei )\iei + Jei
i = €;) = = -

Secondly we compute the quantities (n;, D;n;), (n;, Dn;) and (n;, D;Jn;):

(. D) — <Aiei +Je (Aiei + Je¢>> & M+ (e IDETe)
19 1 1 - ) — )

1+A2)3 770\ (14 A2)2 i 14 A2
( 1 ) ( 1 ) g (611)
<l‘1' DJl‘l> _ Nie; + Je; ' Nie; + Je; _ )\f —)\i<6i,JDiJ€i>
R (122277 \ (14 22)2 L+ A7
In order to further simplify the notation, we define:
(I); :=Tr(D}) — 2(n;, Ding) + (ns, Dimy)?,
(II)Z Z:TI‘('Di) - (ni,Dini).
With these notations, Theorem [B.16|applied to i = e; turns into:
_ 2 — v = (. 6.12
d2n—1) Tam—1 4t 1+ A2 sen—1) " (6.12)

We give now a more explicit description of both (I); and (I1); using the expressions for (n;, D;n;), (n;, Dn;)
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and (n;, D;Jn;) we found in (6.11):

A2 + (e;, JD2Je;) Ai + (e, JDiJe) \?
R 2 _ . 2 . _ 2 7 9 7 L )
(I); =Tr(D?) — 2(n;, D?n;) + (n;, Dym;)? Z)\ 22 — 2 S + (N T
z <€7;,JDZ» J€Z> >\Z+<6“JD1J62> ()\Z—f— <6i7JD7;J€Z'>)2
=2 NP -2 ST LA
J#2 ¢ v v
~Ai+ (e, JDiJey)
(IT); =Tr(D;) — (n;, Dyn;) Z)\ S .
J#2
(6.13)
The absurd assumption that A\; — oo has the following consequences. First of all:
- (e, J(Di/IDill)* Tei)
i, 1+ 22) =0, 614)
for any k € N. Secondly, thanks to (6.13) and (6.14) we deduce that:
lim 4 )Z'Q =1 and lim UD); _ , (6.15)
i=oo || Dyl i—oo || D
where we used the fact that by definition X; (1 ) = ||D;]| and that lim;_, o A\ (j)/||D:l| = 0 forany j € {2,...,2n}

thanks to Proposition Dividing by [|D;[|* the left-hand side of the identity (6.12), and sendmg i — 00
yields, thanks to (6.15):

DD @D pd)? (B O - O IDD (e JDAIDID ) 1

ihee 4(2n—1) 8(2n —1) IDi 2 1+ A2 82n—1)’

which shows that the assumption A; — oo is absurd thanks to fact that identity (6.12) holds forevery i € N. O

Proposition 6.7. There exists a constant €1(n) > 0 such that if K(0, D, —1) supports a (2n + 1)-uniform measure,
then || D|| < €1(n).

Proof. By contradiction assume that there exists a sequence {y; }ien of (2n 4+ 1)-uniform measures such that
K(0, D;, —1) supports p; and ||D;|| — oo. By the compactness of measures we can extract a converging sub-
sequence and by Propositions 6.1 and [6.5 we deduce that the limit v is flat. On the other hand Proposition
[6.6]implies that with the exception of A (i), the eigenvalues are bounded in modulus by some constant € > 0
(which a priori depends on the sequence {;;}). For any y € supp(v), Proposition 2.8 implies that we can find
a sequence {y;} C H" such that y; € supp(u;) and y; — y. For such a sequence {y; }, we have:

(i)t =((Wi) i, Di(yi)u) = Z)\i(j)<ei(j)a (yi)u)? > Z)\i(j)<ei(j)7 (yi)u)? > —(2n — D)€|(yi) .

Sending i to infinity we deduce that yr > —(2n — 1)€|yg|?, which constitutes a non-trivial bound on yr. This
comes in contradiction with the fact that supp(») must contain a vertical hyperplane as v is flat. O

Proposition 6.8. There exists a constant €3(n) > 0 such that if K(0, D, —1) supports a (2n + 1)-uniform measure,
then || D]l = €2(n).
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Proof. Repeatedly applying the triangle inequality, and using the following trivial bounds:
Te(D?) < 20|, [Te(D)| < 20)|Dll, o, D*0)| < IIDIF P, v, DIv)| < IDlI[of?,
for any v € S*"~! we have:

Tr(D?) — 2(v, D2v) + (v, Dv)? L (DJvw) (D) - (v, Dv))? _

(4n? + 8n + 7)[|D||* + 8|2
4(2n — 1) 2n — 1 8(2n — 1) ‘

8(2n —1)

Theorem implies that if K(0, D, —1) supports a (2n + 1)-uniform measure, identity (B.29) must be satisfied

for any e € S~ for which (D + J)e # 0. In particular we have that:
_ 2 2
n—1 1) (7 +8n 4 DIDI”+ §ID] 6.16)
2n—1 4 8(2n—1)

With some algebraic computations, which we omit, we see that the positive solutions in ||D||| to (6.16) are
O

contained in [1/v4n2 + 8n + 7, 00).

Theorem 6.9. There exists a constant €3(n) > 0 such that for any horizontal m € S*"~* and any (2n + 1)-uniform
cone i we have:

/ (m, 20)2dpa(z) > Ca(n).
Bl(O)

Proof. We can suppose without loss of generality that supp(r) € K(0, D, —1). Therefore Proposition im-

plies that ;1 = Sffpﬁu) and by Propositionfor any positive Borel function h : H" — R we have:

[ reme = [ty @ = [ @I sy

Cn

Ifn>1, Propositionimplies that 7z (supp(p)) = R?", and thus:

o [ (mozm)auz) = [ (m, 1)2(D + J)yldy
B1(0) ly|*+(y, Dy)2<1
(1+4(v,Dv)2) /4
= / (m, v)[(D + J)v| / 22 drdo (v) (6.17)
S2n—1 0

_r (m,0)?[(D+ Tl ,
(2n+3) /sznfl (1+ <U,Dv>2)2"4+3 do(v),

where o := H2~1 S?"~! and in the second equality we performed the change of variables y = rv in R?". Since
K(0,D, 1) supports a uniform measure, Proposition [6.7] implies that ||D[| < € (n), and thus thanks to (6.17),

we have: f < D+
202 g2n—1\M, VU + J)v|do(v
/Bl(o)<m, ) dp(z) > o+ Bl 4 G )= (6.18)

Suppose e € is the vector at which D attains the operatorial norm, i.e., |De| = ||D||. Then e is an
eigenvector of D and thus |(D + J)e|?> = ||D||? + 1. Therefore for any u € S**~1 N By /(e), we have:

S2n—1

(D + Tyul* 2|(D + J)el* +2((D + J)e, (D + J)(u = €)) = (ID|I* + 1) = 2D + J||*|u — ]

) { ) (6.19)
Z(IP[1” + 1)(1 = 4u — ef) = (€2(n)” + 1)/2 =: €4(n),
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where in the second last inequality we used the Jensen inequality ||D + J II” < 2(IPJI* + 1) and in the last one
the bound on || D||| yielded by Proposition[6.8} Putting together (6.17) and (6.19) we deduce that:

£ Jorn-20, ”ffi’f”) > GmEM) o), (620)
@1 )1+ G2 T = 20+ )en(1 4+ E1(n)?)

/ (m, 2)2dpa(2) >
B1(0)

where €5(n) = mingcgen—1 szn,lmUl/s(e) (m,v)?do(v) and as usual U 5(e) denotes the Euclidean ball of

radius 1/8 and centre e in R?".

The case in which n = 1 and 7y (supp(p)) is a half plane, the argument is the same. The only difference is
that we have be careful to choose the vector e at which D attains the operatorial norm in 7 (supp(u)). This
choice of e together with the computations in imply that Uy s(e) C g (supp(u)) and therefore
holds. O



7. Disconnection of vertical non-flat cones
and flat measures

This section is devoted to prove that non-flat vertical (2n+1)-uniform cones are quantitatively disconnected
from flat measures. To be precise, we prove that there is a universal constant €1¢(n) > 0 such that, if yis a
vertical (2n + 1)-uniform cone and:

min / (. 220)2du(2) < E1(n), 7.1)
B1(0)

mes2n—1

then p is flat. The first step towards the proof is to use the study of the support of vertical (2n + 1)-uniform
cones carried on in Subsection 4.3 and the representation formulas of the perimeter given in Appendix
to obtain the following more explicit expression for the quadric containing x (see Proposition [7.2). For any
w € supp(u), we have that:

lwg|> — (2n — 1) ][<wmu>2dw#(u) =0, (7.2)

where w,, 1= H2 2 mp (supp(p)) N S*"~1. The existence of €1o(n), as showed in Proposition [7.7} is a direct
consequence of by means of few algebraic manipulations.

The following technical lemma is a consequence of the coarea formula and the representation formulas for
the intrinsic perimeter we proved in Appendix

Lemma 7.1. Let f : R — Rand g : R*" — R be positive Borel functions and u a vertical (2n + 1)-uniform cone.
Defined w,, := H2"~2.S* ! N 7y (supp(p)), we have that:

(i)
/ g(zg)du(z / n=2,/1—r4 /g(rv)dwu(v)dr
B1(0) 0

/ fzr)g(zm)du(z / f(t)dt - / 22 / g(rv)dw,, (v)dr.

Proof. Suppose supp(n) € K(0,D,0). As a first step we prove that for any positive Borel function i : R** — R,
defined S := 7y (supp(n)), we have that:

/ (y)dHZ S = / P2 2/ (rv)dw, (v)dr, (7.3)

where w, is as above. To do so, for any § > 0 let U(ker(D), 6) be the open Euclidean neighbourhood of radius
§ of the set ker(D) and define K; := 7y (K(0,D,0)) \ U(ker(D), §). The set K is a smooth submanifold of R?"

(ii)
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and since the function u(z) := || is smooth on R?" \ U (ker(D), §), we can apply the coarea formula in Remark
10.5 of Chapter 2 of [39] with the choice g = x ans, where A is any Borel set of H". We therefore obtain:

/ Ji u(@)dHn /7{2” (AN SNKsNrS*dr,
ANSNKs

where Ji u = [Vrul is the Jacobian of the tangetial gradient of u along Ks. We claim that Jg u = 1 on Ks. To
prove this, we note that the vector z/|z| is contained in the tangent to Ks for any = € K;. This is due to the
fact that the curve v(s) := x + #7 is contained in K provided s > 0. Complete x /|| to an othonormal basis

of Tan(Ky, x) with vectors vy, ..., ve,_1 and note that Vyu[v;] = (Vu,v;) = 0forany ¢ = 2,...,2n — 1. This
implies that |Vru| = [(Vu(z), z/|z|)| = 1 and in particular:

HH AN S NKy) /H% 2(ANSNK;NrS*™Y)dr,
Therefore sending J to 0, by Beppo-Levi convergence theorem we get:
H2LS / H 2 (AN SNrS™ " dr = /Rr2"727‘-l3372 <1;1 ns*=1n S) dr
= /]R r2n—2 / xa(rv)dH2 282 A S (v)dr

A standard approximation procedure with simple function proves the claim thanks to Beppo-Levi convergence
theorem for a general positive measurable function.

We are ready to prove the identities (i) and (ii) of the statement. Thanks to Lemma we have that for
any positive Borel function G : H" — R we have:

/ G(2)du(z) = ci / Gz, 27)dH2 ' S(2h) ® dzr. (7.4)

Therefore, in order to prove identity (i), we choose G(z) := X, (0)(2)9(21) and note that combining and

(7.4), we get:
1 2
|Gt = / sz S @ L0 = = [ gV
B1(0) Cn Jly |4+t2<1 Cn |y\<1
=— 21— r4/ (rv)dw,, (v

th Jo

Moreover, (ii) follows immediately with the choice G(z) := f(zr)g(zn

/Bl(o) /f Y)dHZ LS (y) @ dt = —/f t)dt - / YAHZ LS ()

:E £yt /O 2"*2/g(rv)dwﬂ(v)dr,

where in the first identity we applied (7.4), in the second Tonelli’s theorem and in the last one (7.3). O

The following proposition is a refinement of Lemma in case ( is a vertical (2n + 1)-uniform cone. In
such a case 7(1) = 0 and the integrals defining Q(1) (7 and Q were introduced in Definition [3.16) can be
explicitly computed thanks to Lemma|[7.1]
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Proposition 7.2. Suppose y is a vertical (2n + 1)-uniform cone. For any w € supp(u) we have:
lwg|> = (2n — 1) f(wH,u)2dwu(u), (7.5)

where w, = H2' 2 S~ N g (supp(p)).
Proof. Since 1 is a cone, Proposition implies that for any w € supp(u) we have:
(wi, Q)wy) + T (wr = 0. (7.6)

Moreover, since by assumption 1 is a vertical (2n + 1)-uniform cone, thanks to Proposition[4.6lwe have 7 (1) =
0. In order to prove the proposition, we are left to give an explicit expression for Q(1).

Let ¢ : R — R be a k-homogeneous function and i € N. Lemma [7.1{ii) and the fact that zg}go(z)e_”zH4 €
L(p) imply that:

/z%go(zH)e_l‘Zl‘4du(z) :i/tie_tzdt~_/0 7"2n_2/90(7"v)6_r4dwu(u)dr

¢ n

1 . (e o)
= tle*t2dt~/0 r2”+k*2ef’“4dr~/S0(’U)dwu(v)

Thanks to the above identity, we deduce that if 7 is odd [ z%ap(zH)e_‘|z“4du(z) = 0, while if ¢ is even:

G i Ll ) [ s o) 72)

Cn

/ Zrp(en)e 1 du(z) =

In order to compute the matrix Q(1), it will be convenient to make use of the notation introduced in the
proof of Proposition where we defined the matrices Q1, @5 and Q3, 9,4 in and respectively. We
define €g(n) := 2" (FLEL) T' (1) /c,C(2n + 1), where the constant C(2n + 1) was introduced in Deﬁnition
Thanks to and few algebraic calculations, we deduce that:

Q:(1 8 o
Q:(;L((TL)) :C(27’L+1) /|ZH|4ZH®ZH+Z%JZH®J,2H@ =l du(2)

:2(2n+1)/v®vdwu(1})+4/Jv®JvdwN(v),

1 4
g:((n)) :0(2118—1- 1) /|ZH|22T(ZH ® Jem + Jzp @ z)e” I dp(z) = 0,
Qs3(1) _ 2 2 —|=|I* s 2n—1\:
Co(n) C@n D) /|zH| e dp(z)id = 2w, (S )id,
Q1) 4 J Tzme—lz1*g —4 Ju @ Ju)d
Cs(n) C(2n+1) /(ZH®ZH+ 2 @ Jzm)e wz) = /(U®U+ v @ Jo)dn(v).

Summing up, since Qy, . .., Q4 were constructed in such a way that Q(1) = Q1 (1) + Q2(1) — Q3(1) — Qa(1) (see
the proof of Proposition 3.17), we deduce that:

(1) —o(on v & vdw. (v S T
W_m +1)][ ® dﬂ()+4][J ® Jvdw, (v) — 2id 4][( ® v+ Jo® Jv)dw, (v)

=2(2n—1) ][ u @ udw,, (u) — 2id.
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Therefore, thanks to (7.6), we deduce that for any w € supp(u), we have:

0= (wir, Q()wi) = 2¢s(n)u, (52"~ ((2n — 1) f (v, wi)?dw (v) = i |2).

O
Definition 7.3. For any vertical (2n + 1)-uniform cone y, define:
M = ][u ® udw,, (u),
where w), 1= H2" 2 7y (supp(u)) N S*"~1. Moreover, let a; > ... > as, > 0 be the eigenvalues of M and

€1, ..., €2y, their relative eigenvectors.

Remark 7.4. The trace of the matrix M can be explicitly computed:

Zal—z e, Me;) = Z][ue, dw,, (u

=1

The following proposition links the matrix M defined above to the functional min,cg2n—1 || B1(0) (m, zg)2du(z),
which will play a fundamental role in the proof of our main result.

Proposition 7.5. There exists a constant €;(n) > 0 for which for any vertical (2n + 1)-uniform cone p and any
m € S*"~! we have:

/B (2 d(z) = e, M)

Proof. Thanks to Lemma [7.1(i) we have that:

sy 2 [ e 20 (g 285() e
[ o o) = = [T [ gm0 L e, o),

§2n—1 Cp

where €g(n) := 01 /1 —rddr and w, = H2272.S* =1 N 7wy (supp(p)). In order to prove the proposition, we
are left to prove that w,, (S*"~!) is a constant depending only on n. Thanks to Lemma [7.1]implies that:

1(B1(0)) = QWSH / 2 /T pidr,

Therefore, defined ¢, := [, r ' r2n=2\/T 1 4dr we have that w, (S" 1) = ¢, /2€(n) and in particular:

2 _ &(n) 2  &(n)
/Bl(O)<m’ zi ) dp(z) = 8 f<m7v> dw, (v) = QS (m, M),

&y (Tl) 9(77’)
O
An immediate consequence of Proposition [7.5)is that:
min / (m, zg)2du(z) = €7(n)ag, = / (ean, zr)2dp(2). (7.8)
mes2n = /B, (0) B1(0)

In particular we can link the value of [ B1(0) (ean, 21 )2dp(2) to the geometric structure of the measure p thanks
to the following;:
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Proposition 7.6. Suppose p is a vertical (2n + 1)-uniform cone. For any § > 0 there exists an €(§,n) > 0 such that, if:
/ <62n7ZH>2d/j/(z) < 6(67 n)a
B1(0)

then for any x € cl(U1(0)) N es;, there is z € supp(u) for which |z — e| < 6.
Proof. Assume by contradiction that there exists a § > 0, an infinitesimal sequence {¢; };cn and a sequence of

(2n + 1)-uniform cones {u; };en for which:

(o) defined ey, (i) be the minimum eigenvalue of the matrix [ zy ® 2z S (), we have:
/ (2, e2n (i) dpi(2) < €,
B1(0)

(B) there exists z; € cl(U1(0)) N e3,, (i) for which |z — 2;| > ¢ for any z € supp(p).

By compactness, up to non-relabeled subsequences, we can assume that p; — v, e, (i) — e and z; — x. Since
(-, e2n(1))?X B, (0) (+) is uniformly converging to (-, e)*x g, () (-), we have:

/ (zi,e)?dv(z) = 0.
B1(0)

This implies by Proposition [2.8| that v is a (2n 4 1)-measure which support contained in V(e). Therefore
applying Proposition 5.6 we deduce that v is flat.

On the other hand, since supp(p;) N cl(Us/2()) X Regpq1 = 0 for i sufficiently big, Proposition imples
that supp(v) N cl(Us/2(x)) x R = 0. This and the fact that z € e* (see the assumptions on z; in (8)) comes in
contradiction with the fact that supp(r) = V' (e). O

The following proposition shows that non-flat vertical (2n + 1)-uniform cones are quantitatively discon-
nected from flat measures. The proof of this Therorem follows closely its Euclidean counterpart (see for in-
stance Proposition 8.5 in [[15]). The reason for this is the following.

Let 1+ be an m-uniform cone in R™. Then for any w € supp(u) we have:

2 / (w, 2% du(z) = [wl?,

see for instance identity (8.7) of Lemma 8.6 in [15]. The structure of the Euclidean quadric containing supp(u)
has the same structure of the quadric in (7.5) which contains the support of vertical (2n + 1)-uniform cones,
and thus the same kind of algebraic computations work.

Theorem 7.7. There exists a constant €1o(n) > 0 such that if ju is a vertical (2n + 1)-uniform cone for which:

min / (m, zg)2du(z) < €10(n),
B1(0)

mes2n—1
then y is flat.

Proof. Fix some ¢ > 0 and suppose that min,cgzn-1 fBl(O) (m, zir)?du(z) < €(6,n)/€7(n). Identity (7-8) implies
that [ B1(0) {ean, zu)2dpu(z) < €(6,n) and thus, thanks to Proposition there exists a z € supp(u) such that

|z — ean—1| < 6. Thanks to the order imposed on the «;’s, we have that «; + (2n — 2)ag,—1 < Tr(M) = 1 for
every ¢ < 2n — 2. This in particular implies that:

1
2n—1

o <(2n-—2) ( - agn_1> , forevery i < 2n — 2. (7.9)

2n—1
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Since z € supp(u), Proposition [7.2)implies (once (7.5) has been written in the notation of Definition[7.3) that:

2n

0=>" (ozi - in_l> (e, zm)2. (7.10)

i=1

We observe that since M is positive semidefinite and Tr(A/) = 1, we have that ay,, < 1/2n. Therefore, putting
together (7.9), (7.10) and the fact that a,, < 1/2n, we deduce that:

2n

2n—2
_ 1 2 1 2 1 2
0= E <Oév: o= 1> (e, zm)* < E (Oéi o= 1) (e, zm)* + (azn—l Tom—1 1) (ean—1,2m).  (7.11)

i=1 i=1

Summing up, inequalities (7.9) and (7.11) together with some algebraic manipulations imply:

2n—2

1 1
0<(2n— 2)(271 —3 OéQn—l) ; (es,2p)° — (271 — - a2n—1)<62n_1,ZH>2
1 2n—2 1
_ _ B ‘ 2 B - ,
_(2’[’L 2)(2n 1 04277,71) Z <67,7 ZH> (2n 1 Oégnf]_) (1 + <62n717 ZH 62n71>)
=l (7.12)
2n—2
1
<(grm — oo (20 =2 Lo - eancal® = (1= o = e ]?)

1
< _ _9\252 _ (1 _ ;2
_(2n — azn,l)((% 2)252 — (1 — §)?),
where the last inequality comes from the choice of z. Therefore if § is small enough, thanks to the inequality
(7.12), we have that ag,—1 > 1/(2n — 1). In this case, since M is positive semidefinite and Tr(}) = 1, we have

that:
1

2n—1
This by the equation implies that supp(p) € V(e2,) and thus by Proposition[5.6] « must be flat. O

Al = ... =09p—-1= and Qon = 0.



8. Conclusions

In this section we complete the proof of Theorem [1.2] In order to conclude the proof we need to construct
the continuous functional .# on Radon measures which fulfills the hypothesis of Theorem

Proposition 8.1. Let n be a non-negative smooth function such that n = 1 on B1(0) and n = 0 on BS(0). Then the
functional # : M — R defined by:

F(u) = min / 0(2) (e, ) 2da(2),

mes2n— 1
is continuous with respect to the weak convergence of measures.

Proof. Suppose that p1; — v and m; € S?"~! are such that:

meS2n—1

/ 0(2) (zat )2 dpis(z) = min / n(z) (e, m)2dpug(2).

Up to passing to a (non-relabeled) subsequence we can also suppose that m; converges to some m € §?"~1,
Thus the function n(-) (7 (-), m;)? is uniformly converging to 7(-)(rx (-), m)2. Therefore we deduce that:

i [ 00 e (2) = [ ) e, m) ),

i—»00
from which we infer that liminf; ,o, % (11;) > % (u). On the other hand, let Z(v) = [ n(z)(zp, m)2du(z) for

some m € S?"~1, Since ji; — v, we deduce that:

lim [ 0(2) (2, W) dpra(2) :/U(Z)<2Hﬁ>2du(2)~

i—00
This implies that limsup,_, o % (u;) < .% (1) and this concludes the proof. O
The following proposition shows that § satisfies the hypothesis (ii) of Theorem 5.2}
Proposition 8.2. There exists a constant hi(n) > 0 such that if p is a (2n + 1)-uniform cone and .F (u) < h(n), then p

is flat.

Proof. Thanks to the definition of .#, we have that ming,cgzn—1 [(2, m)2du(z) < .#(u). Therefore thanks to
Theorems|6.9]and [7.7} if # (1) < min{€5(n), €19(n)}/2 =: h(n) the measure 4 is flat. O

Eventually we are ready to prove our main result Theorem[I.2}
Theorem 8.3. If ¢ is a measure with (2n + 1)-density, then Tanan11 (P, z) € M(2n + 1) for ¢-almost all x € H™.
Proof. Since .7 (1) = 0, whenever y is flat, Propositions [8.1] and [8.2] imply that we are in the hypothesis of
Theorem[5.2} which proves the claim. O
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A byproduct of our analysis is the conclusion of the classification of uniform measures in H', which was
systematically carried out in [13]]. Our contribution is to prove that 3-uniform measures in H! are flat. The final
result reads:

Theorem 8.4. In H' we have the following complete classification of uniform measures:
(i) If p € U (1), then p = SYLL, where L is a horizontal line.
(ii) If 1 € Ugn (2) then p = SV, where V is the vertical axis.
(iii) If pn € U (3) then p = S3LW, where W is a 2-dimensional vertical plane.

Proof. Points (i) and (ii) are Theorems 1.3 and 1.4 of [13]. Corollary implies that if ;i is supported on a
quadric. Proposition 1.6 in [13] implies that such quadric cannot be a ¢-graph and therefore by Theorem 1.5 of
the same paper we conclude the proof. O



A. Representations of sub-Riemannian
spherical Hausdorff measure

In the following we will adopt the notations introduced in Section [4 and as usual we assume b € R?",
Q € Sym(2n) and 7 € R. The main goal of this section is to find a representation of the spherical Hausdorff
measures S7""!, where A is a Borel subset of the quadric K(b, Q,7), in terms of the Euclidean Hausdorff
measure H2". To do so, we will study separately the case where 7 # 0 and the case 7 = 0.

Before proceeding we need to review the definition and some well known facts about the horizontal

perimeter measure in H”. For any « € H" and any ¢ € {1, ..., n} we define the vector fields:

Xi(x) := e; — 224 neant1, Yi(7) := eipn + 27i€00 41,
where {e1,...,ean11} is the standard othonormal basis of R*"*!. We introduce here the horizontal perimeter of
aset K C H™:

Definition A.1. The horizontal perimeter in an open set 2 C H" of a Lebesgue measurable set £ C H" is:

P(E,Q) :=sup {/ divigedz : ¢ € Co(Q,R*™), ||¢]loo < 1},
E
where divigy = Y"1 | (X;0; + Yipnts) and |||/« is the usual supremum norm. If P(E,Q) < oo we say that E
has finite horizontal perimeter in €.

Thanks to Riesz’ representation theorem, since [, diviy < P(E, Q)||¢||, thereis a positive Radon measure
|OE|q and a |0 E|g-measurable function ng : Q — R?" such that:

/diVHSDdfC:/<<P7ﬂH>d\3E\Q,
B Q

for any ¢ € C.(Q, R*"). Denoted with n the Euclidean unit normal to the quadric K(b, Q, T) at z, we let ny(z)
be the vector:

ng () = (X1 (2),n(2)), ..., (Xn(z),n(2)), Yi(x),n(z)), .. ., (Yan(2),0(2))),

which is commonly known as the horizontal normal to K(b, Q,T) at . The vector ny(z) allows us to get the
following useful:

Proposition A.2 (Monti, [33]]). Let E C H™ be a set with Euclidean Lipschitz boundary and Q a fixed open set in H".
Then:

OE|o(4) = / Al dHE OB N 0,

for any open set A C H™.
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The above proposition together with Proposition 1.9.4 of [10] implies that the measures |0E|q and [ng|H*"LOEN
 coincide on Borel sets.

Remark A.3. Note that if 7 = 0, then n(z) is parallel to the vector N(z) := (2Qxz + b,0). Moreover, since

(N(x),e2n+1) = 0, the projection of N(x) on the plane spanned by Xj,...,Y5, coincides with N(x) itself.
Therefore in the case 7 = 0 we have that ng = n.

A.1 Area on t-quadratic graphs

In this subsection we deal with the representation of spherical Hausdorff measure concentrated on subsets
of horizontal quadrics. Therefore we can suppose without loss of generality that 7 = —1 and let f(z) :=
(b,x) + (x, Qr) be the function defined in and X(f) := {z € R* : 2(Q + J)x + b = 0} be the characteristic
set of f, which was introduced in (.5). Thanks to the simple algebraic context in which we are, the following
characterisation of X(f) is available:

Proposition A.4. The set %(f) is an affine plane in R®" of dimension at most n.

Proof. The proof is a simple argument by contradiction which yields the following stronger result. If A is a
symmetric matrix and B is an invertible antisymmetric matrix then dim(ker(A — B)) < n. O

It is worth noting that Proposition is a very simple case of the results obtained by Z. Balogh in [8]].

Proposition A.5. Let Q) be an open set in R®*™ and define Q' := Q x R. For any positive Borel function h : H" — R we
have:

1
[ S 0ir ) = - [ Bl F) b+ 2D + s,
where ¢, = H2(B1(0) NV (e)) for any e € R?".

Proof. Let E := {z € R*™ "1 : 20 — f(2p) > 0} and note that by Proposition 3.2 of [33] we have that E is a set of
intrinsic finite perimeter and:

0Bl (4) = [

|Vf(x)+2Ja:|da::/ b+ 2(Q + J)z|de,
Qﬂﬂ‘H(A)

QNmy (A)

for any Borel set A C H". It is immediate to see that the measure theoretic boundary of E (see for instance
Definition 7.4 in [23]) coincides with K(b, Q, —1) and thus, thanks to Corollary 7.6 of [23], we deduce that:

0Bl = enS3rk b0, 1)- (A1)
So far we proved that:
1
S n@) = [ Xale. J@)lb+ 2@+ Nalde

The standard approximation procedure of positive measurable functions together with Beppo-Levi conver-
gence theorem concludes the proof. O

Remark A.6. The constant c,, differs from the one of Corollary 7.6 of [23] since we defined the spherical Haus-
dorff in such a way that S>"*1(B;(0) N V(e)) = 1. Furthermore we are using the Koranyi norm, while in [23]
an equivalent, but different metric is used. We refer to the aformentioned article for further details.
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A.2 Area on vertical quadric

In this subsection we deal with the representation of spherical Hausdorff measure concentrated on subsets
of vertical quadrics. Therefore we let F'(z,t) := (b, x) + (x, Qx) be the function defined in which zeroes
coincide with K(b, Q,0), and X(F') : {z € K(b, Q,0) : 2Qx + b = 0} be the set of singular points of K(b, Q,0),
which was introduced in #&.2).

Proposition A.7. Let a,b be two non-parallel vectors in R*". Then S*T1(V(a) N V(b)) = 0, where V(-) were
introduced in Definition

Proof. The set V' (a) can be seen as the bounduary of the Lipschitz domain {z € H" : (a,xg) > 0}. Therefore
Proposition and the equivalence between the measures S3"** and S?"*1._4, implies that:

SV (a) NV (b)) = HZ(V(a) NV (b)) /cn = 0.

Proposition A.8. One of the following two holds:

(i) b=0and Q = a ® a for some a € R*" \ {0},

(i) S THX(F)) =0.
Proof. If dim(ker(Q)) < 2n — 2, then X(F) is contained in an affine subspace of dimension at most 2n — 2.
Thus Propositionimplies that S?"+1(3(F)) = 0. On the other hand, if dim(ker(Q)) = 2n — 1, we have that
Q = a ® a for some a € R?" and the expression for F boils down to F(z,t) = (a,z)? + (b,x). If b # 0 and it
is not parallel to a, the equation 2(a, zir)a + b = 0 can never be satisfied and thus X(F') = (). Atlast, if a = b,

then K(b, Q,0) C V(a) U Aa+ V(a), while X(F') C Aa/2+ V(a), which implies X(F) = (). The only left out case
is when b = 0 in which X£(F) = V(a), which proves the claim. O

Finally we can prove the representation formula for the spherical Hausdorff measure concentrated on ver-
tical quadrics:

Proposition A.9. Let ) be an open set in H™. For any positive Borel function h : H" — R we have:

[ b S gpae) = = [ b@dHZ Kb Q.0) N ) (o),

Cn
where ¢, is the constant introduced in Proposition
Proof. Let E be the open set E := {z € R*"*! : F(z) < 0} and note that 9F = {F = 0} = K(b, Q,0). Thanks to
Proposition[A.2} since E has a Lipschitz boundary, we have that E is a set of intrinsic finite perimeter and:
0Bla() = [ xalnaldHZ: = HEL(K(, 0,0) 2N A),
ENQ

for any Borel set A of H", since |ny| = 1. It is easy to see that the measure theoretic boundary of E, see for
instance Definition 7.4 of [23], coincides with K(b, Q, 0). Therefore, thanks to Corollary 7.6 of [23] we have that:

_ 2n+1
|0E]a = tnSic(y 0.0)n0

Summing up, we have that for any Borel set A in H":
|0E|a(A) = H21 (K(b, Q,0) N Q2N A) /¢y

The usual approximation of positive measurable functions together with Beppo-Levi convergence theorem
concludes the proof. O
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Since the set supp(p) \ X(F) is relatively open set in K(b, Q,0) thanks to Proposition we can find an
open set Q in H" such that K(b, Q,0) N Q = supp() \ E(F). Therefore Proposition[A.9implies that:

2n41 _ HELLLSUPP(M) \ X(F)
supp(p)\X(F) tn ’

Note the above identity in the case in which b = 0 and Q = a®a, can be rewritten as S;fp;% W = H2 supp(p)/cn

since the Euclidean normal is well defined on the whole V' (a) despite the fact that 3(F') = V(a). Thanks to
Proposition [A.8 we can assume that $?"+!(2(F)) = 0 and thus:

2n
82n+1 _ Heu LSllpp(/j,) . (AZ)

supp(p) — n

Lemma A.10. If p is a vertical (2n + 1)-uniform cone then:

1 _
W= c—?—[?ﬁ 'L (supp(p)) ® HE,LReop 1.
n

Proof. First of all, thanks to the identity used in the first and second equality respectively, we deduce that:

1
_ Q2n+l1  _ ~ 942n
H= Ssupp(p,) - c”Heu‘—SLlpp(:u’)'

Since by Proposition we have that supp(p) = 7 (supp(p)) x Regy+1, Proposition 3.2.23 of [21] implies:

HZr supp(p) = H2 omp (supp(p) @ Hiy Reap .



B. Taylor expansion of area on quadratic
t-cones

Before giving a short account on the content of this appendix, we introduce some notation. Let D €
Sym(2n) \ {0} and define the function f : R*" — R as:

f(h) := (h,Dh).

Furthermore, we let |0K| be the intrinsic perimeter measure of the epigraph of f in H", which is well defined
since f is a smooth function, see Proposition Throughout this entire section, we fix a point « ¢ X(f) (recall
that 3(f) was introduced in {.5)), and we let X := (z, f(x)).
The main goal of this section is to determine an asymptotic expansion of |JK|(B,(X)) for r small. More
precisely, written:
|8K|(B,« (X)) _ C(X)’I"2"+1 4 0(X)T2n+2 + Q(X)T‘QTH_?’ 4 O(T2n+4)7

we want to find an expression for the coefficients ¢, 9, ¢ in terms of =, D and n. The coefficient ¢ will be quite
easy to study and we will show that it is a constant depending only on 7. On the other hand the coefficients d
and ¢ will need much more work and they will play a fundamental role in the study of the geometric properties
of 1-codimensional uniform measures carried on in Sectionlel

Definition B.1. Let D, X and f be as above. We denote as:

(D+ J)x
(D + J)z|’

the horizontal normal at X to gr(f) and moreover we let ¢ := 2|(D + J)z|.

The following proposition gives a first characterisation of the shape of the intersection between B,.(X) with
gr(f). In particular we construct a function G at the point x whose sublevel sets are the horizontal projection
of B,.(X)Ngr(f).

Proposition B.2. Following the notations introduced above, we have:

(B (X)Ngr(f)) =2+ {w e R* : G(w) <r'},
where G(w) := [w|* + |e(n, w) + (w, Dw)|>.
Proof. By definition of f and of the Koranyi norm, we have:

Bo(X) :={z e R*"" : |z — z|* + |2r — f(2) — 2(z, Jzg)|? < ).
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Therefore, the intersection of B, (X') with gr(f) is:

Bo(X) Ngr(f) ={(y, F(y) € REH sz — gl + | £(2) — F(y) + 20, Ty < r'}

=z + {(w, f(w)) € R*": |w|* + |f(2) — f(z 4+ w) + 2(z, Jw)|* <1},
where in the last line we have performed the change of variable y = x + w. By definition of f, we have:
f(z) = fla + w) =(z,Dz) — (x + w,D(z + w)) = —2(z, Dw) — (w, Dw).
In particular, this implies that:
74 (Bo () N gr(f)) ={w € B2 s [wf* + |-2(a, Dw) — (1w, Dw) + 2(a, Juw) | < r'}
={w € R*™ : |w|* + |c(n, w) + (w, Dw)|* < r}.

Identity (B.I)) and the definition of G conclude the proof. O

(B.1)

The following proposition introduces a special set of polar coordinates, which are going to be very useful
in the study of the intersection B,.(X) N gr(f) when r is small.

Proposition B.3. For any w € R?" \ « + span(n) there exists a unique triple (9, p,v) € € := [-5,%) x (0,00) x
S?"=L N nt such that: )
sind ,
w=u1x+ pn+ costpv =: x + P9, p,v). (B.2)
c

Proof. Any w € R?" \ z + span(n) can be uniquely written as w = x + An + u for some A € Rand u € n* # 0.
Defined p := \/(HuH2 + /|[ull* 4+ 4X\2c?) /2, we have that p # 0 and:

() (22

since p? solves the equation (? — ||u||?¢ — ¢?A? = 0. By (B.3), there is a unique ¥ € [~ /2,7/2) for which
sind = c\/p? and cos ¥ = ||u||/p. Eventually, if we let v := u/||u||, thanks to the definition of 6, we have:

sin ¢
w=z+In+|ullv=x+ LthH— cos Jpv.
c

In order to simplify the notations in the forthcoming propositions, we define:
oy = (n,Dn), Bn(v) := (v, Dn), ~v(v) := (v, Dv) for v € R?". (B4)

In the following proposition we give an explicit expression of G in the new polar coordinates P (¥, p, v) intro-
duced in Proposition

Proposition B.4. Let us define the function H : € — R as:
H(0, p,v) := G(P(Y, p,0)),

where G was introduced in Proposition [B.2land both € and P(0, p,v) were defined in Proposition Then H has the
following explicit expression:

C(ﬁ,ﬂ)p@ + ﬁ(’lS‘,’U) 7

E(ﬂvv) 5 ) +

cp+ c? c3

E(ﬂ’ p) 8

H(0,p,v) := AW, v)p* + c4

)

where:
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(i) A(9,v) := (cos¥* + (cos® Py (v) + sin1)?),

(ii) B(9,v) := c¢B(¥,v) := 4sind cos 9, (v)(cos? 9y(v) + sin ),

(iii) C(9,v) := 2O, v) := sin® ¥(cos? (2 + 46a (v)? + 27(v) ) + 2sin Vay,),
(iv) D(0,v) := AD(0,v) := 4o B (v) sin 93 cos ),

(v) E(Y) :=c*E(0) := (1+a2)sin*v,

and (9, v) varies in [—7/2,m/2) x S*~ 1 Nnt,

Proof. For any = + w € R?*" \ x + span(n), by Proposition B.3] we can find a unique (9, p,v) € € such that
w = P(¥, p, v). Note that the following identities hold:

sin ¥4 sin 92 cos? 9
[l = [P, p,v|* = ==p" + 2——5——p" + cos" 9p",

c

c(n,w) = c(n, P9, p,v)) = <cn, S 24 cos ﬁpv> = sindp?, (B.5)

. 2 .
(1, D) = (P(, p.0), DIP(,p,0)]) = T ptasy + 220 55 (1) 1 cos? 9 (v).
Therefore, thanks to the definition of G and H and the three identities in (B.5), we have:

H(p,9,v) =G(P(9, p,v)) = [P(d,p,0)|* + le(n, P(9, p,v)) + (P(9, p,v), D[P (¥, p,v)])[?
=Sir;i94 P+ 28122192 cos? 9p°® + cos® ¥p* 4 (cos? Iy (v) + sin?)?p* + 481112196*2196,1(11)%6
Sirclj ﬁaipg + 47Sin ﬁccos v (cos? 9y(v) + sin ) B (v)p® + 2(cos? ¥y(v) + sin ﬁ)m;#anpﬁ
4sin 1933cos U B (0).

c
The claim follows recollecting the various powers of p. O
We summarize in the following lemma some algebraic properties of the functions A, ..., E introduced in

Proposition [B.4} as they will be very useful in the forthcoming computations.
Lemma B.5. Consider (9,v) € [—7/2,7/2) x S>" Nn" fixed. Then:

(i) A(W,v) = AW, —v) and C(9,v) = C(¥, —v),

(i) B(Y,v) = —B(¥,—v) and D(9,v) = —D(¥, —v),
(iii) B(0¥,v) = —B(=9,v) and D(¥,v) = —D(=9,v),

(iv) E does not depend on v,

(v) Ais bounded away from 0, i.e.:
w:i= min A(9,v) > 0.
[—7/2,m/2)xS2"*NnL
Proof. The first four points are direct consequence of the definition of A, B, C, D, E, and of ay, 8, (v),v(v)
(see (B4)). We are left to prove the last point. Since A(7/2,v) = A(—m/2,v), the function A has minimum
in (—7/2,7/2) x $?® N nt. Suppose such minimum is 0 and it is attained at (,v). This would imply that
0 = cos¥* + (cos? 9y(v) + sind)?, but this is not possible as it would force sin ¥ = cos 9 = 0. O
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The following proposition allows us to determine precisely the shape of the set 7 (B, (X) N gr(f)) when r
is small:

Proposition B.6. There exists an 0 < v1(X') = vy such that for any 0 < r < vy, if p(r) is a solution to the equation:

then:

p(r) = Pyo(r) + O(r*) ==

1

Ai 443

and the remainder O(r*) is independent on v and 9.

Proof. By Proposition[B.4, equation turns into:
Ap(r)* + Bp(r)® + Cp(r)® + Dp(r)" + Ep(r)® = r*, (B.8)

r Br? 7 B? C
(3214{41 — 4AZ> 7’3 + O(TA), (B7)

where we dropped the dependence on v and ¥ from A, B, C, D and E to simplify the notation.

We claim that there are t; > 0 and ¢; > 0, independent on ¥ and v, such that p(r) < ¢;r forany 0 < r < vy.
Suppose by contradiction there exists a sequence (r;,9;, v;) such that G(p(r;), ¥4, v;) = ri forany i € N, {r; }ien
is infinitesimal and p(r;) > 2r;/w'/*, where w was introduced in Proposition V). By (B.8), we have that for

any ¢ € N:
1=A (M)4+B <p(fi)>5n+c(”@)6rf+D <M>7r?+E(M>8rf

,
4 5 6 7 8

2 2 2 \%, 2 \" , 2 \*,

>4 (w1/4> +B <w1/4) ri+C <w1/4> ri +D <w1/4> ri +E <w1/4) T

Define the constant:

(B.9)

5 \8
M — <1+wl/4> max |B| + |C| + |D| + |E],

[=m/2,m/2]xS2"Nn+

and note that provided r; < min(1,1/M), the inequality implies:

2 \* 2 \*

This is not possible, since A/w > 1 and thus the claim is proved. Therefore thanks to (B.§), together with the
uniform bound on p proved above, we deduce that:

p(r) = AL + Ra(r), (B.10)

where |Ry(r)| < cor? for any 0 < r < t; and for some constant ¢, > 0 independent on ¢ and v. Plugging
the above expression for p(r) inside (B.9), we can find a more explicit expression for R;. Indeed, with some
algebraic computations, which we omit, we get:

Brb

rt =t 4 4A%r3R1(7‘) + + Ro(r),

Al
where |Ry| < ¢37% for any 0 < r < t; and for some constant ¢3 independent on ¥ and v, from which we deduce:

Br? Rs(r
Ve 42§r)3"




75

Substituting the above identity in (B.10), we have:

r Br?
=——-——=+R B.11
,0(7") A% 4A% + 3(T)7 ( )

where R3(r) := Ry(r)/4A7r3. In particular |R3(r)| < c3/4wir? for any 0 < r < ry. Once again, substituting
the newfound expression for p(r) given by (B.11) in (B.9), we get the following expression for Rs:

7 B? C
Rs(r) = ( == — '+ R
() (32 AT 4AZ)T + Rlr),
where |R4(r)| < ¢yr* for any 0 < r < t; and for some constant ¢4 > 0 independent on ¥ and v. O

Proposition [B.6 has the following almost immeiate consequence:
Corollary B.7. For any r > 0 and any 6 € R sufficiently small, define:
Brs =P ({(p,0,v) €C : p< Pyo(r)+r°}).

There exists an ¢o(X) = eg > 0 such that for any 0 < € < €, there exists 0 < vo(€) = vo such that for any 0 < r < tg,
we have:
By —e € (Br(X)Ngr(f)) C Bre.

Proof. Proposition[B.2]and the definition of 7 (recall that the function P was defined in[B.2) imply:
(B (X)Ngr(f) =z +P ({(p,9,0) €€ : H(p,9,v) <1'}). (B.12)
The function p — H(p, ¥, v) is a polynomial of 8th degree in p, and thus the equation:
H(p,9,v) =14, (B.13)

has at most 8 solutions in p. Assume p; < ... < p; are the positive distinct solutions of the above equation,
where k € {1,...,8}. If p > pj then H(p,¥,v) > r* and on the other hand, since H(0,9,v) = 0,if 0 < p < py
then G(p, 9, v) < r*. This implies that:

P({(p0.0) €% p< p1}) C 7w (B(X) Ngr(f) S P ({(p,0,0) €C : p < pr}).
Propositionconcludes the proof since p; and pj, coincide up to an error of order 4. O

The following technical lemma will be needed in the computations of Proposition and it is a Taylor
expansion formula for the sub-Riemmanian area element at a non-characteristic point of a horizontal quadric.

Lemma B.8. For any (p,?,v) € € we have:
2(D + J)[x + P(p,9,0)]| = ¢+ Ap + Bp> + Ri(p),
where:
(i) A:= A(9,v) :=2cos¥(Bn(v) + (Jv,n)),
(i) B =cB:=cB(9,v) :=2 (ansind + |P[(D + J)v]| cos? ¥), and P, is the orthogonal projection on n™.

(iti) |R1(p)| < e5p® forany 0 < p < v3 and for some constant ¢5 > 0, independent on ¥ and v.
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Proof. In order to simplify the notation we let M := 2(D+ J). First of all we want to find an explicit expression
for the vector M [z + P(p, 9, v)].

2sin v
S p>Mn + 2 cos 9pMv

in )
Mz +P(p,0,v)] = M I+Slip2n+cosﬂpv =cn+
c

Secondly, we compute the squared norm of the vector M[z + P(p, ¥, v)]:

|M [z + P(p,9,v)]|* =c* + 4ccosIp{Mv,n) + 4sin 9p? (Mn, n) 4 4 cos® 0p*| Mv|?

8sin v cos O 4sin® 9
+fp3(Mn, Muv) + 2

pt|Mn?.

Note that by definition of «, and 5, (v), we have that (Mv, n) = 8,(v) + (Jv, n) and thus 4c cos H{(Mv,n) = 2cA.
Moreover the fact that (Mn,n) = o, and that |Mv|?> — (Mv,n)? = |P,(Mwv)|? imply, by means of few algebrai
computation:

4sin®(Mn,n) + 4 cos® 9| Mv|? = 2cB + A2
Therefore, with some algebraic computation that we omit, we can show that:

Mz +P(p,9,v)]|> — (c+ Ap + Bp?)*

M D)l — - Ap— B =]

Mz 4P, 0 0)l| = e = Ap = B = s T T e & Ap 1 Bp?

(SSiI”ZCOSQ<Mn, MU> _ QAB) pS + (452;219|Mn|2 _ 32) P4
|M[z + P(p, ¥,0)]| + ¢+ Ap + Bp? '

Therefore there are a sufficiently small t3 > 0 and a constant ¢5 that can be chosen independent on ¥ and v, for
which:

[[M[z + P(p,d,v)]| fcprpr2| < ¢s5p0°, forany 0 < p < t3

Remark B.9. For any (9,v) € [-7/2,7/2] x S*»~' N n', we have that:
(1) 'A(ﬂa U) = _"4(197 _U)/
(ii) B(¥,v) = B(Y, —v).

Proposition B.10. The functions A(-,-) and B(-,-) defined in the statement of Proposition have the following
symmetries. For any 0 < r < dist(x, X(f)), we have that:

IGKI(BT(X)):/ / / E(p, 9, v)dpdddo(v),
$2n—=1ant J—Z J{H(p,9,v)<r4}

where:

7

(i) Z(p, 9,v) = 2= cos? =2 9(1 + sin? )| (D + J)[x + P(p, 9, v)]

(i) o:=H2M"2§" " nnt,

eu
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Proof. Proposition 3.2 in [33] implies that

0K (B, / IV £ (w) + 2Jw|dw = 2/ (D + J)w|dw. (B.14)
We want to perform in the right-hand side of the above equation, the following change of variables:
)02
w=zx+ sinvp n+ cos¥pv = x + P(p, 9, v), where (p,9,v) € €. (B.15)

If n > 1, we can parametrize the sphere S~ N nl with the usual polar coordinates and therefore we let

v = v(¢p) where ¢p € U := [—7,m) x [r/2,7,2]*"3. The Jacobian determinant (obtained using the Laplace
formula, we omit the computations) of the change of variables (B.15) is:
8w(p,19,v) _ﬁ a2 2n—2 81}(1/1)
’det 000900 |~ < (1 + sin” ¥) cos 9| v(v), o0 .
Therefore (B.14) becomes:
P2
|OK| (B // /XU (z +Pp,0,9))— (1+bm ) cos®™~ 2&‘( (¢),ag$))‘dpdﬂdw
v z _
- / (o000 25| [ [ P00, 00200. 0,000 v
v -3

-/ / [ x4 Pl 0.0, 0,0)dpddda 0
2n— lmni %

/ /2 / Z(p, 9, v)dpdddo(v),
S2r—1nnt {H(p,9,v)<r*}

where the last line comes from the identity (B:12). If n = 1, the computation is simpler since S*"~! N n+ =

{£Jn}. O
The following two lemmas will allow us to compute some integrals in Propositions and
Lemma B.11. Forany k € N, any o > k+1 we have:

/oo 2k ; 0 if k is odd,
——dr = B ) (g kL
oo (T 22) () r(a-tgt) if k is even.

I(a)
Proof. If k is odd, then [ z¥/(1+22)* = 0. If on the other hand & is even, the change of variable t = 1/(1+2%)®
implies:

%) k 1 k+1 k+1
+ +1 [T (o — L
/ %dw—/ (1—t) %~ t(a—"“)—ldt_ﬁ(k 1’a_k >_ ()T (a— 5 )’
0

oo (I 22)e 2 2 I(«)
where (-, -) is the Euler’s beta function. The last equality follows from a well known property of 3, see for
instance Theorem 12.41 in [41]. O

Lemma B.12. Suppose f : R — R is a measurable function such that f(x)/(1 + 2*)* € L'(R) and let 2(0) :=
cos?" 2 9(cos? ¥ + 2sin® ). Then the following identity holds:

/5 4a 2n— 119f 511119

W (&%9) d9 = —du,
LT TE AT

where ~(v) was defined in (B.4).
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Proof. Thanks to the definition of A, we have that:

5 4da—2n—1 19 @111219 4a—2n—1,l9 sin219
/ a(ﬁ)COS ( ) cos 19 dy = / f(cos 19) adﬁ

z A« cos4 ¥+ (cos?d + y(v) sindd)?)
z 2 2 sin ¥ 00
:/ cos? ¥ +32 sin” 9 in(g%a ) 49 = / f(z) __dr,
-3 cos® 9 (1 + (cos2 9 + 7( )) ) - (1 + (l‘ + ’7(@)) )
where the last equality is obtained with the change of variable z = sin ¥/ cos? 9. O

Proposition is the technical core of this appendix. It gives a first description of the structure of the
coefficients ¢, 0 and e.

Proposition B.13. For any € > 0 there exists v4 = v4(€) > 0 such that for any 0 < r < vq:
|0K| (B, (X)) = ¢, 4 e(X)r?" ™ 4 eRy(r), (B.16)

where defined S(n) := S~ N nt, we have:

. VAL (2271)o(S(n))
(1) C(X) =0y = 4(27L(+1;F()2njl) ’
(ii)
B’ c AB B
HE-G-E+oiy
e(X) / / A 2ﬂ4£ 1A (2n+3) )dﬁda
S(n) /-3 c2ATT

(iii) |Ra(r)| < €6(n)r?"+3 for any 0 < r < v and for some constant €4 (n) depending only on X.

Proof. Thanks to Lemma B.8/and Proposition we deduce that:

OKI(B, (X)) = [ xv, (2 + P(p.0, ) (0. 0,0)dpdddo(v)

2n
/ / / () (p + A p2"+1 + §,02"+2 + W) dpdddo (v).
S(n) /=% J{H(p,9,v <r4} c C

We now proceed giving estimates of each term in the last line of the above identity. In the proof of Proposition
we showed that {H (p,9,v) < r*} C {p < ¢;r} whenever 0 < r < t; and ¢; was a constant independent on
¥ and v. Therefore if r < v;:

/ (p)p? v (p)p* s ‘5C§n+47"2n+4
Rpp”dpg/ Rpp"dp§c5/ gy < SO T (B.17)
{H(p,0,v)<r4} 0 0 (2n +4)

where the second inequality comes from Lemma B.§| provided ¢;r < t;. Moreover, by Proposition [B.7]for any
€ > 0 there exists t > 0 for which for any 0 < r < 2 we have:

, Po,o(r) Py o (r)ter® Py o(r)—er®
/ pjdp—/ pldp S/ pjdp—/ p’dp
{H(p,9,v)<r4} 0 0 0

~ (Pyo(r) + er3)Itl — (Py,(r) — er®)i Tt < 29 ePy (r)ir3
B j+1 - j+1 '

(B.18)
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Thanks to the bounds (B.17) and (B.18), for any 0 < r < min{ty, t2, t3} we have:

B R 2n, Py () B
/ <p2n + ApZn—i-l + 7p2n+2 + (p)p ) dp — / <p2n + ﬂp2n+1 + p2n+2) dp
{H(p,0,v)<r*} ¢ ¢ ¢ 0 c c

22”+1P19,v (,r)2n7ﬁ3 22n+2||A||ooP19,v(r)2n+1T3 22n+3||8||oopﬁ7v(r)2n+27,3 c5c%n+4r2n+4

n+1 (2n+2)c (2n +3)c (2n+4)
(B.19)

R =

where || Al|s and ||B||« are the maximum of the functions A and B on [—7/2,7/2] x S(n). Thanks to the
definition of Py ,, which was given in (B.7), we can find v5 > 0 depending only on ¢ and X, such that for any

0 < r < t5 we have |RY"| < e@7(n)r2"+3, where the constant €7 (n) depends only on X. Finally, there exists an
tg > 0 such that and a constant €s(n) > 0 depending only on & such that:

2n+1 2n42 9
9,0 n r (2n+1)Br 2n +1 B C . .
|A1 v (7“)| = Pﬂ,v(r)2 +1 Y= s _A2"4+3 (2n 7)32,42 - 2n+3 < (’Sg(n)rz +4’
2n—+2 2n+3
v ont2 T (2n + 2)Br
|A2 (T)I = Pﬁ,v(’f") n+2 A2n4+2 4A2n4+7 < ¢8(7,L)742n—i-47
,r2n+3

Aﬁﬂ) )| =Py, (r 2n+3 < Cs(n T2n+4.
3 )

2n+3
4

(B.20)

We omit the computations proving the three bounds above since they can easily obtained by explicitly com-

puting Py ,(r)? and truncating the expression to the desired order of r. Therefore, (B-19) and (B:20) imply that
for any 0 < r < min(rs, tg) we have:

A B R 2n Py (1) B
/ <p2n g Dty D nt2 (p)p )dp _ / (an + Ap2n+1 + p2n+2) dp + R’f,’t}(r)
{H(pa'&vv)grél} ¢ ¢ ¢ 0 c &

_ Py (r)?" APy (r)M 2 BPyo(r)*

T ot (2n + 2)c nige T )
o A B B C AB. B N\
) — 2 - _ v
(2n+ 1)A2n+1 + ((2n+2)c 4A)A2n4+z <( n+7)32A2 1A 4A + (2n+3)) Aznz-s +RQ (7’),

where Ry (r) := RV (r) + AV (r) + AYY(r) + AY"(r) and the functions B, ..., E and A, B where introduced
in the statement of Proposition and in Lemma [B.8| respectively. Thanks to the definitions of R?* and A”"",
for any e > 0 there exists t7 := t7(¢) > 0 such that for any 0 < r < t7, we have |RY"(r)| < e€y(n)r2"*+3, where
Co(n) is a constant which depends only on € and X. Therefore, using what we have deduced so far we get:

OK|(B il dddo 2n+2 A B ddd
| ‘( T( 2n+1 /S(n)/ 2n+1 +r // 271+2 ( 2n+2> 4A> g

z (0 (2n + 7)B C AB B
2n—+3 B
o /S(n) /g AME ( 3242 4A 44 + (2n—|—3)> dido + R3(r),

where Rs(r fS f?i Rg’”(r)dﬂda and for any 0 < r < v; we have |R3(r)| < ecq9r?" 3 for some constant
2
¢10 dependmg only on X. Moreover, since B and A are odd functions on S(n) (see Proposition[B.5|and Remark
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A / B
2n2dU:O7 QnGdo-_O
/AT+ 445

S(n) S(n)

we deduce that:

This, by Fubini implies that:
2n+1
OK|(B,(z 271 T dﬁd

-2 — — —
203 : @n+7)B  C _AB B\ .
o /sm / A% ( 3242 A 1At (2n + 3) o+ Rs(r),

We are left to prove that [g [%, inl d¥do is a constant depending only on n. This is done by explicit
2

computation:
) > dx Val (227
2n+1 dy = 2ntl on+1 )
-5 AT —oo (L4 (z +7(v))?) 7% L (=5)
where we used Lemma in the first equality and Lemma in the second . O

Remark B.14. The constant c,, is the same constant appearing in Propositions and Although we could
deduce from Proposition that the leading term in the expansion (B.16) is constant and its value, we nev-
ertheless decided to carry out the explicit computation (the last line in the proof of Proposition of the
coefficient ¢(X).

In the previous propositions we gave a first characterisation of the coefficient of the Taylor developments of
the perimeter of quadratic surfaces. The coefficient relative r?" ! has been proved to be a constant depending
only on n and the one of "2 has been proved null. In the following proposition we investigate more carefully
the structure of the coefficient relative to 72" 3:

Proposition B.15. In the notation of the previous propositions we have:
(X)) = 1Tr(D?) — 2(n, D?n) + (n, Dn)? L= 1 1 (DJnm) 1(Tr(D)— (n,Dn))?
4 2n —1 2n—1 4 2n-1 8 2n —1 '
Proof. Thanks to Proposition we deduce that:

P —2 T — T — P -
2 Pl B 3 3 B bl
() = nti / ULV / 20N 9 / QAB 4y / ELICLINYE P
smy \ 32 Jog AT —5 44T —3 447 -~z 2n+3)ATT

O (I (1mm) )

(B.21)

Now we study each term separately. Let us start studying (I). Since B = cos'® 19(166,1(11)2((:5;;12%) (Sng +
w(v))) , Lemmas|B.11{and [B.12{imply:

2n+7/’5 D(ﬁ)Ezdﬁ_ 2n+7/°° 16834 (v)?2%(y(v) + x)? do — (2n + 7)Bn(v)? /°° 22 (x — y(v))?

: - ~ ——dx
32 0} A¥ 32 —00 (1 + (’V(U 4 x)2)2 +11 9 . (1 n x2)¥
SR ([ - ) h — 5 (3 (2n41)y(v)?
— 9 e (1 s )2n+11 dr + ")’ - 1 n 1]2 2711_11 — g dr | = QCnﬁn(’U) Z + T ’

(B.22)
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—r( 2ntl
where C,, := var(2)

We turn now our attention to (II). Since C' = cos® 9(2%2)2 ((2 + 480 (v)2 + 2y(v)an) + 20y Cs(j;‘fﬁ), Lemmas
ETland BTimply:

/ ()C d19:1/00 22((1 4+ 2B,(v)? + v(v)aw) + anz)
CxgATT 2 )

1
5 2nt7 de = -
(1+ (z +7(v))2) 3 2/

* (2= () (1 +28a(v)?) + an) |

%0 1+22)77"
_ (1 4284(v)? — 20my(v)) [ e (280 (w)? [ dx
2 x/—oo (1_}_1.2)% + 2 \/_OO (1+x2)2"4+7

_o 2n 4 D+ 28{(0))1(v)” + 2+ 46 (0)” — 4y(v)an

i (B.23)
Since AB = 8cos® 9(Ba(v) + (Jv,n))Ba(v) CS;;Q% (’y(v) + ;j:;;), Lemmas|B.11|and [B.12{imply:
FADAB JomBa(e) [ — 2@ FD)
/g 4475 (Pl T )/ (14 (v(v) +2)%) 75 (B.24)

=2(6n(0) + (om)Ba(e) [ ZEZT) s =, (0(0) + (Tl

(L+a22)7

which concludes the discussion of the integral (III). Finally, we are left with the discussion of (IV). Thanks to
the fact that B = 2 cos? (an sin ¥

s+ |[Pa(D + J)v\2> Lemmas|B.11|and [B.12

.12} imply that:

2 (V) B 2 ® anx + |Po(D + J)v|?
2n+3 dy = 53 x=Cp,
—g AT (I 43) 2043 s (14 (2 + ()

Plugging the identities (B.22), (B.23)), (B.24), (B.25) into (B.21), we get

o(X) (3Ll N (@0 D428 (0) ()
G (S() Jém {5“” (2* i )>

— oy (v) + \?(D =D s

+2+ 45,1(’[))2 — 4’7(1))(111 d(f('U)
4 8
][ —awy(v) + [Pa(D + J)v?
+ —=(Bn(v) + (Jv,n))Bn(v) + 5 do(v)
S(n)
3 ]é(n) ~v(v)*do 1 . Bu(){Jv,n)do + ][S(u) — 5 do.
V) (VD)

(VIT)

Eventually, in order to make the expression for ¢(X) explicit, we need to compute the integrals (V), (VI) and
(VII). To do so, we let £ := {m, ma, } be an orthonormal basis of R?" such that m; = n and

T, — My ti 1fz e{1,...,n}, (B.26)
—mi—, ifi€e{n+1,...,2n}.

With respect to the basis £, the points v € S(n) are written as v = Z2f2 v;m; where v; := (v, m;). This is due to



82 Taylor expansion of area on quadratic t-cones

the fact that v € n' by definition of S(n). With these notations, the integral (V) becomes:

][S(n) y(w)?do(v) = ]é(n) (Z (mi,ij>vivj> do(v)

1,j=2
2

= (my, Dmj)(my, Dmy) ][ v;v;0v1do (V)

0,4,k =2 S(n)

2n
— Z(mi,Dmi>2f
i=2 S

vido(v) + Z <mi,Dmi><mj,ij>][ vizv?da(v)

(n) 2<4,7<2n S(n)
i#£]
+ 2 Z (mi,’ij>2][ v?v?da(v),
2<i,j<2n S(n)
it

where the last equality comes from the fact that integrals of odd functions on S(n) are null. By direct compu-
tation or using formulas stated at the beginning of section 2¢ in [25], we have that:

2n 2n 2n

3 1 2
2 —_— — . . 2 —_— . . S . . 2
]é(n) ~v(v)*do(v) =71 i§:2<mz,sz> t oz 1 i;k:;m,,sz}(mk,Dmk) t i1 i;j:2<m“DmJ)

2n 2n 2
2 1
i,j=2 =2

2n

Since the matrix D is symmetric, we have that Tr(D?) = 37",

that:

(m;, Dm;)?. Thanks to this identity we deduce

20y 2Tr(D?) — 437", (my, Dn)? — 2(n, Dn)? + (Te(D) — (n, Dn))?
]é(n) +(0)2do(v) = —

 2Tr(D?) — 4(n, D?n) + 2(n, D)2 + (Tr(D) — (n, D))

N (2n —1)(2n +1) ’

where the last identity comes from the fact that [Dn|?> = (n,D?n) and some algebraic manipulations. The
computation of the integral (VI) is much easier. Indeed:

2n—2

(DJn,n)
Ju,n) By (v)do(v) = Jm;,n)(Dmj,n ][ vivjdo(v) = ———,
1, et 2 mon) Do) f o) = =
where the last equality comes from the fact that (Jm;, n) # 0 if and only if j = n + 1, by the choice of the basis
£, and that:
][ vivjdo(v) = ! L %fl. 7 " (B.27)
S(n) Sn—1 if i = j.

We are left to study the integral (VII). Since P, is the orthogonal projection on n', we have that:

2n 2n

|Pn(]\4v)|2 :Z<mi,Mv>2 = Z vjoR(mi, Mmj)(m;, Mmy).

i=2 i,j,k=2
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Furthermore, thanks to (B.27), we deduce that:

2n

]é(n)m(ww)vn da(v)=i7§2<mi,<D+J>mj><mi,<D+J)mk%(n) vsoedo (o)
2n D J ) 2d 1 2n D J ,
= 3 (@ Sy 1., 54w = 57 > (D4

We wish now to make ZZ =a{mi, (D +J )m;)? more explicit. To do so note that by definition of £, we have:

1 ifie{l,...,n},
(mi,Jm]) =q-1 ifie {n+1,...,2n}, (B28)
0 otherwise.

The identities in (B.28) imply that ZZ = (m, J m;)? = 2n — 2 and since D is symmetric, we also have that:

2n

> (my, Dmy)(mg, Jmj) = 0.

§,j=2
Summing up what we have proved up to this point, we get:

2n
Z <mi,ij>2 —+ 2(mZ,DmJ><mZ, ij> -+ (mi, ij>2
j=2
_z?,§:2<mz-,1>mj>2 +20-2  TH(D?) - 2(n,Dn) + (n,Dn)? 22

2n —1 2n —1 +2n—1’

1
2n —1

f Po((D + T)0) Pdo(v) =
S(n)

where the last equality as in the discussion of the case (V) comes from the identity Tr(D?) = 2727;71 (m;, Dm;)?
and a few algebraic manipulations. Finally putting togheter the expressions of the integrals (V), (VI) and (VII),
we get:

e(X)  2n+1 <2Tr(D2) — 4{n,Dn) + 2(n, Dn)? + (Tr(D) — (n,D[n]))Q) 1 N (DJn,n)
Cno(S(n)) 8 (2n—1)(2n+1) 4 2n-1
+1 (Tr(D2) —2(n, D%n) + (n, Dn)? N 2n — 2>
2 2n —1 2n —1
:}Tr(DQ) —2(n,D?n) + (n, Dn)? L= o1 N (DJn,n)  (Te(D) — (n, Dn))?
4 2n — 1 m—1 4 2n—1 82n—1
where the last identity is obtained from the previous ones with few algebraic computations. O

Theorem B.16. Assume p is a (2n+ 1)-uniform measure supported on K(0, D, —1). For any h € R*™\ 3(f) (see (&5))
we have:
Tr(D?) — 2(n(h), D*n(h)) + (n(h), Dn(h)>  n—1 1 (DJu(h),n(h)) (Tr(D) — (n(h), Dn(h)))’

0= 4(2n— 1) T R I 8(2n—1) ’
(B.29)

where n(h) := I%D:j))h\
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Proof. Suppose that X := (h, f(h)) € supp(x). Then Proposition[d.8|implies that there exists ts > 0 such that:
B,.(X)NK(0,D,1) = B.(X) Nsupp(p),

for any 0 < r < tg. Therefore Propositions [A.5/and imply that:

r2n+1 — ,U/(B’I'(X)) :SQn-H (B,(X)) _ ‘aKKBT(X)) _ r2n+1 + @r2n+3 + RQ(T)

supp(u) Cn Cn Cn !

whenever 0 < 7 < min(ty,ts). In particular we deduce that ¢(X) = 0, since |Ra(r)| < €s(n)r**3 for any
0 < r < v4 and the constant €4(n) depends only on X'

If n > 1 or dim(X(f)) = 0, Proposition [4.8] and Proposition prove the claim since 7 (supp(p)) =
R2". On the other hand if n = 1 and dim(X(f)) = 1, Proposition |4.8|implies that one of the two connected
components of R? \ 3(f) (which are halfspaces which bonduaty pass through 0) is contained in 7 (supp(p))
and thus equation holds for any z contained in such connected component. However, the structure of
the coefficient ¢(X') and the fact that n(—h) = —n(h) imply that equation holds on R? \ 3(f). O



C. Further results obtained during the PhD

C.1 Non-differentiability sets of typical Lipschitz functions

The characterisation of the non-differentiability sets of real valued Lipschitz functions on the real line goes
back to Zahorski who proved in [42] that:

Theorem C.1. For any G5, subset of the real line of Lebesgue measure zero E, there exists a Lipschitz function f : R —
R which is non-differentiable everywhere on E and differentiable everywhere on R \ E.

Viceversa, given a Lipschitz function f : R — R, the set of points at which f is non-differentiable is a G5, Lebesgue-
null set.

At this point is quite natural to ask whether any similar characterisation is available for Lipschtiz maps
f:R™ — R™. As it turns out already when the domain is R?, the answer is much more complicated and only
partially known. Indeed M. Doré and O. Maleva in [19] and [20] constructed a compact set with Hausdorff
dimension 1 in the R™ on which every Lipschitz function has a differentiability point (the first Lebesgue-null
set with this property was first constructed by D. Preiss in [35]).

In order to solve the problem, one could hope to use the intuitive idea that the typical Lipschitz functions
have the worst differentiability behaviour, and thus the problem may be solved by means of the Baire Cathe-
gory Theorem on a suitable space of Lipschitz functions. This approach was attempted in 1995 by D. Preiss
and J. TiSer in [36] where they showed that:

Theorem C.2 (Preiss, TiSer). Let E € (0, 1) be an analytic set. The following are equivalent:
(i) E is contained in an F,, subset of [0, 1] with Lebesque measure zero.

(ii) The set S of those 1-Lipschitz functions differentiable at no point of E is residual in Lip; ([0, 1],R), the space of
1-Lipschitz functions on [0, 1] with values in R endowed with the supremum norm.

Theorem|C.2]is both good and bad news. On the one hand it shows that if E is covered by countably many
closed Lebesgue-null sets, then the Baire Cathegory Theorem produces non-differentiable functions on E. On
the other, if E does not satisfy this topological condition (for istance if E C [0, 1] is residual and Lebesgue-
null), they proved that the typical Lipschitz function has a point of differentiability in E, showing that this
topological approach cannot tell the full story, in view of Zahorski’s theorem.

There are many possible generalisations of the above result in higher dimensions. The one in which we
are interested is the following: is it possible to build a map from R™ to R™ which is non-differentiable in any
direction of a given purely unrectifiable Borel set E by means of the Baire Category Theorem? The answer to
this question, depends on the topological properties of the set E:

Theorem C.3. Let E € (0,1)" be an analytic set and let n < m. Then the follwing are equivalent:

(i) E is contained in a countable union of closed purely unrectifiable sets,

85
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(ii) the set S of those 1-Lipschitz functions which are non-differentiable in every direction at every point of E is residual
in (Lip1 ([0, 1]™,R™), |||lcc), the space of 1-Lipschitz functions on [0, 1]™ with values in R™ endowed with the
Supremum norm.

As in the one dimensional case, the proof of (ii)=(i) shows that if (i) does not hold, then the typical Lipschitz
function has a differentiability point in £. This gives an intuitive justification to why even the construction of
fully non-differentiable functions on non-compact purely unrectifiable sets in [2] is so intricate.

C.1.1 Scheme of the proof

The proof of the implication (i) = (ii) of Theorem|C.3[heavily relies on techniques introduced in [5]] and in
[2]. Fix e > 0, e € S*~! and a closed purely unrectifiable set E. It is possible (see Lemma 4.12 in [5]) to build
for any e € S"~! a 1-Lipschitz function g, such that:

(@ [|gelloo <€
(8) |Dge(x) — €| < eforany z € E.

Using these functions it is not hard to construct maps G' : R® — R" with small supremum norms and such that
DG(z) =~ id,, for any z € E. Pick any smooth function f, and let u € S"~1, v € S™~! and define:

f(@) = f(z) = Df(@)[G(2)] + gu(2)v.

The function f is close to f in the supremum topology, and on E its derivative along the direction v is near to
u. In the end this construction (with some fine tuning) and the density of smooth functions in Lip; ([0, 1], R™)
prove the implication (i)=(ii).

To explain the proof of the implication (ii)=-(i) we need to introduce the Banach-Mazur game first. Let £/
be a set which cannot be covered by countably many compact purely unrectifiable sets and define the family
of 1-Lipschitz functions:

B :={f € Lip1([0,1]",R™) : therearex € E, e € R" s.t. f(x + te) is differentiable at ¢t = 0}.

Consider the following game with two players. Player (I) chooses an open set U; C Lip;([0, 1], R™); then
Player (II) chooses an open set V; C Uy; then Player (I) chooses an open set Uy C V; and so on. Player (II) wins
if N, Vi € B, otherwise Player I wins. If we can build a winning strategy for Player (II), Theorem 6.1 of [34]
implies that the set B is residual in Lip; ([0, 1]™,R™).

The proof that V}, can be chosen in such a fashion that Player (II) wins is based on the following two
observations:

(') Theorem 2 of [40] says that F is residual in a closed set F having any portion of positive width,

(') if two continuous piece-wise congruent mappings (which where introduced in [11]]) are close in the
supremum norm, then the set where their directional derivative along e € S"~! are not close, has small
width with respect to the cone of axis e (of a suitable amplitude).

Player II at each turn chooses piece-wise congruent mappings fi, sets M}, and directions ej, (converging to
some e) such that the sets V}, are (small enough) balls centred at f;. The turn of Player II starts by arbitrarily
picking a piece-wise congruent mapping f, in Uy. The direction e, is chosen close to e;_; in such a way that
the width of Mj;,_, along a cone of axis e;, (of sufficiently small amplitude) is positive. Eventually Player II
must deal with the construction of Mj,. Since E N F is residual in F', we can find a sequence of relatively open
sets Ej, in F such that EN F C () E. Let G}, be the set given by point () which enjoys the two following
properties:
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(@) the complement of G, has a complement with very small width,
(8"”) on Gy, the function f;, and fr_1 have close derivatives along the direction ey,.

Player II defines M}, to be a non-empty relatively open set in F, compactly contained in Ej_1 N My_1 N Gy,.
Moreover point (o) insures that we can always find such an M}, having positive width with respect to a cone
with axis e.

The functions f}, are uniformly converging to some f € Lip; ([0, 1]”, R™) and the sets M, are constructed in
such a way that their intersection is non-empty (thanks to the finite intersection property of compact sets), it is
contained in E N F and point (3”') implies that f is differentiable along e at any point of (| M.

Related results

The problem of the characterisation of non-differentiability sets of Lipschitz functions between Euclidean
spaces has quite a long history, originally motivated by the attempt to prove a Rademacher-type theorems on
Banach spaces (see for istance the monograph [26]). The paper [35] by D. Preiss could be arguably considered
the first fundamental contribution to the theory, where among other things, he constructs a Lebesgue-null set
in R? on which every Lipschitz function has a differentiability point, showing that Rademacher’s Theorem
does not tell the full story. In 2005 G. Alberti, M. Csornyei and D. Preiss announced in [4] and [3] a geometric
characterisation of non-differentiability sets of Lipschitz functions and the proof that any Lebesgue-null set in
R? is contained in a non-differentiability set of some Lipschitz function f : R? — R?. On the other hand, more
recently D. Preiss and G. Speight proved in [38] that for any m < n there exists a Lebesgue-null set V' C R™ for
which every Lipschitz map f : R™ — R™ has a point of differentiability on NV.

On the measure-theoretic side, in 2015 G. Alberti and A. Marchese proved in [5]] that the Rademacher The-
orem can be extended to finite mass Borel measures (when the definition of differentiability is suitably weak-
ened) and in 2016 G. De Philippis and E. Rindler showed in [16] that if every Lipschitz function is differentiable
p-a.e. in the standard sense then p is absolutely continuous with respect to Lebesgue.

C.2 Contact sets of non-involutive distributions and non-rectifiability in
Carnot-Carathéodory spaces

This piece of work is a collaboration with G. Alberti and A. Massaccesi. Before stating the results, we
introduce some notations. Suppose V is a distribution of k-planes of class C on the open set & C R™ and let
S C Q be a k-dimensional manifold of class C.

We say that x € S is a tangency point of S with respect to V' if and only if Tan(S, z) = V(z). The set of such
points is called the tangency set of S with respect to V' and denoted by (5, V).

We say that V' is involutive at a point z € (2 if for every couple of vector fields X, X’ of class C which are
tangent to V the commutator [X, X']|(z) belongs to V(z). We say that V is involutive if it is involutive at every
point of 2. The collection of all points + where V' is not involutive is called the non-involutivity set of V and
denoted by N (V).

We say that Frobenius theorem holds for the k-rectifiable set S and the non-involutive distribution of k-planes
V if H*(X N N(V)) = 0. Itis a classical fact that for C?> manifolds the Frobenius theorem holds for any non-
involutive distribution, and it has been proved by Z. Balogh in [9] the same holds for C':! manifolds.

C.2.1 Description of the results

Lusin-type theorems and failing of Frobenius theorem

In the first part of the paper we focus on constructing a k-dimensional C surface tangent to a continuous
distribution of k-planes in a set of positive H"-measure:
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Proposition C.4. If V is a continuous distribution of k-planes of class C in R", there exists a surface S of dimension k
and of class No< o<1 CH such that:
HF(1(V, S)) > 0.

This was already achieved by Z. Balogh in Theorem 8.2 of [9]] assuming some symmetry on the distribution
V. As in [9], the main tool to construct such a surface is a Lusin-type theorem. The version stated below
represents a slight improvement on the ones that can be found in [1]] and [30]:

Theorem C.5 (Lusin-type theorem). Suppose m,n are integers and let  be a Radon measure on R™ and Q be an open
set with u(§Y) < oo. Then, for every bounded Borel map M : Q x R™ — M (n, m) and every e,n > 0 there exists a
compact set K and a function u € (.o, C2*(Q) with ||ul|e < 1 such that:

(i) W@\ K) < e
(ii) Du(x) = M(z,u(x)) for every x € K.

With this we have shown that despite the distribution V' can be non-involutive (without any further ge-
ometric assumption), we can notheless construct a quite regular surface tangent to it on a set of positive,
showing that Frobenius theorem cannot hold if the regularity drops below C*:!.

Recovery of Frobenius theorem for tangency sets with good boundary

At first glance one may think that the story is concluded and there is no hope of recovering Frobenius’s
theorem for surfaces with regularity below C*!. This is not quite correct. Indeed, as already remarked in [6],
combining Corollary 4.1 of [17] and Corollary 1.1 of [18], one deduces that the contact set of a C! non-involutive
distribution V' of k-planes with a C!, k-dimensional surface S is H*-null provided V#*.7(5,V) is a normal
current. This corresponds to the intuitive idea that the tangency set 7(.S, V') has a “lot of holes”, and thus it
cannot have a “good boundary”. Our original contribution is to show that if the boundary of 7(.5, V') has some
kind of fractional regularity, the tangency set must be small, allowing us to recover the Frobenius Theorem for
the the couple S and V:

Theorem C.6. Suppose V and S are as above. Let T := VH*_7(S,V) and assume that OT the boundary acts on
C“-forms for some o € [0, 1), i.e.:

) = w(@)|” c

(0T, w)| < Cllwlla = ||lwl|so + sup
y#x ly — =

for any smooth, compactly supported (k — 1)-form w. Then H*(7(S,V)) = 0.

The bound (C.1) is implied by 0T being supported on a Borel set having box-dimension bigger than «.. The
condition on the box-dimension seems to be quite precise, indeed we are able to construct a current whose
boundary has Hausdorff dimension « for which (C.I) fails.

Pure unrectifiability of Carnot-Carathéodory spaces

A distribution of class C' of k-planes V on R" is said to have the Hsrmander property if at any point z of €,
there exists N(z) € N such that the elementary commutators of X1, ..., X} of length at most N (z) span R™ at
x. We say that an absolutely continuous curve 7 : [0, 1] — R" is said horizontal if for £!-almost every t € [0, 1]
one has:

() € V().
For any z,y € ), we define Carnot-Carathéodory distance as:

dy(x,y) := inf{l() : v is a horizontal curve, v(0) = z, v(1) = y}.
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where / is the Euclidean length of . The metric space (R", dy) is said to be a Carnot-Carathéodory space. The
main result of this third section is the following;:

Theorem C.7. The metric space (R™, dv) is m-purely unrectifiable for any m > k.

To our knowledge, this statement was known only in the case of Carnot groups, see [7] and [29]. One may
wonder why in a work concerned with contact sets between surfaces and distribution of planes, we prove
such a result. The point is that given a Lipschitz function f : K € R* — (R",dy) the set f(K) is contained
in a C? k-rectifiable set such that Tan(f(K),z) = V(z) for H* -almost every z € f(K). Therefore Lipschitz
images are countable union of contact sets between C? surfaces and the non-involutive distribution V. Thanks
to the above discussion we know that f(K) is #F,-null. The leap from the H* -nullness to the H’jv -nullness is
somewhat delicate. Thanks to the fact that f is Lipschtz it is possible to show that for any euclidean ball U (x, 1)
centred at x and with radius r, we have that f(K)NU(z,r) C B(z,Cr), where C is a constant depending only
on K and B(z,r) is the Carnot-Carathéodory ball. This easily implies the claim.
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