EXISTENCE OF MINIMIZERS FOR THE SDRI MODEL IN 2D:
WETTING AND DEWETTING REGIME WITH MISMATCH STRAIN

SHOKHRUKH YU. KHOLMATOV AND PAOLO PIOVANO*

ABSTRACT. The model introduced in [45] in the framework of the theory on Stress-Driven
Rearrangement Instabilities (SDRI) [3, 43] for the morphology of crystalline materials
under stress is considered. As in [45] and in agreement with the models in [50, 55],
a mismatch strain, rather than a Dirichlet condition as in [16], is included into the
analysis to represent the lattice mismatch between the crystal and possible adjacent
(supporting) materials. The existence of solutions is established in dimension two in
the absence of graph-like assumptions and of the restriction to a finite number m of
connected components for the free boundary of the region occupied by the crystalline
material, thus extending previous results for epitaxially strained thin films and material
cavities [6, 34, 35, 45]. Due to the lack of compactness and lower semicontinuity for
the sequences of m-minimizers, i.e., minimizers among configurations with at most m
connected boundary components, a minimizing candidate is directly constructed, and
then shown to be a minimizer by means of uniform density estimates and the convergence
of m-minimizers’ energies to the energy infimum as m — oo. Finally, regularity properties
for the morphology satisfied by every minimizer are established.

1. INTRODUCTION

In this paper we establish existence and regularity properties for the solutions of the
variational model for Stress-Driven Rearrangement Instabilities (SDRI) [3, 23, 43] that was
introduced in [45]. Under the name of SDRI are included all those material morphologies,
such as boundary irregularities, cracks, filaments, and surface patterns, which a crystalline
material may exhibit in the presence of external forces, such as in particular the chemical
bonding forces with adjacent materials. In order to release the induced stresses, atoms
rearrange from the material optimal crystalline order and instabilities may develop.

The main advancement provided by the results in this manuscript with respect to [45] is
the absence of the unphysical restriction on the number of connected components for the
boundary of the region occupied by the crystalline material, by also avoiding graph-like
assumptions for such boundaries assumed for the specific settings of epitaxially strained
thin films in [6, 16, 34] and material voids in [35]. In particular, with respect to [16] we in-
clude into the analysis the dewetting regime, i.e., the presence of other fixed materials with
possibly different boundary surface tensions, even if by only treating the two dimensional
case, and we establish regularity results for the crystalline morphologies and instabilities
satisfied by every minimizer. Furthermore, our strategy stems from the approach used
in [22] for the Mumford-Shah functional, and hence differs from the method introduced
in [16], which instead is based on allowing displacements to attain a limit value oo on
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sets with positive measure (and on technically assigning a zero cost to the elastic-energy
contribution related to those sets).

The SDRI model of [45] is a variational model introduced in the framework of the SDRI
theory initiated in the seminal papers of [3] and [43], and on the basis of the subsequent
analytical descriptions provided in the context of epitaxially strained thin films [6, 24, 25,
34], crystal cavities [8, 35|, capillarity droplets [26, 30], fractures [7, 11, 17, 19, 36], and
boundary debonding and delamination [4, 49]. All such settings are included and can be
treated simultaneously in the SDRI model [45] (see Section 2.5). In agreement with [3, 43]
since SDRI morphologies relate to the boundary of crystalline materials and depend on
the bulk rearrangements, the energy F characterizing the SDRI model displays both an
elastic bulk energy and a surface energy denoted by W and S, respectively. More precisely,
the energy F is defined as

F(Au) :=S(A,u) + W(A,u) (1.1)

for any admissible configurational pair (A,u) consisting of a set A that represents the
region occupied by the crystalline material in a fixed container Q C R? for d € N, i.e.,

Ac A:={ACQ: Ais L measurable and 0A is H -rectifiable},

and of a displacement function u of the bulk materials (with respect to the optimal crystal
arrangement) given by

u e GSBD*(Int(AU S U X);RY) N HE (Int(A) U S;RY),

where S € R?\ Q is the region occupied by a fixed material, which we denote substrate in
analogy with the thin-film setting and we consider possibly different from the material in
the container, and

3 :=05N00N

represents the contact surface between the container 2 and the substrate S. In the fol-
lowing we refer to C as the configurational space and to each configuration (A,u) € C as
a free crystal with A and u as the free-crystal region and the free-crystal displacement,
respectively (see Figure 1).

The bulk elastic energy W in (1.1) is defined in [45] by

W(A,u) = W (z,e(u) — M) dz,
AUS
where the elastic density W is given by
Wiz, M) :=C(2)M : M (1.2)

for any z € QU S and any (d x d)-symmetric matrix M € ngxnﬁl, and for a positive-

definite elasticity tensor C, and attains its minimum value zero for every z at a fixed
strain Mo € M € ngxnﬁl in the following referred to as mismatch strain. The inclusion in

(1.2) of a mismatch strain My defined by

e(up) in Q,
My = 1.3
0 {0 in .S, (13)

for a fixed up € H'(R%R?), together with the fact that both My and C are let free of
jumping across %, allows to model the presence of two different materials in the substrate
and in the free crystals, and in particular to take into account the lattice mismatch between
their optimal crystalline lattices that is crucial, e.g., in the setting of heteroepitaxy [24, 25].

The surface energy S in (1.1) is defined as

S(Au) = [ (zu,v)dH,
0A
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FiGURE 1. An admissible free-crystal region A is displayed in light blue
in the container €2, while the substrate S is represented in dark blue. The
boundary of A (with the cracks) is depicted in black, the container bound-
ary in green, the contact surface ¥ in red (thicker line) while the free-crystal
delamination region J, with a white dashed line.

where the surface tension 1 is given by

(o(z,v4(2)) 2 €QN A,
20(z,v4(2)) 2e QN (AW U AO)N oA,
Y(z,u,v) =< o(z,vs(2)) + B(2) z2€TNAONIA, (1.4)
B(z) z€XLNO"AN\ Jy,
| p(2,v5(2)) z € Ju,

with p € C(Q x R%[0,+00)) being a Finsler norm such that ¢1]¢| < o(z,€) < calé] for
some c1,co > 0 and representing the anisotropy of the free-crystal material, 8 denoting
the relative adhesion coefficient on 3 such that, as for capillarity problems [26, 30],

18(2)| < ¢(2,v5(2))

for every z € ¥, v coinciding with the exterior normal on the reduced boundary 0*A, and
A®) denoting the set of points of A with density § € [0, 1].

The anisotropic form of ¢ in (1.4) distinguishes various portions of the free-crystal
topological boundary dA: the free boundary 8*A N, the family of internal cracks A N
QN A, the family of external filaments A® N QN OA, the delaminated region Jy, i.e.,
the portion on the contact surface 3 where there is no bonding between the free crystal
and the substrate (even if they are adjacent), the adhesion area where the free-crystal
displacement is continuous through ¥, i.e., ¥N9*A\ J,, and the wetting layer represented
by the filaments on %, i.e., N A©) . In particular, ¢/ weights the different portions of A
in relation to the active chemical bondings present at each portion, i.e., ¢ when there is
no extra chemical bonding, such as at the free profile and at the delaminated region, and
[ at the adhesion contact area with the substrate, while both the cracks and at external
filaments are counted 2¢ and the wetting layer sees the contribution of both ¢ and .
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We consider the case d = 2 as in [45], with the fixed sets  and S being bounded
Lipschitz open connected sets such that ¥ is a Lipschitz 1-manifold. For d > 3 results are
available for the isotropic Griffith model with LP-fidelity term (of the type (2.19)) in [11]
and with Dirichlet conditions for the displacements at the boundary in [12]. Moreover, a
similar energy as the SDRI energy introduced in [45] was subsequently found in [16] as
a relaxation formula separately for thin films and material voids, for the different setting
with a Dirichlet condition imposed at 92, and in the wetting regime, i.e., the case where
free crystals are expected to cover the substrate. Unfortunately the strategy employed
in [16] is not implementable in our setting, where rather than prescribing a Dirichlet
condition as in [16], the mismatch strain (1.3) (which depends on the substrate region S)
is considered in the elastic energy in analogy with the models in [55] and [50, Section 4.2.2]
(see also the mathematical treatments [24, 25, 34, 47]).

In fact, the existence results in [16] are achieved by working (in the proofs) with displace-
ments in a larger space than the classical framework of small displacements of linearized
elasticity, namely the space GSBDX, for p > 1 that includes displacements attaining a
limit value oo in a set of finite perimeter (on which their strain e(u) is defined to be
zero [16, Page 1055]). Such a method works well with a Dirichlet condition that keeps
the displacements anchored, while in our setting it would be always convenient for the
displacements in GSBDE, of the minimizing sequences to escape to infinity, as this would
result with the definition of the energy in [16] in the minimum (zero) value of the elastic
energy for the limiting free-crystal region. A treatment for d > 3 of the model under
consideration in this paper with mismatch strain (and without Dirichlet conditions) is
under preparation [46] by implementing the ideas in this manuscript together with the
ones in [45], but without the need of Golab’s Theorem (and without employing the space
GSBDY, for the displacements).

Therefore, we must proceed differently here and we rely on the results of [45] for d = 2.
We begin by observing that, as shown in [45], the specific weights of (1.4) are crucial to
obtain the lower semicontinuity of the energy F under the constraint on a fixed number
m € N of boundary connected components for the free-crystal regions, which represented
an extension of the more restrictive graph condition assumed in [34] for the particular
setting of epitaxially strained thin films and the starshapedness condition in [35] for ma-
terial cavities. More precisely, by considering the subfamily C,, of configurations with free
crystals presenting at most m € N boundary connected components, namely

Cp = {(A, u) € C: JA has at most m connected components},

in [45, Theorem 2.8] it is shown that
liminf F(Ag, ux) > F(A,u)

k—o00

for every sequence {(Ay,ux)} C C, converging in a properly chosen topology 7¢ to a
configuration (A,u) € Cp,. In particular, the convergence with respect to 7¢ prescribes
that H'(0Ay) are equibounded, sdist(-, 0Ay) — sdist(-,dA) locally uniformly in R? with
sdist representing the signed distance function (recall definition at (2.2)), and w, — u
a.e. in Int(A) U S. We notice that the restriction to the subfamily C,, was needed in [45]
to establish not only the lower semicontinuity, but also the compactness with respect to
7¢, which indeed fails in C (see Remark 2.3), so that by means of the direct method of
the calculus of variations, the existence of minimizers (A,,,u,) € Cn, of F among all
configurations in C,, followed in [45, Theorem 2.6].

The aim of the investigation contained in this paper is to recover the full generality
avoiding any extra hypothesis on the admissible free-crystal regions. This is achieved by
retrieving compactness with respect to the free-crystal regions at least for any sequence
of m-minimizers (A, um) € Cp, and by combining the strategies of [22] and [45]. More
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precisely, the use in [45] of the Golab-type Theorem [40] is avoided for the compactness of
the free-crystal regions by adapting to our setting the classical density-estimate arguments
first introduced for surface energies and the Mumford-Shah functional (see, e.g., [2, 28, 52]),
and then extended to the Griffith functional [12, 19], which in turns allow us also to
establish some regularity results. Moreover, in our setting there is the extra difficulty
with respect to [22] that the compactness and lower semicontinuity along sequences of
m-minimizers (with respect to the topology used to find such m-minimizers through the
direct method) are both missing. We overcome this issue, by directly constructing a
minimizing candidate, proving that it belongs to the class

A= {A C Q: Ais £L2measurable and H'(0A) < —I-OO},

and establishing a “lower-semicontinuity inequality” (see (1.7) below) along the selected
sequence of m-minimizers (A;,, u,,) (see Subsection 1.1 for more details).

Since ~.A C .Z, for proving such lower-semicontinuity property we introduce an auxiliary
energy F defined in the larger family C of configurations (A, u) for which A € A, i.e.,

F(A,u) = S(A,u) + W(A, u),

with auxiliary surface energy S defined as

S(Au) = | O(z,u,v)dH* !,
0A

where the surface tension {bv is given by
o(z,va(z)) 2z€QNO*A,
~ 2 A
@ZJ(Z,U,Z/) — (,O(Z,VA(Z)) ZeSua
B(z) 2 €XNI AN\ Jy,
(,O(Z,VS(Z)) S ‘]U
for S denoting the jump set of u along the #!-rectifiable portion of the cracks (see (2.6)
for the precise definition).

The results of this paper are twofold: The existence results contained in Theorem 2.6
and the regularity properties of Theorem 2.7. More precisely, in Theorem 2.6 we prove
the existence of a minimum configuration of F and F among all configurations in C and
C~, respectively, with free-crystal region satisfying a volume constraint, i.e., we solve the
minimum problems

inf F(A 1.5
(A,u)elg, |A|=v (4,v) (1.5)
and _
inf F (A, u) (1.6)
(A,U)GC, |A|:V

for a fixed volume parameter v € (0, |Q|) or, if S = (), v = |Q2|. Furthermore, the minimum
problems (1.5) and (1.6) are proven to be equivalent to the unconstraint minimum problems
consisting in minimizing volume-penalized versions F* and F* of the functionals F and F ,
for a penalization constant A > 0 provided that A > A\; for some uniform constant A\; > 0.

In Theorem 2.7 regularity properties shared by all solutions of (1.5) and (1.6) are found.
Notice that we cannot directly apply the arguments of [34, 35] based on the external
sphere condition considered in [15] because of the absence of graph and star-shapedness
assumptions on the admissible free-crystal regions. As a byproduct of Theorem 2.6 and
Proposition 5.1 given a configuration (A, «) minimizing (1.5) resp. (1.6), we can construct
a configuration (A’,u) € C which minimizes both minimum problems (1.5) and (1.6) such
that A’ is an open set with cracks coinciding in € with the jump set of the corresponding
minimizing free-crystal displacement u, and boundary dA’ satisfying uniform upper and
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lower density estimates. Furthermore, we also observe that, any connected component E
of A’ that does not intersect ¥\ J, (up to H!'-negligible sets), must have a sufficiently
large area, i.e.,

|E| > (exvdm /A1),

and must satisfy u = ug in E up to adding a rigid displacement.

1.1. Paper organization and detail of the proofs. The paper is organized in 5 sec-
tions. In Section 2 we introduce the mathematical setting, recall the SDRI model from
[45], and carefully state the main results of the paper.

In Section 3 we prove the upper and lower density estimates for the local decay of
the energy F on any sequence of m-minimizers (A, uy,) € Cp (see Theorem 3.1) by
considering a local version of F* (see (2.9)), adapting arguments of [2, 12, 19] to our
setting with displacements paired with free-crystal regions, and paying extra care to the
fact that C is possibly not constant (but in L>®(Q U S) N C%(Q)).

In Section 4 we prove compactness and lower-semicontinuity properties for a sequence of
m-minimizers. We begin by establishing in Proposition 4.1 the compactness for a sequence
of m-minimizers {(A,, un,)} with free-crystal regions A,, not containing isolated points of
such free-crystal regions to a limiting set of finite perimeter A C €2 by means of both the
Blaschke-type selection principle [45, Proposition 3.1] and the density estimates established
in Section 3. Then, in Proposition 4.3, we further extend the (already generalized) Golab-
type Theorem [40, Theorem 4.2] to a priori not-connected H'-measurable (not necessarily
H'-rectifiable) sets satisfying uniform density estimates (see [22] for the isotropic case).
The compactness of the displacements in {(A,, )} is then proved in Propositions 4.4 by
carefully constructing the limiting displacement u in view of the property that for every
connected component F; of A the set in which displacements u,, diverge is either the
whole component E; or (), which follows from [45, Theorem 3.7]. Finally, in Proposition
4.6 we establish the lower-semicontinuity property

lim inf F(Ap, , tm,) > F(A,u), (1.7)
—00

by treating separately the elastic and the surface energy. For the latter we employ a
blow-up method differently performed for each portion of the A where v is supported. In
particular extra care is needed for the jump set J, and jump set along cracks S{j‘ (since
there is no bound on the number of connected components), where we need to extend
some ideas from [45, Proposition 4.1].

In Section 5 we prove the main results of the manuscript, i.e., the existence and regu-
larity results that are contained in Theorems 2.6 and 2.7, respectively. In order to prove
Theorem 2.6 we first establish in Proposition 5.1 the equalities

inf  F(B,v)=  inf  F(B,v)= lim inf F(B,v). (1.8)
(Bw)eC, |Bl=v (Bw)eC, |Bl=v m=00 (B,v)€Cm, |Bl=v

(recall that the second equality follows from [45, Theorem 2.6]) by using similar argu-
ments previously used in [45, Theorem 2.6]. In particular, (1.7) and (1.8) imply that
the configuration (A4, u) € C is a minimizer of F in C. In Theorem 5.3 we establish the
uniform density estimates for the jump set S/ of u along cracks for a minimizer (A,u) of
F.In particular, SZ is then essentially closed, and using this fact in Proposition 5.4 we
construct a configuration (A’,u) € C, which minimizes boths F and F , starting from a
minimizer (A, u) of F in C. Moreover, (A, u) solves both (1.5) and (1.6) and satisfies the
properties stated in Theorem 2.7. Theorem 2.7 is then a direct consequence of Proposi-
tion 5.4, comparison arguments, the isoperimetric inequality in R?, and the equivalence of
the constrained minimum problems and the unconstrained penalized minimum problem
related to the energies F* and F.
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We conclude the manuscript with Appendix A that contains some subsidiary results
recalled for Reader’s convenience since very relevant in the arguments used throughout
the paper.

2. MATHEMATICAL SETTING

In this section we recall the SDRI model from [45], collect all the definitions and hy-
potheses and state the main results of the paper. Since our model is two-dimensional,
unless otherwise stated, all sets we consider are subsets of R?. We choose the standard
basis {e1 = (1,0),e2 = (0,1)} in R? and denote the coordinates of = € R? with respect
to this basis by (21, 22). We denote by Int(A) the interior of A C R2. Given a Lebesgue
measurable set E, we denote by yg its characteristic function and by |E| its Lebesgue
measure. The set

‘ M:a}’ ae0,1],

B = {ocR?: ]
EE R E]
where B,(x) denotes the ball in R? centered at x of radius 7 > 0, is called the set of points
of density a of E. Clearly, E(® c JE for any o € (0,1), where
OF :={x €R?: B.(z)NE # 0 and B,(x) \ E # () for any r > 0}

is the topological boundary. The set E() is the Lebesgue set of E and |[EMAE| = 0. We
denote by 0*E the reduced boundary of a set E of finite perimeter [2, 41], i.e.,

O'FE = {:p eR?: Jup(x) = —}i_r}% m, lve(z)| = 1}-

The vector vg(x) is called the generalized outer normal to E.

Remark 2.1. If F is a set of finite perimeter, then

« O'E = 9EW (sce e.g., [52, Eq. 15.3));

« 0*E C E1/?) and HY(EW/?) \ 9*E) = 0 (see e.g., [52, Theorem 16.2]);

« P(E,B) =HYBnNdE) =HY(Bn EWY?) for any Borel set E;
where P(E, B) and H! denote the perimeter of E in B and the 1-dimensional Hausdorff
measure, respectively.

An H!'-measurable set K is called H!-rectifiable if H'(K) < oo and there exist countably
many Lipschitz functions f; : R — R? such that

MW (K\ U fi(R)) =0 (2.1)

i>1
(see e.g., [2, Definition 2.57]). Notice that one can assume in (2.1) that the functions f; are
C', since Lipschitz functions are a.e. differentiable. By the Besicovitch-Marstrand-Mattila

Theorem ([2, Theorem 2.63] a Borel set K C R? with H!(K) < 400 is H! -rectifiable if
and only if 0*(K,x) = 0,(K,x) = 1 for H!'-a.e. z € K, where
H(B,(z) NK)

1
0*(K,z) := limsup H (B (z) N K) and 6,(K,z) :=liminf .

r0+ 2r r—0+ 2r

In particular, any H!-rectifiable set K admits a approximate tangent line at #'-a.e. z € K,
see e.g., [52, Remark 10.3]. When 6,(K,z) = 6*(K,z) = 1, we write for simplicity
O(K,z) = 1. A Borel set K C R? with H}(K) < +oo is said purely unrectifiable if
HY (K NT) = 0 for every 1-dimensional Lipschitz graph I' C R? (see e.g., [2, Definition
2.64)).

Moreover, by [29, Theorem 5.7] , if K C R? is an arbitrary Borel set with H!(E) < +oo,
then there exist Borel subsets K" and K" of K such that K = K"UK", K" is H'-rectifiable
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and K" is purely unrectifiable, and such a decomposition is unique up to a #H'-negligible
set. More precisely, if K = L"UL" with H!-rectifiable L" and purely unrectifiable L*, then
HYK"AL") = HY(K*ALY) = 0. In what follows we call K" and K% the rectifiable and
purely unrectifiable parts of K, respectively. When A C R? with H!(0A) < +o00, we denote
by 0" A and 0" A the H'-rectifiable and purely unrectifiable parts of dA, respectively.

The notation dist(:, E) stands for the distance function from the set E C R? with the
convention that dist(-,)) = 4o00. Given a set A C R? we consider also signed distance
function from A, negative inside, defined as

dist(z, A) if z € R?\ A,

2.2
—dist(z,R?\ 4) if z € A. (22)

sdist(z,04) = {

Remark 2.2. The following assertions are equivalent:
(a) sdist(z,0Ey) — sdist(z, OF) locally uniformly in R?;

(b) Ej K F and R? \ Eg K Rr2 \ Int(E), where K denotes the Kuratowski convergence
of sets [20].

Moreover, either assumption implies 0E}, K op.

Given 7 > 0, v € S! and z € R? we denote by Q,,(z) the square of sidelength 2r
centered at x whose sides are either parallel or perpendicular to . When v = eg or
v = e1, we drop the dependence on v and write Q,(x). If in addition x = 0, we write just
Q. We also set

L:=[-rr] x{0},Qf ={z€Q,: v-ea>0},andQ, ={r €Q,: x-e3<0}. (2.3)
Given r € R? and r > 0, the blow-up map o, is defined as

our(y) =" — & (2.4)

The blow-up of K C R? is defined as o, ,.(K).

Given an open set U C R? and a metric space X we denote by Lip(U; X) the family
of all Lipschitz functions ¢ : U — X. We denote by Lip(¢) the Lipschitz constant of
¢ € Lip(U; X). Furthermore, GSBD(U;R?) denotes the collection of all generalized special
functions of bounded deformation (see [14, 21] for their definition and properties). Given
u € GSBD(U;R?) we denote with e(u) € M2X2 the approzimate symmetric gradient of u,

for which sym
ap lim [U(y) - U(x) - e(u)(x)(y — $)] . (y — x) .
Yy—x ‘y — J;’Z

holds for a.e. x € U by [21, Theorem 9.1], and with J, the jump set of u, which is
H!-rectifiable by [21, Theorem 6.2]. Let us also define

GSB‘DQ(Ua R2) = {U € GSBD(U’RZ) : B(U) c L2(U’ MQXQ)}'

sym

Given a H!'-rectifiable set M C U, we consider a normal vector vy to its approximate
tangent line and we denote by u& and u,, the approximate limits of u € GSBD?(U;R?)
with respect to vy, i.e.,

up ()= aplim wu(y) and wuy(z):= aplim u(y) (2.5)
(y—x)-var >0, (y—z)-vam<0
yeU yeU

for every x € M whenever they exist (see [21, Definition 2.4]). We refer to u}, and uj,
as the two-sided traces of u at M and we notice that they are uniquely determined up to
a permutation when changing the sign of vy;. If U = Int(A) for some measurable set A
with H'(OA) < 400 and M := 9" A, we use the simplified notations ugA on A NPrA,
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and trau := uérA on 0*A, where on 9*A we always choose vy in (2.5) as the generalized
outer unit normal to A. Moreover, we define

SA:={reAVnoA: ug () # ug ()} (2.6)

Note that S4 is H'-rectifiable. We refer to S the jump set of u along the cracks of A.

A linear function a : R? — R?, defined as Az = Mx + b, where M is 2 x 2-matrix and
b € R?, is an (infinitesimal) rigid displacement if M = —M7".

2.1. The SDRI model. Given two nonempty bounded Lipschitz connected open sets
Q CR?and S C R?\ Q such that QNS # 0 and the set ¥ := 95 NI is a Lipschitz
1-manifold, we define the family of admissible regions for the free crystal and the space of
admissible configurations by

A:={ACQ: Ais L-measurable and 0A is H -rectifiable}

and

C:={(Au): Ac A,
u € GSBD*(Int(AU S UX);R?) N Hy, (Int(A) U S;R?)},
respectively. By Proposition A.1 any A € A has finite perimeter. Furthermore, J, C
¥ N 0*A since u € H (Int(A) U S;R?).
The energy of admissible configurations is given by F : C — [—o0, +00],
F=8+W, (2.7)

where S and W are the surface and elastic energies of the configuration, respectively. The
surface energy of (A,u) € C is defined as

S(A,u) := /Qma*A o(x, va(x))dH (z)

1
+ /m( A (plz,va(@)) + o(x, —va()))dH ()

1
* /ZﬂA(O)maA ((p(:r,yz(x)) +B(x))d7{ ()
! —vs(x Lix .
4—/208*A\Ju B(x)dH (x)+/u oz, —vs(z)) dH (2), (2.8)

where ¢ : Q xS — [0, +00) and 3 : ¥ — R are Borel functions denoting the anisotropy of
crystal and the relative adhesion coefficient of the substrate, respectively, and vy, := vg. In
the following we refer to the first term in (2.8) as the free-boundary energy, to the second
as the energy of internal cracks and external filaments, to the third as the wetting-layer
energy, to the fourth as the contact energy, and to the last as the delamination energy. In
applications instead of ¢(z,-) it is more convenient to use its positively one-homogeneous
extension |§|p(z,£/|€]). With a slight abuse of notation we denote this extension also by
®.
The elastic energy of (A,u) € C is defined as

W(A,u) = W(z,e(u(x)) — My(x))dx,
AUS
where the elastic density W is determined as the quadratic form

W(z,M):=C(x)M : M,

by the so-called stress-tensor, a measurable function z € QU S — C(z), where C(x) is a

nonnegative fourth-order tensor in the Hilbert space ngxrﬁ of all 2 x 2-symmetric matrices
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with the natural inner product
2
M:N = Z MijNij

ij=1
for M = (M;j)7 -1, N = (Nij)7 ;=1 € MZs2.
The mismatch strain x € QU S — My(x) € ngxn% is given by
My = e(up) %n Q,
0 in S,

for a fixed up € H*(R%; R?).
Given m € N, let A,, be a collection of all A € A such that 0A has at most m connected
components and let

Cr={(Au)ec: AeAm}

to be the set of constrained admissible configurations. For simplicity, we assume that
Coo =C.

Remark 2.3. The reason to introduce C,, is that C,, is both closed under 7¢-convergence
(see [45, Definition 2.5]) and F is lower semicontinuous with respect to 7¢ in Cy, (see [45,
Theorems 2.7 and 2.8]). Such two properties do not apply instead to C as the following
examples show.

We begin by recalling that a sequence {( Ay, uy)} C C is said to 7¢-converge to (4,u) C C
and we denote by (A, up) = (A, u), if

— supH(0AL) < o,

k>1
— sdist (-, 0A) — sdist(-, 0A) locally uniformly in R? as k — oo,
— up — u a.e. in Int(A) U S.

Let X := {x,} be a countable dense set in 2 and A € A such that |A| = v € (0,]9]].
Then the sets Ay := A\ {z1,...,zx} € A, k € N, are such that |A;| = v € (0,|Q)),
HY(DAR) = H' (DA), and (A, 0) 5§ (A\X,0) as k — oo, but A\X ¢ Asince d(A\X) = A.
Therefore, compactness with respect to 7¢ fails in C.

Furthermore, let I' C A be a segment such that HY(I') > 0, B := A\ T, By :=
AN\ (N {xy,...,zx}) for every k € N, and assume that X is dense in I". We notice that
{(Bi,0)} € C, (B,0) €C, |By| = |B| = |A|, (B, 0) 58 (B,0) as k — co. However,

F(By,0) = F(A,0) < F(A\T,0) = F(B,0).

Therefore, lower semicontinuity of F with respect to 7¢ fails in C.

2.2. Localized energies. In this section we introduce the notion of quasi minimizers of
F and F in © and the localized version F(+;0) : C,,, — R of F for open sets O C Q and
for m € NU {oo} with the convention Cy := C. We define

F(A,w;0) :=8(A;0) + W(A,u; 0), (2.9)
where

S0 = [ty +2 [ oy, va)dH!
ONd*A ON(AMUAO)NHA

and
W(A,u;0) = /OQAC(y)e(u) :e(u)dy,

are the localized versions of the surface and elastic energies, respectively. Since we define
the localized energy F(-;O) only for open subsets O of €2, the localized surface energy
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S(+;0) does not depend on u and the localized elastic energy W(-;O) can be defined
without ug; see also Remark 2.5 below.

Definition 2.4. Given A > 0 and m € NU {oo}, the configuration (A4, u) € Cp, is a local
(A, m)-minimizer of F : Cp, — R in O if

F(A,uw;0) < F(B,v;0) + A|AAB]
whenever (B,v) € Cy,, with AAB CC O and supp (u — v) CC O. Furthermore, we define
®(A,u;0) = inf {F(B,U;O) 1 (B,v) € C,
BAA CC O, supp (u—v) CC O} (2.10)

and
V(A ,u;0) :=F(Au;0) — P(A,u;0) (2.11)
for every (A, u) € Cp, and every open set O CC Q.

Remark 2.5. By [45, Theorem 2.6] (see also (3.1) below) for any minimizer (A4, u) of F in
Cm, the configuration (A, u—ug) is a (Ao, m)-minimizer of F (-, -;2). Indeed, since (A, u) is
a minimizer of 72 in C,,, the function @ := u — ug minimizes Cp, 3 (B, v) — F (B, v) =
FX(B,v + ug). Hence, for any open set O C © and (B,v) € C,, with AAB CC O and
supp (u — ug — v) CC O we have FM (A, u — tip) < .7?’\0(3,1)) so that

F(A,u—up;0) < F(B,v;0) + Xo||A| — |B|| < F(B,v;0) + \o| AAB].

Similarly, if (A, u) is a minimizer of F in C, the configuration (A, u—1ug) is a Ag-minimizer
of F(-;0).

2.3. Auxiliary model. We also introduce a weak formulation of the SRDI model defined
in Section 2.1 for which the more general family C of admissible configurations, given by

C:= {(Au): A €A,
u € GSBD*(Int(AU S UX);R?) N H, (Int(A) U S;R?)},
is considered, where

A= {A C Q: Ais L2 -measurable and H'(0A) < —|—OO}.

The auxiliary energy F:C — Ris defined as

F=8+W,

where
S(A,u) = /Q . oz, va(z))dH (z)
+ [ (ol va@) + (o —vate)at' @
s

! —vy(x Lig ‘
+/zma*A\JuB(x)d% (x)JF/ (o, —vs(z)) dH (z), (2.12)

u

where SZ € Q by definition (2.6).
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2.4. Main results. We begin by stating the hypotheses which will be assumed throughout
the paper:

(H1) ¢ € C(Q2 x R?) and is a Finsler norm, i.e., there exist ¢; > ¢; > 0 such that for
every x € Q, p(x,-) is a norm in R? satisfying
cilél < p(z,€) < e2fé] (2.13)
for any x € Q and ¢ € R?;
(H2) g € L*™°(%) and satisfies
—p(z,vs(z)) < B(z) < @z, vn(2)) (2.14)
for H'-a.e. z € 3 B
(H3) C e L>®(QU S)NC%Q) and there exists ¢4 > c3 > 0 such that
2es M : M < C(x)M : M <2cqa M : M (2.15)

for any x € QU S and M € Mg;n%,
(H4) Either v € (0,|Q|) or S = 0.

Given G € {F, F}, we use the notation:

C fGg=FrF,
Xg =4~ . g ~
C ifg=F.
The first result is the ezistence of solutions without constraint on the number of free-
crystal boundary components.

Theorem 2.6 (Existence). Assume (H1)-(H4). Let G € {F,F}. Then the minimum
problem

n G(B,v 2.16
(Bw)eXg, |Bl=v ( ) ( )

admits a solution. Moreover, there exists Ay > 0 such that (A,u) € Xg is a solution of
(2.16) if and only if it solves

inf  G*(B,v)
(B,”U)E./Yg

for every A > A\, where
GM(B,v) :=G(B,v) + A||B| — v|; (2.17)

For simplicity we call the solutions of (2.16) global minimizers.

The second result is a partial reqularity of the free-crystal boundaries. We recall that
the definition of S is provided in (2.6).

Theorem 2.7 (Properties of global minimizers). Assume (H1)-(H4). Let G € {F, F}
and (A,u) € Xg be a solution of (2.16). Define

A= Int(AM)\ T, (2.18)

where T is the closure of {x € S : 0.(S2, ) > 0}, and, with a slight abuse of notation,
consider u as defined in A’ U S (and so, also on the L2-negligible set A’ \ Int(A)). Then:

(1) A" is open, 0,(SX,x) > 0 for all x € S&, |[AAA| = 0, HY(DAADA) = 0,
HY(S,ASAY) =0, (4, u) € C, and

G(Au)=F(A u)=

in F(B,v) = inf F(B,v);
(Bw)€eC, |Bl=v (Bw)€ecC, |Bl=v
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(2) for any x € Q and r € (0, min{1, dist(x, 002)}),
/Hl(Qr(CE) N 814/) < 16¢co + 44X

T C1

)

(3) there exist ¢p = <o(c3,ca) € (0,1) and Ry = Ro(c1,c2,c3,¢4,A1) > 0, where A\; > 0
is given in Theorem 2.6, with the following property: if x € QN OA’, then

1 /
H(Qu(r) 04

,
for any square Q,(xz) CC Q with r € (0, Ry).
(4) AW NJA" = S& and

HU(ST\ S =0,
hence cracks essentially coincide with the jump set for the displacement u;
(5) If E C A’ is any connected component of A" with HY(OE N'Y\ J,) = 0, then
|E| > (c1vV4r/M)? and u = ug + a in E, where a is a rigid displacement.

In what follows we refer to the estimates in (2) and (3) as the (uniform) upper and lower
density estimate, respectively. Note that by assertion (1), the assertions (3) and (5) directly
hold also for solutions (A, u) of (2.16).

2.5. Examples. We recall from [45] that the SDRI energy (2.7) coincides with the func-
tionals of the following free-boundary problems considered in the Literature when re-
stricted to the corresponding subfamilies of admissible configurations in C:

(a) Epitazially strained thin films, e.g., [6, 24, 25, 34, 39, 47]: Q := (a,b) x (0,+00), S :=
(a,b) x (—00,0) for some a < b, free crystals in the subfamily

Asubgraph := {A C Q: 3h € BV(3;[0,00)) and Ls.c. such that A = A} C Ay,
where A, := {(z!,2?) : 0 < 2?2 < h(z')}, and admissible configurations in the subspace
Csubgraph = {(A, u) A€ Asubgrapha u e Hll()C(Int(A usSu Z);RQ)} cC

(see also [5, 42]);
(b) Crystal cavities, e.g., [35, 38, 54, 56]: Q C R? smooth set containing the origin, S :=
R2\ €, free crystals in the subfamily

Astarshaped := {A C 2 : open and 2\ A starshaped w.r.t. (0,0)} C Ay,
and the space of admissible configurations
Cstarshaped = {(A, u) : Ae Astarshaped, u e Hlloc(IHt<A usSu E)v R2)} C Cy;

(b) Capillarity droplets, e.g., [9, 26, 30]: © C R? is a bounded Lipschitz open set (or a
cylinder), admissible configurations in the collection

Ccapillarity = {(A7u0) : Ae A} cC or Ccapillarity = {(A 0) : Ae JZ} - 57

U
(d) Griffith fracture model, e.g., [7, 11, 12, 17, 19, 36, 37]: S =X = 0, Ey = 0, and the
space of configurations

Carifith = {(Q\ K,u) : K closed, H!-rectifiable, u € Hlloc(Q \ K;RQ)} C C;

(e) Mumford-Shah model, e.g., [2, 22, 51]: S =3 =0, Ey = 0, C is such that the elastic
energy W reduces to the Dirichlet energy, and the space of configurations

CMumfard—Shah = {(2\ K, u) € Carimitn : v = (u1,0)} C C;
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(f) Boundary delaminations, e.g., [4, 31, 44, 48, 49, 57]: the SDRI model includes also the
setting of debonding and edge delamination in composites [57]. The focus is here on the
2-dimensional film and substrate vertical section, while in [4, 48, 49] a reduced model
for the horizontal interface between the film and the substrate is derived.

For the cases (a) and (b), the existence results for the SDRI model in Cgybgraph and
Cstarshaped can be found for example in [45, Theorem 2.9 and Remark 2.10]. For (c),
the same statements of Theorems 2.6 and 2.7 hold with Xg := Ceapillarity if G = F or
Xg = dapiuarity ifG =F (note that S, and I" are empty in this case). For (d)-(f), we
postpone the analysis to future investigations since some modifications in the proofs is
needed to include boundary Dirichlet conditions or fidelity terms of type

n/ lu — g|Pdx (2.19)
O\K

for p € (1,00), K > 0, and g € L*>°(2), which are generally considered (and needed) in
these mechanical applications.

3. DECAY ESTIMATES FOR m-MINIMIZERS

In this section we always assume (H4). We recall that by [45, Theorem 2.6] under the
hypotheses (H1)-(H3) both the volume-contrained minimum problem

inf F(A u),
(Au)ECm, |Al=v

and the unconstrained minimum problem

inf  FMA,u)
(Au)ECm,

admit a solution for any m € N. Moreover, by [45, Theorem 2.6] there exists Ag > 0 such
that

inf  F(Au)= inf FMA,u)= lim inf F(A,u) (3.1)
(Aw)ec, |Al=v (Au)eC m—00 (Au)ECm, |A|=v

for every A > Ag.
The main results of this section are the following density estimates for the quasi-
minimizers of F in C,, with m € NU {oo}.

Theorem 3.1 (Density estimates for (A, m)-minimizers). There ezist ¢, =
Sx(c3,ca) € (0,1) and Ry = R.(c1,c2,c3,c4,N0) > 0, where ¢; are given by (2.13) and
(2.15), with the following property. Let (A,u) € Cp, be a (A, m)-minimizer of F(-,+; ) in
Cr, for some m € NU {oo}. Then for any x € Q and r € (0, dist(x,00)),

HYQr(z) N OA) _ 16y +4A

r - c1 '
Moreover, if x € Q belongs to the closure of the set {y € QN OA: 0,(0A,y) > 0}, then
HH(Qr(x) NOA)

r

for any square Q(z) CC Q with r € (0, Ry).

(3.2)

To prove Theorem 3.1 we start with the following adaptation of [11, Theorem 3] to our
setting (of set-function pairs).
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Lemma 3.2. There exist n € (0,1/32) and ¢y > 0 with the following property: For any
m € NU {oco}, any admissible (A,u) € Cp, and any square Qr(xg) C Q of sidelength
2R > 0 with

 (HYQr(wo) NO"A)\1/2
5= ( - ) <n (3.4)
there exist v € GSBD?*(Int(QU SUX);R?), B € A with (B,U‘B) € Cm, R € (R(1 —
V), R) and a Lebesgue measurable set w CC Qg(xo) such that

(1) v € C%(Quu_vs)(@0))s ADB CC Qo) \ @y (o) and supp (@ — v) CC
Qr(xo), where
u = UXQp(w0)nA T EXQr(z0)\A» (3:5)
where £ € QR is chosen such that Qr N 0*A C Jg;
(2) HL(OB\ 04) < co VOH ([Qr(w0) \ Qs (0)] N DA
(3) |w| < cod HHQRr(x0) NOA) and

/ lv — U|2dx < cod’R? / le(W)|?du;
Qr(wo)\w Qr(zo0)

(4) for any ¢ € Lip(Qr;[0,1]) and elasticity tensor C € L*°(Qgr) with
dyM : M < C(x)M : M < doM : M, (z, M) € Qp x M2 (3.6)

sym>

there exist d3 := d3(co,d1,d2) > 0 and s := s(co,d1,d2) € (0,1/2) such that

/ YC(z)e(v) : e(v)dx </ YC(x)e(u) : e(u)dx
Qr(z0)

Qr(z0)NA

+ds 5° (1+ RLip(1h)) / le(u) [2da.
QRr(zo)NA

The proof of Lemma 3.2 is an adaptation of the arguments of [11, Theorem 3] to
our situation of functional depending on set-function pairs with extra care paid for the
constraint on the number of boundary connected components. The idea is to treat the
boundary of each admissible region as a jump of a properly defined displacement. In
particular, we choose such displacement of the type (3.5), where ¢ is selected as in the
construction used in the proof of [45, Lemma 3.10]. We also notice that the constants 7
and ¢ := cy/(1 4+ v/2/24) > 0 are given by [11, Theorem 3].

Proof of Lemma 3.2. By translating and rescaling if necessary, we assume that zg = 0 and
R = 1. Notice that since H(Q1 N JA) < +oo, by Proposition A.2 there exists & € (0,1)?
such that the set

{re@Q1NI"A: tra(u) exists and is equal to &}
is H'-negligible. By [41, Theorem 4.4] up to a H'-negligible set we can cover Q1 N 9*A
with C''-maps so that by [21, Theorem 5.2] tra(u) exists H!-a.e. on Q1 N 9*A.
Let
U= uxQnA +EXQ\A-
Note that z € GSBD?(Q1;R?) and by the choice of ¢ and by [21, Definition 2.4] Q1N9*A C
J. In addition, by possibly adding to @ a function in SBD?(Q1; R?)NW1H>(Q1 \ 0A; R?)
with small W°(Q; \ 04;R?) norm, jump on the set @1 N 0" A, and supported near

Q1 N JA, we can assume without loss of generality that Q1 N Jz D Q1 N9J"A up to a
H!-negligible set*. Notice that

§ =M QNI A =1 Q1N Jp)/?

*A similar argument was used in [13, p. 1359, above Eq. 4.19]
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and set N := [1/6] so that (—N&, NJ)? C Qq. Fori:=0,1,...,N —1let Q" := (—(N —
i), (N — i)6)% and C* := Q*\ Q”l'(assuming CN-1.= @QN-1). Up to a slight translation
of Q' we assume that H!(0A N OQY) = 0 for all i. By [11, Lemma 3.3] we find ip > 1 such
that

fCioucio+1 |6(a)|2d5C < Sﬂle\Ql_\/g |e(ﬂ)|2dxv
HYOA N (C U Cot)) < 8VIHHOAN (Q1\ Q1-s))-

We partition Q"*! into pairwise disjoint squares with sidelength 6 and divide the slice
C" into dyadic slices

Gj = (=(N —ig—279)8,(N —ig —279)8)* \ (=(N —ip — 277715, (N —ig —277%1)6)?,

then we partition each slice G; into pairwise disjoint squares @;; of sidelength 277§ whose
sides are parallel to the coordinate axis. Let Vj be the collection of all squares of sidelength
d that cover the central square Q! and let V be the union of Vy and of the collection of

all @;;. Following [11] we differentiate between “good” and “bad” squares in V. A square
Q €V is “good” if

H'(Q" NOA) < ndg, (3.7)
where Q" is the square with the same center as @ and dilated by 7/6, and Jg := 4 if
Q €V and o = 2776 if Q C Gj. A square Q is “bad” if it does not satisfy (3.7). By

(3.4) 62 = H}(Q1 N OA) < né, hence, by definition, all squares in Vg are good and by [11,
Eq. 12] the sum of the perimeters of all bad squares satisfies

> HN0'Q) < @VEH ((Q1\ Q_j5) NOA) (3.8)

Qbad

for some ¢y > 0. Since § < 7, by [11, Theorem 3] there exist v € GSBD?*(Q1;R?),
r € (1 —+/9,1) and a Lebesgue measurable set & CC @Q, such that
(al) v € C*(Q,_5), u="0in Q1 \ @ and HY(Jz N OQ,) = HY(J3NIQ,) = 0;

(a2) H'(J5 \ Ja) < G VEH ((Q1\ Qy_y5) N Ja);
(a3) 3] < GdH (Qr N DA) and

/ [v — u|?dx < 5052/ le(@)|*d;
Q1\& Q1

(ad) for any ¢ € Lip(Q1; [0, 1]) and elasticity tensor C € L*>°(Q1) satisfying (3.6) there
exists ds := d3(¢p,d1,d2) > 0 such that

YC(z)e(v) : e(v)dr < PC(x)e(u) : e(u)dzr + dz0® (1 + Lip(w))/ le(@)|dz
Q1 Q1 1

with s € (0,1) depending only on ¢y, d; and dy;
(ab) Jy C 0*DU(Jz\ Q") and J5\ Jz C 0* D, where D is the union of all bad squares.

Note that for proving (a4) in [11] a mollifying argument is used (together with the fact
that C is assumed to be constant in [11]). As in our setting C is in general not constant,
we revised such argument (see [11, Eq. 23]), by using the fact that the energy

w € GSBD?*(0) / Ce(w) : e(w)dx
O
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is quadratic with respect to the e(w) and hence, we have convexity and we can employ
Cauchy-Schwartz inequality for positive semidefinite bilinear forms to obtain

/OC(a;)e('ﬁ):e(a)dxg/C(x)e( d:p+2/ C(z (@) — e(@)]dz
S/O(C(x)e( d:c+2 /(C )dx}l/Q

/cmmm—dmme—dmm}
O

1/2

for any open set O C Q1. Since the inequality a® < b? + 2ac, where a,b,c > 0, implies*
a < b+ 2c, we get

/ Cla)e(®) : e(¥)de ] i <[ /O C(e)e(i) : ofi)da] e

+ 2[/()@(:@[6(5) —e(u)] : [e(v) — e(u)]dz
g(1+058)[/OC(x)e(a) - e(it)de | i

so that Eq.23 of [11] holds also in our setting.

Let V; be the family of all bad squares @ intersecting Int(A) and D; := UQevi Q. For
every @ € V; we define I as the segment of smallest length connecting (Q” N9A) \ Q to
0Q with the convention that Ig = 0 if (Q"" NJA)\ Q =0 or Q NInt(Q\ A) # 0. By the
definition of Q" and Q, H(Ig) < L H(9Q).

Let

= [(a\Dyuan|\ | Ie

QeV;

and
vi= 5XQ1 + HX(QUS)\QF

We claim that B, v and @ satisfy the assertions of the lemma.

Indeed, from (a4) applied with ¢ = 1 and C = I it follows that v € GSBD?(Int(B); R?).
Moreover, by (a5) v € H{ (Int(B);R?), thus, (B,v) € C. Let us show that if 4 € A,,
for some m € N, then B € A,,. Indeed, by the construction of B, for each bad square
Q, the dilated square Q"' contains inside “large” portions of the boundary 0A. Now if
OA intersects @, then Ig = () and the modification [4\ Q] U dQ \ Ig does not increase
the number of boundary components. Otherwise, if A does not increase @, so that it
intersects only Q" \ @, then adding a small segment I to connect A N [Q" \ Q] to Q
again does not increase the number of boundary components of [A\ Q] UdQ \ Ig. Now,
from the disjointness of the cubes @ € V; it follows that B € C,. Therefore, if (4,u) € Cy,
for some m € N, then (B,’U‘B) €Cp.

By (al) it follows that v € C*(Q,_, /). Moreover, by the definition of B, AAB CC

Qr, \Q,_,/5 for somer), € (1—+/6,1) such that D; C Q. Also, by (al) supp (i—7) CC Q4
so that supp (u — v) CC @1, and (1) follows.

*Note that a < b+ 2c¢ follows from a? < b* + 2ac as it yields (a — 2¢)? < a(a — 2¢) < b?.



18 SH. KHOLMATOV AND PAOLO PIOVANO
Moreover, by the definition of B, Ig and (3.8)
HI(OB\0A) < Y PQ)+ Y H!(Ig)

QeV; QeV;
2
S(l + \2<;> QZE; P(Q) < co\/g'Hl((Ql \ Ql,\/g) NoA),

where cq := ¢o(1 + v/2/24), and (2) follows.
Next, by (a3) |w| < codH(Q1 NOA), and
[ @ —a@pi = [ ) - )Py <20 [ le@)Pdy
Q1\w Q1\w

Q1

s%ﬁ/\dmmw@.

Finally, by (a4) and the definition of v (i.e., v = v in Q1) for any ¢ € Lip(Q1) and
C € L*™°(Q1) satisfying (3.6) we have

Y(x)C(z)e(v) : e(v)dr = P(x)C(z)e(v) : e(v)dz
Q1 Q1

< | P(@)C(x)e(u) : e(u)dr +d3 (1 + Lip(d)))/@ le(@)|*d

:/ Y(x)C(x)e(u) : e(u)dr + d3d® (1 + Lip(d}))/ |e(u)|2dm,
Q1NA

QiNA

since u is constant in () \ A. Hence, (4) follows. O

The following proposition is a generalization to our setting of [11, Theorem 4] established
for the Griffith model.

Proposition 3.3. Let Qr(xo) C Q2 be a square of side length 2R > 0. Consider sequences
{mp} € N U {oo}, Finsler norms {¢n} and ellipticity tensors {Cp} such that {Cp} is
equicontinuous in Qr(xo) and there exist ds,dy,ds > 0 with

dsM : M < Cp(z)M : M < dyM : M for all (x, M) € Qr(wo) x M2)52, (3.9)
and
ds  sup  op(z,v) < inf gp(z,v), (3.10)
(x,V)EQRXSl (x’V)GQRxsl

and define Fy, and Yy, in Cp, as in (2.9) and (2.11), respectively, with ¢y, Cp, and my, in
places of ¢, C and m. Let {(Ap,un)} C Cp,, be such that

lim \I/h(Ah, Uh, QR(x())) = 0, (3.11)
h—o00

Jim HY (Qr(xo) NOAL) =0, (3.12)
—00

iliﬁl)fh(Ah,uh; QR(ZEO)) =M < o0. (313)

Then, there exist u € H'(Qr(x0)), an elasticity tensor C € CO(Qr(xo); M2ys2), sequences
{¢;} € (0,1)2 of vectors and {a;} of rigid displacements and subsequences {(An,, un,) b
{on; } and {Cy, } such that

(a) Cp; — C uniformly in Qr(xo) and wj = Uy XQ (o)A, +§jXQR(fEO)\Ahj —aj —u

pointwise a.e. in Qr(xo), and e(w;) — e(u) in L*(Qr(zo)) as j — oo;



EXISTENCE OF MINIMIZERS FOR THE SDRI MODEL IN 2D 19

(b) for allv € u+ H&(QR(xo))

/ C(y)e(u) : e(u)dy < / C(y)e(v) : e(v) dy; (3.14)
Qr(zo) Qr(zo)
(c) for any r € (0, R]
lim Fp(An,, un;; Qr(20)) = / C(x)e(u) : e(u) du. (3.15)
J=o0 Qr($0)
Proof. Without loss of generality, we suppose R =1 and zg = 0. Let
cpi= inf op(z,v),  epi= sup gp(z,v); (3.16)
(z,v)EQ1 xSt (z,v)EQ1 xSt

by (3.10) we have dscap, < c1p. Since sup, H'(Q1 N dAp) < oo, by Proposition A.2 for
every h > 1 there exists &, € (0,1)? such that

H'({y € Q1 N DAy : tra, (up) exists and equals to &, at y}) = 0.

Therefore
_ i N Ay,
up = U ?n @ 4 (3.17)
§n in Q1 \ Ap
belongs to GSBD?(Q1;R?) with Jg, C Q1N IA, and
lim H'(Jz,) =0 (3.18)
h— 00

in view of (3.12). Further we suppose H'(.Jg,) < 1/4 for any h > 1.

By [10, Proposition 2] and (3.9), there exist a constant ¢ (depending only on d3) and
sequences {wy} of a Lebesgue measurable subsets of 1 with || < ¢H'(Q1 N dAy) and
{ap} of rigid motions such that

/ lin — an2dz < c [ Cu@)e(in) : e(in)da. (3.19)
Q1\@p Q1

By (3.9) and (3.13), there exists u € L?(Q1) such that up to a subsequence (u —
an)XQn\a, — v weakly in L*(Q1). Furthermore from (3.9) and (3.13) we obtain

sup / (@ — an)[? dz + H (J,) < oo,
r>1J0Q,

and hence, by [14, Theorem 1.1] there exist a subsequence still denoted by {uj, — ap} for
which the set

E:={ye@:: lim |up(y) — an(y)| — oo}
h—o0
has finite perimeter and # € GSBD?(Q; \ F;R?) with % = 0 in E such that
up —ap, — U a.e. in Q1 \ E

e(ip —ap) —e(@)  in L*(Q1\ Es M), (3.20)
H((Q1\I*E)NJz) + HH(Q1NO*E) = H' (JUI*E) < gginf%l(zfah) =0.

In particular, P(E,Q1) = 0 so that by the relative isoperimetric inequality either |E| =
|Q1| or |E| = 0. By the definition of E, (3.12), the uniform L?(Q;)-boundedness of {(u), —
an)XQ,\@, ) Which is a consequence of (3.19) and (3.13), and Fatou’s Lemma it follows
that |E| = 0. Hence, from (3.20) we get up — ap, — u a.e. in Q1 and e(uy, — ap) — e(u) in
L2(Q1;M§yxn21), and all relations in (3.20) hold in @ and u = u a.e. in Q. In particular,
since H!(J,) = 0, by Proposition A.3 we have that u € H'(Q1;R?). In view of the fact
that our elastic energy is invariant under rigid deformations, we suppose a; = 0 for any

h>1.
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Next we prove (3.14). Let v € H'(Q1;R?) be such that supp (u — v) CC Q, for some
r € (0,1). Let 1 € CX(Q,;]0,1]) be a cut-off function with {0 < ¢ < 1} C {u = v} N Q,
and supp (u —v) C {¢p = 1} C Q,» for some r" < v’ < r. By (3.18) and Lemma 3.2
applied with (A, up) and @, there exist v, € GSBD*(Int(QU SUX);R?), By, € Ap,
with (Bh,ﬂh‘Bh) € Cm,, th € (r(1 —/8),7) and a Lebesgue measurable set w, CC Q,
such that

(al) vp € C%(Q,(_ysy)), AnABR CC Qr, \ Qp1— sy and supp (up — 0p) CC Qy;

(a2) HY (OB, \ 0An) < co Vo H'([Qr \ Q1 s N OAR);
(a3) |wn| < codn H'(Qr N OA,) and

/ oy, — U |2dx < codir? / le(up)|*da;
QT\Wh QrmAh

(ad) for any n € Lip(Qy;[0,1])

/ NCre(vy) : e(vp,)dx S/Q o NCre(up) : e(up)dz

+d3 65 (1 + rLip(n)) / le(up)|2dz, (3.21)
QrmAh

where 6§, 1= r_1/27-[1(QT N 8Ah)1/2 — 0, and d3 and s are constants. We assume that A is
large enough so that 7, > 7. Set

vy = (1 =)oy, + Yo.
We observe that supp (up, — UhlBh) CC @y : by (al) and the definition of 1, there exists
ro € (rp,r) such that Ap \ Qr, = Br \ Qr, and up, = v = vp, in @ \ @, and hence,
Uhl g, na0\0ry = WlQunanQn, = Uh‘QmBh\QTO‘ Thus, (Bp,vy) is an admissible configura-
tion in (2.10) and from (3.11) and the definition of deviation it follows that

Fn(Ap,un; Q1) < Fin(Brn,vp; Q1) + o(1), (3.22)

where o(1) — 0 as h — co. We observe that
Sn(Bn; Q1) — Sn(An; Q1) <Sh(Bri Qr \ @ra—ysy) — Sn(Ans Qr \ Qri—yay)
o(x,vp, )dH

<

/(8*Bh\8*Ah)”QT\Qr(1\/Tm

+ 2/ o(z, uAh)dH1
(@@ s)N(BL UB)N(O B \9AR)

<2¢ ;, HH 0By, \ 9A44) < 2coc2 v/ ShH ([Qr \ Qs NOAR)

200\/(5>
d

< ~ " Sh(An; Q1) = o(1)

as h — +o00, where we used in the first inequality (al), in the second the definition and
nonnegativity of Sy, in the third (3.16), in the fourth (a2) in the last again (3.16) and the
definition of Sy, and finally in the equality we used (3.13). Thus, (3.22) is rewritten as

Wi (Ap, up; Q1) < Wh(Bh, vp; Q1) + o(1). (3.23)
Note that by (al), (a3), (3.18), (3.20) and Fatou’s Lemma, Upx0,\w, — @ a.e. in Q

and by (a3) x@,\w, — 1 a.e. in @,. Therefore, for a.e. € @, there exists h, > 1 such
that xg,\w, (¥) = 1 for every h > h; and vp(z) = Op(2)xQ,\w, (*) — u(z). So

Up, — u a.e. in Q. (3.24)
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We claim that o5, — u strongly in L2 (Q,). To see this we fix p € (0,7), and, since
6n — 0 by (al), there exists h, > 1 such that v, € H(Q,) for every h > h,. From (3.9),
(3.13) and (3.21) as well as the Korn-Poincaré inequality

sup [[Un — bl m1(q,) < o0
h>h,

for some sequence {by} of rigid displacements. On the one hand, by Rellich-Kondrachov
Theorem there exist z € H 1(Qp; R?) and not relabelled subsequence such that vy, — by, — 2
in L2(Q,; R?) and a.e. in Q,. On the other hand, by (3.24) by, = 0, — (05, — by,) converges to
b:=u— z a.e.in @,. Since by, is a rigid displacement, so is b and hence b;, — b uniformly
in Q,. Therefore,

lim sup [|vp, — u < limsup ||vy, — by, — 2 + limsup ||by, — b =0,
msup 5~ w0, < lmsup [ b <12 g+ msup I bl
and the claim follows.

Since u = v out of {1 = 1}, the claim implies ¥, — v strongly in L?({0 < ¢ < 1}), and
hence,

lim IV © (v — T)h)’A |> < liminf/ |V © (v —73) > =0, (3.25)
r h {0<yp<1}

h—=o0 /@ h—00
where X Y = (X ®Y +Y ® X)/2, Thus, by the definition of vy and the equality
e(vn) = (1 = )e(Tp) + Ye(v) + Vi © (v — Tp),
we estimate

Cre(vp) = e(vp)dx
Qr

:/ (1 —1)*Cre(Dy) : e(ﬁh)dx+/Q V2 Cre(v) : e(v)da

r

+ 0 Cr(VY © (v—="13)) : (VY © (v —vp))dx

+ 2/ (1= §)Cre(@h) : (Vo © (v — B))da
+ 2/ YCre(v) : (VY © (v —vp,))dx
Qr

:/ (1 — ¢)*Che(Dp) : e(vp)dz + 0 P2 Cre(v) : e(v)dz + o(1)

S/ (1 —)*Cre(up) : e(up)dz + / V2 Cre(v) : e(v)dz 4 o(1), (3.26)
QrNAp Qr

where in the second equality we use (3.13), (3.21) with n = 1, (3.25), (3.9) and the Holder
inequality, while in the last inequality we use (3.21) with = (1 —v)? and (3.17). Now
(3.23), (3.26) and (3.17) imply

/ (2¢) — YH)Che(Tp) : e(ty)dz < V2 Che(v) : e(v)dz + o(1). (3.27)
- Qr
Since {Cy} is equibounded (see (3.9)) and equicontinuous, by the Arzela-Ascoli Theorem,
there exist a (not relabelled) subsequence and an elasticity tensor C € C°(Q; ngxn%) such
that Cj, — C uniformly in @;. Hence, letting h — oo in (3.27) and using the convexity of
the elastic energy and (3.20), we obtain

/ (20 — V)C(y)e(u) : e(u)dy < / B2C(y)e(wv) : e(v) dy. (3.28)
Qr Qr
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By the choice of 1, (3.28) implies
0 C(y)e(u) : e(u)dy < 0 C(y)e(v) : e(v) dy. (3.29)
Since r” is arbitrary, letting 7 7 r we deduce that (3.29) holds also with r” = r. Since
supp (u — v) CC Q,, this implies (3.14).
It remains to prove (3.15). If we take v = w in (3.27) and use 0 < ¢ < 1 and ¢ =1 in
Q. we get

Ce(u) : e(u)dr < liminf Cre(up) : e(up)dx
Q. h—oo JQ 4

< limsup Cre(up) : e(up)dx < Ce(u) : e(u)dz.
h—oo JQ.n Qr
Since r” is arbitrary, letting " 7 r we deduce

hli_}n;O 0. Cre(uy,) : e(up)dz :/ Ce(u) : e(u)dz. (3.30)

r

Now we prove that

hlim Sh(Ah; Qr) =0 (331)
—00
for any r € (0,1). By (3.12), we can find h, > 0 such that

HY Q1N AL < (1—1)/5 (3.32)

for any h > h,, and hence there is no connected component of 0Aj, intersecting both 9Q),
and 0Q)1. Also by the relative isoperimetric inequality, passing to further subsequence we
suppose that either

lim |[@Q1N AR =0 (3.33)
h—o0

or
lim ‘Ql \Ah| =0. (334)
h—o00

First assume that (3.33) holds. Let Ej C Aj be the set consisting of all connected
components of Ay not intersecting 0Q1. Then, (Ap \ Ep, is an admissible con-

figuration in (2.10), thus,
Fr(An,un; Q1) < @p(An,upn; Q1) +0(1) < Fr(Ap \ Ep,up; Q1) + o(1), (3.35)

where in the first inequality we use (3.11) and in the second we use the definition of ®y,.
Hence,

unl g\ 5,)

S(An; Qr) <S(Ep; Q1) = Sp(An; Q1) — Su(An \ En; Q1)
<Fn(An; Q1) — Fr(An \ En; Q1) < o(1),
where we used in the first inequality the definition of Ej,, which entitles that U, N dA, C
OE}, in the equality the disjointness of Ay \ Ej and Ej, which follows by (3.32), and in the

second inequality the nonnegativity of the elastic energy and in the third (3.35). Hence,
(3.31) follows.

Now assume that (3.34) holds and let &), := 7~ 1/2\/H1(Q, N DA;) — 0. Fix any p €
(0,7). By (3.12), we can find h,., > 0 such that §, < min{l —r,r — p}/5 for any h > h,,.
Since A, € A,,,, no connected component of A intersects both 0Q, and 0Q,. Let
F, € @1\ Ay be the union of all connected components of Q1 \ A, lying strictly inside
Q1 (so Fy is a union of “holes” and 9F), C 0Aj). Let v € CXQ,;[0,1]) be a cut-
off function with {0 < ¢ < 1} C Q. and {¢p = 1} C Q,» for some " < r' < r.
Set A} := Aj U Fy,. Applying Lemma 3.2 with (A}, uy, , Qr and m = my, we find

i)
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v, € GSBD?*(Int(QU SUX);R?), B, € Ay, with (B}, 7}, B,) € Coup> T € (1(1—V/0p),7)
and a Lebesgue measurable set w;, CC @, such that

(b1) vy, € C*(Q,1—yay))» ARAB), CC Qp, \ Q15 and supp (up — ) CC Qp;
(b2) HY(9B), \ 04},) < co Vo HI([Qr \ @1y N OAL):;
(b3) |w},| < codp, HH(Qr N OA}) and

O — ) Pde < cpdir? e(up)Pdx:
| h h )
QT\W;L QrmAlh

(b4) for any n € Lip(Qy; [0, 1])
/ nCe(v},) : e(v},)dz §/ nCe(up) : e(up)dx
r QrNAp

4 d3 55 (14 rLip(n)) / le(up)Pdz,
Qr'mAh

where d3 and s are constants. Set

V)o), + Yu.

) is an admissible configuration for

=(1-
By the definition of A} and ( ) (B}, v}
Oy (Ap,up; Q1) in (2.10). Thus from (3.11) and (3 34)
Fu(Ap,un; Q1) < Fu(By, vy, B @1) +o(1). (3.36)
Now as in the proof of (3.27)
Wh(By,, vy, B;léQl) — Wh(An, un; Q1)

P Cre(u) : e(u)dz /Q (24 — p?)Cre(ap) : e(up)dz + o(1)

Qr

< Cre(u) : e(u)dx — Cre(uy,) : e(up)dz + o(1). (3.37)
Qr Qprr

Moreover,
Su(Bi Q1) = Sn(Ans Q1) = (Sa(Bhi Q1) = Sn(47: Q1)) + (Sa(Ah; Q1) — Snl(Ai Q1))
<Su(Bhy; Qr \ Quii—yary) — Sh(An; Qp) < 2cnH' (OB], \ 0A}) — Su(An; Q)
<2c0c2,1 /oM ([Qr \ Qs yay] N OAR) — Si(An; Qp)

2CO\FSh(Ah, Q1) — Sh(An; Q) = o(1) — Sp(An; Qy), (3.38)

where we used in the first inequality (b1) and the definition of A}, in the second and in
the last inequalities the definition of Sy, (3.16) and (3.10), in the third inequality (b2),
and in the last equality (3.13) and that d;, — 0 by (3.12). Hence, (3.36), (3.37) and (3.38)

imply

Sh(An; Q)) + o Cre(up,) : e(up)dr < 0 Cre(u) : e(u)dz + o(1).

Thus, letting h — oo and using (3.30) we get
limsup Sy(An; Qp) + Ce(u) : e(u)dr < Ce(u) : e(u)dz.
h—o0 Qr” Qr

Now letting " — r we get
lim sup Sp,(Ap; Q,) = 0. (3.39)

h—o0
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Observe that the function B +— Sp(Ap; B) defined for Borel sets B C @ extends to a
bounded nonnegative Radon measure py, in Q. Since (3.39) holds for any p € (0,7), pp
converges to 0 in the weak™ sense, and thus (3.31) follows. O

Recall that by [18, Proposition 3.4] if the elasticity tensor C is constant, then for any
v € (0,2) there exists ¢y := cy(c3,c4) > 0 such that for every local minimizer (Q,u) € C
of F(+;0), u is analytic in O and for any square Qr(xz) CC O and r € (0, R),

r

/Qr(z) Ce(u) : e(u) dr < cy (5)277 /QR(x) Ce(u) : e(u) dx. (3.40)

Given v € (0,1) let

_ 1
70 = 70(7, €3, ¢4) := min{1, %07 RS
where ¢, is the constant appearing in (3.40). Using Proposition 3.3 and repeating similar
arguments of [12, 19] we get the following decay property of the functional F.

Proposition 3.4. For any 7 € (0,79) there exist ¢ = (1) € (0,1) and 9 := J(7) €
(0,1) with the following property: If there exist m € NU {oo}, (A,u) € Cp, and a square
Qp(x) CC Q such that

HYQp(z) NOA) < 2p and F(A,u;Q,(x)) < (1+9)P(A,u;Q,(x)),

then
F(A,u; Qrp(x)) < 727V F (A, u; Q).

Proof. We argue by contradiction. Assume that there exists 7 € (0, 79) such that for all
¢, € (0,1) we can find m := m(s,9) € NU {oo}, (4,u) := (A(s,9),u(s,9)) € Cp, and
Qp(r) CC Q with p := p(s,?) and = := x(s, V) satisfying

H (Qp(x) NDA) <2%p and  F(A,u,Q,(x)) < (14 9)0(A, u; Qp(x)), (3.41)

but
F(A, 45 Qrp(x)) > 727V F(A, 45 Qp()). (3.42)
Let us choose any positive real numbers ¢,9;, — 0, and denote for simplicity my, :=

m<§h719h), (Ahauh) = (A(ghaﬁh)7u(§h729h))7 Ph = p(gh,ﬁh); Thp = x(ghﬂ?h)' By (341) and
(3.42),

H (Qp, (zn) NOAL) < 261ph, (3.43)
F(An,un; Qpy, (zn)) < (1 + 95) (A, un; Qpy, (1)), (3.44)

but
F(Ap, up; Qrpy, (21)) > T2V F (A, up; Qp, (1)) (3.45)

for any h. Note that F(Ap, up; Qp, (xn)) > 0. Let us define the rescaled energy Fp,(-; Q1) :
Cm, — R as in (2.9) with

__prp(Th + pry,v)
enlyv) = F(Ap,un; Qp, (xn))

in place of ¢(y,v) and
Cn(y) == Clzn + pny)
in place of C(y), for y € Q1. We notice that
Fn(En,vp; Q1) =1 (3.46)

for
Ep = Ozp.pn (Ah)
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(see definition of blow-up map o, , at (2.4)) and

on(y) = un(@n +pny)
VF(An, un; By, (w1))
By (3.43) we obtain
H' (Q1NIE,) < 2,
while (3.44) and (3.46) entails

Uy (En,vp; Q1) < OnPn(En, vp; Q1) < OpFn(En, v Q1) = U,

where ®j, and Uj, are defined as in (2.10) and (2.11) (again with ¢ and Cp, in places of
¢ and C, respectively). By (2.15) {Cy} is equibounded. Since €2 is bounded, there exists
xo € ) such that, up to extracting a subsequence, x5, — xg as h — +o00. As p,, — 0, one has
T+ pry — x0 for every y € Q1. Thus {C,} is also equicontinuous and Cj, — Cp := C(x0)
uniformly in Q1. In view of (3.43), (3.44) and (3.46), we can apply Proposition 3.3 to find
v € H'(Q1;R?), vectors &, € (0,1)2, and infinitesimal rigid displacements a;, such that,
up to a subsequence,
Wh = UV XQiNE), + thQl\Eh —ap — v

pointwise a.e. in Q1, e(wy,) — e(v) in L?(Q1) as h — 400, and
lim Fp(Ep,wp;Qr) = lim Fp(Ep,vp;Qr) = Co(z)e(v) : e(v)dx (3.47)
h—+o00 h—+o00 Qr
for any r € (0,1]. In particular, from (3.47) and (3.45) it follows that

Co(z)e(v) : e(v)de = lim F(Ep, vp; Qr)
Q- h—400

> lim 727V F(Ep,vp; Q1) = 7277 Co(z)e(v) : e(v)dz.
h—+o0 Q1

Since Cy is constant, applying (3.40) with 7 := 7 and R := 1 we get

6772_7/ Co(z)e(v) : e(v)dx > / Co(z)e(v) : e(v)dx

T

> 7'72/ Co(z)e(v) : e(v)dx.

1
Now recalling that Fp,(Ep,vp; Q1) = 1, by (3.47) we get le Co(z)e(v) : e(v)dz = 1, thus,
277 > 051/2 > 7'577, a contradiction. O

By employing the arguments of [53, Section 4.3] and using Proposition 3.4 we establish
the following lower bound for F.

Proposition 3.5. Given 7 € (0,7), let ¢ := ¢(7) € (0,1) and ¥ := ¥(7) € (0,1) be
as in Proposition 3.4. Let (A,u) € Cy, be a (A, m)-minimizer of F in Qr,(xo) for some
m € NU{oo} and ro > 0, and let
Jy ={y € Qry(xzo) NOA: 6,(0A,y) > 0}.
Then,
F (A, u;Qp(x)) > 2c16p (3.48)
for every x € J% and for every square Q,(z) C Qr,(w0) with p € (0, Ry), where

NZXEL, }

Ry := Ry(ro, A, c1,7) := min {ro, AT D)
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Proof. Fix m € NU{oo}. Note that for any (C,w), (D,v) € Cp, and O C Q with CAD CC
O

VAT [CAD|Y? <HY(8*(CAD)) < H' (O Nd*C) + HY(ON&* D)
<S(C, 0)+S(D,0) < F(C,w;0) + F(D,v;0)

3.49
- - (3.49)

where in the first inequality we used the isoperimetric inequality, in the second 9*(CAD) C
O N (0*C U 9*D), in the third (2.13) and the definition of S(-;O) and in the last the
nonnegativity of W(-; O). Thus, from the (A, m)-minimality of (A, u) in Q,(zo) we deduce
that

F(A,u;Qu(w)) <F(B,v; Qr(x)) + A|AAB|2|AAB| 2
A (FAQ @) + FB0Q ) (350)

for any Q,(z) C Qy,(z0) and (B, v) € C,, with AAB CC Q,(z) and supp (u—v) CC Q,(x),
where in the last inequality we used (3.49) and the inequality |[AAB| < |Q,| = 4r2. Let
r > 0 be small enough so that \/%”cl < 2%9, where ¥ := (1) € (0,1) is given by Proposition
3.4. From (3.50) we obtain

F(A u;Qr(z)) < (1 4+ 9)F(B,v; Qr(x)),

which by the arbitrariness of (B, v) is equivalent to

]:(Aa Uu; Qr(x)) < (1 + 19)(1)(‘4’ C2 Qr(x)) (3'51)

<F(B,v; Qr(z)) +

Now we prove (3.48). Let x € J}. For simplicity we suppose that x = 0. Assume by
contradiction that for such m € NU {oo}, (4,u) € C;, and for some Q, CC Q(zo) with
p € (0, Ry) we have

F(A w;Q,) < 2c16p.
Then by the nonnegativity of the elastic energy and (2.13),

2ci15p > F(A,u;Qp) > / o(z, I/A)dHl > 61H1(Qp NoA)
Q,NHA

so that

H(Q,NDA) < 2p. (3.52)
By (3.52) and (3.51) we can apply Proposition 3.4 and obtain that

F(A u;Qrp) < 7'2*7]-"(14, u;Qp) < 21672 7p
Hence,
HY(Qrp NOA) < 267V p < 267,

where we used v, 7 € (0,1), and by induction

Hl(QTnp NoA) < 257N < 967™p,  n €N,

However, by the choice of x

HQm,n0A 2ccTI—n
0 < 04(0A, z) = liminf H(Qrmp ) < lim AT T 0,
n—+00 2t"p n—+oc0 2¢1

a contradiction. This contradiction implies (3.48) for z € J7.
Now consider any = € Qy,(z0) N J4 and p € (0, Ry) with Q,(x) C Qp,(20), and let us
choose a sequence {Q,, (1)} of squares with x;, € J} and p; < p2 < ... < p such that

Qpu (21) € Qpo(w2) © ... Qp(x)  and  Qy(2) = | JQpy ()
k
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Notice that z — = and py — p. By De Giorgi-Letta Theorem [2, Theorem 1.53|, both
maps
O~ o(x,va)dH + 2/ o(x,v)dH!
0Nd*A ON(AOUAM)NGA
and
O~ C(y)e(u) : e(u)dy,
ONA
defined at open sets O CC 2, uniquely extend to positive Borel measures p; and pg in 2.
Therefore, from the continuity of 1 and ps (see e.g. [2, Remark 1.3]) and the validity of
(3.48) with z3, and py it follows that

F(A,15Qp(a)) =11(@p(@) + p2(@p(w)) = lim (11 (@p(wr)) + 12(Q (20))]

= lim F(A u;Qp, (zx)) > lm (2ca5pi) = 2c26p.
k—+o0

k—+o0

Now we are ready to prove (3.2) and (3.3).

Proof of Theorem 3.1. Let m € NU {oo} and (A,u) be a (A, m)-minimizer of F(-, ;).
We begin by establishing (3.2). Let € Q, r € (0, min{1, dist(z,9Q)}), and Q, := Q,(x).
Since (3.2) is trivial if @, N 9A = (), then we assume that Q, N9A # () and so E :=
(A\ Qr)UOQ, € Ap,. By the (A, m)-minimality of (A, u)

F(A u;Qr) < F(E,u;Qr) + AlQy |-

Hence, by the nonnegativity W(A N Q,, u; Q)

/ o(x,va)dH < 2/ o(z,vg, )dH" + 4Ar?
QrNoA 0Qr

and hence (2.13) entails (3.2). In particular, since FAA CC @Q, for every p €
(r,dist(x,09)), we also have

F(Au;Qp) <F(BE,u;Q,) + AQr| = F(BE,u;Q, \ Qr) + S(E,u; Q) + 4Ar?

<F(BE,u;Q,\ Qr) + 2/ o(z, VQT)dHl + 4Ar?
0

r

<F(E,u; Qp \@) + 16¢cor + 4A7?
and hence, letting p \, r and using r < 1 we get
F(A,u;Qp) < (16¢y + 4A)r. (3.53)

Now assuming that x belongs to the closure of the set {y € QN IA : 6,(04,y) > 0},
we prove (3.3). For 7, := 719/2, let ¢, = ¢(7,) € (0,1) and R, = Ro(1,A,c1,7) > 0 be as
in Proposition 3.5. Then by (3.48),

F (A, w5 Qur) = 2e160kr (3.54)
for k € (0,1] and for any square @, C Q with r € (0, R,). We consider ¢, := ¢(7x),
Uy 1= Y(7*), and R, := min{R(1,A,c1,7.), Ry} as given by Proposition 3.4 for 7, :=

1
min{ %, (16§;$4A)E}' By contradiction, if H'(Q, N 0A) < g.r, then by applying (3.51)

with k¥ = 7, we obtain

F(Au;Qr) < (14 9.)P(A, u; Qr).
Then by Proposition 3.4,
F(A w5 Qrp) < 727V F (A 4;,Qy)
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so that by (3.54) and (3.53)
2¢160
~ 16co +4A°
which is a contradiction. ]

=

4. COMPACTNESS AND LOWER-SEMICONTINUITY PROPERTIES

For the convenience of the reader, we divide the prove into several propositions. We
start by showing the compactness of free crystal regions of the sequence of constrained
minimizers {(Apm, um)}.

Proposition 4.1. Assume that either v € (0,|Q|) or S = 0. There exist my, / 400,
(A, Um,,) € C,, and A € A such that

(a) for any h € N, (A, ,um,) is a minimizer of F in Cp, with |A| = v such that
0A,,, does not contain isolated points;
(b) sdist(-, Ay, ) — sdist(-, 0A) locally uniformly in R? as h — oo;
(c) for any x € QN IA and r € (0, min{ R, dist(z,9Q)})
Ci8 _ HYQr(x) NOA)  2mey

< < ;
8mes 2r C16x

(4.1)

where ¢, := ¢i(c3,cq4) € (0,1) and Ry := Ri(c1,c2,c3,¢4) > 0 are given in Theorem
3.1.

Proof. By [45, Theorem 2.6] there exists a minimizer (A, uy,) € Cp, for every m € N.
Without loss of generality we assume that 0A,, does not contain isolated points. In fact, if
0A,, has a isolated point z in Aﬁﬁf), then A, \{z} € A, and F(Anm, um) = F(An\{z}, um).
Analogously, if 0A,, has an isolated point in Aﬁ}), then there exists r > 0 such that
B.(z) N 0A,, = {z} (and B,(x) C Ay U{z} € Cp). In view of Proposition A.3 the
function wuy,, arbitrarily extended to = belongs to HJ. (B,(z)), hence, the configuration
(A U{z}, up) € Cy, and satisfies F (A, um) = F(Am U{x}, um).

In view of Remark 2.5 (A, um —up) is a (Ao, m)-minimizer of F (-, -;€2). Moreover, since
0A,, does not contain isolated points 0,(9A,,z) > 0 for any x € dA,,, hence by Theorem
3.1 the density estimates (3.2) and (3.3) hold for all x € QN JA,,.

By [45, Proposition 3.1], there exist A C Q and a subsequence {(A,,,um,)} such
that sdist(-, 0Ap,,) — sdist(-, 0A) as h — oo. Consider the sequence yj, :== H'LJA,,, of
positive Radon measures. By Theorem 3.1

2 2r c1
for every x € QN 0A,, and Q(z) CC Q with r € (0, R.). By (2.13), (2.14) and (3.1),
F(Am,, tim,,) + 2c2H' ()
C1
n ./T"(Al, ul) + 2027‘[1(2)
C1

pn(B) = H'(9A,,,) <H(00) +

<H'(09)

9

hence, by compactness, there exist a not relabelled subsequence and a positive Radon
measure 4 in R? such that pj, —* p as h — co. We claim that

QNOA Csupp u C 0A.
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Indeed, let x € QN OA and r € (0, min{dist(z, 9), R.}). By the sdist-convergence, there
exists z, € Qr(x) N 0Ap, with x; — x such that Q,/o(zn) C Q-(x) and hence, by the
weak™ convergence and (4.2),

w(Qr(x)) > limsup pup (Qr () > lilrln sup pin(Qry2(n)) > .

h—o00

This implies « € supp u. Conversely, if, by contradiction, there exists z € supp p \ 04,
then we can find r > 0 such that Q,(z) N 9A = 0. From the sdist-convergence it follows
that Q,/2(x) N 0A,,, = 0 for h large enough, and hence,

0< M(Qr/?(x)) < h}{glogf,u'h(Qr/Q(x)) =0,

which is a contradiction.
From (4.2) it follows that

_ #(@(a) _ 2mey
- 2r ]
for any x € QNsupp p any r € (0, R,) with Q,.(x) CC Q. Indeed, let z € QNsupp p and let
R(z) := min{ R,, dist(x, Q) }. Then by the weak™* convergence pp(Qr(x)) — w(Qr(z)) =0
for a.e. r € (0, R(x)). In particular, (4.3) holds for a.e. r € (0, R(x)). Since p is a Radon
measure, (4.3) extends to all » € (0, R(z)) by the left-continuity of the map r — u(Q,(x)).

From (4.3) and [2, Theorem 2.56] it follows that
drey

%* (4.3)

GH'L(QNnsupppu) < ulQ < HL(Q N supp p). (4.4)

C1

Thus, plQ is absolutely continuous with respect to H!L(QNsupp ) and H (supp p) < co.
By (4.4),

HL(DA) < HL QN OA) + H(IQ N DA) < <1 (Q) + H'(99) < oo.

Finally let us prove (4.1). Fix any x € 2N 0A and let R(x) := min{R,, dist(x,9Q)}.
Then by (4.4)

GHY(Qq(x) NOA) < w(Qr(z)) < 4res HY(Qr(x) N OA)
2r - 2r - 2r '

This and (4.3) imply

1 1
SH (Qr(z) NOA) < 2mey oS < 4res HY(Qr () ﬁ&A)y
2r c1 2 c1 2r
and hence, (4.1) follows. O

We notice that by Proposition A.1 the limit set A in Proposition 4.1 is of finite perimeter.
However, a priori, by the arguments of Proposition 4.1, its topological boundary 0A does
not need to be ﬁl—rectiﬁable, and so in A. This issue is overcome by introducing the
extended class A and the auxiliary model F' in Section 2.3.

Corollary 4.2. Let {A,,, } and A be as in Proposition 4.1. Then A,,, — A in L*(R?) as
h — oo.

Proof. Since H'(A) < oo and Ay, KAash— 0o, one has x4, (z) = xa(z)ash — oo
for a.e. x € R?. Now Corollary 4.2 follows from the Dominated Convergence Theorem. [J

The following result generalizes [40, Theorem 4.2] since it applies to set I' a priori
not connected and even not necessarily H!-rectifiable), but satisfying uniform density
estimates. Recall that we denote by I'" and I'* the H!-rectifiable and purely unrectifiable
parts of a Borel 1-set I
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Proposition 4.3. Let I C R? be a Borel set such that HY (') < +oc and for some
ro,c,C >0 and for all x € T’

_HUQu(@) _

c< 5 <C, r € (0,79). (4.5)
Then for any R > 0 and a.e. x € I'" one has
- K—
QR (2)() N0z p(I') = QR up(a)(T) N Ty (4.6)
and
H L (0,,(T)) > HLT, (4.7)

as p — 0, where 04, is the blow-up map defined in (2.4) and T, is the generalized tangent
line to T at x. Moreover, for any H'-measurable I’ C T and H'-a.e. x € [I']" the relations

(4.6) and (4.7) hold with T" in place of T.

Proof. By [33, Theorem 3.3], I'" (and hence [I]") has a approximate tangent line at -
a.e. x, therefore, (4.7) follows from [2, Remark 2.80]. To prove (4.6) with I" choose z € T
such that 0(I',x) = 1 and T, exists. Without loss of generality we assume that z = 0 and
vr(x) = eg is the unit normal to T,. First we prove

o0,(I) 51 (4.8)

as r \( 0. Indeed, let u, := HIL(O'OW(F)) and po = H'LTy. Given r» > 0, since
pr(Qp(x)) = w, by (4.5) for all z € ¢, (') and p € (0,79/7) one has

< Mr(Qo@) _ (4.9)
2p

Let 7 \, 0 be any sequence. By compactness of sets in the Kuratowski convergence,

passing to a further not relabelled subsequence if necessary we suppose that

oor (0) 5L (4.10)

for some closed set L C R? as k — oo. We claim that L = Ty. If there exists z € Tp \ L,
then for some p > 0, Q,(z) N L = 0. By (4.10), Q,/2(z) N oo, (I') = 0 for all large k so
that p,, (Q,/2(7)) = 0. Then by (4.7)

0= lim pi, (Qpy2(w)) = 10(Qpy2(2)) = p,

a contradiction. If there exists x € L\ Ty, then for some Q,(z) N Ty = () for some p > 0
and there exists a sequence zj € oo, (I') such that x; — 2. Then Q,/2(x1) C Q,(x) for
all large k so that by (4.7) and (4.9),

0 = p0(@, (@) = limsup py, (@, (@) = Himsup i, (Q,a(w2)) = cp,

k—o0 k—oo
a contradiction. Thus, L = Ty. Since the sequence 7 \, 0 is arbitrary, (4.8) follows. Now
(4.6) is obvious.

To prove the assertion for I, fix any =z € I"” such that (T',z) = 6(I',z) = 1 and
both generalized tangents T and T " of T and I" exist. Note that Tr =1¢ " =: T,. For
shortness, assume that © = 0 and vp(z) = ea. Since in general I does not satisfy the
uniform density estimates of type (4.5), we cannot argue as above.

Let r; N\, 0 be arbitrary sequence such that g, (I") — L for some closed set L C R.
Then for every x € L there exists a sequence z, € oo, (I') such that zj — 2. SinceI" C T
and by (4.8) o, (I') K To, we have xj, € oo, (I') and z, — = € Ty. Thus, L C Tp. To
prove the converse inclusion, assume that there exists x € Ty \ L. Since L is closed there
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exists r > 0 such that By,.(z) N L = (). As we mentioned in the beginning of the proof, for
i := H (00,4, (T")) we have g — H'(Tp). In particular, for every p € (0,7)

i pn(By(@) = HL(By(a) 0 To) = 2.

Hence, B,(z)Nog,, (I") # O for each such p and thus, taking a sequence p, — 0 and using
a diagonal argument we obtain a sequence x,, € oo, (I") converging to x. So = € L, a
contradiction.

Since r; — 0 is arbitrary, one has 007T<F/ ) 5> To as r — 0. ]

Next we turn to the compactness of displacements of the sequence of constrained min-
imizers {(Am, um)}-

Proposition 4.4. Let A,,, and A be as in Proposition 4.1. Let {E;}ien be the family
of all connected components of Int(A). There exist a further (not relabelled) subsequence
of {(Am,,,un)}, a sequence {ap} of rigid displacements, a subset N of N, a function vy €
HY(S) and a family {v; € GSBD?*(Int(E;)) N H} (Int(E;) U S)}ien such that

loc

|tm,, + an| = +o00
a.e. in Ujen v Ei,

Uy, + ap — VoXs + Z ViXE;
1EN
weakly in HL ((UienE;) U S) (and hence a.e. in (UienE;)US),

e(um,,) = e(vo)xs + > _ e(vi)xE;
1EN
weakly in L2 ((UienE;) U S).

The main difference of our compactness result from [14, Theorem 1.1] is not only that in
our setting we have the set-function coupling, but also we need to select those components
of limiting free crytal region where the displacements diverge and those in which they
don’t. This first requires to actually prove that the behavior is consistent inside each

component of the limiting free-crystal region, which is achieved using [45, Proposition
3.7].

Proof. Since S is connected and Lipschitz, by the Korn-Poincaré inequality and the Rellich-
Kondrachov Theorem there exists a further not relabelled subsequence {uy,, }, a sequence
{ap} of infinitesimal rigid displacements and vy € H'(S;R?) such that u,, + ap — vo
weakly in H'(S;R?) and a.e. in S.

We define the set N C N as follows: For each i € N fix some ball B, CC FE;. Since
Ap, K A, there exists hY > 0 such that B; CC A,,, for all h > kY. By (2.15) and (3.1)

sup / le(tm,, + ap)Pdx < L sup / C(z)e(um,,) : e(um, )dr < +oo,
h>h9 J B; €3 h>h0 J A, US

and thus, by [45, Proposition 3.7] either |uy,, +ay| — +00 a.e. in B; or up to a subsequence,
Um,, + ap, converges a.e. in B;. By a diagonal argument, we choose a further not relabelled
subsequence {u,,, } and the subset N of indices i € N such that for every i € N the
sequence wy, 1= Uy, + ap — v; converges a.e. in B; as h — +o0.

We claim that for every i € N there exists v; € HL (E;; R?)NGSBD?(E; R?) such that

loc
wp, — v; weakly in Hlloc(Ei; R?) and a.e. in E; as h — oco. To prove the claim we fix i € N

and let D CC E; be an arbitrary connected open set containing B;. Since sdist(-, 0A,, ) —
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sdist(+, 0A) locally uniformly in R?, there exists hp > 0 such that D CC Int(A,,, ) for all
h > hp. Note that wy, € H'(D) and

sup / le(wp)Pdx < C = L sup / C(x)e(um,) : e(tum, )de < 400,  (4.11)
h>hp JD €3 h>hp J A, US

where in the first inequality we used (2.15) and in the second (3.1). Since wy, has finite
limit a.e. in B; C D, by [45, Proposition 3.7] there exists vP” € HL (D) N GSBD?*(D)
and a subsequence {wf} of {w;} such that w? — vP weakly in H_ and a.e. in D. Now
choosing a sequence Dy CC Dy CC ... CC E; of connected open sets such that B; C D;
and E; = U;D; and using a diagonal argument we choose a (not relablled) subsequence
{wp} and v; € HL (E;) N GSBD} (E;) such that wj, — v; weakly in H] (F;) and a.e. in
E;. In particular, e(wy,) — e(v;) weakly in L (E;) and hence, by convexity and (4.11)

/ le(v;)?dx < liminf/ le(wp,)Pdx < C.
D D;

; h—+o00

Hence, letting j — oo we get v; € GSBD?(E;).

Let us now show that by the choice of N, for every j € N\ N one has |up,, +ap| — +00
a.e. in Ej as h — +oo. Indeed, by definition, if ¢ ¢ N, then |up,, + ap| — 400 a.e. in
B; CC E;. Let D CC E; be any connected open set containing B;. As in (4.11) we can
show ||e(um, + ah)H%Q( py is uniformly bounded for all sufficiently large h, and therefore,

by [45, Proposition 4.7] |uy,, + ap| — 400 a.e. in D.
Finally, since w,, + ap — u weakly in Hlloc((UZ-eNEi) U S), it follows that e(um,) =
e(Um,, + ap) — e(u) weakly in L2 ((UjenEi) U S). O

loc
Proposition 4.4 allows us to define a “limit” displacement.

Proposition 4.5. Let {(Am,,,um,)}, {an}, A, N and {vi}ienugoy satisfy the assertion of
Proposition 4.4 and let

u = voXs + Z ViXE; + Z UOXE; 5
iEN JEN\N
where ug is the displacement defining the mismatch strain My. Then

lihm inf W(Ap, , um, ) > W(A,u). (4.12)
—00

Proof. Fix arbitrary open set D CC Int(A) U S. By Proposition 4.4 w,,, + ap, — u weakly
in L?(D N [(Ujen E;) U S]), hence, by the convexity of the elastic energy

lim inf W( A, tt, ) = lim inf / W (2, e(tim, ) — Mo)d
Ap, US

h—o0 h—o00 my,
> liminf < W (x, e(um,) — Mo)dx + Z W (z, e(um,) — Mo)das>
h=oo N JDns —n / DNE;
JEN
> W (x, e(u) — Mo)dz + > W (z, e(u) — Mo)dz,
DnsS iEN DnE;

where we recall that My = e(ug). Since e(u) — My = 0 a.e. in Ujen y Ej, this inequality
can also be rewritten as

lim inf W( A, , Um,,) > / W(z,e(u) — My)dx.
DN (AUS)

h—o0

Now letting D ,” Int(A) U S and using |A \ Int(A)| < |0A| =0 we get (4.12). O

Now we establish the following “lower semicontinuity” of F (A, um).
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Proposition 4.6. Let {(Ay,,,um, )}, A and u be as in Proposition 4.5. Then (Int(A),u) €
C and

li}{n inf S(Ap,, , Um, ) > S(Int(A), u), (4.13)
—00

where S is defined in (2.12).

We postpone the proof of this proposition after the following auxiliary lemma, needed
to treat the delamination and jumps along the cracks.

Lemma 4.7. Recall the definition of the sets I, and QF from (2.3). Let ¢ be any norm in
R2. Let { Dy} and {my} be sequences of subsets of Q4 and of natural numbers, respectively,
satisfying

(a) the number of connected components ODy, lying strictly inside Q4 does not exceed
mi;
(b) sdist(-,0Dy) — —dist(-, I4) uniformly in Q4 and

sup H (Q1 NIDy) < +o0;
k
(¢) there exists a sequence {wy} C GSBD?*(Q4) such that Jy, C Q1N ODy and

sup/ le(wy) |Pdx < +oo;
k 1

(d) there exist €& € R? such that
W — Wo = £+XQ1— +£_XQ1*‘\U1’° a.e. in Ql\UiX’
and

|lwg| = +o00  a.e. in U,
where U is either O or Q7.
Then there exists a subsequence {kp} C N such that for any 6 € (0,1) we can find hs > 0
for which

/ o(vp, VAH' + 2/ o(vp, VAH' > 2 [ ¢(ex)dH' —6§  (4.14)
Q1Md* Dy, " QuNDL)NoDy, " I

for all h > hg.

Before the proof of Lemma 4.7 we recall some notations and results from [14]. Given
¢ € R?\ {0}, let I := {y € R?: y- & = 0}. For every set B C R? and for every y € Il¢ we
define

Bg ={teR: y+1t e B}
Moreover, for every u : B — R? we define uAgy : Bf, — R by
B () 1= uly +16) - €

When u € GSBD?*(Q1), then ﬂ§ € SBVlgc([Qﬂg) for Hl-a.e. 7e(Q1) and for all £ €
R?\ {0}. In this case we define

I$(u) = / (@)% 2d,
Y Q5

where (u)g is the density of the absolutely continuity part of Dﬂg and also
115(w) = |D(r(u- O5)I([QLD):
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where 7(t) := arctan(t). Recall that

Eu 1 Eu 1 elu T GUQIE lu
/Hﬂ( >H<y>+/H§Hy< >H<y>§/ le(u)|d +/ e(u) 2di + H ()

1 1

(see e.g. [14, Eq. 3.8 and 3.9)).

Proof. The proof is similar to [45, Lemma 4.7]. Since ¢ is even,

o) = sup |&-n, EER?

neRZ, ¢°(n)=1

where ¢° is the dual norm of ¢. By the compactness of B := {n € R? : ¢°(n) = 1}, for
any countable set {n;} dense in B®* and for any H!-rectifiable set K C R?

d(vi () = sup |vg (z) -n;| for H'-ae. z € K.
i>1

Hence, by [27, Lemma 6] for any open set U C R?

k
(vi )dH! = supsup { Z/ lviems|dH' © A; CC U open and pairwise disjoint}.
UnK k = JAaink

Moreover, by the area formula for any Borel set B
[ gt =1el [ Hou B! ),
BNK 7e(B)

where m¢(2) =z — (2 - é—‘) % and given y € m¢(B), B§ = ng(y) N B.
Step 1: There exists an at most countable set ¥ C B?° such that
i M (mg() \ () = 0 (4.15)

for any £ € B\ 1.

Indeed, let T be the set of all & € B?” for which there exists y € m¢(I;) such that
’Hl(ﬂgl(y) N 0Dy) > 0. By assumption (b) and Proposition A.2 the set 1" is at most
countable. Let {wy,} be arbitrary not relabelled subsequence of {wy}. In view of [14, Eq.
3.23] (applied with A = U®) for any £ € B*"\ T, ¢ > 0 and for H'-a.e. y € me(Q1) there
exists a further subsequence Wy, (possibly depending on &, € and y)

H (g NQUNUE) + HO(OURES) < limin [ (7, 1

) + e(Ig(wklh) + Ilgwklh) :
(4.16)

By the definition of wg and Uf®, the left-side of (4.16) is equal to 1 for H'-a.e. y € me(I1).
Theorefore, for such y and for sufficiently small € > 0 we have liminf H!(J, ¢) > 1.
h—+00 [wkzh]y

Hence, for H'-a.e. y € m¢(I1) the line ﬂgl(y) intersects Jy, ~for all h and (4.15) follows.
h
Note that by [45, Proposition 4.6]

lim inf / d(vy, JdH' > | ¢lez)dH'. (4.17)
Q1NJwy, I

k——+o0

Step 2: Now we improve (4.17) by including coefficient 2 on the right-hand side of the
inequality in the presence of a small error term.

‘We proceed in three substeps. We'redeﬁne the displacement wy, in the convex envelope
Vi of each connected component K; of 0Dy in such a way that dV; become jump sets
with the left-hand side of (4.14) lowered up to a small error.

Substep 2.1: First we identify {V}'}.
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Fix any 6 € (0,1). By (b) there exists k} > 0 such that ([—2,2] x [—2,—4]) U ([-2,2] x
[6,2]) C Int(Dy) for any k > kj. Let Fy, := Q1N Dy. Note that 9F, C (Q1N0Dy)U({£1} x
[—6,0]) and since Dy € Ay, , the number of connected components {Li}jzl of 0F}; does
not exceed my. Note that Fj, C [—1,1] x [—0, ] and

ap = / o(vi, )dH' + 2 / (v, )dH
Q1NO* By, QlﬂE,il)maEk

2/ (v, )dH' + 2/ (v, )dH' — 46
Q2nO* F, Q2nFVNaF,

:Z [/sza*Fij ) + 2/ S(vm)dH! | —46 = o} (4.18)

= Q2nFVNomNL

Next repeating the same arguments of Step 1 in the proof of [45, Lemma 4.7] we can
find a family {Vk }i of at most countably many pairwise disjoint closed convex sets with

non-empty interior such that for each L] there exists a unique V; with L] C Vk and

1
ap > avz )dH — 60 (4.19)
1>1

see e.g. [45, Eq. 4.34]

Substep 2.2: Now we replace wj with another function vy associated to Vki. Fix & € R?
such that the jump set of the function

Uk 1= WEXQp\u vy T S0Xu, v
coincide with U;0V} (up to a H'-negligible set).

By assumption (b) Ui(?Vki K I as kK — 4o00. Moreover, as in Step 1 we can find a
countable set ¥’ C B?* such that by assumption (b) and (4.15)

limsup7-l1(7r§(1'1) \7r§(U18Vk’)) < hmsup?-[l(Wg(Il) \7r§(6Dk))

k—+o0 k—+o0

< Jim H (e (1) \ e (S, ) = 0

for all £ € B®"\ (Y UT'). Moreover, by assumption (d) vy — wg a.e. in Q1 \ U and
|vg| — +o0 a.e. in Use.

Substep 2.3: By convexity of each Vki we observe that
lim inf #10(m e (y) 0 J) 2 2= 2H0(Jpg 0 0 [Q1\ UFT).

for all ¢ € B\ (YUT') and H'-a.e. y € me. Thus, by repeating the arguments of Step 1
in the proof of [45, Proposition 4.6] we get

liminf/ o(v, Vl)d’;'—[1 = hmlnf/ (v, YAH! > 2 [ ¢(ez)dH!,
U‘@VZ 'Uk’ k I

k—+o00 k—+o0

which together with (4.18) and (4.19) implies the assertion of the lemma. O
Now we are ready to prove (4.13).

Proof of Proposition 4.6. For shortness, let
G :=Int(A).
We define
p = (tmy, + ah)Xa,,, T IXN\An,
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and

u = uxg + MXa\q
for n € (0,1)? such that QN 9* A, C Jg, and QN J*G C Jy up to an H!-negligible set.
Such 7 exists by Proposition A.2 in view of the estimate

1 1
Hl(aAmh) < S(Amhaumh) n 200H (89) < ]:(Al,ul) n 2coH (89)
c €1 C1 c1

which holds for every h > 1. Notice that u; € GSBD?*(Int(QU SUX)) N H}:

loc((Q U S) \
0Am,), u € GSBD*(Int(QU SUX)) N HE (QUS)\ IG), Jz C (QNIG)U (XN J,) and

)

7ﬂ@m+4¢@m%xgﬂmmmmymwmgﬂp:fmmm+ﬁwn<m@um

for every h > 1. Moreover, by Proposition 4.4, the definitions of w, uy and w,

Up > U ae in [SUQQ\G)|U | E (4.21)
1EN
and
|up| — 400 a.e. in U E;, (4.22)
JEN\N

where {E;} and N are provided by Proposition 4.4.

We recall that a priori A, and hence OG, does not need to be H!-rectifiable. Therefore,
by [21, Theorem 6.2] J; C (2NJ"G)U (XN J,), where we recall that 9"G is H -rectifiable
part of 0G.

To prove (4.13) we use similar arguments as in [45, Proposition 4.1]. Let g € L>*(¥ x
{0,1}) be such that

9(x,s) = p(z,vs(z)) + s4(x)
for which we know by (2.14) that g > 0 and

lg(x,1) — g(z,0)| < p(z,vs(x)) for a.e. z € X. (4.23)

Let py, be the sequence of positive Radon measures defined at Borel sets B C R? as

n(B) = [ plava,, i +2 [ ol v, )’
BNONO* A, BON(AG) UASR) JNOAm,,

[z, vs) + g2, 1)] dH () + / o, 0)dH!

+ /
BNENAL) N9Am, BNE\OAm,

+f o i+ [ [gla,0) v
Bﬂzﬂa*Amh \Jumh BﬂZﬁJumh

and let ;1 be the positive measure defined at Borel sets B C R? as

w(B) ::/ o(x,va)dH! + 2/ o(x, vg)dH*
BNOQNo*G BNQNGM)NoGNJy

+ / oz, 0)dH! + / o, )dH! + / [9(2,0) + o(x, vx)] dH".
BNE\8G BNEN9*G\Ju BNENJ;
Since SEA =GW NG N J; and TN J; = XN J,, we have
1 (R2) = S(Apytimy) + /E o, ) !
and

w(R?) = 8(G,u) —|—/ oz, vs)dH".
%
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Hence, to establish (4.13) it suffices to prove
lim inf g5 (R?) > pu(R?). (4.24)
h—o0

Since supy, pup(R?) < +00, by compactness, there exists a positive Radon measure pg in
R? such that (up to a subsequence) up —* po as h — oo. We show

o > 1 (4.25)

and we observe that (4.24) immediately follows from (4.25). To establish (4.25) it suffices
to prove

dH1 L(ig(r)] 9G) () > o(z,va(x)) for a.e. x € QN O*G, (4.26a)
dH1 L(Cl;% Q) (x) > g(xz,1)  for ae. x € XN I*G, (4.26b)
de1|_C(lgo\aG)($) > p(z,vs(x))  for ae. € X\ G, (4.26¢)
(o) 2e(an(e) for e € 52 (.264)
M(@ > 2p(z,vx(z))  forae. z€XNJ; (4.26e)

since g(z,0) = ¢(z,vy).

The proof of the estimates (4.26a)-(4.26e) follows from similar arguments used in [45,
Proposition 4.1] with special care needed for (4.26d). In fact for (4.26d) we cannot employ
the strategy used for [45, Eq. 4.40c] that was hinged on the uniform bound on the number
of boundary components, which here we do not have. We instead adapt the arguments
employed in [45, Eq. 4.40g| by using Lemma 4.7.

Next we detail the proofs of (4.26a)-(4.26e).

Proof of (4.26a). Note that A = G up to a negligible set. By Corollary 4.2 A,,, — A in
L'(R?), thus, the proof of (4.26a) can be done following the arguments of [45, Eq. 4.40a]
using Reshetnyak lower semicontinuity Theorem [2, Theorem 2.38].

Proof of (4.26b). Since A,,,, — G in L*(R?), we have Dxa,,, —" Dxg- Thus, the proof
of (4.26b) directly follows from [1, Lemma 3.8] (see also the proof of [45, Eq. 4.40d]).

Proof of (4.26¢). Let z¢ € ¥\ 0G and let 7 := dist(zg, 0G) > 0. Since R? \ Int(A,,, ) K
R2\Int(A) = R?\ G, there exists 71 € (0,79) such that B,.(x¢)NInt(A,,, ) for any r € (0,71).
Therefore, for any r € (0,71)

wn(Br(zg)) = g(x,0)dH"

[o(z,vs) + g(, 1)]d7—[1(a:) + /
(@0)NS\Am,

/ (@0)NENAY) MDA,

>

g(x,0)dH  (z) —I—/ g(x,0)dH*

/ F(@0)NENAL) N9 Am,, By (20)NZ\0Am,,

:/ g(z, O)dHl,
By (zo)NX

where in the inequality we used (4.23). Thus, taking limsup as h — +oo and using
pn —* po we get

to(Byr(zo)) > / g(z, O)d’Hl.
T(xo)ﬂz

Now (4.26¢) follows from the Besicovitch Differentiation Theorem.
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Proofs of (4.26d) and (4.26e). We establish

m{ > 2¢(x,vg) for Hl-ae. z € K, (4.27)

where
K=S84U(EnJ;).

Let € K be such that 0(K,z) = 1. Then either z € Sz C GWNo G orz e 2NJy By
setting Ey := S and recalling that Int(A) = U;enF;, in view of Proposition 4.4 we have
one of the following;:

(b1) there exists ig € N such that x € Ei(ol) NI"E;,, G(El.(ol) NJ"Ei,,x) =1 and uy, +
A, — U a.e. in Fj;

(b2) there exist ig € NU{0} and jo € N\ NN such that x € 0* E;,N0* Ej, and up, +am, —
v a.e. in E;y and |um, + am,| = 00 a.e. in Ejj;

(b3) there exist 41,92 € NU{0} with iy # i3 such that x € 0*E;; N0* E;, and uy,, +am, —
u a.e. in E’il U El'2.

Let L denote the set among Ei(ol) NO"E;,, 0*E;y N 0*Ej, and 0*E;, N 0*L;, containing x.
Without loss of generality we assume that x € Y C L, where Y is defined as the set of
points y € L C 0A satisfying:

(c1) 0(0G,y) = 0(0A,y) = 0(L,y) = 1 and vg(y) = va(y) = vi(y) exists. If y € X,
then additionally, (X, z) = 1 and vy also exists;

(c2) as p — 0 the sets Qr., (¥) N0, 2(0A), Qru, (x) N0,y (0G) and Qry, (y) Mo,y (L)
converge Qr., (y) NT, in the Kuratowski sense, where R > 0 and T, is the
generalized tangent line to A at y;

(c3) one-sided traces u™ (y) and u~ (y) of u w.r.t. L exist and are not equal;

d}LQ . . .
(c4) ol x (y) exists and is finite.

In fact, H!(L\Y) = 0 since for (c1) we notice that Y € L C 9" A and 9" A is H'-rectifiable,
for (c2) we use Proposition 4.3 by observing that the points of ¥ and QNJA satisfy uniform
density estimates in view of the Lipchitzianity of ¥ and Proposition 4.1, respectively, for
(c3) we use [21, Definition 2.4] and the existence of traces of G BD-functions along C'-
manifolds [21, Theorem 6.2] and the fact that being a jump set of u, the set K (and
also L) can be covered by at most countably many one-dimensional C'-graphs (up to a
H'-negligible set), and finally for (c4) we use Besicovitch Differentiation Theorem.

Without loss of generality, we assume x = 0, vg(x) = eg, T} is the x;-axis and ez is
the outer normal of Ej,.

Let 4r¢ := dist(0,09) if 0 € Q and 4rq := dist(0,0%) if 0 € X; since ¥ is Lipschitz, it
consists of at most countably many open connected components in 02, and hence, ry > 0.
By weak convergence,

Jim 1 (Qr) = po(@r) (4.28)

for a.e. r € (0,7¢). By assumption (b3), [21, Definition 2.4] and [21, Remark 2.2] separately
applied to Qf := Q1 N {z2 > 0} and Q; \ Q we have

}i_l)% o |7(u(rx)) — 7(up(z))|dx = 0, (4.29)
where
Up = aJr(())>CQ1+ +u” (O)XQ1\Q1+
and

7(z) = (arctan z1, arctan zp), 2z = (21, 22) € R%
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For every r € (0,7¢) let
UX :={z € Qp: liminf |[u,(rz)| = +o0}.
h—00
Unlike the proof of [45, Eq. 4.40g], (4.22) implies that U>° can have positive measure. By

(4.21) and the Dominated Convergence Theorem

hlim |7(up(rx)) — 7(u(rz))|de = 0. (4.30)
T JQ1\U

By (c2) applied with R = 8, Proposition 4.3 and (c1)-(c3)
QsNoy(0A) BTy and  H'L(QsNor(04)) 2 HL I,

QsNon(L) B Iy and H'L(QsNor(L))) = HL I
as r — 0. Hence, by [45, Proposition A.5]

sdist (-, 0, (0A)) — —dist(-, Tp), (4.31a)
sdist(-, 0, (0E;,)) — —dist(-, Tp), (4.31b)
sdist(-, 0. (0[ sy U Ejy])) — —dist(+, Tp), (4.31c)
sdist (-, 0 (0[Eyy, U Ey,))) — —dist(-, Tp) (4.31d)
locally uniformly in Q4 as r — 0. Let
~ 0 in cases (cl) and (c3),
UO == 4 .
Q7 in case (c2).
By the definitions of F;;, Ej,, E;, and E;, and (4.31b)-(4.31d)
lim U AUS®| = 0. (4.32)
r—0

Step 1: We choose sequences hy oo and 71, N\, 0 as follows. By (4.28), (4.29), (4.31a)
and (4.32) for any k € N there exists rj, € (0, 1) such that (4.28) holds with 7 = ry and

. . 1
[sdist (-, o, (OA)) + dist(+, To)| oo (@) < =k (4.33a)
~ 1
[ It - ru@)ds < 5. (4.33)
1
o0 o0 1
U AU < . (4.33¢)

Given k£ > 1 and ry, since A,,, sdist-converges to A and the function 7 is bounded, by
(4.30), (4.33c) and (4.28) we can choose hy, such that

1 1

< (4.34a)
. . 1
[sdist(-, or, (0Am,, ) — sdist(-, o7, (0A))]| Lo (@q) < o (4.34b)
~ ~ 1
/ |7 (up, (rex)) — 7(u(rpe))|de < T (4.34c¢)
Q\U§®
Hehy, (Q"'k) < :U’U(QTk) + Tl%' (4'34d)
Notice that by (4.34a), hy — oo as k — oc.
Let

D, = U”'k(Amhk us)
and
wi () = up, (1pz), =€ Q1.
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Then the number of connected components of 9Dy, lying strictly inside 4 does not exceed
mp,, and wy € GSBD?*(Q1) with J,,, C Q1 N dDy. By (4.34b) and (4.33a),

sdist(-,0Dy) — —dist(-,7p) uniformly in Q4 as k — oo.

Moreover, by (4.33b) and (4.34c) w, — up a.e. in @ \ Uy® and |wg| — +o0 a.e. in U
By the finiteness of

d,u(] T MO(QTk)
HILL (0)= Icl—>oo 2ry
and (4.34d)
X -
H (QTk N aAmhk) < By (Qrk) < (.= z d,U/O
Tk - oarg T caH'LL

for all large k. Moreover, by changing variables as x = riy and using (4.20) we get

[ letwPds = [ fe@Pay < a1
1 Tk
for all k; note that the first equality holds only in dimension two.

HYQ1 N ODy) = 0)+1  (4.35)

Fix § € (0,1). Since ¢ is uniformly continuous, there exists kJ > 0 such that
lo(z,v) — (0,v)| <6, T € Qs vesh
Therefore, by the definitions of Dy and py, the nonnegativity of g as well as (4.35)
Hi (@) > / o(vp, )dH' +2 / d(vp, )dH' —2Ccy9, (4.36)
Tk Q1N0* Dy, leD,(Cl)ﬂaDk
where
¢(v) = ¢(0,v).
By Lemma 4.7 applied with sequences {Dy} and {my, } we find k? > k} such that
/ d(vp, )dH + 2/ d(vp, )dH' > 2 | ¢(ez)dH' — 4.
Q1N9* Dy, @inD{V oD, I
Thus, by (4.36) and (4.34d) we get

Ho (Qrk ) Tk

2 1
PO re) | Tk gzb(eg)d’}-[l _ Cc;—i— 5
I

2, 2 2
for all k > k2. Now letting first k — +oc and then § — 0 we get (4.27). O

5. PROOF OF THE MAIN RESULTS

The aim of this section is to prove theorems of Section 2.4. We start by showing that
the volume-constraint infima of F in C and of F in C in fact coincide.

Proposition 5.1. Assume hypotheses (H1)-(H3) and let v € (0,|2]) or S = 0. Then

inf  F(Au) = inf  F(Au)= inf FMAu) (5.1)
(Au)eC, |Al=v (Au)eC, |Al=v (Au)eC

for any A > X\, where X\ is given by [45, Theorem 2.6] and FX s given by (5.17).

Proof. We repeat similar arguments to [45, Section 5]. Note that for any A > 0

inf  F(Au) > inf  F(Au)> inf FNAu). (5.2)
(Au)eC, |Al=v (Au)eC, |Al=v (Au)eC
Further we fix any A > Ag. Recall that from [45] for such A
inf F(Au) = lim min F(Au) = lim min  FNA,u),

(A,’U/)EC7 |A|:V m—+00 (Aﬂu)ecmv |A‘:V m—r+00 (Avu)ec'm
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where F* is given by (2.17). Thus, in view of (5.2) to prove (5.1) it is enough to establish
that for € > 0 there exists n. € N and (A, u) € C,,, such that
inf  FMNA,u) 4+ € > FMNAc ue). (5.3)
(Au)ecC
To prove the existence of n. and (A, ue) € Cp,., we repeat essentially the same arguments
of the proof of [45, Eq. 5.4]. For the convenience of the reader we give the detailed proof.

Given € > 0 let (B;,v1) € C be such that

inf  FMA,u) > FNBi,v1) — e (5.4)
(Au)ecC
Since |Bi| = |Int(Bi)| and FA(By1,v1) > FMInt(Bi),v1), we may assume that B; =
Int(By), i.e., By is open.

Step 1: First we remove the jump set J,, of v; on ¥ making a hole in 2. Recall that
by our choice, vy, is always directed towards €2. Since X is Lipschitz, by the regularity
of H'L Y, there exists a relatively open set ¥’ C ¥ such that H'(J,, \ ¥') = 0 and
HY(Z N Jy,) < £

a.
Let r € (0, be such that

i (s))
o) = o) < 3y (5.5)

whenever |z — y| < 4r. Since ¥ is Lipschitz, by Vitaly Covering Lemma we can find an
at most countable family {Q;, ,y(z;)(7;)}j>1 of disjoint open squares such that z; € X,
ri € (0,7), XN Qr,yx(xj)(xj) is a graph in vy (x;)-direction, ¥ crosses two opposite sides of
each @,y (2,)(7;) parallel to vs(z;) and

H (SN @r, e () =0, (5.6)
J
Note that ) r; < HI(Z). For each j define
J

Y = (BN Qg (7)) + pjvs(xy),
where p; € (0,7;) is such that X; still connects two vertical sides of Q. .y (s, () and

Zj pj < 3¢, Let U; be the open set whose boundaries are X, ¥ N Qr.vs(z;)(®5) and two
vertical sides of Q. (q;)(2;). Note that {U;}; is a countable family of pairwise disjoint
open sets.

Let By := By \ U;U; and vy := vy . Then using the localized version of S we get

BoUS

S(Ba,v2) <8(Bu,vy — up; Q\U;T5) + > (/Z oz, vs(z))dH + 202,)]). (5.7)
j J

By (5.5) and the definition of ¥;

J;

J

HYE N Qi) (75
p(x, vz (x))dH' < / oy v(y))dH! + ° ( C{ () ()
ENQr,us (2 ) () HL(XE)

Thus summing this inequality in j and using pairwise disjointness of @, ;) (z;) and
(5.6) we get

eH (X))
> | et < [ et + e
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Using the definition of ¥’ we obtain
> [ elwsnant < [ ety rm@)int + 2.
— /5, Juy
Inserting this in (5.7) and using the inequality ;Pj < 3¢ we get
(B, v) < S(B1, v — ug; 2\ U;05) +/ (g, vs(y))dH! + 3¢ < S(By,v1) + 3e.

v1
Then by the nonnegativity of the elastic energy, for (B, vs) we get
.7::(3271)2) < }:(31,01) + 3e.
Notice that by our construction X N J,, is H!-negligible, hence by Proposition A.3 vy €
He (Int(BaUSUYX)).

loc
Finally we estimate the volume contribution of By. Since Uj C Qs (2;)(2;) and r; <

r < iy using 30,7 < HI(Z) we get
2 €
|B1\ Ba| < ¥|Uj| < zjzrj < sz:rj <5

Therefore,
FMNB1,v1) > FN(Ba, vg) — 4e. (5.8)

Step 2: Let {E;};>1 be all open connected components of By (recall that By is open).
We remove all sufficiently small connected components of Bj. Using the localized versions
of § and W we have

W(B2,v2 — up; ) = ZW(EZ',UQ — up; §2).
i>1

Since OF; N OE; C Bél) N OBy and ¢(z, ) is even,
S(Ba,v2; Q) = Y S(Ei,v2; Q).

i>1
Hence, there exists N7 € N such that the set B3 := U?;llEi satisfies
S(B2,v2; Q) + W(Ba,v2 — ug; ) + € > S(Bs, v2; Q) + W(B3, va — ug; ),
0<|Bsl —|Bs| < 5.
Thus,
FAN(Ba,v2) > F(Bs, v3) — 2¢, (5.9)

where vz := vy
B3

Step 3: Let {F};};>1 be all connected components of 2\ Bs such that 0F; C dB3 (hence,
F; are holes in Bs3). We fill in all sufficiently small holes. Since S(Bs,v) < +oo, there
exists N9 > 1 such that

€
Z S(Fi,vs; Q) + Z W(F;, v3 — ug; Q) < e, Z Bl < -
i>Na >N i>No

Then the set By := Bs U (Uj>n, F;) and the function vy := vsxp,us + UOXUjs v,y F satisfies
FN(Bs,vs) > FN(Bu,vq) — 2e. (5.10)

By construction, 0* B4 has at most N7 + Ny connected components.

Step 5: Finally we construct (A, uc) € Cy, satisfying (5.3) for some n. € N. Let
Bs := Int(By). Since By can have finitely many “substantial” holes Bs N 0Bs = (. In
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particular, if we extend vy arbitrarily to the set Bil) N 0By and denote the extension by
v, then v5 € GSBD?*(Int(Bs U SUZY)) and J,; = S5+ up to a H'-negligible set, where
S2 is defined in (2.6). Since vs = v4 a.e. in Bs, by (5.4)-(5.10)

L Caelis) s elos) = W(B1,00) < F(Biva) + st (%) < C 49

where C := max{1, inf 5.7? } is independent of e.

By [13, Theorem 1.1] there exists u € SBV?(Int(Bs U SUX)) N L*®(Int(Bs U SUY))
such that J,, is contained in a union I of finitely many closed connected pieces of C!-curves
in Int(B; USUY), u. € WH(Int(B; U S UYX)) and

— el\v 2.17 ¢
Lwﬁm“ sl < e (Tl + 1)

(5.11)

and
€

HY (T AT, < (5.12)

20
Since Jy; C Bs, we can assume that the squares {Q;};>1 of Vitali cover in [13, Eq. 4.3a]
satisfies (); CC Bs. Therefore, we may assume that I' C Bs. Since H'LT is regular,

we may extract finitely many intervals of I' whose union I" still covers J,,. and satisfies
HY T\ Jy,) < 7¢;- Now we define

Ae = B5 \ﬁ
Recall that both ¥ N J,, and ¥ N J._, are H!-negligible. By the definition of Bs and I”,

there exists ne € N such that (A, ue) € Cy,. By the definition of S, Bs and v5 as well as
by (5.12) we have

5(34,1}4) :/ cp(:z,l/35)d’H1 + 2/
QNo* Bs

p(x,vy,, )dH' + / BdH!
B5ﬂJv5

YNO*Bs

2/ o(x,vp, )dH' + 2/ o(z, VJue)dHl —l—/ BdH' — .
QNo* By BsNJuy, YNO* By
Thus, by the definition of A, and I"
S(By,v) 2/ o(x,va )dH + 2/ o(x, v )dH* +/ BdH — 2¢
QNo* A, AN Ar $N0* A
=S(Ae, ue) — 2e. (5.13)
Moreover, using the relations |[A.ABy| = 0 and vy = vs a.e. in Bs and Cauchy-Schwartz
inequality for nonnegative symmetric forms we obtain

wmdmswwwm+g/ Cla)e(ue) : (e(ue) — e(vs))

BsuS
<W(B4,v4) + 2(/3 s C(x)e(ue) : e(ue)dx) 1/2><
x (/B | Cla)(elu) = e(us)) : efue) —e(v5))d:c>1/2. (5.14)

Similarly,

/ C(x)e(ue) : e(ue)dx
B4US

<W(Bu,va) +2(W(Ba, 1)) 2 ( /B | C@)e(u) — efws)) : (efue) - e(v5))d:p)1/ ’

<(C + 9¢) + 20/(C + 96)[[Cl[ms Jle(ue) — e(vs)|lz2 < C + 10e,
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where in the last inequality we used (5.11). Therefore, by (5.14) and again by (5.11)

W(Ae,ue) SW(Ba,va) +2¢/(C +10€) [Clloo [le(uc) — e(vs)l 12 < W(By,va) + €. (5.15)
Now combining (5.13) and (5.15) as well as using |Bs| = |A.| we get
FMNBa,va) > FMAc, ue) — 3. (5.16)
Since (Ae, ue) € Cp,, by (5.4), (5.8), (5.9), (5.10) and (5.16) we get

inf  F(A,u) + 12e > F(Ac, uc),
(Au)eC

and (5.3) follows. O

Proposition 5.1 implies that the configuration (A,w) given by Proposition 4.6 is a
volume-constraint minimizer of F in C.

Proposition 5.2. Let (A,u) € C be given by Proposition 4.6. Then (Int(A),u) is a
minimizer of F in C under the volume constraint |A| = v. Moreover, let \g be as in
Proposition 5.1 and let (A, %) € C be any volume-constraint minimizer of F. Then (A, )
s a minimizer of FA for all X > Ao, where

FNB,v) == F(B,v) + ||B| —v|, (B,v)eC, X>0. (5.17)

Proof. Note that since [Int(A)AA| =0 and (Int(A),u) € C, by Propositions 4.5, 4.6 and
5.1

]?IntA,u = inf F(B,v)= inf fB,fu = inf F B,v
(Int(A), u) ol (B, v) B (B,v) = Jof F( )
for all A > Ag. Thus, (Int(4),u) is a minimizer of both F and FY. The same is true for
every minimizer (B, v) of F. O

Theorem 5.3 (Density estimates for minimizers of 7). Given A > 0, let (A,u) € C
be any minimizer of F(-,-) in C and let £ € R? be such that for the function

U= uxAus + EXa\a
one has QN 9*A C Jz. Then for any x € Q and r € (0, dist(z, 09)),
HYQr(z) N Jg) < 16¢9 + 4\

T C1

(5.18)

Moreover, there exist <* = ¢* € (0,1) and R* > 0 not depending on (A,u) with the
following property. If x € § belongs to the closure JS of the set {y € QNJy : 0.(Jz,y) > 0},
then
1
r
for any square Q,(x) CC Q with r € (0, min{ R*, dist(z,0N)}), and if x € Q belongs to the
closure SC of {x € SA: 0,.(S2,x) > 0}, then

H(Qr(z) NS > o

r

(5.19)

(5.20)

for any r € (0, min{ R*, dist(z, 0*A)}. In particular,

HY QN (JE\ Jz) = H (Int(AD) N (S \ S4) = 0. (5.21)
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Proof of Theorem 5.3. As in Remark 2.5 (A, ) is a minimizer of 7 if and only if (A, u+

up) minimizes the FA(-) := F*(- — ug). Thus, we can introduce the following localized
version of F in open subsets O of 2 which does not see the substrate:

F(B,v;0) := 8(B;0) + W(B,v;0)
where

g(B,v;O) = / gp(y,VB)dﬂl + 2/ o(y, I/B)dHl,
ONno*B OoNBMNOBNS,

the W(-;0) is given as in (2.9) and S/ is defined as in (2.6). Then the minimality of
(A, u) implies that (A, u + up) is a quasi-minimizer of F(-; O) in O, namely,

f(A, u+ up; 0) < f(B,v; O) + M\|AAB|

whenever (B,v) € C with AAB cC O and supp (u 4 ug — v) CC O. Now the proof of
the existence of ¢* and R* satisfying (5.18) and (5.19) runs along the same lines of the
proof of Theorem 3.1 for m = oo, therefore, we do not repeat it here. Note that ¢* and
R* depend only on ¢; and A.

Let A, := Int(A™M). We claim that
0A, = 0*A.

Indeed, note that A \ A, C 9AM = §* A, where in the equality we used 9*A = 0+ A =
DAM see e.g., [52, Eq. 15.3]. Thus, A, is also equivalent to A, and hence, 9*A, = 0* A =
9* AN In particular, 9AM) = §* A, C HA,. On the other hand, assume that there ex1sts
z € dA, \ 9AM. Since DA is closed, there exists r > 0 such that B,(x) N dAD = (.
Hence, either B,(z) C Int(AM) = A, or B,(z) N A1) = 0. Since A, is open and z € dA,,
the inclusion B,(z) C A, is not possible. On the other hand, since A, C A and 2 € 0A,,
the relation B,(z) N A = ) is also not possible. Thus, A, C JAM),

To prove (5.20) we fix
G :GSBD?*(Int(A, USUY)) — R,

G(v) := / o(x,vy,)dH! + C(x)e(v) : e(v)dx
AoNdy Ao

with Dirichlet boundary condition v = @ = u in A, \ €. Indeed, for every v € GSBD?(A,)
with & = v in A, \ Q' we define B := A, \ J,. Then (B,v) € C and by the minimality of
(4, u)

A is a minimizer of Griffith functional

G(u) — G(v) = F(A,u) — F(B,v) <O0.
Since SP = ~‘ up to a H!l-negligible set, (5.20) directly follows from the density esti-

mates for the j Jump set of Griffith minimizers (see e.g. [12]) with possibly smaller ¢* € (0, 1)
and R* > 0.

Finally, we prove (5.21) only for S2, the other being similar. Let I' := {2 € S2 :
0.(S2,2) > 0}. Note that S¢ =T

We claim that

H' (A, N (T\T)) = 0. (5.22)

Indeed, let p := H'LT. Then p(T \ T') = 0. By the regularity of u, for every ¢ > 0 there
exists an open set U C R? such that L := A,N(T\I') C U and p(U) = H}(UNT) < e. Note
that T € {y € QN Jgz : 0.(Jz,z) > 0}, where @ is given by Theorem 5.3. Hence, for (5.19)
holds for all points of I'. By the definition of the closure, and Vitali Covering Lemma we
can find at most countable pairwise disjoint family { B, (z;)}; of closed balls By, (x;) with
z; € Ao NT, r; < min{R* ¢, dist(z,0A4)} such that A, N (T \T') C U;Bs,, (z;). Without
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loss of generality we may assume that By, (z;) C U. Since @,/ (i) C By, (z:) C Qr;(z4),
from the definition of Hausdorff premeasure, (5.19) and disjointness of {B,,(x;)} as well
as the choice of U we obtain

= 10mv/2
Mioe(As IAT)) <3 2m(6ri) < =7 3 1@y, (i) OT)
i>1 i<1
= 07;*[ H (U Q,,/yz(@) NT) < 07;‘[ H(UNT) < 072;[6.
Now letting € — 0 we get (5.22). 0

In the following proposition we construct a “regular” minimizer of F starting from a
minimizer of F in C.
Proposition 5.4. Given A > 0, let (A,u) € C be any minimizer of F*. Define
A= Tnt(AM)\ T,
where T := {x € SA : 0.(S2,x) > 0}, and, with a slight abuse of notation, consider u as
defined in A" U S (and so, also on the L2-negligible set A’ \ Int(A)). Then (A’,u) € C is
such that F(A,u) = F(A' u) and satisfy the following assertions:
(1) A" is open, 0.(SA,x) > 0 for all x € S, |AAA'| = 0 and uxaus = uxaus a-e.
mn QUS. L L
(2) The closure of A’ NAA" coincide with SA' and H'(SA"\ SA) = 0.
(3) Let sx and R* be given by Theorem 5.3. Then

Hl(Q,«(x) N (914’) < 16¢o + 4

" o (5.23)
for every square Q,(x) C Q and
1 !
H(Qr(x) NOAT) > o (5.24)

,
for every Q,(z) C Q with for any x € A" and r € (0, R*).

Proof. Note that by definition A’ is open and |A’AA| = 0. Moreover, S C T, and by
(5.20) all points of QNT satisfy uniform lower density estimates, hence, 6, (S, z) > 0 for
any z € S
We claim that A’ € A. Indeed, let u be given as in Theorem 5.3. By definition
QNJE=0NnoA" and 0A'C JSUTX, (5.25)

where J¢ is the closure of the set {z € Jy : 0.(Jz, ) > 0}. Since Jy is H!-rectifiable,
so is J¢ in view of (5.21). Therefore, A" is H'-rectifiable, i.e., A" € A. Note that by
construction H!'(A’ N Jz) = 0 hence, by Proposition A.3 u € HL _(A’) and, since u = @
a.e. in A’ it follows that u € HL _(A").

Since |[AAA'| =0 and u = u a.e. in A'| it follows that

W(A,u) = W(A' u).
Moreover, by the definition of I' and S’f,

|S(A u) — S(A,u)| = plw, vr)dH! < ey (Int(AY) 0 (T\T)) =0,

/Int(A(U)ﬂ(F\S;‘)

where in the last equality we used (5.21). Finally, (5.23) and (5.24) follows from (5.25)
and density estimates of Theorem 5.3. ([l

Now we are ready to prove the existence of global minimizers of F.
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Proof of Theorem 2.6. First we prove the assertion for G = F.

Let (A, um) € Cp, be a minimizer of F satisfying the volume constraint |A,,| = v and
let (A, , um, ), and A and u be as in Proposition 4.6. By (3.1), (4.13) and (4.12) we have

. _n S - .
(B,v)éré,f|B|:v ‘F(B’ U) hEToo 'F(Amh ’ umh) = .F(Int(A), u)

Since |Int(A)| = v, by Propositions 5.1 and 5.2

inf  F(B,v)=  inf  F(B,v)=F(nt(A),u) = F(Int(A),u), (5.26)

(Bw)ecC, |Bl=v (Byw)€eC,|B|=v
hence, (Int(A), u) is a minimizer of 72 in C. Then by Proposition 5.4 there exists (A’,u) €
C such that

F(Int(A),u) = F(A u),

and hence, in view of (5.26), (A’,u) is a solution to (2.16).

The proof of the second assertion (i.e., the existence of A\; for which the set of minimizers
in C of both F and F* coincide for all A > A1) can be done using the first one and also

following the arguments of [32, Theorem 1.1] and [45, Proposition A.6]. Without loss of
generality we assume that A\; > Ao, where )¢ is given by Proposition 5.1.

Now we prove Theorem 2.6 for G = F. We have already shown above that the con-
figuration (Int(A),u) given by Proposition 4.6 solves the minimum problem (2.16) with
G = F.In view of (5.1) every volume-constraint minimizer of F also minimizer of F* for all
A > ;. To prove the converse assertion, we fix any minimizer (A,u) € C of F» for A > ;.
By Proposition 5.4 there exists (A’,u) € C such that |A’| = |A| and F(A',u) = F(4,u).
By the first part of the proof and (5.1) we know that

inf FNB,v)=  inf  F(B,v)= inf FNB,v)=F A, u).
(B,’U)GC (B,'U)GC,|B|:V (B ’U)EC

Hence, (A’,u) is the minimizer of F*. Since A > \; according to the first part of the proof,
|A’| = v. Hence, |A| = v and (A, u) minimizer of (2.16). O

We are ready now to study the properties of the minimizers of F in C provided by
Theorem 2.6.

Proof of Theorem, 2.7. First we properties (1)-(4) the assertion for G = F.

Consider any solution (A, u) € C of (2.16). By Proposition 5.4 there exists a (A’,u) € C
with A’ defined as in (2.18), such that the properties (1)-(4) hold except the conditions
HY(DAADA") = 0 and H' (SAASA) = 0 of (1). To prove these two equations it is enough
to observe that

— | F(A u) — FA' )| =2 / (e, va)dH!
AW A(DAADAT)

and

— FAu) - F ) =2 [ ol ).
AMN(SAASA)
Now we assume that G = F and let (A4, u) € C be a solution to (2.16). Since (4, u) € C,
by Proposition 5.1
inf  F(B,v) = F(A,u) > F(A,u).
(B,w)eC,|B|=v

Therefore, (A, u) is also a volume-constraint minimizer of F.T hus, applying first part of
the proof we establish that (A’,u) € C satisfies (1)-(4).
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Finally, notice that if £ C A’ is a connected component of A’ with H(OENYX\ J,) = 0,
then for (A’,v) with v = ux(aus)\g + (uo + a)xE, where a is any rigid displacement, we
have

S(A',u) > S(A',v)
and
WA u) > WA v), (5.27)
where in (5.27) equality holds if and only of u = ug+ a in E. Therefore, by the minimality
of (A’,u) it follows that u = ug + a in E. It remains to prove

|E| > 4n (ilo)Q (5.28)

Consider the competitor (A’ \ F,u) € C. By minimality and Theorem 2.6, F (A’ u) <
FAM(A'\ E,u), so that by (5.27) and the additivity of the surface energy, S(E,u) < A |E|.
Then by (2.13) and the isoperimetric inequality in R?

M|E| > et HY(OE) > e1Vax| B2
Hence, (5.28) follows. O

APPENDIX A.

We include in this section auxiliary results used in the paper for the convenience of the
Reader. We begin by a property satisfied by the free-crystal regions in A and A.

Proposition A.1. Let A C R? be a bounded L£?-measurable set with H'(DA) < +oc. Then
A is a set of finite perimeter in R?.

Proof. Since AAInt(A) C A\ Int(A) = A, we have |AAInt(A)| < [9A| = 0, and hence,
it suffices to prove that the open set E := Int(A) has finite perimeter in R%. Note that by
construction, OF C A and H'(OF) < H'(0A) < +oc.

We divide the proof of E € BV (R?,{0,1}) into three steps.

Step 1. We claim that if E is simply connected, then E € BV (R?;{0,1}). Indeed,
in this case OF is a connected compact set with H!(0E) < H!'(0A) < +oo and by [33,
Lemma 3.12] it contains a closed curve I enclosing E. Since H!(T') < +o0, it is rectifiable
in the sense of [33, Section 3.2]: its length H!(I") is well-approximated by the length of
closed polygonal curves 7, whose vertices lie on T, i.e., H!(m) — HY(T). Let Ej be the

set enclosed by 7, and observe that 7 K . Since E). are Lipschitz sets, they are sets
of finite perimeter and P(Ey) = H!(m;) < HY(T') + 1 for large k. Since E is open, for
every x € FE there exists a ball B,(z) C E and by the Kuratowski convergence of
to I, it follows that B,.(x) C Ej for large k, and hence xg, (z) = xg(z) = 1. Similarly,
xg,(z) = xg(z) = 0 for every z € R?\ E provided k is large enough. Therefore, x5, — X&
a.e. in R? and hence, E — FE in L'(R?). Now by the L!-lower semicontinuity of perimeter
(see [52, Proposition 12.15]), E is a set of finite perimeter.

Step 2. We claim that if E is connected, then E € BV (R?;{0,1}). Indeed, let E’ be
the smallest simply connected open set containing FE (basically, E’ is contructed by filling
in all “holes” in F) and let

F:=F\FE
be the union of all holes. Since F’ C JE and H!(OE) < H'(0A) < +oo, by Step 1
E' € BV(R?;{0,1}). Observing E = E'\ F, to conclude this step it is enough to prove
that I’ has finite perimeter. Since every open set in R? is a union of at most countably
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many connected components’, we have F = U, Fj, where {F;} are open, connected and
F;NF; = for i # j. Since E is connected, each Fj is simply connected, and hence, by
Step 1 F; € BV(R?;{0,1}). Moreover, the set OF; N OF}, i # j, can have at most one
point. Indeed, otherwise, by the definition of F' and the connectedness of F we could find
a curve v C OF, N 0F; N OF with H!(y) > 0, which contradicts the equality E = Int(E).
Therefore, observing 0F = | J0F; C OF, we obtain

ZP <Z7—[ OF;) (Uap) OF) < HL(OE) < +0c.

Thus, F = Uj F; has finite perimeter in RQ.

Step 3. Now we prove that £ € BV (R?{0,1}) (without assuming any extra con-
nectedness assumption). Let {E;} be the family of connected components of E. Since
HY(OE;) < HY(OF) < +o0, by Step 2 E; € BV(R?;{0,1}). Therefore, since OF = U;0F;
we obtain that

ZP <Z% 8E)<?{1(U8E)+Z”H 8EQ8E)<2H1(U8E)_2’H (9E),

1<J

and hence, by the finiteness of H!(9F), the set E = U;E; has finite perimeter in R?. O

The following proposition, which is based on [52, Proposition 2.16], is used throughout
the paper.

Proposition A.2. Let K C R? be such that H'(K) < +o0 and let {E;}ier be a family of
sets parametrized by t € T such that

H(KNENE) =0 (A.1)
and H' (K N E;) > 0. Then T is at most countable.

Proof. The proof runs along the lines of the proof of [52, Proposition 2.16]. For j € N let
T; C T be the set of all t € T such that H' (K NE}) > % Then by (A.1) 7} cannot contain

more than jH'(K) elements. Since 7" = U,77, the set 7" is at most countable. O

We finally state a regularity property of GSBD functions with H? !-negligible jump.

Proposition A.3. Let U C R? be a connected bounded open set and v € GSBD?*(U) be
such that H4=1(J,) = 0. Then u € HL _(U).

loc

Proof. Indeed, for r > 0 let Q := xo+ (-7, r)d C U be any cube centered at x € U and let
0 < 60” < @ < 1. For shortness, write Q' := ¢ + (—=0'r,0'r)? and Q" := o + (—0"r,0"r)%.
By [11, Proposition 3.1 (1)] (see also [10, Theorem 1.1]) there exists a £2-measurable set
w C @' and a rigid displacement a : R? — R? such that |w| < c,7H?1(J,) = 0 and

d

|“_“’d2dld$:/ |“—@!d2dldfv§c*r2(/ |6(u)|2>ﬂ,
Q Q"\w Q

2d

where ¢, depends only on d. Hence, u € L ' (Q). Next, fix any mollifier p; € C*°(B,(0))
with pe € C2°(Bgr_gnye), where pe(z) := p1(z/e), € € (0,7). By [11, Proposition 3.1] there
exists p > 0 depending on n and e such that

/H|e(u*p€)—e(u)*pe|2d:c§c rd 1 /]e )|?dx = 0,

TThis property easily follows by fact that we can always choose in each connected component a different
point with rational coordinates
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where ¢ depends on n, p; and €. Hence,
e(uxp) =e(u) * pe ae. in Q". (A.2)

Recall that u * p. € C®(Q"). Since e(u) € L*(Q), e(u) * p € C®(Q") N L*(Q") in
particular, e(u * p.) € C*(Q") N L*(Q"). By Poincaré-Korn inequality u * p. € HY(Q").
Since e(u) * pc — e(u) in L?(Q") as € — 0, in view of (A.2) there exists ¢y > 0 such that

||€(U * p€)||L2(Q”) < ||e(u)||L2(Q//) +1 for all € € (0, 60).

Moreover, by Poincaré-Korn inequality for any € € (0, ¢p) there exists a rigid displacement
ae such that

[ pe = acll (g < Clle(ux pe)llr2gry < Clle(w)llL2@ry + 1),
where C' is the Poincaré-Korn constant for a cube. Thus, the family {u * p}. is uniformly
bounded in H'(Q"). Since u * p. — u in L?*(Q"), there exists a rigid displacement a
such that a. — a in L?(Q"). Then u * p. — a. weakly converges to u — a in H'(Q"), i.e.,
u—a € HY(Q"). Since a is linear and 0" is arbitrary, u € H} (Q). Now covering U with

loc

finitely many cubes of edgelength 2r we get u € H: (U). O

loc
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