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1. INTRODUCTION

In this paper we study the dynamic crack growth in viscoelastic materials with long memory. When no
crack is present, important contributions in the theory of linear viscoelasticity are due to such scientists
as Maxwell, Kelvin, and Voigt. Their names are associated with two well-known models of dissipative
solids which can be described in terms of a spring and a dash-pot in series (Maxwell’s model) or in parallel
(Kelvin-Voigt’s model), see [16]. Boltzmann was the first to develop a three-dimensional theory of isotropic
viscoelasticity in [2], and later Volterra in [17] obtained similar results for anisotropic solids.

In literature we can find two different classes of materials in the case of viscoelastic deformations: materials
with short memory and materials with long memory. The first case is associated to a local model, which
means that the state of stress at the instant ¢ only depends on the strain at that instant. In the second
case, instead, the associated model is non-local in time, in the sense that the state of stress at the instant ¢
depends also on the past history up to time ¢ of the strain. According to [11, 12], in the case of viscoelastic
materials with long memory the general stress-strain relation is the following

t
o(t,x) := G(0,z)Vu(t,x) +/ G'(t — 7,2)Vu(r, z)dr, te (—oo,T], €9,

—0o0

for a suitable choice of the memory kernel G, and with some prescribed boundary conditions.

To describe our model we start with a short description of the standard approach to dynamic fracture in
the case of linearly elastic materials with no viscosity. In this situation, the deformation of the elastic part
of the material evolves according to elastodynamics; for an antiplane displacement, elastodynamics together
with the stress-strain relation o(¢,2) = Vu(t, z), leads to the following wave equation

u(t,z) — dive(t,z) = f(¢, z), te€0,T], v € Q\ Ty, (1.1)

with some prescribed boundary and initial conditions. Here,  C R? is a bounded open set, which represents
the cross-section of the body in the reference configuration, I'y C  models the cross-section of the crack at
time ¢, u(t,-): Q\ Tt — R is the antiplane displacement, and f(¢,-) : 2\ Ty — R is a forcing term. From the
mathematical point of view, a first step towards the study of the evolution of fractures is to solve the wave
equation (1.1) when the time evolution of the crack is assigned, see for example [3, 7, 8, 14].

In this paper, we consider Maxwell’s model in the case of dynamic fracture, when the crack evolution
t — I'y is prescribed. In this case, the memory kernel G has an exponential form (see for example [16]), and
the displacement satisfies the following equation

i(t, z) — (e1 + c2)Au(t, x) + co /t e D Au(r, z)dr = f(t,z), te (-0, )], z € Q\ Ty, (1.2)
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where ¢; and ¢y are two positive constants. As in [6, 11], we suppose that the past history of the displacement
up to time 0 is already known, therefore, it is convenient to write equation (1.2) as

t
i(t,z) — (e1 + c2)Aul(t, x) + 02/ e Au(r, z)dr
0

0

= f(t,x) —cz/ e~ D Ay(r,z)dr,  te[0,T), € Q\Ty, (1.3)
— 00

where the function v represents the past history, that is v(¢, z) = u(t, x) for every t € (—o00,0] and x € Q\T.

The main results of this paper are Theorem 4.1 and Theorem 5.3, in which we prove, by two different
methods, the existence of a solution to (1.3). This is done not only in the antiplane case, but also in the
more general case of linear elasticity in dimension d; that is, when the displacement is vector-valued and the
elastic energy depends on the symmetrized gradient of the displacement.

The first method, considered in Theorem 4.1, is based on a generalization of Lax-Milgram’s Theorem ([13,
Chapter 3, Theorem 1.1]). We follow the lines of the proof of Theorem 2.1 in [5]. In doing so, the main
difficulty is given by the fact that the set 2\ Iy, where equation (1.3) holds, depends on time. This requires
the introduction of suitable function spaces used to adapt the proof in [5].

The second method, provided by Theorem 5.3, is based on a time discretization scheme that yields a
solution which, in addition, satisfies the energy-dissipation inequality (5.51). This procedure, adopted in [7]
for wave equation (1.1) in a time-dependent domain, consists of the following steps: time discretization,
construction of an approximate solution, discrete energy estimates, and passage to the limit.

The main difficulty in applying this procedure, in the same way it was done in [7], is the identification
of the term in the energy-dissipation inequality which corresponds to the non—local in time viscous term
fg e~ (=" Au(r, z)dr appearing in (1.3).

To fix this issue, we introduce an auxiliary variable w and we transform our equation (1.3) into an
equivalent system (see Definition 5.1) of two equations in the two variables u and w, without long memory
terms, which has to be solved on the time-dependent domain 2\ I';. The advantage of this strategy lies in
the fact that we transform a non-local model (the equation) into a local one (the system).

We discretize the time interval [0, T] by using the time step 7, := % To define the approximate solution
(un, wy) at time (k+1)7,, we solve an incremental problem (see (5.13)) depending on the values of (u,, w,) at
times (k—1)7, and k7,,. Since the new system has a natural notion of energy, we also obtain a discrete energy
estimate for (uy,,w,). Then, we extend (u,,w,) to the whole interval [0, 7] by a suitable interpolation, and
by using the energy estimates together with a compactness result we pass to the limit, along a subsequence
of (un,wy). It is now possible to prove that the limit of this subsequence of (u,,w,) is a solution to the
system, which is equivalent to our equation (1.3). As a byproduct, from the discrete energy estimates we
obtain the energy-dissipation inequality (5.51).

The paper is organized as follows. In Section 2 we fix the notation adopted throughout the paper. In
Section 3 we list the standard assumptions on the family of cracks {I'; };¢[o,7], We state the evolution problem
in the general case, and we specify the notion of solution to the problem. In Section 4 and 5 we deal with the
existence of a solution to the viscoelastic dynamic model; in particular in Section 4, we provide a solution
by means of a generalization of Lax-Milgram’s theorem by Lions. After that, in Section 5, as previously
anticipated, we define a system equivalent to the equation. In particular, in Subsection 5.1 we implement the
time discretization method on such a system, and we conclude with Subsection 5.2 by showing the validity
of the energy-dissipation inequality, and of the initial conditions.

2. NOTATION

In this section we fix some notation that will be used throughout the paper. The space of m x d matrices
with real entries is denoted by R™*¢; in case m = d, the subspace of symmetric matrices is denoted by Rﬁ;,g.
Given a function u: R? — R™, we denote its Jacobian matrix by Vu, whose components are (Vu);; := 9;u;
fori=1,...,mand j=1,...,d; when u: R? = R? we use eu to denote the symmetric part of the gradient,
namely eu := %(Vu + VuT). Given a tensor field A: R — R™*? by div A we mean its divergence with
respect to rows, namely (div A); := 2?21 0;A;; fori=1,...,m.

We denote the d-dimensional Lebesgue measure by £ and the (d — 1)-dimensional Hausdorff measure by
H41: given a bounded open set € with Lipschitz boundary, by v we mean the outer unit normal vector
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to 09, which is defined H% '-a.e. on the boundary. The Lebesgue and Sobolev spaces on 2 are defined as
usual; the boundary values of a Sobolev function are always intended in the sense of traces.

The norm of a generic Banach space X is denoted by || - ||x; when X is a Hilbert space, we use (-,-)x
to denote its scalar product. We denote by X’ the dual of X and by (-,-)x the duality product between
X’ and X. Given two Banach spaces X; and X3, the space of linear and continuous maps from X; to X,
is denoted by Z(X1; X2); given A € Z(X1;X5) and u € X1, we write Au € X5 to denote the image of u
under A.

Moreover, given an open interval (a,b) C R and p € [1,00], we denote by L?(a,b; X) the space of LP
functions from (a,b) to X; we use H”(a,b; X) to denote the Sobolev space of functions from (a, b) to X with
k derivatives in L?(a,b; X). Given u € H'(a,b; X), we denote by @ € L?(a,b; X) its derivative in the sense
of distributions. When dealing with an element u € H'(a,b; X) we always assume u to be the continuous
representative of its class, and therefore, the pointwise value u(t) of u is well defined for every ¢ € [a,b]. We
use CV ([a,b]; X) to denote the set of weakly continuous functions from [a,b] to X, namely, the collection of
maps u: [a,b] — X such that ¢t — (2, u(t))x/ is continuous from [a,b] to R, for every 2’ € X’. We adopt
the notation Lip([a,b]; X) to denote the space of Lipschitz functions from the interval [a, b] into the Banach
space X.

3. FORMULATION OF THE EVOLUTION PROBLEM, NOTION OF SOLUTION

Let T be a positive real number and d € N. Let Q C R? be a bounded open set (which represents the
reference configuration of the body) with Lipschitz boundary. Let dpQ be a (possibly empty) Borel subset
of 012, on which we prescribe the Dirichlet condition, and let O be its complement, on which we give the
Neumann condition. Let I' C Q be the prescribed crack path. We assume the following hypotheses on the
geometry of the cracks:

(E1) T is a closed set with £(I') = 0 and H4~1(I' N 9Q) = 0;

(E2) for every = € T there exists an open neighborhood U of x in R? such that (U N Q) \ T is the union

of two disjoint open sets Ut and U~ with Lipschitz boundary;

(E3) {T't}te(~o0,m is a family of closed subsets of I' satisfying I'; C T'; for every —oo < s <t < T.
Notice that the set I'; represents the crack at time t. Thanks to (E1)-(E3) the space L2(Q\I's; R?) coincides
with L2(€;RY) for every t € (—oo,T]. In particular, we can extend a function u € L?(Q\ I';;R?) to a
function in L2(£;RY) by setting u = 0 on I';. Since H1(I' N IN) = 0 the trace of u € H(Q\ T;RY) is
well defined on 0Q. Indeed, we may find a finite number of open sets with Lipschitz boundary U; C Q\ T,
j=1,...k, such that 9Q\ T C UleﬁUj. There exists a positive constant C, depending only on Q and T,
such that

ull L200rey < Cllull g @irray  for every w € H' (Q\T;RY). (3.1)
Similarly, we can find a finite number of open sets V; C Q\ T, j = 1,...1, with Lipschitz boundary, such
that Q\ T = Uélej. By using the second Korn’s inequality in each V; (see, e.g., [15, Theorem 2.4]) and
taking the sum over j we can find a positive constant C'x, depending only on 2 and I, such that

90l mans) < Crelulaaum) + leul2qpoxa)) for every we HAQ\TRY.  (32)

We set H := L2(Q;R?), HY := L2(Q; R4, HY := L2(OnQ;RY) and HP := L2(0p;RY); the symbols

sym

(-,-) and || - || denote the scalar product and the norm in H or in H?, according to the context. Moreover,

we define the following spaces
Vi.=HY(Q\T;RY) and V;:=HYQ\I';RY) for everyt € (—oo,T].

Notice that in the definition of V; and V', we are considering only the distributional gradient of u in \ I';
and in Q\ T', respectively, and not the one in . Taking into account (3.2), we shall use on the set V; (and
also on the set V') the equivalent norm

lullv, := (lul]® + leu]*)?  for every u € V;.
Furthermore, by (3.1), we can consider for every ¢t € (—oo, T the set
VP :={ueV,:u=0o0n0dpQ},

which is a closed subspace of V;.
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We assume that the elasticity and viscosity tensors A and B satisfy the following assumptions:
AB € L®(Q; Z(RIX RIXdY) (3.3)

sym) “Ssym

A(x)n - ne =m - A(z)na, B(z)m -n2 =mn1 - B(x)ny for a.e. x € Q and for every 11,12 € ngx,i, (3.4)
A(x)n-n > Calnl?, B(z)n -1 > Cyln|? for a.e. z € Q and for every n € Rg;ﬁ, (3.5)

for some positive constants Cy and Cp independent of x, and the dot denotes the Euclidean scalar product
of matrices.
Let (8 a positive real number. We wish to study the following viscoelastic dynamic system
t

a(t) — div((A + B)eu(t)) +/ Be G div(Beu(r))dr = f(t) in Q\ Ty, t € (—o0,T), (3.6)
together with the boundary conditions
u(t) = 2(t) on 0pQ), te (—o0,T), (3.7)
[+ B) eu(t) - /_ %e*%meumdr]y CN(t)  ondn®, te(—oo,T), (3.8)
[+ B eu(t) - /_ %e*“’ (r)dr]v =0 onTy,  te(—o00,T), (3.9)

where the data satisfy

(D1) f € Li,o((—00; T1; H);

(D2) N € L2, ((—o0; T); HY) such that N € L}, ((—o0; T]; HN);

(D3) z € L? ((—o0; T); V) such that 2 € L? .((—o0; T); V), 2 € L}

t € (—o0,T).

Notice that in (3.6)—(3.9) the explicit dependence on x is omitted to enlighten notation.

As usual, the Neumann boundary conditions are only formal, and their meaning will be specified in
Definition 3.1. To this aim, we define Vjo.(—00,T') as the space of all function u € L} ((—oo,T]; V) such
that @ € L} ((—o0,T]; H), u(t) € V; for a.e. t € (—o0,T), and

((—o0;T); H), and z(t) € V, for every

loc

T
/ e |leu(t)||dt < +oo. (3.10)
— o0

Now we are in position to explain in which sense we mean that u € Vj,.(—00,T) is a solution to the
viscoelastic dynamic system (3.6)—(3.9). Roughly speaking, we multiply (3.6) by a test function, we integrate
by parts in time and in space, and taking into account (3.7)—(3.9) we obtain the following definition.

Definition 3.1 (Weak solution). We say that u € Vj,.(—00 T) is a weak solution to system (3.6) with

boundary conditions (3.7)-(3.9) if u(t) — z(t) € V;P for a.e. t € ( T), and
—/_ (u(t),@(t))dt—i—/_ ((A+B)eu(t), ev( dt—/ / T (Beu(r), ev(t))drdt

- / (f(t), o(t))dt + / (N (1), o(t)) v dt

for every v € C°(—o0,T; V) such that v(t) € V,P for every t € (—o0,T].
Now, let us consider a,b € [0,T] such that a < b. We define the spaces
V(a,b) == {u € L*(a,b; V)N H' (a,b; H) : u(t) € V; for ae. t € (a,b)},
VP(a,b) := {v e V(a,b) : v(t) € VP for a.e. t € (a,b)},
DP(a,b) := {v € CZ(a,b; V) : v(t) € VP for every t € [a, b]},
and we have the following lemma.

Lemma 3.2. The space V(a,b) is a Hilbert space with respect to the following norm

1

lelvae = (Iel32@pvy + 19132@pm ) > @ € V(a,b).
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Moreover, VP (a,b) is a closed subspace of V(a,b), and DP(a,b) is a dense subset of the space of functions
belonging to VP (a,b) which vanish on a and b.

Proof. Tt is clear that [|-[|y(4,) is a norm induced by a scalar product on the set V(a,b). We just have to
check the completeness of this space with respect to this norm. Let {¢r}r C V(a,b) be a Cauchy sequence.
Then, {pk }x and {¢ }x are Cauchy sequences in L?(a, b; V') and L?(a, b; H), respectively, which are complete
Hilbert spaces. Thus, there exists ¢ € L?(a,b; V) with ¢ € L?(a,b; H) such that ¢ — ¢ in L?(a,b; V) and
¢r — ¢ in L?(a,b; H). In particular there exists a subsequence {¢y, }; such that ¢y, (t) — ¢(t) in V for a.e.

€ (a,b). Since ¢y, (t) € V; for a.e. t € (a,b) we deduce that (1) €V, for a.e. t € (a,b). Hence ¢ € V(a,b)
and @5, — ¢ in V(a,b). With a similar argument, we can prove that V”(a,b) C V(a,b) is a closed subspace.
For the proof of the last statement we refer to [9, Lemma 2.8]. O

Now, suppose we know the past history of the system up to time 0. In particular, let u, € Vjo.(—00,0)
be a weak solution to (3.6)—(3.9) on the interval (—oo,0) in the sense of Definition 3.1, in such a way that 0
is a Lebesgue’s point for both u, and 1,. This implies that there exist u® € Vp, with u® — 2(0) € VP, and
u! € H such that

1 0 10
lim - / up®) =l =0, lim / ap(0) =t [Pt = .

From this assumption, by defining

Fy(t) := %e_% /_OOO e Beu,(7)dr,
we can reformulate (3.6)—(3.9) on the interval [0, T] in the following way:
ii(t) — div((A + B)eu(t / 5 div(Beu(r))dr = f(t) — div Fo(t) in Q\ Ty, te (0,7),  (3.11)
with boundary and initial conditions
u(t) = 2(t) on 0pQ), te€(0,7), (3.12)
[(A +B)eu(t) — /Ot %e_%Beu(T)dT} v=N(t)+Fo(t)y ondyQ te(0,T), (3.13)
[(A + B) eu(t) — /Ot %e*t? (T)dT:| v = Fy(t)v onTy, te(0,T), (3.14)
u(0) = u®,  w(0) = u'. (3.15)

Thanks to (D1)—(D3) and (3.10) (on the interval (—oo,0]), we have f € L2(0,T; H), Fy € C*([0,T]; HY),
N € HY0,T; HN), and z € H*(0,T; H) N H*(0,T; V) with 2(t) € V, for every t € [0, 7).
More in general, given F' € H'(0,T; H%) we will study the following viscoelastic dynamic system

ii(t) — div((A + B)eu(t)) + /0 %e—*% div(Beu(r))dr = f(t) — div F(t) in Q\Ty, te (0,7), (3.16)

with boundary and initial conditions

u(t) = z(¥) on 0pQ), te(0,7), (3.17)

[(A +B) eul(t /t ! (r)dr ]u —F(t)y  ondnQ, te(0,7), (3.18)
0

[(A +B) eu(t) — /t %ef%Beu(T)dT] v=F(t)v on Ty, te (0,7), (3.19)
0

uw(0) =, w(0) =u'. (3.20)

Notice that system (3.11)—(3.15) is a particular case of system (3.16)—(3.20). As we have already specified
for system (3.6)—(3.9), also for (3.16)—(3.20) the Neumann boundary conditions are only formal, and their
meaning is clarified by the following definition.
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Definition 3.3. We say that u € V(0,T') is a weak solution to the viscoelastic dynamic system (3.16)—(3.20)
on the interval [0, T] if u — z € VP(0,T),

—/0 (u(t),i)(t))dt—i—/o ((A +B)eu(t), ev( dt—/ / —e 7 (Beu(r), ev(t))drdt
T
- / (F (1), o(t))dt + / (F@),eo(d)dt (3.21)
0 0

for every v € DP(0,T), and
R I . . 1 o
lim |Ju(t) —u’|| =0, tgrél+ la(t) —u H(VOD)/ =0. (3.22)

t—0+
Remark 3.4. From Lemma 3.2, if a function u € V(0,T) satisfies (3.21) for every v € DP(0,7), then it
satisfies the same equality for every v € VP (0,T) such that v(0) = v(T) = 0.

4. EXISTENCE BY USING DAFERMOS’ METHOD

In this section we present an existence result which is to be considered in the framework of functional
analysis; in particular it derives from an idea of C. Dafermos (see [5]) based on a generalization of Lax-
Milgram’s Theorem by J.L. Lions (see [13]). We start by stating the main result of this section.

Theorem 4.1. There exists a weak solution v € V(0,T) to the viscoelastic dynamic system (3.16)—(3.20) o
the interval [0, T in the sense of Definition 3.3. Moreover, there exists a positive constant C = C(T, A, B,
such that

n
)
lullvo,ry < C (1f 2. + I1F i o.mma) + 1] 2oy + I2lmomvy + 1l + lutl) . (4.1)

Remark 4.2. Without loss of generality we may assume that the Dirichlet datum and the initial displace-
ment are identically equal to zero. Indeed, the function w is a weak solution to the viscoelastic dynamic
system (3.16)—(3.20) according to Definition 3.3 if and only if the function u* defined by

uw*(t) == u(t) — u® + 2(0) — 2(t),

satisfies

—/0 (ﬂ*(t)7¢(t))dt+/0 ((A+B)eu*(t),epp(t) dt—/ / e 7 (Beu*(7), erh(t))drdt
T
= [Cw v [0, eom
0 0

for every 1 € DP(0,T), and
- . . % 1 .
lim |u*(t)] =0, th%1+ 2 () — wllvpy =0,

t—0+

where f* := f — %, ul := u! — 2(0), and for every t € [0, 7]
t
1 e
F*(t) == F(t) + / BefTBez(T)dT —(A+B)ez(t) — (A+e 5183)( eu’ — ez(0)).
0
Moreover, if u* satisfies for some positive constants C* the following estimate
lu* v,y < C* (||f*|\L2(0,T;H) + 1| e 0,73 m2) + ||Ui||) ) (4.2)
then u satisfies (4.1). Indeed, since

1 f* 220,y < 1 lL2qo,mmy + 12l L2 00,758

and for some positive constants C' = C(T, A, B, 3) we have

P o mt) < Py + (145 | e T Bex(rr

+ ||A+B||OO||Z”H1(O,T;V) (IAlloe + le™ 7 |2 0,1 IBlloo) (11’ [lv + [[2(0)[|v/)
< é("F||H1(O,T;Hg) + Izl 0,1y + 1l llv),

2
T 7 Blleollzllzz.rivy
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from (4.2) we deduce

* 1
lullvo,ry < 1w v,y + T2 ([u’llv + 12(0)[lv) + |2llvo,m
<C (Hf||L2(0,T;H) =+ ||F||H1(0,T;H;l) + 1222 0,7:m) + 2|l 2 0,730y + [u®llv + ||U1||) )
where C' = C(T, A, B, ) is a positive constant.

Based on Remark 4.2, we now assume that the Dirichlet datum and the initial displacement are identically
equal to zero. To prove the theorem in this case, we first prove that our weak formulation (3.21) with initial
conditions (3.22) is equivalent to another one, which we call Dafermos’ Equality. After that, by means of a
Lions’ theorem we prove that there exists an element which satisfies this equality. Namely, by defining for
every a,b € [0,T] such that a < b the space

& (a,b) == {p € C([a,b]; V) : p(a) = 0, p(t) € V,” for every ¢ € [a, ]},
we can state the following equivalence result.

Proposition 4.3. Suppose that there exists u € VP(0,T) which satisfies the initial condition u(0) = 0 in
the sense of (3.22), and such that Dafermos’ Equality holds:

T T
[ Gato,gtepacs [ -0, 00~ (4 + Beat). a0 + [ o' Beutr),eptiarar

= T(u',(0)) ~ /O (t=T)[(f(1), (1) + (F(t),ex(t)] dt  for every ¢ € £(0,T). (4.3)

Then u satisfies (3.21), u(0) = 0 and u(0) coincides with u' in (V). Moreover, if u € VP(0,T) is a weak
solution in the sense of Definition 3.3, then it satisfies (4.3).

At this point, we state and prove some lemmas and propositions needed for the proof of Proposition 4.3.
In particular, in the following lemma, we highlight a useful relation between D (0,7T) and EP(0,T).

Lemma 4.4. For every v € DP(0,T) the function defined by

" ()
o(t) = | —==d
Pu(t) /O L
is well defined and satisfies p, € EP(0,T).

Proof. Firstly, we can notice that ¢, is well defined because v is a function with compact support, hence it
vanishes in a neighborhood of T. Moreover, ¢,(0) = 0 by definition and ¢, € C*([0,T]; V) because it is
a primitive of a function with the same regularity. Now, we can observe that v(7) € V.2 C VP for every

7 < t, therefore we have % € V;P for every 7 < t, and by the properties of Bochner’s integral we get

o, (t) e VP, O

In the next proposition we show that the distributional second derivative in time of a weak solution is an
element of the space L2(0,T; (V?)"). Therefore, such a solution has an initial velocity in the space (Vi2)'.

Proposition 4.5. Let u € VP(0,T) be a function which satisfies (3.21). Then the distributional derivative
of 1 belongs to the space L(0,T; (VL)).

Proof. Let A € L(0,T; (V")) be defined in the following way: for a.e. t € (0,7T)
t
1 e
(A(t),v) == —((A+B)eu(t),ev)+ / Be*T(Beu(T), ev)dT+(f(t), v)+(F(t),ev) for every v € VP, (4.4)
0

where (-, -) represents the duality product between (V{”)" and V°.

Let us consider a test function ¢ € C°(0,T), then for every v € V¥ the function 1 (t) := ¢(¢)v belongs to
the space C2°(0,T; V), and consequently ¢ € DP(0,7). Now we multiply both sides of (4.4) by ¢(t) and
we integrate it on (0,7). Thanks to (3.21) we can write

T
/0 (A(t),v}gp(t)dt:f/o ((A+B)eu(t), er(t) dt+/ / T (Beu(r), e (t))drdt
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T T T
+ / (F(), (1))t + / (F (1), ep(t))dt = — / (at), V) p(t)dt,

which implies
T

T
</ A(t)ap(t)dt,v> = < - / u(t)gb(t)dt,v> for every v € V{¥.

0 0

Hence, we get
T T
/ At)p(t)dt = —/ au(t)p(t)dt for every ¢ € C°(0,T)
0 0

as elements of (V;”)’, which concludes the proof. O

Remark 4.6. Proposition 4.5 implies that @ € H'(0,T; (V)"), hence it admits a continuous representative.
Therefore, we can say that there exists %(0) € (V)" such that

T (i) = (0)]| vy =O. (4.5)

In the next proposition we show how the weak formulation (3.21) changes if we use test functions which
do not vanish at zero. In particular, we use the notation n(7T) to refer to the family of open neighborhoods
of T, and we consider the following spaces

LipP(0,T) := {¢ € Lip([0,T); V) : o(t) € V;P for every t € [0,T]},
Liph7(0,T) :={¢ € LipP(0,T) : 31, € n(T), s.t. () =0 for every t € I, U{0}},
LipR(0,T) := {¥ € Lip”(0,T) : ¥(T) = 0}.

Proposition 4.7. Let u € VP(0,T) be a function which satisfies (3.21) for every 1 € EipgT(O, T). Then u
satisfies the equality

/OT(u(t),\i/(t))dtJr/o (A + B)eu(t), eW(t dtf/ /—e " (Beu(r), eV (t))drdt

- / (F(5), W(£))dt + / (F(t), e()dt + (4(0), T(0)), (46
0 0
for every ¥ € Eip? (0,7).

Proof. Let us consider ¥ € LipF (0,T) and define for every ¢ € (0, L) the function

L (0) € [0,¢]
) (t—e) €le,T—2]
Ye(t) (_E+TE ) V(T — 3¢) €T —2e,T —¢]
0 €[l —e1T].

It is easy to see that 1. € Lipé)T(O, T), and by using 1. as test function in (3.21) we get I, + I7* + J* =0,
where the three terms I, I7", and JI' are defined in the following way:

T—2e

L :_/ ), \If(t—s))dt+/ ) s((A+]Ba)eu(t),ex1/(t—g))dt—/ (F(0), T(t — 2))dt

/T - /t ! T (Beu(r), eW(t — ¢))drdt — /TzE(F( t),eU(t —¢))dt,
0
.= —]é (u(t), ¥(0 ))dt—i—][ ((A 4+ B)eu(t), te¥ (0 dt—][ / ‘ T (Beu(r), te¥(0))drdt
- F s wopar - } P tevioar

0

T—e T—e
JI: :][ (u(t), (T — 3e))dt +][ ((A+B)eu(t), (—t+T —e)e¥(T — 3¢))dt
T—2¢ T—2¢
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T—e

][ / 5 (Beu(r), (— t+T—5)e\II(T—35))det—][ (), (—t + T — ) U(T — 32))dt

T—2¢
—][ (F(t), (—t 4+ T — €)eV (T — 3¢))dt.
T—2¢

Let us study the convergence of I, I", and J™ as ¢ — 0F. First of all, we notice that from the definition
of . and the Lipschitz continuity of ¥ we have

2 |t
([t — ‘I’HL2(0,T;V) = 0

2 T—2¢

~0(0) —\I!(t)Hth—i—/ (t — ) — W(t)[2dt
I
T—¢
t T
! T - 3¢) H
[ ) er s

EtQ € T—2¢

<2wO)} [ Gatr2 [ [lder [ Lile- e - P
0 0 €

T-e T—¢
t T —e\2
+mww—%ma/ ( Yaez [ e
2e €

€ T—2¢
4 T—e¢
< el Y3 0.1y + 2 qu (t)||2-dt + 2 1@ ()2 dt + L2e*(T — 3¢) — 0.
3 T—2¢ e—0t
(4.7)
From (3.3), (4.7), and the absolute continuity of Lebesgue’s integral, we have
T—2¢e T 5
/ (A + B)eu(t), eB(t — £))dt — / (& + Beu(t), ew(0)di]| < | / (& + B)eu(r), (1)
5 0 0
T—2¢ T
+| / ((A+Bleu(t), eW(t — =) — eW(t))dt| + | / ((A+B)eu(t), eW ()
€ T—2¢
5 T
<o+ Bl [ ROl Ivat+ [ ol e
+ s 9e = Wl —=0. (48)
In the same way we can prove that
T—2¢
/ / e 7 (Beu(r), e¥(t — ¢))drdt —)/ / T (Beu(r), e¥(t))drdt, (4.9)
5 e—0*t
T—2¢
/ (0, WG~ )t —— [ (70, w1, (4.10)
e e—0t 0
T—2¢ T
/ (F(0), ¥t — &)t —— [ (F(o),ew(t)dr. (4.11)
€ e— 0

Notice that, by virtue of the continuity of the translation operator in L2, and again by the absolute continuity
of Lebesgue’s integral, we can write

T—2¢ ) T )
(i(0). Wt = et = [ (o). be))

< )/E(u(t),\i/(t))dt] 4

/ @I O At + [[5l] L2 0,25y ¥ (- = €) = ()||L2<0,T;H>+/_2 [t )IIH‘II(t))IIdtmO-
(4.12)

Hg(u(t) Bt — ) — dt]+)/T ) ))dt

Taking into account (4.8)—(4.12) we conclude that

T _ T Topty
—Hf/o (u(t),\Il(t))dt+/O ((AJrIB)eu(t),e\Il(t))dtf/O /0 Be (Beu(r), eV (t))drdt

e—0t
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T T
- [ v [ o, evar
0 0
Now we analyze the limit of I as e — 07. By (4.5) we obtain

{(u(t),qf(o))dt _ (]ésa(t)dt,\lf(o)) - <]£€u(t)dt,\ll(0)> s (a(0), B (0)). (4.13)

Moreover

£ (ot Breuto) w0 at] < 4+ Bl 2O v f Aoy
0 0

e\ 2
<A+ Blucl @m0 (5) Mulzoryy —= 0. (414)
In the same way, we can prove that
][ / T (Beu(r), te®(0))drdt — 0, (4.15)
e—0

£ uw. oy —o, (4.16)

0 e—0t
][ (F(t), te®(0))dt — 0, (4.17)

0 e—0t

hence, by (4.13)-(4.17) we obtain I o —(0(0), ¥(0)).
E—
Finally, we study the behaviour of J as ¢ — 0. Since ¥(T) = 0, we can write

‘][ (T — 3¢)) dt‘ ||u|\Lz(OTH)H\IJ(T 32) = W(T)| < 3Ll 20.1m)E* —— 0. (4.18)

—0t

Moreover

‘]l (A +B)eu(t), (— t+T—5)e\IJ(T—3s))dt)

T—e T—e

@ = Ou®llvar+ [ fulo)lvde)

—2¢

< I+ Bl 0T - 39y (f

—2¢

7\ 2 1
< |A + Blloo || e 0.7 ((g) + 1)5% )l 22077y —— 0. (4.19)
e—0t

By following the same strategy used in (4.19), we can prove that

][ / 5 (Beu(r), (—t + T — £)eW (T — 3))drdt —— 0, (4.20)
e—0

][ (F(1), (=t + T — £)U(T — 3¢))dt —— 0, (4.21)

T—2¢ e—0t

T—¢
][ (F(t), (—t + T — £)eW(T — 3¢))dt —— 0. (4.22)
T—2¢ e—=0F

Thanks to (4.18)—(4.22) we can say that J™ — 0 as ¢ — 0T, and this concludes the proof. O

We can now prove the equivalence result between the viscoelastic dynamic system (3.16)—(3.20) (in the
sense of Definition 3.3) and Dafermos’ Equality (4.3), stated in Proposition 4.3.

Proof of Proposition 4.3. Let u € VP(0,T) be a function with u(0) = 0, and which satisfies (4.3). Let us
consider v € DP(0,T). By Lemma 4.4, the function defined by

pu(t) = /0 Tv(_%df (4.23)
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is well defined and belongs to the space £P(0,T). By taking ¢, as a test function in (4.3) we obtain

- [ @00+ Do [ (4B - [ Lo F Beutrir, e - ) ar

T
5Au@ﬁ—ﬂymw+l<nm«—ﬁwwm% (4.2
since ¢, (0) = 11((% = 0. Notice that v(f) = (t — T)¢,(t) and consequently v(t) = ¢, (t) + (t — )Py (1), by the
definition of ¢, itself. This, together with (4.24), allows us to conclude that u € VP (0, T) satisfies (3.21) for
every v € DP(0,7).
Now we prove that u! coincides with (0). Since the function u satisfies (3.21) for every v € DP(0,T), in
particular, from Remark 3.4, it satisfies the same equality for every v € Eipg 7(0,T). Thanks to Proposition

4.7, the function u satisfies (4.6) for every v € Lipqq (0,T), and therefore for every function in the space
ER0,T) := {v e C>=([0,T);V) : 3L, € n(T), s.t. v(t) =0 for every t € I,,, v(t) € V;° for every t € [0,T]}.

Moreover, if we define ¢, as in (4.23) we have ¢, € EP(0,T), and we can use it as a test function in (4.3)

to deduce
_/OT(u(t),i;(t))dt+/o (A +B)eu(t), ev(t))dt — //

:/<ﬂ»<»w+/<F@,<»w+muw» (4.25)
0 0

By taking the difference between (4.6) and (4.25) we get (u'—(0),v(0)) = 0 for every v € EX(0,T). Since for
every v € V¥ there exists a function v € ER(0, T) such that v(0) = v, we can obtain that (u' —(0),v) =0
for every v € VP, and so u! — 4(0) = 0 as element of (V;”)’. This proves the first part of the proposition.
Vice versa, let u € VP(0,T) be a weak solution in the sense of Definition 3.3. Therefore, u satisfies (3.21)
for every v € DP(0,T), and as we have already shown before, u satisfies (4.6), with u! in place of (0), for
every function v € Lip2 (0,T). Let us consider ¢ € EX(0,T), then v, (t) = (t — T)p(t) € Lip2 (0,T), and so
it can be used as a test function in (4.6). By noticing that v, (t) = ¢(t) + (t — T)¢(t) and v,(0) = —=T'(0)
we obtain the thesis. ]

(1), ev(t))drdt

In view of the previous proposition, it will be enough to prove the existence of a solution to Dafermos’
Equality (4.3). In particular, we shall prove the existence of t, € (0,7] and of a function u € VP(0,y)
such that u(0) = 0, and which satisfies Dafermos’ Equality on the interval [0,%9]. In order to do this, we
use an abstract result due to Lions (see [13, Chapter 3, Theorem 1.1 and Remark 1.2]). We first introduce
the necessary setting. Let X be a Hilbert space and Y C X be a linear subspace, endowed with the scalar
product (+,-)y which makes it a pre-Hilbert space. Suppose that the inclusion of Y in X is a continuous
map, i.e., there exists a positive constant C' such that

Jullx < Cllully for every u e Y. (4.26)
Let us consider a bilinear form B : X x Y — R such that

B(-,¢): X =R  is a linear continuous function on X for every p € Y, (4.27)
B(p,¢) > al¢l|y for every ¢ € Y, for some positive constant c. (4.28)

Now, we can state the aforementioned existence theorem.

Theorem 4.8 (J.L. Lions). Suppose that hypotheses (4.26)—(4.28) are satisfied, and let L : Y — R be a
linear continuous map. Then there exists u € X such that

B(u,¢) = L(p) for every p €Y.

Moreover, the solution u satisfies

Jullx < gsup{lL(w)l Hleplly = 13- (4.29)
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After defining for every a,b € [0,T] with a < b the space
VP (a,b) := {u € VP(a,b) : u(a) = 0},
we can state the following proposition.

Proposition 4.9. There ezists to € (0,T] and a function u € VP (0,ty) which satisfies Dafermos’ Equality
(4.3) on the interval [0,to] for every ¢ € EP(0,t0). Moreover, there exists a positive constant Cy = Cy(tg, A)
such that

lullvo.o) < Co (1fllL2,tosty + IF Nl 0,000 + 1ull]) - (4.30)
Proof. We fix to € (0,T] such that

1 e 1
to < 2C, if 2C, <T (431)
to=1T otherwise.

For simplicity of notation, we denote the spaces VP (0,ty) and EP(0,t) with the symbols V;, and &,
respectively. On the space V,, we take the usual scalar product, instead on the space &, we consider the
following one

(¢, 9)e,, = /O (600, £(1)) + (S(8), (O] + to(¢(0), £(0))  for every b, € &,

and we denote by || - [, the norm associated.
Let us consider the bilinear form B : V;, x &, — R defined by
to
Bl = [ 0600 + ¢ - 1) (00,600 — (4 + Beatt) — [ e~ T Beutriar. e )|
0

and the linear operator L : &, — R represented by

to . to to
L) = to(u ¢(0) + [ (6= t)(Ple) o)+ [P eplt)dr = [ ). o)
Notice that, from these definitions, Dafermos’ Equality (4.3) on the interval [0, to] can be rephrased as follows
B(u,p) = L(p) for every ¢ € &,.

Now we are in the framework of Theorem 4.8, and we want to show that (4.27) and (4.28) are satisfied.
Foremost, we prove the existence of a positive constant « such that

B(p.p) 2 allpl?,  for every ¢ € &

By definition we have

Bloe) = [ 16O+t (600 20) (4 Bieptt) e 0)+ | 5o~ (Ber)e(tar]ar. (432
Now we define
/ -5 eo(T)dr and consequently we have v(t) fego / 52 a ep(T)dr;
then (4.32) can be reworded as
B(p,¢) = /0 0 l(@)II* + (¢ = to) (¢ (1), &(1)) — (A +B)ew(t), ex(t)) + (By(t), e (t))]dt. (4.33)
Thanks to the chain rule and to the symmetry property (3.4), we can write
. s IR = (60, 80), 3 (A +Blep(t) ep(t)) = (A +Bep(t), ep(1))

&(Bw(t), ep(t)) = (BY (1), ep(t)) + (B(t), ep(t)).

By substituting this information in (4.33), we get after some integration by parts

Blee) = [ lelPde+ 5 [0 -t G 1e0Pa =5 [ =0T +Bee(n). o)
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to d to .
+ [ o) OO, cot)dt - [ (- ) BI0),ept)dr
0 0
toy g L[l 1 [P
= eI+ 5 [ @I+ 5 [ (A +Bep(t), ep(t))dt
0 0
to to .
- / (Bib(1), elt))dt / (t — to) (BY (1), e(t))dt
0 0

= Do) + /O et e + %/0 (b + B)ep(t), ex(t)d

to

- / (¢ — t0) (BBY(1), (1)) dt — / (1 — to) BU(1), (1)) — / C(B(r), e(t))dt
0 0 0

=PI + 5 [ 16+ 5 [ (heptt), o)t

to

to . .
3 [ Blep®) ~ (o). colt) - vt + [ o - OB, DN (130
0 0
From the coerciveness in (3.5) and the definition of the V-norm, we have

(Aep(t),ep(t)) = Cullo(®)IF — Callp®)|*  for every t € [0, T). (4.35)

Moreover, since

inequality (4.35) implies

3| (eeo.comiar= [Tl [T s P (4.36)

By (4.34), (4.36), and in view of the choice done in (4.31), we can deduce

2 2
which corresponds to the hypothesis (4.28), with

to . 1—Cato [* Cy [ I
Ble.e) = FIeOIF + =2 [Tjeitar+ G [T lewpar> {min(1CulelR,

1
a=7 min{1,Cy}. (4.37)

We now show the validity of assumption (4.27). We have to prove that for every ¢ € &, the functional
B(-, ) is continuous on Vy,, and that L : &, — R is a linear continuous operator on the space &;,. To this
aim, we fix ¢ € &, and we consider {ug}r C Vy, such that

Vto
Up, ——— U.
k—oco
Therefore
L2(0,t0;V) - . . L%(0,to;H)
U, =up —u———">0 and Uy : =1, — 1 ———>0.

k—o0 k—o0

By using Cauchy-Schwarz’s inequality we get

B(Ur,0)| < / (), ()t + o /

to

I(Uk(t)7¢(t))ldt+to/0 (A + BeU(t), ep(t))ldt

0
to t 1 e
+to / —e 7 |(BeUk(7), e(t))|drdt
o Jo B
<Nkl 2 (0,t0: ) |21 2 0,803 ) + tollUk | 220,105 80) |11 20,105 )

. t o rt )
+ toll+ Bl Ul 200 191 200 + 5 Bl / / (Ur(7), ep(t))|drdt.
(4.38)
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Notice that

1

to ot to t 2 \ 1
/O /0|(€Uk(7)76¢(t))\d7dt§||¢||L2(o,t0;\/)(/o (/O HUk(T)HVdT) dt) < toll@ll £2(0,t0;v) Uk L2 0,0

whence, by considering (4.38), we can say that there exist two positive constants C7; = Ci(p,ty) and
Cy = Co(A, B, tg, B, ) such that

|B(Uk, )| < CullUkll 2 (0,t0:11) + C2| Ukl 20,00, —=0

Now it remains to show that L is a continuous operator on &, and since it is linear it is enough to show its
boundedness. Let ¢ € &, then

L < | [ [0~ (0.0 = = 1) (F0.e00) = (PO )] at| + 10l 10)]. (239
In particular there exists a positive constant C' = C(f, F,to) such that

/O (= 1) (0, 6(0) — (F(8),ep(t)) — (¢ — t0) (E (1), eso(t)

1
2

to .
< ol lizommmlelzom + ([ 16— 1050+ FOIQ) el
0

1
< toll fllr2(0,t0:m leller, + 22 max{to, L F | z10,t0:m0) | €lle,, < Cllele,, - (4.40)

Moreover, we have
1 1
tollu [l (0)]| < tollut Ity > llelle., = t3 lu'lll¢lle, - (4.41)

By applying Theorem 4.8 with X =V, and Y = &, we have the existence of a solution to (4.3) on the
interval [0, to].
Furthermore, we can use (4.29) and (4.37), and by means of (4.39)—(4.41) we obtain (4.30) with

1
maX{Q% max{tg,1},t2}
1 min{1,Cx}

C() =
|

Remark 4.10. At this point, from Remark 4.2 and Propositions 4.3 and 4.9, we can find a weak solution
to the viscoelastic dynamic system (3.16)—(3.20) on the interval [0, to].

Now we want to show that it is possible to find a weak solution on the whole interval [0, T]. Let b, ¢ € [to,T)
be two real numbers such that b < ¢, then we can state the following lemma.

Lemma 4.11. Let u € VP(0,b) be a function which satisfies (3.21) on the interval [0,b], then the following
equality holds

b b b t
@@m@»jéwww@w+é«A+Mwmxwmw—l[ﬁ%“%mwm@wmmm

b b
=Auwwww+%uwmwm% (4.42)
for every v € VP(0,b) such that 1(0) = 0.

Moreover, if u € VP(b,c) is a function which satisfies (3.21) on the interval [b,c|, then the following
equality holds

—(d(b),\lf(b))—/bc(u(t),\il(t))dt—i—/bc((A+IBS)eu(t),e\I/(t))dt—/bc/b %e*%(ﬁeu(f),eqf(t))drdt
- /b ", w)at + /b (P, ew(t)dt, (4.43)

for every ¥ € VP (b, ¢) such that ¥(c) = 0.
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Proof. We begin by proving (4.42). We consider v € VP (0, b) such that 4 (0) = 0, and we define for € € (0, b)
the function
() te[0,b—¢]
velt) = {batw(t) teb—eb.
Since 1. € VP(0,b) and . (0) = 1. (b) = 0, we can use it as a test function in (3.21) to obtain I. + J. = K_,
where
b—e ) . b ) b—e pt 1 _eer
L= /O (alt), () dt + ]gis(u(t),z/)(t))dt + / (A +B)eu(t) - / / So T Beu(r)dr exs(1) )t
b b
J. = —]f_g(b 1) (at), vit))dt +]£_E(b 1) (& + Beu(t / T Beu(r)dr, ew (1)) dt
b—e b
Ko [ a@.e f

—€

b—e

b
o000 [ EOos [ 6o,

0

Thanks to the absolute continuity of Lebesgue’s integral and to Remark 4.6 we get
b

b t
L —— — [ (a(t),d(t)dt + /0 ((a+B)eu(t) - /0 %e*%Beu(r)dT,w(t))dH<u(b),¢(b)>,

e—0t 0
b

b
Jo 0, Ke—— | (f0). o)t + / (F (1), ew(t))dt

e—0t e—0t 0

which concludes the proof of (4.42).
To prove (4.43), it is enough to consider for € € (0, ¢ — b) the function

- {200 <o
g, ]

where ¥ € VP (b, ¢) such that ¥(c) = 0, and to repeat similar argument before performed. O

Taking into account the previous lemma we can state and prove the following proposition.

Proposition 4.12. Let i € VP(0,b) be a weak solution to the viscoelastic dynamic system (3.16)-(3.20) in
the sense of Definition 3.3 on the interval [0,b] which satisfies for some positive constants C the following
estimate

allveo.s) < C (112005 + I1F | mre 0,50y + 1) - (4.44)

Then, for everyl > 1 there exists ¢ € (b, b+ tTO] such that we can extend @ to a function u € VP(0,c) which
is a weak solution on the interval [0,c]. Moreover u satisfies for some positive constants C the following
estimate

lullvo.e) < C (1flz20.:0) + 1 Fllarr 0,0y + Il []) - (4.45)

Proof. We divide the proof into two steps. In the first one, we show how to extend the solution. After this,
in the second step, we prove (4.45). We firstly choose b € (b — % ,b) in such a way that

20°
e 4(b) € V and

b
I < £ laias (1.46)
—ar
e bisa Lebesgue’s point for @, that is
l;+6 . . A
lim |lu(t) — u(b)||dt = 0, (4.47)
e—=01 Jj

and a(b) € H satisfies

b
(Ol S]{ . la@)*dt. (4.48)

20
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Notice that (4.46)—(4.48) are possible because @ € V(0,b).
Step 1. Since @ is a weak solution on the interval [0, b], then

0 0

b b
—/ (Gi(t), ())dt+/ (A + B)eir(t), ev(t dt—/o /0 5 (Beii(r), ev(t))drdt
b b
— [+ [ (Fo. o)
0 0

for every v € VP(0,b) such that v(0) = v(b) = 0, and moreover @ satisfies

_ 1 _
751_1)161+ lat)]| =0  and th%l+ it(t) — u vy = 0. (4.49)

We define the function G € H* (b, 13—1— to. (79) in the following way

/fe_f;Beu (r)dr.

a(b) € V, and u(b) € H, we can apply Remark 4.2, Propositions 4.3 and 4.9 on the interval
] to find a function @ € VP (b, b + L) which satisfies, for every v € VP(b,b + L) such that
v(b) = v(b+ L) =0, the following equality

b+ . b+ bt p _tor _
_/13 (u(t), v(t ))dt—i—/b ((A +B)eu(t), ev(t))dt —/ / (Beu(r), ev(t))drdt

b+ 0 b+
= [ oo [ G e
b b

and also the following limits

tim () — a(B)]| = 0. lim [i(t) = )l vy =0. (4.50)

t—bt —bt

Notice that the initial data @(b) and i(b) are well defined because @ € C°([0,b]; H) and i € C°([0, b]; (VL)').
Now we define the function

(4.51)

and we claim that it is a weak solution on the interval [0, b+ tTO] Notice that, since b > b— tz—‘; then b+ tTO > b.
To prove this, let us fix ¢ € DP(0, b+ tTD) Clearly ¢ € VP (0, 5) and 1(0) = 0, and since @ is a weak solution
on [0,b], we can use (4.42) of Lemma 4.11 to get

b
w®w@»<émwwww+/<m+mW eu(t) w—//° 5 (Beu(r)dr, ex(t))dt
:/aﬂxw»m+/<<xwo>. (4.52)
0 0

Moreover, ¢ € VP (b, b + L) and (b + L) = 0, and since @ is a weak solution on [b,b + + ], by (4.43) of
Lemma 4.11 we obtain

2 tg

o b+to b+
(b, b(B)) / (M)MD&+A (A + Beu(t), e(t))dt

bt . b+ b+t
-/ /4£[ Beutraren®)it = [ @00+ [ (GO

that is

T etp
4mwwwfé <memw+é (A + B)eu(t), e (t))dt
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bt . b+ b+
[ [ e T metnan e = [ sowoas [ 0w
b b
(4.53)
From (4.47) and (4.50), by summing (4.52) and (4.53), we obtain the following equality
btto b+t b+t
—/0 (u(t), (t ))dt—}—/o ((A+B)eu(t), er(t) dt—/ / T (Beu(r), ewb(t))drdt
bt to bt to
- [ [ E0,evm)a (4.54)
0 0

By setting ¢ := b+ tTO we have that the function w defined in (4.51) is a weak solution to the viscoelastic
dynamic system (3.16)—(3.20) in the sense of Definition 3.3 on the interval [0, ], since it satisfies (4.49) and
(4.54).

Step 2. Now, we want to prove (4.45). We can write

lalBoo.ey = 1l .5y + 11250y < Nl + 11l (4.55)

Notice that @ — @(b) € VP (b, c) is a function which satisfies Dafermos’ Equality (4.3) on the interval [b, ¢]
with the right-hand side equal to

to(t(b), p(0)) — /;(t —to) [(f(t), () + (G(t) — Aei(b) — ef%Bea(?)), egb(t))]dt for every ¢ € EP (b, ¢).

Therefore, by following the estimates in (4.39)(4.41), we can apply (4.29) of Theorem 4.8, with X = VP (b, ¢)
and Y = EP (b, ¢), to obtain the existence of a positive constant K = K (to, A) such that

s P .o
la = @)y < K1 oy + 16 — AciiB) — e~ 7 Bei(B) |l 5. curay + 5B (4.56)

Now notice that

1 b - 1
B2 1 1 SEEL IR
1G5y < IF sy + (5) " (1 5)IBlse ([ gre™ 7 dr) Ml ooy

1
< Pl gy + 5 (1 5) Blleclilho (457)
and
s . to\ 3 o .
() + e~ T Bea®)l s icrs) < [(2) 1Al + Bloclle™ 7 7150 GBIV

<[(2) b+ (3)° (14 B Ev. (059

Taking into account the information provided by (4.46)—(4.48), we can use estimates (4.56)—(4.58) to deduce
the existence of a positive constant C' = C(to,[, A, B, 3) such that

||17’“V(l;,c) < C(llf”Lz(l;,c,H) + ||F||H1(E,C;Hg) + ||a||V(0,b)) (459)
By (4.44), (4.55), and (4.59) we obtain the final estimate (4.45). O
Now we are in position to prove the main theorem of this section.

Proof of Theorem j.1. Let us consider ug € VP(0,t) a weak solution to the viscoelastic dynamic system
(3.16)—(3.20) in the sense of Definition 3.3 on the interval [0, %], whose existence is guaranteed by Remark
4.10. Moreover, ug satisfies (4.30). By applying a finite number of times Proposition 4.12 with I = 1 we can
extend ug to @ € VP(0,b) which is a weak solution on the interval [0,b], where T — b < t;. Now we select
b e (T —to,b) in such a way (4.46)—(4.48) are satisfied on the interval [T — to,b]. By choosing | = ﬁ >1,
since b + L =T, taking into account Proposition 4.12 we can extend @ to a function u € V?(0,T) which is

a weak solution to the viscoelastic dynamic system (3.16)—(3.20) on the interval [0, 7]. Moreover u satisfies
(4.45) on [0,T]. Finally, by applying Remark 4.2 we get the thesis. O
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5. EXISTENCE: A COUPLED SYSTEM EQUIVALENT TO THE VISCOELASTIC DYNAMIC SYSTEM

In this section, we illustrate a second method to find solutions to the viscoelastic dynamic system (3.16)—
(3.20) according to Definition 3.3. This method is based on a minimizing movement approach deriving from
the theory of gradient flows, and it is a classical tool used to prove the existence of solutions in the context
of fractures, see, e.g., [4], [7], [9]. By means of this method, we are also able to provide an energy-dissipation
inequality satisfied by the solution, and consequently, thanks to this inequality, we prove that such a solution
satisfies the initial conditions (3.20) in a stronger sense than the one stated in (3.22).

To this aim, let us define the following coupled system

{u(t) —div(Aeu(t)) — div(B(eu(t) — w(t))) = f(t) — div(F(¢t) — efﬁlﬁﬁwo) in Q\T'y, t € (0,7T), (5.1)

Bur(t) + w(t) = eu(t)

with the following boundary and initial conditions
u(t) = 2(t) on 0pQ), te (0,7), (5.2)
[Aeu(t) + B(eu(t) — w(t))|lv = (F(t) — eféBwO)I/ on OnQY, te€(0,7), (5.3)
[Aeu(t) + Bleu(t) — w(t))]v = (F(t) —e #Buw’)y  onTy, te(0,7), (5.4)
u(0) =u’,  w(0) =w’ w0)=u, (5.5)

where w® € HY. Also in this case, the strong formulation of the coupled system (5.1)—(5.5) is only formal.

By setting
V:=v(0,7), V’:=VP0,T), DP:=D"0,7),
we give the following definition.

Definition 5.1. We say that (u,w) € V x HY(0,T; HY) is a weak solution to the coupled system (5.1)—(5.5)
if the following conditions hold:

o u—z¢e VP and

T T T
- / (alt), ¢(1))dt + / (Aeu(t), ep(t))dt + / (Bleu(t) — w(t)), ep(t))dt
0 0 0
T T T .
= [ s+ [ Fo.cowi- [ i @ateomian 6o
0 0 0

for every ¢ € DP;
e fora.e. t € (0,7)
o(t t) = t
i) + w(t) = eutt) .
w(0) =w
where the equalities are to be understood in the sense of the Hilbert space HY;
e the initial conditions (3.22) are satisfied.
The following result proves that the new problem is equivalent to the first one.
Theorem 5.2. The viscoelastic dynamic system (3.16)—(3.20) is equivalent to the coupled system (5.1)—(5.5).

Proof. Let us consider a weak solution (u,w) € V x H*(0,T; H%) to the coupled system (5.1)—(5.5) according
to Definition 5.1. In view of the theory of ordinary differential equations valued in Hilbert spaces, by (5.7)

we can write
t

w(t) T+ / 7)dr for every t € [0,T]. (5.8)

Moreover, by definition u — 2 € VP and (5.6) holds for every ¢ € DP. By substituting (5.8) in (5.6) we
obtain

— Tu ? ' eu(t) — tle_t% eu(r)dr, e - Te_f% w’, e
| et [ (@ Beut) - [ o T Beutriarepn)at - [ e Bl eo(o)ar
T T T .
= [ Garetnars [ Fanesma - [ et @l epo)
0 0 0
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Therefore, since, again by definition, (3.22) holds, u is a weak solution to the viscoelastic dynamic system
(3.16)—(3.20) in the sense of Definition 3.3.

Vice versa, if we consider a solution u € V to the viscoelastic dynamic system (3.16)—(3.20), then u—z € VP
and

T ) . T T t 1 7%
_ /0 (a(t), 5(t))dt + /0 (A + B)eu(t), ep(t))dt — /0 /O o F (Beu(r).e(t)drdt
~ [ Uit [ Foepo 69
0 0

for every ¢ € DP. Let w® € HZ and let w be the function defined in (5.8). It is easy to see that
w € HY(0,T; H?) and by summing to both hand sides of (5.9) the term

T
- / e F (Bw?, e(t))dt,
0

we get (5.6). This, together with (3.22), shows that (u,w) € V x H'(0,T; H?) is a weak solution to the
coupled system (5.1)—(5.5) in the sense of Definition 5.1. The proof is then complete. O

Now we are in position to state the main result of this section.

Theorem 5.3. There exists a weak solution (u,w) € V x HY(0,T; HY) to the coupled system (5.1)—~(5.5)
according to Definition 5.1. Moreover, u € CO([0,T); V), w € C2([0,T]; H) N H(0,T; (V{)'), and

lim u(t) =u® in V. and lim a(t) =u' in H.
t—0+t t—0+t

The proof of this result will be given at the end of this section.
5.1. Discretization in time. In this subsection we prove Theorem 5.3 by means of a time discretization

scheme in the same spirit of [7].
Let us fix n € N and set

T
= —, ud =10 uti=u® -t wdi=w’, FYi=F(0), hY:=Buw’. (5.10)
n
We define
VE=vh 28 = 2(kr,) for k=0,...,n,

kTn
FY .= F(kr,), hF:.= efk%IBﬁwo, rk ::][ f(r)ydr fork=1,...,n.
(k_l)"'n

For k= 1,...,n let (uf wk) be the minimizer in V¥ x HY of the functional

1 1 1
(u, w) == |ju — 2uF~1 +uf72)2 ¢ §(Aeu, eu) + i(IB%(eu —w),eu —w)

2 n
275

+ = (Bw — wEY), w — wEY) — (%, u) — (FF — bk ew). (5.11)

Using the coerciveness (3.5), it is easy to see that the functional in (5.11) is convex and bounded from below
by
L i {71 C . & }(” I3 + llwl®) - Cx
min Br(llulli + |lw
4 27_7%7 Ay 7_7% B no

for a suitable positive constant C*. The existence of a minimizer then follows from the lower semicontinuity
of the functional with respect to the strong (and hence to the weak) convergence in V¥ x HZ.
To simplify the exposition, for k = 0,...,n we define

ko, k-1 k k-1
suk = Yn " Un S2uk = duy — duyy
uk = uk = .

and (5.12)

Tn Tn

The Euler equation for (5.11) gives
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for every (p,v) € VF x H?, where dw¥ is defined for every k = 1,...,n as in (5.12), and du® = u! by (5.10).
Notice that by choosing as a test function the pair (¢,0) with p € V¥, we get

((SQU'Z’ 90) + (A + B)euﬁ - ngﬂ ep) = ( r’f? ¢) + (Frlzg - hfw ep),

which is a discrete-in-time approximation of (5.6). On the other hand, if we use as a test function in (5.13)
the pair (0,1) with ¢ € HZ, we have

(ﬁéwﬁ + U)Z - euﬁvw) =0,

whence Bdwk + wk — euf = 0 (as element of H?), which is an approximation in time of (5.7).
In the next lemma we show an estimate for the family {(u¥,w¥)}%_,, which is uniform with respect to n,
and it will be used later to pass to the limit in the discrete equation (5.13).

Lemma 5.4. There exists a positive constant C, independent of n, such that
i i i 12 < )
s, 5w+ e+ s o+ 3| < © (5.14)
Proof. To simplify our computations, we define the following two bilinear symmetric forms
a:(VxHYx(VxH) =R b:HEx HY - R
a((u, w), (p,)) == (Aeu, ep) + (B(eu — w),ep — 1), b(w, ) := B(Bw, ).

Thanks to (3.5) we have that a((p, ), (p,%)) > 0 and b(1p,1)) > 0 for every ¢ € V and v € He. Now we
set wk = (uF,wk) for k = 0,...,n, and we take (p,) = 7, (ul — §2% wk) € VF x H? as a test function
in (5.13), where 620 := 2(0) and 6z is defined as in (5.12). Therefore, we obtain

8w l|* = (™", dupy) — 7 (6%uy, 525) + a(wy, wi) — alwy ™" wp) = Taa(wy, (023, 0)) + Tb(dwy, dwy)

= 7o (fF, oul — 628) + 1 (FF edul — e62F) — 7, (hE edul — edzF). (5.15)

By means of the following identities

1 1 72
[Sull? — (Su ™", 6ur) = ZISupll® — S6ul™|* + 2 6%k |2,

1 1
G(Wﬁawﬁ) - a(wﬁ_lvwﬁ) = §G(W§7w§) - 5&(&)2_17&)2_1) + %a(éwfw 6"‘}5)7
from (5.15) we infer
1 1 1 1
S — L 4 Lok ) — Salul T whT) + mablowh, suf) < mWE, (516
where
Wk = (f* oul —62F) + (FF, esul — ed2F) — (hE edul — ed2F) + (6%uF, 62F) + a(wF, (62F,0)).
We fixi € {1,...,n} and we sum in (5.16) over k = 1, ..., to obtain the following discrete energy inequality
. . i i
iH(Su;HQ + ia(w;,w;) + ZTnb((Swﬁ, Swk) < & + ZTanf, (5.17)
k=1 k=1
where

1 1 1
& = §||u1H2 + i(AeuO, eu®) + i(B(euO —w?), eu’® —w?).

Let us now estimate the right-hand side of (5.17) from above. By means of Cauchy-Schwarz and Young’s
inequalities we can write

i 1 1
‘ ZTn( 5»5%]3 - 525) < ||f||%2(0,T;H) + §HZ||2L2(0,T;H) + 5 ZTanSUfL”Qa (5.18)
k=1 k=1

|5 rh, 555)
k=1

1~ _2em 1< T 1.
<3 ZTne 7 |IBuw’ | + 3 ZTnH(szrkLHz < §||]B%w0||2 + §||Z||%2(O,T;H)7 (5.19)
k=1 k=1
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1< 1¢
k k12 k2
\Z%Fe&.ﬁgpww+2;mam

. 1
< TIFO)* + T Fll72 0.7, ma) + QHZH%?(O,T;V)v (5.20)

1 i 1 % i
1A% > Tallews|® + 5Bl D malleus —wil® + ) Talledz)|
k=1 k=1 k=1

IN

’ZTn ,(62F O))’

IN

1 i % .
SUAIL + IBIZ) [ Y mallewsl® + 3 malleut = whl?] + 1213z ry - (5:21)
k=1 k=1

Notice that the following discrete integrations by parts hold

i

ZTn (62uk, 628) = (6ul), 621) — (6ul,620) — Z T (Sul=1 6227, (5.22)
k=1

ZTn (RE edul) = (hi eul) — (RS, eul) — ZTn((ShfL, euf=1), (5.23)

ZTn(F,’f,e(Squ) = (F',eut) — (FY eu’ ZTn (SFF, eul=1), (5.24)

where 0h¥, 6FF and 622F are defined as in (5.12). By (5.22) and

ZTnIIM’“ H? = ZTnIIMnH2 < Tl + ZTnHéunll2 (5.25)

we can write for every e; > 0

’ZTn 52uk 52

1 ; €1 ; . : _
?1”522”2 + 5”5“2”2 Hut 2O+ malldu 11672

< ey + 123 a 0 + = H5 nll? + ZTnHMfLHQ’ (5.26)

where C., is a positive constant depending on ;. Thanks to (5.23) and to (5.25) (applied to eu®~! in place
of 6uk~1) we have for every g5 > 0

i 1 4 . , i
‘ > ra(h,eduf)| < gllhél\2 + gl\euzll2 + (e |[[|Buw | + > 7 ISkl [lews ™|
= k=1

1

<Ce, + %HBwOII2 + 2 leu|I® + Z:Tnl\eunll2 (5.27)

where C¢, is a positive constant depending on €5. Moreover, notice that
= Z Taoul +u°,
k=1
hence by means of the discrete Holder’s inequality
7 [ 1
i | < - mllgull + 0 < T3 (D0 malldul 2) + 1]l (5.28)

k=1 k=1

By (5.24), (5.25) (applied again to eu®~! in place of uf~1), and (5.28) we get for every e3 > 0

\ZTn Fi,eduf)| < o IFLIE + Zleat |+ | F(0 el + 3 rlSEE e
k=1 k=1
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€3, 1, 1<
<Ce + §||€Un\|2 + iHFHiQ(O,T;H;?) T3 ZTnHequHQa (5.29)
k=1

where C,, is a positive constant depending on e3.
Now we consider (5.17)~(5.29). By choosing &1 = 1, e = &3 = % and using (3.4) and (3.5) we obtain
the existence of two positive constants C; and C5 such that

1. Cyp. Cy . . i
1||5U2||2 + TH@UZHQ + 7H6U2 —wh|? + BCs ZTnHWfLHQ

k=1
7 k
<C1+ G > [0l 2+ leul | + flewt — wh| + 3 mllowk 2] (5.30)
k=1 =1
By defining
7
by = 0wt |2 + llewh |2 + flews, — wh | + > rallwk]?,
k=1

from (5.30) we can derive
i
al, <Cr+Cy Y mal,
k=1

for two positive constants C, and Co. Taking into account a discrete version of Gronwall’s lemma (see, e.g.,
[1, Lemma 3.2.4]) we deduce that o, is bounded by a positive constant C* independent of ¢ and n; i.e.

i
[0l 1% + |leul, || + |leut, — wh||* + E:Tn||(5w,’§||2 <C* for every i = 1,...,n and for every n € N.
k=1
Therefore

i
ll6ul |12 + llewd |2 + [|ws ||? + ZTnHJwﬁHQ <3C* for every i = 1,...,n and for every n € N,
k=1
and this concludes the proof. (]
We now want to pass to the limit into the discrete equation (5.13) to obtain a solution to the coupled

system (5.1)—(5.5) according to Definition 5.1. We start by defining the following interpolation sequences of
our limit solution

Up (t) = ul + (t — krp)oul, G (t) = 6uf + (t — kr)0%ut  te[(k— D, k], k=1,...,n,
ul(t) == u®, af(t) == oul te (k=D km], k=1,...,n,
u, (t) == w1 U, (t) := oul~! te[(k—Drn,km), k=1,...,n,

and the same approximations wy,,w; ,w, for the function w. By using this notation, we can state the
following convergence lemma.

Lemma 5.5. There exists (u,w) € V x H'(0,T; HY), with u — z € VP, such that, up to a not relabeled
subsequence, we have

200 7.
4+ L7(0,1T;V) u

H'(0,T;H) _4 L*(0,TH) .
—u U, —————=1U 5.31
" pooo ’ " nooo ’ " posoo ’ ( )
H'(0,T;HY) 4+ L*(0,T;HY)
n—oo n—oo

Proof. Thanks to Lemma 5.4 the sequences

{up}n € HY0,T; H) N L>®(0,T; V),
{uf}, c L=(0,T;V),
{af}n, C L>®(0,T; H),

{wp}n € HY0,T; HY) N L*(0,T; HY),
{wF}, € L>(0,T; HY),
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are uniformly bounded. Indeed, by means of (5.14) and (5.28) there exists a positive constant C such that
||ué,|lyy < C for every n € N and i = 1,..,n, and therefore

l[tn | Loe 0,77y < max sup | (1—k+t7n_1) u,’fb—i— (k—tTn_l) u’;_lﬂv < 2C.
kE=1,.n 4e[(k—1)7p,k7n]

By Banach-Alaoglu’s Theorem there exist some functions
we HY0,T;H), we HY (0, T;HY), v, € L*0,T;V), wy € L*0,T;HY)

such that, up to a not relabeled sequence, we have

L2(0,T;V) . L*(0,T;H) . L2(0,T;V)
Up ——— U, Uy —— U, + — Sy, (5.33)
n—o0 n—oo n—oo
L*(0,T;HY) . L*THY) L*(0,T;H)
Wy, ————— W, Wy —————= 1), w;f — . (5.34)
n—oo n—oo n—oo

Since there exists a positive constant C' such that

lun =y o< 0,750 < Cin — 0, flwp —wy il Lo 0,1 m8) < OTop —— 0, (5.35)

n—r oo

by using (5.33), (5.34) and triangle inequality, we can conclude that © = v; and w = vs.
Moreover, given that

u, (t) = u:(t—Tn)7 w, (t) = w, Tt —71,) forte(r,,T),
a, (t) = a, (t — 1), for t € (1,,,T),
af(t) = 1n(t), for a.e. t € (0,7),

with (5.35) and the continuity of the translations in L? we deduce that
_ L*(0,T;V) -+ L?(0,T:H) . _ L%*(0,T;H%)
— Ly, 4 ——=g, w, ————>w

) )
n n—oo n n—oo n n—oo

Now let us check that uw € V. To this aim, we define the following sets
Vi={ueL?*0,T;V):u(t) € V; forae. t e (0,T)} c L*0,T;V),
VP = {ueV:u(t) e VP for ae. t € (0,T)} c L*(0,T; V).
Notice that V is a (strong) closed convex subset of L2(0,T;V), and so by Hahn-Banach Theorem the set V

is weakly closed. In the same way we can prove that VP is also a weakly closed set. Notice that {ug }n C V,
indeed

u, () =ut"t e Vik—=1yr, C Vi fort € [(k— 1)1, k7)), k=1,...,n.

. L*(0,1;V L*(0,T;H
Since u;, ( ) u, we conclude that u € V. Moreover at LCIEIN @ and so @ € L*(0,T; H), from
n—oo n— oo

which we have v € V. Finally, to show that © — z € VP we observe that
uy (1) —z, (1) =ub™t =2t e vl c VP fort € [(k— V), kr), k=1,...,n
therefore {u;; — 2z}, C VP. Since
_ L*(0,T;V) _ L*(0,T;V)
un n—oo u’ Z" n—oo Z7

we get u — z € VP, This concludes the proof. O

With the next lemma we show that the limit identified by Lemma 5.5 is actually a weak solution to the
coupled system (5.1)—(5.5) according to Definition 5.1.
Lemma 5.6. The limit pair (u,w) € V x HY(0,T; HY) of Lemma 5.5 satisfies (5.6) and (5.7).
Proof. We fix n € N and the functions ¢ € DP and v € C°(0,T; HY). We consider the following piecewise-
constant approximating sequences

o = (p(krn) Yk = (k) for k=0,...,n,
k—1

k k 1

Tn Tn

(5902:: fork=1,...,n,
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and the approximating sequences
w() P, O (t) = ok te((k— D7, kr), k=1,...,n

If we use 7, (¢k,0) € VF x H? as a test function in (5.13), after summing over k = 1,...,n, we get

> Ta(d%up, k) +Zn (A +B)ew, —Buy, e0})

k=1
=) Tl k) + Z W(FR egh) = > Ta(hE egl). (5.36)
k=1 k=1 k=1
Since 2 = " = 0 we obtain
n n n n—1 n—1
D Ta(Bup, oh) = (ul, o) = > (GuE T k) = (duk, of) = > (duk, okt
k=1 k=1 k=1 k=0 k=0
n—1 T
= =3 (0l Gkt = Zm saeh) = [ 0.5 o),
k=0 0

and from (5.36) we deduce
T T
- / (a5 (1), 7 (1)t + / (A + Beus (1) — Bui (1), e (1))dt

T T T
= [ wraeioer [E et [ oioeiman 630
0 0 0
Thanks to (5.31), (5.32), and the convergences

+ L2(0,15V) -4 L?(0,T;H)
n n—oo0 ’ n n—soo

we can pass to the limit in (5.37), and we get that u € V satisfies (5.6) for every function ¢ € DP.
If we use 7,(0,9F) € V¥ x H? as a test function in (5.13), we have

(BowE +wk — euk yF) =0,
which corresponds to
(B, () +wl (t) — ewS (t),9;F (1)) = te((k—1m, k], k=1,...,n.
Therefore, for every (a,b) C (0,T), from (5.31) and (5.32)7 we can write
b b
0= Jim f (Bua(6) + 0 (0) = ewf (0 (0)dt = f (500 +w(t) — eul®) v (539)
Now we pass to the limit in (5.38) as a — b and we obtain
(Bw(b) + w(b) — eu(b),(b)) =0 for every b € [0, 7.

Given that, fixed b € (0,7T) for every p € H? there exists ¥p(t) :== (t +1—b)p € H'(0,T; H?) such that
¥p(b) = p, we can say that for a.e. ¢t € (0,7) we have Su(t) + w(t) — eu(t) = 0 in HZ. Finally, since
wy, (0) = w°, taking into account (5.32) we can conclude that w(0) = w°. O

It remains to show that the limit previously found assumes the initial data in the sense of (3.22). Before
doing this, let us recall the following result, whose proof can be found for example in [10].

Lemma 5.7. Let X,Y be reflexive Banach spaces such that X <Y continuously. Then
L¥(0, 75 X) N Cy([0,T];Y) = € ([0, T]; X).

Proposition 5.8. The limit pair (u,w) € V x H*(0,T; HY) of Lemma 5.5 is a weak solution to the coupled
system (5.1)~(5.5). Moreover, u € C9([0,T); V), w € CO([0,T); H) and it admits a distributional derivative
in the space L*(0,T; (VP)").
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Proof. From the discrete equation (5.13) we deduce
(8%, )| < [[Allooleun | + Blloo leus, — wiill + BIIBlloo ldws | + [L£3 1+ 1] + A2,
for every (p,1) € V® x H? C V¥ x H? such that [(e:¥)lvx e < 1. Therefore, taking the supremum over
(p,%) € VP x H? with (0, ¥)lvxzra < 1, we obtain the existence of a positive constant C” such that
16%upl[Eypy < C"(llewnll® + llewy, — wrll® + 8wy l® + £ l* + [ Fx 1> + A5 ]2).
By multiplying this inequality by 7,, and then by summing over &k = 1,...,n, we get

n n n n
> mll®ub|Zp) < c’(z allel |2+ 3" ralleut — whl|? + 37 mllowk |2 + c) (5.39)
k=1 k=1 k=1 k=1

where
C" = 720,00 + 1F 320 7,70y + T1Bu|1?.

Thanks to (5.39) and Lemma 5.4 we conclude that there exists a positive constant C, which does not depend
on n, such that

ZTnn(s?quH?VOD), <C. (5.40)
k=1
In particular {i, }, € H'(0,T; (V)) is uniformly bounded (notice that i, (t) = 6>u¥ for t € ((k—1)7,, k7y,)
and k = 1,...,n). Hence, up to extracting a further (not relabeled) subsequence from the one of Lemma
5.5, we have
1 . D7
o OTEEN (5.41)

n—oo

and by using the following estimate

i = @317z 0,7 vpy) < CTn 75 O

we conclude that v = .
Since H(0,T; (VP)") — C°([0,T], (VP)"), by using Lemma 5.5 and Lemma 5.7 we deduce that the limit
pair (u,w) € V x HY(0,T; HY) satisfies

uwe CY([0,T;V) and u e CY([0,T]; H).
By (5.31) and (5.41) we then obtain

Dy
U, () # u(t) and @, (t) % a(t) for every t € [0,T], (5.42)

so that u(0) = u° and 4(0) = u!, since u,(0) = u° and ,(0) = u'. By Lemma 5.6 we get the thesis. O

5.2. Energy Estimate. In this subsection, we prove an energy-dissipation inequality which holds for the
weak solution (u,w) € V x HY(0,T; H?) to the coupled system (5.1)-(5.5), provided by Lemma 5.5. Thanks
to this, we are able to show the validity of the initial conditions in a stronger sense. The energy-dissipation
inequality give us a relation among the mechanical energy, defined by the sum of kinetic and elastic energy,
the dissipation and the total work exerted by external forces and by the boundary conditions. Therefore, let
us define the total energy as

Sunlt) = A7 + 5 (Aeut), eu(s)) + 5 (Bleu(t) — w(t)), eu(t) — w(t)). (5.4

Notice that &, ., (t) is well defined for every time t € [0, 7] since u € C9([0,T]; V), & € C2([0,T]; H) and
w e CO[0,T); HY), and that

1 1 1
Euw(0) = §||u1||2 + §(Aeu0, eu®) + i(B(euo —w?), eu’ — w?).

The dissipation, on the interval [0,¢], is defined by

Dult) = B / (Bao(r), i (r))dr, (5.44)
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and the total work is given by
Wior(t) : = /0 [(f(7),a(r) = 2(7)) = (E(7), eu(r) = ez(7)) + (A + B)eu(r) — Buw(r), ez(r))]d7
- /0 (a(r), 2(r))dr + (a(t), (1)) — (u', 2(0)) + (F(t), eu(t) — ez(t)) — (F(0), eu’ — ez(0))

+ /0 {efg(IB%wO,eé(T)) - %efﬁ(Bwo, eu(T))} dr — efé(IB%wO,eu(t)) + (Bw?, eu®). (5.45)

Remark 5.9. From the classical point of view, the total work on the solution (u,w) at time ¢ € [0,7] is
given by

Yo (t) = yﬂload(t) + %dry (t)7 (546)
where #joq4(t) is the work on the solution at time ¢ € [0,7] due to the loading term, which is defined as

Wioad(t) ::/0 (f(r),u(r))dr Jr/o (div(e_%]B%wO — F(7)),u(r))dr, (5.47)

and #pary(t) is the work on the solution at time ¢ € [0,7] due to the varying boundary conditions, which
one expects to be equal to

Vﬂbdw(t)::/o ((F+(T)—e*%ng)y,u(T))m(n)dw/o (F(7) — e FBu® Ju, il(r)) L2r, A7

+/0 ((F(T)76_%1311)0)1/,’[1,(7'))1{1\7(17'4»/0 (((A +B)eu(r) — Bw(r))v, 2(7)) go dr,

where F (t), w9 and F_(t), w® are the traces of F(t) and w", respectively, from above and below on T';.
Unfortunately, #joqa(t) and #pary(t) are not well defined under our assumptions on u, F', and w®. However,

if we suppose more regularity, i.e.,
we H'(0,T; H*(OQ\I;RY)NH?(0,T; H), we HY(0,T; H'(Q\T;RL<S))),  F e H'(0,T; H (Q\;RES)),

sym sym

w® € Vp, and that I' is a smooth manifold, then we can deduce from (5.6), (5.7), and (3.22) that the pair
(u,w) satisfies
i(t) — div(Aeu(t)) — div(B(eu(t) — w(t))) = f(t) +div(e” "Bu® — F(t)) in Q\Ty, te (0,T),
{ﬁw(t) +w(t) —eu(t) =0
with boundary and initial conditions

u(t) = 2(t) on dpQ), te€

(5.48)

(
F_(t)—e "Bu’]y  onTy, te

In this case, (A +B)eu —w)v € L*(0,T; HP) and by using (5.48), together with the divergence theorem
and the integration by parts formula, we deduce

/ (((A +B)eu(r) — Bw(r))v, 2(7)) godr = / ((A +B)eu(r) — Bw(r), ez(r))dr

0 0
+ /0 [(div((A + B)eu(r) — Bu(r)), 2(7)) + (e~ Bu® — F(r))w, 4(7)) g~ | dr
+/O [((e7FBuwS — F(r))v, (7)) rar,) + (67 FBw®. — F_(7))w, 4(7)) 12, dr

- /O [((A + B)eu(r) — Bu(r), e2(r)) + (¢ FBu® — F(r))w, 2(r)) v ] dr
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+ /Ot [(ii(7), 2(7)) = (F(7), 2(7)) + (div F(7), (7)) — e (div(Buw"), (7)) ] dr
+ /Ot [(e7FBuS — Py (), (7)) e, + (7 FBu = FL (7)), (7)) r2(r,) | dr

= /Ot (A + B)eu(r) — Bu(r),ez(r)) + ((e” FBu® — F(1))v, (7)) v | dr + (a(t), £(t)) — (u', (0)
- /Ot [(i(r), 2(7)) + (F(7), £(7)) = (div F(7), (7)) + e~ 5 (div(Bu"), (7)) ] dr

+ /0 [((e™FBwY — Fy (1), (7)) 2,y + (e FBw®. — F_ (7)), (7)) 2, dr. (5.49)

From (5.49) and the definition of #44r,, we have
Whary(t) = / [(A+B)eu(r) — Bu(r), () + (F(7) — ¢ FBw’)v,5(r) — (7)) g | dr
- / [((r), 2(7)) + (F(7), 2(7)) = (div(F(7) — e~ FBu’), 2(7))] dr — (u', 2(0)) + (u(t), £(t))

t
+/ (P (r) — e FBw v, i(r) — (1)) rar,) + (F-(7) — e B Buw® v, i(7) — £(7)) pa(r. | dr.
0
(5.50)
Taking into account (5.47) and (5.50), the classical work (5.46) can be written as

We(t) = /0 t [(f(7),0(r) = 2(7)) + (A + B)eu(r) — Bw(r), e4(r))] dr

- /Ot(u(f), E(r))dr + (), (1) — (u', £(0))
+ /Ot [(Fy(7) = e B Buw v, i(r) = 2(7)) 2,y + (F-(7) — e B Bu v, i(7) = 2(7)) 2,y | dr
- /Ot [(div(F(r) — e FBu’), i(r) — (7)) — (F(7) — e 5Bu®)v,1i(r) — () g~ dr

= /Ot [(f(7),i(r) = 2(7)) + (A + B)eu(r) — Buw(r), e2(r))] dr
+ /Ot [(F(r) — e FBu®, ei(r) — e2(r)) — (u(r), £(r))] d7 + (alt), 2(t)) — (u", £(0))

— / t [(F(r),i(r) = (7)) + (& + B)eu(r) — Bu(r), (7)) + e~ 7 (Bu®, ez(r))] dr
- /Ot(a(T), E(r))dr + (), (1)) — (u', £(0))

/ t(F(T) eu(r) = ez(7))dT + (F (1), eu(t) — ez(t)) — (F(0),eu’ — ez(0))

/—e 5 (Bw®, eu(r))dr + (Buw®, 6u0)—e_%(Ew0,eu(t)).

Therefore, the definition of total work given in (5.45) is coherent with the classical one (5.46).

Now we are in position to prove the energy-dissipation inequality before mentioned. For convenience of
t
notation we set h(t) := e~ 5 Buw.
Theorem 5.10. The weak solution (u,w) € V x HY(0,T; H%) to the coupled system (5.1)~(5.5), given by
Lemma 5.5, satisfies for every t € [0,T] the following energy-dissipation inequality

Euw(t) + Duw(t) < Euw(0) + #iot (1), (5.51)
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where &y, Duw, and Wi are defined in (5.43), (5.44), and (5.45), respectively.

Proof. Fixed t € (0,T1], for every n € N there exists a unique j € {1,...,n} such that t € ((j — 1)1, j7n]. In
particular, denoting by [x] the superior integer part of the number z, it reads as

jomy = | 1.

Tn

After setting t,, := j7,, we can rewrite (5.17) as follows

SIGE O + 5 (Aeus (1), euf (5) + 5 (Blews (6) — wi (6), eus (1) — wi (1)

+ 8 /O " (Bui (), i (7)) dT < Eu(0) + HLH(E),  (5.52)

W (t) = /0 )5 () — Z5(m) + (EF (), et (7) — €55 () + (i (7). 55 (7))dr

+ /0 " [(A+ B)ewt (r) — Buyf (1), e55(r) — (b (7). eiif (r) — e3; (7)) dr.

Thanks to (5.14) and (5.40), we have

o (t) = wif (D2 = llewd + (¢ — jra)oud, — wi | < 7210k > < Cr ——0,

ln(t) = (B)] = lluh, + (¢ = )00, — ]| < Tall§ud || < O —— 0,
- 4 2 _ i . 2 4 i 112 201 52,.7 (12 ~
ln (8) = @ (8)1Fypy, = 100, + (¢ = j70) %0, — S [IFyp), < TR 6* Iy p) < O —— 0.

The last convergences and (5.42) imply

4 H + HY ~ 4 (70
) e, win e, o S ),

and since |lu} (t)|lv + ||@;(¢)]| < C for every n € N, we get

d

wh) == u(t),  wi) s w(),  a) (). (5.53)

By (5.53) and the lower semicontinuity property of the maps v — ||v||?, v = (Av,v), and v — (Bv,v), we
conclude

la(®)]1* < liminf [[a; (1], (5.54)
n—oo
(Aeu(t),eu(t)) < linf_1>inf(Aeu;;(t)7 eu (t)), (5.55)
(B(eu(t) — w(t)),eu(t) — w(t)) < lirginf(IBﬁ(euj;(t) —w (b)), eut (t) — w(t)). (5.56)
Moreover, from Lemma 5.5, and in particular by (5.32) we get
t t tn
/ (Buw(r),w(r))dr < lirr_1>inf (B, (), iy (7))d7 < lim inf (B, (1), o (7))dT, (5.57)

since t < t,, and v — fg (Bu(7),v(7))dr is a non negative quadratic form on L?(0,T; HY).
Now, we study the right-hand side of (5.52). Since we have

(0,T;H)

L? . L%*(0,T;H) .
Xo,tn)fd ——= g

Xjo,qf and @ " U — Z,
n—o0 n— oo
we deduce that
tn t
/ (fa (7), i (7) = 27 (7))dr —— [ (f(7), () = £(7))dT. (5.58)
0 n—oe Jo

In a similar way, since the following convergences hold

4+ L*(0,T;HY) Bt L?(0,T;HY)
n

L2?(0,T;HY)

~. . + EEai] s

X[0,t,]€%n ————— 7 X[0,t]€%» il AN
n—oo

h, (A +B)eu; — Bw,

n—o0 n— oo

(A + B)eu — Buw,
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we obtain
/0 n(hi(T),eé:(T))dT — | (h(7),ez(T))dr (5.59)
/0 n((A +B)ew) (1) — Bw, (1), ez} (1))dr m ; ((A +B)eu(r) — Bw(r), ez(7))dr. (5.60)

By means of the discrete integration by parts formulas (5.22)—(5.24) we can write
/ (ln(r), 5 ()dr = (@ (8), 55 (1) — (ul, £(0)) — / (i (), Zn(r))ar, (5.61)
0 0
/0 "t (1), e (r)dr = (eui (£), B (1)) — (en®, h(0)) — / " (), eun (r)dr, (5.62)

n

/O (EF (7 eiif (7) — ez (m)dr = (ES (£), euf (t) — e5f () — (F(0), eu® — e2(0))

tn
- / (FF (1), eu, (1) — ez, (7))dr. (5.63)
0
Notice that the following convergences hold
- . z(]Tn) - ((j - ]- Tn I .
1z ) - 20l = | -0 = 12(r) - 2(B)lldr ——» 0,
T’I’L ] 1)7_n n—oo

+ . _ 0 _J7n e Fl < — 0 o < 0
I (8) = h(®)]| = IBu®[[le " —e ™% < ﬁQHBw It = j7al < 52”153“’ I7n —= 2 0,

1 .
25 ) = 20l = 2Gm) — 2@y < G~ D 2l 0w < 712200y —— 0.

. . 1 . 1 .
|FF(8) = PO = |FG7) = FOI < (7 = O} 1 F 2o zisre) < 7 |l 20 mimmsy —— 0,

. L%(0,T:H) =, L*(0,T:HY)
X[0,tn)2n — ———* X[0,4%, X0, iyt TU([Ot]h

_ L%(0,T;V) - L2%(0,T;H%) .

P % Xo,tn1 Fr — X0, -

By means of these convergences, (5.53), and Lemma 5.5, we can argue as before to deduce from (5.61)—(5.63)

[ Gtz ondr —— @, 20) - 240) - [ (alr). ), (5.64)
0 0
/0 (b (7).t (7)dr ——> (h(t).eu(t)) — ((0), en®) — /O (h(r), eu(r))dr, (5.65)
[ et (n) - 5 —— (Pt = ex(0) — (FO0)eu — e5(0)
_ /0 (B(7), eu(r) — ex(r))dr. (5.66)
By combining (5.52) and (5.54)—(5.66) we obtain the energy-dissipation inequality (5.51) for ¢ € (0, 7.
Finally, for ¢ = 0 the inequality trivially holds since u(0) = u° and 4(0) = u'. O

Remark 5.11. Thanks to the last theorem and to the equivalence between the viscoelastic dynamic system
(3.16)—(3.20) and the coupled system (5.1)—(5.5), we can derive an energy-dissipation inequality for a weak
solution to our viscoelastic dynamic system (3.16)—(3.20). As can be seen from (5.6) and the proof of
Theorem 5.2 it is not restrictive to assume w® = 0.

Let (u,w) be the weak solution to the coupled system (5.1)—(5.5) provided by Lemma 5.5. Then, it
satisfies the energy-dissipation inequality (5.51). Moreover, from Theorem 5.2 the function u is a solution to
the viscoelastic dynamic system (3.16)—(3.20) in the sense of Definition 3.3. Therefore, by substituting (5.8)
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in (5.51) we get for the conservative part
Suw(t) = %Hu(t)H2 + %(Aeu(t), eu(t)) + %(B(eu(t) —w(t)),eu(t) —w(t))

= SO + 5((h + Bpeut).eut) = [ e F Beutr),eutt)ar

tog / / T (Beu(r), eu(r))drdr (5.67)

and for the dissipation

Zult) = [ Bt).cutr) —wryir = |

0

t

(Bi(r), eu(r))dr — /0 (Bi(r), w(r))dr
1
5/ ]Beu / 7 Beu(r)dr, eu(T))dei(Bw(t),w(t))

B/ (Beu(r), eu(r))dr — 52/ / T (Beu(r), eu(r))drdr

- —2/ / e (Beu(r), eu(r))drdr. (5.68)
262 Jo Jo
By substituting the same information in the total work, we obtain
t
Hiat) = [ (70, 000) = 200 + (6 + Breu(r),ez(r) = [ 5o (Beutr), extrar] ar
0

— /0 (F(T), eu(r) — ez(7))dr 4+ (F(t), eu(t) — ez(t)) — (F(0), eu? — ez(0))
— /0 (a(7), 2())dr + (u(t), 2(t)) — (u', £(0)). (5.69)

After defining the elastic energy as

8(t) = )| + 1<<A+B>eu<t> eu(t))

/ T (Beu(r), cult)dr + 52 / / 25 Beu(r), eu(r))drdr,

and the dissipative term
1
2(t) == B/ (Beu(T), eu(r))dr — ,6’2/ / T (Beu(r), eu(r))drdr

2ﬁ2/ / (r), eu(r))drdr,

taking into account (5.67), (5.68), and (5.69) we can rephrase the energy-dissipation inequality (5.51) as
E(t)+ 2(t) < E0) + Wior (1),

where the total work #;,; now depends just on the function wu.

Finally, in view of Theorem 5.10 we are ready to show that our weak solution satisfies the initial conditions
in a stronger sense than the one stated in (3.22), that is the content of the following lemma.

Lemma 5.12. The weak solution (u,w) € V x H*(0,T; H%) to the coupled system (5.1)~(5.5), provided by
Lemma 5.5, satisfies the initial conditions in the following sense:
lim u(t) =u® in V, lim a(t) =u' in H, lim w(t)=w’ in HL. (5.70)
t—0+ t—0+ t—0t

Proof. Since u € C2([0,T]; V), © € C2([0,T); H), w € C°([0,T]; HZ), from the lower semicontinuity of the
real valued functions

te [[u@®))?,  te (Aeu(t),eu(t)), t— (Bleu(t) —w(t)),eu(t) —w(t)),
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we can let ¢ — 0T into the energy-dissipation inequality (5.51) to deduce that

Euw(0) = %HulHQ + %(Aeuo, eu®) + %(]B%(euo —w?), eu’ — w°)
< % [lirgéglfnu(t)nz + litrggrlf(Aeu(t), eu(t)) + lirgérlf(lﬂi(eu(t) —w(t)),eu(t) — w(t))}
< timnt [ [4(0)] + 5 (Aeu(t), eult)) + 3 (Bleu(t) — w(®). eu(t) - w(t)]
= liminf &, ,(t) < limsup &, w(t) < Euw(0). (5.71)

t—0t t—0t+

Notice that the last inequality in (5.71) holds because the right-hand side of (5.51) is continuous in ¢, and
u(0) = u?, 4(0) = u', and w(0) = w®. Therefore, there exists lim; g+ &y w(t) = &,w(0). Moreover, we have

Buw(0) < % lim inf () | + % lim inf | (Aeu(t), eu(t)) + (Bleu(t) — w(t)), eu(t) - w(t))]

< % Tim sup|a(t)||? + % lim inf {(Aeu(t% eu(t)) + (Bleu(t) — w(t)), eu(t) — w(t))]

t—0t

1 1 1
< lim sup [fHu(t)HQ + —(Aeu(t), eu(t)) + = (B(eu(t) — w(t)), eu(t) — w(t))] = Euw(0),
ot 12 2 2
which gives

li 1(1)])? = |Jut]?.

lim [[a()]" = flu’|
In a similar way, we can also show that

lim (Aeu(t), eu(t)) = (Aeu®, eu®).

t—0+
Finally, since we have
. H 1 H.g 0
t) — t) —
u(t) o U eu(t) —or e
and u € C°([0,T]; H), we deduce (5.70). In particular the functions u: [0,7] — V and w: [0,7] — H are
continuous at ¢t = 0. ([l
We can finally prove the main theorem of Section 5.
Proof of Theorem 5.3. 1t is enough to combine Proposition 5.8 and Lemma 5.12. ]

Remark 5.13. We have proved Theorem 5.3 for the d-dimensional linear viscoelastic case, namely when
the displacement u is a vector-valued function. The same result is true with identical proof in the antiplane
case, that is when the displacement w is a scalar function and satisfies (1.3).
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