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Abstract: In thiswork,we introduce and analyze an hp-hybrid high-order (hp-HHO)method for a variable dif-

fusion problem. The proposed method is valid in arbitrary space dimension and for fairly general polytopal

meshes. Variable approximation degrees are also supported. We prove hp-convergence estimates for both

the energy- and L2-norms of the error, which are the first of this kind for Hybrid High-Order methods. These

results hinge on a novel hp-approximation lemma valid for general polytopal elements in arbitrary space

dimension. The estimates are additionally fully robust with respect to the heterogeneity of the diffusion co-

efficient, and show only a mild dependence on the square root of the local anisotropy, improving previous

results for HHOmethods. The expected exponential convergence behavior is numerically demonstrated on a

variety of meshes for both isotropic and strongly anisotropic diffusion problems.

Keywords: Hybrid High-Order Methods, Discontinuous Skeletal Methods, Polytopal Methods, hp-Error
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1 Introduction
Over the last few years, discretization technologies have appeared that support arbitrary approximation or-

ders on general polytopal meshes. In this work, we focus on a particular instance of such technologies, the

so-called Hybrid High-Order (HHO) methods originally introduced in [17, 18]; see also [21] for an introduc-

tion. So far, the literature on HHO methods has focused on the h-version of the method with uniform poly-

nomial degree. Our goal is to provide a first example of variable-degree hp-HHO method and carry out a full

hp-convergence analysis valid for fairly general meshes and arbitrary space dimension. Let Ω ⊂ ℝd, d ≥ 1,

denote a bounded connected polytopal domain with Lipschitz boundary. We consider the variable diffusion

model problem: Find u : Ω → ℝ such that
{−∇⋅(κ∇u) = f in Ω,

u = 0 on ∂Ω,
(1.1)

where κ is a uniformly positive, symmetric, tensor-valued field on Ω, while f ∈ L2(Ω) denotes a volumetric

source. For the sakeof simplicity,weassume that κ is piecewise constant onapartition P
Ω
of Ω intopolytopes.

The weak formulation of problem (1.1) reads: Find u ∈ U := H1

0

(Ω) such that
(κ∇u,∇v) = (f, v) for all v ∈ U, (1.2)

where we have used the notation (⋅, ⋅) for the usual inner products of both L2(Ω) and L2(Ω)d. Here, the scalar-
valued field u represents a potential, and the vector-valued field κ∇u the corresponding flux.
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For a given polytopalmesh Th = {T} of Ω, the hp-HHO discretization of problem (1.2) is based on two sets

of degrees of freedom (DOFs):

(i) skeletal DOFs, consisting in (d−1)-variate polynomials of total degree pF ≥ 0 on each mesh face F, and
(ii) elemental DOFs, consisting in d-variate polynomials of degree pT on each mesh element T, where pT

denotes the lowest degree of skeletal DOFs on the boundary of T.
Skeletal DOFs are globally coupled, and can be alternatively interpreted as traces of the potential on themesh

faces or as Lagrange multipliers enforcing the continuity of the normal flux at the discrete level; cf. [1, 12]

for further insight. Elemental DOFs, on the other hand, are auxiliary DOFs that can be locally eliminated by

static condensation, as detailed in [12, Section 2.4] for the case where pF = p for all mesh faces F.
Two key ingredients are devised locally from skeletal and elemental DOFs attached to each mesh ele-

ment T:
(i) a reconstruction of the potential of degree (pT + 1) (i.e., one degree higher than elemental DOFs in T)

obtained solving a small Neumann problem, and

(ii) a stabilization term penalizing face-based residuals and polynomially consistent up to degree (pT + 1).
The local contributions obtained from these two ingredients are then assembled following a standard, finite

element-like procedure. The resulting discretization has several appealing features, the most prominent of

which are summarized hereafter:

(i) It is valid for fairly general polytopal meshes.

(ii) The construction is dimension-independent, which can significantly ease the practical implementation.

(iii) It enables the local adaptation of the approximation order, a highly desirable feature when combined

with a regularity estimator (whose development will be addressed in a separate work).

(iv) It exhibits only a moderate dependence on the diffusion coefficient κ.
(v) It has a moderate computational cost thanks to the possibility of eliminating elemental DOFs locally via

static condensation.

(vi) Parallel implementations can be simplified by the fact that processes communicate via skeletal un-

knowns only.

The seminal works on the p- and hp-conforming finite element method on standard meshes date back to

the early 80s; cf. [5–7]. Starting from the late 90s, nonconforming methods on standard meshes supporting

arbitrary-order have received a fair amount of attention; a (by far) nonexhaustive list of contributions focusing

on scalar diffusive problems similar to the one considered here includes [10, 24, 28, 29, 31]. The possibility

of refining both in h and in p on general meshes is, on the other hand, a much more recent research topic.

We cite, in particular, hp-composite [3, 25] and polyhedral [9] discontinuous Galerkinmethods, and the two-

dimensional virtual element method proposed in [8].

The main novelty of the paper are hp-energy- and L2-estimates for HHO methods summarized in Sec-

tion 3.2. These are the first results of this kind for HHO methods, and among the first for discontinuous

skeletal methods in general (a prominent example of discontinuous skeletal methods are the hybridizable

discontinuous Galerkin methods of [13]; cf. [12] for a precise study of their relation with HHO methods).

The cornerstone of the analysis is a novel extension of the classical Babuška–Suri hp-approximation

results to regular mesh sequences in the sense of [16, Chapter 1] and arbitrary space dimension d ≥ 1;

see Lemma 2.3 below. Similar results had been derived in [8] for d = 2 and, under assumptions on the mesh

different from the ones proposed here, in [9] for d ∈ {2, 3}. A relevant difference with respect to classical ap-

proximation results based on the Bramble–Hilbert lemma (see, e.g., [23, Theorem 1.103]) is that we cannot

rely here on the notion of reference element, since general polyhedral shapes are allowed. As a result, it turns

out that a key point consists in showing that the regularity assumptions adapted to polyhedral meshes imply

uniform bounds for the Lipschitz constant of mesh elements.

The resulting energy-norm estimate confirms the characteristic h-superconvergence behavior of HHO
methods, whereas we have a more standard scaling as (pT + 1)−pT with respect to the polynomial degree

pT of elemental DOFs. This scaling is analogous to the best available results for discontinuous Galerkin (dG)

methods on rectangular meshes based on polynomials of degree pT , cf. [24] (on more general meshes, the

scaling for the symmetric interior penalty dG method is p−(pT−1/2)T , half a power less than for the hp-HHO
method studied here). Classically, when elliptic regularity holds, the h-convergence order can be increased
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by 1 for the L2-norm. In our error estimates, the dependence on the diffusion coefficient is carefully tracked,

showing full robustness with respect to its heterogeneity and only a moderate dependence with a power of

1

2

on its local anisotropywhen the error in the energy-norm is considered. These results improve the ones in [19]

where, considering a different norm for the error, a power of 1was found. Numerical experiments confirm the

expected exponentially convergent behavior for both isotropic and strongly anisotropic diffusion coefficients

on a variety of two-dimensional meshes.

The rest of the paper is organized as follows. In Section 2 we introduce the notation and state the basic

results required in the analysis including, in particular, Lemma 2.3 (whose proof is detailed in Appendix A).

In Section3we formulate the hp-HHOmethod, state ourmain results, andprovide somenumerical examples.

The proofs of the main results, preceded by the required preparatory material, are collected in Section 4.

2 Setting
In this section we introduce the notation and state the basic results required in the analysis.

2.1 Mesh and Notation

LetH ⊂ ℝ+∗ denote a countable set ofmeshsizes having 0 as its unique accumulation point.We considermesh

sequences (Th)h∈H where, for all h ∈ H, Th = {T} is a finite collection of nonempty disjoint open polytopal

elements such that Ω = ⋃T∈Th T and h = maxT∈Th hT (hT stands for the diameter of T). A hyperplanar closed

connected subset F of Ω is called a face if it has positive (d−1)-dimensional measure and

(i) either there exist distinct T
1
, T

2
∈ Th such that F = ∂T

1
∩ ∂T

2
(and F is an interface)

(ii) or there exists T ∈ Th such that F = ∂T ∩ ∂Ω (and F is a boundary face).
Interfaces are collected in Fi

h, boundary faces in Fb

h, and we let Fh := Fi

h ∪ Fb

h. It is assumed that the set

of faces Fh partitions the mesh skeleton in the sense that distinct faces have disjoint interiors and that

⋃T∈Th ∂T = ⋃F∈Fh
F. For all T ∈ Th, the set FT := {F ∈ Fh | F ⊂ ∂T} collects the faces lying on the boundary

of T and, for all F ∈ FT , we denote by nTF the normal vector to F pointing out of T.
The following assumptions on the mesh will be kept throughout the exposition.

Assumption 2.1 (Admissible Mesh Sequence). We assume that (Th)h∈H is admissible in the sense of [16,

Chapter 1], i.e., for all h ∈ H, Th admits a matching simplicial submesh Th and there exists a real number

ϱ > 0 (the mesh regularity parameter) independent of h such that the following conditions hold:
(i) ϱhS ≤ rS for all h ∈ H and all simplices S ∈ Th of diameter hS and inradius rS.
(ii) ϱhT ≤ hS for all h ∈ H, all T ∈ Th, and all S ∈ Th such that S ⊂ T.
(iii) Every mesh element T ∈ Th is star-shaped with respect to every point of a ball of radius ϱhT .

Assumption 2.2 (Compliant Mesh Sequence). We assume that the mesh sequence is compliant with the par-

tition P
Ω
on which the diffusion tensor κ is piecewise constant, so that jumps only occur at interfaces and,

for all T ∈ Th, we set

κT := κ |T ∈ ℙ0(T)d×d .
In what follows, for all T ∈ Th, κT and κT denote the largest and smallest eigenvalue of κT , respectively, and
λκ ,T := κT/κT the local anisotropy ratio.

2.2 Basic Results

For a subset X of Ω and an index q, Hq(X) denotes the Hilbert space of functions which are in L2(X) together
with their weak derivatives of order ≤ q, equipped with the usual inner product (⋅, ⋅)q,X and associated norm
‖⋅‖q,X. When q = 0, we recover the Lebesgue space L2(X), and the subscript 0 is omitted from both the inner
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product and the norm. The subscript X is also omitted when X = Ω. For a given integer l ≥ 0, we denote by

ℙl(X) the space spanned by the restriction to X of d-variate polynomials of degree ≤ l. For further use, we also
introduce the L2-projector πlX : L

1(X) → ℙl(X) such that, for all w ∈ L1(X),
(πlXw − w, v)X = 0 for all v ∈ ℙl(X). (2.1)

We recall hereafter a few known results on admissible mesh sequences and refer to [16, Chapter 1] and

[14, 15] for a more comprehensive collection. By [16, Lemma 1.41], there exists an integer N∂ ≥ (d + 1) (pos-
sibly depending on d and ϱ) such that the maximum number of faces of one mesh element is bounded,

max

h∈H,T∈Th
card(FT) ≤ N∂ . (2.2)

The following multiplicative trace inequality, valid for all h ∈ H, all T ∈ Th, and all v ∈ H1(T), is proved in

[16, Lemma 1.49]:

‖v‖2∂T ≤ C(‖v‖T‖∇v‖T + h−1T ‖v‖2T), (2.3)

where C only depends on d and ϱ. We also note the following local Poincaré’s inequality valid for all T ∈ Th
and all v ∈ H1(T) such that (v, 1)T = 0:

‖v‖T ≤ C
P
hT‖∇v‖T , (2.4)

where C
P
= π−1 when T is convex, while it can be estimated in terms of ϱ for nonconvex elements (cf., e.g.,

[34]).

The following functional analysis results lie at the heart of the hp-analysis carried out in Section 4.

Lemma 2.3 (Approximation). There is a real number C > 0 (possibly depending on d and ϱ) such that, for all
h ∈ H, all T ∈ Th, all integers l ≥ 1, all s ≥ 0, and all v ∈ Hs+1(T), there exists a polynomial ΠlTv ∈ ℙl(T) satis-
fying, for all 0 ≤ q ≤ s + 1,

‖v − ΠlTv‖q,T ≤ C h
min(l,s)−q+1
T
ls+1−q

‖v‖s+1,T . (2.5)

Proof. See Appendix A.

Lemma 2.4 (Discrete Trace Inequality). There is a real number C > 0 (possibly depending on d and ϱ) such
that, for all h ∈ H, all T ∈ Th, all integers l ≥ 1, and all v ∈ ℙl(T), it holds

‖v‖∂T ≤ C l
h1/2T

‖v‖T . (2.6)

Proof. When all meshes in the sequence (Th)h∈H are simplicial and conforming, the proof of (2.6) can be

found in [30, Theorem 4.76] for d = 2; for d ≥ 2 the proof is analogous. The extension to admissible mesh

sequences in the sense of Assumption 2.1 can be done following the reasoning in [16, Lemma 1.46].

3 Discretization
In this section, we formulate the hp-HHO method, state our main results, and provide some numerical

examples.

3.1 The hp-HHO Method

We present in this section an extension of the classical HHO method of [18] accounting for variable polyno-

mial degrees. Let a vector ph = (pF)F∈Fh ∈ ℕFh
of skeletal polynomial degrees be given. For all T ∈ Th, we

denote by pT = (pF)F∈FT the restriction of ph to FT , and we introduce the following local space of DOFs:

U
p
T
T := ℙpT (T) × (⨉

F∈FT

ℙpF (F)), pT := min

F∈FT
pF . (3.1)
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The standard HHO notation vT = (vT , (vF)F∈FT ) is used for a generic element of U
p
T
T . We define the local po-

tential reconstruction operator

rpT+1T : U
p
T
T → ℙpT+1(T)

such that, for all vT ∈ UpTT and all w ∈ ℙpT+1(T),
(κT∇rpT+1T vT ,∇w)T = −(vT ,∇⋅(κT∇w))T + ∑

F∈FT

(vF , κT∇w ⋅ nTF)F (3.2)

and

(rpT+1T vT − vT , 1)T = 0.

Note that computing rpT+1T vT according to (3.2) requires to invert the κT -weighted stiffness matrix ofℙk+1(T),
which can be efficiently accomplished by a Cholesky solver.

We define on U
p
T
T × UpTT the local bilinear form aT such that

aT(uT , vT) := (κT∇rpT+1T uT ,∇r
pT+1
T vT)T + sT(uT , vT), (3.3)

sT(uT , vT) := ∑
F∈FT

κF
hT

(δpTTFuT , δpTTFvT)F , (3.4)

where, for all F ∈ FT , we let κF := κTnTF ⋅ nTF and the face-based residual operator
δ
p
T
TF : U

p
T
T → ℙpF (F)

is such that, for all vT ∈ UpTT ,

δ
p
T
TFvT := πpFF (vF − rpT+1T vT + πpTT rpT+1T vT − vT). (3.5)

The first contribution in aT is in charge of consistency, whereas the second ensures stability by a least-square

penalty of the face-based residuals δ
p
T
TF . This subtle form for δ

p
T
TF ensures that the residual vanishes when its

argument is the interpolate of a function inℙpT+1(T), and is required for high-order h-convergence (a detailed
motivation is provided in [18, Remark 6]).

The global space of DOFs and its subspace with strongly enforced boundary conditions are defined, re-

spectively, as

U
p
h
h := (⨉

T∈Th
ℙpT (T)) × (⨉

F∈Fh

ℙpF (F)), U
p
h
h,0 := {vh ∈ Uphh | vF ≡ 0 for all F ∈ Fb

h}.

Note that interface DOFs in U
p
h
h are single-valued, meaning that theymatch from one element to the adjacent

one. We use the notation

vh = ((vT)T∈Th , (vF)F∈Fh )
for a generic DOF vector in U

p
h
h and, for all T ∈ Th, we denote by vT ∈ UpTT its restriction to T. For further use,

we also introduce the global interpolator

I
p
h
h : H1(Ω) → U

p
h
h

such that, for all v ∈ H1(Ω),
I
p
h
h v := ((πpTT v)T∈Th , (πpFF v)F∈Fh ), (3.6)

and denote by I
p
T
T its restriction to T ∈ Th.

The hp-HHO discretization of problem (1.2) consists in seeking uh ∈ Uphh,0 such that
ah(uh , vh) = lh(vh) for all vh ∈ Uphh,0, (3.7)

where the global bilinear form ah on U
p
h
h × Uphh and the linear form lh on U

p
h
h are assembled element-wise

setting

ah(uh , vh) := ∑
T∈Th

aT(uT , vT), lh(vh) := ∑
T∈Th

(f, vT)T .
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Remark 3.1 (Static Condensation). Using a standard static condensation procedure, it is possible to elimi-

nate element-based DOFs locally and solve (3.7) by inverting a system in the skeletal unknowns only. For the

sake of conciseness, we do not repeat the details here and refer instead to [12, Section 2.4]. Accounting for

the strong enforcement of boundary conditions, the size of the system after static condensation is

N
dof

= ∑
F∈Fi

h

(pF + d − 1

pF
). (3.8)

Remark 3.2 (Finite Element Interpretation). A finite element interpretation of the scheme (3.7) is possible fol-

lowing the extension proposed in [12, Remark 3] of the ideas originally developed in [4] in the context of

nonconforming virtual element methods. For all F ∈ Fi

h, we denote by [⋅]F the usual jump operator (the sign

is irrelevant), which we extend to boundary faces F ∈ Fb

h setting [φ]F := φ. Let
U
p
h
h,0 := {vh ∈ L2(Ω) | vh |T ∈ U

p
T
T for all T ∈ Th and π

pF
F ([vT]F) = 0 for all F ∈ Fh},

where, for all T ∈ Th, we have introduced the local space

U
p
T
T := {vT ∈ H1(T) | ∇⋅(κT∇vT) ∈ ℙpT (T) and κT∇vT |F ⋅ nTF ∈ ℙpF (F) for all F ∈ FT}.

It can be proved that, for all T ∈ Th,

I
p
T
T : U

p
T
T → U

p
T
T

is an isomorphism. Thus, the triplet (T, UpTT , IpTT ) defines a finite element in the sense of Ciarlet [11]. Addition-

ally, problem (3.7) can be reformulated as the nonconforming finite elementmethod: Find uh ∈ U
p
h
h,0 such that

ah(uh , vh) = lh(vh) for all vh ∈ U
p
h
h,0,

where

ah(uh , vh) := ah(Iphh uh , I
p
h
h vh), lh(vh) := lh(Iphh vh),

and it canbeproved that uh is theunique element ofU
p
h
h,0 such that uh = Iphh uh with uh unique solution to (3.7).

3.2 Main Results

We next state our main results. The proofs are postponed to Section 4. For all T ∈ Th, we denote by ‖⋅‖
a,T

and |⋅|
s,T the seminorms defined on U

p
T
T by the bilinear forms aT and sT , respectively, and by ‖⋅‖a,h the semi-

norm defined by the bilinear form ah on U
p
h
h . We also introduce the penalty seminorm |⋅|

s,h such that, for all

vh ∈ Uphh ,

|vh|2s,h := ∑
T∈Th

|vT |2s,T .

Note that ‖⋅‖
a,h is a norm on the subspace U

p
h
h,0 with strongly enforced boundary conditions (the arguments

are analogous to those of [17, Proposition 5]). We will also need the global reconstruction operator

r
p
h
h : U

p
h
h → L2(Ω)

such that, for all vh ∈ Uphh ,

(rphh vh)|T = rpT+1T vT for all T ∈ Th .

Finally, for the sake of conciseness, throughout the rest of the paper we denote by a ≲ b the inequality a ≤ Cb
with real number C > 0 independent of h, ph, κ and, for local inequalities on a mesh element T ∈ Th, also

of T.
Our first estimate concerns the error measured in energy-like norms.
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Theorem 3.3 (Energy Error Estimate). Let u ∈ U and uh ∈ Uphh,0 denote the unique solutions of problems (1.2)
and (3.7), respectively, and set

ûh := Iphh u. (3.9)

Assuming that u|T ∈ HpT+2(T) for all T ∈ Th, it holds

‖uh − ûh‖a,h ≲ ( ∑
T∈Th

κTλκ ,T
h2(pT+1)T(pT + 1)2pT ‖u‖2pT+2,T)

1/2
. (3.10)

Consequently, denoting by ∇h the broken gradient on Th, we have that

‖κ1/2∇h(u − rphh uh)‖2 + |uh|2s,h ≲ ∑
T∈Th

κTλκ ,T
h2(pT+1)T(pT + 1)2pT ‖u‖2pT+2,T . (3.11)

Proof. See Section 4.3.

In (3.10) and (3.11), we observe the characteristic improved h-convergence of HHO methods (cf. [18]),

whereas, in terms of p-convergence, we have a more standard scaling as (pT + 1)−pT (i.e., half a power more

thandiscontinuousGalerkinmethods based onpolynomials of degree pT , cf., e.g., [28]). In (3.11),we observe
that the left-hand side has the same convergence rate (both in h and in p) as the interpolation error

‖κ1/2∇h(u − rphh ûh)‖2 + |ûh|2s,h ,
as can be verified combining (4.2) and (4.4) below. Note that, in this case, the p-convergence is limited by the

second term, which measures the discontinuity of the potential reconstruction at interfaces. An inspection

of formulas (3.10) and (3.11) also shows that the method is fully robust with respect to the heterogeneity of

the diffusion coefficient, while only a moderate dependence (with a power of

1

2

) is observed with respect to

its local anisotropy ratio.

For the sake of completeness, we also provide an estimate of the L2-error between the piecewise polyno-
mial fields uh and ûh such that

uh |T := uT and ûh |T := ûT = πpTT u for all T ∈ Th .

To this end,we need elliptic regularity in the following form: For all g ∈ L2(Ω), the unique element z ∈ U such

that

(κ∇z,∇v) = (g, v) for all v ∈ U, (3.12)

satisfies the a priori estimate

‖z‖
2
≲ κ−1‖g‖L2(Ω), κ := min

T∈Th
κT . (3.13)

The following result is proved in Section 4.4.

Theorem 3.4 (L2-Error Estimate). Under the assumptions of Theorem 3.3, and further assuming elliptic regu-
larity (3.13) and that f ∈ HpT+∆T (T) for all T ∈ Th with ∆T = 1 if pT = 0 while ∆T = 0 otherwise, it holds

κ‖uh − ûh‖ ≲ κ1/2λκh( ∑
T∈Th

λκ ,TκT
h2(pT+1)T(pT + 1)2pT ‖u‖2pT+2,T)

1/2 + ( ∑
T∈Th

h2(pT+2)T
(pT + ∆T)2(pT+2) ‖f‖

2

pT+∆T)
1/2

with λκ := maxT∈Th λκ ,T and κ := maxT∈Th κT .

3.3 Numerical Examples

We close this section with some numerical examples. The h-convergence properties of the method (3.7) have

been numerically investigated in [18, Section 4]. To illustrate its p-convergence properties, we solve on the

unit square domain Ω = (0, 1)2 the homogeneousDirichlet problemwith exact solution u = sin(πx
1
) sin(πx

2
)
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Figure 1. Convergence with p-refinement (regular test case).
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Figure 2. Convergence with p-refinement (Le Potier’s test case).
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(a) Triangular (b) Cartesian (c) Refined

(d) Staggered (e) Hexagonal (f) Voronoi

Figure 3.Meshes considered in the p-convergence test of Section 3.3. The triangular, Cartesian, refined, and staggered
meshes originate from the FVCA5 benchmark [26]; the hexagonal mesh was originally introduced in [20]; the Voronoi
mesh was obtained using the PolyMesher algorithm of [33].

and right-hand side f chosen accordingly. We consider two values for the diffusion coefficients:

κ
1
= I

2
, κ

2
= ( (x

2
− x

2
)2 + ϵ(x

1
− x

1
)2 −(1 − ϵ)(x

1
− x

1
)(x

2
− x

2
)

−(1 − ϵ)(x
1
− x

1
)(x

2
− x

2
) (x

1
− x

1
)2 + ϵ(x

2
− x

2
)2 ) ,

where I
2
denotes the identity matrix of dimension 2, x := −(0.1, 0.1), and ϵ = 1 ⋅ 10−2. The choice κ = κ

1

(“regular” test case) yields a homogeneous isotropic problem, while the choice κ = κ
2
(“Le Potier’s” test case

[27]) corresponds to a highly anisotropic problemwhere the principal axes of the diffusion tensor vary at each

point of the domain. Figures 1 and 2 depict the energy- and L2-errors as a function of the number of skeletal

DOFs N
dof

(cf. (3.8)) when pF = p for all F ∈ Fh and p ∈ {0, . . . , 9} for the proposed choices for κ on the

meshes of Figure3. In all the cases, the expected exponentially convergent behavior is observed. Interestingly,

thebest performance in termsof error vs.N
dof

is obtained for theCartesianandVoronoimeshes.A comparison

of the results for the two values of the diffusion coefficients allows to appreciate the robustness of themethod

with respect to anisotropy.

4 Convergence Analysis
In this section we prove the results stated in Section 3.2.

4.1 Consistency of the Potential Reconstruction

Preliminary to the convergence analysis is the study of the approximation properties of the potential recon-

struction rpT+1T defined by (3.2) when its argument is the interpolate of a regular function. Let amesh element

T ∈ Th be fixed. For any integer l ≥ 1, we define the oblique elliptic projector ϖlκ ,T : H
1(T) → ℙl(T) such that,
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for all v ∈ H1(T), (ϖlκ ,Tv − v, 1)T = 0 and it holds

(κT∇(ϖlκ ,Tv − v),∇w)T = 0 for all w ∈ ℙl(T). (4.1)

Proposition 4.1 (Characterization of rpT+1T ∘ IpTT ). It holds, for all T ∈ Th,

rpT+1T ∘ IpTT = ϖpT+1κ ,T .

Proof. For a generic v ∈ H1(T), letting vT = IpTT v in (3.2), we infer, for all w ∈ ℙpT+1(T),
(κT∇(rpT+1T ∘ IpTT )v,∇w)T = −(πpTT v,∇⋅(κT∇w))T + ∑

F∈FT

(πpFF v, κT∇w ⋅ nTF)F
= −(v,∇⋅(κT∇w))T + ∑

F∈FT

(v, κT∇w ⋅ nTF)F
= (κT∇v,∇w)T ,

where we have used the fact that ∇⋅(κT∇w) ∈ ℙpT−1(T) ⊂ ℙpT (T) and (κT∇w)|F ⋅ nTF ∈ ℙpT (F) ⊂ ℙpF (F) (cf.
definition (3.1) of pT) to cancel the projectors in the second line, and an integration by parts to conclude.

We next study the approximation properties of ϖlκ ,T , from which those of (rpT+1T ∘ IpTT ) follow in the light of

Proposition 4.1.

Lemma 4.2 (Approximation Properties of ϖlκ ,T ). For all integers l ≥ 1, all mesh elements T ∈ Th, all 0 ≤ s ≤ l,
and all v ∈ Hs+1(T), it holds

‖κ1/2T ∇(v − ϖlκ ,Tv)‖T + h
1/2
T
l

‖κ1/2T ∇(v − ϖlκ ,Tv)‖∂T + κ
1/2
T
hT

‖v − ϖlκ ,Tv‖T + κ
1/2
T

h1/2T
‖v − ϖlκ ,Tv‖∂T

≲ κ1/2T hmin(l,s)
T
ls

‖v‖s+1,T . (4.2)

Proof. By definition (4.1) of ϖlκ ,T , it holds

‖κ1/2T ∇(v − ϖlκ ,Tv)‖2T = min

w∈ℙl(T)
‖κ1/2T ∇(v − w)‖2T ≤ κT‖∇(v − ΠlTv)‖2T . (4.3)

Hence, using (2.5) with q = 1, it is readily inferred that

‖κ1/2T ∇(v − ϖlκ ,Tv)‖T ≲ κ1/2T hmin(l,s)
T
ls

‖v‖s+1,T .
To prove the second bound in (4.2), use the triangle inequality to infer

‖κ1/2T ∇(v − ϖlκ ,Tv)‖∂T ≤ ‖κ1/2T ∇(v − ΠlTv)‖∂T + ‖κ1/2T ∇(ΠlTv − ϖlκ ,Tv)‖∂T =: T
1
+ T

2
.

For the first term, the multiplicative trace inequality (2.3) combined with (2.5) (with q = 1, 2) gives

T
1
≲ κ1/2T hmin(l,s)−1/2

T
ls−1/2

‖v‖s+1,T .
For the second term, we have

T
2
≲ l
h1/2T

‖κ1/2T ∇(ΠlTv − ϖlκ ,Tv)‖T

≤ l
h1/2T

(‖κ1/2T ∇(ΠlTv − v)‖T + ‖κ1/2T ∇(v − ϖlκ ,Tv)‖T)

≲ κ1/2T l
h1/2T

‖∇(ΠlTv − v)‖T

≲ κ1/2T hmin(l,s)−1/2
T
ls−1

‖v‖s+1,T ,
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where we have used the discrete trace inequality (2.6) in the first line, the triangle inequality in the second

line, the estimate (4.3) in the third, and the approximation result (2.5) with q = 1 to conclude. To obtain the

third bound in (4.2), after recalling that (v − ϖlκ ,Tv, 1)T = 0, we apply the local Poincaré inequality (2.4) to

infer

‖v − ϖlκ ,Tv‖T ≲ hT
κ1/2T

‖κ1/2T ∇(v − ϖlκ ,Tv)‖T ≲ κ1/2T
κ1/2T

hmin(l,s)+1
T
ls

‖v‖s+1,T ,
where the conclusion follows from the first bound in (4.2). Finally, to obtain the last bound, we use the mul-

tiplicative trace inequality (2.3) to infer

‖v − ϖlκ ,Tv‖2∂T ≲ κ−1/2T ‖v − ϖlκ ,Tv‖T‖κ1/2T ∇(v − ϖlκ ,Tv)‖T + h−1T ‖v − ϖlκ ,Tv‖2T ,
and use the first and third bound in (4.2) to estimate the various terms.

4.2 Consistency of the Stabilization Term

The consistency properties of the stabilization bilinear form sT defined by (3.4) are summarized in the fol-

lowing lemma.

Lemma 4.3 (Consistency of the Stabilization Term). For all T ∈ Th, all 0 ≤ q ≤ pT , and all v ∈ Hq+2(T), it holds

|IpTT v|s,T ≲ κ1/2T λ1/2κ ,T
hmin(pT ,q)+1
T(pT + 1)q ‖v‖q+2,T . (4.4)

Proof. Let T ∈ Th and v ∈ Hq+2(T) and set, for the sake of brevity,
v̌T := (rpT+1T ∘ IpTT )v = ϖpT+1κ ,T v

(cf. Proposition 4.1). For all F ∈ FT , recalling the definitions of the face residual δ
p
T
TF (cf. (3.5)) and of the local

interpolator I
p
T
T (cf. (3.6)), together with the fact that pT ≤ pF by definition (3.1), we get

δ
p
T
TF I

p
T
T v = πpFF (v̌T − v) − πpTT (v̌T − v).

Using the triangle inequality and the L2(F)-stability of πpFF , we infer,

‖δpTTF IpTT v‖F ≤ ‖v̌T − v‖F + ‖πpTT (v̌T − v)‖F =: T
1
+ T

2
. (4.5)

For the first term, the approximation properties (4.2) of ϖpT+1κ ,T (with l = pT + 1 and s = q + 1) readily yield

T
1
≲ λ1/2κ ,T h

min(pT ,q)+3/2
T(pT + 1)q ‖v‖q+2,T . (4.6)

For the second term, on the other hand, the discrete trace inequality (2.6) followed by the L2(T)-stability of
πpTT and (4.2) (with l = pT + 1 and s = q + 1) gives

T
2
≲ (pT + 1)

h1/2T
‖πpTT (v̌T − v)‖T ≤ (pT + 1)

h1/2T
‖v̌T − v‖T ≲ λ1/2κ ,T h

min(pT ,q)+3/2
T(pT + 1)q ‖v‖q+2,T . (4.7)

The bound (4.4) follows using (4.6)–(4.7) in the right-hand side of (4.5), squaring the resulting inequality,

multiplying it by κF/hT , summing over F ∈ FT , and using the bound (2.2) on card(FT).

4.3 Energy Error Estimate

Proof of Theorem 3.3. We start by noting the following abstract error estimate:

‖uh − ûh‖a,h ≤ sup

vh∈U
ph
h,0 ,‖vh‖a,h=1

Eh(vh), (4.8)
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with nonconformity error

Eh(vh) := lh(vh) − ah(ûh , vh). (4.9)

To prove (4.8), it suffices to observe that

‖uh − ûh‖2a,h = ah(uh − ûh , uh − ûh)
= ah(uh , uh − ûh) − ah(ûh , uh − ûh)
= lh(uh − ûh) − ah(ûh , uh − ûh),

where we have used the definition of the ‖⋅‖
a,h-norm in the first line, the linearity of ah in its first argument

in the second line, and the discrete problem (3.7) in the third. The conclusion follows dividing both sides by

‖uh − ûh‖a,h, using linearity, and passing to the supremum.

We next bound the nonconformity error Eh(vh) for a generic vector of DOFs vh ∈ Uphh,0. A preliminary step

consists in finding amore appropriate rewriting for Eh(vh). Observing that f = −∇⋅(κ∇u) a.e. in Ω, integrating
by parts element-by-element, and using the continuity of the normal component of κ∇u across interfaces

together with the strongly enforced boundary conditions in U
p
h
h,0 to insert vF into the second term in paren-

theses, we infer

lh(vh) = ∑
T∈Th

((κT∇u,∇vT)T + ∑
F∈FT

(κT∇u ⋅ nTF , vF − vT)F). (4.10)

Setting, for the sake of conciseness (cf. Proposition 4.1),

ǔT := rpT+1T ûT = ϖpT+1κ ,T u, (4.11)

and using the definition (3.2) of rpT+1T vT with w = ǔT , we have
ah(ûh , vh) = ∑

T∈Th
((κT∇ǔT ,∇vT)T + ∑

F∈FT

(κT∇ǔT ⋅ nTF , vF − vT)F + sT(ûT , vT)). (4.12)

Subtracting (4.12) from (4.10), and observing that the first terms inside the summations cancel out owing

to (4.1), we have

Eh(vh) = ∑
T∈Th

( ∑
F∈FT

(κT∇(ǔT − u) ⋅ nTF , vF − vT)F + sT(ûT , vT)). (4.13)

Denote by T
1
(T) and T

2
(T) the two summands in parentheses. Using the Cauchy–Schwarz inequality fol-

lowed by the approximation properties (4.2) of ǔT (with l = s = pT + 1) and (4.16) below, we have for the first

term

|T
1
(T)| ≤ h1/2T ‖κ1/2T ∇(ǔT − u)‖∂T × ( ∑

F∈FT

κF
hT

‖vF − vT‖2F)
1/2

≲ κ1/2T λ1/2κ ,T
hpT+1T(pT + 1)pT ‖u‖pT+2,T‖vT‖a,T . (4.14)

For the second term, the Cauchy–Schwarz inequality followed by (4.4) (with q = pT) readily yields

|T
2
(T)| ≲ κ1/2T λ1/2κ ,T

hpT+1T(pT + 1)pT ‖u‖pT+2,T |vT |s,T ≲ κ1/2T λ1/2κ ,T
hpT+1T(pT + 1)pT ‖u‖pT+2,T‖vT‖a,T . (4.15)

Using (4.14)–(4.15) to estimate the right-hand side of (4.13), applying the Cauchy–Schwarz inequality, and

passing to the supremum yields (3.10). To prove (3.11), it suffices to observe that, inserting ûh and using the
triangle inequality, we obtain

‖κ1/2∇h(u − rphh uh)‖2 + |uh|2s,h ≲ ‖κ1/2∇h(u − rphh ûh)‖2 + |ûh|2s,h + ‖uh − ûh‖2a,h .
and (3.11) follows using the estimates (4.2), (4.4), and (3.10) to bound the terms in the right-hand side.
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Remark 4.4 (Nonconformity Error). The name nonconformity error for the quantity (4.9) is reminiscent of the

Finite Element literature. As a matter of fact Eh corresponds to the contribution that appears in the esti-

mate provided by the Second Strang Lemma when nonconforming methods are considered; see, e.g., [23,

Lemma 2.25] and, in particular, the third term in the right-hand side of [23, (2.20)].

Proposition 4.5 (Estimate of Boundary Difference Seminorm). It holds, for all vT ∈ UpTT ,

∑
F∈FT

κF
hT

‖vF − vT‖2F ≲ λκ ,T‖vT‖2a,T . (4.16)

Proof. Let T ∈ Th, vT ∈ UpTT , and set, for the sake of brevity, v̌T := rpT+1T vT . We have, for all F ∈ FT ,

‖vF − vT‖F = ‖πpFF (vF − vT)‖F
= ‖πpFF (vF − v̌T + πpTT v̌T − vT + v̌T − πpTT v̌T)‖F
≤ ‖δpTTFvT‖F + ‖v̌T − πpTT v̌T‖F , (4.17)

where we have used the fact that pT ≤ pF (cf. (3.1)) to infer that vT |F ∈ ℙpF (F) and thus insert πpFF in the first

line, added and subtracted (v̌T − πpTT v̌T) in the second line, used the triangle inequality together with the

definition (3.5) of the face-based residual δ
p
T
TF and the L2(F)-stability of πpFF in the third. To conclude, we

observe that, if pT = 0, then the discrete trace inequality (2.6) followed by Poincaré’s inequality yield

‖v̌T − π0T v̌T‖F ≲ h1/2T κ−1/2T ‖κ∇v̌T‖T
while, if pT ≥ 1, then

‖v̌T − πpTT v̌T‖F = ‖v̌T − π0T v̌T − πpTT (v̌T − π0T v̌T)‖F
≲ pT + 1

h1/2T
‖v̌T − π0T v̌T − πpTT (v̌T − π0T v̌T)‖T

≲ pT + 1

h1/2T

hT
pT

‖v̌T − π0T v̌T‖1,T
≲ h1/2T κ−1/2T ‖κ1/2T ∇v̌T‖T ,

where we have inserted ±π0T v̌T in the first line, used the discrete trace inequality (2.6) in the second line, the
L2(T)-optimality of πpTT together with the approximation properties (2.5) (with l = pT and q = s = 0) in the

third line, andwehave concludedobserving that (pT + 1)/pT ≤ 2andusing the local Poincaré inequality (2.4)

to infer

‖v̌T − π0T v̌T‖1,T ≲ h1/2T ‖∇v̌T‖T .
Plugging the above bounds for ‖v̌T − πpTT v̌T‖F into (4.17), squaring the resulting inequality, multiplying it by

κF/hT , summing over F ∈ FT , and recalling the bound (2.2) on card(FT), we deduce (4.16).

4.4 L2-Error Estimate

Proof of Theorem 3.4. We let z ∈ U solve (3.12) with g = ûh − u and set ẑh := Iphh z and, for all T ∈ Th (cf.

Proposition 4.1),

žT := rpT+1T ẑT = ϖpT+1κ ,T z. (4.18)

For the sake of brevity, we also let eh := ûh − uh ∈ Uphh,0 (recall the definition (3.9) of ûh), so that ûT − uT = eT
for all T ∈ Th. We start by observing that

‖eh‖2 = −(∇⋅(κz), eh) = ∑
T∈Th

((κT∇z,∇eT)T + ∑
F∈FT

(κT∇z ⋅ nTF , eF − eT)F), (4.19)
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where we have used the fact that −∇⋅(κz) = eh a.e. in Ω followed by element-by-element partial integration

together with the continuity of the normal component of κT∇z across interfaces and the strongly enforced

boundary conditions in U
p
h
h,0 to insert eF into the last term.

In view of adding and subtracting ah(eh , ẑh) to the right-hand side of (4.19), we next provide two useful
reformulations of this quantity. First, we have

ah(eh , ẑh) = ah(ûh , ẑh) − ah(uh , ẑh) + (f, z) − (κ∇u,∇z)
= ∑
T∈Th

((κT∇ǔT ,∇žT)T − (κT∇u,∇z)T + sT(ûT , ẑT) + (f, z − πpTT z)T)
= ∑
T∈Th

((κT∇(ǔT − u),∇(žT − z))T + sT(ûT , ẑT) + (f − πpTT f, z − π1−∆TT z)T), (4.20)

where we have added the quantity (f, z) − (κ∇u,∇z) = 0 (cf. (1.2)) in the first line, we have passed to the

second line using the definition (3.3) of aT (with uT = ûT and vT = ẑT) togetherwith the discrete problem (3.7)

to infer

ah(uh , ẑh) = (f, ẑh) = ∑
T∈Th

(f, πpTT z)T ,

and we have concluded using the definitions (4.1) of ϖpT+1κ ,T (together with (4.11) and (4.18)) and (2.1) of πpTT
and π1−∆TT . Second, using the definition (3.2) of rpT+1T (with vT = eT), we obtain

ah(eh , ẑh) = ∑
T∈Th

((κT∇z,∇eT)T + ∑
F∈FT

(κT∇žT , eF − eT)F + sT(ẑT , eT)), (4.21)

where we have additionally used the fact that žT = ϖpT+1κ ,T z (cf. (4.18)) together with the definition (4.1) of

ϖpT+1κ ,T to replace žT by z in the first term in parentheses.

Thus, adding (4.20) and subtracting (4.21) from (4.19), we obtain after rearranging

‖eh‖2 = ∑
T∈Th

(T
1
(T) + T

2
(T) + T

3
(T)), (4.22)

with

T
1
(T) := ∑

F∈FT

(κT∇(z − žT) ⋅ nTF , eF − eT)F + sT(ẑT , eT),
T
2
(T) := (κT∇(ǔT − u),∇(žT − z))T + sT(ûT , ẑT),

T
3
(T) := (f − πpTT f, z − π1−∆TT z)T .

Using the Cauchy–Schwarz inequality, the approximation properties (4.2) of žT (with l = pT + 1 and s = 1)

together with the consistency properties (4.4) of sT (with q = 0) for the first factor, and the bound (4.16) for

the second factor, we get

|T
1
(T)| ≤ (hT‖κ1/2T ∇(z − žT)‖2∂T + |ẑT |2s,T)1/2 × ( ∑

F∈FT

κF
hT

‖eF − eT‖2F + |eT |2s,T)
1/2

≲ κ1/2T λκ ,ThT‖eT‖a,T‖z‖2,T . (4.23)

For the second term, the Cauchy–Schwarz inequality followed by the approximation properties (4.2) of ǔT
(with q = pT) and žT (with q = 1), and the consistency properties (4.4) of sT (with q = pT and q = 0 for the

first and second factor, respectively) yield

|T
2
(T)| ≤ (‖κ1/2∇(ǔT − u)‖2T + |ûT |2s,T)1/2 × (‖κ1/2∇(žT − z)‖2T + |ẑT |2s,T)1/2

≲ κTλκ ,T hpT+2T(pT + 1)pT ‖u‖pT+2,T‖z‖2,T . (4.24)

Finally, for the third term we have, when pT = 0,

|T
3
(T)| ≤ ‖f − π0T f‖T‖z − π0Tz‖T ≲ h2T‖f‖1,T‖z‖1,T ≤ h2T‖f‖1,T‖z‖2,T , (4.25)
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while, when pT ≥ 1,

|T
3
(T)| ≤ ‖f − πpTT f‖T‖z − π1Tz‖T

≤ ‖f − ΠpTT f‖T‖z − Π1

Tz‖T
≲ hpT+2T

ppT+2T

‖f‖pT ‖z‖2,T ≤ hpT+2T

ppT+2T

‖f‖pT ,T‖z‖2,T , (4.26)

where we have used the optimality of πpTT in the L2(T)-norm to pass to the second line and the approximation

properties (2.5) of Π

pT
T to conclude. Using (4.23)–(4.26) to bound the right-hand side of (4.22), and recalling

the energy error estimate (3.10) and elliptic regularity (3.13) concludes the proof.

A Proof of Lemma 2.3
Let K̂ ⊂ ℝd be a L-Lipschitz set (that is, such that its boundary can be locally parametrized by means of L-
Lipschitz functions) with diam(K̂) = 1, and fix r

0
> 1 and a d-cube R(r

0
) containing K̂. In [6, Lemma 3.1], the

following is shown: Suppose that K̂ is a cube, then given a function v ∈ Hs+1(K̂), there exists a polynomial

Π

l
K̂
v ∈ ℙl(K̂) that satisfies

‖v − ΠlK̂v‖q,K̂ ≲ 1

ls+1−q
‖v‖s+1,K̂ (A.1)

for q ≤ s + 1. Actually, by analyzing the proof of that result, we can reinforce that statement not only for

cubes, but for sets K̂ which are regular enough, in the sense that there has to exist an extension operator

E : Hs+1(K̂) → Hs+1(R(2r
0
)) such that

‖E(v)‖s+1,R(2r
0
) ≤ C‖v‖s+1,R(K̂), E(v) = 0 on R(2r

0
) \ R(3

2

r
0
). (A.2)

So the problem is to show the existence of such an extension (in any dimension d ≥ 1). Theminimal assump-

tions such that this is doable are studied in [32, Theorems 5 and 5

�
, p. 181]. Namely, by means of a careful

inspection of [32, Theorems 5 and 5

�
] and their proofs, and in particular formulas (25), (30) and the end

of the proof of Theorem 5 at p. 192, we get that the constant C in (A.2) depends on the Lipschitz constant

L and on the (minimal) number of L-Lipschitz coverings of K̂, that is, the number of open sets which cover

∂K̂ and in each of whom ∂K̂ can be parametrized by means of an L-Lipschitz function.¹ Thus, to get the hp-
estimate (2.5), we have to show two facts:

(i) first, that (2.5) follows from (A.1) whenever we replace K̂ with an element T of the mesh;

(ii) second, that (A.1) actually holds with a uniform bounding constant for the elements of the mesh.

(i) Proof of (2.5) for regular elements. Assume for the moment that any T ∈ Th satisfies the regularity

assumptions needed to have the extension (A.2), and thus (A.1), with T̂ := T/hT in place of K̂.We additionally

assume, without loss of generality, that the barycenter of T (and thus of T̂) is 0. Then, by homogeneity, we

get that, for every f ∈ Hr(T), letting f̂ (x) := f(x/λ),
‖f‖r,T ≲ λd/2−r‖f̂ ‖r, Tλ . (A.3)

Thus, setting r = s + 1, λ = hT , and f = v − qwith q a generic polynomial of degree l, we get by (A.1) (applied
to v − q and ΠlT(v − q) in place of v and ΠlTv, respectively),

‖v − ΠlTv‖q,T = ‖(v − q) − ΠlT(v − q)‖q,T ≲ hd/2−qT
ls+1−q

‖v̂ − q̂‖s+1,T̂ .
Now, [22, Theorem 3.2] states that

|f − ΠlT̂ f|i,T̂ ≲ |f|l,T̂

1 In [32], Stein actually treated the more general class of sets with the minimal smooth assumption, see [32, p. 191].
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for any i ≤ l + 1. Thus by the definition of the Hq-norm we conclude that

‖v − ΠlTv‖q,T ≲ hd/2−qT
ls+1−q

( s+1∑
i=min(l,s)+1

|v̂|2i,T̂)
1/2 ≲ hmin(l,s)−q+1

T
ls+1−q

‖v‖s+1,T .

Notice that we exploited again (A.3) to scale back on T, and the fact that hT < 1.

(ii) Proof of regularity under Assumption 2.1. To conclude the proof, we are left to show that Assump-

tion 2.1 entails a uniform bound only in terms of ϱ for the Lipschitz constant of every element T ∈ Th. To this

aim, consider x ∈ ∂T. Then, x ∈ S for some (convex) element of the submesh S ∈ Th contained in T. Since
the sets S form a submesh of Th, a uniform bound on the Lipschitz regularity of ∂S would imply a bound on

the Lipschitz regularity of ∂T. Thus, we focus on the regularity of S. Since S is convex, we can cover ∂S by
means of 2(d + 1) open sets Ui, such that ∂S ∩ Ui admits a local convex (and thus Lipschitz) parametrization

ϕi, i.e., there exists an orthogonal coordinate system such that ∂S ∩ Ui is the graph of a Lipschitz function

ϕi : Ii ⊂ ℝd−1 → ℝ. This boundon thenumber of open setsUi is crucial to get [32, Theorem5] towork (clearly,

thanks to (2.2), theboundon thenumber of Lipschitz coverings of T is boundedbya constant 2dN∂ = c(d, ϱ)).
We claim that each ϕi is 1/ϱ-Lipschitz.

Suppose that x ∈ Ui =: U and set ϕ := ϕi. Up to a rotation and a rescaling, we can suppose that x = 0
and ϕ(x) = ϕ(0) = 0. Let now rs be the inradius of S and hS be its diameter. By Assumption 2.1, we know that

hs
rS ≤ 1

ϱ . Let Brs be a ball contained in S of radius rS. Up to a further rotation of center x = 0 of the coordinate
system, we can suppose that BrS is centered on the xd-axis. In place of ϕ : I → ℝ, it is useful to consider its
Lipschitz extension ϕ̃ : ℝd−1 → ℝ defined by, denoting by |⋅| the usual Euclidian norm,

ϕ̃(x) := inf{ϕ(y) + Lip(ϕ)|y − x| | y ∈ ℝd−1},
We know that ϕ̃ is Lipschitz on ℝd−1 and that Lip(ϕ̃) = Lip(ϕ) (see for instance [2, Proposition 2.12]).

Moreover, it is clear that ϕ̃ is convex on ℝd−1. The fact that BrS ⊂ S and it is centered on the xd-axis (without
loss of generality, we can suppose that its center is ξ = (0, ξd) with ξd > 0) translates into the fact that BrS is
contained in the epigraph of ϕ̃ and its center has distance from 0 ∈ ℝd at most hS. Let now p ∈ ∂ϕ̃(0), where
∂ϕ̃ is the subdifferential of ϕ̃. Then, for every y ∈ ℝd−1 we have

ϕ̃(y) ≥ p ⋅ y.
By choosing y = λp, with λ ̸= 0, we get the inequality

ϕ̃(λp)
λ|p| ≥ |p|. (A.4)

Since the epigraph of ϕ̃ contains BrS , which is centered at a height less than hS on the xd-axis, and by the

convexity of ϕ̃, we have that the truncated cone

C = {(x�, xn) ∈ ℝd−1 × ℝ | hS ≥ xn ≥ hS
rS

|x�|}
is contained in the epigraph of ϕ̃ (see Figure 4). Then from (A.4) we get

|p|2 ≤ ϕ̃(p) ≤ hS
rS

|p|
and so, by Assumption 2.1,

|p| ≤ hS
rS

≤ 1

ϱ
.

Let now y ∈ ℝd−1. Then
|ϕ̃(y) − ϕ̃(x)| ≤ |p ⋅ (y − x)| ≤ |p||y − x| ≤ ϱ−1|y − x|.

Since x is arbitrary, this shows that Lip(ϕ) = Lip(ϕ̃) = ϱ−1, and so that ∂S is ϱ−1-Lipschitz.
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C

ℝd−1

ϕ̃

xd = hSrS ‖x
�‖

xd = − hSrS ‖x
�‖

rS
ξ = (0, xd)

Figure 4. Illustration for point (ii) in the proof of Lemma 2.3.
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