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ABSTRACT. In this paper we consider nonlinearly elastic, frame-indifferent, and singularly perturbed
two-well models for materials undergoing solid-solid phase transitions in any space dimensions, and we
perform a simultaneous passage to sharp-interface and small-strain limits. Sequences of deformations
with equibounded energies are decomposed via suitable Caccioppoli partitions into the sum of piecewise
constant rigid movements and suitably rescaled displacements. These converge to limiting partitions,
deformations, and displacements, respectively. Whereas limiting deformations are simple laminates
whose gradients only attain two values, the limiting displacements belong to the class of special functions
with bounded variation (SBV'). The latter feature elastic contributions measuring the distance to simple
laminates, as well as jumps associated to two consecutive phase transitions having vanishing distance,
and thus not being detected by the limiting deformations. By I'-convergence we identify an effective
limiting model given by the sum of a quadratic linearized elastic energy in terms of displacements along
with two surface terms. The first one is proportional to the total length of interfaces created by jumps
in the gradient of the limiting deformation. The second one is proportional to twice the total length
of interfaces created by jumps in the limiting displacement, as well as by the boundaries of limiting
partitions. A main tool of our analysis is a novel two-well rigidity estimate which has been derived in
[32] for a model with anisotropic second-order perturbation.

1. INTRODUCTION

Solid-solid phase changes are the physical phenomena for which, by strong temperature or pressure
variations, a solid can modify its crystalline structure without undergoing any intermediate liquid phase.
Well-known examples are temperature-induced phase transitions between martensite and austenite in
shape-memory alloys (see, e.g., [14, 19]), the nucleation of different ice forms at elevated pressure, or the
mechanisms behind the evolution of graphite into diamond in carbon composites.

In this paper we focus on materials exhibiting exactly two different phases by considering nonlinearly
elastic, frame-indifferent, and singularly perturbed two-well models in any space dimensions. Our goal is
to perform a simultaneous passage from nonlinear-to-linearized elastic energies and from diffuse-to-sharp
interface descriptions of solid-solid phase transitions. We start by introducing the modeling assumptions
and discussing the background. Afterwards, we describe our main results.

In the setting of nonlinear elasticity, the coexistence of two phases can be mathematically described
by variational two-well problems, based on the study of energy functionals of the form

y € H'(Q;RY) %/QW(Vy) dz. (1.1)

In the expression above, Q C R% d € N, is a bounded Lipschitz domain, representing the reference
configuration of a material undergoing a solid-solid phase transition between phases A, B € M%*?. (Here,
M?*4 is the set of real d x d matrices.) The stored energy density W: M?*¢ — [0, 4+0c0) in (1.1) is a
nonlinear, frame-indifferent function whose zero set has the two-well structure

{FeM™: W(F)=0}=S0(d)AUSO(d)B,

with SO(d) denoting the set of proper rotations in M?*¢. The model in (1.1) is disadvantaged by a

quite unphysical drawback. In fact, whenever A and B are rank-one connected, low energy sequences for

generic boundary value problems are known to possibly exhibit highly oscillatory behaviors. In order to

prevent this effect, ‘phenomenological’ higher order regularizations are often incorporated in the energy

functional. These may be interpreted as surface energies penalizing the transition between different
1
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energy wells. A concrete example is provided by the following diffuse-interface model, where transitions
between the two wells SO(d) A and SO(d)B are controlled by augmenting (1.1) via a second-order singular
perturbation:

1
y € H*(RY) = I.(y) = ?/QW(Vy) dx+g2/ﬂ|v2y\2dx. (1.2)

The competition between the two energy contributions in (1.2) is tailored by the smallness parameter
¢ > 0, which introduces a length scale into the problem. (We adopt it with exponent 2 since this will have
notational advantages in the following.) As e tends to zero, the higher-order perturbation becomes more
singular, and I. behaves more similarly to a sharp-interface model. Roughly speaking, in fact, low-energy
sequences for I. exhibit transition layers between different phases of width &2 (see, e.g., [11, 13, 18, 50, 58]).

Energy functionals as (1.2) are naturally linked to the study of classical Cahn-Hilliard-Modica-Mortola
energies, cf. [46, 56, 57], which in turn are strongly connected to the theory of minimal surfaces and to the
modeling of liquid-liquid phase transitions. As the width € of transition layers tends to zero, the behavior
of Modica-Mortola energies has been shown to approach, in the sense of I'-convergence (see [16, 29] for an
overview), that of a surface energy being proportional to the length of the interfaces between the different
phases. Amidst the extensive literature, we single out the seminal contributions [12, 15, 36, 61, 64, 65] for
a characterization of both scalar and vectorial Modica-Mortola energies, the results [51] for an analysis of
local minimizers, [5, 10] for extensions to the multiwell scenario, and the recent contribution [28] for the
case of spatially dependent wells. We finally mention [66] for related models for Lithium-Ion batteries.

The study of analogous sharp-interface limits in the solid-solid setting has been initiated by S. CONTI,
I. Fonseca, and G. LEONI in [23], neglecting the effects of frame indifference. In dimension two,
the frame-indifferent purview has been characterized by S. CONTI and B. SCHWEIZER for two rank-
one connected wells A and B, first in a linearized setting in [26], and then in the the fully nonlinear
framework of (1.2) in [25, 27]. We also mention the contributions [52, 53] for related microscopic models
for two-dimensional martensitic transformations.

The first analysis of sharp-interface limits for singularly perturbed frame-indifferent energies in higher
dimensions d > 2 has been obtained in our previous work [32], for a slightly modified version of the
model (1.2) where the energy contains a further anisotropic perturbation. More specifically, when the
two wells have exactly one rank-one connection, after rotation, we can assume without loss of generality
that B — A = keq ® e4 for k > 0. Then, our model reads as follows:

ye HHURY = Buy(0) = L)+ 07 [ (1920 = 0ha) da (13)

for n > 0. Owing to the additional anisotropic perturbation, our analysis is restricted to the case of exactly
one rank-one connection. We stress that this additional energy term does not affect frame indifference,
and penalizes only transitions in the direction orthogonal to the rank-one connection e4 ® e4, while still
allowing for phase transitions between the two different energy wells. We refer to [44, 45, 49, 67] for
studies of related models involving anisotropic perturbations.

In [32] we have shown that, for a suitable choice of 7 (dependent on &), the functionals in (1.3)
I'-converge as ¢ — 0 (in the L!-topology) to the sharp-interface limit

£olt) {K’H‘i_l(va) if Vy € BV(Q; R{A, B}) for some R € SO(d),
oly) =

14
+00 otherwise in L'(Q; R?), (1.4)

where K corresponds to the energy of optimal transitions between the two phases (see (3.4) for the exact
expression). Roughly speaking, limiting deformations are necessarily piecewise affine with Jv, consisting
of hyperplanes orthogonal to e; intersected with Q (see [34] and Figure 1). We point out that, up to a
possibly different constant K, the model in (1.4) is the same as the one identified in [25]. An essential
ingredient in [32] is a novel two-well rigidity estimate (see Theorem 3.2 below). It provides stronger
estimates with respect to previous results in the literature (see e.g. [22, 25, 47, 54]) by introducing a
phase indicator, which allows to identify the predominant phase in each point of €.

In this paper we further build upon this new rigidity estimate to combine the perspective of deriving
sharp-interface limits for phase transitions with the passage from nonlinear-to-linearized elastic energies.
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In fact, triggered by the availability of rigidity estimates (mainly [42]) the derivation of effective linearized
models has attained a great deal of attention over the last years. Their interest originates from the
observation that they generally provide good approximations of the behavior of nonlinear models for
deformations that are ‘close’ to rigid movements in a suitable sense. In fact, under the assumption that
A is the identity matrix Id, a formal asymptotic expansion shows that, by considering deformations y of
the form y = id 4 eu for a smooth displacement u, there holds

2
/ W(Vy)dx = / W(Id + eVu) do ~ %/ D?*W(1d) Vu : Vudzx + o(e?),
Q Q Q

where D?W denotes the second-order differential of W and o(g?)/e2 — 0 as ¢ tends to zero. In other
words, the leading order behavior of the energy W is completely encoded by the quadratic form of
linearized elasticity % fQ D?*W(1d)Vu : Vudz. Whereas €2 is related to the width of transition layers, as
explained above, the parameter ¢ represents the typical order of elastic strains. This heuristic argument
has been made rigorous by G. DAL MaAso, M. NEGRI, and D. PERCIVALE in the seminal paper [31]
for single-well energies under standard growth conditions. An extension to the case of weaker growth
conditions has been the subject of [2]. We further refer to related studies on atomistic systems [17, 63],
homogenization [43, 59], viscoelasticity [39], plasticity [55], or fracture [37, 38, 60].

Some of the aforementioned linearization results have been generalized to the multiwell setting for
wells approaching the identity as e — 0, see e.g. [1, 48, 62]. For fixed wells (independent of ¢), results are
limited to [3] (see [4] for an atomistic counterpart). There, the authors consider a stronger higher-order
perturbation compared to the ones in (1.2) and (1.3). In particular, they characterize, under appropriate
boundary conditions, linearization around one of the two wells, i.e., a crucial feature is that only one
phase (say, the identity) is present in the limiting model. This is an effect of the stronger higher-order
perturbation that, roughly speaking, prevents the occurrence of macroscopic phase transitions in the
effective functional. In mathematical terms, their penalization is chosen in a specific way to ensure
compactness and convergence of rescaled displacements u = (y — id)/e in suitable Sobolev norms.

The main novelty of this work consists in providing a new perspective on solid-solid phase transitions,
allowing simultaneously to have phase changes present in the limit, as well as to perform a ‘pointwise
dependent’ linearization that keeps track of the different ‘predominant phases’ in each region of the body.
We consider here sequences of energies of the form (1.3) for suitable e-dependent 7 (see Remark 3.1 below
for details), denoted by &, in the following. We point out that 7 is chosen to be ‘big enough’ to guarantee
that our quantitative rigidity estimate in Theorem 3.2 provides enough compactness properties, but also
‘small enough’ so that the limiting behavior of the energies is not affected by the anisotropic perturbation
and no second-order derivatives of the deformations are involved in the limiting description. We refer to
[32, Remark 4.5 and paragraph before Theorem 1.1] for a discussion of this point.

Our first result consists in showing that to every sequence of deformations {y°}. ¢ H?(Q;R?) with equi-
bounded &.-energies we can associate a limiting deformation y € H'(€;R?), with Vy € BV (Q; R{A, B})
for some R € SO(d), a limiting displacement u € SBV;_ (;R?) (see Appendix A), and a limiting
Caccioppoli partition P = {P;},;. The jump set of u is the (at most) countable union of hyperplanes
orthogonal to e4 and intersected with €2, and the components of P are given by the intersection of €2 with

d-dimensional stripes having sides orthogonal to eg.

The full statement of our result is quite technical: for this reason we present here a simplified version
and refer to Theorem 3.3 for the precise formulation.

Theorem 1.1 (Simplified compactness result). Let Q be a bounded Lipschitz domain in R, d > 2,
such that all its slices orthogonal to the eq-direction are connected (see H8.). Let W satisfy H1.-H4. Let
{y*}e € H2(S;R?) be such that sup.~o E(y°) < +oo. Then, to every deformation y* we can associate a
rotation R° € SO(d), a Caccioppoli partition P = {P5};, phase indicators M* = {M;}; C {A, B}, and
translations T¢ = {t5}; C R?, as well as a limiting triple (y,u, P) with Vy € BV (Q; R{A, B}) such that

R* — R,

P; — Pj in measure for all j,
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y° = % /Q ye(x)dz —y  strongly in H'(Q;R?),
u® —u in measure in 0, and Vu® — Vu weakly in L2 (Q; M%),
where u® denote rescaled displacement fields associated to P, M®, T¢, and R®, defined by
Yt = 20 (REM - 15) xpe
5

€.

(1.5)

The assumptions on W are classical regularity and coercivity conditions for two-well nonlinear elas-
tic energies, cf. Subsection 2.1. In particular, the statement shows that sequences of deformations
with equibounded energies can be decomposed into the sum of piecewise constant rigid movements
> (REM5  + t5)xps and scaled displacements u®. The limiting quantities (y,u,P) play different roles
in the description of the effective model: roughly speaking, the limiting deformation y encodes the two
different phases, which are in general still present in the limit, and correspondingly indicates the surfaces
where phase transitions occur. The limiting displacement v and the partition P, instead, keep track of
the situation in which in the limiting model two neighboring areas are in the same phase but at level e
they were separated by small intermediate regions in the opposite phase having asymptotically vanishing
width as € — 0, see Figure 3 below for an illustration. More specifically, intermediate layers of width
comparable to € (i.e., the order of elastic strains) are encoded by the jump set of v and widths asymptot-
ically larger than ¢ are associated to the boundary of the partition 0P; N2, P; € P. Finally, u features
also elastic displacements.

In particular, Theorem 1.1 motivates the notion of admissible triples as the collection of triples (y, u, P)
that are attained in the sense of the convergences in Theorem 1.1, starting from a sequence of deformations
{y*}c. In what follows, we will refer to the convergence properties in Theorem 1.1 as tripling of the
variables. See also [37] for a related notion of convergence.

The second step of our analysis consists in providing a characterization of admissible limiting triples
(y,u, P). For ease of presentation, we collect our findings in a simplified statement and refer to Subsection
3.3 for the precise formulation of the results.

Theorem 1.2 (Simplified characterization of limiting triples). Let (y,u,P) be an admissible triple for
the sequence {y°}.. Then,

e y and P are uniquely defined;

o u is uniquely defined up to piecewise translations of the form Ej tixp;, {tj}; C R?, and global
(infinitesimal) rotations;

° va C U;il GPJ nQ;

e the jump of u is constant on every connected component of its jump set.

The non-uniqueness of the displacement field is simply a consequence of the possible non-uniqueness
in the definition of u®, see (1.5). The last point of the statement represents a ‘laminate structure’ of
limiting displacement fields. This regularity of u is achieved thanks to the anisotropic penalization in
(1.3) and neglects branching phenomena, see also Remark 3.10 for more details.

Denoting by A the class of all admissible limiting triples (y,u,P), our main contribution consists in
showing that the asymptotic behavior of the energies &, is described by the functional

£ty u, P) == % /Q D2W (Vy(2)) Vu(@):Vu(w) da+ KH (Joy)+2KH ™ ((Ju U (U, opna))\ Joy)
(1.6)

for every (y,u,P) € A. We point out that the constant K in (1.6) is the same one as in (1.4). We observe
that &' reduces to (1.4) for u = 0 and P coinciding with the collection of connected components of the
two sets {x € Q: Vy(z) € SO(d)A} and {x € Q: Vy(z) € SO(d)B}. Analogously, £ coincides with
the quadratic form of linearized elasticity, and hence with the limiting model in [3] for u € H'(2;R9), for
the trivial partition P consisting only of €2, and for a deformation y with Vy = Id in Q. In this sense, our
limiting description combines both the effects of the sharp-interface characterizations [25, 32] and those
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of the multiwell linearization [3]. In contrast to these results, it features an additional surface term: as
described above, the jump of u and the boundary of the partition encode small intermediate layers in
the opposite phase at level € with width bigger than or comparable to € which induce two ‘consecutive
phase transitions’, see Figure 3. Our I'-convergence result is proven under the compatibility condition
that this additional term enters the energy with double cost with respect to single phase transitions, i.e.,
we suppose that

K§ = K§ =2K, (1.7)

where K (‘fp and K dB; represent, roughly speaking, the energy necessary for performing these double-phase
transitions at level e. (The subscript ‘dp’ stands for ‘double profile’. We refer to (3.26) for their precise
expression.) Our main result reads as follows:

Theorem 1.3. Let Q be a bounded strictly star-shaped domain (see (2.7)) satisfying the further con-
nectedness assumption in H8. Let W satisfy H1.-H7. and assume that the compatibility condition in
(1.7) holds true. Then, & T-converges to 864 in the topology provided by the tripling of the variables in
Theorem 1.1.

We refer to Subsection 2.1 and Subsection 3.1 for the formulation of H1.-H7. The difference between
our result and the I'-convergence analyses in [25, 32] and [3] is mostly in the adopted topology. In [25, 32]
an effective energy is identified in the strong L*-topology for deformations y. The result in [3], instead, is
derived in the weak H!-topology for rescaled displacements (y —id)/e. Our model combines this ‘global’
point of view with a ‘local’ one: the limiting Caccioppoli partition plays the role of identifying subdomains
where the small-strains approximation of linearized elasticity, encoded by the limiting displacement u, is
well posed. Finally, the surface-energy term associated to the jump set of u and to P keeps track of the
multiple phase changes that the material had to undergo at level € on regions with vanishing widths.

We stress here that the focus of our study is not on minimization problems and their convergence but
rather on the identification of the limiting energy functional. For completeness, we also mention that the
case of incompatible wells, i.e., the setting where A and B have no rank-one connections, is not included
in our analysis but would be much simpler to handle. Indeed, the limiting model would linearize around
just one of the two phases, leading to a limiting description analogous to [3].

We point out that the lower bound in Theorem 1.3 holds under no further assumptions on the two
profile energies, i.e., the compatibility condition (1.7) is only needed for the construction of recovery
sequences. In Subsection 6.5 we present a self-contained discussion showing that, under an additional
assumption on the energy density (see (3.27) below) optimal profiles are one-dimensional and the com-
patibility condition in (1.7) is indeed satisfied. This assumption is fulfilled, e.g., when the energy only
depends on the distance of the deformation gradient from the two wells, see (3.28).

We close the introduction with some comments on the proof structure. The proof of Theorem 1.1
relies on a series of intermediate results: all statements involving limiting rotations, partitions, and
deformations are essentially proven in Proposition 4.2. The sequence of translations and the limiting
displacements are first exhibited on subsets of 2 and eventually on € itself in Propositions 4.5 and
4.6, respectively. Finally, a further delicate construction is needed to ensure uniqueness of the limiting
Caccioppoli partition. This is based on a certain selection principle, see (3.17) below. Indeed, without
such a requirement, there might be different possible choices for the limiting partition, see the discussion
in Example 3.4 for an in-depth analysis of this point. Key ingredients for the compactness analysis are
the two-well rigidity estimate recalled in Theorem 3.2 and a characterization of the two phase regions
established in [32, Proposition 3.7], see also Proposition 4.1.

The statements collected in Theorem 1.2 are the subject of three different propositions. In particular,
the uniqueness properties of limiting deformation, displacement, and partition are proven in Proposition
3.6. This latter one is shown to be a consequence of the selection principle described above. The
characterization of the jump set of Vy is contained in Proposition 3.7, whereas that of the jump set of u
is the subject of Proposition 3.8.

As customary in I'-convergence analysis, the proof of Theorem 1.3 consists in first showing that &'
provides a lower bound for the limiting behavior of the energies & (see Theorem 3.13), and then in showing
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that this lower bound is indeed optimal (see Theorem 3.14). The proof of the liminf inequality essentially
relies on providing a characterization of the double-profile energies K é\f), M € {A, B}. An important
point is to show that optimal double phase transitions are, a priori, energetically more expensive than
gluing together two optimal profiles performing each a single phase transition in an energetically optimal
way (in other words, K (% > 2K), see Proposition 6.2. The key ingredients for proving the upper bound
are explicit constructions of local recovery sequences performing energetically optimal single and double
phase transitions, see Propositions 6.4 and 6.5. Both sequences are constructed starting from a delicate
slicing argument introduced in [32] and recalled in Proposition 6.13 below. In addition, they are chosen
so that they coincide with isometries far from the interfaces, and they can then be ‘glued together’ in the
proof of Theorem 3.14.

The paper is organized as follows: in Section 2 we review the state-of-the-art and perform an overview
of the main mathematical difficulties. In Section 3 we describe our model and state the main results.
Sections 4 and 5 are devoted to the proofs of the compactness theorem and to the characterization of
limiting triples, respectively. The proof of Theorem 1.3 is the subject of Section 6.

1.1. Notation. In what follows, we fix d € N, d > 2, and we consider a bounded Lipschitz domain
Q ¢ R?. We will denote points z € R? as x = (2/,24), with 2’ € R¥~! and x4 € R. In the whole paper
we use standard notations for Sobolev spaces, as well as for BV (Q) and SBV (). We refer the reader
to [7] for definitions and main results. Some basic properties of special functions of bounded variation
and Caccioppoli partitions are recalled in Appendix A. We will omit the target space of our functions
whenever this is clear from the context. The identity map on R? will be denoted by id or, with a slight
abuse of notation, simply by z. For m € N, the m-dimensional Lebesgue and Hausdorff measures of a
set will be indicated by £™ and H™, respectively. By fQ we denote the average integral ﬁ%(ﬂ) fQ

We denote by e1,...,eq and e;5, 4,5 = 1,...,d, the standard basis in R¢ and M?*?, respectively.
We will use the notation Id for the identity matrix in M?*? and denote by SO(d) c M%*? the set
of proper rotations. The sets of symmetric and skew-symmetric matrices are indicated by Mg;n‘f and
Mfkéfv, respectively. In what follows, we will adopt the Frobenius scalar product between matrices
F: G :=Tr(FTQ) for every F,G € M%*? and we will use the symbol | - | for the associated Frobenius
norm. For every set S C R?, we indicate by xg its characteristic function, defined as ys(z) = 1if z € S
and xgs(z) = 0 otherwise. Given two sets S1, S € R?, we denote by S;/AS, their symmetric difference.
Inclusions of sets S; C Sy are always intended up to sets of negligible measure, i.e., £L4(S; \ S2) = 0. By

B,(x) we denote the d-dimensional ball of radius p > 0 and center x € RY.

2. STATE-OF-THE-ART, HEURISTICS, AND CHALLENGES

In this section we recall the state-of-the-art for sharp-interface limits in the theory of solid-solid phase
transitions, and for derivations of linearized models from nonlinear elastic energies. We additionally
highlight the main open questions and difficulties.

2.1. Models in nonlinear elasticity for two-well energies. To every deformation y € H'(Q;R?) we
associate the elastic energy

/Q W (Vy) dz,

where W: M?*4 — [0, +-00) is a map representing the stored-energy density, and satisfying the following
properties:

H1. (Regularity) W is continuous;

H2. (Frame indifference) W(RF) = W (F) for every R € SO(d) and F € M®*¢;

H3. (Two-well structure) W(A) = W(B) = 0, where A = Id, and B = diag (1,1,...,1,1 + &), for
K> 0;

H4. (Coercivity) there exists a constant ¢; > 0 such that

W(F) > ¢ dist*(F, SO(d){A, B}) for every F € M%<
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H5. (Quadratic behavior around the two wells) there exists dy > 0 such that W is of class C? in
{F e M9 ; dist(F, SO(d){A, B}) < dw}.
H6. (Growth condition from above) there exists a constant ¢ > 0 such that
W(F) < epdist?®(F, SO(d){A, B}) for every F € M%<,

Assumptions H1.-H5. are standard requirements on stored-energy densities in nonlinear elasticity. We
note that after an affine change of variables one can always assume that the two wells have the form given
in H3., see [34, Discussion before Proposition 5.1 and Proposition 5.2]. Specifically, the choice k > 0
amounts to the case of exactly one rank-one connection between A and B, namely to the setting in which
the only solution of B — RA = a ® v with R € SO(d), a,v € R?, and |v| = 1 is given by R =1Id, v = eg4,
and a = key.

We point out that assumption H6. is not compatible with the impenetrability condition

W(F) — +oc0 as detF — 40, (2.1)

which is usually enforced to model a blow-up of the elastic energy under strong compressions. In the
derivation of sharp-interface limits for solid-solid phase transitions [25, 26, 32], however, condition H6.
is instrumental for the construction of recovery sequences. (Note that, in dimension two, by means of a
more elaborated construction performed in [27], assumption H6. may be dropped.)

In order to model solid-solid phase transitions, we analyze a nonlinear energy given by the sum of a
suitable rescaling of the elastic energy and a singular perturbation. For every € > 0, we consider the
functional EX: H?(Q;RY) — [0, +00) defined by

1 2
EP(y) = ?/(ZW(Vy) dx—&—/QPE(V y) dz, (2.2)

where P. : R¥X4%d 5 [0 +00) is a function which depends on the small parameter . In the following
subsections, we will specify the choice of P, according to different modeling assumptions.

The parameter ¢ in the definition above represents the typical order of the strain, whereas €2 is

related to the size of transition layers [11, 13, 18, 50, 58]. The first term in the right-hand side of (2.2)
favors deformations y whose gradient is close to the two wells of W, whereas the second term penalizes
transitions between two different values of the gradient.

In the following, we will call A and B the phases. Regions of the domain where Vy is in a neighborhood
of SO(d)A will be called A-phase regions of y and accordingly we will speak of B-phase regions.

2.2. Review of existing results. We now continue by recalling some results about sharp-interface
limits and derivation of linearized models. The exact setting of the paper and our main results can be
found in Section 3. There, we will also recall a more recent result on sharp-interface limits which we
proved in [32], and which represents the departure point of our analysis.

A sharp-interface limit for a model of solid-solid phase transitions. Classical singularly per-
turbed two-well problems are described by energies of the form

1
I.(y) == = /Q W(Vy)dz + & /Q |V2y|? dz (2.3)

for every y € H?(2;RY), corresponding to the choice P.(G) = £2|G|?, G € R¥*4xd in (2.2). This
subsection is devoted to a presentation of the analysis performed by S. CONTI and B. SCHWEIZER [25]
which addresses the sharp-interface limit of this model in dimension two, as € tends to zero. Although
in [25] also the case of two rank-one connections is considered, we focus here on compatible wells having
exactly one rank-one connection (see assumption H3.).

Denote by #'(2) the class of admissible limiting deformations, defined as
7(Q) = J Yr(Q), where Yr():={ye Hy(%R?): Vye BV(Q;R{A,B})} for R € SO(d),

RESO(d)
(2.4)
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where H}(9;RY) = {y € H'(%R?Y): f,ydz = 0}. For every open subset Q' C €, we will adopt
the notation #'()') to indicate the corresponding admissible deformations. In [25, Proposition 3.2] the
authors established the following compactness result.

Lemma 2.1 (Compactness). Let d € N, d > 2, and let Q@ C R? be a bounded Lipschitz domain. Let W
satisfy assumptions H1.-H4. Then, for all sequences {y*}. C H?(;RY) for which

sup I (y°) < 400,
e>0
there exists a map y € % () such that, up to the extraction of a subsequence (not relabeled), there holds

Yy = ][ yE(z)dz —y  strongly in H*(Q;R?).
Q

The limiting deformations y have the structure of a simple laminate. Indeed, G. DOLZMANN and
S. MULLER [34] have shown that for y € Yr(2) the essential boundary of the set T := {z € Q: Vy(z) €
RA} consists of subsets of hyperplanes that intersect 92 and are orthogonal to e4, and that y is affine
on balls whose intersection with 7 has zero H?!-measure, cf. Figure 1 (see also Appendix A for the
definition of essential boundary for a set of finite perimeter).

B

A

N
N

FIGURE 1. The gradient of a limiting deformation y € Yiq(€2), in the case in which
B — A=rkes®ey.
11

We now introduce the limiting sharp-interface energy. Denoting by @ := (-3, 3)? the d-dimensional

unit cube centered in the origin and with sides parallel to the coordinate axes, we consider the optimal-
profile energy

Ko = inf { iminf L.y, Q) lim ly° — 7 | 220 = 0} (2.5)
where yi € H}

Lo (R4 RY) is the continuous function with Vyg = Ax(z,>0} + BX{z.<0} and yg (0) = 0.
(Here, X{z,50y and X{z,<0} denote the characteristic functions of the two halfplanes {z4 > 0} and
{z4 < 0}, respectively.) Note that K corresponds to the energy of an optimal phase transition from A
to B, and that it is invariant under changing the roles of the two phases, i.e., invariant by replacing yo+
with the function y; € HY (R%RY) satisfying y; (0) = 0 and Vyg = BX (2,50} + AX{za<0}-
The sharp-interface limiting functional Iy: L'(€2;RY) — [0, +00] is defined as

KoH (Jy ify e Z(Q

Io(y):{ o1 (Jvy) (@)

. (2.6)
+00 otherwise.

In [25, Theorem 3.1] it was proved that, in the two-dimensional setting, Iy is the variational limit of the
sequence {I.}. in the sense of I'-convergence. (For an exhaustive treatment of I'-convergence we refer
the reader to [16, 29].)
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Theorem 2.2 (TI'-convergence in dimension d = 2). Let d = 2, let Q C R? be a bounded, strictly
star-shaped Lipschitz domain, and let W satisfy H1.-H4. and H6. Then

I'—limI. =1
e—0
with respect to the strong L'-topology.

We recall that an open set 2 is strictly star-shaped if there exists a point z¢ € 2 such that
{tx+(1—-t)zg: t€ (0,1)} CQ for every x € 9. (2.7)

Here and in the sequel, we follow the usual convention that convergence of the continuous parameter
e — 0 stands for convergence of arbitrary sequences {¢;}; with ¢; — 0 as i — oo, see [16, Definition 1.45].
In [27], the same I'-convergence result as in Theorem 2.2 has been obtained by dropping H6. via a more
elaborate construction allowing to incorporate an impenetrability condition of the form (2.1).

The result in Theorem 2.2 is limited to the two-dimensional setting due to the limsup inequality:
the definition of sequences with optimal energy approximating a limit that has multiple flat interfaces
relies on a deep technical construction. This so-called H'/?-rigidity on lines (see [25, Section 3.3]) is
only available in dimension d = 2. We also refer to a recent related study for microscopic models of
two-dimensional martensitic transformations [53]. The issue of dimensionality has been overcome in [32]
by considering a slightly modified model, see Subsection 3.1 for details.

Linearization around the identity for multiwell energies. In the context of multiwell linearization,
R. ALICANDRO, G. DAL MAso, G. LAzzARONI, and M. PALOMBARO [3] investigated a multiwell energy
F.: H*(Q;R?) — [0, 4+00) of the form

1
F.(y) := 5—2/QW(Vy) dz + g2~ /Q |V2y|? da (2.8)

for r € [1,2] and a suitable function ~4: [1,2] — (0,+00), where for d = 2 it holds va(r) = r, cf. [3,
Equation (1.9)]. Here, the singular higher order term penalizes transitions between different wells in a
stronger way with respect to (2.3). This corresponds to the choice P.(G) = 277" |G|, G € R¥*dxd,
in (2.2). In [3], the problem is studied in arbitrary dimension for a finite number of different wells and
under very general growth conditions for the elastic energy and the second-order penalization. There,
also the influence of external forces, under different scalings of the singular perturbation, is thoroughly
discussed. For a simple exposition, however, we present only the basic case here and we specify the result
to our two phases A and B.

First, [3, Theorem 2.3] along with the well-known rigidity estimate in [42] yields the following com-
pactness result.

Lemma 2.3 (Compactness). Let d € N, d > 2, and r € (1,2]. Let Q@ C R? be a bounded Lipschitz

domain. Let W satisfy assumptions H1.-H4. Then, for all sequences {y*}. C H?(Q;R?) satisfying

Sup.so F:(y°) < 400 we find rotations R € SO(d), translations t© € RY, and phases M € {A, B} such

that

ys_(ReMsx_’_te)
€

sup
e>0

' < Ho0.
Wb (Q)

Additionally imposing Dirichlet boundary conditions of the form y* = id+&g on a part of the boundary
with g € W (Q;RY) N H%(Q; R?), one can choose R® = Id, t* = 0, and M® = A = Id in the above
result, see [3, Theorem 1.8]. This implies the uniform bound sup. [|u|[w1.-() < +oo for the rescaled
displacement fields
¢ —id

€

€ .

. (2.9)

In other words, for sequences with bounded F.-energy, Lemma 2.3 together with prescribed boundary
conditions ensures compactness in W17 for rescaled displacement fields. We write the nonlinear energy
in terms of the displacement fields by setting F.(u) = F.(id + eu) for u € H?(;R?).
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Formally, the effective linearized energy Fp: W17 (€;RY) — [0, +00] can be calculated by a Taylor
expansion, and has the structure

i (L if HY(Q: R4
Fo(u) = Jo th( d,e(u))dx ifue . (G RY), (2.10)
+o00 otherwise.

where Qyin: SO(d){A, B} x M%*4 ¢ [0, +00) is the quadratic form
1
Quin(RM, F) := §D2W(RM)F :F (2.11)

for every R € SO(d), M € {A, B}, and F € M%*?. Note that frame indifference (see H2.) implies that
the energy only depends on the symmetric part e(u) := 5((Vu)” + Vu) of the strain, see (2.10). More
generally, in view of H4., one can check that (cf. (5.3) below)

Qun(RM,SRM) =0 if and only if R € SO(d), M € {A, B}, and S € M%*4 (2.12)

skew *

The relation of F. and Fy has been made rigorous by I'-convergence (see [3, Theorem 1.9]).

Theorem 2.4 (Passage from nonlinear to linearized energies by I'-convergence). Let d € N, d > 2, and
€ (1,2]. Let Q C R? be a bounded Lipschitz domain. Let W satisfy assumptions H1.-H5. Then

I —limF. = F,
e—0
with respect to the weak W1 -topology.

2.3. Phase transitions and linearization: Heuristics and challenges. Our goal is to combine the
above two approaches and to identify a model which allows both for phase transitions and for the passage
to linearized energies in terms of rescaled displacement fields. As a first observation, we note that the
setting in (2.8) is more specific than the one considered in (2.3) in the sense that deformations with finite
energy are essentially in one phase, A or B, see Lemma 2.3. Imposing certain boundary conditions,
one can always infer that the same phase, e.g. A = Id, is predominant. Then it is indeed meaningful
to perform a linearization around the identity. This differs significantly from the laminate structure
of the limiting configurations obtained in Lemma 2.1, where different phases may be active and phase
transitions between the different phase regions occur, see Figure 1. In (2.8), the second-order penalization
is so strong that basically phase transitions in the limit € — 0 are forbidden. In the following, we discuss
some of the challenges in more detail (we concentrate on the planar case d = 2 for simplicity), and then
describe the approach adopted in this work.

(a) Volume of the minority phase. In the model (2.8), the B-phase region, i.e., the set where the
deformation gradient Vy© takes values in a neighborhood of SO(d)B, denoted by T% in the following,
has small £2-measure. Heuristically, this property can be seen as follows. From the boundedness of the
energy and H4. one can deduce, for a suitable definition of 75, that

H(OT5 N Q) < C|[dist(Vy?, SO@)) | 2 V27|l L2(@y < Cee™7 71 = 3, (2.13)
where in the last step we used 3 (r) = r, see below (2.8). (We refer to [32, Proof of Proposition 3.7, Step
1] for details on the first inequality.) By the (relative) isoperimetric inequality we obtain

min{L£%(T§), L2(Q\ T§)} < Ce".
Assuming that T'g is the minority phase, i.e., the minimum is attained for T, we get
L3(Tg) < Ce". (2.14)

This scaling of the area of the minority phase excludes phase transitions of the form given in Figure 2(a)
where both £2(T%) and £2(Q\ T§) are bounded uniformly from below. It is worth mentioning that the
calculation (2.13) for the model (2.3) (corresponding to r = 0) would give H'(9T%) < C. This reflects
the fact that phase transitions in the limit € — 0 are possible in that framework, see Lemma 2.1, Figure 1,
and Figure 2(a).

(b) Criticality of the scaling. For compactness of rescaled displacement fields u® = (y* — id) /e,
see (2.9), we necessarily need £2(T5) — 0 as otherwise |Vu®| — 400 on a set of positive measure. More
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FIGURE 2. (a) Illustration of the A and B phase regions of a deformation y° with finite
energy (2.3) in dimension d = 2. The shadowed regions, where a transition of the gradient
between SO(2)A and SO(2)B occurs, are horizontal reflecting the laminate structure
of configurations with bounded energy. For the energy (2.8), the phase transition at
the lower boundary is possible, whereas the transition in the upper part would lead to
unbounded energies as ¢ — 0, cf. (2.13). (b) In the upper part of the figure, we depict
a minority island centered around a segment I', which may have length ~ 1 in the e;-
direction, but width at most ~ €, cf. (2.15). Such a set necessarily has curved boundaries
and is also penalized by the elastic energy in a neighborhood of the island. In the lower
part, the phenomenon described in (2.16) is illustrated.

precisely, since |Vu®| ~ 1/ on Tg, it turns out that the bound in (2.14) is sharp in order to derive the
uniform estimate ||Vu||zrq) < C of Lemma 2.3.

Recall that (2.14) was derived from (2.13) via the isoperimetric inequality. One may ask if this estimate
is sharp, i.e., if the scaling £2772(") = 27" of the penalization in (2.8) is really necessary to obtain (2.14).
For a small region near the boundary of £ whose boundary in € is a short straight line of length ~ ¢32
(see Figure 2(a)) the scaling is indeed critical. (We also refer to Example 3.2 in [3].) As the interface
between the two phases is horizontal, such a transition is only realizable close to the boundary. For small
inclusions of the B-phase in the interior, so-called minority islands, this is impossible, see Figure 2(b).

(c) Minority islands. The situation for such minority islands is indeed quite different. In dimension
two and without a strong second-order penalization, merely under the assumption that in a neighborhood
N of the island the quantity f N |V2y#| d is smaller than a universal constant independent of £, S. CONTI
and B. SCHWEIZER [25, Proposition 2.1] derived the remarkable bound

L£3(Tg) < C’/ dist(Vy®, SO(2){A, B})dz < Cé, (2.15)
Q

where the last step follows from the boundedness of the elastic energy. Roughly speaking, they showed
that minority islands, although possibly being long in the ej-direction (the direction orthogonal to the
rank-one connection), have width at most ~ ¢ in the ep-direction, cf. Figure 2(b). Their result is indeed
sharp in the sense that they provide a configuration with a minority island of length ~ 1 and width ~ ¢
such that the energy (2.3) is bounded uniformly in e, see [26, Remark 6.1]. A d-dimensional analogue
has been provided in [32, Remark 3.9].

(d) Internal jumps. This phenomenon excludes compactness in W1 for every r > 1, even if for a
sequence {y*}. there is only a single minority island of width ¢ in the es-direction around a 1-dimensional
horizontal set I'. Indeed, in that scenario the strain |Vu®| of the rescaled displacement fields u® (see (2.9))
would scale like 1/e on a set of £2-measure ~ ¢, and one could expect no Sobolev compactness. On the
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contrary, it would be natural for u® to converge to an SBV function which jumps on I'. In the following,
we will refer to the setting described above as that of internal jumps. We again recall that this issue is
excluded in the model (2.8) by the bound (2.14).

(e) Double phase transitions. A similar phenomenon may occur in the presence of a B-phase layer
with width w. ~ € as indicated in the lower part of Figure 2(b) which corresponds to two ‘consecutive
phase transitions’. Heuristically, denoting by y3 (2'), ¥= (2'), u5 (2"), and u® (2’) the traces of y° and u®
on the upper and lower boundary (with respect to the es-direction) of such a layer, one expects that
y5(2') = y= (2') + w. Bey, and thus

: Y5 (@) =y (2) —wees L we

lim (v (2') — v (2)) = lim =+ = const. = K lim — 2.1

lim (u (') —us () lim 5 cons s lim —es, (2.16)
where we recall (2.9) and the fact that (B—A)es = kea, see H3. Consequently, the limiting function would
jump with constant jump height xlim. .o “=ey. Interestingly, the jump height is essentially determined
by we, i.e., by the width of the B-phase layer. Let us also mention an additional problem occurring if

we >> € in this latter setting the sequence of rescaled displacement fields would not even converge to an
SBV function, cf. (2.16).

The perspective of the present work. The goal of the present contribution is to overcome the
above mentioned issues. In particular, building upon a novel two-well rigidity estimate proved in [32]
for a model augmented by a suitable anisotropic second-order penalization (see Subsection 3.1), we will
introduce a generalized definition of the rescaled displacement fields which takes the presence of the two
phases A and B in different parts of the domain into account. Roughly speaking, these displacement
fields will measure the distance of the deformations y° from suitable rigid movements which may be
different on the components of a partition of {2 induced by the A and B phase regions. This more flexible
definition will allow us to carry out the following tasks in any dimension d > 2:

e derive a linearization result for configurations where both phases are present, in particular where
phase transitions occur;

e obtain compactness results in a piecewise Sobolev setting for generalized rescaled displacements,
despite the presence of minority islands with macroscopic length;

e identify an effective limiting model comprising linearized elastic energies and contributions for
single and double phase transitions.

In our investigation, however, we do not take the presence of internal jumps into account for this would
lead to a considerably more involved limiting energy, see Remark 3.10 for a discussion in that direction.
From a modeling point of view, this amounts to excluding the presence of minority islands of width ~ e
(see Figure 2(b)), whereas minority islands of width < ¢ are allowed. In our model, this will be achieved
by considering a suitable anisotropic second-order penalization.

3. THE MODEL AND MAIN RESULTS

In this section we introduce our model with a refined singular perturbation, state the rigidity estimate
proved in [32], and present our main results.

3.1. A model with a refined singular perturbation and its sharp-interface limit. In this sub-
section we present the exact mathematical setting of this paper and recall our previous work [32]. We
analyze a nonlinear energy given by the sum of the non-convex elastic energy, a singular perturbation,
and a higher-order penalization in the direction orthogonal to the rank-one connection. To be precise,
for each ¢, > 0, we consider the functional

1
Bon(0) = 5 [ WTndate? [ (V3P ot ? [ (V29 = 10hul*) da (3.1)
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for every y € H?(Q; R?). This corresponds to the choice

d
PE(G) — €2|G|2 + 772 Z Z |Gijk:‘27 G e Rdxdxd,
=1 (j,k)€{1,....d}?,
(4,k)#(d,d)
n (2.2). Note that (3.1) coincides with the energy functional in (2.3) when 7 = 0. In what follows, we
will study the asymptotic behavior of the energies

gg = €,Me.d? (32)
where {7 4} is defined by
e = e 7D with  a(d) :== 1/(2d). (3.3)

We refer to Remark 3.1 below for details on the choice of the parameter. We denote the restriction of &,
to a subset Q' C Q by E(y,Q’). In [32, Proposition 4.3, Theorem 4.4, and Remark 4.5] we have shown
that the asymptotic behavior of the energies €. is described (via I'-convergence in the strong L!-topology)
by the sharp-interface model & : L'(Q;R?) — [0, +00], given by

d— i
Eoly) = {K’H YJv,) ifye?(Q),

400 otherwise,

where the optimal-profile energy is defined by
3 SN € R g _ .t —
K :=inf { hIEDI(I)lng(y , Q) : gll% Iy —yo [l (@) = 0}. (3.4)

Here, Q = (—%, %)d again denotes the d-dimensional unit cube centered in the origin, ysr was defined
below (2.5), and for the definition of #'(Q2) we refer to (2.4). Note that (3.4) is the counterpart to (2.5)
for the model in (3.1). From the definition of the optimal-profile energy and the fact that the penalization
in (3.1) (with = 7. 4) is stronger than the one in (2.3), we deduce the inequality K > Kj. As pointed
out in [32, Remark 4.5], the additional penalization term in (3.1) with respect to (2.3) does not affect
the qualitative behavior of the sharp-interface limit, only the constant in (3.4) may change. Moreover,
the fact that 7. 4 < 7! guarantees that, asymptotically when passing to a linearized strain regime, the

resulting model does not feature second-order derivatives, see [32, Introduction] and Remark 3.11 below.

We mention that anisotropic singular perturbations have already been used in related problems, see
e.g. [49, 67]. In the present context, the role of the perturbation is twofold: (1) It allows us to use
the two-well rigidity estimate proved in [32], see Theorem 3.2 below. (2) As discussed at the end of
Subsection 2.3, the penalization simplifies the analysis by excluding the formation of internal jumps for
limiting displacement fields, see Remark 3.10 below for more details. We remark that this anisotropy is
the reason why we study the case of exactly one rank-one connection.

Remark 3.1 (Choice of the penalization constant). We briefly mention that the result in [32] is slightly
more general in the sense that it holds also for penalization constants {n. 4} with 7. 4 < 7 4, see [32,
(4.5)], i.e., our choice of the penalization constant here is ‘less sharp’. For the sake of simplicity rather
than generality, we prefer to work with (3.3) since it simplifies many estimates in the following. (In
particular, the statement of the rigidity estimate in Theorem 3.2 below becomes simpler.)

Let us now recall the two-well rigidity result which is the fundamental ingredient for the proof of the
aforementioned I'-convergence result and, at the same time, is instrumental for our work. More precisely,
in the present paper, besides yielding properties on optimal sequences in (3.4) necessary for deriving the
sharp-interface limit, this estimate plays additionally a pivotal role for showing compactness of sequences
with equibounded energies and for providing an optimal lower bound for the asymptotic behavior of the
sequence {&}.. We present here a slightly simplified version of [32, Theorem 3.1] with p = 2 and 7. 4 in
place of 7.

Theorem 3.2 (Two-well rigidity estimate). Let Q be a bounded Lipschitz domain in R? with d > 2, and
let {fiz.a}te be as in (3.3). Suppose that W satisfies H1.-H4. Let E > 0. Then for each Q' CC Q there
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exists a constant C = C(Q, Y k,c1, E) > 0 such that for every y € H*(Q;R?) with E.(y) < E there exist
a rotation R € SO(d) and a phase indicator ® € BV (Q2;{A, B}) satisfying

Additionally, the choice of the rotation R and the phase indicator ® is independent of the set ) CC €.
If Q is a parazial cuboid, (3.5) holds on the entire domain Q for a constant C = C(Q,k,c1, E) > 0.

We point out that the result in [32, Theorem 3.1] is more general. Indeed, it is stated for any n > ¢
and for a range of integrability exponents. The present version for the choice n = ). 4 is the counterpart
to the simplified version [32, Theorem 1.1] on general bounded Lipschitz domains, and for a non-sharp
choice of a(d). We refer to [32, Section 3| for additional motivation on this estimate, in particular for a
comparison with other quantitative rigidity estimates for multiwell energies.

The focus of this contribution is on a I'-convergence analysis of the energies & in a topology different
from the one specified above. It will lead to a limiting model simultaneously keeping track both of sharp
interfaces between the two phases and of linearization effects. The precise topology for our I'-convergence
result is detailed in Subsection 3.2 below, and the I'-limit is presented in Subsection 3.4. Due to the
necessity of linearizing nonlinear elastic energies, we additionally need a local Lipschitz condition for the
construction of recovery sequences: besides the assumptions H1.-HG. stated in Subsection 2.1, we also
require

H7. (Local Lipschitz condition) there exists a constant ¢z > 0 such that
(W (F)) — W(F)| < es(1+|Fy| + | Fo))|Fy — Fy|  for all Fy, Fy € M99,
Moreover, for simplicity we will assume that
H8. (Geometric condition) for all ¢ € R the set QN {xg =t} is connected (whenever nonempty).

The latter condition is only needed for the compactness result in Theorem 3.3 and could be dropped at
the expense of more elaborated arguments, see Remark 4.3 for details.

3.2. Compactness. This subsection is devoted to our main compactness result. Our approach consists
in decomposing sequences of deformations {y°}. with equibounded &.-energies into the sum of two parts:

(a) Piecewise rigid movements, where ‘piecewise’ refers to associated Caccioppoli partitions induced
by the A and B phase regions. These converge to the limit y of the deformations {y°}..

(b) Displacements, rescaled by e, whose strain is equibounded in L2?. These converge to a limiting
displacement field, which is piecewise Sobolev, with possible jumps with normal in e4-direction.

In order to formulate the main result of this subsection, we need to introduce some notation. Denote by
2(Q) the following collection of Caccioppoli partitions of Q:

2(Q) = {73 = {P;}; partition of Q: Uj OP;NQ C UieN(Rd_l x {s8;}) NQ for {s;}; C R}. (3.6)

We point out that the partitions can be finite or may consist of countably many sets. (For simplicity, we
do not specify the index set corresponding to the indices j.) The definition above implies that | I 0P;NQ
consists of subsets of hyperplanes orthogonal to e4, which extend up to the boundary of 2. Note that
every Caccioppoli partition on the bounded domain 2 induces an ordered one just by a permutation of
the indices. For this reason, throughout the paper we always tacitly assume that partitions are ordered.
We will say that P® — P in measure as ¢ — 0 if xp: — xp in L'. Let % (Q) be the set of displacements
whose jump sets are the union of countably many subsets of hyperplanes orthogonal to ey, i.e.,

U Q) = {u € SBVA(%RY: Ju < _ (R x {s,}) nQ for {si}i € R}. (3.7)

For basic properties of Caccioppoli partitions and SBV functions we refer to Appendix A. In particular,
the essential boundary of a set is indicated by 9*. For sets ' C  and S C 2, we denote by m4(S) the
orthogonal projection of S onto the e4-axis, and define the layer set

Lo(S) = Q' N (R x 7m4(9)). (3.8)
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We now state our main compactness result. Recall the definition of Yz(Q2) in (2.4).

Theorem 3.3 (Compactness). Let Q C R? be a bounded Lipschitz domain satisfying HS. Assume that
W satisfies assumptions H1.-H4., and let {y°}. C H?(Q;R?) be a sequence of deformations satisfying
the uniform energy estimate

sup & (y°) < Cp < +00. (3.9)
e>0

Then, up to the extraction of a subsequence (not relabeled), the following holds:
(a) (Piecewise rigidity) There exist Caccioppoli partitions P° := {P5}; of Q such that

er—l ( U , 8*PJ§) <C, (310)
J
Zj min {£7(Q' N P7), Ld(LQ/(PjE) \ Pf)} <Core?  for every Q' CC Q, (3.11)

for some p = p(d) € (1,2), where C depends only on Cy and Q, and Cq additionally on Q. There
exist associated rotations R° € SO(d), as well as collections of phase indicators M* := {Ms};, with
M5 € {A, B} for every j and e, such that

sup ||Vy® — Z REM5xps||2() < Care  for every Q' CC Q. (3.12)
e>0 J J

(b) (Limiting deformation and partition) There exist a limiting rotation R € SO(d), a limiting defor-
mation y € Yr(Q), and a limiting partition P = {P;}; € P(Q) such that

R >R, (3.13)
P; — P; in measure for all j, (3.14)
y° — ][ ye(x)dx —y strongly in H(Q;RY), (3.15)
Q
Z_RaMprg —*Vy  weakly* in BV (Q; M%), (3.16)
J J
(¢) (Displacements) We find collections of constants T¢ := {t5}; C R?, associated to P°, satisfying
15 _ e
1t~ 4l — 400 for all i # j with LY(P;), LY(P;) > 0, and lim M = lim M7, (3.17)
e— e—

and defining the rescaled displacement fields associated to P, M, T¢, and R® by
oY =2 (REMF x4 45)xpy
u® = :

3.18
- 7 (3.18)
there exists u € % () such that
u® = u in measure in S, (3.19)
Vuf — Vu  weakly in L3, (; M%), (3.20)

In view of our compactness result, sequences of deformations having equibounded energies decompose
into the sum of piecewise rigid movements with gradients j RM5x Ps, reflecting also the different phases

A and B, and scaled SBV-displacements u¢ whose gradients are uniformly bounded in LfOC(Q;MdXd).
Let us comment on the compactness result and on some of the proof ideas.

The definition of the piecewise rigid movements, as well as (3.10)-(3.12), follow from the geometric
two-well rigidity result recalled in Theorem 3.2. In particular, (3.11) shows that each component has
either small volume or coincides (up to a small set) with a ‘layer’ of . (We also refer to Figure 4 below
for a 2d illustration.) At this point, the passage to subdomains is necessary and in (3.12) we control
the quantities only in L2 , cf. (3.5). If Q is a paraxial cuboid, this passage can be avoided, see Remark

4.3 for details in that direction. Let us also emphasize that the rotation R® is defined globally, i.e., it is
independent of the components of the partition P=.

Standard compactness results (see Theorem A.1) imply (3.13)-(3.14), whereas (3.15) follows from
Lemma 2.1, and for (3.16) we also take (3.12) into account. The global point of view for phase transitions
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given in Lemma 2.1 is combined with a local one in (3.17)-(3.20): the Caccioppoli partitions play the
role of identifying subdomains where the small-strain displacement fields defined in (3.18) satisfy good
compactness properties (3.19)-(3.20).

In this context, condition (3.17) represents a selection principle for the Caccioppoli partitions. (Note
that lim._,o M{ for k = i, j is well defined by (3.13), (3.14), and (3.16).) Loosely speaking, it implies that
two regions of the domain in the same phase, say phase A, are represented in the limit by two different
sets P; and P; if and only if along the sequence {P°}. there is a layer contained in the B-phase region
lying between P; and Pf whose width is asymptotically (as € = 0) much larger than ¢, cf. the discussion
below (2.16). We emphasize that, without the selection principle (3.17), there might be different possible
choices for the limiting partition, as the following example shows.

Example 3.4 (Non-uniqueness of limiting partition). The choice of different partitions at level ¢ is
not equivalent. In particular, different e-decompositions determine different limiting displacements and
Caccioppoli partitions, which may contain a different ‘amount of information’. To clarify this, consider
the following two-dimensional example. (For related examples, we refer to [38, Example 2.5] or [37,
Example 2.4]). Let

Q=1(0,1) x (0,2), 91 =1(0,1) x(0,1), £2=(0,1)x(1,2)
and for € > 0 and I € {1/2,1,2} consider the sets
Q?’)J = (07 1) X (1 - Ela 1+ 81)7 Qi,l = Ql \Q?la Q;J = QQ \ Qg,l'
We define three different example sequences according to the value of [: first, define 45! € H'(Q;R?) by

T ze Q!
7Y (z) == Bx — k(l—ees m€ Qg’l
z + 2keles x e Q5

for every = € 2, where & is given in H3., and then

e,l

1
yol =g —9(/2%),

where ¢: R? — R? is a standard mollifier with supp(p) C B;(0). One can check that sup,q & (y5!) < oo.
There are two natural alternative decompositions of the maps 3!, namely

3 .. N
(1) v = BIMP e+ xper Feutt,and(2) y =N (RN a8 e + 2
J= J
where R*! = R®! = Id and the Caccioppoli partitions, phases, and constant translations are defined as
W) PPl=q, Mi'—a, =0,
(2) P =00t NP = N = A, N5 = B, ol — 0, 25 = 2neles — be, £50 = —k(1 — eV)es,

respectively, where b € R? is some arbitrary translation. This leads to the different limiting displacement
fields and Caccioppoli partitions

(1) ul :O'Xﬁl +5162)(023 Pll :Qa
(2) @' =0-xo, + bxa., Pl =, Pj=0, Pi=0,
where s! := 2k lim._,oe!~! for [ € {1/2,1,2}.

In case (2), where the sets 21 and €5 are split in the limiting partition, the limiting displacement does
not provide any information on the behavior of the deformations at the e-level. Note that the translation
b € R? just expresses the non-uniqueness of the limiting configuration and does not have any physically
reasonable interpretation, see Proposition 3.6 below. On the contrary, in case (1) the jump height of
the limiting displacement on 92 N 925 provides information on the width of the intermediate layer Qg’l
where the deformation is in phase B: The jump heights s> = 0 and s' = 2k express that the width is of

order < ¢ and ~ ¢, respectively. As s'/2 = oo, we observe that u'/? ¢ % (Q). Thus, alternative (1) is
not allowed in the case | = 1/2 and the sets 0y and Q9 have to be split in the limiting partition. The
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observation that coarser partitions provide more information suggests to define the partition ‘as coarse
as possible’. This intuition is exactly reflected in the selection principle (3.17): for I = 1,2 we apply Case
(1) and only for [ = 1/2 we apply Case (2). O

As a consequence of Theorem 3.3, we introduce the following notion of convergence.

Definition 3.5. (i) We say that a sequence of deformations {y°}. is asymptotically represented by a
limiting triple (y,u,P) € # () x Z () x Z(Q), and write

v — (y,u,P),

if there are sequences {R°}., {P°}., {M°*}., and {T*}. such that (3.10)-(3.20) hold.

(if) We call a sequence of quadruples (R®, P, M=, T¢) admissible for {y°}. if (3.10)—(3.20) are satisfied.
(iii) We call a triple (y,u,P) € ' (2) x % () x P(Q) admissible for {y}c if {y°}. is asymptotically
represented by (y, u, P).

Although we use the notation — and call (y, u, P) a limiting triple, it is clear that Definition 3.5 cannot
be understood as a convergence in the usual sense. In particular, a specific feature of our limiting model
is that in the limit € — 0 a tripling of the variables occurs. Another crucial aspect is given by the fact
that along the sequence a characterization in terms of quadruples is needed. Let us highlight the relation
between the quadruples and the limiting triples: the deformation y € #/(Q) is determined by the rotation
Re, the partitions P¢, and the phases M®, see (3.16). For the displacement field u we additionally need
the translations 7°¢, see (3.18)-(3.19). Finally, the limiting partition P is directly related to P¢ by (3.14).

We will now proceed with a more specific characterization of the admissible limiting triples for a
sequence {y°}..

3.3. Characterization of admissible limiting triples. In this subsection, our aim is to give a com-
plete characterization of all limiting triples (y, u, P) which are admissible for a sequence {y°}. considered
in Theorem 3.3. This, in turn, specifies the domain of our effective energy discussed in the next subsec-
tion. Below we will see that the choice of the deformation y and the partition P is unique. On the other
hand, however, we see that u is not determined uniquely:

Consider admissible quadruples {(R, P, M T¢)}. for a sequence {y°}. which is asymptotically
represented by a triple (y,u,P), where T¢ = {t? }j. Then, we find another sequence of admissible

quadruples {(R, P, M=, T¢)}. by setting R® = exp(—eS)R* for S € Mgléfv, Pe =P, M = M=, and
Te = {t5}; with &5 = t5 — t; for some t; € R for all j. (Here, exp denotes the matrix exponential.) In
view of (3.16) and (3.18)—(3.19), a short computation yields that this sequence of quadruples will give

the limiting triple (y, 4, P) with
w(r) = u(x) + E tixp;(x) + S Vy(z) x for all x € Q. (3.21)
j

To take this ambiguity of the limiting description into account, for a given deformation y € #(Q2) and a
given Caccioppoli partition P = {P;}; € &(Q2), we introduce the set

skew

T (y,P) = {T: Q — R? such that T'(z) = Zj tixp, () +SVy(z)z, t;eRY SeM } (3.22)

of corresponding piecewise translations combined with global infinitesimal rotations. We obtain the
following characterization.

Proposition 3.6 (Characterization of admissible limiting triples). Let {y°}c be a sequence as in Theo-
rem 3.5. Let (y*,u',Pl) and (y2,u?, P?) be two admissible triples. Then the following assertions hold:

(i) y* = y? and P' = P? (up to possible reorderings of the sets).
(i) There exists T' € Ty, PY) = T (y*,P?) such that ul —u? =T.
(iii) For each T € 7 (y',Pl), the triple (y*,u* + T, P) is admissible.

Property (i) states that the limiting deformation is uniquely determined. It follows from (3.15). The
corresponding property for the partition is a consequence of the selection principle in (3.17). Without
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such a condition other choices are possible, see Example 3.4 for more details. Property (ii) states that the
admissible displacement fields for a sequence {y°}. are determined uniquely up to piecewise translations
and a global (infinitesimal) rotation. This non-uniqueness has been illustrated in (3.21).

The next result characterizes the jump sets involved in admissible limiting triples.

Proposition 3.7 (Admissible limiting triples; jump set and partition). Let {y°}. be a sequence as in
Theorem 3.3. Then for each admissible triple (y,u,P) in the sense of Definition 3.5 there holds

Jvy C oP; N
Vy Uj J
There are examples of sequences {y®}. such that the inclusion is strict.

The fact that the inclusion may be strict can be seen in Case (2) of Example 3.4 (corresponding to
1 =1/2). We also note by Proposition 3.6(iii) that there is always an admissible displacement field v with
Uj OP; NQ C J,. This inclusion might be strict, see Case (1) in Example 3.4 with [ = 1. We proceed
with a result which specifies the jump heights of admissible limiting displacement fields. For u € % (),
the normal on .J, is given by v, = e4. We denote by u™ and u~ the corresponding one-sided limits of u
and we let [u] := u™ —u~.

Proposition 3.8 (Admissible limiting displacement fields; jump heights). Let (y,u, P) be an admissible
triple in the sense of Definition 3.5 and let R € SO(d) be such that y € Yr(2). We have

(i) [u](z) constant for H ' -a.e. x € (R x {t1)NQ for all t € R with J, N (R x {t}) # 0,
(i) [u](x) € [0,400)Req for H ' -a.e. x € (J,\ Uj 0P;) N{Vy = RA},

(il) — [u](z) € [0,+00)Rey for H* '-a.e. x € (I, \U] OP;) N{Vy = RB}.

Roughly speaking, property (i) is a consequence of the geometry of the A and B phase regions induced
by the rigidity estimate. We refer to (3.11) and to Figure 4 for an illustration. We also refer to the
discussion on the jump height in (2.16). In particular, (i) implies that the jump set consists of subsets of
hyperplanes orthogonal to ey, which extend up to the boundary of Q. Some intuition for point (ii) has
been provided in (2.16), see also Case (1) in Example 3.4 with [ = 1. Point (iii) is similar by changing
the roles of the phases A and B. Note that (ii) and (iii) are well defined by Proposition 3.7.

Definition 3.9. In view of Theorem 3.3, Proposition 3.7, and Proposition 3.8, we introduce the set of
admissible limiting triples

A= {(y,u,’P) EYN)xuU(Q)x P (Q): Jyy C UOO . OP;NQ, wu satisfies (i)-(iil) in Proposition 3.8}.
j=

Remark 3.10 (Internal jumps). As discussed already heuristically in Subsection 2.3, the choice of
the penalization factor (3.3) simplifies the analysis by excluding the formation of internal jumps for
limiting displacement fields, see Proposition 3.8(i). This allows us to formulate our limiting model for
displacements in a piecewise Sobolev setting. Let us mention that without such a requirement the domain
of the limiting model is expected to be the space of generalized functions of bounded variation G.SBD?(2)
introduced in [30], with an additional constraint on the jump sets of admissible functions. Note that this
phenomenon is not just a technical mathematical issue, but is related to branching, i.e., to the presence
of microstructures near interfaces, see e.g. [20, 21, 33, 49, 67]. Particularly, see [21] for a simplified scalar
model in SBV addressing the low volume-fraction of one phase, and dealing with the problem of internal
jumps. (We also refer to [33] for some extensions to a vectorial model in the geometrically linear setting,
and to [24] for a corresponding scaling law in the case of a martensitic nucleus embedded in an austenitic
matrix.)
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3.4. The effective limiting model and TI'-convergence. This subsection is devoted to the identi-
fication of the effective limiting model. We start by introducing the limiting energy functional. We
preliminarily recall that, in view of assumption H5., the stored energy density W is C? in a neighborhood
of the set SO(d){A, B}. We also recall the quadratic form Qy;, defined in (2.11), Definition 3.9, and the
asymptotic optimal-profile energy in (3.4). We define the functional

EA (y,u, P) = /Q Qi (Vy, Vau) dz + KH (Jgy) + 2KHI! ((Ju U (U, 9P, Q) \ va) (3.23)

for every (y, u, P) € A. Note that the elastic term is well defined as Vy(z) € SO(d){A, B} for a.e. z € Q.

We briefly compare this energy to the limiting models in Subsection 2.2 and explain the relation to
E. introduced in (3.2). First, the elastic energy is more general than the one in (2.10) as it accounts
for the two different phases indicated by Vy. Moreover, in contrast to (2.6), the functional contains two
surface terms: the jumps of Vy represent the energy associated to single phase transitions between A-
and B-phases, already appearing in (2.6). The second surface term corresponds to two ‘consecutive phase
transitions’, i.e., two transitions with a small intermediate layer whose width vanishes as ¢ — 0, which
remain undetected by y. More generally speaking, by relaxation in the limit € — 0, the first term (single
transition) and the second term (double transition) effectively correspond to an odd and an even number
of consecutive phase transitions, respectively, cf. Figure 3. Note that the second surface term enters the
energy with double cost with respect to single phase transitions. This term itself has two contributions:
recalling the selection principle for the partition in (3.17), small intermediate layers of width ~ ¢ are
associated to J, in the limit ¢ — 0 and layers with asymptotically much larger width are encoded by the
partition P. Layers of width < € do not affect the limiting energy. This is illustrated in Example 3.4.

(a) (b) (c)

A w:l /STB N\ wl /B N\
wi] A wl] A
w ] B \ wl, B \ Ay B \
w§1 A
A A
B

FIGURE 3. Illustration of situations corresponding to even and odd numbers of consec-
utive phase transitions. We assume that w? — 0 as ¢ — 0 and that liminf. o w?/e > 0
for i = 1,...,8. The shaded regions describe the areas in which the phase transitions
occur. (a) We depict here the case of two phase transitions: the intermediate phase has
infinitesimal width w} and thus disappears in the limit. Its presence at level e, though,
still affects &', Indeed, in the second surface term, the length of the interface between
the two limiting A-regions will enter the energy with density 2K. (b) The case of three
intermediate phases is depicted. Although being different from (a) on the level ¢, this
situation leads to the same effective energy. In this sense, two intermediate phases ‘com-
pensate each other’ in the limit. Note that the jump height of the limiting function is
determined by w? and w? only. (c¢) We illustrate here the situation of five phase tran-
sitions: the energy contribution is accounted for in &' by the first surface term, i.e.,
the length of the interface between the limiting A- and B-regions, reflected by Jv,, will
enter the energy only with density K.
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Remark 3.11 (Second-gradient terms). The effective model described in (3.23) does not contain second-
gradient terms neither in y nor in u. Indeed, the choice 7. 4 < ¢! guarantees that the effects of higher-
order contributions, in particular of their anisotropic part, enter the limiting energy only in terms of the
value of the constant K, but no dependence on second-order derivatives persists in the model after the
limiting passage.

The main contribution of this paper consists in showing that the sequence {&.}c is asymptotically
described by 554, in the sense of I'-convergence in the topology introduced in Definition 3.5. As a
preliminary observation, we note that the limiting energy is invariant under changes of the asymptotic
representative.

Remark 3.12 (Energy invariance for different asymptotic representatives). Suppose that a sequence
{y*}. is asymptotically represented by two triples (y*,u!,P1), (y?,u%, P?) € A. Then, ' (y',ut, P!) =
E (y?,u?, P?). This follows from (2.12), (3.22), Proposition 3.6, and (3.23).

Our first result shows that &' provides a lower bound for the asymptotic behavior of the energy
functionals {&;}..

Theorem 3.13 (I-liminf inequality). Let Q C R? be a bounded Lipschitz domain satisfying H8. Let W
satisfy assumptions H1.-H5., let (y,u,P) € A, and let {y*}. C H?(Q;R?) be such that y¢ — (y,u, P).
Then
lim inf & (v°) > & (y, u, P).
e—0

Our second result is the proof that the lower bound identified in Theorem 3.13 is optimal. For
the construction of recovery sequences we need slightly stronger assumptions: we require that the set
is strictly star-shaped (see (2.7)), we assume H6. and H7., and we need a specific condition for the
asymptotic optimal-profile energy. In order to state our result, we need some additional notation. Define
the set of sequences

Wy = {{w:} : we € (0,00), we — 0, limﬂi(r)lf (we/e) > 0}, (3.24)
I
and define the functions

f‘/c?p = CdX{wy>0}s Z/fp = —€dX{zy>0} (3.25)
For M € {A, B}, we introduce the double-profile energy
y* — Mz

g

K¥:=sup sup inf{limsupge (v°,Q" x (=h,h)):
e—0

5 — y% in measure in Q' x (—h, h)},
h>0 {w}. €Wy

(3.26)

where here and in the following Q' := (—%, %)dil C R4, We defer a discussion about the definition of
K!, and proceed with the I-limsup inequality.

Theorem 3.14 (T-limsup inequality). Let Q C R? be a bounded, strictly star-shaped, Lipschitz domain
in R? satisfying HS. Let W satisfy assumptions H1.-HT7., and suppose that Ké“p = Kﬁ) = 2K. Let

(y,u,P) € A. Then there exists {y°}. C H*(Q;R?) such that y* — (y,u,P) in A, and
limsup & (y°) < &' (y,u, P).
e—0

The notion of strictly star-shaped sets will allow us to reduce the constructions to the case of finitely
many phase transitions, similarly to the investigation in [25]. The additional assumptions H6. and H7.
are instrumental to control the nonlinear elastic energies of the recovery sequence, whenever the gradient
is away from the two wells. We now address definition (3.26) and explain the condition K é“p =K dBp =2K.

First, in order to understand the role of the sequences W, defined in (3.24), recall the setting in
Figure 3(a). The case in which, locally at level €, two portions of the domain in the same phase are
separated by an intermediate region in the opposite phase, is reflected by an energy contribution in the
limiting functional £ whenever the width of the ‘intermediate layer’ behaves asymptotically as one of
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the sequences in Wy. We recall that, if liminf._,q (w./¢) € (0,400), this is encompassed by the jump set
of the limiting displacement u, whereas the opposite scenario is captured by the limiting partition P.

Intuitively, the value K é“p in (3.26) provides an upper bound for the energy of an optimal profile which
contains two phase transitions, first from A to B and then from B to A, with an intermediate layer in
the B-phase of width {w.}, see Figure 3(a). The interpretation of K dE; is the same after interchanging
the roles of the phases. The compatibility condition K é“p =K (ﬁ? = 2K is needed in the construction of
recovery sequences. On the one hand, it seems a natural condition as K and K (‘fp, K fp correspond to the
case of one and two phase transitions, respectively. On the other hand, for general densities W we are
able to prove only one inequality and the other inequality only under extra assumptions on W. More
precisely, we have the following.

Proposition 3.15 (Relation of K, Kg‘p, and K(ﬁ): inequality). The values K, K(‘f‘p, and Kdi introduced

in (3.4) and (3.26) satisfy min{Kfp,K(ﬁ)} > 2K.

We now discuss an additional assumption on W which implies equality. Assume that the energy
density additionally satisfies

W(F) > W(Id + (|Feq| — 1)eqa) for all F' € M%<, (3.27)

As we will show in Lemma 6.16, this condition ensures that optimal profiles are one-dimensional. It can
be understood as a generalization of condition (Hs) in [23] where one-dimensionality of profiles has been
discussed for a two-well problem without frame indifference. Note that this condition is compatible with
frame indifference. A model case is a situation where the energy only depends on the distance of the two
wells, i.e.,

W(F) = ¢(dist(F, SO(d)A), dist(F, SO(d)B)) for all F € M®*?, (3.28)

where ¢: ([0,00))% — [0, 00) is a smooth function with ¢;(min{t;,t2})? < ¢(t1,t2) < ca(min{ty, to})? for
all t1,t5 € [0,00) which is increasing in both entries. We refer to (6.107) below for details.

Given condition (3.27), we are able to show the following.

Proposition 3.16 (Relation of K, Ké“p, and K(ﬁ): equality). Suppose that (3.27) holds. The values K,
K(‘fp, and K(ﬁ) introduced in (3.4) and (3.26) satisfy Kg‘p = K(ﬁ.) =2K.

We do not have an explicit example, but we conjecture that for certain energy densities one might
indeed have min{ K a“p, K dB;} > 2K. Moreover, in contrast to (2.6) and (3.4), we cannot apply a symmetry

argument to show that K f; equals K (fp. In general, K é“p and K fp might be different.

Intuitively, min{X é“p, K fp} > 2K means that two optimal profiles in (3.4) cannot be combined to a
competitor in (3.26) without essentially increasing the energy. In any case, if e.g. K fp > 2K, the energy
would probably depend on the width of the intermediate B-layer and the limiting energy (3.23) would
necessarily also depend on the jump height of u. We do not pursue this more complicated case here, but
only provide a result under the aforementioned compatibility condition. In this case, the cost of a double

phase transition always equals 2K, independently of the width of the intermediate layer.

This concludes the presentation of our results. The remainder of the paper is devoted to the proofs.
The proof of Theorem 3.3 is the subject of Section 4. In particular, the limiting deformations, rotations,
and partitions are identified in Proposition 4.2, whereas the limiting displacement fields are exhibited in
Proposition 4.5 and Proposition 4.6. The remaining part of the proof of Theorem 3.3 consists in showing
that partitions and translations at the e-level can be chosen so that the selection principle in (3.17)
holds true. The characterization of limiting triples described in Subsection 3.3 is provided in Section 5.
Theorems 3.13 and 3.14 are proven in Subsections 6.1 and 6.2.

The main step of the proof of the lower bound in Theorem 3.13 consists in showing that in the ‘bulk
part’ of the domain and around the different limiting interfaces the asymptotic behavior of the energies
can be bounded from below by the elastic energy and by the two surface terms, respectively. Key
ingredients are the notions of optimal-profile and double-profile energy functions (see (6.3) and (6.5)), as
well as Propositions 6.1-6.2, providing a characterization of the local behavior of the energy around the
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different limiting interfaces. The former was proven in [32, Propostion 4.6]. The proof of the latter is
carried out in Subsection 6.3.

The proof of Theorem 3.14 relies on two main intermediate results, which are proven in Subsection
6.4: (1) in Proposition 6.4 we generalize [32, Proposition 4.7] to construct local recovery sequences
around single phase transitions; (2) in Proposition 6.5 we prove the corresponding result for double phase
transitions. Eventually, in Subsection 6.5 we show that under (3.27) optimal profiles for single phase
transitions are one-dimensional (see Lemma 6.16), and that K c‘{‘p =K fp = 2K (see Proposition 3.16).

4. COMPACTNESS ANALYSIS

This section is devoted to the proof of our compactness result in Theorem 3.3. We proceed in several
steps: we first identify sequences of rotations, phase indicators, and partitions, as well as a limiting
deformation and partition such that (3.10)-(3.16) hold, see Proposition 4.2. Then, Proposition 4.5 and
Proposition 4.6 are devoted to the construction of (sequences of) translations and the definition of dis-
placement fields, see (3.18)—(3.20), first on subsets of 2 and eventually on  itself. Finally, a further
delicate construction is needed to show that by a suitable choice of the partitions and the translations
also the selection principle (3.17) can be guaranteed.

In what follows, we will use the notion of sets of finite perimeter and Caccioppoli partitions. We refer to
Appendix A for basic properties. Before we start, we recall the two-well rigidity estimate in Theorem 3.2
and point out that the result hinges on the following characterization of the two phase regions (see [32,
Proposition 3.7 and Remark 3.8]). We refer to Figure 4 for a two-dimensional visualization.

Proposition 4.1 (Decomposition into phases). Let ® be the phase indicator identified in Theorem 3.2,
and define T := {® = A}. Then

(i) HITHO'TNQ) < ctely),

(W) [ fredlani <t @y for i Led- L
*TN

+o0o
(i) / ”Hd_2<(Rd_1 x {t}) No*T N Q) dt < 279 g_(y), (4.1)
—o0
where vr denotes the outer normal to T, O*T its essential boundary, a(d) is the quantity introduced in
(3.3), and &, is the energy functional defined in (3.1)—(3.2).

We point out that the statement in [32, Proposition 3.7] is more general but reduces to the proposition
above for the choice n = 7. 4 (see (3.3)).

In the proof of the compactness result, the set T" will be the starting point for constructing the
partitions. Properties (4.1)(i),(ii) are crucial to show (3.10) and to pass to a limiting partition in &(Q2)
by compactness. Item (4.1)(iii) is instrumental to prove (3.11).

We now start by identifying the limiting deformation and limiting partition. Recall the definition of
Yr(Q) and () in (2.4) and (3.6), respectively.

Proposition 4.2 (Deformations and partitions). Let Q be a bounded Lipschitz domain satisfying HS.
Suppose that W fulfills H1.-Hj. Let {y°}. C H?(:;R?) be a sequence of deformations satisfying (3.9).
Then, we find a sequence of triples (R®, P¢, M®), a limiting rotation R € SO(d), a limiting deformation
y € Yr(Q), and a limiting partition P = {P;}; € Z(Q) such that (3.10)-(3.16) hold after extracting a
subsequence. The components of P are connected.

We point out that in Theorem 3.3 the components are not connected in general. At this intermediate
stage, however, constructing the partition with this additional property is instrumental for the definition
of displacement fields in Propositions 4.5 and 4.6 below as it allows to apply Poincaré inequalities on
each component.

Proof of Proposition 4.2. Let {y*}. C H?(;R?%) be a sequence of deformations satisfying (3.9). We
denote the orthogonal projection of  onto the e4-axis by the interval (a,b).
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FIGURE 4. A visualization of phase regions in dimension d = 2. The (anisotropic)
second-order penalization guarantees that phase transitions occur inside cylindrical layers
of height £7/4. (Note that a(d) = 1/4 for d = 2.) Additionally, €7/* is an upper bound on
the height of minority islands in the es-direction. In other words, connected components
of the phase regions have either small volume or coincide (up to a small set) with a layer
of Q. In higher dimensions, a similar interpretation is possible, up to higher order terms.

Step 1: Preliminary estimates. First, we apply Theorem 3.2 to obtain sequences of rotations {R*}. C
SO(d) and phase indicators {®°}. C BV (Q;{A, B}) such that for all ' CcC Q

HVyE — qu)EHLZ(Q/) = HVys - (REAXTE + RgBXQ\Te)H[g(Q/) S CQIE and ‘DCDEKQ) S C, (42)

where T° = {®° = A} denotes the A-phase regions, see Proposition 4.1, Cq depends on €', and C' is
related to Cp in (3.9).

In the following, we will need to apply the relative isoperimetric inequality on sections of the form
QNn{xy =t}, t € (a,b). In general, the involved constant may depend on ¢t. As a remedy, we pass to
suitable subsets of 2 with properties independent of ¢: for ¢ > 0, we can choose Q¢ CC € with Lipschitz
boundary, satisfying HS8., and

Sup,~o HH(090F) < +o0, Eh_r)r%) dp(,9°) =0 (4.3)

(dg denotes the Hausdorff distance) such that for each t € (a,b) and each set of finite perimeter E C
Qf N {zq =t} there holds

min {del(E), ! ((QE N {zq = t}) \E)} < ol (Y2 (P E N QF)) 2, (4.4)

where a(d) is defined in (3.3). (For d = 2, the left hand side has to be interpreted as zero if H°(0* ENQF) =
0.) Indeed, these sets can be constructed as follows.

For fixed p > 0, let 2? CC 2 be a Lipschitz domain satisfying H8. which is a finite union of cylindrical
sets of the form w x (h™,hT) for w C R?~! Lipschitz, i.e., there are only a finite number of different
shapes for Q° N {x4 = t}, denoted by w; x {t} for Lipschitz domains w;, ¢ = 1,...,NP. (We do not
include p in the notation for simplicity.) Given t € (a,b), choose w; such that w; x {t} = Q? N {z4 =t}
and consider E C Q? N{xzy = t}. Then we can apply the relative isoperimetric inequality on w; to obtain
(4.4) for a constant C? depending on w; in place of =@ and QF in place of Q°. (See [35, Theorem 2,
Section 5.6.2]; note that the theorem in the reference above is stated and proved in a ball, but that the
argument only relies on Poincaré inequalities, and thus easily extends to bounded Lipschitz domains.)
Choose an infinitesimal sequence {py}r C (0,400) and a corresponding strictly decreasing infinitesimal
sequence {ex}r C (0,400) such that the sequence {7+ };, satisfies (4.3) (with Q7+ in place of Q°) and

max CP* < g @
i=1,..,Nek ¢ = K
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To conclude, we apply the following diagonalization argument: for € € [ey, e,—1] we set p° := pi_1. The
claim follows by considering the sets Q° := Q"

Step 2: Construction of auxiliary partitions. We start the actual proof by constructing a finite partition
of T* N QF as follows: we define f¢: (a,b) — (0, 4+00) by

) =H"  {zg =t} NTENQE)  fort € (a,b). (4.5)
We observe that f¢ € BV ((a,b)), and that its total variation can be estimated by
|Df¢|(a,b) < HHO*T® U ONF). (4.6)
In fact, for any ¢ € C°(Q) with ¢ =1 on Q°, we get by Fubini’s theorem that
[Df*|(a,b) = sup fre'dt= sup / xrenes (2, 2a) ¢'(z4) d(z', 2a),
@ECi(a,b) (a,b) gaeci(a,b) Q
[lellLoo (a,py <1 lellLoo (a,py <1
— sup / X1ena: (2, 4) div(w(x)go(:cd)ed) d(2,zq),
WEC&(Q,Z)),H@HLOO(Q@)SI Q

where we write x = (2/,4) with 2/ € R¥~! and x4 € R. Therefore, we obtain

D*|(a,b) < sup / xrenge div(g) dz = [Dxrena-|(Q).
PECL(QRY), [lpllpoo )<l VQ

Then, (4.6) follows from [7, (3.29), (3.62)].
Weset p:=1+ m € (1,2). (The choice becomes clear later.) Choose o, € (eP/2,¢P) such that

eP

HO(O"(f° < 0.} N (a,h)) < 25—1’/ HOO°{f° < s} (a,b)) ds < 2P| Dfe|(ab), (A7)
ep /2

where the last step follows from the coarea formula for BV functions (see [7, Theorem 3.40]). We choose

a<d; <dg2 <...<dpn—1 <bsuchthat 0*{f¢ <o.}N(a,b) = {dj};?:ll’ where m — 1 < 2¢7P|D f¢|(a, b)

by (4.7). We define a finite partition of 7° N ° consisting of the sets
PE=T"NO N{dj_1 <azg<d;}, j=1,....m, (4.8)

where we let dy = a and d,;, = b. In view of the definition in (4.5), we can estimate the ‘upper’ and ‘lower’
boundary of P} by ’;‘—ld_l((ﬁ*li’j8 NQ%)\ 0*T¢) < 20, < 2¢P. Therefore, since m — 1 < 2¢7P|D f¢|(a, b) by
(4.7), (4.6) yields

ST HITHOUP) < 2meP + HITH (O T U 007) < SHIT (9T U 00F) + 267 (4.9)
j:

We repeat th~e above procedure for 2\ T° in place of T¢ and obtain a finite partition of ¢\ T which we
denote by {Pf}?:mﬂ. Repeating the argument in (4.9) we get Y31 HITH O P) < SHTHITE U
O0°) +2eP. Weset P2, = (Q\ Q) NTe and PS,, = Q\ (Q°UT?). Since H4"1(99) < 400, by (4.3),
(3.9), and Proposition 4.1(i) we conclude

n+2 ~

> ) HH 0" PF) < TOHYH (0T U 0Q°) + 4e? + HTH(O(Q\ Q) + 201 (0" T N (2\ Q) < C
]:
(4.10)

for a constant C' > 0 independent of €. For later purposes, we note that each set IBjE is either contained
in T° or in Q\ T°.

Step 8: Limiting rotation, deformation, and partition. Up to the extraction of a subsequence (not
relabeled), we may assume that

R* — R € S0(d),
i.e., we directly have (3.13). Applying Lemma 2.1, up to passing to a further subsequence, we find
y € #(Q), see (2.4), such that (3.15) holds. By (4.2) we get that there exists & € BV (Q; {4, B}) such
that
®° —~* & weakly* in BV (Q;{A4, B})
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and hence almost everywhere in . By (4.2), (3.13), and (3.15) we then get y € Yr(Q).

By (4.19) and the compactness theorem for Caccioppoli partitions (Theorem A.1) we obtain a limiting
partition P := {P;}; such that Pf — P; in measure for all indices j (up to a subsequence). Note that
the components {P;}; are possibly not indecomposable. Therefore, we let P = {P;}; be the partition

consisting of the connected components of {P;};. (This partition exists due to [8, Theorem 1], see also
Appendix A.) By the lower semicontinuity of the Hausdorff measure and (4.10) we also deduce

HITH 0 P) =) HITN 0P < C. 4.11
S @R =Y W@ < (1.11)
We close this step of the proof by showing that P € Z(Q). Clearly, by the definition of P, it suffices to
prove P € Z(Q). To this end, it suffices to show that

vp,(¥) = +eq for Hi lae. z € 0PN Q, (4.12)

where v denotes the outer unit normal to P;. Let Q' cC Q. Fixi € {1,...,d — 1}. Since the function

o(v) = [{v,e;)| is BV-elliptic (see [7, Theorem 5.20, Example 5.23]), lower semicontinuity results for sets
of finite perimeter [6, Theorem 2.1] imply

/ |<I/}5_,61‘>‘d7{d_1 < hmlnf/ ‘<U15§,€i>|de_1. (413)
8+ P;nQ ’ e=0  Jo« Pjst/ Fi
For ¢ sufficiently small we have ' C QF, see (4.3). Then the definition of Pjs (see (4.8)) implies
lim inf/ Vie,e)| dHY! < lim inf/ vpe,ei)| dHO! 4.14)
migt [, e migt [ (

since vp. (z) = +eq for Hi lae. z € B*IBJ‘»E \ 0*T*. In view of Proposition 4.1(ii) and (3.9), recalling the
J
definition of a(d) = 1/(2d) in (3.3), we obtain by (4.13)—(4.14)

/ (vp ,e)|dHT™ =0 foreveryi=1,...,d— 1.
% Pyney ’

Thus, (4.12) holds since ' CC Q was arbitrary. Therefore, P € 2(Q) and then also P € 2(1).

Step 4: Definition of the sequence of partitions and phase indicators. We now define the partitions P*¢
and the phase indicators M°¢, and show (3.10), (3.12), (3.14), and (3.16). The proof of (3.11) is deferred
to Step 5 below. Let P® = {Pf}j be the partition consisting of the nonempty components of

{P{NP;: j,k €N} (4.15)
Since Pf — Py for all indices k and P; C Py, for some k, we clearly get that (3.14) holds. Additionally,
property (3.10) follows from (4.10)—(4.11).

Recall that each component of P¢ is contained in 7€ or Q \ T¢, see the sentence below (4.10). We
define the sequence M = {M]‘S}J6 by M7 = A for all j such that P; C T¢, and M; = B otherwise.
Then (3.12) follows from (4.2). This along with (3.15) also implies

Z R°M:xps — Vy strongly in LE . (Q; M4xd)y, (4.16)
J J
Due to (3.10), we have > HIH(9* Pf) < C, which yields

D REM: x pe
| ( Zj J XPJ‘ )
This along with (4.16) and a BV compactness argument yields (3.16).

Step 5: Proof of (3.11). It remains to prove (3.11). Choose ' CC Q and let € be sufficiently small
such that Q' C QF, see (4.3). We show (3.11) only for the components of P* which are contained in
7° N Q° since for components contained in ¢\ 7° the argument is the same. Denote by m4(F5) the

orthogonal projection of P} onto the eg-axis. In view of (4.7)—(4.8), (4.15), and the fact that P € £((2),
we can decompose the collection of components into the two sets

Jf=A{P; CcT°nQ: " (P;n{zg=1t}) <o for ae. t € mq(P)},

Q) <cC
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Js ={P; cT°NQ°: Hd_l(Pjs N{zq =1}) > 0. for a.e. t € ma(Py)}. (4.17)
First, since 0. < €P, we clearly get by Fubini’s theorem that
dQENPs) < (b— < Ce?
ijgejfc (N PF) < (b—a)o. < CeP, (4.18)
where C' only depends on 2. We now consider the components in J5. We let
I5 = {t C mq(F5): HIL((QF\ Po)N{zq=t}) > 0.} forevery je Js. (4.19)
Since 0. < P, we get
Z / HTH(Q\ PY) N {zg =t})dt < (b—a)o. < CeP. (4.20)
Predy (P\IS

On the other hand, for a.e. t € I we get by (4.4), applied for £ = P; N {zq = t}, and by (4.17), (4.19)
that

. < min {Hdil(PjE N{za=t}), H"((Q°\ PiYn{zg=t})}
< 0@ (HI2(9* (PE (\ {wg = t}) N ) T2

As 0. > €P/2, we find 1/2 < (1/2)(=2/(0=10 < = (a(F)d=2/d=D)pd=2(5*Pe 0 {zq = t} N Q°).
Integrating over [; and summing over the components J5, we get

1/7e
z:PferE £ (Ij) < Ce

We recall (4.15) and the fact that P € &(€2). Moreover, we have J; 8*?; NQEN{zy =t} CO*T°N

QN {zq =t} for a.e. t € (a,b), where H¥"l-a.e. z € *T¢ is contained in the boundary of at most two
different components, see (4.8). Then, (3.9) and Proposition 4.1(iii) yield

—(a(d)+p)(d—2)
d—1

b
Zj/a HI2 (07 P N {xg =t} N Q%) dt

1/7¢e —la@ipa=2) (%0 o —(a(d)+p)(d—2)/(d—1) 2—a(d)
o LI <cem A HIT2("T N {zqg =t} NQ)dt < Ce P € :
PfeJs -

J

CeP by an elementary computation. This along with (4.20) and the fact that H4~1(Qf N {zq = t})
(diam(Q))4~* for all ¢ € (a,b) yields

d 5 e d 1
ZP;€J§L‘ (Lo: (P5) \ P§) < (diam( ZPEGJE I5)
HEH(QF\ PE)n{zg=t})dt < Ce?,  (4.21
ZP ] R CavALIEE) (421)

where the constant C' depends only on ©Q and Cp, and Lq:(P5) is defined in (3.8). By combining (4.18)
and (4.21) we get (3.11) since Q° D Q' (for € small enough). This concludes the proof. d

where C' > 0 depends on Cj. Recalling p =1+ m and a(d) = 1/(2d), this yields EP;EJQE L1(I%)

VARVAN

Remark 4.3 (Geometry of Q). (i) Condition H8. could be dropped at the expense of more elaborated
estimates. First, in (3.11), Lo/ (P;) would have to be replaced by the connected components of L/ (P;)
which intersect P;. Accordingly, the isoperimetric inequality (4.4), applied in Step 5 of the proof, would
need to be applied separately in each of the components of ¢ N {z; = t} to get an estimate along the
lines of (4.21).

(ii) The passage to a subdomain in (3.11)—(3.12) is not needed if € is a paraxial cuboid: in this case,
Theorem 3.2 can be replaced by an equivalent statement directly on 2, see [32, Theorem 3.1 and Remark
3.2]. Moreover, the isoperimetric inequality (4.4) in Step 5 can be performed on the (identical) cuboids
QN {xq =t} of dimension d — 1.

Recall the definition of %/ (£2) in (3.7). The next step will be to identify limiting displacement fields
for subsets ' CC . Before that, we state an elementary local property of partitions that we will use
several times.
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Lemma 4.4 (Local property of partitions). Let K CC Q. Then, for each P € P(Q), the set K only
intersects a finite number of sets contained in P.

Proof. The result is a direct consequence of the compactness of K, and of the definition of Z(Q). ([l

Proposition 4.5 (Rescaled displacement fields on subdomains). Consider the setting of Proposition 4.2.
Let ' CC Q, and denote by {Pj}j-vzl the components of P which intersect Q', see Lemma 4.4. Then
there exist u € % (V') with J,, C \J;0P; and collections of constants {t; Ny for e > 0 such that the

rescaled displacements u®: ' — R defined by

_ -1 -1
—¢ Z 71 — (R°M  + 15) ) xps (v) ZPN — R°M5 x)xps(x)  (4.22)
for x € Q satisfy (up to a subsequence, not relabeled)
u® —u  in measure in ', Vuf — Vu  weakly in L*(Q'; M**?). (4.23)

We note that the second addend in (4.22) is intended to be zero if { P5 }; consists only of N components.

Proof. First, we recall that the components {P; }j\':l are connected by definition, that H4=(9P;\0* P;) =

0, and that vp, = ey for He¥Lae. x € O0P; N (), where the latter two properties follow from the fact
that P € £(2). Possibly choosing another set ' CC " CC Q we can assume that the sets P; N Q”,
j=1,...,N, are connected and have Lipschitz boundary. Clearly, it suffices to show the statement for
Q" in place of €. For simplicity, we still denote this set by €'.

Let (R®,P%, M®) be the triples identified in Proposition 4.2. By (3.12) we get
H Zj (Vy" = R°M;) xr;

for a constant C' > 0 depending on .

< Ce (4.24)
L2(Q)

Step 1: Poincaré estimate on each component. Since P;NQ' is connected with Lipschitz boundary, we
can choose an increasing sequence of smooth connected sets K,, CC P;N§Y such that LI((P;NQ)\ K,,) —
0 as n — 0o. The sets can be chosen such that the functions

[P (@) =My (x) — R Mj x — t7°)  for every z € Ky, (4.25)

for suitable ¢ € R?, satisfy a Poincaré estimate
15 o5y < CUV S Mlze (i) (4.26)
where the constant C' depends on Pj, but is independent of ¢ and n. By (3.14) and (3.11) we get
PN — P;NnQ and Lo/ (P5) — P ﬂ Q' in measure as € — 0. The latter and the fact that K, CC
Q’ N P; bhOW that K, C LQ/(PE ) for £ small enough (depending on n). Thus, by using again (3.11) and

LYPE NQ)A(P;NY)) = 0, we get

LYK\ PF) < LYK \ Lo (P)) + L (Lo (P5) \ Pf) = L% (La/(P§) \ PS) < CeP (4.27)

for £ small enough depending on n, where p = p(d) € (1, 2) is fixed. Let L be a sufficiently large constant
(independent of £,n) such that

dist(F, SO(d){A, B}) > |F — R°M;|/2 for all F € M**? with |[F — R°M| > L.
Then, ||V f*||Ls(k,) can be controlled by
IV e penmc,) + IV £ e K,L\Pg)ﬂ{|VyffREM5\§L}) IV e\ Po)n{ Ve —Re M > 1))
2.
,Hvy — RsM ||Lp(PEﬂQ ) + — (,Cd(K \Ps)) nglSt(Vy‘f’SO(d){A,B})‘|Lp({|vys,RsM]¢‘>L}).

Using Hoélder’s inequality for p < 27 (4.24), (4.27), as well as (3.1), (3.9) together with H4. we obtain the
uniform estimate ||V £} (4.26) yields

15 e,y < C- (4.28)
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We now show that the translations {7"°}. and thus the functions {f;"“}c can actually be chosen inde-
pendently of n. Recall that K,, D K; for all n € N. In view of (4.25) and (4.28), we have

e =t LUK <N vy + 115 g,y < C (4.29)

for every m,n € N, where the constant C' is independent of n, m, and €. Thus, for every € > 0 we get
that {t;-l’a}n is a bounded sequence, and up to the extraction of a subsequence (not relabeled) there exists
t5 such that

thS =5 asn — +oo. (4.30)

The constants t; are the ones from the statement of the proposition. By (4.29) we get 5*1|t?’6 —t5|<C
for a constant C' > 0 independent of n and e. This along with (4.28) yields that the functions

-1
fi(z):=¢e (y°(x) — R M5z —t5) forevery x € P}, (4.31)
satisfy for all n € N and all € small enough (depending on n)

If5 lww(x,) < C,

where the constant C' > 0 is independent of € and n. Thus, by a compactness and a diagonal argument
there exists a function f; € WLP(P; N Q';R?) such that (up to a subsequence)

f5 = f;  weakly in W"P(P; N Q;RY). (4.32)

Step 2: Definition of the limiting displacement field. Recall the functions f; identified in (4.32) and
the constants ¢ from (4.30). We set u := Z;‘V:1 fixp; on " and define u® as in (4.22). Below we will
show that indeed u € Z (), see (3.7), but now we first confirm (4.23). In view of (4.31), we get that
u® = f5 on P; N Q. We claim that, up to a further subsequence, there holds

(i) v*—= fj=u inmeasureon P;NQ forallj=1,...,N,
(i) Vu® — Vu weakly in L?(Q; M4*9). (4.33)

In fact, (4.32) along with (3.14) and v = f$ on P; N Q' implies measure convergence on P; N . This
yields (i). To see (ii), we use (4.22) and (4.24) to get

Vus =e7! Zj (Vy" = R°M5) xpr = g

weakly in L2(Q'; M?*9) for a suitable function g. Again by (4.32) we get g = Vf; on each P; N/, and
therefore g = Vu a.e. on Q. This yields (ii). Clearly, (4.33) implies (4.23).

It remains to check that u € % (). Recall that only the components P;, j =1,..., N, intersect '
Since f; € WhP(P; N RY) forall j =1,...,N, we get J, C U;V:1 OP;. Thus, we find HIL(T,) < +oo
since P is a Caccioppoli partition. More precisely, as P € Z(2), the jump set of u is contained in
(d —1)-dimensional hyperplanes orthogonal to eq. It thus remains to show that v € SBV2(Q/; RY). First,
note that Vu € L2(;M9*4) by (4.33)(ii). Since each P; N’ has Lipschitz boundary, we get that
ulp,nor € H'(P;NQY;RY), and the trace of u on 9P;N€Y exists. As the number of sets {P;}; intersecting
Q' is finite, we obtain u € SBV?2(Y'; R?) by applying [7, Theorem 3.84]. O

We next show that the translations can be defined so that there exists a limiting rescaled displacement
field on the whole domain 2.

Proposition 4.6 (Rescaled displacement fields). Consider the setting of Proposition 4.2. Then there
exist collections of constants T= = {t5}; fore >0 and u € % () with J, C |J; OP; such that the rescaled
displacements u® defined in (3.18) satisfy (3.19)—(3.20).

Proof. Consider a sequence {2, },, of open sets, compactly contained in 2, satisfying Q,, C €,,11 for every
n € N, and such that £4(Q\ Q,) — 0 as n — co. We denote by {P¢}. and P the partitions identified
in Proposition 4.2. In view of Lemma 4.4, we can reorder the partition P = {P;}; in a specific way
and can choose integers N1 < Ny < ... such that {P; };Vz"l indicate the components of P which intersect
Q,,. For each n € N, the translations given by Proposition 4.5 (with ,, in place of ) are denoted by
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{tj"}jvz"l The displacement fields on 2,, defined in (4.22) are denoted by u5". We denote their limits by
u™ € % () and recall that J,» C J y OP;. By a diagonal argument, we may suppose that there exists
a subsequence of € (not relabeled) such that (4.23) holds for all n € N, i.e.,

u®"™ — u™  in measure in Q,, Vus™ — Vu"  weakly in L?(Q,,; M%), (4.34)
Now it is elementary to check that for each n € N there holds
lim e 1 (#5" — t5™ ) exists and is finite for all 1 < j < N,,. (4.35)

e—0 J J
Indeed, this follows from lld(Pj N§,) >0 for all 1 <j < N,, and the fact that
671@? o t;z—&-l)XmeQn — (ue,n+1 o US’H)XP].EOQ” N (un+1 o un)XPjﬂQn
in measure, see (3.14) and (4.22)—(4.23), as well as (4.34).

We define the collection of translations 7° = {t5}; as follows: for each j, choose n € N such that
Np_1 <j < Ny, and set t5 = tj’", where we define Ny = 0 for convenience. We define u¢: Q@ — R? as
in (3.18). By recalling the definition of u®™ in (4.22), we get that the restriction of u¢ on Q,, for n € N,
satisfies

N,
& n_—1/4Em
u® = us" + E 1 € (tj — t;)XP;an - E
We introduce the function v™ € % (£2,,) by
N,
_ " : —1/48,m
v =" + § i (il_l)r(l)&‘ (" - tj)) XP;n Qs (4.36)

which is well defined by (4.35) and the fact that ¢ = tj’m for the index 1 < m < n such that N,,_; <
J < Np,. In view of (3.14), (4.34), and the fact that P; N Q,, = 0 for all j > N,,, we then get

u® — " in measure on {),, Vuf — Vo weakly in L*(€,; M?*9). (4.37)

—14e
e tixps on £,.
>N JXPJﬂQn n

This also shows that v = v™ on §,, for all n < m. This observation allows to define the function
u: Q — R by u = v™ on Q, for all n € N. The fact that J,» C U; OP; along with (4.36) also yields
Ju CU; OP;. Clearly, we get u € % (£2) since v" € % (£2y,) for all n € N. Finally, by (4.37) and the fact
that « = v™ on ), we get that u® satisfies (3.19)—(3.20). This concludes the proof. O

We conclude this section with the proof of Theorem 3.3. Given the above constructions, it remains
to show that the partitions and translations can be chosen in a specific way such that also the selection
principle (3.17) is satisfied. Although the realization of this is very technical, the main idea is quite
simple: whenever two components violate (3.17), they are combined, and they are replaced by a single
component in the partition.

Proof of Theorem 3.3. Let {y°}. C H?(Q;R?) be a sequence of deformations satisfying (3.9). Consider a
sequence {€,}, of open sets compactly contained in 2, satisfying Q,, C Q,,41 for every n € N, and such
that £4(Q\ Q,) — 0. We will prove that, after extracting a subsequence in ¢ (not relabeled), for each
n € N there exists a sequence of quadruples (R®, PS", M®™ T=") with P" = {P;’"}j, ME? = {M;"}],
7™ = {t;"}; and limiting triples (y,u",P") € () x % () x Z(Q) such that (3.10)-(3.16) and (3.18)~
(3.20) hold, and additionally we have

="
M — +oo  foralli # j with P/'NQ, #0, P’ NQ, # 0, and liH(l) M;" = lirr(l) M, (4.38)
e— e—

where {Pjn}j denote the components of the limiting partition P™. Note that the deformation y and
the rotations R® can be chosen independently of n € N. Moreover, we will see that the objects can be
constructed such that for each n > m and each € > 0 we have

(i) for all j there exists I; such that P;™ C P,
(i) for all j we have M;" = M>™ with I; given in (i),

(iii) if £(P;™ NQyy,) > 0, then t;" =" with I; given in (i),
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(iv) " =u>" on Q,, and Vu™" =Vu*™ on Q, (4.39)

where «®™ denote the rescaled displacement fields given in (3.18) for the quadruples
(Re, Per ME™ TE™). We defer the proof to Step 2 below and first show that this implies Theorem
3.3 for a suitable diagonal sequence (Step 1).

Step 1: Extracting a diagonal sequence. First, we find by (3.19) on €, and £,,, and by (4.39)(iv) that
for all n > m there holds u™ = «™ on €, and Vu™ = Vu™ on (). This observation allows to define the
function u: Q@ — R% by u = u™ on Q,, for all n € N. Clearly, we get u € % (Q) since u™ € % (Q2) for all
n € N. In particular, there holds for all n € N

u=u" on Q,  Vu=Vu" onQ. (4.40)

As P=™ is a coarsening of P=™ for all n > m by (4.39)(i), we get that P™ is a coarsening of P™ for
all n > m by (3.14). This gives Y, H*H(OP}") < 3, H* ' (OP}) < +oo for all n € N. By Theorem
A.1 there exists a partition P = {P;}; such that P]' — P; in measure for all j € N. Note that this
convergence also implies P € Z(). This and (3.14) for each m € N yield

: d n _ : d £,m my __
lim_ ch (PrAP;) =0, lim Zj LYPS™AP") =0 for all m €N, (4.41)
where A denotes the symmetric difference of two sets, see below Theorem A.1. Thus, by Attouch’s
diagonalization lemma [9, Lemma 1.15 and Corollary 1.16], we can choose a diagonal sequence {n(e)}.

such that

P;’n(a) — P;  in measure as ¢ — 0 for all indices j. (4.42)

We now define the triples P = P=™&) M = M=) and T¢ = 75" and check that (3.10)-(3.20)
hold for the limiting triple (y,u, P).

First, (3.10)—(3.11) follow directly from the corresponding properties of the partitions P=". We observe
that (4.39)(i),(ii) yield

e 7 re-n(e) _ e re:1
ZjR Mj pr,n(a) = ZjR Mj XP;,l.

This implies (3.12), (3.13), (3.15), and (3.16) by using the corresponding properties for the triple
(Re,P=, M=1). Property (3.14) follows from (4.42).

Consider the rescaled displacement fields u™) defined in (3.18). For each m € N we have u*"™(¢) —
u™ = u in measure on {2, by (4.39)(iv), (4.40), and (3.19) for m. As m was arbitrary, we get (3.19). In
a similar fashion, (3.20) follows also by taking into account (4.39)(iv), (4.40), and (3.20) for each m.

It remains to check (3.17). To this end, we fix i # j such that £4(P;), £4(P;) > 0, and lim._,o M"™) =

lim. M;’"(s). In view of (4.41)—(4.42), we can fix m € N (independently of €) and ¢y = g¢(m) > 0 such
that for all 0 < ¢ < ey we have for k =1,

e,nle £, M 1 £,
(i) LYPPNQ,) >0, L4PI™NQ,,) >0 and (i) £4PI"EAPE™) < SLUEE™). (4.43)

(To see (ii), we use £d(P§’n(E)AP§’m) < Ed(P,f’n(E)APk) + LYPAPM) + LYPMAPC™) — 0 and
LUPS™) — LYPM) as € — 0.) Possibly by passing to a smaller g, we can also suppose that n(g) > m

n(e)

for all & < ep. By (4.39)(i) for n = n(e) we find a component P’ which contains P, up to an

L%negligible set for k = i, j. By (4.43)(ii) we necessarily have that Ld(P;’n(E) NP;™) > 0. Thus, k = [,
This along with (4.43)(i) and (4.39)(ii),(iii) shows M™ = MS™ and ™) = ££™ for k = i,j. Then,
also lim. o M;"™ = lim. o M;™ and therefore, taking also (4.38), (4.43)(i) into account, we finally get

t?vn(e) _ tsvn(s) t61m _
1im|1 J |:lim|1732+oo.
e—0 £ e—0 5

=

Step 2: Coarsening scheme. We inductively construct sequences of quadruples (R®, PS"™ MS™ T™)
and limiting triples (y,u™,P™) for n € N such that (3.10)—(3.16), (3.18)—(3.20), and (4.38)—(4.39) hold.
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We start with n = 1. We apply Proposition 4.6 to obtain rotations R° and triples (755,./\}157 7’5), as
well as a limiting triple (y,4,P) such that (3.10)-(3.16) and (3.18)(3.20) hold. We write P= = {Pf};,
Me = {M-E}j, and T°¢ = {fs-}j We modify the triples to get sequences which also satisfy (4.38).

Coarsening scheme for n = 1. We construct P&, 751 and M, as well as the limiting partition

P! and the hmltmg displacement u! by the following 1terat1ve scheme: suppose that two components P,
and PJ of P with i # j violate (4.38) on Q, i.e.,

liminf. ,oe ' — 5| < 400,  lim M =1lm M5, PinQ#0, PnQ#0. (4.44)
e—0 e—0

First, by passing to a subsequence in e (not relabeled), we get M s = M ¢ for all e. Now, we replace P
and P in P by Pl = P U P In a similar fashion, we replace Pf and P‘E in 775 by Py’ b= PE U P6
for each ¢ > 0. Accordingly, on the set Py’ ! we introduce the translatlon ! tf and the phase
Mt = Mf =M 7 for each € > 0. In view of Lemma 4.4, only finitely many components of P intersect
Q1. Thus, we can repeat this construction at most a finite number of times until, for the resulting

partition P! and the triples (P!, M®!, T=!), each pair of components P and P} satisfies (4.38). This

concludes the construction in the case n = 1. (The definition of the resulting displacement field u! will
be indicated below.)

We check that (3.10)—(3.16), (3.18)—(3.20), and (4.38) are satisfied. First, (4.38) clearly holds true by
construction. To confirm the other properties, we assume for simplicity that the above coarsening scheme
was applied only once for two sets P, and Pj intersecting €y since the general case follows by induction.
First, (3.13) and (3.15) are not affected by the modification, and therefore still hold. Since the function
> REM]-Expf remains unchanged by construction, also (3.12) and (3.16) are still satisfied. To see (3.10)
and (3.14), it suffices to recall that pot = PZfEUP]'? which implies that Pf"' — Pl = R-UI:’j in measure. We
now show (3.11) for ' cC Q. As L4(P, N Q) > 0 for k =i, j, for & small enough, (3.11) and (3.14) (for
P imply LEYNPE) > LA (Lay (PE)\PE) for k = i, j. This also yields L4(Q'NPEY) > L4 (Lo (PE)\PE)
for € small enough. Therefore, since £%(Lg/(PS') \ PS') < D ki LY Lo/ (PF) \ ]5,5), (3.11) holds, as
well. We now finally introduce the limiting displacement field and check (3.19)—(3.20). We observe

utt = = N — )X

where u®! and 4 are the corresponding displacement fields defined in (3.18) with respect to the quadru-
ples (R¥, P=1, M= T=1) and (R, PS, M, T¢), respectively. By (4.44) we obtain e~ ({5 —15) — to € RY,
possibly passing to a subsequence (not relabeled). This implies that 4! converges in measure to

ul =4+ toxp, € w () (4.45)

and gives (3.19). Finally, (3.20) follows from Vu®! = V4 and Vu! = Va.

Now suppose that the quadruples (R®,P="~1 M&n=1 Ten=1) and the limiting triple (y,u"~1, P"1)
in step n — 1 have been constructed such that (3.10)—(3.16), (3.18)—(3.20), and (4.38) hold, and (4.39) is
satisfied up to step n — 1. We define the objects in step n as follows: if (4.38) holds with respect to the
set Q,,, we simply set (P&, M&n Ten) = (Pen—1 Men=1 Ten=1) and observe that all properties are
automatically satisfied.

If (4.38) is violated, the strategy is to apply the coarsening scheme described above to modify the
partitions and translations such that all properties, in particular (4.38)—(4.39), are fulfilled.

Coarsening scheme for general n. If two components Pi"_1 and P]n_l violate (4.38) (with respect to
the set 2,,), we combine them to one component P} := Pinf1 U Pjnf1 and similarly we define P;"" :=
Pf’nil U P;’”fl for all € > 0. Moreover, we define the phase M;™" = ‘Mig’"*1 = M?”fl for all € > 0.
Concerning the translation ¢5", we proceed as follows: we observe that at most one of the two sets Pi"71
and Pf_l intersects Q,—_1. Indeed, it is not possible that both sets intersect 2,1 as (4.38) holds by
construction in step n—1, and we assumed that Pi"71 and Pjnf1 violate (4.38) with respect to Q,, D Q1.
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Suppose that (at most) P! intersects €, ;. We define 5" := ¢>"~'. We repeat this procedure (at
most a finite number of times, cf. Lemma 4.4) until all pairs of components satisfy (4.38).

Then, for the resulting quadruple, (4.38) is satisfied by construction. Exactly as before in the step
n = 1, we can check that (3.10)-(3.16) and (3.18)-(3.20) hold. Finally, let us confirm (4.39): (i) follows
from the fact that in the procedure we iteratively have combined two components. Similarly, (ii) is a
consequence of the fact that only sets with the same phase are combined. Finally, (iii) and (iv) follow
from the definition of the translations in the coarsening scheme and the fact that, if two components are
combined, at least one did not intersect £2,,_1.

We perform this coarsening scheme for each n € N. Note that in each step we pass to a further
subsequence in ¢ (not relabeled). Then, (4.38)—(4.39) follow for each n € N for a suitable diagonal
sequence. (I

Remark 4.7 (Local properties of jump sets). For later purposes, we remark that each K CC € intersects
only a finite number of (d — 1)-dimensional hyperplanes orthogonal to ey which intersect J,,. This can be
seen as follows: the construction of the displacement fields in the previous proof shows that J,» C |J ;P

for all n € N. This follows from (4.45) and the fact that J; C |, P, see Proposition 4.6 for @ and P; in

place of u and P;, respectively. Therefore, also J,, C |J z Pj by (4.40). The desired property now follows
from Lemma 4.4.

We close this section by mentioning that the definition and construction of the partition in the previous
proof is inspired by [37, Section 5] where in a different context partitions with a property of type (3.17)
are called coarsest partitions.

5. ANALYSIS OF ADMISSIBLE LIMITING CONFIGURATIONS

This section is devoted to the proofs of Proposition 3.6, Proposition 3.7, and Proposition 3.8. We first
show that limiting deformations and partitions are uniquely identified whereas limiting displacements
may differ by global infinitesimal rotations and piecewise translations.

Proof of Proposition 5.6. Let {y°}. be a sequence as in Theorem 3.3 and let (y!,u', P1), (y2,u2, P?) be
two admissible triples. We start with the proof of (i). First, y* = y? follows directly from (3.15). In what
follows, we thus simply denote the deformation by y. Suppose by contradiction that the two partitions
P' = {P}}; and P? = {P}}; are different. Up to reordering we may assume that P} N P} and Py N P}
have positive £%-measure.

Let (R&Y, P51, MSL TE1) and (R%2, P52, M*2 T2) be sequences of quadruples converging to the
limiting triples (y,u',P) and (y,u?, P?), respectively, in the sense of (3.10)—(3.20). By (3.13) we have
lim. o R®! = lim._,o R®? = R € SO(d), where R is such that y € Yg(Q). By (3.14), (3.16), and the
fact that P N P? and P§ N P? have positive £L%-measure, we then obtain for all ¢ small enough

1 )1 )2
My =My = M~ (5.1)
Since the rescaled displacement fields u®! and u®?, defined in (3.18) with respect to the two different
quadruples, converge in measure in {2 by (3.19), we observe that also
1 18,1 el 27 16,2 €,2
g(zj(Rf M @4 651X pen —Zj(Ra M+t )ij,z)

converges in measure in 2. In view of (3.14), (5.1), and the fact that P} N P? and P4 N P? have positive
L% measure, we obtain

L e R e i e A el (5:2)

uniformly in ¢ for some C > 0. This is an elementary property for affine mappings. (See, e.g., [40,
Lemma 3.4]; the function ¢ therein can be chosen as in [41, Remark 2.2].) By the triangle inequality this
particularly yields |£5" — ¢5'] < Ce. This, however, contradicts (3.17) in view of (5.1). This concludes
the proof of (i).
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In the following, we denote the unique partition by P = {P;}; to simplify notation. We now show
(i). To this end, fix P; with positive measure. In view of (3.14) and (3.16), we find M = M for e
small enough. As u! — u®? converges in measure in Q by (3.19), we thus obtain |R®* — R®?| < Ce and
\tj’l — t§’2| < Cje for a constant C' > 0 depending only on §2, and some C; > 0 depending on j but not
on g, see (5.2) for a similar argument. Using the formula (see [42, (3.20)])

F T\T F T
(R)# — Id| = dist(F, SO(d)) + O(|[F — R|?) for F e M¥¢ R e SO(d),  (5.3)
we obtain S¢ € M%X? with |S¢| < C' such that

R€,2 _ Rs,l — (RE,Z (Rs,l)T _ Id) Rs,l — (555 + 0(82))R€’1.

Thus, possibly passing to a subsequence (not relabeled), we find S € Mgl{xefv and for each 7 € N with

L4(P;) > 0 a constant t; € R? such that 6_1(t§’2 - tj’l) — t; and e} (R®? — R®') — SR, where
R € SO(d) is such that y € Yr(Q2). In particular, note that S is independent of the component P;. By

(3.16), (3.18)-(3.19), and the fact that Mja’1 = M;’Q for € small enough we get for almost every = € P;

u'(z) —u?(z) = lim (u™'(2) —u*%(z)) = lim 1((RE’2 - Ra’l)Mf’1 T+ t;’z - tj’l) = SVy(z)z +t;.

e—=0 e—=0¢
Recalling the definition in (3.22) we obtain (ii).

We finally show (iii). To this end, fix T € .7 (y, P), say T(z) = > tixp, (z) +SVy(z) x for z € Q. We
have to show that (y, u' +T, P) is an admissible triple. Recall that the quadruples (R=!, Pl M1 Te1)
converge to (y,u!,P) in the sense of (3.10)-(3.20).

We let P& = P&t M = MS! and define 7¢ = {t5}; by 5 = t?l — et; for all indices j. Moreover,
we let R¥ € SO(d) be such that |R® — (Id — e5)R*!| = dist((Id — S)R*, SO(d)), which by (5.3) (for
F = (Id — eS)R*! and R = R®!) implies

R® = (Id — S) R®' + O(£2). (5.4)

We now see that (R, P, M*, T¢) converges to (y,u' + T,P) in the sense of (3.10)-(3.20). Indeed, as
| R — R*!| < Ce, the properties (3.10)-(3.16) are satisfied. Property (3.17) follows from the corresponding
property for 75! and the definition of 7¢. Define @° as in (3.18). To confirm (3.19), we calculate for
almost every = € P; using (3.16) and (5.4)
1 _ _ 1 _ ~
: —€ _ 6l — Tim = e,l _ pe &,1 &l 7 — iy — (RS _ pE &1 )
ilg(l)(u (z) — u>'(z)) gg%s((R RE)M; " o+t t) 213(1)5(1% RE)M; " x +

= SVy(z)z +1;.

Using (3.19) for u!, we find @ — u' + T in measure on the bounded set €. This yields (3.19). Finally,
(3.20) follows from a similar computation. O

We proceed by characterizing the jump set of the gradients of limiting deformations.

Proof of Proposition 3.7. As y € Yr(Q), we recall that 0{x € Q: Vy(x) € RA} consists of subsets of
hyperplanes orthogonal to eq, see below Lemma 2.1. Now, assume by contradiction that Jv, ¢ J y OP;NQ.
Then, by P € Z2(Q) and Lemma 4.4, we find a stripe D := {tg — p < zq < to + p} N, with Q' CC Q,
to € R, and p > 0 small, such that D C P; for some j € N and (up to reflection) DN {zq > to} C {Vy =
RA}, DN {xy < to} € {Vy = RB}. In view of (3.13)—(3.14), however, this contradicts (3.16). To see
that the inclusion might be strict, we refer to Case (2) in Example 3.4 with [ = 1/2. O

We conclude this section with a characterization of the jump heights of limiting displacements.

Proof of Proposition 3.8. We first observe that it suffices to show that, if ' cC €2, then the result holds
for every € €. Consider a (subset of a) hyperplane S := {z4 = to} N Q" with 41 (SN J,) > 0. We
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distinguish two situations:
d—1 ) — d—1 .
(a) H (S N| |j 6P]> 0 and (b) H (S n| |j 8P]) > 0.

To simplify notation, we set without restriction tg = 0. We start with Case (a). Choose another set Q"
with Q' CcC Q" cC Q. As P € Z(), by Lemma 4.4 and Remark 4.7 we find p > 0 small enough such
that the cylindrical set D := w x (—p, p), w C R¥~! satisfies D N {z4 = 0} = S, is contained in a single
component P;, is contained in 2", and satisfies

JuNDcCS={zs=0}NnQ". (5.5)

By Proposition 3.7, it is not restrictive to concentrate on the case Vy = RA on D C P;, which corresponds
to proving properties (i) and (ii) of the statement. Analogously, property (iii) may be derived after some
modifications in the notation.

Step 1: Case (a), property (i). Let (R®, P, M*,T¢) be sequences of quadruples converging to (y, u, P)
in the sense of (3.10)—(3.20), and define u® as in (3.18). Assume also that J¢ is the (at most countable)
set of indices for the partition P¢. We denote by Jf the indices with £¢(2" N P7) < LY Lan (P;)\ Pf),
and we let J5 = J°\ Jf. By (3.11), (3.14), (3.19), (3.20), Fubini’s theorem, and Fatou’s lemma we
get that for % l-a.e. 2/ € w there exists a sequence {ex}r C (0,400) with e — 0 such that for a.e.
0 < p/ < p we have

(i) (2, =p"), (', p") € P;* for all k large enough, u**(2', £p") = u(a’, +p') as k — oo,
(ii) Z LYP N ({2} x (=p', ")) + Z 51((LQ//(PJ.€’“) \ P7F)n ({2} x (—p’,p’))) < C(a) €L,

JETT JjeTs

o _
(iif) / Vus (2, D)2 dt < O(), (5.6)
7p/
where C'(z') > 0 depends on Q" and 2/, but is independent of p’ and {e;,},. We point out that in general

the sequence {e;}r depends on z’. For later purposes, however, we note that, for a.e. pair of points
x}, xh € w, we can choose a single sequence {e}; such that (5.6) holds.

Fix 2’ € w and 0 < p’ < p such that (5.6) is satisfied. For notational simplicity, we drop the subscript
k of the corresponding sequence {e}r and we omit the dependence on z’. Define

B (s p)) = {t €(=r0): Y Mixe:(a',t) = B}. (5.7)

By the fundamental theorem of calculus, in view of the definition of u¢ in (3.18), we get
p/
ye(x’7p’)—y€(x’,—p’) :/ 8dy€(x’,t)dt
7p/
p/
= 5/ dqus (', t) dt + L1 (B (2';p')) R°Bea + (20" — L' (B (2';p))) R° A eq.
7p/

Thus, by (5.6)(iii) and Holder’s inequality we find
Uy (', pl) — v (o, —p) — 20 R Aeq — LB ('3 ) BE(B — A)eq] < 20NV (5.8)
Since Vy = RA on D C Pj, we get M7 = A for ¢ sufficiently small by (3.16). Thus, by (3.18) and
(5.6)(i), we also have
€71(y6(x/7p/) o ya(x/’ _p/) _ QPIRaAed) — ua(m/,p/) o UE(CUI, _p/)
for every e sufficiently small. Recall the definition of  in H3. By (3.13), (5.6)(i), and (5.8), up to passing

to a further subsequence (depending on p'), we get that £(z'; p’) := lim._,o e 1LY (B%(2';p')) > 0 exists,
is finite, and satisfies

(@', p') —u(a', —p') — K L(a'; p') Rea| < (2C(2')p)"/2. (5.9)
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Here, we used that C(z’) is independent of €. On the other hand, the fundamental theorem of calculus
for the limiting displacement together with (5.5) yields
I3 _
e’ ) = ule',—) = W@ 0) < [ jouula’ Bt < (200, (5.10)
—p!
where the last inequality follows by (5.6)(iii), Holder’s inequality, and a lower semicontinuity argument.
By combining (5.9) and (5.10) we deduce

[[u](2’,0) — K £(z'; p') Rea| < 2(2C(2)p')*/2. (5.11)

Property (ii) in Case (a) now follows by recalling that £(z'; p') > 0, by the fact that C(z) may depend
on 2’ but is independent of p’, and by considering a sequence p’ — 0 such that (5.6) holds. (We briefly
note that property (iii) corresponds to Vy = RB on D C P;. This case can be treated along similar
lines, by interchanging the roles of A and B.)

Step 2: Case (a), property (i). We now show property (i) by contradiction, where without restriction
we treat the case Vy = RA on D C P;. If the statement were wrong, we would find 27,25 € w and
0 < p’ < p such that for each z}, i = 1,2, (5.6) holds (with z} in place of 2/, for a single sequence {ej }1)
and such that

[ (21,0) = [u)(a5, 0)| > 5(2Cp')"/2, (5.12)

where we set C' = max;—1 2 C(z}). We again drop the index k of the sequence {ex}x. Define B¢ (z}; p)
as in (5.7) for ¢ = 1,2. Repeating the reasoning in Step 1, see particularly (5.11), we find |[u](z},0) —
kl(2};p") Req| < 2(2Cp")Y/2 for i = 1,2, where the limits £(x%; p') := lim. 0 e~ LY (B%(x/; p')) can again
be assumed to exist after passage to a subsequence (not relabeled). By the triangle inequality and (5.12),
we find k|€(z}; p') — £(xh; p')| > (2Cp’)/2. This implies

inf <1 £1(B(a}: 1)) — £ (B (a: )] > 0.

€
In view of the definition (5.7), this contradicts (5.6)(ii) since p > 1. This concludes the proof of (i) and
of Case (a).

Step 3: Case (b), property (i). To complete the proof of the proposition, it remains to show assertion (i)
in Case (b). (Note that assertions (ii) and (iii) are trivial in this case.) In this situation, possibly passing
to a smaller p, by Lemma 4.4 we get that the set D = w X (—p, p) considered in Case (a), see before (5.5),
only intersects two components P;, and P;,, with DN P;, = DN{xq <0} and DN P;, = DN {zq > 0}.
In a similar fashion to (5.6), in view of (3.11), (3.14), (3.19), and (3.20), Fatou’s lemma yields that for
H?la.e. 2’ € w there exists an infinitesimal sequence {e}};, such that for a.e. 0 < p’ < p there holds

(x/a _pl) € Pk

F (2!, p") € PiF for all k large enough,  u™ (2, £p") — u(2’, £p) as k — 0o, (5.13)

and properties (ii) and (iii) of (5.6) are satisfied. Given 2’ € w and 0 < p’ < p, arguing exactly as in the
proof of (5.8) in Case (a), we find (we again drop the index k and the dependence on z’ in the sequel)

@)~ (@) — 20 B Ay — LB (@' ) B (B~ A)ea] < (20(/)p)"
where B (2'; p') is defined in (5.7). By (3.16), for ¢ sufficiently small, we may assume that M5 = M; for
Jj = 7j1,72. Thus, in view of (3.18) and (5.13), we get
ey (@' ) =y (@, =) = P/ B (M, + M,) eq) — (85, — 15,) = u(a’, p') —u(z', —p).
This along with the previous estimate entails
[ (@!, ) — (', =) — ve(a's )] < 25 )2, (5.14)

where for brevity we have set

ve(a's p') = e LN B (a5 p))) RE(B — A)eq + e ' p'R° (2A — (M, + Mj,)) eq — e H(t5, — t5,).  (5.15)

Then (5.13) and (5.14) show that there exists a constant vector v(z'; p') € R? depending on p’ and 2’
such that, up to the extraction of a subsequence (not relabeled), there holds v.(z'; p’) — v(z';p’). By
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using (5.5) and (5.6)(iii), we get that (5.10) also holds in the present situation. Then, similar to the proof
of (5.11) in Case (a), we obtain by (5.13) and (5.14)

[ul (2", 0) — v(a’; p')| < 2(2C(a")p")"/2. (5.16)

The proof of property (i) is now obtained by contradiction by following the lines of the proof in Case (a):
suppose that there were z}, 25 € w and 0 < p’ < p such that for each x}, i = 1,2, (5.13) and (5.6) (ii), (iii)
hold (with 2 in place of #'), and the two points are such that |[u](x},0) — [u](x}, 0)| > 5(2Cp')/2, where
as before C' 1= max;—1,2 C(x}). By (5.16) this yields |v(z}; p’) — v(2h; p')| > (2Cp")Y/2. In view of (5.15),
this however contradicts (5.6)(ii). This concludes the proof. O

6. DERIVATION OF THE EFFECTIVE LINEARIZED ENERGY

This section is devoted to the proof of our I'-convergence result for the sequence of energies & = E. 5. ,
introduced in (3.1) (with 7 4 from (3.3)) and the limiting energy &' defined in (3.23). In Subsections
6.1 and 6.2 we prove Theorems 3.13 and 3.14, respectively. A key ingredient for the liminf inequality is a
characterization of the double-profile energy K, é\g (see (3.26)), in particular its connection to the optimal-
profile counterpart K (see (3.4)). This result is subject of Proposition 6.2 and is proven in Subsection
6.3. The proof of the limsup inequality is performed under the additional assumption that

Kyt =2K for M € {A, B}, (6.1)

and essentially relies on Propositions 6.4 and 6.5. The latter provide constructions of local recovery
sequences around interfaces performing a single and a double phase transition, respectively, and coinciding
with isometries far from the interfaces. Their proofs are contained in Subsection 6.4. Finally, in Subsection
6.5 we show that, under the additional assumption in (3.27), condition (6.1) can be verified. This hinges
on the property that in this case optimal profiles for single phase transitions are one dimensional, see
Lemma 6.16.

6.1. The liminf inequality. In this subsection we show that the functional 554 is a lower bound for
the asymptotic behavior of the energy functionals £&. As a preparation, we introduce the notion of
optimal-profile and double-profile energy functions, and we state their main properties.

Consider w C R?! open and bounded, and let h > 0. For brevity, we use the following notation for
cylindrical sets

Dy p :=w x (—h,h). (6.2)
We define the optimal-profile energy function
Flw; h) = inf { liminf € (y%, Do) ¢ T ly* = yif 220 = o} (6.3)

for every w C R4 and h > 0, where yi was defined below (2.5). As mentioned there, due to the
invariance of the energy functionals £ under the operation Ty(z) = —y(—z), the optimal-profile energy
is independent of the direction in which the transition between the two phases A and B occurs, i.e.,
in (6.3) we can replace y; by the continuous function y, € HL (R4 RY) with y, (0) = 0 and Vy, =
BX{z,>0} T AX{z,<0}- We refer to [26, Lemma 3.2] for details. We start with the property that the
optimal-profile energy is independent of h and depends on w only in terms of H9!(w). The following

characterization has been proved in [32, Proposition 4.6].

Proposition 6.1 (Optimal-profile energy function). For all h > 0 and all open, bounded sets w C RI~!
with HY=1(0w) = 0 there holds F(w;h) = K He~Y(w), where K is the constant from (3.4).

In a similar fashion, we investigate properties of the double-profile energy given in (3.26). Recall Wy
in (3.24). We define the set of functions jumping on the interface by

Uap (Do 1) = {u € SBVZ.(Dyy,p; RY): H¥7(J,) >0, J, Cw x {0}}. (6.4)
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Then, for M € {A, B}, we define the double-profile energy function
y* — Mx

We

Fil(wih) =  inf inf inf { lim inf E.(5°, Das ) :

— u in measure in D, p as € — O},
u€Up(Duw,n) {we}e EWa

(6.5)
for every w € R?~! and h > 0. The double-profile energy can be characterized as follows.
Proposition 6.2 (Double-profile energy function). For all h > 0, all open, bounded sets w C R4~ with
HI(Ow) = 0, and for M € {A, B} there holds
K H"™ (w) > Fal(w, h) > 2K 7 (w), (6.6)
where K and Ké\g are defined in (3.4) and (3.26), respectively.

Note that the result in particular implies Proposition 3.15. Moreover, in the case 2K = K (Ii‘/p[, equality
holds in (6.6). (We refer to Subsection 6.5 for a setting in which this condition is fulfilled). We defer the
proof of Proposition 6.2 to Subsection 6.3 below. At this stage, we only mention that it is achieved in
two steps: we first show that fé\g (w, h) is independent of h and depends on w only in terms of H4~!(w),

see Proposition 6.6 below. Then, in a second step we address the connection between ]—"é\g(Q’, 1), Ké\g,
and 2K, see Proposition 6.7. We now proceed with the proof of the liminf inequality.

Proof of Theorem 3.13. Let (y,u,P) € A, see Definition 3.9, and let y* — (y,u,P) in the sense of
Definition 3.5, i.e., there are sequences {R°}., {P°}., {M*}., and {7T°}. such that (3.10)—(3.20) hold.
Suppose that y € Yr(2) for R € SO(d), see (2.4). To simplify the exposition, we suppose that fQ yodx =
0, i.e., by (3.15) we get

y® =y strongly in H'(Q;R?). (6.7)
By Proposition 3.6(iii), Proposition 3.8(i), and Remark 3.12, possibly passing to another displacement
field being admissible for the sequence {y°}., we may without restriction assume that

U or,nac . (6.8)
J

As Q has Lipschitz boundary, by the definition of the set A in Definition 3.9 and by Proposition 3.8(i)
there exist sequences {w?};, {w¥}; of Lipschitz domains in R4~ and sequences {a?};, {a}; of real
numbers such that
— Yy Y _ u u
Jvy = UieN w! x{af} and J,\ Jvy = UiEN wi x {al}. (6.9)

Let 6 > 0. We can find I, I, € N such that

HY (Jgy) =6 < Zfilﬂd‘l(w? x{a?}),  HTN(Ju\Jyy) =6 < Z;Hd‘l(w;f‘ x {a}). (6.10)

Moreover, we choose h > 0 such that the cylindrical sets (see (6.2)) aeq + Dy, i = 1,...,1,, and
aj'eg+Dyup, i =1,..., I, are pairwise disjoint, and do not intersect the interfaces {w; x {a}'}}i>1, and
{wi* x {af'}}is1,. The latter is possible due to Jgy, C |J; 9P; N Q (see definition of A), Lemma 4.4, and
Remark 4.7 which imply that the interfaces {w! x {a¥}}i>1, and {w} x {a}'}}i>1, can only accumulate
at 09, see [26, Proof of Proposition 3.1] for details, and the lower part of Figure 1 for an illustration.
By possibly passing to a smaller A > 0 (not relabeled), we can choose ©} CC w! and @} CC w} with

Lipschitz boundary such that

HN WYY <HSTY@Y) + /1, fori=1,...,1,,

HI (W) < HEY QW) 46/, fori=1,...,1I,, (6.11)
and such that

DY :=afeq+ Dgy ) CCQfori=1,...,1

Y Di = aj'eq+ Dgup CCQfori=1,... 1,

see Figure 5 below.
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DY
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FIGURE 5. A visualization of the different interfaces and sets under (6.8). The phase re-
gions associated to A and B are colored in blue and orange, respectively. The cylindrical
sets {D}}i—1,..z, and {D}'};—1, . 7, are drawn in green. The corresponding interfaces
in Jy, and J, are highlighted with thick red and dashed black lines, respectively.

Moreover, it is also not restrictive to assume that
v iy Lu dg
Zizlc (DY) +Zi:1£ (DY) < 6. (6.12)
We define the set
- d; Ly Y L u
Qy = {2 € Q: dist(z,09) > 6} \ (Uizl pyulJ.” pi ) (6.13)
The main steps of the proof will consist in estimating the surface energies by

. . c Iy _
(i) hgn_}glf & (y ,LJZ.:1 Df) > K(H (Jgy) — 20),

Lo _
(ii) llIEIi:(I)lf & (ys, LJl_:1 D; ) > 2K (H (o \ Jy) — 26), (6.14)
and the elastic energy by
liminf & (y°, Q) > Qiin(Vy, Vu) dz, (6.15)
e—0 Qs

where the quadratic form Qy;, is defined in (2.11). Once these estimates have been settled, in view of
(3.23), we then indeed obtain liminf. .o & (v, Q) > & (y,u, P) by letting § — 0, by taking (6.8) as well
as (6.12)—(6.13) into account, and by using monotone convergence. Let us now prove (6.14) and (6.15).

Step 1: Proof of (6.14)(i). By (6.7), y € Yr(£2), (6.9), and the fact that the sets {D}}; are pairwise
disjoint and contain only one interface, we get for each i =1,...,1, that

R (- +aleqs) =y or R (- +aleq) = yy in L' (Dgv 5 RY).
Therefore, by H2., (6.3), and the comment thereafter we obtain
I I I
.. e y v\ > Yo . (_15- y ~y)> y ~y.
luén_}élf & (y ,Uizl Dl) > Zi:l hgi}glf E(Ry (- +afea), Dgv ) = i F (&Y h).
Then, by Proposition 6.1 and (6.10)—(6.11) we get

Iy Iy — ~ —
lim nf €. (yf,Ui:1 D;!) > K3 HIN@Y) > K(H (Jey) - 20).

This shows (6.14)(i).

Step 2: Proof of (6.14)(ii). By (6.9) and the fact that the cylindrical sets are chosen to be pairwise
disjoint and to contain only one interface we know that Vy is constant on each D¥, i =1...,1,. We

70
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choose M; € {A, B} such that Vy = RM; on D¥. We will distinguish two cases, indicated by the index
sets

T = {i:l...[u: (wyx{ay})mujapjmgzw}, Ty = {1,..., L.} \ 1. (6.16)

Step 2(a): i € Z;. In view of (6.9), (6.16), and the fact that the cylindrical sets are pairwise disjoint
and contain only one interface, we get D¥ C P for some index k. Then by (3.14), (3.16), (3.18), and
(3.19) we get as e — 0

e (Y —R° Mz —t7) = u in measure in D}". (6.17)

As the cylindrical sets are pairwise disjoint and contain only one interface, we find u(- + aleq) €
Uap(Dgy n) (recall (6.4)). We define the function

7 (x) = (B*)Ty (2 + afeq) — (B)Tt], — Miaj'eq
for 2 € Dgu p, and we note by (3.13) and (6.17) that e~'(§° — M;z) — @ in measure in Dgu j,, where
@ = RTu(- + abeq) € Uap(Dgu ). Then, the sequences {7} and {w.}. € Wy defined by w. := ¢ for all
¢ are admissible in (6.5). Thus, by the translational and rotational invariance of the energy we get

.. € PUY — i e N S M (~u.
hgn_gglfé'g (v*, DY) hléri}(]glfé’(,j (77, D n) > Fap (@i'5 h). (6.18)

Step 2(b): i € I. In this case, by (6.9) and the fact that the cylindrical sets are pairwise disjoint and
contain only one interface, D} intersects two components Py, and P;, namely @} x (o — h, o) C Py, and
O X (o, a + h) C P. As before, we have Vy = RM; on D}. Let w. := |tj — t7|, where {},t] are the
elements from the translations 7¢ corresponding to the sets Pf and Pf. By (3.14), (3.16), (3.18), and
(3.19) we get as € — 0

ey —R° M,z — t5) = u in measure in D;' N P; for j € {k,1}. (6.19)
By (3.17) we find w./e — oo. Moreover, for a.e. z, € D¥ N Py and a.e. z; € D¥ N P;, by multiplying
(6.19) with € and using (6.7) we get limsup,_, [t; — 5| < |y(xx) — y(21)| + | M;||zx — 2;|. This implies
that lim. o we = lim._,¢ [t — ¢j| = 0 as y is continuous. Thus, {w.}. € Wy, see (3.24). By possibly
passing to a subsequence (not relabeled), we may suppose that (£ — t5)/w. — to € R%. We check that
Yy — (REM,; x +t5)
wE
In fact, by (6.19) and £/w. — 0, we first get
w' (Y — REMyz —t7) = (e/w:) e ' (y° — REM;z — ;) — 0 in measure in D}’ N Py,

€

= LoX{z4>an} in measure in D}’ (6.20)

and by again using (6.19), e/w. — 0, as well as (t] —t3,)/w. — to we find
w ' (yf — REMyz —t7) = (e/we) e ' (y° — REM;z — 8f) + w2 ' (6 — t5) — to

in measure in D¥ N P;. Now, by (6.20) and by arguing along the lines of (6.17)—(6.18) we can define a
sequence {§°}. via rotation and shifting such that {7°}. and {w.}. € Wy are admissible in (6.5). Then,
we deduce

e 5 u M; (~u,
llgélfgg (v°,D}) > Fap (@' h). (6.21)
We now conclude the proof of (6.14)(ii) as follows: combining (6.18), (6.21), and Proposition 6.2 we get
. € Iu N Iu M; r~u. I d—1/~u
hgl’i)l(l)lf Ee (y ,Uizl D; ) > Zi:l Fap (@1 h) = 2K Zi:l HTH(@F).
Then, (6.14)(ii) follows from (6.10)—(6.11).

Step 3: Proof of (6.15). We start by recalling the definition of «° in (3.18) and by noting that (3.20)
implies

/ |Vus|* dz < Cs for all € > 0, (6.22)
Qs



40 E. DAVOLI AND M. FRIEDRICH

where Cs > 0 depends on the set Q5 defined in (6.13), and thus on §. We now define two small exceptional
sets: first, we let @ € (0,1), and we define the set of large linearized strains by

Qiroin = {7 € Qs: |[Vus(x)] >} (6.23)
By Chebyshev’s inequality and (6.22) we estimate
LYV o) < € O‘/ |Vuf|? do < Cse>. (6.24)
Qs

Moreover, by (3.16) and by the continuous embedding of BV (Q;M?*4) into L!(£;M9*?) we find a
sequence {0 }. C (0,+00) such that J. — 0 and

: 1 151 €
Ehg%i/g \ Zj(R Mg)xp: — Vy|da = 0. (6.25)
Then, we define the set
hase = {2 € Qa1 | 32 (REME) s (0) = V()] 2 6.} (6.26)

of points where the phases along the sequence differ by at least J. from the phases in the limit. Clearly,
(6.25) entails

th (0 ee) < hm— |Z (REM;)xp: — Vy|da = 0. (6.27)
Q

phase e>0 0

By combining (6.24) and (6.27) we find
hm ‘Cd(Qts \ngod) 07 where ngod - Qé \ ( strain U Qphase) (628)

By (3.1) and the definition in (3.18) we get

L0z g [ WAL SY [ WM eV @)an (629
Qs NP

goo(l

By assumptions H2., H3., and H5. we can perform a Taylor expansion and write
1
W(RM + F) = 5D2W(RM)F : F 4w (F)

for all F € M%? with |F| < dy, where wyy : M4%9 — R satisfies

T () =0, where ()= s {20 1 < ). (6.30)

This expansion along with (6.23), (6.29), and the fact that Qg 4 N Q5 = () yields for ¢ small enough

strain T

1

(Y%, Q) > Z / D*W (R°M;)Vur : Vu + 8—wa(evuf)) dz
goodeS

2wW(EVuE))d

— D2 sMe €. £ €
Z/E QPE W (REMS)Vus : Vs + |Vl o

> ZJ 5 /E - D*W (R°M;)Vue : Vu© dz — nw (sl_a)HVUEH%z(onod).

Then, by (6.22) and (6.30) we get

lign_jglf E(y°,Qs) > hm mfz / mPe W(R®M;)Vu® : Vu dz. (6.31)
good
By H5., (6.26), and the fact that Q4 N Q5. = 0 we find

’Z/ (DQW(REM]E) — D2W(Vy)) YVust : Vut dCC’ SS / |vu5|2 dx’
€ ooa NP5 -
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where {d.}. C (0, +00) is a sequence depending on W and {4.}., which satisfies 6. — 0. This along with
(6.22) and (6.31) yields

1
. . e > T . - 2 € . €
hrsri}(r)lf E(y°, Q) > 11£n_>151f D*W(Vy)Vu : Vu dx. (6.32)

€
Qooa

In view of (3.20) and (6.28), there holds Vu<xq: = — Vu weakly in L?(Q5; M), Note that D2W (RM)
is positive semidefinite for M € {A, B} by H2. and H3. Thus, by (6.32) and the weak lower semicontinuity
of convex integral functionals, we conclude that

liminf & (y°, Q) > 1 D?*W (Vy)Vu : Vudz.
e—0 2 Q(g

This along with the definition in (2.11) shows (6.15). This concludes the proof. O

6.2. The limsup inequality. In this subsection we prove the optimality of the lower bound identified
in Theorem 3.13, under the additional condition that 2K = Ké\g, for M € {A, B}, cf. (3.4) and (3.26).
We first collect some basic properties of the elastic energy density.

Lemma 6.3 (Elementary properties of the energy density). Let W: M%*¢ — [0, +00) satisfy assumptions
H1.-H5. and H7. Let 0 < § < dw /2, where dw is the constant introduced in H5. We define Vs = {F €
M4 dist(F, SO(d){A, B}) < 6}. Then there exists a constant C > 0 only depending on W, a constant
Cs > 0 additionally depending on §, and ps > 0 with ps — 0 as 6 — 0 such that

1
(i) W(F+G) <W(F)+C\/W(F)|G| + §D2W(F) G : G+ ps|G|* for all F € Vs, G € Bs(0),
(ii) W(F+G) <W(F)+ Cs/W(F)|G| for all F € M¥™9\ Vs, G € Bs(0),
where Bs(0) C M4 denotes the open ball centered at O with radius 6.

The proof of this lemma is postponed to the end of this subsection.

We proceed with the construction of local recovery sequences around the interfaces. To this end, recall
the definition of K in (3.4). Let y; and y; be the maps defined right after (2.5). We recall the notion of
cylindrical sets from (6.2) and the definition of strictly star-shaped domains in (2.7). We start by stating
the local construction of recovery sequences for a single phase transition.

Proposition 6.4 (Local recovery sequence for single phase transition). Letd € N, d > 2. Let 2 C R? be
a bounded, strictly star-shaped Lipschitz domain. Letw’ C R%™1 be a bounded Lipschitz domain and h > 0
such that Ow'x (—h, h) does not intersect Q. Then, there exist sequences {v}.,{v=}e C H?(Dyy nNQ;RY)
with
vE = yE  in HY(Dy p NG RY), (6.33)
such that
;i_r%é’g(vf,Dw/,h NQ)=KH"((w x{0})nQ), (6.34)

and for e sufficiently small we have

(6.35)

€

ot I oyy if wqg > 3h/4,
I oyy if wa < —3h/4,

where {Ife}E and {I;fa}g are sequences of isometries which converge to the identity as e — 0.

We emphasize that the above statement means that for any sequence {;}; converging to zero a local
recovery sequence can be constructed. The crucial point is that the sequence {vF}. is rigid away from
the interface. This will allow us to appropriately ‘glue together’ local recovery sequences around different
interfaces.

The next result provides a local construction of recovery sequences for the case in which two consecutive
phase transitions create small intermediate layers at level € between two portions of the material in the
same phase, cf. Figure 3. Owing to the compatibility condition that 2K = Ké\g, for M € {A, B}, cf. (3.4)

and (3.26), this provides a double energetic contribution. Recall the mappings yé\g defined in (3.25).
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Proposition 6.5 (Local recovery sequence for double phase transitions). Let d € N, d > 2. Let Q C R?
be a bounded, strictly star-shaped Lipschitz domain. Let w' C R be a bounded Lipschitz domain and
h > 0 such that 0w’ x (—h,h) does not intersect 2. Let M € {A, B} and suppose that the constant Ké‘g
defined in (3.26) satisfies K(]i\g = 2K. Then, for every {w.}. C W, there exists a sequence {vM}. C
H2(Dyyr p, N Q;RY) with
M
1)5;7]\“ — yé\g in measure on QN Dy p, (6.36)
€

such that
I{Vf& oMz ifxzq>3h/4

6.37
I%oMx if xg < —3h/4, ( )

€

lim E(WM, QN Dy p) =2KH" (W x {0} NQ), oM = {
e—

where {I{\é}s and {Ié”E ¢ are sequences of isometries converging to the identity as ¢ — 0.

We defer the proofs of Propositions 6.4 and 6.5 to Subsection 6.4. (Let us mention that in the special
case Q = D, the statement in Proposition 6.4 has already been proven in [32, Proposition 4.7], and
here we address the generalization to strictly star-shaped Lipschitz domains Q.) We continue with the
proof of the limsup inequality. As a final preparation, we introduce the following convention: we say that
a sequence of functions {v¥}. converges to v up to translation if there exist {a.}. C R and {b.}. C R¢
such that

V¥ (- — ageq) — b = v (6.38)

with respect to a given topology. In a similar fashion, we say that two functions v1,ve coincide up to
translation if vo = vy (- — aeq) — b for @ € R and b € R%.

Proof of Theorem 3.14. Let (y,u,P) € A. Without loss of generality, after a rotation, we can assume
that y € V1a(2). Moreover, similarly to the proof of Theorem 3.13, it is also not restrictive to assume
that

Iy, C Uj OP;NQC J,. (6.39)

In fact, the first inclusion always holds true by Definition 3.9, and by using Proposition 3.8(i) we may
pass to another displacement field of the form @ = u+ T (y, P), see (3.22), such that the second inclusion
holds for @ in place of u. In view of Remark 3.12, this does not affect the energy and we observe that
a recovery sequence {y°}. for (y,u,P) in the sense of Definition 3.5 is also admissible for the original
triple (y,u,P) by Proposition 3.6(iii). As a further preliminary remark, we observe that by a diagonal
argument it suffices to find for every 6 > 0 a recovery sequence {y°}. for (y,u, P) such that

limsup & (v°) < &My, u, P) + 0. (6.40)
e—0

In this context, we point out that the asymptotic representation introduced in Definition 3.5 is based on
the convergences (3.10)—(3.20) which themselves are metrizable, i.e., diagonal arguments are applicable.

For convenience of the reader, we start with a short outline of the proof: in Steps 1-2 we explain that
it is not restrictive to treat only problems with a finite number of interfaces and that one can assume
Vu to be smooth. In Step 3 we construct local approximate sequences around the interfaces. These
are then ‘glued together’ to obtain an auxiliary recovery sequence {§°}. converging to y, and capturing
correctly the surface energy of the limiting triple (y,u,P), see Step 4. To recover the displacement field
u in the limit and to estimate the elastic contributions correctly, we then perturb {§°}. by adding a
term of order e. We check that this new sequence {y°}. indeed satisfies y* — (y,u,P) (Step 5) and
limsup,_,, &-(y°) < E(y, u, P) (Step 6). Finally, Step 7 is devoted to some technical estimates.

Step 1: Reduction to a finite number of interfaces. Using the star-shapedness of the domain (say,
with respect to the origin) along with Remark 4.7, one can apply a scaling argument to reduce the
problem to limiting configurations where J,, consists of a finite number of disjoint interfaces orthogonal
to eq. For details on this argument we refer to [26, Proof of Proposition 5.1] and also [32, Proof of
Theorem 4.4], Step I). We just mention that, for p > 1, one considers rescaled triples (y,,u,,P,) of the
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form y,(x) = py(z/p), u,(x) = pu(z/p), and Py = pP; N Q for each component P/ € P,. This sequence
satisfies €5 (Yp, up, Pp) — EH(y,u, P) as p — 1. The geometrical intuition is that, since infinitely many
interfaces can only occur close to the boundary (see also the lower part of Figure 1), a rescaling allows to
reduce the study to a finite number of interfaces. It suffices to construct recovery sequences for (y,, u,, P,)
since a recovery sequence for (y,u,P) can then be obtained by a diagonal argument.

Summarizing, by (6.39) we can suppose that there exist finitely many Lipschitz domains w; C R9~1
and a; € R for i =1,..., I such that

Joy U, @OP Q) U, = ., = U, wi x {aa)). (6.41)

Since € is star-shaped, we have that Q\ J, is the union of I + 1 connected components which we indicate
as {Bl}fill The sets are ordered such that 9B; N 90B;y1 = w; X {a;} for i = 1,...,1, and the outer
normal to B; on 0B; N dB;41 is given by e,y (see Figure 6 below).

Step 2: Reduction to displacement fields with smooth gradient. In a similar fashion, we can also suppose
that v € 2 () has a smooth gradient: by Proposition 3.8 we find {bl}fill C Rey such that the mapping

I+1
A )
ui=u Zi:l bixB, (6.42)

satisfies v’ € H'(£;R?). Choose a smooth sequence {u}, }, C C°°(Q; R?) approximating v’ in H'(€2;R%)
and observe that uy = uj, + Zf;l bixp, € % (Q) satisfies ur, — u in L*(;RY) and Vur — Vu in
L2(Q;M%*?), Again by a diagonal argument and by using that the limiting energy 554 is continuous
with respect to the strong L2-convergence of displacement-gradients (see (73.23))7 it suffices to construct
recovery sequences for displacement fields u € % (£2) such that Vu € C°°(€; M4*4).

Step 8: Local construction of the approzimate recovery sequence. We now start with the construction
of recovery sequences around the interfaces. For brevity, we set Jp = [J; 9P; N Q. In view of (6.39) and
(6.41), we can write

oy =, @ixdad), I\ ey =, @ixdad, A\ UsyUdp) =, (@i x {aid),

(6.43)

i€lp €T,

where Z,,, Tp, and Z, are three pairwise disjoint index sets with Z, UZp UZ, = {1,...,I}.

B8
D71 ]
B7
DEEmmmee === 7
B6
D51 ]
B5
DAR==eeemmm o e 5T
B4
D3I ]
B3 /
D21 ]
B2

D11 ]

Ry

FIGURE 6. A visualization of the different interfaces and sets after the rescaling in
Step 1 and under (6.39). The phase regions associated to A and B are colored in blue
and orange, respectively. The interfaces associated to the sets Z,, and Z,, are highlighted
with thick red and dashed black lines, respectively. The remaining interfaces correspond
to the set Zp. The connected components of Q \ J, are indicated as {B;}?_;, whereas
the cylindrical sets {D;}!_; around the interfaces (see (6.44)) are drawn in green.
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As explained in [26, Proof of Proposition 5.1], we can choose Lipschitz domains w, DD w; as well
as h > 0 such that the sets dw] x (a; — h,a; + h) do not intersect 2, the different cylindrical sets
D; := ajeq + D,y are pairwise disjoint, and one has

(Wi x {a; }) NQ =w; x {a}. (6.44)

We again refer to Figure 6 for an illustration. We now distinguish the cases of the three index sets Z,,
Ip, and I, first, we fix i € Z,. As the sets D; are pairwise disjoint, we get that on D; N Q the function
y coincides with yj or y; up to translation (recall convention (6.38)). Thus, by Proposition 6.4 we can
find a sequence {vl}. or {v } such that (6.33) holds up to translation, (6.34)-(6.35) are satisfied, and
the sequence {v}}. or {v7 }. converges to y in L'(D; N Q;RY).

For i € ZpUZ,, we observe that y coincides up to translation with Mz on D;NQ for some M € {A, B}.
If i € Zp, we apply Proposition 6.5 for the sequence w. = /. If i € Z,,, we apply Proposition 6.5 for
we = |bip1 — bile, cf. (6.42). In this context, we also note that by Proposition 3.8, the fact that v, = eq
on J,, and the ordering of the sets {B;}/1} (see Step 1), we have (b;1 — bi)X{za>0} = |biv1 — bi|yé\;{ with
y% defined in (3.25). In both cases, we obtain a sequence {v.}. C H?(D;N§;R?) such that (6.36) holds
up to translation, (6.37) is fulfilled, and v. — y in measure on D; N Q. More precisely, (6.36) and the
definition of {w,} in each case imply

(i) 5_1(115 — y) = (b1 = bi)X{za>ai} on D; N fori € Z,,
(ii) e~Y/2 (ve —y) — yé\g( —aeq), on D; N for i € Ip, (6.45)
where both properties hold in the sense of measure convergence.
For convenience, we denote this local sequence by {vi}. C H*(D; N Q;R?) for each i = 1,...,I. For
later purposes, by using Lemma 2.1 we note that
vl —y strongly in H'(D; N RY) forall i =1,...,1. (6.46)

B;\ U§:1 Dj for alli =1,...,I +1. Owing to Propositions 6.4 and 6.5, using (6.46), and arguing as

in [25, Proof of Proposition 3.5, we then choose iteratively isometries {15 }_; and {If}/F] such that all
isometries converge to the identity as ¢ — 0, and setting

Step 4: Global construction of the recovery sequence. Recall that Q\ J, = UlH_l1 B;, and let B! :=

g :=1Ifovl onD;NQ and g° = Afoy on Bj,
the maps §°: Q — RY satisfy {§°}. € H2(;R?) and

§° — y strongly in H'(Q;R?). (6.47)
Moreover, by (6.45) we get that
(i) e ' (F —If oy) = (bix1 — bi)X{ru>ai} if i € T,,
(il) e (55 — I oy) — i (- — cieq), if i € Ip, (6.48)

where both convergences hold in measure in D; N2, and M; € {A, B} is such that Vy = M, on D; N Q if
1 € Ip. Note that, up to translations, it is not restrictive to suppose that fQ 4y dx = 0. By construction
we have

~& 2~ _ I+1 !/ I )
Vi€ € SO(d){A,B} and V3 = on Ui:l B = Q\Uilel (6.49)

for every e. Thus, again by the properties of the sequences {v!}. obtained from Propositions 6.4 and 6.5,
we get by (6.39), (6.43), (6.44), and (6.49) that

E.(vi,Dy) < Kziez HE N (w;s x {as}) + 2KZ HI (w; x {a;})

. ~e\ __ 13
limsup &.(5°) = lim i€TpUT,

e—0 e—0 i=1

= K (Jgy) + 2K O ((J, U (U, op;n )\ Joy).



TWO-WELL LINEARIZATION FOR SOLID-SOLID PHASE TRANSITIONS 45
By (3.23) we then conclude that

limsup & (7°) + | Qun(Vy, Vu) dz < &y, u, P). (6.50)
€0 Q

So far, we have constructed a sequence {7°}. C H?(£;R%) satisfying §° — y strongly in H!(;R9)

and (6.50). In view of (6.50), we can apply Theorem 3.3 to obtain a limiting triple (i, @, P) such that

7° — (9,1, P) in the sense of Definition 3.5. We also note by (3.15), (6.47), and fQ ¢ dx =0 that § = y.

Then, by (6.39), (6.50), and Theorem 3.13 we find

/ Quin(Vy, Vi) dz + 2KH? ((Jﬂ u(lJ.oPna))\ va) <2KHYTHTL N\ Jvy). (6.51)
Q J

We write P = {]5J }j. We will prove that
(i) l Jj J l Jj J
i) J,=JzU 8?’ nQ). 6.52
(ii) (l Jj J ) ( )

In particular, (i) yields P = P. We defer the proof of (6.52) to Step 7 below and now proceed with the
construction of the recovery sequence. Note that in general @ # wu, and therefore we need to perturb
{g°}< to obtain a sequence such that the rescaled displacement fields converge to u. To this end, for each
e >0 we let

Y=g +eu, (6.53)

where u’ is the (smooth) function corresponding to u defined in (6.42). We now check that y* — (y,u, P)
in the sense of Definition 3.5 (Step 5) and then compute the energy of the sequence (Step 6).

Step 5: Convergence to the limiting triple. The goal of this step is to show that y* — (y,u,P) in
the sense of Definition 3.5. Owing to (6.39) and recalling y € Yia(2), we choose M; € {A, B} such
that Vy = M, on each component P;. Similarly to (6.42), by the fact that J; C J, (see (6.52)) and
Proposition 3.8(i) applied for @ we find {b;}/*] C Re, such that @’ := @ — Zfill bixs, € H'(Q;R?). By
(6.51) and (6.52)(ii) we get [, Quin(Vy, Vi) dz = [, Qun(Vy, Vi') dz = 0. Note that F +— Qyin (M, FM)
is positive definite on ngxn‘f by (2.12). Therefore, by Korn’s and Poincaré’s inequalities and the fact that
@' € H'(Q;RY), it is elementary to check that @' = >-;(SMjz + 5;)xp, for some S € M%*¢ and suitable
{3,;}; € R (Note that the skew symmetric matrix S here is necessarily independent of the set P; as
@' € H(Q;R%).) Consequently, we get

B 5 I+1 -
4= Zj(Sij +35)xp; + Z¢:1 biXB,; - (6.54)

Since {B;}/1] is a refinement of the partition {P;}; (see (6.41) and Figure 6), we find for each i =
1,...,1 +1 a corresponding index j; such that B; C P;,. For i € Zp UZ,, this implies

[ﬂ] = B¢+1 + §ji+1 — (51 -+ gji) on w; X {Ozz} =0B; N 8Bi+1, (655)

where j; = jiy1 if i € Z,, cf. (6.43). Let {(R®, P, M=, T¢)}. be the quadruples given by Theorem 3.3
for {g°} such that (3.10)—(3.20) hold. In particular, (3.14) and (3.18)—(3.19) yield

e i — (RPM z + t5)) = @ in measure on P; for every j. (6.56)

Fix i € 7, as defined in (6.43), and recall that D; N Q C P; for some index j. By (6.48)(i), the fact that
Vy = Mj on P;, and by a compactness argument for affine mappings we find (for a subsequence, not
relabeled) e (I oy — (R M x +5)) — S;Mjx + d; pointwise almost everywhere on D; N for suitable
S; € M%4 and d; € RY. (We omit the details here and refer to the proof of Proposition 3.6 above for a

skew

very similar argument.) This along with (6.48)(i) and (6.56) yields
U= (bi+1 — bi)X{deOzi} + SiMj.%' + d; on D; N Q. (6.57)
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Then, in view of (6.55) and the fact that j; = j; 41 for i € Z,,, we check that b,y — b; = Bi_H — b; for all
i € Z,,. Therefore, by (6.54) there exist {s;}; C R? such that

_ I+1
v= Zj(Sij +85)xp; + Zi:l bixB,- (6.58)

We define @ = u+ >, (SM;z + s;j)xp;. We observe that u —u € T(y,P), and by (6.42) and (6.58) we
note that

a=d+u. (6.59)
In view of (6.53), (6.56), and (6.59), we find that

/

im e (y° — (REME N =a+ lime Yo — i) = @ =1
lim (y° — (R°M; z +t5)) i+ lime (Y —§f) =i+ =u
in measure on P; for every j. In other words, by (3.14) this means

u® — 4 in measure in (2, (6.60)

where {u®}. is defined in (3.18) with respect to {y°}. and the quadruples {(R®, P, M*,T¢)}.. Now, we
see that (y,P, @) is an admissible limit for the quadruples {(R®, P, M=, T%)}.. Indeed, all properties
apart from (3.12), (3.15), and (3.19)—(3.20) follow from the corresponding properties of {°}.. For (3.12)
and (3.15) we additionally take (6.53) and u/ € C°°(Q;R?) into account, and for (3.19) we use (6.60).
Finally, to see (3.20), we use Vi® — Vi in L (Q; M%), where @° is defined in (3.18) with respect to
{#°}e, and Vi = Vi + Vu by (6.42) and (6.59), as well as Vu® = Va© + Vu by (3.18), (6.42), and (6.53).
Thus, y* — (y, 4, P) in the sense of Definition 3.5. As u —u € T (y,P), by Proposition 3.6(iii) we then
also find y© — (y,u,P), as desired. This concludes this step of the proof.

Step 6: Convergence of the energies. The goal of this step is to prove limsup,_,q & (y°) < & (y, u, P).
To this end, fix §,0 > 0. Recalling the construction of the local recovery sequences in Step 3, it is not
restrictive to suppose that

T
d 2
N < .
c (Ui:1 D)) <8 (6.61)
by choosing the constant h > 0 sufficiently small, see before equation (6.44). In view of (6.50), we see
that we essentially need to estimate the difference of £.(y°) and E.(7°).

First, we note that ¢|Vu| < & for £ small enough since Vu € C(Q;M¥*4). Define Q. = {z €
Q: dist(Vys, SO(d){A, B}) < ¢6}. By (3.1), Lemma 6.3, (6.42), (6.53), and a quadratic expansion we
calculate

C, 1
£ < £ + 2 / VWV Vul do + / S D*W(VF)Vu: Vudr + py / Vul? dz + 7.,
Q Q. €
(6.62)

where ps and Cy are the constants from Lemma 6.3, and . is defined by
Ve 1= €3 /Q V25 Viuda + 64/9 V2ul* da + 72 4 Zlgmin{i,j}<d/9 (258%@5 afju + €2|8i2ju|2) dz.

As £-(3°) < C by (6.50) and Vu € C°°(Q; M?*9), the fact that lim._,0ef. q = 0 (see (3.3)) along with
Young’s inequality shows that lim._,o~v. = 0. (More precisely, for the third term we use an estimate of

_2
the form 72 ;20797 97u < e 0%,5° 17 + 5272 22|07 ul? for a sequence {\.}. such that A. — oo and

Ae€fle g — 0.) Moreover, for the second term in (6.62) we compute by Holder’s inequality, (6.49), H3.,
and (6.61)

1 . 1 . 1 o\ 12
,/ W V)|Vl dz = 7/ W(Vi) |Vl de < f(/ W (Vg )dx) IVull 2, by
g Jo 9 U, Di 9 Q

1/2
< ClIVull <o) (£2(J, D2)) < Co, (6.63)
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where in the penultimate step we have also used the fact that [, W(Vg®)dz < Ce® by (6.50). Then,
from (6.47), (6.62), (6.63), 7. — 0, the regularity of W, and the dominated convergence theorem we
obtain

limsup & (y°) < limsup &:(§°) + / Qin(Vy(x), Vu(x))dz + CCs0 + p5||Vu||2L2(Q),
Q

e—0 e—0

where Q)iy, is defined in (2.11). In view of (6.50), this yields
limsup & (v°) < EMy, u, P) + CCs6 + ngVUH%Q(Q).
e—0

The limsup inequality now follows by first letting § — 0, then § — 0, and by recalling the comment in
(6.40).

Step 7: Proof of (6.52). To conclude the proof, it remains to show the technical property (6.52). We
observe that it suffices to prove the estimates

(i) Ju\Jvy C (JaU (Uj OP; N Q) \ Jyy,
(ii) Uj(apj NQ)\ Jy, C Uj(aﬁj N\ Jyy,
(iif) Uj(apj N\ Jyy, O Uj(aﬁj N\ Jyy,. (6.64)

In fact, (6.64)(ii),(iii) along with Definition 3.9 show (6.52)(i). By (6.64)(i) and Definition 3.9 we obtain
one inclusion in (6.52)(ii). The other one then follows from (6.51).

Let us now show (6.64) by contradiction. First, if (6.64)(i) were wrong, we would find a cylindrical set
aieq + D, for i € Ip UZ, (see (6.43)) and [ > 0 sufficiently small and some component 15j of P such
that (aeq + Dy, 1) N C ﬁj and (ajeq+ D, 1) N Jz = 0. By Theorem 3.3 applied for {g°}., we then get
(see also (6.56))

e N — (RFMz + t5)) = @ in measure on (a;eq + D, ;) N P}, (6.65)

where R — 1d, {t? }e € R and M such that Vy = M on ﬁj. In view of the fact that (a;eq+ Dy, )Nz =
(), we obtain a contradiction to (6.48)(i),(ii). On the other hand, if (6.64)(ii) were wrong, we would find
i € Ip such that (6.65) holds. But then (6.65) and the fact that @ is finite a.e. contradict (6.48)(ii).

Finally, suppose that (6.64)(iii) were wrong. Then, there would exist a cylindrical set D := aeq+ D,
which intersects two components P;, and Pj,, but not Uiez, (wi x {ai}), i.e., there exists P; such that
DN QC P;. Similarly to (6.65), we find sequences {t5 },{t5,}c C R? from the sequence {7¢}. given in
Theorem 3.3 such that

e — (RPMz +t5)) = @ in measure on D N P;, for k = 1,2, (6.66)

where M is such that Vy = M on P;. On the other hand, we find a sequence of isometries {I°}.
converging to the identity as € — 0 such that e (3¢ — I oy) converges to a finite value a.e. on QN D due
to (6.48)—(6.49), where we exploit that D does not intersect (J;cz, (w; % {a;}). This along with (6.66)
shows limsup,_,, [(t5, — 5,)/e| < +oco. This, however, contradicts (3.17). This argument concludes the
proof of (6.64), and thus we have completed the proof of (6.52). O

We conclude this subsection by showing that W satisfies the estimates in Lemma 6.3.

Proof of Lemma 6.3. Fix 0 < ¢ < dw /2. We start with (i). By a Taylor expansion, by assumption H5.,
and the fact that D?W is uniformly continuous on Vs we find that for any F € Vs, and G € Bs(0) there
holds

1
W(F+G)<W(F)+DW(F):G + 5D?W(F) G : G+ ps|G)?,

where ps — 0 as § — 0. Letting Rp € SO(d){A, B} be such that |Rp — F| = dist(F, SO(d){ 4, B}),
assumptions H3. and H4., together with the fact that DW is Lipschitz on V5 and DW (Rp) = 0, give

IDW (F)| < |[DW (Rp)| + C|F — Rp| = Cdist(F, SO(d){A, B}) < (C/+/c1)\/W (F)
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for a constant C only depending on W. By the Cauchy-Schwarz inequality this concludes the proof of
(i). To prove (ii), we exploit H7. to find for FF € M%*?¢ and G € Bs(0) that

W(F + G) < W(F) + cs(1 + 2|F| + 6)|G|.

For F € M%*?\ Vs one has max{d, 1+ 2|F|} < Csdist(F, SO(d){A, B}) for a sufficiently large constant
depending on §. The desired estimate follows then again from H4. O

6.3. Properties of the double-profile energy. In this subsection we analyze the double-profile energy
functional introduced in (6.5) and address its relation to K and K é‘g. In particular, we prove Proposition
6.2. We start by stating the results of this subsection.

Proposition 6.6 (Properties of the double-profile energy function). The functions fé‘g ,
satisfy for all h > 0 and all open, bounded sets w C R™1 with H*'(0w) = 0:

(i) f%(aw;ah) > ad’lfé\g(w;h) for all0 < a < 1.
(i) fé\g(w;h) = H4 N (w) fé\g(Q’;h), where Q' := (—%7 %)d_l.
(iii) fé\g(w; h) = fé\g(w; 1).

M € {A, B},

We now address the relationship between the optimal-profile and double-profile energies.

Proposition 6.7 (Relation between K and K%). There holds Ké\ﬁ > ]-'é\g(Q’, 1) > 2K for M € {A, B},
where Q' = (=1, 1471 and K, K(% are defined in (3.4) and (3.26), respectively.

Finally, if 2K = K évé for M € {A, B}, in the definition (3.26) one can replace cubes by general
Lipschitz domains, and the formula holds for every h > 0 and general {w}. € Wj.

Proposition 6.8 (Characterization of K(%). Let M € {A, B}, and suppose that the constant Ké% defined
in (3.26) satisfies K(Ji\;[ = 2K. Then there holds

- M
inf { limsup & (¥°, Duw.n): y e

— yé\f) in measure in D,, j, as € — 0} = K(% HT N (w),  (6.67)
€0 We

for every Lipschitz domain w C R4 h >0, and {w:}e € Wy

We point out that Propositions 6.6 and 6.7 directly imply Proposition 6.2. Proposition 6.8 will be
instrumental in Subsection 6.4 below for the proof of Proposition 6.5. We prove it here as it completes
the characterization of the relation between K (%7 M € {A, B}, and the double-profile energy functions.
We now proceed with the proofs of Propositions 6.6, 6.7, and 6.8. As a preparation, we start with a
standard rescaling argument which we will use several times.

Remark 6.9. For a configuration y € H?(aD, »;R?) and 0 < o < 1, we define § € H?(D,, »;R?) by
y(z) = y(az)/a. We observe that Vy(z) = Vy(az) and V3j(z) = aV?y(az) for all z € Dy, p,. Since
{7le,a}e s increasing as e — 0 (see (3.3)), we get ﬁ?/aad > aij? ;. Thus, we obtain by (3.1)~(3.2)

1 _
EmlpaDo) 2 — [ Wy drras [ [VhPderar, [ (VR - (0l do
QE” JaD, 1 aDg,n aDg,n
adfl ~ B B o B B
=7 / W(Vy)dz + o 152/ IV2g[* dz + o lng,d/ (V9] - |03,9]%) dz
Dy .n Dy n Dy .n
=’ E(, Duo,n)- (6.68)

Proof of Proposition 6.6. We prove (i). Let 0 < a < 1. By (6.5), for a given § > 0, we find sequences
{e:}: with g; — 0, {w;}; € Wa, u € Uap(aD,, ), and {y'}; C H?(aD,, 5; RY) with w;l(yi — Mz) = uin
measure in aD,, , such that

liminf € 4. (y',aDy ) < fé\g(aw; ah) + 0. (6.69)

17— 00
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Let {§'}; C H?(Dy.n;R?) be the rescaled functions defined before (6.68). Note that aw; ' (g* — Mz) =
w; ! (y*(ax)— M(azx)) — ot in measure in D, 5, where @(z) = u(az)/a for z € Dy, ;. Then the definition
of Fé\g, (6.68), and (6.69) imply

0+ }"é\g(aw;ozh) > liminf € 1., (v, aDyp) > o Himinf &, (3%, Dy p) > adilfé\g(w; h).
11— 00 71— 00

Since § > 0 was arbitrary, (i) follows.
The proof of (ii) and (iii) is exactly as in [32, Propostion 4.6] and we refer therein for details. (See
also [23, Lemma 4.3] for similar arguments.) O
We now move to the proof of Proposition 6.7. We first state two technical lemmas. Recall the definition
of yj and y; below (2.5).
Lemma 6.10 (Lower energy bound). Let {e;}; be an infinitesimal sequence, and {7;}; C R be a bounded
sequence with €;/\/7; — 0. Let w C R4 be a bounded Lipschitz domain. Suppose that there exists a
sequence {v'}; with v' € H*(D,, ,;;RY), and
Vol — Vygnizww) — 0. (6.70)
Then
liminf &, (v!, Dy, -,) > KH¥ (W), (6.71)
71— 00
where K is the constant from (3.4).

Lemma 6.11 (Zooming to two interfaces). Let {e;}; be an infinitesimal sequence. Let @' C R¥™! be a
cube and let h > 0. Let M € {A, B}. For everyi € N, let y' € H*(Dgr p; R?) with &, (y', Dor y) < Co <
+oo, let {ri}; € Wy, let u € Uap(Dor 1), and assume that
i
-M
Y =BT, w in measure in Doy as i — oo. (6.72)
Ti
Then, there exist u > 0, sequences {al};,{a2}; C R such that D! := aleq + Dor ym, § = 1,2, satisfy
D},D? C Do p, and D} N D? = 0, and there exists a sequence of isometries {I;}; such that the maps
vt € H3(D} U D2;R?), defined by
vi(x) = Loy’ (x)  for every x € D} U D3, (6.73)
satisfy, up to a subsequence, for j = 1,2 that
min {7 Vo' (- + afea) = Vol 130y, o 7 IVVCF 0ded) = Vg IBaig, o} = 0. (674)

The lemma states that one finds two cylindrical sets with height u7; such that each ‘contains an
interface’, i.e., asymptotically a big portion of D! N {zq > al} and D! N {zq < o}, respectively, is
contained in the A and B-phase region, respectively, cf. Figure 7.

~N A — T A
¥/\

B b B
/\_/ /\_/
A A

FIGURE 7. By ‘zooming in’ one can identify two regions in which phase transitions occur:
the interfaces between the A and B-phase regions become asymptotically flat as i — oc.

Loosely speaking, the result shows that, under assumption (6.72), there are at least two interfaces and
the interfaces between the A and B-phase regions become asymptotically flat, where the nonflatness is
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asymptotically small compared to the sequence {7;};. An analogous result for a single interface between
the A and B-phase region has been derived in [32, Lemma 4.9].

We postpone the proofs of these two lemmas and proceed with the proof of Proposition 6.7.

Proof of Proposition 6.7. Let M € {A, B}. First, the inequality Ké\g > fé\g (Q',1) follows immediately
from the definitions in (3.26) and (6.5). We now show fé‘g(Q’,l) > 2K. We again let Q = (—3,1)%.
Given § > 0, we choose sequences {e;}i, {wi}i € Wa, u € Uap(Q), and {y'}; C H?(Q;R?) such that
w; ' (y* — Mz) — u in measure in Q, and

limsup &, (v, Q) < Fap(Q', 3) +0 = Fio(Q', 1) + 9, (6.75)

11— 00

where the last step follows from Proposition 6.6(iii). By Lemma 6.11 applied for Q' =Q',h=1/2, and
7, = w; we find g > 0 and pairwise disjoint sets D! := aleq + Do/ s, j = 1,2, with D}, D? C Q,
and isometries {I;}; such that the maps v’ € H?(D} U D?;RY), defined by v'(x) = I; o yi(x) for = €
D} U D? satisfy (6.74) (after extraction of a subsequence). Possibly after a transformation of the form
x + —v'(—z), we may suppose that w; '||Vv'(- + aleq) — VyaerLz(DQ/ ) = 0 for j =1,2. Then H2.
and Lemma 6.10 for 7, = w; (note that &;/,/7; — 0 by (3.24)) imply Z

liminf &, (3%, Q) > Z liminf &, (v'(- + a{ed), Doy ;) > 2K.

71— 00

§=1,2 00

This along with (6.75) and the fact that 6 > 0 was arbitrary concludes the proof. O
We continue with the proofs of Lemma 6.10 and Lemma 6.11.
Proof of Lemma 6.10. First, suppose that 7, > h > 0 for all ¢ € N for some h > 0. Then, up to
translations we have v* — y& in L*(D,, 5;R?), and we immediately get
liminf &, (v', Dy, r,) > liminf &, (v, Dy, 5) > F(w; h)
71— 00 71— 00

by (6.3). The result now follows from Proposition 6.1.

We can therefore concentrate on the case 7; — 0. We prove the statement first for w = Q’, where
Q’ C Rdfl is a cube. For notational convenience we set ; := T{l. We define y* € H?(D,,o/,1;R?) by
y*(z) = v*(1x) /7. By using (6.68) with o; = 7;, we get

&, (Uia DQ’,Ti) = g\/‘ﬁﬁei (Ui’ DQ”‘H) 2 Tidilg\/ﬁsi (yi’ D%Q’,l)' (6'76)
Let § > 0. We can (almost) cover D., o1 by [7;]%~! pairwise disjoint translated copies of Dgs 1. This

implies that we can find z; € R4~ x {0} such that, by a classical De Giorgi argument (see the explanation
at the beginning of the proof of [26, Lemma 4.3] for details on this technique), for i € N sufficiently large
we get by (6.76) and a change of variables that

. i 114 @- 145 i
() €, (421 + Dor) < ngxy Do) < WM Do),

y i C a- i ¢ i
(i) [[Vy' - Vy(-)i_“%?(zi—f—DQ/'l) < gﬁd HIvy' — Vy(J)rH%%DWQ,YI) = TTiHVU - VZ/(J{HQL?(DQ,,,I_)- (6.77)
Since 7; — 0, there holds 7;|7;| — 1. This along with (6.77)(i) yields
Hminf € ., (¥, 2 + Dor1) < (14 6) iminf &, (v, Do 7,). (6.78)
i—00 100

Moreover, by (6.70) (with w = Q') and (6.77)(ii) we obtain ||Vy® — Vya'H%z(zﬁ_Dg/:
V7i€i — 0 by assumption on {7;};, (6.3), (6.78), and the translational invariance of £ imply

]:(Q/71) < hg(l)l(’)lftgﬁsl(y7721 +DQ',1) < (1 + 6) llglorolfg& (vi7DQ',Ti)'

y = 0. Since
1

Since 6 > 0 was arbitrary, in view of Proposition 6.1, the statement follows for w = Q.
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Now we consider a general bounded Lipschitz domain w C R4~!. Given § > 0, we can choose pairwise
disjoint cubes Q; Cw, j =1,..., N, contained in w such that HIH(w)\ Uévzl Q) < 4. Then by applying
(6.71) on each cube Q) we get

. N . N
. . i . . 7 d—1 d—1
liminf &, (v, Dyy.r,) 2 Zj:1 liminf €, (v', Doy ) > szzl HITHQ)) = K (M (w) —9).

Since § > 0 was arbitrary, (6.71) holds. O

Proof of Lemma 6.11. We prove the result only in the case M = A. The case M = B is the same, up to
a different notational realization. The proof is similar to the one of [32, Lemma 4.9] where the problem
with one interface only has been addressed.

Step 1: Subdivision into phases. As {7;}; € Wy, see (3.24), and a(d) = 1/(2d), we can choose

Ai = 53“/(4@ C (0,1/4) such that
TN =0, g el NN/ (6.79)

We use Proposition 4.1 for y* € H2(Dg ,; R?) to find a corresponding set T; with properties (4.1). Recall
that T; corresponds to the A-phase regions and Do, \ T; to the B-phase regions of the function y'. Let

4= {te(=hh): HTH(Q x {1} NT) > (1= \)HH(Q)},
g={te(=hh): HTH(Q x {tH\T) = (1 - \)HH(Q)}. (6.80)

Define the indicator function ;: (—h,h) — {A, B} by ¢;(t) = A if sup{t' < t,t' € TZ U 7')_3,} c ﬁ and
;(t) = B else. We get that

HY((—h, h) \ (T UTE)) < cCoci DN T (HI1(Q)) ™, (6.81)
and that the function v; jumps at most
N; < 2cCo (HTHQ) 41 (6.82)

times, where ¢ > 0 is the constant from Proposition 4.1, and Cy > 0 is such that &, (y*, Do/ 5) < Cp for
all © € N. We point out that the above estimates are obtained by performing analogous arguments to the
ones in the proof of [32, Lemma 4.9; (4.39)-(4.43)]. The expert reader can thus skip the remaining part
of this step and move directly to Step 2. To keep the presentation self-contained, we include here a short
proof of (6.81) and (6.82).

For i sufficiently large (i.e., A; small), the relative isoperimetric inequality on Q" x {t} in dimension
d—1, cf. [35, Theorem 2, Section 5.6.2], shows that

d—2

HI2(Q % {t}) NOT) < A7 (HEYQ)TE = teTiuTy. (6.83)

Indeed, by the relative isoperimetric inequality we get

g-1 d—2

min {HI((Q x (1) NT), HH((Q x () \ T} < O T (HH(Q) D) = < At 1(Q)

for i large enough, where we used (d — 1)2/(d(d — 2)) > 1. (For d = 2, the term after the first inequality
has to be interpreted as zero.) This gives (6.83). Thus, by (4.1)(iii), (6.83), and &, (y*, Dgr.5) < Co we
obtain (6.81).

To prove (6.82), we use the coarea formula to get for H'-a.e. t4 € T4, tp € T}

HLO TN (Q % (tast5))) = / (vr,, )] dHA—
8*Tm(Q’><(tA,tB))

_ /H HO((2+ (tasti)ea) N O°T; 0 (Q X (ta,tp))) dHIL(2),

where II; := R4 x {0}, and v7, denotes the outer unit normal to T;. In view of (6.80) and \; < 1, we
get

/ HO((z+ (ta,tp)ea) N T; N (Q x (ta,tp))) dH " (z) > %Hd‘l(Q’).
IIg
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Property (6.82) follows then by (4.1)(i).
Step 2: Rigidity estimates. Theorem 3.2 and Proposition 4.1 yield rotations R; € SO(d) such that

Hvyl _ RiAHLZ(DQ/,}LmTi) =+ ||Vyz _ RiBHLZ(Dg/,,L\Ti,) < CEZ', (684)

where C' depends on the uniform energy bound Cy and on Dg/j. (Note that the estimate holds in
the entire set Do p, since it is a paraxial cuboid.) For later purposes, we estimate integrals on sets D =
aeg+Dgry C Do for a € Rand o > 0. Let L > v/d sufficiently large such that dist(F, SO(d){A, B}) >
|F — RM|/2 for all F € M%*? with |F| > L, R € SO(d), and M € {A, B}. We now show that for every
g € {1,2} there holds

() [ ROy - Alrds < O(£1D) el + Ly D\ )

(i) / IRTVy' — B|"dz < C(£4(D))' """ + (2L)1L4D N T)). (6.85)
D
To see this, define E; = D N {|Vyi| < L}. First, by using H4. we observe that
IVy' = RiAlL2(p\g,) + IVY' = RiBlZ2 o\, < C/D W(Vy')dz < Cs, (6.86)
where C' depends on ¢; and Cy. For the integral on E;, we calculate

/ |RiTvyi—A\qu:/ |Vyi—R,»|qu+/ |Vy' — R;|?dz

< (o) ([ 1wi - riras)" + eppeio)\ 7

for ¢ € {1,2}, where in the second step we have used Holder’s inequality. This along with (6.84), (6.86),
and Holder’s inequality shows (6.85)(i). In a similar fashion, one can show (6.85)(ii).

Step 3: Asymptotic behavior of phases. We now use (6.85) to show the properties
1 . )
(i) nirggf;}zl(Tg N (fg,g)) >0 and (i) ili%loﬂl(Tg N ((=hy h) \ (fg,g))) 0. (6.87)
Suppose by contradiction that (6.87)(i) were false. Let D? := Do/, for 0 < o < %. Then by (6.79)(6.81)
we get (for a subsequence, not relabeled)

1 1 . ) ) )
;Ed(D” \T;) < ;Hd_l(Q') ()\ﬂ-ll((—a, o)N 771) + ’Hl((—a, o)N Té) + 7—[1((—0, o)\ (T4 U Té))) — 0.

' ' (6.88)
By (6.85)(i) for ¢ = 1 and the fact that limsup,_, . (&;/7:) < 400, see (3.24), this implies

1 .

lim sup —/ |RTVy" — Alda < C(QUHd_l(Q’))1/2 limsup (g;/7;) < ¢o
isoo Ti JDo 71— 00

for a constant ¢, with ¢, — 0 as ¢ — 0. By Poincare’s inequality and a BV compactness result, we find

{b;}; C R? such that the sequence

(@) =1y — (Riz +b;)) forx € D’

converges weakly* in BV to some f° € BV (D?;R%) with |Df°|(D°) < ¢,. In view of (6.72), it is not
hard to check that f7(z) = u(z) + Sz + b for some S € M%? and b € R%. On the other hand, by

(6.4), for o sufficiently small we find ¢, < |Du|(Q’ x {0}), where D7u denotes the jump part of the
distributional derivative. This contradicts the fact that |Diu|(D°) = |D? f7|(D°) < ¢,

Now suppose by contradiction that (6.87)(ii) were false. In view of (6.82), by passing to a subsequence,
we find h > o > 0 and @ € (—h + 0,h — o) such that H'((a« — o, + o) NT4) = 0 for all i sufficiently
large. Define D := aeq + Do/ ». Repeating the argument in (6.88), in particular using (6.79)—(6.81), we
find 7, ' £4(D NT;) — 0. Then, by (6.85)(ii) and the fact that limsup,_, ., (£i/7;) < 400 we get that

1 ,
lim sup —/ |RI'Vy' — B|dz < +o0.
D

i—oco Ti
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By Poincare’s inequality and a BV compactness result, we find {b;}; C R? such that the sequence
fi(x) .= 7, (y' — (R; Bx+1b;)) for 2 € D converges pointwise a.e. to some f € BV (D;R?) (up to passing
to a subsequence). By (6.72), this implies that 7, '((R; B — A)x + b;) converges a.e. on D to a finite
limit. This, however, is impossible, and therefore (6.87)(ii) holds.

Step 4: Definition of cylindrical sets. In the following, we denote by st < sb... < ... < 53\[1- the jump
points of the function 1; defined below (6.80). Let J; = {0 < j < N;: (s j', g‘+1) NTi = 0}, where we
set sy = —h and s’ = h. Note that for j € J; \ {0} there holds (s 3 1 J) N TE = 0. Recalling (6.82),
up to passing to a subsequence, we can assume that 7; and N; are independent of 7, which we denote by
J and N, respectively, for simplicity. Moreover, we can suppose that {s;}l converges for all 1 < j < N.
In view of (6.87)(i), possibly by selecting a further subsequence, we find an index k € J and a constant
¢ > 0 independently of i such that s}, s}, € (—2%, 2) and

Skl — Sk 2 CTie (6.89)
We now show that there exist 1 < j; <k and k+1 < js < N, as well as p1, o > 0 such that
(i) lim 7 "M ((s), — pami, S5 ) N TH) =0, hm T H((s

1— 00

(ii) Jim 7 TUH((sh, — pami st,) NTA) =0, Jim 7, (s

+ ) N TA) =0,
+ por) NTE) = 0. (6.90)

J1’ J1
]27 ]2

Indeed, choose j1 € J, j1 < k, as the largest index such that lim inf;_, ., 7'1-_1(3§1 - 53-1_1) > 0 and set

p1 == min { iminf 7, (s’ — ),¢/2} > 0,

i—00 J1 J1 1

where € is the constant from (6.89). Note that such an index exists by (6.79), (6.81), (6.87)(ii), and the
fact that (s’ ,,s%)NT} = 0 for each j € J\ {0} by the definition of 7. This immediately implies the first
part of (6.90)(i). The second part of (6.90)(i) follows from the fact that liminf,;_, . 7; 1(s] -5t 4)=0
for all j € J with 71 < j < k, (sj,sj_H) NTi=0for j € J, (6.89), and the fact that u; < ¢/2.
The index jo > k+ 1, ja ¢ J, and ps € (0,¢/2] in (6.90)(ii) can be chosen in a similar fashion: let
jo > k+1, jo ¢ J, be the smallest index such that liminf; .. 7'{1(52-2Jr1 — 532) > 0 and let pup =
min{lim inf;_, Ti_1(5§2+1 — 8§-2), ¢/2}.

We define p = min{u1, u2}, af sj , and o? = 53»2. Then, the sets D} := ales + Do ur and
D? :=aZeq+ Do pur, satisfy D} N D? =) by (6.89) and the fact that u < ¢/2. Moreover, there holds

)
1) =N (LND} N {za < I\ T0) + LYUD} N{zq > a}}NT})) — 0,
(i) 7N (LUDIN{zq < aPINT) + LYYDI N {za > al}\Ti)) — 0 (6.91)
)

as ¢ — oo. Indeed, e.g., for the first term in (6.91)(i
L {x € D} g < al}\Ty)
<7 'HITHD) (7—[1 ((=h, W\ (TAUTE)) +H' ((s5, — pumi, s5,) N TE) + pmi )\i> —0

we compute by (6.79)—(6.81) and (6.90)(i) that

as ¢ — 0o. The other three terms can be treated in a similar fashion.
Step 5: Proof of (6.74). We define v' as in (6.73) for isometries I; whose derivative is given by RI.
To see (6.74), we apply (6.85)(i) for ¢ =2 on D = D} N{xy < al} and D = D? N {xy > a?}, as well
s (6.85)(ii) for ¢ = 2 on D = D} N {zg > a}} and D= D? N {z4 < o?}. This along with (6.91) and
77 1e2 = 0 (see (3.24)) shows the desired estimate. This concludes the proof. O

K2

We conclude this subsection with the proof of Proposition 6.8.

Proof of Proposition 6.8. Let M € {A, B}. First, it is clear that the left hand side in (6.67) is not smaller
than ]-"é‘g(w, h), see (6.5). We also note by Proposition 6.2 that

Fé‘g(w, h) > 2K H¥ 1 (w) = Ké\é HI (W), (6.92)
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where in the last step we used the assumption K é‘g = 2K. To prove the reverse inequality, we argue by

contradiction: if the statement were false, there would exist § > 0, a Lipschitz domain w C R?~1, h > 0,
and a sequence {w,}. € Wy such that

c—M
inf {limsupé}(ysg Doy y—nr — yg/fp in measure in D, j, as € — O} > (Kévé + 25)Hd_1(w).
e—0 We

(6.93)
Up to translations of w, we can select a cube Q' C RY"! containing both w and Q' = (-1, 1)}
such that @ = @ for some 0 < a < 1. In view of (3.26), we can find a sequence of functions

{y*}. C H*(Dgr an; R?) such that (w.a) ' (y® — Mz) — yé\f) in measure in D¢/ o5 and
limsup € /5. (¥°, Dgr.an) < Ké\g + da M HI (W), (6.94)

e—0

Then the functions {7°}. C H?(Dgr n;R?) defined by §°(x) = y*(ax)/a satisfy w;1(y° — Mx) =
(wea) " (y*(ax) — M(ax)) — yé\f) in measure in Dgrp. In particular, as D, C Dgrp, by (6.93)
we find an infinitesimal sequence {¢;}; such that

liminf &, (5%, Do) > (Kb +20) H*H(w). (6.95)
11— 00
Then, using (6.5), (6.68), (6.92), and (6.95), we derive
liminf o' ~?€ /5. (v, Dt oan) > lim inf &, (5%, Dor 1)

1— 00

> hm inf gai (gel , DQ/JL \ Dw,h) + hm inf gei (gsl s Dw,h)
i—00 100
> f(%(g \w;h) + (K% + 26)H4 " (w)
> K,% HITH(Q \w) + (Ké\ﬁ + 26)H " (w) = al_dKé‘;I + 26H (w).
In the last step, we used aQ’ = @’. This estimate, however, contradicts (6.94). O

6.4. Construction of local recovery sequences. This subsection is devoted to the proofs of Propo-
sitions 6.4 and 6.5, namely to the construction of local recovery sequences performing single and double
phase transitions, respectively, in an energetically optimal way. The crucial point is that the sequences
coincide with isometries far from the interfaces as this allows to ‘glue together’ different sequences, as
done in the proof of Theorem 3.14. We begin with the proof of Proposition 6.4.

Proof of Proposition 6.4. The result has been proved in [32, Proposition 4.7] in the special case in which
Q = D, . We briefly explain how to obtain the result for strictly star-shaped sets 2 and cylindrical sets
D, 1, such that (0w’ x (—h,h)) N Q = 0. Choose w C R¥! such that w x {0} = (W' x {0}) N Q. As Q is
strictly star-shaped, we can find sequences {h;};, {a;}; C R, with h; — 0 and a; — 0 as ¢ — oo, and a
sequence of decreasing Lipschitz sets {w;}; with w CC w; CC w’ for all ¢ € N and

HI (w;) < HENw) + 1/ (6.96)
such that aeq + Dy, n;, C Dy py, and (Ow; X (—h; + ag, ;. + hy)) NQ = 0.

We apply [32, Pr(_)position_4.7] on D; = ajeq+ D, 1,, to obtain a recovery sequence Uei’i C H%*(Ds;RY)
and isometries {Ifg}s, {I;:}E such that (6.33) holds for D; in place of Dy, N Q and for yF (- — aieq)
in place of yoi, and (6.35) holds for h; in place of h, up to a translation by «;eq. Moreover, instead of
(6.34) we get

lim & (v, D) = K H 7 (wy). (6.97)
e—0

In view of (6.35) for v?i and the fact that (Qw; x (—h; + a;, a; + h;)) N Q = 0, we can extend vf’i to
an H2-function on D, 5 N by setting v = Iij oyx on {a; 4+ 3hi/4 < x4 < h} and vEi = I;fg oy
on {—h < x4 < a; — 3h;/4}, respectively. Note that the extensions (not relabeled) still satisfy (6.33) (for
yE (- — ajeq) in place of yi). Now we obtain a sequence satisfying (6.33)—(6.35) by choosing a suitable
diagonal sequence in {vF*}.; as ¢ — 0 and i — oo via Attouch’s diagonalization lemma [9, Lemma 1.15

and Corollary 1.16], and by taking (6.96)—(6.97) into account. O
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The remaining part of this subsection is devoted to the proof of Proposition 6.5. The argument
hinges upon applying some careful transformations to maps locally attaining the double-profile energy
in Proposition 6.8, so that the modified maps satisfy (6.37). As a first step, we show that the energy of
optimal sequences concentrates near the interface. We recall the definitions of W; and yé\;{ in (3.24) and
(3.25), respectively.

Lemma 6.12 (Concentration of the energy near the interface). Let h > 7 > 0, and let w C R4 be a
bounded Lipschitz domain. Let M € {A, B} and suppose that Ké\g = 2K. Let {e;}; be an infinitesimal
sequence and let {w,}; € Wa. Then, there exists {y*}; C H?*(Dy,n;R?Y) satisfying lim; oo |y —
Mz||gy(p,, ) =0, and, as i — oo, we have

Yyt — Mz

We,

E.(y", Dyp) — 2KH (W), &, (¥°, Dp \ Dur) = 0, — yé\f) in measure in Dy, p.
Proof. First, by Proposition 6.8, K é\g = 2K, and a standard diagonal argument we find a sequence
{ysi}l‘ C HQ(DM}L;Rd) with

Eq
limsup &, (¥, Do) < 2KHH(w), y" — Mz
i—>00 We,;
By (6.5) and Proposition 6.2, we also get liminf; . &, (¥, Dyy») > 2KHY " (w). This in turn implies
E,(v¥", Dy \ Dur) — 0 and &, (v, Dy p) — 2KH? Y (w). The convergence in measure to yé\é along
with we, — 0 implies that y** — Mz in measure on Dy, 5. Then, by Lemma 2.1 we deduce lim;_, ||y —
Mzl (D) = 0. =

— yé\{) in measure in D, .

Motivated by Lemma 6.12, for 0 < 7 < h/4 we introduce the notion of e-closeness of y to Mx, defined
as

02 (ysw, ) := Ex(y, Do \ Dasr) + (L7 (Devar)) I Vy = M| (6.98)

for M € {A, B}. In the following, we will use that, for given w C R471, 0 < 7 < h/4, and {¢;}; converging
to zero, there exists a sequence {y*}; C H?(D, n;R?) of deformations attaining asymptotically the
double-profile energy K (]1\14) = 2K such that

w,dr)’

5g(y€i;w,h,7')—>0 as ¢ — 00.

Owing to the quantitative rigidity estimate in Theorem 3.2, it is possible to find (d — 1)-dimensional
slices on which the energy of y and the L?-distance of Vy from suitable rotations of M € {A, B} can be
quantified in terms of §M (y;w, h, 7). Recall k = |A — B|, and ¢; in H4. In addition, define

2 ifd=2
PA=N 9@ —1)/d itd> 2.

Proposition 6.13 (Properties of (d — 1)-dimensional slices). Let d € N, d > 2, and let M € {A, B}. Let
h>0,0<7<h/4, and let w,& C R be bounded Lipschitz domains such that w CC &. Then there
exist g = eo(w, 0, h, K, c1,7) € (0,1) and C = C(w, &, h, k,c1) > 0 with the following properties:

For all0 < € < &g and for each y € H*(Dg p; RY) with §M (y; &, b, 7) < (k/64)2 we can find two rotations
R*,R™ € SO(d) and two constants s* € (1,27), s~ € (=27, —7) such that

C
(i) / |Vy — RTMP dnd1 +/ |Vy — R~ M|P dH < ?(6y(y;@,h77))p/2 el for all 1 <p < py,
r+ r-
(i) [[Vy— M|‘%2(s+ed+Dw152) +Vy — MH%Q(s_edJerYEQ) < Ce%éw(y;d;,h,ﬂ,
(iii) 52/ \V2y|2d7{d_1+ﬁ§7d/
r+ur- r

2

(iv) & (y, steqs + Dw,e?) + & (y, s eq+ Dwygz) < C—Eéé‘/](y;d), h,T),
T

(V) |R+ - Id|2 + |R_ - Id|2 S C5£4(y,@, th)7

C
(IV2y? — |03y AR < =6 (y; 0, b, 7),
+ur— T
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where we set TF = w x {sT} for brevity.

Proof. The statement has been proven in [32, Proposition 4.12] in the case in which the bound on
M (y;w, h,7) is replaced by a smallness assumption on

0c(ysw, hy 7) = Ec(y, Dy, \ Dw,‘r) + (L'd(DwAT))_lHVy - Vy(THZLz(DMT)v (6.99)

where yg is the map defined right after (2.5) (see also [32, Subsection 4.5]). Since the identifications
of R* and s* are completely independent from each other (see also [32, Remark 4.21]), the proof of
Proposition 6.13 follows by analogous arguments. ]

Remark 6.14 (Integrability exponent). Note that the results in [32] are proved using the most general
formulation of the quantitative rigidity estimate in [32, Theorem 3.1], thus allowing for different integra-
bility exponents p, as well as for a smaller penalization 7. 4 < 7.4 (see (3.3)). The proposition is stated
in its generality in order to ease the reference to [32]. Under suitable simplifications (see [32, Remark
4.17]), analogous estimates hold for p = 2.

The following lemma deals with the transition between a (d—1)-dimensional slice and a rigid movement.
Recall the definition of ¢; in H6.

Lemma 6.15 (Transition to a rigid movement). Let d € N, d > 2, and let M € {A,B}. Let h,7,e >0
and w CC & C R4 satisfy the assumptions of Proposition 6.13. Assume that the elastic energy density
W satisfies assumptions H1.-Hj. and H6. Let y € H*(Dg p; RY) with 6 (y; 0, h, 7) < (k/64)? and let
RY R~ € SO(d), sT € (1,27), s~ € (=271,—7) be the associated rotations and constants provided by
Proposition 6.13. Then there exist a map y} € H*(w x (0,00);RY) and a constant b} € R? such that

) YM =y on wx(0,s7), yM(z) = R* Mz + b for all z € w x (sT 4 7,00),
+ + +
(it) VYl — R M T2 (s+,00)) < O (00, B, 7),
(it)) & (v}, wx (sT,00)) < CM(y; @, b, 7) (6.100)

where C = C(w, @, h, T, Kk, c1,c2) > 0. Analogously, there exist a map y™ € H?*(w x (—o0,0); R?) and a
constant bM € R? for which (6.100) holds with s~, and R~ in place of sT, and R*, respectively.

Proof. The result follows directly by [32, Lemma 4.20]. Indeed, in [32, Lemma 4.20] an analogous result
is proven in the case in which the e-closeness 6 is replaced by the quantity defined in (6.99). The thesis
follows by observing that the constructions around the slices s and s~ are independent (see also [32,
Remark 4.21]). O

After these preparations, we are now in a position to exhibit local recovery sequences performing a
double phase transition in an energetically optimal way.

Proof of Proposition 6.5. We will prove the result only in the special case that Q2 = D, 3. In fact, to
treat the general case of strictly star-shaped sets 2 and cylindrical sets Dy, p, with (Ow’ x (—=h, h))NQ =0
one can apply the diagonal argument explained in the proof of Proposition 6.4 in a similar fashion and
therefore we omit the details. For simplicity, we will write w in place of w’ in the following.

Let M € {A,B}, let h > 0, let w C R?~! be a bounded Lipschitz domain, and let {w.}. € W;. Fix
p > 0 and choose a Lipschitz domain & such that w CC @, with H?" (& \ w) < p. We first observe that
by Lemma 6.12 there exists a sequence {y°}. C H?(Dg 5; R?) such that
y* — Mz

" — yévé in measure on Dg p, (6.101)
g

gg% Hys - MxHHl(D@,h) =0,

where yg/fp is the function defined in (3.25), as well as

lim £, Dap) = 2KH (@), lim E(y°, Dop \ Danj1) = 0. (6.102)
e—0 e—0 ?
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In view of Lemma 6.12, the existence of a sequence {y®'}; satisfying (6.101)—(6.102) is guaranteed for
every {e;}; with ¢; — 0. Hence, in what follows, for notational simplicity we directly work with the
continuous parameter .

Fix 7 = h/8. By (6.98) and (6.101)(6.102) we find that 6 (y*;@,h,7) — 0 as ¢ — 0. Without loss
of generality we can assume that ¢ < g (see Proposition 6.13) and §M (y*;@, h,7) < (x/64)2. Applying
Proposition 6.13 to {y°}. for @ = @, we find sequences of rotations {RT }., {R }. C SO(d), and of slices
{sF}: C (T 27), and {s;}. C (=27, —7). Let now {y2”,}. be the maps provided by Lemma 6.15. We
define v € H?(D,, ;RY) by

yé\)ﬂ if 24 > s7,
oM(z) =y ifsT <zg<st, (6.103)
yé‘f_ ifzg <s_,
for every x € D,, ;. We proceed by checking that {v}M}. satisfies (6.36)—(6.37). First, since |[s¥| < 27
and 7 = h/8, by Lemma 6.15 we have that vM = If‘é o Mz and vM = Ié‘é o Mz for x4 > 3h/8 and
x4 < —3h/8, respectively, for two suitable sequences of isometries {I{'L}., {73 }.. This yields the second
part of (6.37). For brevity, we define the sets |, = w x (h/16,h) and F_, = w x (—=h, —h/16). A key
step will be to show that for e — 0

w (oM — Mz) — yé\/{) in measure on F_; U Fj’h. (6.104)

This along with (6.101) and the fact that v} = y° on D,, /s then shows (6.36). Moreover, note that
(6.104) also implies that the isometries {I?L}. and {IL}. converge to the identity as ¢ — 0.
Let us now show (6.104). We only show the result on F+h as the argument on F_, is analogous.

Moreover, it clearly suffices to prove the property for any subsequence as then convergence holds for
the whole sequence by Urysohn’s property. First, we note that & (v}, F7,) — 0 as ¢ — 0 by Lemma
6.15(iii), (6.102), (6.103), and the fact that 6™ (y°; &, h,7) — 0. Then, applying the compactness result
and the lower bound for 2 = Fj ., (see Theorem 3.3 and Theorem 3.13) we find a subsequence (not
relabeled) and (y,u,P) € A such that v™ — (y,u,P) and & (y,u,P) = 0, where here the limiting
energy £ defined in (3.23) has to be understood with respect to the set Fj L

In view of (3.23) and £g'(y,u,P) = 0, we find that P is trivial, consisting just of the component
th Moreover, Vy is constant, and then Vy = M by (3.15), (6.101), and the fact that v = y* on
G+h = w x (h/16,h/8). (Recall that st > 7 = h/8.) As E(y,u,P) = 0 and F +— Qun(M,FM) is
positive definite on ngxn‘f (see (2.12)) we also get that u is affine on Fih and has the form u(z) = SMz+s
for each z € FF > Where S € M%4 and s € R%. Moreover, in view of (3.18)—(3.19), we find {¢°}. C R?
and {R¢}. C SO(d) such that

e (oM — (R°PMz +1°)) - u  in measure in F:h. (6.105)
On the other hand, by (6.101) and the fact that v} = y¢ on GI,h =w x (h/16,h/8) we have
w (oM — Mz) — yg/fp in measure in Gzﬁh. (6.106)

Passing to another subsequence (not relabeled) we can assume that A := lim._,oe/w. exists, cf. (3.24).
By multiplying (6.105) with €/w. and by subtracting (6.106) we get

w ' (Mz — (RPMz +1°)) — M —yit  in measure in G,

As the mappings in the left-hand side, as well as v and ygl/{) are affine, this convergence holds also on the
larger set F1,. This along with (6.105) yields

w (oM — Mz) — M — (M — y%) = yé\f) in measure on F',.
This concludes the proof of (6.104). To conclude, it remains to show the asymptotic behavior of the

energies in (6.37). Using (6.5), (6.36), and Proposition 6.2, it follows that liminf. o & (v}, Dy p) >
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2KH?1(w). To prove the opposite inequality, we observe that by (6.103) and Lemma 6.15(iii) there
holds
E (v}, D) < Ec(y,w x (sT,h) + & (yé‘ﬂw X (=hys2)) + E (v w x (52, 81))
< CsM(y*, @, h, r)+5 (v, Das.n)-
Thus, by (6.102), the fact that 6 (y*; @, h,7) — 0, and H41 (@ \ w) < p, we have
th(l)lpgg(U Dy p) <2KHTH @) < 2KHTH(w) + 2K p.
e

The convergence in (6.37) follows then by the arbitrariness of p and by a diagonal argument. ([l

6.5. One-dimensional profiles and compatibility condition. In this subsection we assume that
the density W satisfies (3.27). We will show that in this case optimal profiles for single transitions are
one-dimensional in a sense to make precise below. Moreover, we show that the compatibility condition
K(‘fp = K(ﬁ) = 2K holds. Let us start by discussing a model case for (3.27), see (3.28). Suppose that W
is of the form

W(F) = ¢(dist(F, SO(d)A), dist(F, SO(d)B)) for all F € M®*?,

where ¢: ([0,00))% — [0,00) is a smooth function with c¢;(min{t;,t2})? < ¢(t1,t2) < ca(min{ty, to})? for
all t1,t2 € [0,00), and is increasing in both entries. Then, we can check that H1.-H6. hold. Moreover,
also H7. is satisfied if ¢ fulfills a corresponding local Lipschitz condition. We can also confirm (3.27).
Indeed, for each F' € M?¥¢ by H3., the monotonicity assumptions on ¢, and the triangle inequality we
compute

= ¢(dist(F, SO(d)A), dist(F, SO(d)B)) = qs(Renggl(d) [F~RA|, min |F - RB|)

zqs(Rerggl(d) [Feq — RAea|, | min \Fed—RBedD <}|Fed|—|Aed\|,‘|Fed|—|Bed|})
=¢(‘|F€d\ (1+f€)|) =¢(|Id+(|F€d|—1)€dd—A (|F€d|_1)edd—B’>
> qS(dlst (Id + (|Fea| — 1)eqq, SO(d)A), dist (Id + (| Feq| — 1)edd,SO(d)B))

=W (Id+ (|Fea| — 1)eqa). (6.107)

We now check that under condition (3.27) optimal profiles for single transitions are one-dimensional.

Lemma 6.16 (One-dimensional profiles). Under condition (3.27), there holds

K = inf { liminf € (57, Q): v (2) = ¢/, (za)) for v = (¢,24) € Q,  lim [ly" = i |10 = 0},
(6.108)

where K is defined in (3.4).

Proof. We denote the right-hand side of (6.108) by Ki4. Clearly, we get K14 > K. To see the reverse
inequality, by a standard diagonal argument, we choose a sequence {y°}. C H?(Q;R?) with lim._,¢ ||y* —
y(—)‘rHLl(Q) = 0 and
liminf & (v°,Q) =
e—0

Then, by Fatou’s lemma, and by Lemma 2.1, we can find z’ € (—%, %)d_l such that
1
2 /1
lim inf / (WY (1) + V2 (@ D + 72492y (@ D = |0Fy" (@ D)) dt < K (6.109)
1

e—0 1
2

as well as

0 }
lim (/ |vyf(x’,t)—B|2dt+/ Ve (e 1) — AP dt) =0 (6.110)
_% 0

e—0
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We let 7€ := 0qy°(2’,-) € H*((—3,3);R?) and we choose the unique function 1°: (-1,
¥°(0) = 0 and (¥)" = |7¢|. Then, we define the sequence {v¢}. C H?(Q;R%) by v*(2', z4)

for (z/,24) € Q. We observe that

d—1
Vo' (z) = Zi:l eii + |7 (xd)|€dd- (6.111)

We note that {v°}. is an admissible sequence in the definition of K14. Indeed, by H3., (6.110), (6.111),
and the triangle inequality we find

/ |Vv® —Vyar|2dx:/ |6dvE—Bed\2dt+/ |04v° — Aeg|? dt
Q QN{xa<0} QN{za=>0}

0 3
:/ ||8dy5(x’,t)|—|Bed\|2dt+/ |10ay® (', 1)] — |Aeql|* dt
0

Wl

1

0 2
g/ ‘(Vys(x’,t)—B)ed}zdt—i—/ (Vo (/1) — A)eg|* dt — 0,
0

_1
2

and therefore also v° — yd in L'(Q;R?) since v°(0) = 0 for all . Consequently, in view of (3.27), (6.108),

(6.109), (6.111), and the fact that & |7¢|(t) < |Gaqy®(2’,t)| for t € (=3, 1) we get

e—0

o o 1
K4 < llgélfgg(vs, Q) = hmmf/Q (?W(VUE) + 62\3§dv€|2) dz

1
2 /1 d 2
< limi — (! _ 2’ € ‘
< hgélf/ <52 W (Id + (|Vy©(2', t)eq] l)edd> +e —dt|7' [(t) ) dt

< lim inf/
e—0 _

This concludes the proof. O

|
ST

1
(SW(Vy @ 0) + 20507 1)) dt < K.

[N

We point out that without an additional assumption, such as (3.27), optimal profiles for single transi-
tions are in general not one-dimensional, see [26, Remark 6.2] for an example in a linearized setting. We
are now in a position to prove Proposition 3.16.

Proof of Proposition 5.16. We start with a consequence of Lemma 6.16. Define W:R = Rby W(t) =
W (Id+(t—1)eqq) for t € R. Note that W is a two-well potential with W (¢) = 0if and only if ¢ € {1,1+kx},
see H3. In view of (3.1) and (6.108), we find

1
. .. 2 1 = / 20 11112 . oE 2¢(_1 1y. i e _ gt —}
K—mf{h]é&%lf L (—€2W (1/}5)4—6 [ | )dt. Y€ H*((—35,5);R), Ell_rg%H@b Yo ||L2(_%7%)—0 ;

where i (t) := tx (>0 + (1 4+ K)tx{i<oy for t € (=3, 3). By a cut-off argument one can further show that
(see e.g. [23, Proof of Proposition 5.3] for details)

1

. CEN 2 1~ 2 2 . 5 2 1 1y, : € ~+ —

K—lnf{llggfﬁl(gw(wé)+€ (W) dt: o € H(~4, ) R), limm [0 = G011, =0,
2

YL(t) =1+ Kk near t = —3, w;(t)zlneart:%}. (6.112)

We now start with the proof. We prove the result only for M = A. The arguments for M = B are similar
up to a different notational realization. Let Q' = (—3,%)? . Fix § > 0. In view of (3.26), we choose
h >0 and {w.}. € Wy such that

K(fp — 6 <inf { limsup & (y°, Do p) s wi ' (y° — ) — yfp in measure in DQ/’h}, (6.113)

e—0
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where we recall the notations in (3.25) and (6.2). We start by observing that it suffices to show that
there exists a sequence {z.}. C H?((—h, h);R) such that

(i) wZ'(ze —id) = x>0} in measure in (—h, h),
h
1 .
(ii) limsup/ (—2w(zg) - 52|z;’|2) dt < 2K + 6. (6.114)
e—0 —h \E

In fact, then the sequence y° € H?(Dgr ,; R?) defined by y°(2', 24) = (2, 2. (24)) clearly satisfies

w (Y —x) = yé“p in measure in Dg/
by (6.114)(i). Therefore, it is an admissible sequence in (6.113), and thus limsup,_,, & (y°, Dgr.p) >
K(‘fp — 4. By (3.1), (6.114)(ii), and the definition of W, we also have limsup,_,, & (y°, Do n) < 2K + 4.
Thus, Kc‘fp — 90 < 2K + § and therefore Kjfp < 2K holds by passing to 6 — 0. The other inequality
K é“p > 2K follows from Proposition 3.15.

We now construct a sequence {z.}. C H?((—h,h);R) satisfying (6.114). Given § > 0, we use (6.112)

to find g9 > 0 and a function ¢ € H?((—3,3);R) SllCh that

/j (%W( W) +5(2)|1/)”|2> dt < K +6/2, (6.115)

as well as ¢/(t) = 14 x near t = —% and ¢/(t) = 1 near t = 3. Let € > 0 sufficiently small and let

€ := ¢/eg for brevity. We define z. € H?((—h, h); R) as the continuous function with 2.(0) = 0 and the
derivative

1 if t € (—h, —€?)

V(S (-2 — 1)) if t € (—€%,0)
2(t):={1+k if t € (0, wr)

Y (H(t—ws —1€%)) ift e (Wi wk+ €?)

1 if t € (W + €2, h)

for ¢ € (—h, h), where for shorthand we write w? = w./k. Indeed, we note that z; is continuous since ¢’
is constant near t = —3 and t = 3. By using W(t) = 0 for ¢ € {1,1+ s} and (6.115), it is not hard to
check that

[ Greaemr)u=a [ Gueuas Svoer)e

1
7,1 -
2/ (SW (W) + Bl (5)) ds < 2K +5,
,% 0

where in the second step we used a change of variables and € = €/¢¢. This shows (6.114)(ii). We now
prove (6.114)(i). As by a scaling argument we have

B
I Nin o+ s sy < 26 [ W/l < O

%
we get that
122 = 2Ll L1 ((—n,ny) < CE,
where Z. denotes the continuous piecewise affine function with 2.(0) =0, 2. = 1 on (—h,0) U (w?, h), and
zZl =14 K on (0,w?). By Poincaré’s inequality and z.(0) = 2.(0) = 0 this also yields
llze — 2£||L1((7h,h)) < Ce (6.116)

Since w. — 0 as € — 0 and wf = w./k, it is easy to check that w;'(zZ. —id) = x{¢>0} in measure in
(—h,h). This along with (6.116) and the fact that e2/w. — 0 as € — 0 (see (3.24)) implies (6.114)(i).
This concludes the proof. ([



TWO-WELL LINEARIZATION FOR SOLID-SOLID PHASE TRANSITIONS 61

APPENDIX A. SBV FUNCTIONS AND CACCIOPPOLI PARTITIONS

Let d € N, and let Q C R? be a bounded open set. In the whole paper we use standard notations for
the space BV (£2). We refer the reader to [7] for definitions and main properties. We discuss here only
some basic properties of special functions of bounded variation (SBV') and Caccioppoli partitions.

Special functions of bounded variation. Let m € N. We say that a function v € BV (Q;R™) is a
special function of bounded variation, i.e., uw € SBV(Q;R™), if the Cantor part of its gradient (see [7,
Definition 3.91]) satisfies

Du = 0.
In particular, for every u € SBV (;R™) there holds
Du=Vul®+ (u" —u")@v,HT Ty,
where Vu is the approximate differential, u™ and v~ are the approximate one-sided limits, J,, is the jump
set of u, and v, is the normal to J, (see [7, Chapter 3]).

A function u € L] (Q;R™) (namely u € L'(K;R™) for every compact set K C ) is a special function
of locally bounded variation, i.e., u € SBVio.(Q;R™), if u € SBV(O;R™) for every open set O CC Q.
We stress that SBV(Q;R™) is a proper subset of BV (Q;R™), see [7, Corollary 4.3]. The set

SBV?2(;R™) is defined as the collection of maps u € SBV(Q;R™) such that Vu € L?(Q; R™*?) and
HIL(J,) < +oo.

Sets of finite perimeter and Caccioppoli partitions. For every £%measurable set £ C R? and
every t € [0,1], we denote by E* the set of points of E having density ¢, namely

E':={z€E: }lﬂ% LYUENB,(2))/LYB,(z)) =t}.

The essential boundary of E, denoted by 0*F, is defined as 0*E := R4\ (E° U E'). We say that F
has finite perimeter if H?~1(0*E) < 4+00. We refer the reader to [7, Subsections 3.3 and 3.5] for basic
properties. Moreover, a partition P = {P;}; of Q is called a Caccioppoli partition if

> HITH0"P)) < +oo.
J

We say that a partition is ordered if £¢(P;) > L4 (P;) for i < j, and recall that every Caccioppoli
partition of a bounded domain induces an ordered one just by a permutation of the indices.

We say that a set of finite perimeter E is indecomposable if it cannot be written as E' U E? with
E'NE? =0, £L4EY), LYE?) > 0 and HI L (0*E) = HI~Y(0*EY) + HI~1(0* E?). Note that this notion
generalizes the concept of connectedness to sets of finite perimeter. By [8, Theorem 1] for each set of

finite perimeter E there exists a unique finite or countable family of pairwise disjoint indecomposable
sets {E;}; such that H4=Y(0*E) = Y, H¥ (0" E;). The set {E;}; are called the connected components
of E.

We conclude this section by stating a compactness result for ordered Caccioppoli partitions (see [7,
Theorem 4.19, Remark 4.20]).

Theorem A.1 (Compactness for Caccioppoli partitions). Let Q C R? be a bounded open set with Lips-
chitz boundary. Let P; = {P;;};, i € N, be a sequence of ordered Caccioppoli partitions of Q with

SUD;eN { Zj Hdil(ﬁ*Pm)} < 400.

Then, there exists a Caccioppoli partition P = {P;}; and a not relabeled subsequence such that P;; — P;
in measure for all j € N as i — oco.

In the proofs, we also sometimes use the fact that P; ; — P; in measure for all j € N is equivalent to
Zj ﬁd(PiﬁjAPj) — 0.
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