A SHORT PROOF OF THE INFINITESIMAL HILBERTIANITY OF THE
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ABSTRACT. We provide a quick proof of the following known result: the Sobolev space associated
with the Euclidean space, endowed with the Euclidean distance and an arbitrary Radon measure,
is Hilbert. Our new approach relies upon the properties of the Alberti—-Marchese decomposability
bundle. As a consequence of our arguments, we also prove that if the Sobolev norm is closable
on compactly-supported smooth functions, then the reference measure is absolutely continuous

with respect to the Lebesgue measure.

INTRODUCTION

In recent years, the theory of weakly differentiable functions over an abstract metric measure
space (X,d, 1) has been extensively studied. Starting from the seminal paper [0], several (essen-
tially equivalent) versions of Sobolev space W12(X,d, 1) have been proposed in [13, 4, 12]. The
definition we shall adopt in this paper is the one via test plans and weak upper gradients, which
has been introduced by L. Ambrosio, N. Gigli and G. Savaré in [1]. In general, W2(X,d, u) is a
Banach space, but it might be non-Hilbert: for instance, consider the Euclidean space endowed
with the £*°-norm and the Lebesgue measure. Those metric measure spaces whose associated
Sobolev space is Hilbert — which are said to be infinitesimally Hilbertian, cf. [9] — play a very
important role. We refer to the introduction of [11] for an account of the main advantages and
features of this class of spaces.

The aim of this manuscript is to provide a quick proof of the following result (cf. Theorem 2.3):
(Rd, dEucl, ) is infinitesimally Hilbertian for any Radon measure g > 0 on RY, (%)

where dgucl(z,y) = |z — y| stands for the Euclidean distance on RY. This fact has been originally
proven in [10], but it can also be alternatively considered as a special case of the main result in [8].
The approach we propose here is more direct and is based upon the differentiability theorem [1]
for Lipschitz functions in R? with respect to a given Radon measure, as we are going to describe.

Let > 0 be any Radon measure on R%. G. Alberti and A. Marchese proved in [1] that it is
possible to select the maximal measurable sub-bundle V (p, -) of TR — called the decomposability
bundle of p — along which all Lipschitz functions are p-a.e. differentiable. This way, any given
Lipschitz function f: R? — R is naturally associated with a gradient V,,, f, which is an L>-section
of V(u,-). Being V,y a linear operator, its induced Dirichlet energy functional E,y, on L2(p) is a
quadratic form. Hence, the proof of (x) presented here follows along these lines:

a) The maximality of V' (i, -) ensures that the curves selected by a test plan 7 on (R?, dgycl, 1)
are ‘tangent’ to V (u, -), namely, 44 € V(u,v;) for (w @ £L')-a.e. (v,t). See Lemma 2.1.
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b) Given any Lipschitz function f: R? — R, we can deduce from item a) that the modulus
of the gradient V,, f is a weak upper gradient of f; cf. Proposition 2.2.

¢) Since Lipschitz functions with compact support are dense in energy in W12(R¢, dgye, 1)
— cf. Theorem 1.3 below — we conclude from b) that the Cheeger energy Ecy, is the lower
semicontinuous envelope of E,\,;. This grants that Ecy, is a quadratic form, thus accordingly
the space (R?, dgycl, 1) is infinitesimally Hilbertian. See Theorem 2.3 for the details.

Finally, by combining our techniques with a structural result for Radon measures in the Euclidean
space by De Philippis—Rindler [7], we eventually prove (in Theorem 3.5) the following claim:

The Sobolev norm || - [ly1.2(ga dg,., ) 1S closable on C°-functions = p < L%

Cf. Definition 3.1 for the notion of closability we are referring to. This result solves a conjecture
that has been posed by M. Fukushima (according to V.I. Bogachev [5, Section 2.6]).

Acknowledgements. The second and third named authors acknowledge the support by the
Academy of Finland, projects 274372, 307333, 312488, and 314789.

1. PRELIMINARIES

1.1. Sobolev calculus on metric measure spaces. By metric measure space (X, d, 1) we mean
a complete, separable metric space (X, d) together with a non-negative Radon measure p # 0.

We denote by LIP(X) the space of all real-valued Lipschitz functions on X, whereas LIP.(X)
stands for the family of all elements of LIP(X) having compact support. Given any f € LIP(X),
we shall denote by lip(f): X — [0, 400) its local Lipschitz constant, which is defined as

lip(f)(x) = limy_,, ’f(x) — f(y)|/d(z,y) if x € X is an accumulation point,
P 1o otherwise.

The metric space (X, d) is said to be proper provided its bounded, closed subsets are compact.

To introduce the notion of Sobolev space W12(X,d, 1) that has been proposed in [1], we first
need to recall some terminology. The space C' ([0, 1], X) of all continuous curves in X is a complete,
separable metric space if endowed with the sup-distance doo(7,0) = max {d(’yt,at) ’ t € 0, 1]}
We say that v € C([O7 1], X) is absolutely continuous provided there exists a function g € L1(0,1)
such that d(vs,v:) < f;g(r) dr holds for all s,¢ € [0,1] with s < t. The metric speed |¥| of 7,
defined as |;| = limp_0 d(Vern, ve)/|h| for L1-a.e. t € [0, 1], is the minimal integrable function (in
the L£!-a.e. sense) that can be chosen as g in the previous inequality; cf. [2, Theorem 1.1.2]. A test
plan over (X,d, u) is a Borel probability measure = on C ([O, 1],X), concentrated on absolutely
continuous curves, such that the following properties are satisfied:

e BOUNDED COMPRESSION. There exists Comp(7) > 0 such that (e;).7 < Comp(7) p holds
for all t € [0,1], where e;: C’([O7 1], X) — X stands for the evaluation map v — e(7y) = .
e FINITE KINETIC ENERGY. It holds that ffol |4:|? dt drr (7y) < +-o0.

Let f: X — R be a given Borel function. We say that G € L?(u) is a weak upper gradient of f
provided for any test plan 7 on (X, d, u) it holds that f o~y € W11(0,1) for mw-a.e. v and that

[(For)i| < G(w) || for (m @ LY)-ae. (v,1).

The minimal such function G (in the p-a.e. sense) is called the minimal weak upper gradient of f
and is denoted by |Df| € L?(u).
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Definition 1.1 (Sobolev space [1]). The Sobolev space W12(X,d, i) is defined as the family of

all those functions f € L*(u) that admit a weak upper gradient G € L?(u). We endow the vector
. 2

space WH2(X, d, 1) with the Sobolev norm Hf”%/[/l:?(x,d,u) = ||f|\2L2(H) + H‘DﬂHm(u)'

The Sobolev space (W1’2(X,d,u), Il - ||W1,2(X’d’u)) is a Banach space, but in general it is not a
Hilbert space. This fact motivates the following definition, which has been proposed by N. Gigli:

Definition 1.2 (Infinitesimal Hilbertianity [9]). We say that a metric measure space (X,d, 1) is
infinitesimally Hilbertian provided its associated Sobolev space W12(X,d, 1) is a Hilbert space.

Let us define the Cheeger energy functional Ecy,: L?() — [0, +00] as

L [Df|2d if feWwb2(X,d,pu),

Ecu(f) = { 2 J 1D du / : (X, d.p) (1.1)
400 otherwise.

It holds that the metric measure space (X,d, u) is infinitesimally Hilbertian if and only if Ecy

satisfies the parallelogram rule when restricted to W12(X,d, u), i.e.,

Ecn(f +9) + Ecn(f — 9) = 2Ecn(f) + 2Ecu(g)  for every f,g € W*(X,d, p). (1.2)
Furthermore, we define the functional Ey,: L? () — [0, +00] as
L ip2(f)d if f € LIP.(X),
Eip(f) :={ 2 [l (fdu i £ € LIP(X) (13)
400 otherwise.

Given any f € LIP.(X), it holds that f € W?(X,d, u) and |Df| < lip(f) in the p-a.e. sense. This
ensures that the inequality Ecn < Ej;p is satisfied. Actually, Ecy is the Lz(u)—relaxation of Ejjp:

Theorem 1.3 (Density in energy [3]). Let (X,d, u) be a metric measure space, with (X, d) proper.
Then Ecy, is the L?(u)-lower semicontinuous envelope of Eyip, i.e., it holds that

Ecn(f) = inf lim Eyp(fa)  for every f € L?(u),

n—oo

where the infimum is taken among all sequences (fn)n C L?(u) such that f, — f in L?(u).

1.2. Decomposability bundle. Let us denote by Gr(R?) the set of all linear subspaces of R?.
Given any V,W € Gr(R?), we define the distance da,(V,W) as the Hausdorff distance in R?
between the closed unit ball of V' and that of W. Hence, (Gr(Rd), dGr) is a compact metric space.

Theorem 1.4 (Decomposability bundle [1]). Let u > 0 be a given Radon measure on R%. Then
there exists a p-a.e. unique Borel mapping V(u,-): R* — Gr(R?), called the decomposability
bundle of u, such that the following properties hold:

i) Any function f € LIP(RY) is differentiable at p-a.e. x € R with respect to V(u,x), i.e.,
there exists a Borel map Vi, f: RY — Re such that Vi, f(z) € V(p, x) for all v € R? and
lim f(LL'-i-’U) —f(.%‘) _VAMf(:E) v

=0 -a.e. x € RY 1.4
V(p,x)dv—0 ‘Ul fO?”/L . ( )

ii) There exists a function fo € LIP(R?) such that for u-a.e. point x € R? it holds that fy is
not differentiable at x with respect to any direction v € R4\ V(u, ).

We refer to Va f as the Alberti-Marchese gradient of f. It readily follows from (1.4) that V. f
is uniquely determined (up to u-a.e. equality) and that for every f,g € LIP(R?) it holds that

Van(f £ 9)(@) = Vauf () £ Vang(z)  for p-ae. z € RY (1.5)
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Remark 1.5. Theorem 1.4 was actually proven under the additional assumption of p being a
finite measure. However, the statement depends only on the null sets of i, not on the measure p
itself. Therefore, in order to obtain Theorem 1.4 as a consequence of the original result in [1], it
is sufficient to replace p with the following Borel probability measure on R?:

~ 'u|Bj(-"E) _
i = ————— . for some T € spt(u).
2. 514(5,(7)
Observe, indeed, that the measure i satisfies yu < it < p. |
Remark 1.6. Given any function f € LIP(R?), it holds that

|VAMf(Jc)| <lip(f)(z) for p-a.e. x € RY. (1.6)

Indeed, fix any point x € R? such that f is differentiable at = with respect to V(u,x). Then for
all v € V(p,z) \ {0} it holds that Vi f(z) - v = |[v] limp~o (f(z +hv) — f(2))/|hv] < [v]lip(f)(z)
by (1.4), thus accordingly |Vauf(z)| = sup {Vauf(z) - v |v e V(p,2), [v] <1} <lip(f)(z). W

2. UNIVERSAL INFINITESIMAL HILBERTIANITY OF THE EUCLIDEAN SPACE

The objective of this section is to show that the Euclidean space is universally infinitesimally
Hilbertian, meaning that it is infinitesimally Hilbertian when equipped with any Radon measure;
cf. Theorem 2.3 below. The strategy of the proof we are going to present here is based upon the
structure of the decomposability bundle described in Subsection 1.2.

First of all, we prove that any given test plan over the weighted Euclidean space is ‘tangent’,
in a suitable sense, to the Alberti-Marchese decomposability bundle:

Lemma 2.1. Let > 0 be a given Radon measure on R%. Let 7 be a test plan on (R?, dgyel, pt).
Then for w-a.e. 7y it holds that

A € V(uyye)  for L'-a.e. t €]0,1].
Proof. Let fo be an L-Lipschitz function as in ii) of Theorem 1.4. Set B C C([0, 1], R%) x [0,1] as
B = {('7715) ‘ ~v and fo o~y are differentiable at ¢, and 4, ¢ V(u7’yt)}.

It can be easily shown that B is Borel measurable. We can assume that « is absolutely continuous
(since by definition a test plan is concentrated on absolutely continuous curves); in particular, also
foory is absolutely continuous, and thus both v and fyo~ are differentiable £'-almost everywhere.
In particular, we are done if we can prove that (7w ® £!)(B) = 0.

Call B; := {v | (7,t) € B} for every t € [0,1]. Moreover, G stands for the set of all z € R? such
that fy is not differentiable at  with respect to any direction v € R4\ V (u, ). Thus, u(R4\G) = 0
by Theorem 1.4. We claim that the inclusion e;(B;) C R?\ G holds for every ¢ € [0,1]. Indeed,
for every v € B, one has that

fo(wrhvfz)*fo(%) —(foor)| < f°(7t+h%]17f°(%+h) + fO(%J’h)hf fo08) _ (1, 0,
<1 w _%’ n fo(%+h)h— folw) (fo o)1),

so by letting h — 0 we conclude that fy is differentiable at 7 in the direction 4, i.e., v ¢ G.
Therefore, we conclude that w(B;) < w(et_l(]Rd \ G)) < Comp(w) p(R*\ G) = 0 for all t € [0,1].
This grants that (w ® £!)(B) = 0 by Fubini theorem, whence the statement follows. (]

As a consequence of Lemma 2.1, we can readily prove that the modulus of the Alberti-Marchese
gradient of a given Lipschitz function is a weak upper gradient of the function itself:
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Proposition 2.2. Let u > 0 be a Radon measure on R?. Let f € LIP.(R?) be given. Then the
function |Vanf| € L?(1) is a weak upper gradient of f.

Proof. Let 7 be any test plan over (R, dgyel, ). We claim that for m-a.e. v it holds
(for),=Vauf(y) % for L'-ae. t €0,1]. (2.1)

Indeed, for (w ® L')-a.e. (v,t) we have that f is differentiable at v; with respect to V' (u,7;) and
that 4 € V(,:); this stems from item i) of Theorem 1.4 and Lemma 2.1. Hence, (1.4) yields

FOve+hie) = fOn) o FOresn) = flw) /
Y = Jm = = (o,

VAMf('Yt) Y= }LI{%
which proves the claim (2.1). In particular, for m-a.e. curve 7 it holds

[(f o Mi| < [Vauf ()| 32| for L'-ae. t € [0,1].

Given that |Vay f| € L?(u) by (1.6), we conclude that |Df| < |Vay f| holds in the p-a.e. sense. [

We are now in a position to prove the universal infinitesimal Hilbertianity of the Euclidean
space, as an immediate consequence of Proposition 2.2 and of the linearity of V,y:

Theorem 2.3 (Infinitesimal Hilbertianity of weighted R?). Let u > 0 be a Radon measure on R%.
Then the metric measure space (R?, dgyel, 1) 48 infinitesimally Hilbertian.

Proof. First of all, let us define the Alberti—-Marchese energy functional E .y, : L% () — [0, +00] as

5 [ I Vauf?dp if f € LIP.(RY),
+00 otherwise.

EAM(f) = {

Since |Df| < |Vauf| < lip(f) holds p-a.e. for any f € LIP.(RY) by Proposition 2.2 and (1.6), we
have that Ech < Ean < Eijip, where Ecn and Ejip are defined as in (1.1) and (1.3), respectively.
In view of Theorem 1.3, we deduce that Ecy, is the L?(u)-lower semicontinuous envelope of E ;.
Thanks to the identities in (1.5), we also know that E,,, satisfies the parallelogram rule when
restricted to LIP.(R?), which means that

Eani(f +9) +Ean(f — g) = 2Ean(f) + 2Ean(g)  for every f,g € LIP.(R?). (2.2)

Fix f,g € WH2(R%, dgya, pt). Let us choose any two sequences (f,)n, (gn)n C LIP.(RY) such that
e fn— fand g, = gin Lz(ﬂ)a
® Esv(fn) = Ecn(f) and Exu(gn) — Ecn(9g).

In particular, observe that f,, +g, — f+g and f, — g, — f —g in L?(). Therefore, it holds that

ECh(f + g) + ECh(f - g) S h7m (EAM(fn + gn) + EAM(fn - gn)) (2:2) 2 lim (EAM(fn) + EAM(Qn))

n—oo n—00
=2Ecn(f) +2Ecn(9)-

By replacing f and g with f 4+ g and f — g, respectively, we conclude that the converse inequality
is verified as well. Consequently, the Cheeger energy Ecy satisfies the parallelogram rule (1.2),
thus W12(R¢, dgyer, i) is a Hilbert space. This completes the proof of the statement. O

Remark 2.4. As a byproduct of the proof of Theorem 2.3, we see that for all f € W12(R?, dgye, 1)
there exists a sequence (f,,), C LIP.(RY) such that f, — f and |Vaufn| — |Df] in L2(p). |

Example 2.5. Given an arbitrary Radon measure p on R?, it might happen that
|Df| # |Vauf| for some f € LIP.(R?).
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For instance, consider the measure u := L£'|c on R, where C C R is any Cantor set of positive
Lebesgue measure. Since the support of y is totally disconnected, one has that every f € L2(u) is
a Sobolev function with |D f| = 0. However, it holds V (i1, 2) = R for £L!-a.e. x € C' by Rademacher
theorem, whence for any f € LIP(R) we have that V. f(x) = f/(x) for Ll-a.e. z € C. |

3. CLOSABILITY OF THE SOBOLEV NORM ON SMOOTH FUNCTIONS

The aim of this conclusive section is to address a problem that has been raised by M. Fukushima
(as reported in [5, Section 2.6]). Namely, we provide a (negative) answer to the following question:
Does there exist a singular Radon measure u on R? for which the Sobolev norm || - lw12 (&2, dguer, )
is closable on compactly-supported smooth functions (in the sense of Definition 3.1 below)?

Actually, we are going to prove a stronger result: Given any Radon measure 1 on R? that is
not absolutely continuous with respect to £?, it holds that || - lw1.2(Re dguer,p) 8 MOt closable on
compactly-supported smooth functions. Cf. Theorem 3.5 below.

Let f € C®(R?) be given. Then we denote by Vf: R? — R? its classical gradient. Note that
the identity |V f| = lip(f) holds. Given a Radon measure x on R?, it is immediate to check that

Vanf(x) =7, (Vf(z)) for p-ae z € R, (3.1)

where 7, : RY — V/(, x) stands for the orthogonal projection map. We denote by L2 (R% R?) the
space of all (equivalence classes, up to p-a.e. equality, of) Borel maps v: RY — R? with |v| € L?(u).
It holds that L? (R?,R?) is a Hilbert space if endowed with the norm v — ( [ [v|* dpu) 2

Definition 3.1 (Closability of the Sobolev norm on smooth functions). Let y be a Radon measure
on RY. Then the Sobolev norm || - HWl‘z(Rd,dEucl,u) is closable on compactly-supported smooth
functions provided the following property is verified: if a sequence (fn)n C C°(R?) satisfies f,, — 0
in L?(p) and V fr, — v in L2 (R4, RY) for some element v € L?(R?,R?), then it holds that v = 0.

In order to provide some alternative characterisations of the above-defined closability property,
we need to recall the following improvement of Theorem 1.3 in the weighted Euclidean space case:

Theorem 3.2 (Density in energy of smooth functions [10]). Let u be a Radon measure on R?.
Then Ecy, is the L*(pu)-lower semicontinuous envelope of the functional

STIVEPde  if f € C2(RY),

+00 otherwise.

L*() SfH{

Lemma 3.3. Let pu be a Radon measure on R:. Then the following conditions are equivalent:

i) The Sobolev norm || - [[w1.2(rd,dyee,u) 95 closable on compactly-supported smooth functions.
ii) The functional By, — see (1.3) —is L?(u)-lower semicontinuous when restricted to C°(R?).
iii) The identity |Df| = |V f| holds p-a.e. on RY, for every function f € C°(R?).

Proof.
i) = ii) Fix any f € C®°(R?) and (f,), € C°(RY) such that f,, — f in L?(u). We claim that

/ VP < lm [ Vil (3.2)

n—oo
Without loss of generality, we may assume the right-hand side in (3.2) is finite. Therefore, we can
find a subsequence (fy,)x of (fn)n and an element v € L?(RY R?) such that limy, [ [V f,,|* dp =
lim, [ |V fu|?>dp and Vf,, — v in the weak topology of L?(R% R?). By virtue of Banach-Saks
theorem, we can additionally require that V fk — v in the strong topology of Li(Rd, R%), where we
set fi = LS8 | fo, € C°(RY) for all k € N. Since f, — f — 0 in L2(u) and V(fy — f) = v—Vf
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in Li(Rd,Rd), we deduce from i) that v = Vf. Consequently, we have that Vf, — Vf in the
weak topology of L2 (R%,R%), thus proving (3.2) by semicontinuity of the norm. In other words,
it holds that Ej,(f) < lim, Eyp(fr), which yields the validity of item ii).

ii) = iii) Let f € C2°(R?) be given. Theorem 3.2 yields existence of a sequence (f,,), C C°(R?)
such that f,, — f and |V f,| — |Df] in L?*(pu). Therefore, item ii) ensures that

1
5 [ 1V1P i =Euy(7) < lim Eny(f) = lim 5 [ V£, du=3 [ 1D7P d

n— oo
Since |Df| < |V f| holds p-a.e. on R?, we conclude that |Df| = |V f|, thus proving item iii).
iii) = i) We argue by contradiction: suppose that there exists a sequence (f,,), € C°(R?) such
that f, — 0 in L?(p) and Vf, — v in L2 (R4 R?) for some v € L2(R% R%)\ {0}. Fix any k € N
such that ||ka—v||leL(Rd’Rd) < %HUHL}%(W’W). In particular, ||V fi| 12 (ra ra) = %HUHL,%(R%R% Let
us define g,, == fi — f € C°(R?) for every n € N. Since g, — fr in L?(u) and Vg, — Vfp —v
in L2 (R% R?) as n — oo, we conclude that

2 1 .
||ka”L§(Rd,Rd) > 3 ||U||Lg(Rd,Rd) > 3 Hv”Lﬁ(Rd,Rd) > |V — U||Lg(Rd,Rd) = nlgr;o ||V9n”L§(Rd,Rd)a

whence Ejip(fi) > lim, E;ip(gn). This contradicts the lower semicontinuity of Ejp on C(RY).
Consequently, item i) is proven. O

The last ingredient we need is the following result proven by G. De Philippis and F. Rindler:

Theorem 3.4 (Weak converse of Rademacher theorem [7]). Let u be a Radon measure on R?.
Suppose all Lipschitz functions f: R — R are p-a.e. differentiable. Then it holds that p < L£%.

We are finally in a position to prove the following statement concerning closability:

Theorem 3.5 (Failure of closability for singular measures). Let u > 0 be a given Radon measure
on R?. Suppose that pi is not absolutely continuous with respect to the Lebesgue measure L. Then
the Sobolev norm || - |lw1.2(rd dy,..,p) @8 nOt closable on compactly-supported smooth functions.

Proof. First of all, Theorem 3.4 grants the existence of a Lipschitz function f: R — R and a
Borel set P C R? such that u(P) > 0 and f is not differentiable at any point of P. Recalling
Theorem 1.4, we then see that V(u,z) # R™ for p-a.e. x € P. Therefore, we can find a compact
set K C P and a vector v € R? such that u(K) > 0 and v ¢ V(u, x) for p-a.e. + € K. Now pick
any g € C°(R?) such that Vg(m) = v holds for all z € K. Then Proposition 2.2 and (3.1) yield

|Dgl(x) < |[Vau gl(x) = |72(Vg(2))| = |7 (v)] < |v] = |Vgl(z) for p-ae. z €K,
thus accordingly || - ||W1,2(Rd,dEucl,#) is not closable on compactly-supported smooth functions by
Lemma 3.3. Hence, the statement is achieved. O

Remark 3.6. The converse of Theorem 3.5 might fail. For instance, the measure p described in

Example 2.5 is absolutely continuous with respect to £, but the Sobolev norm | - |12k dgyer. )
is not closable on compactly-supported smooth functions as a consequence of Lemma 3.3. |
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