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Abstract

We consider the sliding mode control (SMC) problem for a diffuse interface tumor
growth model coupling a Cahn-Hilliard equation with a reaction-diffusion equation
perturbed by a maximal monotone nonlinearity. We prove existence and regularity
of strong solutions and, under further assumptions, a uniqueness result. Then, we
show that the chosen SMC law forces the system to reach within finite time a sliding
manifold that we chose in order that the tumor phase remains constant in time.
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1 Introduction

The study of tumor growth dynamics has recently become a major issue in applied math-
ematics and numerical simulations of diffuse interface models have been carried out in
several papers, e.g., [6,10,12,13,19,21,25-29]; nonetheless, a rigorous mathematical anal-
ysis of the resulting systems of PDEs is still in its infancy. Recently, the authors of [47]
consider a continuum diffuse interface model of multispecies tumor growth using the Cahn-
Hilliard framework. Moreover, let us quote [20,30,31,33,34,38,42], where chemotaxis and
transport effects was introduced and rigorous sharp interface limits was obtained.

In the present contribution we consider the sliding mode control problem for a tumor
growth model consisting of a Cahn-Hilliard equation coupled with a reaction-diffusion
equation:

Op — Ap = (110 —12)p(p) ae. in Q=0 x(0,7), (1.1)
p=1~00p —Ap+&+7(p) +ps ae in Q, (1.2)
o — Ao + ¢ = —30p(p) + 1los —0) + g ae in@Q, (1.3)
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¢(t) € pSign(ac(t) + bp(t) +n*) for a.e. t € (0,7, (1.4)
€€ B(p) ae inQ, (1.5)

where (2 is the domain where the evolution takes place and T is some final time. The
function ¢ is an health status indicator: ¢ = 1 and ¢ = 0 represent the tumor phase
and the healthy phase, respectively. The function p is the chemical potential, while o is
the concentration of the nutrient for the tumor cells (e.g., oxygen or glucose). Beside, s
is a given smooth function, ¢ is a viscosity coefficient, while +; for ¢ = 1,--- /4 denotes
the positive constant proliferation rate, apoptosis rate, nutrient consumption rate, and
nutrient supply rate, respectively. The terms vip(p)o, vep(¢) and v3p(¢)o model the
proliferation of tumor cells, the death of tumor cells and the depletion of nutrient, respec-
tively. We assume that ~;, 2 = 1,2, 3, are positive parameters and 7 is a positive, bounded
and Lipschitz continuous function. Finally, o, denotes the nutrient concentration in the
vasculature while v4(os — o) represents the supply of nutrient from the blood vessels. The
term & 4+ (), appearing in (1.2), represents the derivative of a double-well potential W
defined as the sum

W=3+7, (1.6)

where N —~
f: R — [0, +0o0] is proper, Ls.c. and convex with 5(0) = 0, (1.7)
7:R =R, 7 € C'(R) with 7 := 7’ Lipschitz continuous. (1.8)

Since B\ is proper, l.s.c. and convex, the subdifferential 65 =: [ is well defined and is
a maximal monotone graph. For a comprehensive discussion of the theory of maximal
monotone operators, we refer, e.g., to [1,5].

In our system we consider the maximal monotone operator p Sign, where p € (0, +00)
is a parameter and Sign : L?(Q2) =: H ~ 2% is defined by Sign(v) = v/[jv||, if v # 0,
while Sign(v) = B;(0), if v = 0, where B;(0) is the closed unit ball of H. The aim of
introducing such a feedback law in (1.3) is to obtain a sliding mode control (SMC) on the
system: this technique is one of the most important approaches to the design of robust
controllers for nonlinear complex dynamics (see, e.g., [2,22-24,35,40-42,44,45,48]). The
design procedure of a SMC system is a two-stage process. The first phase is to choose
a set of sliding manifolds such that the original system restricted to the intersection of
them has a desired behavior. The second step is to design a SMC law that forces a
linear combination of the system trajectories to reach the sliding surface —n* in a finite
time. Sliding mode controls are useful in many applications: we cite [7,37,46] concerning
the control of semilinear PDE systems and the recent contribution [3], where a sliding
mode approach is applied for the first time to phase field systems of Caginalp type. We
also mention the analysis developed in [8,16-18]: in particular, the second contribution
is devoted to a conserved phase field system with a SMC feedback law for the internal
energy in the temperature equation.

Other approaches to the problem of control for tumor growth models are possible,
even if a few mathematical results are presently available on this subject in the literature.
In the recent papers [11,14,32] the authors consider the problem of finding first order
necessary optimality conditions for the minimization of a cost functional, forcing the
phase to approach the desired target in the best possible way by means of a control
variable representing the concentration of cytotoxic drugs or the supply of a nutrient.
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The main advantage of sliding mode control is that it strengthens the trajectories of the
system to reach the sliding surface and keep it on it in a pointwise way, while, in general,
within the classical optimal control theory (cf., e.g., [14,32]), one can get just necessary
optimality conditions and the control is nonlocal in space and/or in time.

The above system is complemented by homogeneous Neumann boundary conditions
for o and ¢, for a Dirichlet boundary condition for p,

0,0 = 0y =0, p=0 onX:=00x(0,T). (1.9)

This choice looks reasonable from the modeling point of view: the Dirichlet boundary
condition for p allows for the free flow of cells across the outer boundary. In particular,
let us refer to [4] and [47] where similar conditions are imposed on a chemical potential
in a different framework. Finally, initial conditions on ¢ and ¢ are prescribed:

a(0) = oo, ©(0) = o in . (1.10)

The paper is organized as follows. In the next two sections, we list our assumptions,
state the problem in a precise form and present our results. The last seven sections are
devoted to the corresponding proofs. Section 4, 5, 6 and 7 deal with well-posedness, while
regularity and uniqueness of the solution are proved in in Sect. 8 and Sect. 9, respectively.
Finally, the existence of the sliding mode is proved in Sect. 10.

2 Preliminary assumptions

2.1 Initial statements

We assume 2 C R3 to be open, bounded, connected, of class C! and we write |Q2] for its
Lebesgue measure. Moreover, I and 0, still stand for the boundary of €2 and the outward
normal derivative, respectively. Given a finite final time 7' > 0, for every ¢ € (0, 7] we set

Qe=1(0,t) xQ, Q=Qr, (2.1)
Y =(0,t) xT', ¥=2%p. (2.2)

In the following, we set for brevity:
H=1*Q), V=HYQ), Vo=HQ), W={uecH*Q): du=0o0nd0N}, (2.3)

with usual norms || -|| g, || - || and inner products (-, ) g, (-, -)v, respectively. The symbols
V* and Vj denotes the dual space of V' and V{, respectively, while the pair (-, )y«
and (-, -)vy v, represents the duality pairing between V* and V', and between V* and V{,
respectively. Moreover, we identify H with its dual space.

2.2 The potential W

We introduce the potential VW as the sum
W =j+r, (2.4)
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where ~ -
S : R — [0, +0o0] is proper, lLs.c. and convex with 5(0) = 0, (2.5)

7:R— R, # € C'(R) with 7 := @’ Lipschitz continuous. (2.6)

Since f is proper, L.s.c. and convex, the subdifferential 3 := 93 is well defined. We denote
by D(B) and D(3) the effective domains of 5 and 3, respectively, and also assume that
int(D(3)) # (). Thanks to these assumptions, 3 is a maximal monotone graph. Moreover,

as [ takes its minimum in 0, we have that 0 € 5(0). Now, we introduce the operator B,
i.e., the realization of 8 in L?(Q) in the following way:

B:L*(Q) — L*(Q) (2.7)
e B(p) <= &(x,t) € Blp(x,t)) forae. (z,t) € Q. (2.8)

We notice that
B =ap, B =09, (2.9)

where
d: L*Q) — (—o00,+00] (2.10)
 [,Bw) ifue L*Q) and B(u) € L(Q),

(u) = { +Qoo elsewhere, with u € L*(Q). (2.11)

2.3 The operator Sign

We consider the maximal monotone operator

Sign : H— 2% (2.12)

U if g £ 0

i T )
Sign(v) { Bi(0) ifv =0, (2.13)

where Bj(0) is the closed unit ball of H. The operator Sign is the subdifferential of the
map || - || : H — R. Moreover,
0 € Sign(0). (2.14)

and it is trivial to prove that, denoting by p € (0, +00) a positive parameter, there exists
a positive constant C'4 > 0 such that

lvllg < Ca(l+||n||g) for every n € H, v € pSign(n). (2.15)

3 Setting of the problem and results

We consider
v € 0, +00), for i =1,2,3, p, U, 05, Y4, a € (0,400), beR, (3.1)

" eW, osel?’0,T;H), ge€lL*0,T;H), prelLl?0,T;HT)), (3.2)
o, 09 €V, B(po) € L), (3.3)
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m: R — [0, +00) is a bounded and Lipschitz continuous function (3.4)

We also assume that
3 Cp > 0 such that |8'(r)| < Cp(1 + |r|?) for every r € D(5). (3.5)

Then, we introduce the harmonic extension s of ur defined as the unique solution to the
problem

ps(t) € H'Y(), —Aus(t)=0inD'(Q), pus(t)r =pr(t) foraa.te (0,7). (3.6)

We look for a triplet (o, ¢, i) satisfying at least the regularity requirements

o€ H 0, T; H)n L>(0,T; V)N L*0,T; W), (3.7)
o€ HY(0,T; H) N L>(0,T; V)N L*(0,T; W), (3.8)
p € L0, T; Vo) N L*(0, T3 H*(2)), (3.9)

and solving the Problem (P) defined as

Op — Ap = (m0 —2)p(p) ae. in Q, (3.10)
p="L0hp —Ap+E+7m(p)+ pus ae inQ, (3.11)

0,0 — Ao+ ( = —y30p(¢) +Ya(os —0) + g ae. in Q, (3.12)
¢(t) € pSign(ao(t) + bp(t) +n*) for a.e. t € (0,7), (3.13)
€ € B(p) ae. in Q, (3.14)

Oyo = 0,0 =0, p="0 on X, (3.15)

a(0) = oy, ©(0) = o in . (3.16)

Theorem 3.1 (Existence) Assume (2.5)-(2.6), (2.14)~(2.15) and (3.1)-(3.6). Then
Problem (P) defined in (3.10)—~(3.16) has at least a solution (o, ¢, ) satisfying (3.7)-
(3.9).

Theorem 3.2 (Regularity) Let (2.5)-(2.6), (2.14)—(2.15) and (3.1)—(3.6) hold. Denot-
ing by B°(po) the element of the range of B having minimum modulus and assuming, in
addition, that

o0, po € W, ps € HY(0,T; H), (3.17)
then Problem (P) defined in (3.10)—(3.16) has at least a solution (o, p, i) such that
o€ H (0, T; HYn L>(0,T; V)N L*0,T; W), (3.18)
@ e W0, T; H) N H*(0,T; V)N L=(0,T; W), (3.19)
p € L0, T; Vo) N L0, T; H*(2)). (3.20)

Theorem 3.3 (Uniqueness) Assume (2.5)-(2.6), (2.14)—(2.15) and (3.1)-(3.6). Ifb=
0, then the solution of Problem (P) stated by (3.10)—(3.16) is unique.



6 SMC FOR A FOR A DIFFUSE INTERFACE TUMOR GROWTH MODEL

Let us remark that we guarantee the uniqueness of the solution only if 6 = 0. On the
other hand, if b # 0, it turns out to be difficult to obtain a uniqueness result because a
monotonicity argument can not be applied in the proof.

Theorem 3.4 (Sliding mode control) Let (2.5)—(2.6), (2.14)—(2.15), (3.1)—(3.6) and
(3.17)~(5.17) hold and

g€ L>0,T,H), ~(t)e Sign(ao(t)+ bp(t) +n*) for a.e. t € (0,T). (3.21)
We assume, in addition, that at least one among (3.5) and the following condition
the regularity properties (3.17) hold and D(8) = D(f') =R (3.22)

is satisfied. Then, for some p* > 0 and for every p > p*, there exists a solution (o, p, 1)
to Problem (P) (see (3.10)~(3.16)) and a time T* such that, for every t € [T*,T]

ao(t) + bo(t) = —n* a.e. in Q. (3.23)

We observe that, if a = 0, the feedback control term « defined in (3.21) depends only
on the evolution of ¢ and the SMC low can be obtained as in [15].

4 Moreau-Yosida regularization of the operators

Yosida regularization of Sign. Let us introduce the operator Sign. : H — H as the
Yosida regularization at level € > 0 of the operator Sign. For € > 0 we define
I — (I +¢eSign)™!

Sign. : H — H, Sign. = : (4.1)
€

where I denotes the identity operator. Note that Sign. is Lipschitz continuous and max-
imal monotone, with Lipschitz constant 1/e, and satisfies the following properties. De-
noting by J. = (I + ¢ Sign)~! the resolvent operator, for all § > 0 we have that

Sign. n € Sign(J.n),

(.
(Signe)§ = Sign€+5, (4

|| Sign. n|lx < || Sign”n||x, (4.
lim | Sign. nllg = || Sign® n||u, (4.

where Sign® 7 is the element of the range of Signn having minimum norm. We also point
out a key property of Sign., which is a consequence of (2.15):

lollg < Ca(l+ ||nl|lg)  foralln e H, v € Sign.n. (4.6)

Indeed notice that 0 € Sign(0) and 0 € I(0): consequently, for every ¢ > 0, 0 € (I +
e Sign)(0). This fact implies that J.(0) = 0. Since Sign is a maximal monotone operator,
J. is a contraction. Then, from (2.15) and (4.2), it follows that

ISignznllz < CallJnllm +1)
< Ca(|lJen = Ol + || JOl r + 1)
< Calllnlla +1).
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Finally, we observe that Sign.(v) is the gradient at v of the C! functional || - ||z, defined
as

] Iolls
ollpe == m12{2—Hw — UH%{ + ||lw||g} = / min{s/e, 1} ds for every v € H. (4.7)

We also recall that
v

max {e, [|v]|x}

Sign.(v) = for every v € H. (4.8)

Moreau-Yosida regularization of 5 and 5. We introduce the Yosida regularization
of 5. For every ¢ > 0 we define

I (I+ep)!
_ - ,

B : R — R, B- (4.9)
We remark that (. is Lipschitz continuous with Lipschitz constant 1/e and satisfies the
following properties. Denoting by R. = (I + ¢3)~! the resolvent operator, for all § > 0
and for every ¢ € D(f) we have that

B:() € B(R-p), (4.10)
(6&)5 = 65—5-67 (4'11)
1:(0)] < 18°(¢)], (4.12)
lim . () = 8°(¢), (4.13)

where 8%(¢p) is the element of the range of 8 having minimum modulus. For ¢ > 0, we
also introduce . : R — [0, +00] as the standard Moreau-Yosida regularization of (3

Be = min{é(:p) + Z%\x—yl} (4.14)

yeR

and we recall that, for every ¢ € D(f),

B(¢) < B(e). (4.15)
Moreover, f3. is the Frechet derivative of 3.. Then, for every ¢1, s € D(B), we have that

Bulon) = elon) + [ Bels) ds. (4.16)

1

5 The approximating problem (F;)

In order to prove Theorem 3.1, we first introduce a backward finite differences scheme.
Assume that N is a positive integer and let Z be any normed space. By fixing the time
step

r=T/N, Ne€N,
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we introduce the interpolation maps from ZN*! into either L>(0,T; Z) or Wh>(0,T; Z).
For (29, 2',...,2") € ZN*! we define the piecewise constant functions z, and the piece-
wise linear functions z,, respectively:

%, € L5(0,T32), (i +s)r) = 2,

L eWES(0,T52), Z((i+s)m) ==2"+s(z"" —27), (5.1)
if0<s<landi=0,...,N —1. By a direct computation, we have that

1Zr — Zrlle~o12) = _gnax zis1 — zillz = TI0:Zr | Lo (0,1:2) (5.2)
SNl -2

7 = Zlie0rz = 3 Dz —zly = S92 22052, (5.3)

i=0

No1g T

-~ i+l — Zi ~

1z — ZTH%OO(O,T;Z) = |l < THatZTH%Q(O,T;Z)' (5.4)
i=0 Z

Now, we introduce the approximating problem (P;). We set

) 1 T
g = —/ g(s) ds, fori=1,..., N, (5.5)
T JG-Dr
; 1 T .
e = —/ ws(s) ds, fori=1,...,N, (5.6)
T J-1)r
and we look for a triplet (0., @, i) satisfying at least the regularity requirements
o, € HY(0,T; H) N L>(0,T; V)N L*(0,T; W), (5.7)
0. € H'(0,T; H)yNL>(0,T; V)N L*(0,T; W), (5.8)

pr € L(0,T; Vo) N L2(0,T; H* (),
and solving the approximating problem (P;):

i il '
LA N

- po= (o' = e)ple'™h), (5.10)
p =€% —Ap' + &+ (") — ps, (5.11)
o'i o'i_l . . i1 i1 1 .
—— — A0+ (=00 ) Halos — o) + g (5.12)
¢'(t) € pSign.(ac’(t) + by’ (t) + "), (5.13)
&' e Br(¢"), (5.14)
d,0" = 0,0" =0, p =0 on X, (5.15)
o® = oy, W=y inQ, (5.16)

where (3, is the Yosida regularization of £ at level 7. If at least one of the conditions
(3.5)—(3.22) hold and

36 efp) ae 0 GEH— lmb(e) =P w) nH  (5.17)

then the solution of (F;) is unique.
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6 A priori estimates on (F;)

In the remainder of the paper we often owe to the Holder inequality and to the elementary
Young inequalities in performing our a priori estimates. For every z,y > 0, o € (0,1) and
0 > 0 there hold

zy < aze + (1-— a)yﬁ, (6.1)

1
ry < 62 + EyQ. (6.2)

Moreover, we also use the inequality deduced from the compactness of the embedding
V C H CV* (see [43, Lemma 8, p. 84]): for all § > 0 there exists a constant K > 0 such
that

Izl < dllzllv + K]|2]

Ve for all z € H. (6.3)

In the following, the symbol ¢ stands for different positive constants which depend only
on ||, on the final time T, on the shape of the nonlinearities and on the constants and
the norms of the functions involved in the assumptions of our statements.

First a priori estimate. We sum (5.10), (5.11) and (5.12) tested by 7u’, (¢' — p'™1)
and 7o', respectively. Then, we sum up for i = 1,...,n and obtain that

0T Zn:
i=1

i i—1 (|2 n n
- i i i i—
EE| eI+ Y (T -6 ),
H i=1 i=1

+Z (5(90i)7§0i—80i_1>H+2n: <Ui,ai—ai_1>H+Tzn: lot|l3; = zn: (—W(g@i), SDi_SDi—l)H
=1 P -

i=1 = = =

n

+Tzn: ((%UZ“1 —72)p(¢' 1), M)H - Ti (C 0i>H -y (uéa o — soi*)H
=1 =1

=1

—T Z V3 <0i_1p(g0i_1), Ui> Y +7 Z V4 (JS — ot 0i>H +7 Z (gi, ai) i (6.4)
i=1 i=1 i=1

Now, the third and the fifth term on the left hand side of (6.4) can be rewritten as

- i i i 1 n 1 —~ 1 ¢ i
> (Ve Ve =) =51V = 51Vl + DIV — DI (65)
1=1

=1

- o , 1 1 "1 ,
7 7 1—1 . n|2 2 7 i—1112

> (¢ (0" =o' ™) =5l I - glooll + gl = (60

Recalling that g is the subdifferential of /5’ , for the fourth term on the left hand side of

(6.4) we have that

n

> (8w =), = [ Bt = [ Bl (67

i=1
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Moreover, due to the Lipschitz continuity of 7, the first term on the right hand side of
(6.4) can be estimated as follows

i—1

S (—atehe-o), < T30+ Il ESE
=1

- T
=1

H

i i1

¥
-

6_7' n

2

i=1

< ¥

2 n
+7e) _(L+]¢'7). (6.8)
H i=1

By applying the Young inequality and the Poincaré inequality to the second term on the
right hand side of (6.4), we obtain that

- i -1y i T Oy i
N (G A N B O DI [ PR Wi Lo PR
i=1 i=1 i=1

T i - i
< T3 rwl (14 31 ). 00
=1 i=1

while, using (4.6) and the Young inequality to estimate the third term on the right hand
side of (6.4), we infer that

IN

—ry_(¢he), < T Call+ oo’ + bt ol o
=1

=1

re > (o'l + Iell + 1) (6.10)

i=1

IA

Finally, due to (3.1)—(3.4), by applying the Young inequality to the last four terms on the
right hand side of (6.4), we have that

n

DCESIEE ITT RS> SRS (F o A0) N CIT
=1 =1 =1

i=1

Consequently, using (6.5)—(6.14), from (6.4) we infer that,
Y- o — i1 2
2" ZZ:; T

H

T v i 1 n 1 i i
F 2SIV + IV 3 S IV — o
i=1 i=1

2 n 1 n . 1 i i— . i 1
B + Sl + 3 3ot — o+ 7 3 IVe < Lol
=1 i=1
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3 1 - i - i i
B0 @) +§||oo||%1+7c(1+2 (1o + 110"~ 1+l 3 + e 1||%I)>. (6.15)

=1

whence, using (3.3) and applying the Gronwall lemma, we conclude that

10:@+ || 20,7300 + @ |l Lo 0mvy < € (6.16)
HﬁTHLQ(O,T;Vo) < ¢ (617)
1B8@ )=o) < ¢ (6.18)
1T~ Lo (0,32 0,m) <€ (6.19)

and, due to the sublinear growth of Sign 7 stated by (4.6),
¢z 0,150y < c. (6.20)

Finally, by comparison in (5.10), we have that

71 220,12 (@)ve) < €. (6.21)
Second a priori estimate. We test (5.12) by (0! — ¢""!) and sum up for i = 1,...,n.

We obtain that

n
>
=1

2 n

i zn: <v0i’ V(o' — Ui—1)>H _ Z <Ci,ai _ O_i—l)H
i=1

=1

ol — O.z—l
T

H

—3 ; <0i*1p(g0i71), ol — aifl)H + Y4 Z <as —o g0t — 0“1)[{. (6.22)

1=

We observe that the second term on the left hand side of (6.22) can be rewritten as
% Vivi_i—l _1vn2_1v 2 nlvi_i—lQ 623
S (V6', V(o' o) = Ve — I Vel + D0 S IV — o I (623)
i=1 i=1

Moreover, using (3.4), (6.16)—(6.20) and the Young inequality, the three terms on the
right hand side of (6.22) can be estimated as follows:

n

S (¢t =) ST+ ot =0 < e (6.24)
=1 =1

=1
—5 3 (7 e 0 =) < o e I+ Y ot = o < e, (6.25)
=1 =1 =1

o g o gt < o g2 i o2 < e (6.26
w3 (rimot gt =) LD oo g T 3l = < (626)

Due to (3.3), (6.23)—(6.26), from (6.22) we infer that

n
>
i=1

ot — 0.1—1
T

2 n
1 n 1 7 i—
SIVe i+ SlIIV(e' =o' hH < e
2 2

H i=1
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Then, we conclude that

10:0-|| 20,01 + || Lo 0.mv) < ¢, (6.27)

whence, by comparison in (5.10) and (5.12), respectively, we infer that

H@THLQ(O,T;W) S C, (628)
1Tl 20rmy < ¢ (6.29)
||HTHL2(O,T;H2(Q)QV0) < c (6.30)

Third a priori estimate. We test (5.11) by 73,(¢") and sum up for i = 1,...,n. We
obtain that

TZIIBT ||H+TZB V| = fz(ﬂf o)

+rz(@ ,)_72(@ ) PR DI (XTI NTA I

Due to the monotonicity of §,, the last term on the left hand side of (6.31) is nonnegative.
Moreover, by applying the Young inequality to the four term on the right hand side of
(6.31) and using (3.3) and (6.16), we have that

3 (B e =) < T Z 18- )% + e (6.32)
Til CECINTS —ZH@ W+, (6.33)
Y (BEr), < DI (631
3 (B, € E I e (6.35

Due to (6.32)-(6.35), from (6.31) we infer that
. Z 18- () < e (6:36)

whence we conclude that

18-(@)l 20,150 < ¢, (6.37)

and, by comparison in (5.11),
1@ L20,mw) < e (6.38)
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Summary of the a priori estimates. Let us collect the previous estimates. From
(6.16)—(6.20)(6.21), (6.27)—(6.28) and (6.37)—(6.38) we conclude that there exists a con-
stant ¢ > 0, independent of 7, such that

1@: |l =0, v)ncz0rwy < ¢ (6.39)
10:@7 | 20y < ¢ (6.40)

1T+ Lo (0,13 L20mw) <€ (6.41)
100|200y < ¢ (6.42)

7| oo (0.13v0) L2 (0, 2(0) < €, (6.43)
1€,) l20rmy < ¢ (6.44)

I ooy < (6.45)

7 Passage to the limit as 7\, 0

Based on available results (cf., e.g., [9]), it turns out that there exists a solution (o, -, i)
of (P;) satisfying the regularity requirements (5.7)—(5.9). In this section we pass to the
limit as 7 N\, 0 and prove that the limit of subsequences of solutions (o, ¢, u,) for ()
yields a solution (o, ¢, i) of (P).

Thanks to (6.39)—(6.45) and to the well-known weak or weak® compactness results,
we deduce that, at least for a subsequence of 7 X\, 0, there exist seven limit functions o,
o, v, o, i, ¢, and & such that

G, —*o in L>®(0,T;V)NL*0,T;W), (7.1)
o, =*c in H'Y(0,T;H), (7.2)
70, =*0 in HY0,T;H), (7.3)
B, —" ¢ in L>(0,T;V)NL*0,T;W), (7.4)
o =% in HY(0,T;H), (7.5)
0, =" 0 in HY0,T;H), (7.6)
i, = p in L>(0,T; Vo) N L*(0,T; H?(SY)), (7.7)
¢, —*¢ in L*®(0,T;H), (7.8)
& —¢ in L*0,T;H). (7.9)

First, we observe that o = o. Indeed, thanks to (5.3) and (7.1)—(7.3), we have that
I, 5| < 10| <
Or — 07|12 . S —= Orl||L2 . S CT,
o7 = TEloor e
and consequently @, — o, — 0 strongly in L?*(0,T; H). Similarly, thanks to (5.3) and
(7.4)—(7.6), we check that ¢ = ». Next, in view of the convergences in (7.1)—(7.2), (7.4)-

(7.5) and owing to the strong compactness lemma stated in [43, Lemma 8, p. 84], we have
that

. — o in C%0,T);H), (7.10)
Pr — ¢ in C°[0,T]; H), (7.11)
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whence, due to the Lipschitz continuity of 7, we have that
7(7,) = 7(¢) in L¥0,T; H).

Now, we check that £ = 5(¢): due to the weak convergence of &, and to the strong
convergence of @, ensured by (7.9) and (7.11), respectively, we have that

mow [ [ 36705, =1 [ 6050 [ea= [ [ o

so that a standard tool for maximal monotone operators (cf., e.g., [1, Lemma 1.3, p. 42])
ensure that £ = 3(¢). With an analogous strategy, we check that ¢ = p Sign(ao+bp+n*).
We set

N, = ao, + b, +n".
Due to the convergences (7.10)—(7.11), we have that

N, = n:=ac+bp+n*  in L*(0,T;H), (7.12)

whence, thanks to the weak convergence of (; ensured by (7.8), we infer that

lirf\syp/:/ﬂaﬁzygé OT<ZT,ﬁT>=/OT<C,ﬁ>=/OT/QC77,

so that, applying [1, Lemma 1.3, p. 42|, we conclude that { = pSign(ao + by + n*). At
this point, using (7.1)—(7.9) and passing to the limit in (5.10), (5.11) and (5.12), we arrive
at (3.10), (3.11) and (3.12), respectively. Therefore, the existence of solution to problem
(P) stated by Theorem 3.1 is proved.

8 Regularity

This section is devoted to the proof of Theorem 3.2.

First regularity estimate. We consider the approximating problem (P,) stated by
(5.10)—(5.16) and we assume, in addition, (3.17)—(5.17). Taking into account (6.39)—
(6.45), we take the difference between the equation (5.11) written in the steps i and
i — 1, respectively, and we add the resultant expression tested by (¢' — ¢*~!) with (5.10)
multiplied by (u® — p*~!). Taking the sum for i = 2,--- ,n we infer that

1 mLr2 i =112 / n__ n—1]2 . i i1 -1 i—2]|2
Ve + Y o vE—r +_‘ LA N | N Y-y ¥ L4
2 P 2 T g 2 T g 2 pary T T "
n i i—11|2 n i i—1 i i—1
' - Br(e') = B:(¢") ¥ —¢
YTV +Z( - T
i=2 H i=2 H

- )

1 /¢ gol—cp
i | V7 [ e
_2H MHH"‘QH - - -

I 2(%(@0-%(9@"‘1) soi—soi*)H

H i=
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+ Z MS a _fz_ + /Q (110"t = )p(" " — /Q (o' —y2)ple")u'
-y [(vmi —72)p(¢’) — (o't — 72)p(90i‘1)}ui~ (8.1)

=1

Due to (6.40) and the Lipschitz continuity of 7, the third term on the right hand side of
(8.1) can be estimated as follows

n i i— i i— n ) j 2
By (@) =) ¢ - <37
i=2 T 7 T Ho i

i=2 H

<ec. (8.2)

We also observe that the last term on the left hand side of (8.1) is nonnegative due to the
monotonicity of .. Moreover, using the Young inequality and recalling (3.6) and (6.40),
for the fourth term on the right hand side of (8.1) we have that

<Z

while, due to to the boundedness of p, using the Young inequality and (6.39)—(6.43), the
fifth, the sixth and the seventh term, can be estimated as follows:

/ (0™ — A)p(" " < c<1 4 / o™+ / W) <e.
Q Q Q
- [Gio = (e < c<1+ [ie | w) <e
Q Q Q
n—1

n—1 n—1
-> [(71Ui —)p(#') = (no'™" - 72)1?(90”1)} < C<1 +) e+ Hu’ﬂ%) <ec.
=1 =1

i=1

i—1 1|2

pis — ps ,Us ¢ -yt

T

ZT

=2

<c¢, (83)

n
‘ T

H

In order to estimate te first two terms on the right hand side of (8.1), we write the
equations (5.10) and (5.11) for ¢ = 1 and we obtain that

1 0

4 :p —Apt = (me® —)p(’) + g, (8.4)

1_ .0
1 6(70 '
T

pto= — At + & () + s (8.5)

Then, adding (8.4) and (8.5) tested by u' and (¢! — ©°)/7, respectively, and integrating

over {2, we obtain that
2 1 0
L2 4
v @ (55)
H Q T

= [ [onoo—ntan) + ] + [(d—to-nte) + i) (EE). 609

1 012

ol — o' — ¢
T

kuzw\

+THV

H

T
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Now, we observe that the third term on the left hand side of (8.6) is nonnegative, while the
two terms on the right hand side of (8.6) can be estimated using (3.1)—(3.6), (3.17)—(5.17),
(6.39)—(6.44) and the Young inequality:

[ {100 = 22)pti0) + 9 < 1+ ol + ) < e (87
Q

1.0 ‘ot — o0
[@a-co-nte + (55 < G| S5 et ol + )
Q T H

/¢ 1_ ,,.0
< —HSO L | (8.8)
H
Then we obtain that
/ 1_,.0]2 1_ .02
9ty + 5| £ +e|vESE) <
2 T " T I

whence the first and the second term of the right hand side of (8.1) are bounded by a
positive constant. Combining the above estimates with (8.1), we infer that

1 nr2 i—1 |2 0™ — go”*l 2
v +> % 5|5
2 ; 2 g 2 T I
/ i i1 -1, i—2]|2 n i i—1]]2
T Y At . . | ) [ (8.9)
2 & T T H T H
=2 =2
whence, recalling (6.39)-(6.45), we conclude that
||9/57'“WLOO(O,T;H)ﬂHl(O,T;V)0L2(0,T;W) <c (8.10)

Second regularity estimate. We test (5.11) by —Ay". Integrating over €2, we obtain

that i L
1A + / BV < / Vo Vi — / v(M) Yy
Q Q Q T

—/QW’(sDi)WWI2 + / Vs - V' (8.11)
Using (6.39)-(6.45), (8.10) and the Young inequality, we have that

/ Ve Vi < I+ I < e (8.12)
- i i—1]]2 4
[ v(“o—) Vel < Hv% OISR <o (813)
QO T T H
- / PIVEP < Collelt < (8.14)
Q
/ﬂ Vi Vel < sl + il < (8.15)

Then, combining (8.11) with the above estimates (8.12)(8.15), we infer that | Ay ||y < ¢,
whence we conclude that

1@ Lo 0,mw) < e (8.16)
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Conclusion. Due to (8.10) and (8.16), passing to the limit as 7 N\, 0 in (P;) (see
(5.10)—(5.16)), we infer that

o€ H(0,T; HYN L>(0,T; V)N L*(0,T; W), (8.17)
@ € W0, T; H) N H*(0,T; V)N L=(0,T; W), (8.18)
p € L>(0,T; Vo) N L*0,T; H*(Q)), (8.19)

whence Theorem 3.2 is completely proved.

9 Uniqueness

9.1 Uniqueness - Problem (P)

Assuming b = 0 and integrating (3.10) over (0,%), we obtain that

@ = Al p) = o+ {1 [(10 —12)p()]}- (9.1)
Let (o4, @i, 1), © = 1,2, be two solutions of Problem (P) (see (3.10)—(3.16)). We take
the difference between (9.1) written for (o;, s, p;), @ = 1,2, respectively, and test the

resultant equation by (u; — p2). Then, we take the difference between (3.11) written for
(04, @i, 1), © = 1,2, respectively, and test the resultant equation by (1 — o). Finally, we
take the difference between (3.12) written for (o;, ¢;, pi), ¢ = 1,2, respectively, and test
the resultant equation by (07 — 02). Summing up, integrating over ; and setting

0 =01 — 02, Y= Y1 — P2, o= 1 — Mo,

we obtain that

3 [ v@enoF -+ [ jer+ A;ww2 /f@ &)1 =)+ [ ool

% /Q VotF + % /Qt (pSign(aoy +n*) — pSign(aos + %)) ((aoy +1*) — (a02 + 1))

+ [ o= —/ (m(p1) = m(2)) (01 — 2) — 73/ (a1p(21) — o2p(02)) (01 — 02)

Qt t t

= [ el = plen) = (ro = wlplel i 9:2)
We observe that the fourth and the seventh term on the left hand side of (9.2) are

nonnegative due to the monotonicity of 5 and Sign, respectively. Due to the Lipschitz
continuity of 7, the first term on the right hand side of (9.2) can be estimated as follows:

~ [ (rlen = e =) << [ (o)l ds 93
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Since V' — L*(Q), using (3.7), the Holder inequality, the Poincaré inequality and the
Young inequality, the second term on the right hand side of (9.2) can be estimated as
follows:

—73/ (Ulp(@l) - 02]7(%02)) (01 - 02)

IN

[ 1oPren+e [ loallpten - pleallo

IA

t t
C\Iplloo/0 lo ()17 d8+0/0 lo2(s)ll oo lp(s) | o llo ()l 2oy ds

IN

t 1 t t
e [ Mot ds+ 5 [ ety ds+ cloalmary) [ o)l ds
t 1 t
[ ol s+ [ ey as (9.4

IN

Integrate by parts the last term on the right hand side of (9.2), we obtain that

—/{numm—wmwn—m@—wmwmm

t

:—Aﬂwmmw—wmww»—m@—wm@mmummw
+/Kmm—wmwo—m@—wmwmu*m
S—AUM%%@MW*M@—AH*MWerWm—MWMHHM@

+/nwﬂwmwm+/kmw—wmwm—m@muw> (9.5)

Now, we estimate every term on the right hand side of (9.5), separately, using (3.7),
the Holder inequality, the Poincaré inequality, the Young inequality and the continuous
immersion V' < L*(Q). For the first term on the right hand side of (9.5) we have that

—Auw%wwmwm*mw ShﬂM@AOHﬂWM*M@

[ ot as

S%WHM@WﬁwinM@%7 (9.6)

2

1
< gla 1) ()7 +c
H

while, for the second term on the right hand side of (9.5) we obtain that

- /Q{l * (o2 = 72) (1) — pp2))] 3 (1 1)(2) (9.7)
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IA

IN

IN

IN

IN

IN

<

Beside, the third term on the right hand side of (9.5) can be estimated as follows:

t

|15 [(v102 — 72) (P(1) — P(L2)) () Lars (o | (1 % 1) (#)[| L2

(”P ||oo/ [(r102(5) = 72)l(s )|||L4/3(Q>)H(l*u)(t)!|L4(m

. 3/4 2
guvu*m(ou%c / ( / (02+1)4/3|30|4/3> ]

2
1 t
SIV @ +e| [ oo + s lee)loc ds]

1 t
IV Ol + C/ lloa ()] + 17y ll(8) 1220y ds
0

1 t
IV )OI + e (1 + ozl ) ( / le(s)11% ds>

éHv(l*u)(t)H?ﬁC( | e ds>.

while, for the last term on the right hand side of (9.5) we have that

IN

IN

IN

IN

<

/ (102 — 12) (pl21) — pl2)) (1 % 1)
el o /Q (ool + DfellL
e [ (oal + Dl

Qt

e [ oato)lzsey + DIl o 1 1)) e s
¢ [ (ox(s)lv + Dlle(o) (1 ) (s) v s

( / (eI + 1w ds)-

Combining (9.6)-(9.10) with (9.5), (9.3) and (9.3), from (9.2) we infer that

/|V 1+ p)(t)]* + /]gp AP+ [ [Vel* + /]0 t)]* + /lVU O+ [ o
Q1 Q1

< [ (It + hote)ly + 100 = W) ds.

0

19

(9.8)

| ovtenen < il | ol <c [ (ol +10 = 6)) ds. 09

(9.10)

(9.11)

Then, by applying the Gronwall lemma, we conclude that the left hand side of (9.11) is
null, whence 0 = ¢ = =0 a.e. in Q.
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9.2 Uniqueness - Problem (F.)

Assuming (3.5), we consider the Problem (P.) obtained from (3.10)—(3.16) by replacing
the operators Sign and ( by their Yosida regularizations (see (4.1) and (4.9)), respectively,
and we denote by (0., ¢., pte) its solution. Then, we make a change of variable and set

n=ao+bp+n", Ny = aog + bpo + 1, Ne = aoe + bp: + 17, (9.12)

where (0, , 1) is a solution of Problem (P) stated by (3.10)—(3.16). With this change of
variable, we obtain the following system:

Oupe = Atz = (L(n = bp. = ") =72 )ple) e in Q. (9.13)
pie = L0ype — Apo + &+ m(pe) + s ae. in Q, (9.14)
e — Ane + (o = bOype — bAP. — An* — 73(ne — bpe — 1" )p(p2)
+v4(acs — n- + bpe +10°) +ag, a.e. in Q, (9.15)
C(t) € pSign.(n.(t)) for a.e. t € (0,T), (9.16)
& € Bu(p.) ae. in Q. (9.17)
o, = Oyp. =0, pe =0 on %, (9.18)
n:(0) =m0,  (0) =  in (9.19)

Let (Meis Peis plei), © = 1,2, be two solutions of the system (9.13)-(9.19). We take the
difference between (9.13) written for (1., v, ftei), ¢ = 1,2, respectively, and test the
resultant equation by (u-1 — pe2). Then, we take the difference between (9.14) written
for (i, e pei), © = 1,2, respectively, and test the resultant equation by O(p.1 —
¢:2). Finally, we take the difference between (9.15) written for (., e, ftei), ¢t = 1,2,
respectively, and test the resultant equation by (7.1 —17.2). Summing up, integrating over
Q:, exploiting the cancellation of the suitable corresponding terms, and setting

Ne ‘= Ne1 — Ne2,s Pe = Pe,1 — Pe,2, He = He,1 — He,2,

we obtain that

1 1
!Vu5!+€/Q [0pel* + Sl DI + SIn-@lF + [ (V0P + | Cene

Q1 Q1 Qt
gl g .
< / (1 = be)plpen e + / (j(nw —bpep— 1) — 72) (p(%,l) - p(tpg,z))us

- / (66(@06,1) + W((Ps,l) - 905,1 - ﬁs(()ps,Z) - W((ps,Z) + (ps,2> at(ps

t

—3 / (Ne2 — bpea — 0" ) (P(Pe1) — P(@e2))ne — V3 / (N — b )p(pe,1)ne

t t

+b Opene + b Ve - Ve + 74/ (bgpa - 776)775‘ (9'20)
Qt Qt ¢
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We notice that the last term on the left hand side of (9.20) is nonnegative, due to the
monotonicity of Sign.. Beside, using (3.18)—(3.20), the Poincaré inequality and the Young
inequality, the first term and the last four terms on on the right hand side of (9.20) can

be estimated as follows:
. a
¢
< [ (Il + lects)l) 1Vc(5) o s

! 1
< [ (I + o)) ds+ 5 [ 190
0 4 Qt

and, with an analogous technique,

IA

v / (0 — b )plpe)ne < cliplle /Q (el + oD |

IA

e [ (Il + el

g t
o[ o < 5 [ ol e [l ds
¢ Q¢ 0

IA

IA

1 t
o[ Veovn < 5 [ Walee [ el ds
Qt Qt 0

74/t(b<ﬂs—77€)775 < C/Ot <|]77€(5)H§{+ H%(S)H%{) ds.

ﬂ - c 00 t \S) |l H e\S)||H e\S)||H as
| = beamtea < clple | (Il + o)) (o)l d

(9.21)

(9.22)
(9.23)
(9.24)

(9.25)

Moreover, due to (3.18)—(3.20), the Holder inequality, the Poincaré inequality, the Young
inequality and the continuous immersion V < L*(Q), for the second term on the right

hand side of (9.20) we have that
71 *
/ (;(775,2 —bpep —1") — 72) (p(saa,l) - p(soa,z))ua
< clp/le [ el +1oeal + 1 Dlecl] + el | foulle
Q¢ Q1
t
< C/ (Ime2(s)llzac) + llpe2()llr2@) + Dllee()l 2 e ()l Lag) ds

0

' 2 1 2

ve [Nl ds+ g [ 1Vats)

0 Q1
t
< [ (neally + (o)l -+ DleclnVicts) L s

t 1 1 t
ve [Ny ds 5 [ 9P <5 [ 1P e [ ool ds
0 8.Jo 4 /o, 0

(9.26)
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and, with an analogous strategy, for the fourth term on the right hand side of (9.20) we
obtain that

—73/ ez = bpe2 — 07)(P(@e,1 — P(Pe2)ne < 0|Ip’||oo/ ([me2| + l@e2| + n7[) e |7 ]
t

Qt

t
< C/O (Ine2(s) [ o) + ll@=2() 2 + Dllwe ()l 2@ 7= ()] 24y ds
t
C/O UIne2()llv + [l@e2(8)lla + Dllve(s)llalne(s)llu ds

t 1 t
e [ Mol Tne)l ds < 4 [ onl e [l ds 021

Finally, recalling (3.5) and the continuous immersion V' < L%(Q2), the third term on the
right hand side of (9.20) can be estimated as follow:

_/ <ﬁe(§0s,1) + ﬂ-((ﬁs,l) — Pe1 — B&(stﬂ) - W(QOEQ) + 905,2> atgps

t

<c [ (1ol + el + L)ledded <c [ (loeaP +1oeal + 1) le.ll0e

t

t
< C/ H|905,1(8)\2 + |905,2(3)|2 + 1HL3(Q)H%(S)HLG(Q)Hat%ﬂm(ﬂ) ds

14
<7 |3ts06|2+0/ leea(s)* + loea(s)|* + 1 7s @ lo=(s)V ds

2/3

<if, 'a“"f'”‘f/;( /Q('@e,1<s>|6+|ws,2<s>|6+1)> o)l ds

14

t 4
< | et [ (e @llme + loalise +1) el ds

g t
<q | et re [ (lalimomn + lecalsmorn +1) leuto)lf ds
0

<1 [ 1w [ el as (9.28)
Q1

Thanks to (9.21)—(9.28), from (9.20), we infer that

1

l 1 1 1
3 |1l g [ o+ Slleol + @l + 5 [ 19
Q1 Qt Qt

< [ (Il + o)) ds, (9.20)

whence, by applying the Gronwall lemma, we conclude that the left hand side of (9.29)
is null. Then, n. = p. = p. =0 a.e. in Q.
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10 Sliding mode control

The argument we use in the proof of Theorem 3.4 relies in the following Lemma (see [2,
Lemma 4.1, p. 20]).

Lemma 10.1 Let ag, by, 19, p € R be such that

ag, bo, Yo >0 and p>aj+ 2by+ 2%. (10.1)

Let v . [0,T] — [0,+00) be an absolutely continuous function satisfying 1 (0) = 1y and
U+ p < app?+by a.e. in the set P:={t e (0,T):(t) > 0}. (10.2)
Then, the following conditions hold true:
1. If 19 = 0, then 1 vanishes identically.
2. If o > 0, then there exists T* € (0,T) satisfying T* < 210/ (p — a3 — 2by) such that

Y is strictly decreasing in (0,T*) and v vanishes in [T*,T.

10.1 Sliding mode estimates

With the same change of variable used in (9.12), under the assumptions of Theorem 3.4,
Problem (F:) (see (9.13)—(9.19)) can be rewritten as

Dpe — Apte = (%(775 —bp. — ") — 72)19(905) a.e. in @, (10.3)
pe = L0ype — Dpe + &+ m(pe) + s e in Q, (10.4)
ome — An. + pke = w. a.e. in Q, (10.5)

ke(t) € Sign.(n.(t)) for a.e. t € (0,7T), (10.6)

£ € Bu(p.) ae. in Q, (10.7)

O =0yp. =0, p.=0 on, (10.8)

1:(0) =m0,  @(0)=¢p  in, (10.9)

where

we 1= bOype —bAp. — An" —3(1. — bp: — 7" )p(pe) +74(a0s —1e +bpe +17) +ag. (10.10)
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First estimate. We test (10.3), (10.4) and (10.5) by p., Oyp. and 7., respectively.
Adding the corresponding equations and integrating over )y, we obtain that

2 2 1 2 2 ~
Lottt [ o5 [ 9e0r + [ Ao + [ wen)
1 2 2 :1 2 A 2 ~
w5 [k [ 1k [ onn=5 [ 19l [ G+ [ #e)

1 *
+§/ [0/ +/ psOipe +b | Opene +b [ Vo -V, —/ An*n.
Q Q¢ Q¢ Q: ¢

=3 [ |nel*p(pe) + bys / ©enep(pe) + 73 / N Np(pe) + Yaa / osN;
Qt t t t

74 |7Ie|2+74b/ 9057754'74/ 77*775—1-@/ gne. (10.11)
Q¢ Qt Qt ¢

We observe that the first four terms on the right hand side of (10.11) are bounded, due

o (3.3). Moreover, thanks to the monotonicity of the operator Sign., the last term on
the left hand side of (3.3) is nonnegative. Finally, the other terms on the right hand side
of (3.3) can be estimated using (3.1)—(3.4) and the Young inequality:

I4
/ wsdrp. < - [ ol +e (10.12)
t 4 Q¢
[ o<} / o2 + ¢ / inel?, (10.13)
b [ Ve Vi < 2/ IVue!2+C/ VL], (10.14)
Qt t t

/ (b73p(905)+74b>905n€ Sc( g |<p5|2+/ |n5|2>, (10.15)

t

/ (—An*+a9+73p(soe)(—m+n*)+74(aas—775+n*)>?75 SC< \775|2+1), (10.16)
Qt

t

whence, from (10.11) we infer that

3 [, g [ el g [ 19l + [ Ao+ [ #o0)

1
+§/ -+ [ |Vn.]> < c( o2+ [ |Ve|? + |n€|2+1>. (10.17)
Q Qt Q1 Qt Qt

Now, we apply the Gronwall lemma and, by comparison in (10.3), we conclude that

lpellzorwy < ¢ (10.18)
el o, mynLe vy < ¢ (10.19)
Hﬁa”LOO(O,T;H)mm(o,T;V) < c (10.20)
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Second estimate. We derive (10.4) with respect to time. Then, we add the resultant
equation tested by dyp. with (10.3) tested by Oyu.. Integrating over @y, we obtain that

1 ¢ ,
—/ \Ws(t)l2+—/ 00O+ | [VOwe:*+ | B'(p:)|0rp:?
2 Ja 2 Ja Q Q

1 ¢ ,
= —/ |VM0|2+—/ |8t906(0)|2_/ 7 (pe)|Ovp:l* — | OppisOype
2 Q 2 Q Q¢ Qt

+ /Qt (%(m — b — ") — '72)17(905)815#6- (10.21)

We observe that the first term on the right hand side of (10.21) is bounded due to (3.17).
Then, we estimate each term of the right hand side of (10.21), separately: due to (10.19)
and the Lipschitz continuity of 7, we have that

—/ T (p)lOipel* < ¢ | 1owpel? <e. (10.22)
t Q1

Moreover, thanks to (3.17) and (10.19), using the Young inequality we obtain that

OipsOipe < | |Owus)® + | |0wpe]® < c. (10.23)
Q1 Qt Q1

In order to estimate the second term on the right hand side of (10.21), we add (10.3)
written for ¢ = 0 and tested by 0,p.(0) with (10.4) written for ¢t = 0 and tested by up.
Integrating the resultant equation over €2, we obtain that

5 | sl + [ 10600 = [ (800 = w(g0) — 1) rg-(0)

+/Q (%(?70 —bpo —1") — 72)1)(900)#0- (10.24)

Due to (3.17), applying the Young inequality to every term on the right hand side of
(10.24), we have that

/Q <AMO — & —7(wo) — Ms) Brp-(0)

l 14
<5 [ 10O + oL+ lnalfy + el + lnll) < 5 [ 00OF +e. (1029

while

¥ 1
/Q<a1( Mo — bpg —n )—72)17(@0)#0 < Z/Q|VN0|2+C(1+HUOH?{*’H%“?{)
1
< 3 [P+ (10.26)
4 Jo

Combining (10.24) with (10.25)-(10.26) we infer that

/|at‘;0a O <e¢, (10.27)
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whence, the second term on the right hand side of (10.21) is bounded. Finally, integrating
by parts the last term on the the right hand side of (10.21), we infer that

/ (%(m b, — ) — 72>p(905>ama _ /Q <%(778(t) — bo.(t) — %) — 72)17(%(75))#5(75)

—/Q (71 (o — bwo —1") — 72)p(soo)uo = / %(c‘%ng — b0ype)p(epe) e

@ t
a

_/Q (ﬂ(ne - bgpa - 77*) - ’72)]?,(@05)(913905/15. (1028)

Now, using (3.17), (10.18)—(10.20) and the Young inequality, the right hand side of (10.28)
can be estimated as follows:

| (rn=bot=n) =)o) < § [ lO4e < 7 [ 900, (1029

a
il *
_/Q <El("0 ~bpo =) - 72)?9(%00)#0 < el + elllnollz + llwollF) < e (10.30)
_/ O = b0p.) < C( |5t??a|2+/ \@%P) <e, (10.31)
! Qt Q1

- / (%(m —bp. —n*) — 72)19’(905)@%%

t

4! * 2
< C/ (;(775 —bp. —n") — 72> ’ath5|2 + |M6|2 <c+ |Ns’2' (10.32)
¢ Q¢ Q¢

Combining (10.29)—(10.32) with (10.28) and (10.21), we infer that

1 ¢ ,
! / V) + / Brpa(t)P + / Voo + / B ()]0
4 Ja 2 Jq Q. O

< c(l # [ (e + ||at%<s>||%f)ds), (10.33)

whence, applying the Gronwall lemma, we conclude that

“906|’W1’°°(O,T;H)ﬂHl(O,T;V)ﬁLOO(O,T;V) <c, (10.34)

and, by comparison in (10.3), we also infer that

[ e | oo 0,7y < €. (10.35)
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Third estimate. We test (10.4) by &.. Integrating over );, we obtain that

640 / Baloed) + [ Bl Venl?
Qt Q Q+

—¢ [ futen) - /Q )6+ / skt / ke (10.36)

We notice that the second term on the left hand side of (10.36) is nonnegative, due to the
monotonicity of 5.. Moreover, the first term on the right hand side of (10.36) is bounded,
due to (3.3), while the last three terms on the right hand side of (10.36) can be estimated
using (10.18)—(10.20) and the Young inequality:

- [ wtoe = - [ (o - mtooe ~ [ nlenre
Cﬂ' e — PollSe (%o €
< f @|I£\+/Qt|(s0)|!£\

1
< 7 & + ¢ [
4 Q: Q1
1
< 5[ P (10.37)
Besides, with an analogous technique, we obtain that
1 2 1 2
ps€e = |§5| +c |,us| 1 |§5| + ¢, (10.38)
/ pebe < |§€|2+c/ e ? < 4/ &7 +c. (10.39)
t Qt
Due to (10.37)—(10.39), from (10.36) we obtain that
1 ) .
1] el ] Belee(t) < (10.40)
Q1 Q
whence we conclude that
&Il 20,10y < € (10.41)

Finally, by comparison in (10.4), we obtain that

e w00 (0,750 (0,75 )L (0,73 ) L2 (0,5w) < €. (10.42)

Fourth estimate. We fix t € (0,7) and test (10.4) by —Ap.(t). Integrating the resul-
tant equation over €2, we obtain that

L1008+ [ 8eVe0f = [ Vadt)- Vet - [ o 0)Te?

+ [ s®ae0) ¢ [ 2B (10.43)
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We observe that the second integral of the left hand side of (10.43) is nonnegative, due
to the monotonicity of 5. Moreover, due to (10.35) and (10.42), applying the Young
inequality to every term on the right hand side of (10.43), we have that

/Q Viet) - Voolt) < climorny + I9:lBooray <e (10.44)
- / ()T < elleclieioryy < (10.45)

Besides, we have that

1 1
| nsae < 7 [ 18008 +clnslieora < § [ 180 0F +e (1040)

1 1
[ 00000 < 7 [ 18008 + cliulBymiran < [ 1800F +e (10.4)
Combining (10.43) with (10.44)—(10.47), we obtain that

3 | 1aeol < (10.45)

whence we infer that

e llw.ee 0,05y (0,159 (0.75w) < C- (10.49)

Finally, due to (10.18)—(10.20), (10.35) and (10.49), by comparison in (10.10), we conclude
that
| well Lo 0,7y < c. (10.50)

Fifth estimate. We test (10.5) by 0yn.. Integrating over @, we obtain that

1 1
lé’ms!2+—/ IVne(t)!2+&p/ KeOe = —/ |V77012+/ w0, (10.51)
Q 2 Ja Qi 2 Ja Qi

The first term on the right hand side of (10.51) is bounded thanks to (3.17), while the
second term can be estimated using (10.49)—(10.50) and the Young inequality:

1 1
/ w0y, < 5/ |8t775|2+c/ lw,|* < 5/ 1Om.|? + c. (10.52)

Finally, due to the properties of the operator Sign. stated by (2.12) and (4.7), the second
term on the left hand side of (10.51) can be rewritten as

op [ 0. = ol 0)ln — ol (10.53)
Combining (10.51) with (10.52)—(10.53), we have that

5 [ 100+ ; / V)P + apllne(©) |l < (1 + p), (10.54)
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whence
19|l 2 0 7m0y e 0y < (1 + pt?). (10.55)
Then, combining (10.34)—(10.35) with (10.55), we conclude that
Ome — Ane + pre = w,, (10.56)

with
[we || oo om0y < (1 + p'?). (10.57)

10.2 Existence of sliding mode

In order to prove the existence of sliding mode, we fix the constant ¢ appearing in (10.57)
and set

2
p* =+ 2+ T||aag—|—bgoo+n*||H (10.58)
and assume p > p*. We also set
Ye(t) == ||n(t)||g for t €[0,T]. (10.59)

By assuming h € (0,T) and t € (0,7 — h), we multiply (10.56) by k. = Sign_(n.) and
integrate over (t,t + h) x €. We have that

t+h t+h t+h
/ (Oume(s), we(3)) i ds + / / V. - Vi, +p / Ie(s)I13 ds
t t Q t

t+h
_ / (w.(s), ke(5))a ds. (10.60)

Recalling that Sign_(v) is the gradient at v of the C! functional || - ||z, from (4.7)—(4.8)
we deduce that

d

Ye(t)
= E/ min {s/e, 1} ds for a.a. t € (0,7).
0

(at776<5)7 Ke(s))H

Then, for the first term on the left hand side of (10.60) we have that
t+h e (t+h)
/ (Om:(8), ke(8))g ds = / min {s/e, 1} ds.
t Pe(t)
We also notice that (4.8) implies that

|V775(t)|2
max {¢, [|17-(t) ||z}

Vne(t) - Vi(t) = >0 ae. inQ, forae te(0,7),

whence the second integral on the left hand side of (10.60) is nonnegative. Moreover, as
|ke(s)||m < 1 for every s (see (2.13)) and (10.57) holds, we infer from (10.60) that

e (t+h) t+h
/ min {s/e, 1} ds + p/ ()% ds < he(p™? + 1). (10.61)
ws(t) t
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At this point, we let € ~\, 0. Due to the strong convergences of o. and . ensured by
(10.18)-(10.20) and by [43, Lemma 8, p. 84], at least for a subsequence, we have that

n.—n  inC°0,7T]; H). (10.62)

Besides, using standard weak, weakstar and compactness results, from (10.61) we infer
that
ke ="Kk in L™(0,T; H). (10.63)

Then, taking the limit as € \, 0 in (10.61) and denoting by
o) = [n®lls  forte 0.7], (10.64)

we obtain that h
w@+m—w@+p/ In(s) 1% ds
t

Pe(t+h) t+h
< lim min {s/e, 1} ds + plim inf/ |ke(s)]|% ds < he(p? +1)  (10.65)
6\0 'l/)a(t) 6\0 t

for every h € (0,7) and t € (0,7 — h). Finally, we multiply (10.65) by 1/h and let h tend
to zero. We conclude that

V() + pllk®)]4 < c(p? +1) for aa. t € (0,T). (10.66)

As ||k()||lg = 1if ||[n(t)]|g > 0 (see (2.13)), we can apply Lemma 10.1 with ag = by = ¢
and we observe that our condition p > p* completely fits the assumptions by (10.58).
Thus, we find 7% € [0,T) such that n(t) = 0 for every t € [T*,T].
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