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ABSTRACT. This paper is concerned with the compactness of metrics of the disk
with prescribed Gaussian and geodesic curvatures. We consider a blowing-up se-
quence of metrics and give a precise description of its asymptotic behavior. In par-
ticular, the metrics blow-up at a unique point on the boundary and we are able to
give necessary conditions on its location. It turns out that such conditions depend
locally on the Gaussian curvatures but they depend on the geodesic curvatures
in a nonlocal way. This is a novelty with respect to the classical Nirenberg prob-
lem where the blow-up conditions are local, and this new aspect is driven by the
boundary condition.

1. INTRODUCTION

Let (¥, g) denote a compact surface ¥ equipped with a certain metric g. The
classical Kazdan-Warner problem (see [5, 32]) consists of determining whether a
prescribed function K is the Gaussian curvature of a new metric g conformal to
g. If § = e"g and K, K, are respectively the Gaussian curvatures relative to these
metrics, then the following relation holds:

(1.1) — Agu+2K4(xz) =2K(x)e" in X.
Hence the Kazdan-Warner problem reduces to solving this equation.

The problem of prescribing the Gaussian curvature on the standard sphere S? is
particularly delicate and receives the name of Nirenberg problem. This question
has been addressed by a large number of papers (see for instance [1, 8, 10, 11, 13,
14, 16, 30, 27, 28, 26, 42, 45]), some of whom are commented below. For instance,
an obstruction to existence was found by Kazdan and Warner ([32]). On the other
hand, if K has antipodal symmetry (i.e. K(—xz) = K(z)) and it is somewhere pos-
itive then there exists a solution, see [40]. Other results under symmetry assump-
tions are given in [13]. In [42] solutions of (1.1) have been found as the asymptotic
limit of a suitable flow. This problem is also related to a hyperbolic version of the
Christoffel problem, see [22].
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A related and significant issue in this kind of problems is the study of compact-
ness of solutions, starting from [7, 36]. Roughly speaking, given {u,} a sequence
of solutions, we desire to find conditions that allow us to pass to the limit. By
regularity, it is enough to show L* boundedness. This problem is typically stud-
ied by means of a blow-up analysis, which determines whether the sequence u,, is
uniformly bounded or may blow-up. After rescaling, a blowing-up sequence of so-
lutions resembles locally a limit entire solution, and such solutions are classified in
[15]. In particular this implies a quantization result for general Liouville equations,
see [36].

Being more specific, let us consider the problem:

(1.2) — Auy +2 =2K,(z)e* in S?

where K, converges in C? sense to a strictly positive function K (). Observe that
if K, = 1, the problem is invariant by the group of conformal maps of the sphere,
which is not compact. In the non-constant case, this invariance is lost but concen-
tration of solutions may still occur. This is the so-called “bubbling phenomena”;
the solutions concentrate all their mass around a certain singular point.

Not only the asymptotic behavior of the sequence is relevant, but also the loca-
tion of the point of concentration. It has been shown ([12, 8]) that if the sequence
uy, is blowing-up, then the point of concentration satisfies:

(1.3) VE(p) =0, AK(p) = 0.

As a consequence, if those conditions are never satisfied for any point p € S?,
one concludes compactness for (1.2). This result is also a key point in the proof of
existence of solutions for the Nirenberg problem, which was given for the first time
in [10] via a variational argument and revisited under a different approach in [30].

If 3 is a surface with boundary, one usually imposes boundary conditions. A
natural geometric problem consists in prescribing also the geodesic curvature of
the boundary; in this way we are led to the problem:

(1.4) { —Au+ 2K, =2Ke" inX,

9u + 2hy = 2he"/?  onI%,

where v is the outward normal vector to 93. Here h, is the geodesic curvature of
0¥ under the metric g, and h is the geodesic curvature to be prescribed for the new
metric g = e"g.

In the literature there are some results on the latter problem. The case of constant
K, h has been considered in [6], where the author used a parabolic flow to obtain
solutions in the limit. Some classification results for the half-plane are also available
in [23, 37, 46]. The case of nonconstant curvatures was addressed for the first time
in [17], but the results there are partial and in some of them an unknown Lagrange
multiplier appears in the equation.

In [39] the case of surfaces topologically different from the disk is studied when
K < 0. In that paper a new type of blow-up phenomenon appears, where length
and area diverge. In the existence results the authors exploit the variational for-
mulation of the problem and solutions are obtained by minimization and min-max
techniques. For more general mean field problems with boundary terms a quanti-
zation result has been recently given in [4].
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The case of the disk ¥ = ID can be seen as a natural generalization of the Niren-
berg problem. Indeed, the effect of the noncompact group of conformal maps of
the disk plays a fundamental role. The problem becomes:

—Au =2Ke" inD,
(1.5) Ou +2 = 2het/? on dD.
ov
Integrating (1.5) and applying the Gauss-Bonnet Theorem, one obtains
(1.6) / Ke" + / he'/? = 27,
D oD

which implies that K or h must be positive somewhere.

Some works have also addressed problem (1.5). For example, the case h = 0 has
been treated in [11] (see also [24]), while the case K = 0 has been considered in
[9, 35, 38]. If K = 0 a blow-up analysis has been performed in [25], and in [19] a
new approach is given under mild conditions on the function h.

Up to our knowledge, the only result on (1.5) for non-constant curvatures is [18].
In that paper an existence result for (1.5) with positive symmetric curvatures is
given, in the spirit of the aforementioned result of Moser ([40]).

The aim of this paper is to provide a complete blow-up analysis of problem (1.5)
for non-constant functions K, h. We emphasize that we do not impose any sign
restriction on the functions K and h. We are interested in the precise asymptotic
behavior of blowing-up solutions, but also on the location of the point of concen-
tration, which turns out to be located on JD. Indeed, we shall find an analogue of
the conditions in (1.3) for equation (1.5). Such conditions involve both curvatures
K and h, and studying their interaction is the original motivation of this work. It
turns out that the blow-up point p depends on K in a local way but it depends on
h in a nonlocal fashion. Indeed the 1/2 laplacian of h appears which, as is well
known, depends on all values of  on dD. This was rather unexpected, at least for
us, since the original problem is local in nature.

Being more specific, our main result is the following;:

Theorem 1.1. Let u,, be a sequence of solutions of the problem

—Au, = 2K,e" inD,
1.7 n
(17) %L + 2 = 2R, e/ on O,
v

where K,, — K in C*(D) and h,, — h in C*(0D) as n — +oco. Assume moreover that u,,
is blowing-up, namely, sup{u, } — +oo, with bounded global mass,

(1.8) / el + / e'n/? < O,
D oD

Then there exists a unique point p € 0D such that

i) If K (p) < 0 then h(p) > \/—K (p).

ii) There exists a, — p so that

Un (2) = Ua, (2) + 1n(2),
R Cp
Uq, (2) := 210g{ 2(25”(1 ’ n’ ) } ’

(Z)?L\l —anz|? + /;:n|z — ap?
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(z;n3:¢n<an)a ]%n5:Kn<an>a
|an| |an|
where

(1.9) On(2) = ha(2) + Vhn(2)? + Kn(2).
Moreover, the error term )y, satisfies:
[¥nllco.am) — 0 forany o€ (0,1/2).

iii) Let H denote the harmonic extension of h, that is,

with

{ AH =0 inD,
H=h on OD.
Define:
(1.10) O(z) == H(z)+VH(2)? + K(2),
which, by 1), is positive and well defined at least in a neighborhood of p. Then:
(1.11) Vo(p) =0.

Let us observe that condition (1.11) above is equivalent to:

o) = g (A)2h(p) = —5 .

Here 7 denotes the tangent vector to D at p. As a consequence we obtain a
compactness criterion: if such a point p does not exist, then the sequence u,, is
bounded from above and it is precompact. As mentioned before, this criterion
involves local terms on K, h, but also the half-laplacian of i at the blow-up point.

Observe that if K = 0, then h(p) > 0 and condition iii) reads as h(p) = 0,
(=A)2Rh(p) = 0 (in other words, VH (p) = 0). Instead, if h = 0 then K (p) > 0 and
we obtain that VK (p) = 0. Even these particular results were not known in the
literature.

The proof of Theorem 1.1 involves a quite detailed blow-up analysis. Indeed one
needs good global estimates on the blow-up sequence, and not only local estimates
around the blow-up point. By a suitable rescaling, we can pass to a limit problem
posed in a half-plane, whose solutions have been classified. But for a global es-
timate one needs to make use of the conformal group of the disk and make this
approach match with the previous rescaling argument.

In our proofs we have to bypass several technical difficulties since no assumption
on the sign of K, h is made; the possible compensation of terms gives some troubles
when passing to the limit. In general this can be very problematic, see [20, 21]. We
are able to overcome these difficulties by exploiting the finite mass assumption and
using some ideas from [39].

Remarks 1.2.

(1) Condition (1.8) has a clear geometric interpretation: both the area and the length
are assumed to be bounded. This hypothesis is necessary for Theorem 1.1 to hold.
Otherwise, a different phenomenon blow-up could appear, as has been shown in
[39] for K < 0.
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Observe that if K > 0and h > 0, assumption (1.8) is automatically satisfied by
(1.6). We are able to give other conditions ensuring (1.8), see Proposition 6.2. This
proposition is a consequence of the isoperimetric inequality and a classical length
bound due to Toponogov ([44]). Indeed we will show that (1.8) holds if one of the
curvatures is identically equal to 0 and the other one is strictly positive.

(2) As commented above, condition (1.11) is an analogue of (1.3) for problem (1.7). It
is to be expected that one can use it to give existence results for equation (1.5). This
will be pursued in a future work.

(3) Condition (1.11) admits a variational interpretation, see Remark 5.4.

The rest of the paper is organized as follows. In Section 2 we collect and prove
some preliminary results. In particular the limit problems in the disk, in the plane
and in the half-plane are considered, together with a Pohozaev-type identity. In
Section 3 we start the blow-up analysis and we prove ¢) of the Theorem 1.1. This
analysis is refined in Section 4 by giving a precise description of the asymptotic be-
havior of u,: namely, assertion ii) of Theorem 1.1. In Section 5 we give the proof of
condition 7i7) in Theorem 1.1. A final Appendix contains some asymptotic compu-
tations and also Proposition 6.2, where conditions for the validity of (1.8) are given.
6.

Notations.

Let us fix some notations. The metric distance between two points z1, 22 € D will
be written as dist(z1, z2). We will denote an open ball centered at a point p € D of
radius r > 0 as

B.(p) := {z € D: dist(z,p) < r}.
At any point z = (z,y) € 0D we fix a tangent vector 7(z,y) = (—y,x) or, in

complex notation, 7(z) = iz. We will use the following notation for some subsets
of B.(p) C R%:

Bf(p) = {z—( R? dist(z,p)<r,y20};
Lr(p) = {(z, )683+( ) y=0};
9B, (p) = 0B} (p)\Tr(p).

The same notions will be used in R? with its underlying metric.

In the estimates we will denote C' as a positive constant, independent of the
parameters, that may vary from line to line. If some dependence respect to certain
parameters must be pointed out, we will indicate it in the subscript, such as C; or
Ce s

Acknowledgment: The authors thank J. A. Gélvez for several conversations and
for his help in preparing Proposition 6.2.

2. PRELIMINARIES

In this section we collect and derive some useful results which will be used later
on.
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2.1. The limit problem in the disk. We are devoted to the properties of the limit
problem:

—Av = 2Kpe" in D,
2.1
@1) ov + 2 = 2hge"/? on 9D,
ov

where K, hg are real constants. The content of this section is rather known, but we
have not been able to find a specific reference.

Let us introduce the group of conformal maps of the disk, namely:
2.2) G:={cf,:D—D; 0€0,21), fulz) = % a € D}.

It is well-known that problem (2.1) is conformally invariant, i.e., given a solution
vof (2.1) and f € G, then:

v(2) = v(f(2)) + 2log |f'(2)],
is also a solution of the same problem. In the next lemma we show that the unique

solutions of (2.1) are those coming from conformal maps from the disk to the stan-
dard surfaces with constant curvatures.

Lemma 2.1. Problem (2.1) admits a solution if and only if:

(2.3) either Ko >0 or Ko <O0and hg >/ —Kj.
In such case, all solutions are determined by the formula

260 (1 — |af)
2.4 =21 ,
( ) Ua(Z) Og{¢%’1—a2’2+[(0‘z—a2

where ¢ := ho + /hi + Ko, and a € D.

Proof. If Ky # 0, by considering the function v + log|Kjy|, we pass to a problem
with Ky = +1. Then, we can restrict ourselves to the cases Ky = +1 or Ky = 0.
Observe that under the metric g = e”dz, D has constant gaussian curvature equal to
K. Hence it is locally isometric to compact subdomains of S?, H? or R?, depending
on the case Ky =1, Ky = —1, or Ky = 0, respectively.

Observe also that 0D has constant geodesic curvature equal to hg, and this prop-
erty translates via the local isometry. Since DD is simply connected, we conclude
that the local isometry is a global one. In ther words, we have a global isometry
Y : D — U, where U is a subdomain of either S?, H? or R?, with geodesic curvature
equal to hg.

Observe that if the ambient domain is R?, then ho needs to be strictly positive.
Moreover, in H? such domains are bounded only if kg > 1. As a consequence we
obtain (2.3).

In other words, U is a disk in either S?, H? or R? and, by composing with a
symmetry, we can assume that:

{($17$27$3) S SQ - I3 Z flih2} if K() = ]_,
0

U= {@m)em: e <h— -1} ifK=-1,
{@a) e R VaFtad <1/h} if Ko = 0.
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Above we have expressed H? via coordinates in the Poincaré disk.

On the other hand, the identity map I : (D, dz) — (D, e"dz) is clearly a conformal
map. As a consequence, the composition Y o I : (D, dz) — U is a conformal map.
Those maps are classified, and hence the conformal factor e is given by one of
those maps. This gives the expression (2.4). O

Remark 2.2. In particular, there exists a unique solution to (2.1) satisfying the extra con-

dition:
/ ze’?) =0, /ye”(z) =0,
D D

which is just the solution given in (2.4) for a = 0, that is:
2¢0 }
25 vo(2) =2logd —F—5 ¢ -
> o) = 2ie {5
Next lemma addresses the question of nondegeneracy of such solution:

Lemma 2.3. Let us consider the linearized problem:
{ —Ap = 2Kpe"y inD,

25) 00 _ hgeto/2y on O,
ov

where v is given in (2.5). Then the vector space of solutions of (2.6) is spanned by the
functions:

. z - Yy
wl(?«’) T ¢(2)+KO’Z’27 1/}2(2) T ¢(2)+KO‘Z|27

where ¢o = ho + \/h3 + Ko. In particular, a solution of (2.6) satisfying the extra as-
sumptions:

/xe”o(z)i/)(z) =0, /ye”o(z)¢(z) =0,
D D
must be necessarily equal to 0.

Proof. We show the proof only in the case K = 1, the other cases being analogous.
As shown in the previous lemma, (D, e*°dz) is isomorphic to a spherical cap in S?,

given by U = {(x1,22,73) € S?: 23 > \/ﬁihg} Via that conformal map, problem
(2.6) becomes:

A = 2 inU,
27) { % = hoy on OU.

As it is well known, the coordinate functions z, y are generators of the vector
space of solutions of that problem. Via the conformal map, this translates into 1,

. O

Next lemma is a standard regularity result:
Lemma 2.4. Let 1) be a solution of

{ —AY = ¢(z) inD,

(2.8) oY

= = D.
ey d(z) ond

Then for any q > 1 there exists Cy > 0 such that
[Yllwrt1/aamy < Colllell Loy + [l a(om))-
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The next result is a quantitive version of the nondegeneracy result stated in
Lemma 2.3.

Lemma 2.5. For any q > 1 there exists Cy > 0 such that the following holds: for any
solution 1) of the nonhomogeneous linearized problem

—Ay = 2Koe™ + c(z) in D,
(2.9) oY _ hoe®/2 + d(z) on oD,
ov
satisfying
(2.10) ‘/M@@MQZOZ/WW@Wd:Q
D D

we have that
[bllwr1/aam) < Colllell o) + ]l Lo(om))-
Proof. Consider the solution 1), to the problem

—Atpy, = 2Kpe" Yy, + cn(z) inD,
88% = hoe %1y, + dp(2) on 9.
1%

We assume that the solutions ¢, are reasonably smooth, otherwise one can argue by
density. Reasoning by contradiction, suppose that there exists c,, d,, and solutions
1, with

lenll Loy + lldnllLaom) = 1, [nllwre1/a.am) — 400
Define v, := (K2 H;Vll 10 (D)wn. Up to a subsequence, we can assume that Un — o
in W1+1/9.4(D). Clearly, by compactness,
2K e, + n s 2Kpeqy in LI(D),
[¥nllwr1/a.am)

dn
[¥n ||W1+1/‘1»‘1(]D)

2h0€v0/21;n + — 2h06v0/212;0 in Lq(a]D))

By Lemma 2.4 we conclude U — b in WHHY44(D). In particular, [P0 ||W1+1/q,q(]1)>) =

1. Moreover, if v, satisty (2.10), so it does Yo. By Lemma 2.3 we conclude that
1Yo = 0, a contradiction. 0

2.2. The limit problem in the plane and the half-plane. As it is well known, the
study of blowing-up solutions of a nolinear PDE can be put in relation with limit
problems in the entire space or in half-spaces. The classification of the finite mass
solutions of Liouville problems was first made in [15] in the whole space R?, and is
rather known. Indeed, the unique solutions of the problem:

(2.11) — Av = 2Kpe’  in R?, / e’ < o0,
RQ
are given by the expression:
2\

2.12 =21
e.12) o) =2tog { gy i

All those solutions are known to satisfy the quantization property:

(2.13) Ko/ e’ = 4r.
R2

}, o € R%, A\ > 0.
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Since our problem considers a boundary condition, we will also be interested in
this paper in the solutions of the problem posed in the halfplane: that is, given real
constants Ky, hg, the problem

—Av = 2Kpe" inRRZ,
(2.14) ) / e’ + / ? < +oo.
% = 2hge2 on GR%F, R3 OR%

It is known (see [37, 46]) that (2.14) is solvable for any Ky > 0, and also if Ky < 0
and hy > /—Kj. In any case, any solution is given by the expression:

2\
Ko)\? + (w1 — ’LUo)2 + (wg + )\ho)Q

(2.15)  wv(wy,we) = 210g{ } , wo €R, A >0,

that satisfies

(2.16) ho/ e’/? = 3, Ko/ eV =21 — 8,
GRi R2

+
where 3 is given by
ho

\/h%%-Ko'

2.3. Kazdan-Warner type conditions. In this subsection we state and prove the
Kazdan-Warner conditions for problem (1.5). There is a version already available
for boundary problems in this way, posed in the half-sphere, see [26]. To keep
the paper self-contained we give our own version of it, which suits for our later
purposes.

Let us recall the following Pohozaev-type identity, depending on an arbitrary
field F'.

(2.17) B =2

Lemma 2.6. Let u be a solution of (1.5). Then, given any vector field F : D — R?, there
holds:

2
LD[zKe“(F.u)Jr(zhe“/?—2)(vu.F)—W;f"F.y]
2
:/[Qe“(VK-F—i—KV-F)+DF(Vu,Vu) v F‘v§’ !
D

Proof. The proof follows by multiplying the equation (1.5) by Vu- F and 1ntegrat1ng
by parts (see for instance [39, Lemma 5.5]).

From this we can obtain the following Kazdan-Warner identity.

Proposition 2.7. If u is a solution of (1.5) then

/e“VK-F:4/ hre®?y
D oD

where F(x,y) := (1 — 2? + y?, —2zy) (with complex notation, F(z) = 1 — 22).

Proof. The idea is to consider the variation along the conformal transformations
(see (2.2)) that keep fixed the point p = (1, 0). This corresponds to

Atz

f)\(Z) = 1 +)\Z’
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with A € (—1,1). By taking into account the invariance of (2.1), we define

ua(2) := u(fa(2)) + 2log(I£3(2)))-
In order to study its variation with respect to A we compute first

_ 1— 22

=z L2 (122442 9
o (1FA2)? F=-at 4y, —2my),

F(2) = 2o (e) _

where we have used the standard notation z = = + iy. From these identities we can
conclude that

d

—~ua(2)

= - F —4x.
Y Vu T

A=0

Hence, we test in the problem with Vu - F'—4x. We first multiply it by Vu - F', which
is just to insert /' in Lemma 2.6. Observe that on 9, F is a tangential vector field,
and F - 7 = —2y, where 7(x,y) = (—y,z). Moreover, since F' is holomorphic, the
Cauchy-Riemann conditions yield

2
DF(Vu,Vu) — V- F|V2“| = 0.
Then, we obtain
(2.18) / (2he™/? — 2)(=2y)u, = / 2¢*(VK - F — 4zK).
oD D

We now multiply (1.5) by 42 and integrate to obtain

8/K6“5€=4/um—4/ xVu-V=4/ux—4/ z(2he"/? — 2)
D D oD D oD

(2.19)
= 4/ Uy + 4/ y(QhTeU/2 + he“/QuT).
D oD

Observe also that, integrating by parts,

(2.20) / YUy = —/ TU = —/uw.
oD oD D

Putting together (2.18), (2.19) and (2.20) we conclude. d

Remark 2.8. The same equality holds by interchanging the roles of x and y, if we also
change orientation T — —7.

Remark 2.9. Let us observe that the Kazdan-Warner identity given in Proposition 2.7 can
be written as

/ (1422 + 9?2 VK -VT = -8 | h.Tre"/?,
D oD

where T(z,y) = /(1 + 22 + y?). As a consequence, if VK - VT, h, T, are both positive
(or negative), then (1.5) does not admit any solution. This is a typical Kazdan-Warner type
obstruction; in the case of the semisphere, this was observed in [26, Theorem 1].
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3. A BLOW-UP ANALYSIS

In this section we begin the blow-up analysis given in Theorem 1.1. The main
goal here is to give a proof of the Proposition 3.1 below.
Under the assumptions of Theorem 1.1, define:

(3.1) Up(Zn) 1= maxuy(z) = +o0.
D

We also define the singular set of the blowing-up sequence as in [7]:
(3.2) S:={peD: 32,€D, 2, —»p suchthat u,(z,) = +oo},

By (3.1), up to a subsequence, we can assume that z,, — p € S as n — +o0.
The main result of this section is the following:

Proposition 3.1. Under the assumptions of Theorem 1.1, S = {p} C 0D and, up to a
subsequence,

Up — —00 locally uniform in D\ {p},
(3.3) hpe'/? ~ 85, and K,e' — (2m — B)5,,
in the sense of measures, where
(3.4) B :=2m hp) .
h?(p) + K(p)
Moreover,

2¢n(p)(1 B |Cn|2) }
RS +0(1),
A ) oW
where z € D, the function ¢y, is defined in (1.9) and ¢, € D, ¢, — p.

(3.5) un(z) = 2lo

This proposition is a first step in order to conclude the asymptotics of Theorem
1.1. In next section we will give a more accurate description (passing from O(1) of
(3.5) to o(1)). This will be needed in order to conclude the necessary conditions on
the point p in Section 5.

Proposition 3.1 will follow from the next result, which addresses more general
Liouville-type equations:

Proposition 3.2. Let u,, be a sequence of solutions of the problems

—Auy, + 2K, = 2K, e" inD,
3.6 .
(3.6) —%“” + 2hy, = 2h,etn/? on 9D,
14

where K,, — K, K, — K in C%(D) and h,, — h, h, — h in C2(dD) as n — +oc.
Assume moreover sup{uy} — +00, but it has bounded global mass:

(3.7) / el + / e'n/?2 < O,
D oD

Then the singular set S is finite. Moreover,
i) Ifpe S\ 0D, then K(p) > 0;
ii)) Ifp e SN (D) and K (p) <0, then h(p) > /—K(p);
iii) u, — —oo locally uniformly in D\ S;
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iv)
(3.8) Kne' — > Amby+ > oy
peS\ (D) pESNOD

and

(3.9) D D
pESNOD
where v, + 7y, = 27 and
h

(3.10) p 1= 2 (p)

VR (p) + K(p)

Remark 3.3. Proposition 3.2 holds true also for domains with boundary different from the
disk, as well as for 2-manifolds with boudaries, with the obvious modifications in the proofs.
However, since the goal of the paper is the study of the case of the disk, we have preferred a
statement in this setting.

First of all, let us introduce a minimal mass lemma, which is just a version for the
case of boundaries of a well-known lemma by Brezis and Merle ([7], see Theorem 1
and Corollary 3).

Lemma 3.4. Under the assumptions of Proposition 3.2, let p € D and r > 0 such that
B,(p) C D. If

(3.11) Ke'n <e < 2m,
Br(p)

then w,} is uniformly bounded in L>(Bz(p)).
If, instead, p € 0D and

(3.12) / Kretn <e< I, / hie <e< =,
B, (p)nD 2 By (p)ndD 2

then u, is uniformly bounded in L*>°(Bz (p) N D).

3
A proof of the previous result can be found in [4, Lemma 2.4].

As a consequence of this lemma, the set S (defined in (3.2)) must be finite. More-
over:

(3.13) Kpe' = > apbp+ > W+ 7,
peSND peSNID
and
(3.14) hne'n /2 = N 6, + 0,
PpESNOD

where oy, > 27,7, > Sory, > 5, ¥ € LY(D)NLe

loc

(D\S), ¥ € L (D)NL2

loc

(OD\S).
Taking into account (3.7), for any point p € S N ID we have:
o< [ agpen < [ (W) IV ) €
B:(p) By (p

< C(K, (p) + rlIVE,] || o).
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By choosing r > 0 sufficiently small we conclude that K (p) > 0, so that i) of Propo-
sition 3.2 holds.

Let us now point out that, outside the set S we can assume that e“» is uniformly
bounded. Via a Green representation formula (or via local regularity estimates for
the Neumann problem) one can deduce that u,, has bounded oscillation far from &:
being more specific,

(3.15) un(21) = un(22)| < C Va,z €D\ | B (p),
peS

for some 7 > 0 fixed.

3.1. Proof of Proposition 3.2. The proof of Proposition 3.2 is the result of a more
detailed study of the behavior of u,, around the singular points. We shall focus
on the boundary points, since the theory for interior blow-up points is much more
developed (see for instance [34, 36]).

Consider hence a point p € S N JD and a neighborhood of it which does not
intersect any other singular point. Via a conformal map, we can pass to a problem
in a half-ball. Let us be more specific, and assume without loss of generality that
p = (1,0). By the Mobius transformation

f1 : R%— — D
w o z= ﬁ

we can map a semiball Bi"(0) C R? into the right half disk, where the point p
corresponds to the origin. Consider the transformation

Un(w) = un(fi(w)) + 2log | f{(w)| = un(f1(w)) + 2log

lw +i]?
Then v, satisfies the problem
~Avy, + 2K, = 2K,e"  in B (0),
(3.16) . -
%un t 2h,, = 2hpe’s on T, (0) := (—rg,70) x {0},

for some ry > 0 small, where S = {0}. Here the functions K., h,,, K,, and h,, come
from the original data composed with the transformation f;: for the sake of clarity
we keep the same notation. Besides, by (3.1), there exists a sequence {w,,} C Bﬁg (0)
such that

(3.17) Up(wy) = max v, (w) = 400, w, — 0.
B, (0)

Notice that w, may not match fi(Z,).

The following selection process has been applied many times in the literature
starting from [36] (see in particular Lemma 4). The case with boundary have been
treated in [39, Lemma 7.4], to which we refer for details (see also [3]).

Lemma 3.5. There exists a finite number of sequences ¥, := {wy, ..., w}, 0F, ... w} —
0 and positive sequences €7, ... ,e} — 0, 7,... €} — 0 such that

a) vp(w}') = max{v,(w), w € Ben(w}') ﬁ@}fori =1,...,¢
b) &} < dist(w}, Iy, (0)) and vy (7)) = max{v,(w),w € Bgr(wf)} for i =
1,.. K
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c) If K(0) < 0then k = 0and h(0) > \/—K(0).
d) fBT*(O) K, e’ + fI‘T(O) hpe'n/? — 270 + 4rk.
e) v, — —oo uniformly in compact sets of B;(0) \ {0}.

The points w]' represent points of local maxima for which the rescaled problem
converge to a limit problem posed in a half-plane (2.14), whereas for the points @}’
the limit problem is posed in the entire plane (2.11). The restrictions in ¢) come
from the obstructions to the existence of solutions for those problems. Moreover,
the mass quantization in d) comes from (2.13) and (2.16).

Remark 3.6. In the analysis performed in [39, Lemma 7.4] only the points w}' appear.
This is because in that paper K is strictly negative and hence no solutions in the entire
plane exist. However, the main point in the arquments of [39] is to show that the terms
/ B (0) Kne™, I, ) hnen/? do not give any contribution apart from that coming from
their corresponding limit problems. That proof depends on the decay of the limit solutions
(2.15) and (2.12), and works equally well in our framework.

Let us point out that the coefficients v, v’ of the expansions (3.13) and (3.14) (we
omit the dependence on p) satisfy:

(3.18) ~v:=lim lim Ke',

r—0n—+00 B (0)
(3.19) 7' :=lim lim hpetn/2.
r—0n—+oo r,(0)

Next we prove the quantization of this values using a proper Pohozaev type iden-
tity and the previous asymptotic estimates.

Lemma 3.7. Let v and ~/ given in (3.18) and (3.19). Then
v+ = 2.

Proof. Applying a Pohozaev type identity in B;"(0) for 0 < r < ro with rg fixed in
(3.16), as Lemma 2.6 with F' = w, we have that

2
[2K,e" (w - v) 4 (2hne?™/? — 2h,)(Vv,, - w) — Mw -v] dw
dB;(0)
= / [2¢V"(VE, - w+ 2K,,) 4+ 2K, Vo, - w] dw.
B (0)
If we divide 0B;} = 01 B, UT,, we immediately obtain
2
/ [2K,e" (w - v) + (2hne’™/? — 2h,) (Vo - w) — Mw v|dw
OBy (0) 2
. 2
= / [2r K, e’ + (2hne’™/? — 2h,)(Voy, - w) — [Vn| 7] dw
o+ B,(0) 2

+ / (2hne”"/2 — 2ﬁn)8lvnw1 dw,
»(0)

where we have used the notation w = w; +iw,. Taking into account that |VK,| < C
uniformly in B;(0), then

(3.20) / (VK,, - w)e’ dw < 7"/
Byt (0)

|IVK,|e" dw = O(r).
B (0)
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On the other hand, integrating by parts

7,0
/ 2hnevn/2vvn cw dw :4|:hnevn/2wl}( ) 4 Vi, .weﬂn/Q "
T‘(O) ’LU:(—T,O) FT(O)
- 4/ hnet™? duw.
I'v(0)
Again, since |Vh,| < C, we have
(3.21) / Vhy, - we'/? dw = O(r).
T.-(0)

Moreover, by Lemma 3.5, ¢), we deduce that

(r,0)

(3.22) [hnev”ﬂwl}w:(_ro)

— 0, / K,e'"rdw — 0, asn — +oo.
o+ B, (0)

By Green representation formula,

Vo (w) = / TR o (2)et
B

™ (0) ]w — 2’2 "
+ 1 / W E 222hn(z)e”"(z)/2dz + O(r),
T JT.(0) lw — 2|

and, using (3.13) and (3.14),

2
Vop(w) = VG = ;(7 + ’Y’)# + O(r) outside the origin,

/ Vo, -wdw — VG- wdw = O(r),
8+ B,.(0) a0+ Br(0)

/ Vo, -wdw — VG- wdw = O(r),
+(0) B, (0)

2 2
/ [Von| rdw—>/ VY| wa:2(7+’y/)2l+0(r).
o+B.(0) 2 o+B(0) 2 T

Plugging the expressions above we arrive at

© = 4y +7) +0(r),

) AV
(v+7") -

giving the desired conclusion. O

Observe that the previous lemma, together with Lemma 3.5, d), implies that £ = 1
and k£ = 0. Moreover, by (2.17),

_h()
h%(0) + K(0)
This finishes the proof of Proposition 3.2.

v=2
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3.2. Proof of Proposition 3.1. We finally turn our attention back to problem (1.7).
In this specific case we first show that the singular set is formed by a unique point
located at OD.

Lemma 3.8. The blow—up set S = {p} C ID.

Proof. By (1.6) we know
/Kne“" —i—/ h,ein/? = 27,
D oD

Furthermore, Proposition 3.2 implies that
/ Kpe' + / hne'/? = AxN + 27 M,
D oD

with N = |SND|and M = |S N dD|, meaning the cardinals of those sets. Thus, the
only possibility is N = 0, M = 1. O

Next, we establish global pointwise estimates of the bubbling sequence around
0. This type of estimate was first derived by Y.Y. Li in [34] by the method of moving
planes. Another argument was given by Bartolucci-Chen-Lin-Tarantello in [2] for
singular problems, which is more suited to our framework (see also Section 4.2. in
[43] for details). Since this argument is rather standard for Liouville’s type prob-
lems, we will be sketchy.
Lemma 3.9. If K(p) < 0, then h(p) > \/—K(p). Moreover, the solutions v, of (3.16)
satisfy:
(3.23)
2\,
)\% + (wl - wl,n)2 + (w2 — W2 + hn<0)An>2
in B} (0) where wy, = (w1,n, wa,) — 0 defined in (3.17) and:
26
3.24 A 1= th Oy :=
o Ko+ Eo ‘
Proof. Define the rescaled function
2~}n(w) = Un(wn + 5nw) + 21log on,
that satisfies the problem

Un(w1, we) = 2log { 0 } +0(1),

7Un(wn)

(3.25) i .
%L,j = 2h, (wy, + Spw)e 2 on T /s, (—%’—:) ,

Wn Wnp, W,
B:Z)/én <_5n> = {(wl,w) € Bry/s, (—571> twg > _%}’

Wn, Wn,
T (—%) = (=70 /6n,70/0n) X {—%}.

By simplicity we assume —g> — ¢ = 0. Thus, by the Harnack inequality (see for
instance [31]):

where

(3.26) ¥y, is uniformly bounded in L3, (R%),
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and
(3.27) Tp — Vo in CZ,.(R%),
where vy is the entire solution of the problem

—Avg =2K(0)e* inR?,

(3.28) 9% — 2n(0)e>  ondR2,

/ e —|—/ /2 < C.
R% OR%

According to Subsection 2.2, if K(0) < 0, then ~(0) > \/—K(0). Moreover, vy takes
the form:

20
3.29 =21
(3.29) vo(w1, wa) ©8 { K(0)A§ + w? + (w2 + Aoh(0))? } 7

W > 0. In addition, we have that

(3.30) wy| < CB,.

with

where )\ :=

We are now concerned with the global O(1) estimate. By the analysis in [39,
Lemma 7.4] (see in particular Step 4), we conclude that for every ¢ there exists
R. > 1 such that
(3.31) Op(w) < (4 —¢)log|w| + C, for |w| > 2R..

Taking into account (3.15) and (3.27), by Green representation formula one has
that

M, 1 )
Op(w) + — log |w’ = / log <‘sz‘> 2K, (wy, + 5nz>€vn(z) d
7T ™ + ) ‘

Bro/én (_% w= z‘
]. n (2)
+ / log < ]l ) 2hp(wy, + dpz)e” 2 dz + Uy,
) jw — ]

Wn

where ¥, is uniformly bounded in B + (— —) and M,, is defined as
r0/0n On

M, = / 2K, e’ 4 / 2h,es
B} (0) Ty (0)

= /+ 2K, (wy, + 5nw)ef’" + / 2hy, (wy, + 6nw)e%".
B wn

ro/6n (‘ 5n Lro/on (”57?
We can estimate the expression above using the asymptotic behavior given by (3.31)
in order to conclude that

(3.32)

B M,
O (w) + Tnlog|w\

=0(1) for3<|uw| < ;LO
See Lemma 4.2.4. in [43] for further details on the computations of the logarithmic
terms.

Finally, using a Pohozaev type identity in B 5, 1og 6, (0) one can obtain that

(3.33) |M,, — 47| = O (]log 6, ") .
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We refer the reader to Lemma 4.2.5. in [43] for more details.
Combining (3.26), (3.27), (3.32) and (3.33), we conclude

<C, in BZ)/an(O)-

Op (w1, wa) — 21lo { 220 }
ML BRI T TR\ KON + w0l + (wa + h(0)h)?
Using the definition of ¢,, and (3.17), scaling back to v,, we obtain (3.23). O

We now conclude the proof of Proposition 3.1 by showing the estimate (3.5). We
transform properly the solution of (3.16) into a solution in the set

_ 1—
D::{z:x+z’yem>:m> ro}.
1+7"0

In order to do that, note that

un(2) = vn(fi ' (2)) + 2log

|z + 12
where f; ! is a Mébius transformation, inverse of fi, namely
e D — R
z — w= i%,
that is,
un(z) = 2log A

2 2y 2 1|z 2 2
K, (0)\2 + (W - wLn) + (‘ZH'Q —wapy + hn(O))\n) |z + 1]
To complete the proof, define a sequence ¢, as

1= (1 2L Kale)

Taking into account (3.24), observe that (,, — p as n — 400 and |(,| < 1. Moreover,
(3.30) holds by the choice of ¢,. Considering the function

260 (p)(1 = 6a]?) |
D)L~ Guel? + Kup)lz — P S

(3.34) Un(z) := 2log { 2
where z € D, it can be proved that
|un(2) — un(2)| = O(1),
that is,
un(2) = un(2) + O(1), ze€D.

We finally extend the previous expression to the whole disk. Letting z € D and
z1 € D, by (3.15) and (3.34) we obtain that

e 26 () (1 — |G
n(z) =21 g{¢%<p>1—@z|2+Kn<p>|z—<n|2H

2¢n(p)(1 B |Cn|2)
n(z1) =21 =
tn(21) Og{as%(p)u—cnz|2+Kn<p>lz—<n’2

<

bl hunte) = )
<C,
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that gives the desired conclusion.

4. ESTIMATE OF THE ERROR TERM

Proposition 4.1. Under the assumptions of Theorem 1.1, there exist a,, € I such that,
defining

1 — |a,/?
Un(2) := un(fa,(2)) + 2log =k
with fa(z) := {5, there holds:
a) vy, solves the problem
—Avy = 2K (fu (2))e ) inD,
@1 %ﬁ + 2 = 20, (fa, (2))ev(2)/2 on O,

b) [pzer Ddz = Jp ve’ vn(2) dz = 0,
c) ap —p where p € 0D is the blow-up point,
d) vy, is uniformly bounded,

e) vy(z) = 2log (%) + &n(2), where

(ﬁn = ¢n <an> 7]%77, =Ky <an> )
|an| |an]
with ¢, defined in (1.9) and [|&n|| co.o ) < C(1 — lan|)1™ for any o € (0,1/2).

Proof. Assertion a) is immediate. In order to prove b), given any continuous func-
tion u we define I' : D — R? as

I'(a) ::/zeva(z) dz,
D

where
va(2) = u(fa(2)) + 2log | fo(2)]-
We claim that there exists a € D such that I'(a) = 0. Observe that if a,, — a € 9D,

/ Levan(?) gy — / zeUan |1 (2)2dz = / fan(2)e ) a2/
D D

— —a/ e“(zl)dz’,
D

by Lebesgue Theorem Then, the map I' can be extended in a continuous way to
the boundary by I'(a) = —a [ e" () d2’. As a consequence its Brouwer degree is 1
and we conclude the clalm

We now prove c¢). Assume by contradiction that, up to a subsequence, a,, = ag €
D, ag # p. Observe that f,, converges to f,, uniformly in B,(r), for small r > 0.
Recall that by Proposition 3.1, K,e"» — (36,, with p € dD. Then

0_/zevn<z> dz_/zeunuan(z)),fg (z)lzdz_/f—an( Yetn (D) dz - cq —%0tP
D D " D 1

— app

with ¢y # 0 a constant independent of a, a contradiction.
Hence, let a,, — p. Taking u,, as in Proposition 3.1, define

1— |an|2

Vn(2) = un(fa,(2)) + 2log mv
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which implies

16121 = la |2
vn(2) = 21 g{ 26 (p) (1 = [Ga|*) (1 = |an]?)

¢n( 1= CTzan + 2(@, — @)’2 + Kn(p)lan — Gu + 2(1 — @nGn)

n_Cn
1—anCn

o,

Letting a,, = € D we can rewrite the previous expression as

o 26, (p)(1 — Jn[?)
”(”‘”g{¢amu—@ﬂP+KAMV—my}+O“’

Suppose that @, — a € 9D. Then v,(a,) — +oc and e¢"» — 0 locally in D \ {a}.
However, v,, has barycenter 0, which contradicts a € 0D. Consequently, |a,| < 1—¢
uniformly for € > 0 and v,, remains uniformly bounded, what proves d).

We finally prove e). By d) v, is bounded from above and hence the terms

2K (fa, (2)e"" 3 2hy (fa, (2))e" /2,

are bounded in L*>°. By Lemma 2.4, v, is bounded in W'*1/%49(D) for all ¢ > 1. By
the Sobolev embeddings, v;, is bounded in C%%(D) for all a € (0, 1) and thus, up to
a subsequence, we can assume that v,, — vg in C%(D), where vy is a solution of

—Avg = 2K (p)e?o?) in D,
? + 2 = 2h(p)evo(?)/? on JD.
v

Furthermore, [ z¢®(*) dz = 0, [, ye®(*) dz = 0. Applying Remark 2.2 we conclude

that vy is given by (2.5).
Up(2) = 2log % .
(Z)% + kn‘Z|2

Denote
Thus, &,(2) = vn(2) — 9,(2), and it converges to 0 in C%*(D) sense, for any a €
(0,1), by the arguments above. Our aim is to give a quantitative estimate on this
convergence. Observe that &, satisfies:

—-A&, = 2K, (fan (T)) e’ §n—|—Cn( ) inD,
% =20 (fan (j2)) €20 + du(2), o oD,
with

) =2 Rt = 8 (0 (7)) |

+2K(nn( ) e -1-

st o o ()]
)

+ 2hn, (fan<a ‘) 2/ 1 — ¢, /2).

By the mean value theorem,

Kn(fa(2)) = (fan<| n|> ‘

fan fan (||>
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fon6) = o (fo (122) )| < € ot = 1o (2
and applying Proposition 6.1 we obtain
q
fan (Z) - fan <|ZZ‘)

JAACETS (@;)qscu—\an)q, /| < C(1an]),

forany 1 < ¢ < 2.
Since &, — 0 uniformly, we have that ||e*" — 1 — &,|la < C||€nllne ||€nllra. We
now apply Lemma 2.5, to conclude that

(4.2) [&nllwr+1/a.0m) < Cq(1 — lan ) + 0n (1) (1]l La) + 1nll Laom))-

On the other hand, we have that |[&[|ap) + [€nllzeap) < Cllénllwrt1/0.0(py, from
which we obtain, making n large enough, that

I€nllwr1/a0(y < (Cq +2)(1 = |an])!/.

Now it suffices to recall the continuous Sobolev embedding W'+1/¢4(D) ¢ C%(D)
for = 1 — 1/¢, to conclude the proof of Proposition 4.1. O

)

4.1. Proof of Theorem 1.1, i) and ¢i). From the above analysis, i) readily follows.
Moreover, with the notation of Proposition 4.1 it is enough to define

to obtain 7). Observe also that

Vn(2) = &n(f=a,(2)),
and |f", (2)| £ C(1 — |a,|). Hence, the mean value theorem allows us to estimate
the C%* norm of v, as

|¢n(21) - 77brz(22)| = |§n(ffan(zl)) - gn(f*an('z?)”
<O = an))' " f=an(21) = f-an(22)|"
< C(1 = lan))' 221 — 22|

5. CONCLUSION OF THE PROOF OF THEOREM 1.1

In this section we conclude the proof of the main Theorem 1.1 by showing iii).
Multiplying (1.7) by a proper vector field and integrating drives to a first blow—up
condition.

Proposition 5.1. Let p € S and recall the definition of ® given in 1.10. Then

K- (p)
®(p)

(5.1) 2h‘l'(p) + =0,

or, equivalently, ®.(p) = 0.

Proof. Consider the vector field F : D — R? defined by F(z,y) = (—y, x). Observe
that F'is the tangential vector in dD. Applying Lemma 2.6 and integrating by parts
we obtain

(5.2) —2/ (tn)+ :4/ (hn)Te“"/2+2/ VK, - Fe',
oD oD D
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where u,, is the solution of (1.7) satisfying Theorem 1.1, ¢), i7). Here the lower index
7 means the tangential derivative, i.e. in the direction of F'. Observe that we have
used the facts that V - F' = 0 and DF(Vu,, Vu,) = 0.

Reasoning similarly as we did to obtain the distributional convergences (3.3) and
using the quantization of mass given in Proposition 3.1, we immediately get that

(o)l = 23— @) __g,
h?(p) + K (p)

1
d,e" — 21 Ops

h*(p) + K(p)
where the function ® is defined in (1.10).
Multiplying and dividing properly by ®,,, by the above convergences and the
pointwise estimates on u,, the right-hand side in the identity (5.2) converges to

h(p) +dn K- (p)

(5.3) .
h*(p) + K(p) ®(p)\/h*(p) + K(p)
Noticing that
| ). =0,
oD
the expression (5.3) vanishes and this implies (5.1). O

Without loss of generality from now on we will suppose p = (1,0). We can also
assume, by composing with suitable rotations of the functions K, h,, that A\, € R,
A, — 1. Consider

2(1 — A?’L)én
G2(1 = Au)? + G2 (Any)? + k(@ = An)? + kny? |

that corresponds to the profile given in Theorem 1.1. Notice that the denominator
of the logarithm is positive as a consequence of the fact

®(p)% + K(p) > 0.

Lemma 5.2. If u, = uy, + v, with uy, given by (5.4) and ||, ||co.e < C(1 — \p)t—2%,
a € (0,1/2), then

(z)/ e y_ean(m/ (hn)Teu%y—l—on(l)(l—/\n).
oD
() [ ((ayoy = (K)a(1 = 4 42) e
D

=0 [ (€ (K)ol =2 +12) € 4 0,(1)(1 = ),

where o,,(1) is a quantity that goes to zero as n — oo.

(5.4) uy, (2,y) :=2lo g{

Proof. By definition

Uy T¥n Yn(p) “An Yn—tYn(p) Yn(p) “An

euTn:e 2 =e 2 e 2 e 2 =€ 2 ET(l"i'O(wn_wn(p)))?

and hence
un n (p) n (p) Udn
/ (hn)re'Fy = 4> / (hn)pe 3y + ™52 / (hn)re 4O — (D))
oD oD oD

I
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Using that [|¢/,[|co. < C(1 —A,)1 2%, a € (0, 5) we get

I <c@- An)”a/ e yllz — 1] d=
oD

% yllz — 1|*
<O(1=A)* / 79 2 A2| H 2 ‘A 2%
oD ¢5 (1 — An)? + &5 (Any)? + kn(z — An)? + kny

S C(l _ )\n)2—2a’

and (7) follows. Likewise,

/]D) ((KTL)yxy - (Kn)x(l — x? + y2)) elun

— ewn(l’) ((Kn)yxy — (Kn)a:(l — ;1;2 —+ y2)) eUin

/
/D (Kn)yzy — (Kn)a(1 — 2% + 42)) €3Oty — n(p)).

11

+ e"/)n (p)

and

11| < C(1 -\ )22a/  (lallyl + 1=l + )z = (1 + M)
) D (B2 = A + B + e — A+ Fng 2
< C(l _ /\n)2—2a,

what proves (ii). O

The next result finishes the proof of Theorem 1.1.

Theorem 5.3. Recall the definition of ® given in (1.10). Then

(5.5) 2(=A)2h(p) + =0,

ot, in other words, ®,(p) = 0.

Proof. Let up(z) = uy, (2) + 1, (2) be the solution of (1.7) that satisfies Theorem 1.1,
(1), with uy,, defined in (5.4) for \,, € (—1,1). By Proposition 2.7 there holds

(5.6) 2/(Kn)y6“":cy—/(Kn)xeun(l—x2+y2) _ _4/ (hn)Teun/Qy’
D D oD
and, by Lemma 5.2,

Uy, _ Ux, .2 2
- 2 /D () e zy /D ()™ (1 — 22 4+ %)

= — et /2 o — .
==t [ (e 2y 0,11 = )
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Let us study first the term in the right hand side. Integrating by parts and substi-
tuting by the precise value of uy, we get

_4/ (hn)ren /2y = _4/ (hn = ha(p))-e">/y
oD oD

oD 2

(1 )2 n _ 2(1 = An)® + 2Xn(2 — 1)
=8(1—A%) qg% i ]%n /G]D)(hn hn(p))((l _ )\n)2 — 2\ (2 — 1))2-

Consider now the left hand side in (5.7). Again integrating by parts and using the
definition of u),, it can be seen that

2 / (K ey — / (Ko)oc™ (1 — 2 + )
D D

- /D (K — Kn(0)) (£ )a(1 — 2% 4 5?) — 2" )y — dze™)

(Kn — EKn(p)) (=M (1 = 2)* +9%) + (1 = \n)?2)
(G2(1 = Aa)? + G2 (Any)? + kin(x — An)? + kny?)s

= 161~ MR + ) [
D

Calling
o= i
o im (1 ay) [ B Ko (U =2 )+ 0=
D (P7(1 = A2)% + 97 (Any)? + k(2 — An)? + kny?)?
the identity (5.7) is equivalent to
(5.8) Iy = =2(1+ A\n)bn (95 + kn)* 1T, + 0n(1).

We aim to pass to the limit when n — oo in this expression, that corresponds to the
effect of concentration of the bubble at the point p.

Let e > 0 fixed. We assume 1 — \,, < ¢, and we compute the limit of ,, dividing
the integral in three regions: 9D\ B:(p), 0D N (B:(p) \ Bi-x, (p)) and DN By_»,, (p).
Indeed, if we denote

z(1—Ap)2 42\, (z — 1)
(1 =Xp)2 =2 (2 — 1))%’

fn(-% y) =

we write

I = / (s — Pin(9)) fr + / (o — n(P)) f
D\ B: (p) ODN(B: (p)\B1-x,, (P))

hn - hn n
+ /8 R CRLO)

=01+ Iy + Is.

Notice that in the region 0D \ Bc(p) the integral is no longer singular. Thus, for A,
sufficiently close to 1,

|(hey = B () ful < Cllll Lo (om) € LD\ Be(p)),
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where C' is a positive constant independent of n. By the Dominated Convergence

Theorem,
h(p) — h

On the other hand, due to the evenness of f,, with respect to the variable y, I> can
be written as

- /8 (= hal5) = () (P)9) o Xm0\, 0

| = |z2—1|?

and using the facts that h,, is uniformly bounded in C?(9D) and |z — 1 5 >

7(1_5‘")2 we get
ly[?Jz — |z =1z =1
|I‘<C/ XBS <C — < (e.
1’2 ®) opnB.(p) 12— 1/

Therefore,

ll)m IQ = O(E)

n o0
Likewise,

(1= )21 = A\p)?

|Is| < C
aDNB;_», (p) (1—=An)?

< C(l - )‘n)v
where we have used again the evenness of f,, with respect to y and that in this
region |1 — x| < C(1 — \,)? and |y|? < C(1 — \,)% Hence,
lim I3 = 0.
n—oo
We compute now the limit of /7,,. Naming
(“An((L = 2)? +3%) + (1 = An)’z)
(c@%(l = An)? + G2 (Any)? + Fin(x — An)? + l%nyz)

we split the integral as

I, = (1 - )‘n)/ (Kn - Kn(p))gn + (1 - )\n)/ (Kn - Kn(p))gn
D\BP(P) DQBP(P)
=1L+ 1.

We first consider the case of D \ B,(p). Observe that for 0 < p < 1 fixed and
z = (z,y) we have |z — 1| > ¢(p) > 0 for some constant dependent on p, and hence

c(p)
2

gn(z,y) =

Y

e —=Ap|=le—1=Xy+ 1> |x—=1]— |1 =Xy > c(p) — |1 = A\p| >
for A\, sufficiently close to 1. On the other hand,
(1—z)? > (= N2,
and thus, provided that ®(p)? + K(p) > 0, for A, close enough to 1 we have that
(1] < C(1 = M) 1K oo ()
with C' a positive constant indepedent of n. Thus

lim I =0.
n—00
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We finally estimate the term /1. Using that

Kn(z,y) = Kn(p) = (Kn)y(p)y = (Kn)s(p)(z — 1) + O]z — 1),

and the evenness of g, with respect to y we write the integral as

I, = (1— /\n)(Kn)x(p)/

DNB, (P)

w—lmm+u—Am/“ (2~ 112)g

Dme(p)
=: 11y + 1.

Making the change of variables
1_:6:'%(1_)‘n)7 y:ﬂ(l—)\n),

we obtain

+7%)) dy di
(1 — )2 + knf?)3
Assume first K (p) > 0. Notice that, since & > 0, (1 + A\, %) > 1+ A\272, and thus,
for A\, close enough to 1,

’ FE(1 = X\) — 1+ (32 +72)
(G2(1+ An)? + G2 (And))? + hin(1 — )% + knii?)?
28+ 9% +1)
(@(p)2 + 2(p)25 + K(p)j2)3’

F(F(1 = M) — 1+ Ap(32
115 = (K,)z -
21 = (B lp) /(R+XR)I’WB%(0) (P2(1 + \p)? +¢%( nd)? +k

X(Ry xR)mBl_gA (0)

that belongs to L(R x R). Otherwise, if K (p) < 0 there holds (for \,, close enough
to1)
(L4 An)® 4 kin(1 = 8)° = G + oo + F(OA] + hin) = 28(=And® + k)
> O, + b+ F (RN, + k),

since # > 0 and ®(p)? + K(p) > 0. Thus, there exists cg > 0, independent of \,,
such that

’ SZ’(N(l—)\)—1+)\ (j2+g2))
(P21 A2 + G2 ()2 + in(1— )2 + hong?)? P ©
2@ 4% +1)

1
< ¢o 1432+ ) € L' (Ry xR).
Passing to the limit in the integral we conclude
. T(Z2+ 9% — 1) dydz }
lim Ily = K. (p [/ — = pe
T =R Jo o @GP D7 + (@G + K + K)(1 - 727

= RER) Lo P

The above integral in the half-plane has been computed with the help of Mathe-
matica.
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Moreover,

Il <C(1 -\, /
il =l ) (R4 xR)NB 5 (0) |62(1 + Ani
<C(1_)\n)/ (@2 + 7% (2 (a:~2—|—y~)24;1)dydm
(R xB)NB_p_(0) (1+72+92)

n

=0 ((1—=Xy)log(1—\p)),

and therefore

(Z2 + 7)|2(1 = A\p) — 1+ Mo (82 + §7)| dij d
)2+ G2 (AnB)2 + k(1 — 3)% + k323

l;m I[QQ =0.
Passing to the limit in (5.8) we get
h(p) —h ™
o Tt 0() =— K. (p).
S 2730 + 00 = g e

Finally, making e — 0,

h(p)=h _ m
px | St = agy e

Taking into account the definition of (—A)'/? in S! (see, for instance, [19, Appen-
dix]), we obtain:

2(—A)2h(p) +

O

Remark 5.4. As we have seen, the point of concentration of a blow-up sequence is a critical
point of the function ®. This phenomenon has a nice interpretation. Consider the energy
functional associated to (1.5), that is, I : H'(D) — R,

1
I(u) :—/]Vu\2—2Ke“+/ 2u — 4he/?.
D 2 D

Let us evaluate the energy of the functions uy,, defined in (5.4), as A\, — 1. Because of the
concentration phenomena, we have

I(uy,) = I(uy,) + 0n(1),

where I is the limit functional related to constant curvatures
T L 1 2 u - u/2
I(u) :== |Vul* — 2K (p)e" + 2u — 4h(p)e"’~.
D 2 oD

Observe now that I (uy, ) is constant in \,,; so, for convenience, we may take A, = 0, that

is,
B 29(p)
uo(z) = 2log <<I><p>2 +K<p>rz2> '

Let us compute the terms

K(p)
sds

1 K(p)? /1 r3dr /<1>(p>2
~|Vuo|? = 8 2w =87
[ 3wl =852 | TR Il S e e

3(p)?"

e (o (14 520) ¢ s 1)
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_srlo 29(p)
/<9D2UO = sl 52+ K(p)

Moreover, we already know the value of the exponential terms, recall (3.3). Then,

Fu) = s (log(2/(p) + Q)W() 1)t (14 o P

(p)? + K(p p) + K(p)
2¢(p)* h(p) >
:—87T—|—47T<210 2/ + 1.
S G k) T R + KG)
. g 2
By definition % -1- % = 0 and hence

I(ug) = —87(1 +log(®(p)/2)).

6. APPENDIX

Proposition 6.1. Let 1 < ¢ < 2 and a,, € D with |ay| — 1 as n — +o0. There exists
C > 0, independent of n, such that

q
i) / Jan(2) = fa <|‘LZ|)
q
ii) / fan fan <H>‘ < C(l - ‘an’)>

where f,(2) == I“J:fz

Proof. By definition of f,(z),

< CO(1—|an|)?,

funl) — () _Jantz an|_ (A= lau)|an = lanlz
" " \lan| L+a,z  |an| |an] 1+ anz
1
<(C(1
( |an|)‘1+anz|>

for |a,| sufficiently close to 1. Thus,

q 1
(61) /D fan( ) fan (M) < C(l - ‘an‘)q/D“_’_anZ’qv

that is singular at zp = —= = Notice that |z9| > 1 and therefore zy ¢ D.

an \a |2

Since 1 < ¢ < 2 we inmedjiately obtain 7).

Let us estimate the integral on 9. Notice first that, if z € 9D, then
|14+ @nz| = [Z||1 + anz| = |2+ @n| = |2 + a,| = dist(z, —a,).

Thus, arguing as before we obtain

1
— q q
/au»'f“”(z) f“”(l nl>’ = cl=fmd /aD\Hanzlq

(6.2)
1
— (1 - |an|)Q/BD<ﬁs¢<z,w'

Notice that
dist(z, —a,,) > dist —a—n, —an | =1—|ay|.
|an|
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We split the integral in two regions,
S =D\ B <—a”> . S :=0DN B (—a"> .
|an| |an|
If z € 3 then there exists ¢ > 0, independent of n, such that dist(z, —a,) > ¢
Therefore

1

(63) 5, dist(z, —a,)?

< c %] <Y oD.

To analyze the region ¥y we divide the integral in subintervals in the following
form,

Qn
L1 = B(17|an|) ( ) N 227

_‘an’

(07% (479 .
Li =\ Bja-tau) | 1, 1) \Bu-n-laad (=7, 1) ) 1 B2 T =200,
|an| |an|

where J,, := [ﬁ}, and

~ an .
{Zj,Zj} = 8Bj(1—\an|) <—’an’> Ny, 7=1,...,J,—1.

Domain 5.

Notice that
|L;| = 2arcsin(l — |ay|) = 2(1 — |ay]),
and
dist(z, —a,) > 1 — |a,|, z € Ly,
dist(z, —ay) > dist(zj_1, —an) > (j — 1)(1 — |an|), z € Lj,
forall j =2,...,J,. Thus,

1 2|L| -
< <C(1- q
Ly dist(z, —an,)? ~ (1 —|ax|)? — ( lan|)

1 ¢ 1— .
= 1- n q, :2""7Jn-
/Lj dist(z, —an)? ~— (j — 1)q( lan|) J
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Summing up we get

JIn
1 1

————— < C(1—an )" [ 1+ —

5, dist(z, —ay)? (1= lan]) ]z_; (j— 1)1
(6.4) .

B X1 _

e R e i
]:
Replacing (6.3) and (6.4) in (6.2) we conclude the validity of ii). O

6.1. On the validity of assumption (1.8). We finally discuss some conditions un-
der which condition (1.8) of Theorem 1.1 holds. First of all, by the Gauss-Bonnet
formula (1.6), if K > 0, h > 0 (1.8) is trivially satisfied. In order to find other
conditions ensuring (1.6) let us recall two classical results:

1)

)

The isoperimetric inequality, in the following version (see for instance [41,
Theorem 4.3, page 1206]):

Let Q2 be a simply connected domain in a surface with Gaussian curvature
K. Denote by L the length of its boundary and by A its area. Then,

L222A<27r/K+>.
Q

Toponogov’s length bound: Let {2 be a simply connected domain in a sur-
face with h > 0, where h is the geodesic curvature of its boundary. Assume
that K > ko for some constant ky > 0. Then the length of 0f) satisfies the
inequality:

A comment is in order here. The result of Toponogov ([44]) applies to do-
mains on complete manifolds with Gaussian curvature bounded from be-
low. Hence an extension of 2 to a complete surface is needed, but this is
indeed possible (see [33]). However, a direct proof can be given, see Theo-
rem 4 of [29]. There the case ky = 1is treated, but a simple scaling argument
gives the result for any ky > 0.

We can now prove the following result:

Proposition 6.2. Let u be a solution of the problem:

(6.5)

—Au =2Ke" inD,
% + 2 = 2he"/? on OD,
1%

for some continuous functions K (z), h(x). Assume that for some § > 0O:

a) either K(z) > 0and h > 6,
b) or K > 6%and h > 0.
Then,
(6.6) /e“" —i—/ ewnl? < C,
D oD

where the constant C' depends only on é.
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Proof. Assume first a). By (1.6), we already know that

2
he'/? < o = e < 20
oD oD

In order to bound the area term, we apply the isoperimetric inequality to the metric
e"go:

(6.7) </BD6“/2>222/D€“ <27r—/DK+e“>.

Since K > 0 and making use of (1.6), 2r — [ K*e¥ = 21 — [, Ke" = [, he'/2.

Hence,
2 1
</ e“/2> 22(5/6“/ e“/2:>/eu§ e“/2§1.
oD D Jop D 26 Jom 62

Assume now b). In this case (1.6) implies that

/e“<27r.
p 02

In order to bound the boundary term, we apply Toponogov result to the metric

e"go:
/ e? < 21
oD -9
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