STATIONARY SETS AND ASYMPTOTIC BEHAVIOR OF THE MEAN
CURVATURE FLOW WITH FORCING IN THE PLANE
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ABSTRACT. We consider the flat flow solutions of the mean curvature equation with a forcing
term in the plane. We prove that for every constant forcing term the stationary sets are
given by a finite union of disks with equal radii and disjoint closures. On the other hand
for every bounded forcing term tangent disks are never stationary. Finally in the case of an
asymptotically constant forcing term we show that the only possible long time limit sets are
given by disjoint unions of disks with equal radii and possibly tangent.

1. INTRODUCTION

Mean curvature flow is one of the simplest and yet most interesting geometric evolution
equation. In order to deal with formation of singularities or rough initial data several notions
of generalized solutions have been proposed. Among them we mention Brakke’s solutions in
the varifold sense [7], level-set solutions in the viscosity sense [10], [15], De Giorgi’s minimal
barriers [12] and the flat flows solutions constructed by the minimizing movements method [2],
[21]. Each method has its own advantages and drawbacks. For instance Brakke’s theory fails
to provide unique solutions, but yields a satisfactory partial regularity theory, see also [19]. On
the contrary, the viscosity level-set method provides uniqueness and global existence, but it is
not so convenient as far as regularity is concerned. Indeed in this framework one may construct
singular solutions where the evolving hypersurfaces become sets with nonempty interior, the so
called fattening phenomenon. This phenomenon can occur even if the initial set is regular after
a positive time, see [5]. De Giorgi’s minimal barriers provide essentially the same solutions as
the level-set method, see [4]; within this approach the fattening phenomenon is related to the
fact that minimal and maximal solutions may be different, see [5]. Flat flow solutions are also
defined globally in time. They are always given by evolving boundaries of sets and may not
be unique whenever the level-set solution experiences the fattening phenomenon. However,
level-set solutions, De Giorgi’s minimal barriers and flat flows all coincide with the classical
solutions as long as the latter exist.

In this paper we focus on the flat flow approach for the mean curvature equation with a
time dependent forcing term in the plane, i.e.,

(1.1) Vi = —kg, + f(t) on 0FE,

with an arbitrary initial datum under the assumption that the forcing term f is uniformly
bounded, i.e.,
(1.2) sup |£(1)] < Co.

>0

Here kg, stands for the curvature of the boundary of E; with respect to the orientation given
by the outward normal. For the precise definition of flat flow see the beginning of Section 2.
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The existence of flat flow solutions for the equation (1.1) in any dimension and their re-
lations with the De Giorgi’ barriers and the level-set solutions has been investigated in [9].
In this paper we further elaborate on the properties of flat flows solutions in two dimensions
focusing on the following issues: how the flat flow selects a solution when the fattening phe-
nomenon occurs, the characterization of sets that are stationary when f is constant and the
long time behavior of solutions.

1.1. Flat flow as a selection principle. Here we consider a particular situation where the
initial set is given by two tangent disks of equal radii D,(z1) and D,(x2). It is well known
that in this example the level-set solution develops instantaneously a nonempty interior.
When f(t) = 1/r the minimal barrier solution of (1.1) is stationary, while the maximal
barrier solution becomes a connected set containing a ball centered at the origin with a
time dependent radius, see [5]. It is an interesting problem to look for a selection principle
among the possible admissible behaviors. One such principle can be obtained by adding to
the forcing term a small stochastic perturbation. This has been investigated in [14] where
the perturbation considered is of the form € dW, with W a standard Brownian motion. The
authors show that when e goes to zero the corresponding motion converges with probability
1/2 to the maximal barrier solution and with probability 1/2 to the minimal one. In this
paper we prove that any flat flow instantaneously connects the two tangent disks with a thin
neck and keeps enlarging the neck at least for a short time interval, thus showing that the
flat flow somehow picks the behavior of the maximal barrier solution. The precise statement
is as follows.

Theorem 1.1. Let Ey C R? be a union of two tangent disks Eg = D,(x1) U D,.(x2) and let
(Et)¢ be a flat flow of (1.1) starting from Ey and assume that (1.2) holds. There ezist § > 0,
n > 0 and ¢ > 0 such that for every t € (0,9) the set Ey contains a dumbbell shaped simply
connected set which in turn contains the disks Dy,(x1) and Dy, (x2) and a ball centered at the
origin of radius t. In particular for every t € (0,0)

|Ei \ Eo| > ct?.

This theorem is also relevant for the second issue we want to deal with, i.e., the charac-
terization of stationary sets, as it shows that the union of two equal tangent disks is not
stationary for the flat flow.

1.2. Characterization of stationary sets. When the forcing term f = ¢y equation (1.1)
can be regarded as the gradient flow of the following energy

(1.3) E(E) = P(E) — col B,

where P(F) stands for the perimeter of F and |E| for its Lebesgue measure. Therefore one
might think that Ej is stationary for the flow if and only if it is critical for the energy (1.3),
i.e., it satisfies kg, = cp on OFy in a weak sense. Indeed if Ej is stationary then it also critical,
while the converse is certainly true when FEj is smooth, i.e., is given by a union of finitely
many disks with equal radii and mutually disjoint closures (see [13] for a characterization of
critical sets in any dimension, even in the nonsmooth case). However, Theorem 1.1 shows
that the two notions do not coincide since the union of two tangent disks of equal radii is
critical as it has constant mean curvature in the weak sense, but not stationary. Here we
show that a set E is stationary for the flow (1.1) when f = ¢ if and only if it is a union of
disks with radius r = 1/¢g with positive distance to each other. More precisely we have the
following.
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Theorem 1.2. Assume Ey C R? is a bounded set of finite perimeter. Then Ey is stationary
(see Definition 3.1) for the flow (1.1) with f = ¢y if and only if there are points x1,...,xN
such that |x; — xj| > 2r for i # j, withr =1/co, and

N
E(] = U Dr(a:z)
=1

The fact that any stationary set is a union of disjoint disks follows from a sharp quantitative
version of the Alexandrov theorem in the plane, see Lemma 3.2, while the fact that the disks
must be at positive distance apart is a consequence of Theorem 1.1.

We remark that the same type of classification holds true in the framework of level-set
solutions, as recently shown in [16, Theorem 4.7]. The general n-dimensional case remains
open also for the viscosity solutions, see [17].

1.3. Long time behavior. We now address the long time behavior of the flat flow under
the assumption that the forcing term is asymptotically constant, namely that it satisfies

(1.4) /Ooo|f(s)—co\2d8<oo.

In the next theorem our goal is to characterize the possible limit sets and we show in
particular that the asymptotically stationary sets are given once again by a union of disjoint
disks, which however can be tangent. Precisely we show that either, up to a diverging sequence
t; of times, the area of E¢; blows up or the sets (E;); converge up to a translation in the
Hausdorff sense to a disjoint union of disks with equal radii.

Theorem 1.3. Assume Ey C R? is a bounded set of finite perimeter. Let (E;); be a flat flow
of (1.1) starting from Ey and assume (1.2) and (1.4) with ¢g > 0, and
sup | Ey| < 0.
>0
Then there exist N € N and x;(t) : (0, +00) — R%, withi =1,...,N and |x;(t)—x;(t)| > 2/co
for i # j, such that, setting Fy = Uff\;iDl/co (zi(t))
lim sup dpp,(z)=0.
t=00 ze B AR,

We stress here the fact that the initial set Ey in the above theorem is an arbitrary bounded
set of finite perimeter without further regularity assumption. It is plausible that in Theo-
rem 1.3 the convergence holds not just up to translation.

Previous results dealt with special classes of sets in any dimension such as convex or star-
shaped initial sets, see for instance [3] and [20]. We also mention [23] where the long-time
behavior of the discrete Euler implicit scheme for the volume preserving mean curvature flow is
addressed for any arbitrary bounded initial set with finite perimeter. The long time behavior
of the forced mean curvature flow in the context of viscosity level-set solutions was also
investigated in [17] and [16] where it is shown that under certain assumptions the solutions
converge to a stationary solution of the level-set equation. The problem of classifying the
latter is open in general.

We now show that it is indeed possible to obtain as a limit of the flow (1.1) a union of
essentially disjoint disks such that at least two of them are tangent. To this end we take G
to be the ellipse

G = {(z1,20) €R?: a’z? + 22 < 1} with a > 1
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FIGURE 1.1. The union of two ellipses converges to the union of two tangent disks.

and we show the following theorem.

Theorem 1.4. Let e; = (1,0) and G as above. Denote by p = ﬁ the radius such that
|D,| = |G|. The volume preserving mean curvature flow (E;):, starting from

Ey = (G — pe1) U (G + per),

is well defined in the classical sense for allt > 0 and converges exponentially fast to the union
of two tangent disks
Ey — (D, — pe1) U (D, + pey).

Note that Theorem 1.4 shows that a flat flow of (1.1) may converge to tangent disks.
Indeed the classical solution of the flow in Theorem 1.4 is well defined and smooth for all
times and we may write it in the form (1.1) with f(t) = f, 5, kp, and the flat flow agrees with
it. Moreover, by the exponential convergence we have that f(t) satisfies (1.4).

We note that in Theorem 1.4 the flow (E}); remains smooth and diffeomorphic to a union
of two disks. Only the limit set is non-smooth.

2. NOTATION AND PRELIMINARY RESULTS

Since the results of this section hold in any dimension we state them in full generality and
we will go back to the planar case in the next sections.
Given a set A C R"™ the distance function d4 : R™ — [0, 00) is defined as usual

da(e) = inf 2~y

and we denote the signed distance function by d4 : R” — R,

CZ ( ) *an\A(SC), for x e A
x) =
A da(z), for x € R™\ A.

Then clearly it holds dps = |da|.

For a set of finite perimeter E C R™ we denote its perimeter by P(E) and recall that for
regular enough set it holds P(E) = H""1(OF) [1, 22]. For a measurable set |E| denotes its
Lebesgue measure. We denote by Hg the sum of the principal curvatures of E, while in the
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planar case we write k. We denote the disk with radius r centered at = by D,(z) and in the
higher dimensional case we write B, (z) instead.

We consider solutions of (1.1) constructed via the minimizing movement scheme. We fix a
small time step A > 0 and a bounded set of finite perimeter Ey C R”, which is our initial set
E™0 = Ey. We obtain a sequence of set (Eh’k)zoz1 by iterative minimizing procedure, where
EME+L s a minimizer of the functional Fy(E; E"*) defined as

(2.1) Fr(E; EMFY = P(E) + l/ dgni dx — f(kh)|E|,
hJg

where dgn is the signed distance defined above and f(kh) = k(;fﬂ)h f(s)ds. We define the
approximate flat flow (E!)¢~o by

(2.2) El=EM for (k—1)h <t <kh

and we set f(t) = f(kh) for (k — 1)h < t < kh. Any cluster point of E}' as h goes to zero is
called a flat flow for the equation (1.1).

We warn the reader that in the above definition it is understood that we identify E™* with
its set of its points of density 1 so that there is no ambiguity in the definition of dgn.x.

Recall that if Fy and f are smooth then any flat flow coincide with the classical solution
of (1.1) as long as the latter remains smooth, see [9].

In general, the problem (2.1) does not admit a unique minimizer and thus there is no
unique way to define the approximate flat flow (E!)¢~0. Also the flat flow may not be unique
when fattening occurs. However, as we mentioned in the introduction, in the case when the
initial set and the forcing term are smooth, the flat flow is unique for a short time interval
and agrees with the classical solution.

Even if there is no uniqueness, the approximate flat flow satisfies the following weak com-
parison principle, see for instance the proof of Lemma 6.2 in [8].

Proposition 2.1. Assume f1, fo: [0,00) = R satisfy (1.2). Let Ey, Fy be two bounded sets of
finite perimeter and let (E]'); be an approzimate flat flow with forcing term f1 starting from
Eo and (E}); an approzimate flat flow with forcing term fo starting from Fy.

(i) If Fy C Eg and fi > fa, then for every t > 0 it holds F' C E}.

(ii) If B C R™\ Fy and —fz > f1, then for every t > 0 it holds E! C R™\ F}.

We need preliminary results on the structure of the approximate flat flow constructed via
(2.1). We note that if EM¥*! is a minimizer of Fj(-, E™*) then it is a A-minimizer of the
perimeter, see for instance [24], with A < C/h, see [22] for the definition of A-minimizer.
Then it follows that OE™*+1 is C1%regular for all & € (0,1) up to a singular set ¥ with
Hausdorff dimension at most n — 8, see [22]. Then the Euler-Lagrange equation

(2.3) db;:”“  Hpoinr + f(kR)  on OEMI\ X,

which holds in the weak sense, implies that OE™F1\ 3 is C?“regular and satisfies (2.3) in
the classical sense.

Lemma 2.2. Assume that (E™*);, is a sequence obtained via minimizing movements (2.1)
starting from a bounded set of finite perimeter Eg and assume that the forcing term satisfies
(1.2). Then there is a constant Cy such that for every k =0,1,2,...

sup dopni(z) < C1Vh.

w€Ehk+IARRK
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Moreover, there are constants Co > 1 and c1 > 0 such that for every k =1,2,3,... it holds
1 _
|EMEHLAEME| < Oy (lP(Eh’k) + - / \d g (z)| dx)
l Eh.k+1 A Fhk

for any 0 < 1 < c1Vh.

Proof. The first claim follows from the argument of the proof of [24, Proposition 3.2] and thus
we omit it. The second claim follows from an argument similar to [24, Proposition 3.4] and
we only sketch it. We write
|EMRLAEMR) = |{z € EMFHLAEME - dgne(z)| > 1} + |[{z € EMFTYAEMR  dgns (x)] < 1}
We estimate the first term as
_ 1 _
iz € EMHAEM | dp (2)] > 1}] < = / e (2)] da
U Jghk+1 Aphk
For the second term we use Vitali covering theorem to choose a finite family of disjoint
balls (By(z;))X.,, with z; € OE™F, such that
{$ e R": |JEhk (Jl‘)| < l} C U’f\ilBE)l(xi)'
Since E™F is a minimizer of Fj(E; EM*~1), we have the density estimates [24, Corollary 3.3].
Thus by the relative isoperimetric inequality we have for every : =1,..., N
|Bi(2;)] < C(H" YOE"* N By(;))"1 < CLH" Y OE"* N By(x;)).

Therefore

N N
{a € EMHAEMY - Jdgn ()] < 1} < [Bsi(wi)| < 5™ |By(wi)]
1=1 =1

N
< CLY H'"'OE"* N By(x;)) < CIP(E™*).
i=1
]

In the next proposition we list useful properties of the flow in the case when the forcing
term satisfies only (1.2).

Proposition 2.3. Let (Ef)t be an approzimate flat flow starting from a bounded set of finite
perimeter Ey and assume that the forcing term satisfies (1.2). Then the following hold:

(i) For every T > 0 there is Ry > 0 such that E' C Bg, for everyt <T.
(ii) There is Cs, depending only on Ey and f, such that for every T > 0 it holds

P(E}) < G571

for h sufficiently small.

(iii) For every h < s <t < T witht —s > h and h sufficiently small, it holds |E}PAE"| <
Cr+/t — s, where the constant Cr depends on T.

(iv) There exists a subsequence (hy); converging to zero such that (Eth’)t converges to a flat
flow (Ey); in L' in space and locally uniformly in time, i.e., for every T

sup \EthlAEt|—>0 as h; — 0.
hy<t<T
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Proof. The claim (i) follows by applying Proposition 2.1 to E} and F}, where the latter is
approximate flat flow starting from Bpg, such that Fy C Bg, and with constant forcing term
f2 = sup, f(t) + 1. Then E}}) C F}. Tt is easy to check that the sets (F}*);<r are balls whose
radii satisfy r(t) < C(1+7T) for ¢t <T.
Let us prove (ii). By the minimality of EM**1 we have Fj,(E*+1; EME) < Fr(EME; BIWF)
which implies
1 - - 1 - _
P(ERFLY 4 = / dgni de — f(kh)|EMFY < P(EMF) + = / dgn dz — f(kh)|E™E|.
h Jghk+1 h Jghk
We write this as

1

(24) -
h Eh.k+1 A Ehk

(A | di + PE"H) < P(EM) 4 F(kh)(IE"41| — |E")).

Then we use the

By (1.2) we simply estimate f(kh)(|E™*+1| — |EMF|) < Co| EMFHIAERE],
second statement in Lemma 2.2 with [ = Ch, where C is a large constant to deduce
1 _
|EMRLAEMR ) < Ch P(EMF) + —— / \dgn.r| da.
2Coh | ghkt1 Aphak
Therefore we deduce from these two inequalities and from (2.4) that
1
2h Eh.kE+1 A EhKk

By iterating the inequality P(E™**1) < (14 C h)P(E"*) we get

(2.5) |dgn.r| dz + P(EMF1) < (1 + C h)P(EMY).

k—1)h
P(EM") < (1+Ch)*'P(EM) = ((1 +C h)l/h)( " p(Ehty < - p(gnt),
Finally we use (2.4) for k = 0 and have
(2.6) P(E"™) < P(Eo) + f(h)(|E"] - |Eol).

By (i) we may estimate |E™!| < |Bag| for h sufficiently small, where we recall that Bg is the
ball containing Ey. Therefore P(E"') < P(Ep) + C and we obtain the claim (ii)

The claim (iii) follows from argument similar to [24, Proposition 3.5] so we only point out
the main differences. Let k, m be such that s € (kh, (k+1)h] and t € ((k+m)h, (k+m+1)h].
Note that mh < 2(t — s). We may estimate the quantity |EfAE"| by applying the second
statement of Lemma 2.2 with [ = ¢;=——, (2.5) and the part (ii) to get

2v/t—s’
’EthAEg‘ S Z |Eh,k+i+1AEh,k+i’

i=1

“ h . Vit—s -
<N ¢ P(EMkE+ / dghrri(z)] d
B Zz; (\/t — 8 ( )+ h FEhk+it1l A Fhok+i e (@)] d

m h ) A A
< C P Eh,k-‘rz T — 1 Ch)P Eh,k-‘rl _p Eh,k-i—z-‘rl >
320 (P 4 VIS CRPE) — Pt
< OVt — s sup P(E) 4+ vt — sP(E"M* Y < Cpv/t — s.

t<T

Similarly (iv) follows from the proof of [24, Theorem 2.2]. O
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When in addition we assume that the forcing term satisfies (1.4) we obtain estimates which
are more uniform with respect to time. To this aim we define the following quantity which
plays the role of the energy

(2.7) E(E) := P(E) — «|E|,
where ¢ is the constant appearing in (1.4).
Proposition 2.4. Let (E!); be an approzimate flat flow starting from a bounded set of fi-

nite perimeter Ey and assume that the forcing term satisfies (1.2) and (1.4). Then, if h is
sufficiently small, the following hold:

(i) For every e > 0 there is T such that for every T. < Ty < Ty, with Ty > Ty + h, we
have the following dissipation inequality

T )
c / / (Hyp — F(t — h)2dH"\dt + E(EL) < E(Eb ) +e  sup  P(ED).
T JOE! ¢ Ty —h<t<T»

(ii) If supysq | ElY| < 0o, then sup;sq P(E}') < cc.
(iii) If sup;>q |El| < oo, there exists a constant Cy such that |[EPAE? < Cy/t— s for
every h < s <t witht—s > h.

Proof. To prove (i) we begin with (2.4). This time we estimate the last term in (2.4) as
FORR)(IEM*HH] — [ EME]) < e[ BMY — [EMF)) + | f(kh) — col [EMTTAEM.

We use the second estimate in Lemma 2.2 with [ = C | f(kh) —co|h, where C is a large constant
and h is sufficiently small, to deduce

_ _ 1 _
|f(kh) — co| |[EMMHLAEMR| < C|f(kh) — co®h P(EMF) + —/ |d gk | d.
2h | ghok+1 A phok

Therefore we have by (2.4) that

1

2h [ phksr p s |dgn| dw + E(EMY) < E(E"F) + C|f(kh) — co|*h P(E™F),

where £ is defined in (2.7).
Let us fix € > 0. Since we assume (1.4), there exists 7. such that

(2.8) / T — o) di <

where C' is a constant to be chosen later. Let T > T} > T, and let j,m be such that
Ti € (jh,(j+1)h] and T € ((j +m)h, (j +m+ 1)h]. We iterate the previous inequality from
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k=j—1tok=j+m—1 and obtain
j+m

d dx + E(E
Zzh/Ehk+1AEhk’ Ehk‘ v+ & TZ)

Ts
s&%mw( sup P(Ef)) ( / f(t)—cOth)

T1—h<t<T» Ti—h

<EE ) 4O ( sup P(Ef)) ( [ is- co|2dt)
T —h<t<T» e

< e ) e ( p P(Em) ,
T —h<t<Ty

(2.9)

where the last inequality follows from (2.8).
Arguing as in the proof of [24, Lemma 3.6], we deduce that there is a constant ¢ > 0,
depending only on the dimension, such that

— 2 —
ch/ (dEh,k> AL < / M der.
OEhk+1 h Ehktiaghk D

Therefore by the Euler-Lagrange equation (2.3) we have

]+m j+m J - 2
dpnr|dz > h E22 ) aun !
Z /Eh k+1A Fh.k | Eh k| v ¢ Z /BE'h*k"H < h > H

Jjtm

—c Z h/ (Hpnier — F(kh))> dH™?

aEh k+1

2
> c/ / Hyy = [(t=h)) an"dt.
OB}
Thus we have the claim (i) by (2.9).

To show (ii) we fix 0 < ¢ < 1/2, T > T, and apply the part (i) with 73 = 7. + h and
T +h<T5,=t<T to deduce

E(Ef) < S(Ei) +e sup P(Eg)
T-<s<T

We recall that £(E) = P(E) — ¢p|E| and that we assume sup,~ |Ef| < oo. Therefore from
the above inequality, recalling that P(EJ) < C. for all t < T. + 1 by Proposition 2.3 (ii), we
get
P(EM < C. + ¢ Sup|Et |+e sup P(EY)
T-<s<T
for every T. <t <T. Thus, since ¢ < 1/2 we deduce that
sup P(E}") < 2(C: + cosup|E}|).
T.<t<T >0
The claim (ii) follows from the fact that T was arbitrary.
Finally the proof of (iii) follows from the proof of Proposition 2.3 (iii), noticing that now

the constant Cp is in fact independent on 1" thanks to the bound on the perimeters provided
by (ii). O
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Remark 2.5. If (E}');, Ey and f are as in Proposition 2.4, and if we assume

sup \Eth] <C,
>0

then Proposition (i) and (ii) imply that the energy £(EJ') is asymptotically almost decreasing.
More precisely, for every € > 0 there is T, such that for ¢t > s > T; it holds

(2.10) E(EM < E(EM) + Ce,
with T, and C independent of h. This inequality implies in particular that there exists
. h

Moreover, from the proof of Proposition 2.4 we have also that if h is sufficiently small and
supg<i<r |Ef| < C for some T > 0, then there exists a constant C, independent of h, such
that supy.,cp P(EM) < C.

3. STATIONARY SETS AND PROOF OF THEOREM 1.1

In this section we go back to the two dimensional setting. We study critical sets of the
isoperimetric problem and stationary sets for the flow (1.1). A set of finite perimeter E is
critical for the isoperimetric problem if its distributional mean curvature is constant.

We define stationary sets for the equation (1.1) as follows.

Definition 3.1. Assume that the forcing term f in (1.1) is constant, i.e., f = co. A set of
finite perimeter Ey is stationary if for any flat flow (FE}); starting from Ey it holds

sup |EtAEy| =0
0<t<T

for every T > 0.

We begin by proving the sharp quantitative version of the Alexandrov’s theorem in the
plane.

Lemma 3.2. Let M > 0 and let E C R? be C%-reqular with P(E) < M. There ezist a

constant Cpy and points x1,x2,...,xN, with |v; — zj| > 2, such that for F = UN. Dy (x;) it
holds
(3.1) sup dor(z) < Cumlke — 1 om)
c€EAF
and
(3.2 IP(E) — 22N| < Cullks — Ul o)

Moreover, there exists o > 0 such that if kg — 1| 2(9) < €0 then E is C*-diffeomorphic to
the disjoint union of N disks.

Proof. Assume that ||kg —1|119m) > €0 for a small g to be chosen later. Since ||kg| 119m) <
00, F has finitely many connected components E;, i = 1,...,N. If P(E) > 27N, then
|P(E) — 2w N| < M, hence (3.2) follows with a sufficiently large constant. Otherwise, using
Gauss-Bonnet theorem,

N
2N — P(E) < Z/aE (gl — 1) dH < |lkg — 1|1 0m).
=1 i
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hence (3.2) follows with Cjy = 1. Since P(E;) < M for every i, there exist points z;
such that E; C Dy(z;). Therefore sup,cp,ap, (z;) @00, (2;) (%) is smaller than M. Hence
sup,ecpar dor(z) < M and (3.1) holds with a sufficiently large constant.

Assume now that ||kg — 1| 119p) < €0 for a small 9. Let us fix a component E; of £ and
denote [ = P(E;). Let us first prove that there is x; such that

(3.3) sup  dpp,(2)(®) < Cllkp — 1[119E) and |l =27 < ||kp — 1|11 (0E,)-
CEEEADl(.Z‘i)

It is not difficult to see that the claim follows from (3.3).
We claim first that F; is simply connected. Indeed, let I'g be the outer component of 0F;
for which it holds fFo kg dH' = 27. Then it follows from ||k — Uz1amy < €o that

21 — HY(Tg) = /

(kg —1)dH! < / kg — 1) dH* < &p.
To OF

This yields P(E;) > H'(T) > 27 — 9. Then
/ kpdH!' = / (kg —1)dH' + P(E;) > P(E;) — / kg — 1| dH' > 21 — 2¢0.
OE; OE; [2) )

Therefore when ¢p < 7 we conclude that [, OF; kg dH' is positive. Since F; is connected, this
implies that it is simply connected.

Since the boundary 0F; is connected we may parametrize it by unit speed curve ~ : [0, 1] —
R2, ~(s) = (z(s),y(s)) with counterclockwise orientation. Define 6(s) := [ kg(y(7)) dr so
that 0(0) = 0 and 6(I) = 2w. Then

(3.4) 10(s) = s| < |[kg — 1|1 (o8, for all s € [0,1].
In particular, for s =1 (3.4) implies
6(1) =1 = 27 = < |[kp = 1|21 08,)

which is the second inequality in (3.3).
By possibly rotating the set E we have

2'(s) = —sinf(s) and y'(s) = cosO(s).
In particular, (3.4) implies
|2'(s) +sins| < kg = 1lpiom)  and  [y(s) —coss| < [[kp — 11 (o))
for all s € [0,1]. Therefore there are numbers a and b such that
(3.5) J2(s) — a — coss| < Cllkw — Ulpomy  and  |y(s) —b—sins| < Cllks — 1l o
for all s € [0,1]. Therefore we obtain from |l — 27| < ||[kg — 1|11 (9p) that
|2(s)—a—cos(2ms/l)| < Cllkp—1ll 1 op,)  and  |y(s)—b—sin(27s/l)| < Cllke—1L10E,),

which gives the first inequality in (3.3) for z; = (a,b).

Note that from (3.5) it follows that if [|kg — 1|29 is small, then «(s) is close in Che(0,1)
to the parametrization (a + cos(27s/l),b + sin(27s/l)) of D1 (z;). Hence E; is C1*-close to
D1 (mz)

(|

The following lemma is based on a comparison argument.
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Lemma 3.3. Assume Eq C R? is C?-regular set with P(Eq) < M and let (EF); be the
approzimate flat flow starting from Ey. If Ey is close to a disjoint union of N disks with
radius one, i.e., there exist F = UN | Dy(x;), with |x; — x;] > 2 for i # j, such that

sup dpr(r) <6,
T€EMAF

then for 6 > 0 small enough it holds

sup  dpp(x) < 564/ for all t € (0,V3)
TE€EEMAF

for all h > 0 small.
Proof. Let F' be the union of disks as in the assumption and define
F_:={z€F:dp\p(x) >/} and F,:={zecR?:dp(z)< Vo)

Then clearly F'. C F' C F and by the assumption sup,¢ g, ar dor(z) < 0 it holds F.. C Eg C
F..
Let (F/'); be the approximate flat flow with the constant forcing term f = —A, where
A := Co+1, with Cp as in (1.2), starting from F_. Then by Proposition 2.1 it holds F}* ¢ E}
for all t > 0. Note that F_ is a union of disks with radius R = 1 — 6'/# and with positive
distance to each other. It is easy to see that (F}'); is decreasing, i.e., F* C F! for t > s and
therefore it is enough to study the evolution of a one single disk Dg, because the flow (Fth)t
is the union of them. If now (F}') is the approximate flat flow starting from Dy with the

forcing term f = —A then it is not difficult to see that for t € (kh, (k + 1)h] the set F}" is a
concentric disk with radius 741 and by the Euler-Lagrange equation (2.3) it holds

Tht1 — Tk 1 A

h Tk+1
Therefore, it holds
Thyl — Tk = —(A + 2)h.
for all £k = 0,1,2,... for which rg41; > 1/2. By adding this over £k = 0,1,..., K with
\/S/h <K< 2\/3/]1 and recalling that ro = R=1— 514 we obtain

rg > 10— 2VE(A +2) > 1 — 2614,

when § is small. This implies sup,cp .\ i» doDy (z) < 26%* for t € (0,4/9) and thus by the
previous discussion

sup dgp(x) < 2014 for ¢ € (0,V9).

zEF\F}
Since F}' C El' we have
(3.6) sup  dgp(x) < 2014 for ¢ € (0,V9).
zEF\E}
We need yet to show that
(3.7) sup dgp(x) <504 for t € (0,V0).
TEEMF

Denote I' = {z € R\ F : dyp(z) = 56"/*}. Fix # € ' and denote the disk D,(z) with
r =464 Then by Ey C Fy and D,(z) C R?\ Fy we have Ey C R?\ D,(z) if § is sufficiently
small. Let (G}'); be the approximate flat flow starting from D,.(z) with the constant forcing
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term f = —A. Arguing as above we deduce that for t € (kh, (k + 1)h] the set G} is disk with
radius rg41, i.e., G = Dy, (z) and

L2 ey NS B S
h Tk+1 N

for k=0,1,... for which rg 1 > 61/4. By adding this over k = 0,1, ..., K with \/g/h <K<
2v/0/h and recalling that 7o = 7 = 4 §'/4 we obtain

r >0 —2V8(07 A+ A) > 4614 — 3514 = 64,

when ¢ is small. In other words Dsia(x) C GP for all t € (0,v/6). Since Ey C R?\ D,(x)
Proposition 2.1 yields
El C R*\ G C R?\ Dj/a(x)

for all 0 < t < /4. By repeating the same argument for all z € I" we conclude that the flow
E! does not intersect T for any t € (0,+/). This implies (3.7). O

In the next lemma we show that if Fj is stationary then necessarily it is a disjoint union
of disks, i.e., a critical set of the isoperimetric problem.

Lemma 3.4. Assume Ey C R? is a bounded set of finite perimeter. If Eq is stationary
according to Definition 3.1 then it is a disjoint union of disks with equal radis.

Proof. Let us fix T > 1 and € > 0 and let (E!'); be an approximate flat flow starting from
Ey. Then for any d > 0 it holds by Definition 3.1 and by Proposition 2.3 that

(3.8) sup |EMAEy| <6
h<t<T

for small h. Now the forcing term satisfies trivially the assumption (1.4) and therefore the
left hand side of (2.8) is always zero. Then from the proof of Proposition 2.4 (i) we get that
for every h sufficiently small

T
c/ / (kpn — co)? dH dt + E(ER) < E(ED).
on Joph 7

Recall that £(F) = P(E) — co|E|. By (3.8) it holds |[ERAER < 26 < . Therefore we have

T
c/ / (kgn — co)? dHdt + P(ER) < P(El) + e
on JOEPM !

Finally by (2.6) and (3.8) we obtain
P(E},) < P(Eo) + co(|B}| - |Eol) < P(Ep) + cod < P(Ep) +e.
Hence,

T
c/ / (kgn — co)>dH dt + P(ER) < P(Ep) + 2¢.
on JOEP !

By (3.8) it holds ]E{,EAEO\ < §. Therefore by the lower semicontinuity of the perimeter it
holds P(Ey) < P(ER) + ¢ when § and h are small. Therefore we have

T
c/ / (kgn — co)* dH dt < 3e.
on Jogh 7
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By the mean value theorem there is ¢ < T such that
[kgp — colle < CVe.

Since by Proposition 2.4 sup,so P(E}') < M for some M independent of h, from the previous
inequality and from Lemma 3.2 it follows that there are points x1, ...,z N, with |z; —2;| > 2r,
where 7 = L such that for the set F' = UY, D, (z;) it holds

co’
sup dop(x) < CVE.
T€EEMAF

Thus by (3.8) it holds
|EgAF| < C/e.

Note that the points x; might depend on ¢ and on h but the radius r and the number of disks
N does not. Therefore we conclude that the set Ey is arbitrarily close to a union of essentially
disjoint disks. This implies that the set Ejy itself is a union of essentially disjoint disks with
radii r = % ]
Proof of Theorem 1.1. Without loss of generality we may assume that

Ey = Dl(—el) U Dl(el)

where e; = (1,0). Let us now fix a small » > 0 and consider the minimization problem (2.1)
which gives a sequence of sets (E"*)%° | and thus an approximate flat flow (E]');.
Let us fix g > 0. Then for § small enough we have by Lemma 3.3 that for k < % it holds

(3.9) (D1-co(—€1) UD1_co(e1)) C EM* € (Di1yey(—€1) U Digey(er)),

when A is small. Moreover, by Lemma 2.2 it holds

(D1_cr(=e) UD, ¢, yilen) € B

Let us improve the above estimate and show that the set E™! contains a large simply
connected set. To be more precise, we denote the rectangle RZ = (—2C1Vh,201Vh) x

(—nh1/4, nh1/4) and prove that for 7 > 0 small, independent of h, it holds
(3.10) (Dl_cl\/ﬁ(—el) U Dl_Cl\/ﬁ(el)) UR: C EM,

We argue by contradiction assuming that dE™! N (—=2C1v/h,2C1Vh) x (—nh'/4, nht/*) is
non-empty. We denote the rectangle Ri}’»bn = (=2C1vVh,2C1Vh) x (=3nh'/*,3nh/*) and define
M — gh U RY,

By the contradiction assumption the length of the curve E™! N Rg‘n is greater than 2nh!/4.
We have then the following estimate

(3.11) P(EMYY < P(EPYY — nht/4,
when h is small. We also have

(i) [IE"] — | EM| < |RY,| = 24Canhs

(ii) |dg,(z)| < 10n*Vh for all x € Ré}n \ Ep.
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It follows from (i), (ii) and sup, |f(¢)| < Cp that

1 _ _ -
3 L ey da s F)IEM
Eh1
1 - . 1 _ N
< E/ dg, dz + f(h)|E™| + E/ dg, dz + Co||E™| — |E™||
Eh:1 R \Eo
1 _ _
<! / dgy do + F(h)| B + CnPh!/t
h Eh,1

when h is small. Therefore using (3.11) and the above inequality we may estimate
F(EM'; Eo) < F(E"'; Bo) —nh'/* + Cpn/* < F(E™; Ey)
when 7 > 0 is small enough. This contradicts the minimality of E™! and we obtain (3.10).

We continue by constructing a barrier set G}, (see Figure 3.1) and prove that Gj, ¢ E™*
for every k < ¢/h. For h > 0 we define ¢y, : (—3g¢,3g9) — R as

on(s) =3e0 — /923 — s2+h

G‘Ph = {(ml,xg) eR?: x1 € (—3¢e0,3¢0), |x2] < (ph(w1)},

and define the set

which is 'the neck’. We define the barrier set as
Gh = (D1-2¢(—€1) U D125 (€1)) U Gy,

The barrier set GG, is open and connected and we have the estimate on the curvature at the
neck

~ — 1

(3.12) for every x € OGh \ (Di1—2:0(—e1) U Di_ag,(€1)) it holds kg,(x) = ~3
0

Moreover, we notice that when h is small then by (3.10) it holds

Gy, C Eh’l
In fact, (3.10) implies that
: 1/4
(3.13) RQl\Ith dg,(z) > ch

for small ¢ > 0.
Let us define

Pk = R2i\rgh,k da, (z)

for k=1,2,... and pg := 0. We claim that for every k < % it holds

€0
(3.14) Pk+1—pr =2k or  pryr > >
when h is small.

We prove (3.14) by induction and notice that for & = 0 the inequality (3.14) is already
proven since (3.13) implies p; > ch!/%. Let us assume that (3.14) holds for k — 1 and prove
it for k. Let us assume that pr,1 < 5. The induction assumption and p; > ch'/* yields
Pk > ch4. On the other hand by Lemma 2.2 it holds supgn.k+1aghkt gk < C1vh and
therefore pg+1 > 0.
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Z2

OBk

G,

x

FIGURE 3.1. The boundary of E"F lies outside of the barrier set Gy,

Let zpy1 € OEM*1 and ypy1 € OG), be such that |Tgy1 — yry1| = min,cypni1 da, () =
Pr+1- By (3.9) it holds 241 & D1_¢o(—e1) U D1_¢,(e1) and therefore by pi1 < % we have

Yk+1 € OGE \ (D1-22(—€1) U Dijac,(€1)).
Then (3.12) yields

1
k = ——.
Gh (yk+1) 350
Since x4 is a point of minimal distance kgni+1(zpy1) < kg, (Yr+1) = ——3}: . By taking ¢

smaller, if needed, we have by the Euler-Lagrange equation (2.3) and by sup,.q |f(t)| < Co
that

dpnk(Th+1)
h
The inequality (3.15) and Gj, C E™* imply that z31 ¢ E™* and y;,1 € E™*. Thus there
is a point zpy; on the segment [Tyi1,yrr1] such that zz, € OE™*. Since ypy1 € 0G) it
holds |zx+1 — Yrt1| > pr and by (3.15) we have |z 1 — 2zry1| > dgni(2ry1) > 2h. Therefore
because zp41 is on the segment [rx41, yx+1] we have

= 1
(3.15) = —kgni1 (Tp1) + f(kh) > 3o Co > 2.
0

Pkt = |Thr1 — Ykt1l = [Thr1 — 2eg1| + (2041 — Ykl = 20+ pp.
Thus we have (3.14).
Let us conclude the proof. By adding (3.14) together for k = 0,1,2,..., K with K <{d/h
we deduce that for 6 small it holds

(3.16) inf dg,(x) >t for all ¢ € (h,d].
R2\E}

In particular G, C EJ’. Let h; — 0 be any sequence such that SUpp, <1< |E£”AEt] — 0, see
Proposition 2.3. By (3.16) we get

Ri;%fEt dg,(x) >t  forall t e (0,d].
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This inequality implies, in particular, that F; contains a ball centered at the origin with radius
t for all ¢t € (0,9) and that

|Ey\ Eo| > ct®.
This is the second statement of Theorem 1.1. The inequality (3.16) implies that
{x €R?:dg, (x) <ty C El  forall t € (h,d).
Passing to the limit as above, along the subsequence h;, we deduce
{z eR?:dg,(z) <t} C E;  forall t€(0,d].

The first claim follows from the fact that {x € R? : dg,(x) < t} is open and simply connected.
(|

We conclude this section by explaining how Corollary 1.2 follows from Theorem 1.1.

Proof of Theorem 1.2. First, it is easy to see that if Ej is a union of disks with equal radius
and with positive distance to each other, then Ej is stationary according to the Definition 3.1.
If Ey is stationary then by Lemma 3.4 it is critical, i.e., finite union of essentially disjoint
disks D, (z;), with r =1/cp and i = 1,..., N. We need to show if i # j then |z; — z;| > 2/cy.
If by contradiction there are two tangential disks, say D,(z1) and D,(x3), then we define
Fy = Dy (x1) U D, (x2). Let (E;); be a flat flow starting from Ey and let h; — 0 be a sequence
such that ]Eg”AEt| — 0 and \FthlAFt| — 0, where (F}); is a flat flow starting from Fy with
forcing term g = ¢y — . Then by Proposition 2.1 Fthl C Eth b for all ¢ > 0 and h;, hence
F; C E;. By Theorem 1.1 we have that there exist J,c > 0 such that for all ¢ € (0, 6)

|Fy \ Fo| > ct.

This implies
|E; \ Eo| > ct?

and therefore Ej is not stationary. O

4. PROOFS OF THEOREM 1.3 AND THEOREM 1.4

Proof of Theorem 1.3. First, by scaling we may assume that ¢y = 1 in the assumption
(1.4).

Let (E,fl) be an approximate flat flow which converges, up to a subsequence, to (E;);. We
simplify the notation and denote the converging subsequence again by h. From the assumption
Supsso | Et| = M and from Proposition 2.3 (iv) it follows that for every T' > 0 there is hy such
that up to subsequence of h it holds

sup |EPM| <2M for all 0 < h < hyp.
0<t<T
Then Remark 2.5 yields that there exists a constant C' independent of h and T such that for
O0<h<hr
sup P(EM) <C.
0<t<T

The dissipation inequality in Proposition 2.4 and the above volume and perimeter bounds

imply

T
/ / (kgn — f(t —h))*dH'dt < C
To JoEr 7
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for some Ty > 0 for every 7' > Tj. Then the assumption (1.4) (recall that ¢y = 1) yields

T
/ / (kgn —1)2dH'dt < C.
To Jogr Tt

for some Ty large and for every T" > Ty and 0 < h < hp. In particular, if we denote
I =[(j —1)%,4% for j =1,2,...,k < VT then it holds

/ / (kgn —1)? dH'dt < C
1; Jogr

for j large. Let us fix a small € > 0. From the previous inequality we obtain that there exists
je such that, if j. < j < /T and 0 < h < hp there exists T}, ; such that

<e

(G-1)2<Th; <%  and HkE% —1‘
h,3

L2, )

We deduce by Lemma 3.2 that the set E%h ; is close to a disjoint union of Ny, ; disks of radius

one. Since the measures of E%h , are uniformly bounded, we conclude that there is Ny such
that IV, ; < Ny. Moreover, we have by Lemma 3.2 that

(4.1) ‘P(E%h,j) - QWNh’j‘ + HE%LJ‘ o ﬂ.thJ" < Ce.
This implies the following estimate for the energy £ (E%h,j) = P(E;ihd) — ]Eéihd, l,
(4.2) &7, (BY, ) — ©p | < Ce.

In other words, at T}, ; the energy has almost the value mNNp, ;. Since the energy &, ; (Eéﬁhj)
is asymptotically almost decreasing by Remark 2.5, we deduce that the sequence of numbers
Ny, ; is decreasing for j large, i.e.,

thj > Nh,j-i-l for every j. <j < \/T

By letting h — 0 we conclude by Proposition 2.3 (iv) and by standard diagonal argument
that, by extracting another subsequence if needed, there is sequence of times 7}, with j > j,
such that (j —1)2 < T; < j? and the set Er; is close to N; many disjoint disks of radius one
and that N; > N; 1 for every j > j.. This implies that, there is jo > j. and N such that

N;=N for all j > jo.

This means that every Er;, for j > jo, is close in L'-sense to disjoint union of exactly N many

disks of radius one. By the locally uniform L!-convergence (E}'); — (E;) for every T > j2 we
have

(4.3) Ny;=N  forjo<j<VT,

when h is small. Therefore we conclude from (4.1) and from the dissipation inequality in
Proposition 2.4 that for any § > 0 there is Ty such that for all 7' > Ty it holds

T
(4.4) / / (kgn —1)% dH'dt < 63
T; JoEr Tt

when h is small.
Let us fix T >> T5 and denote by J, C (T5,T) the set of times t € (Ts,T) for which

Hk?E{L - 1||L2(8E§L) > 0.
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Then by (4.4) it holds |J,| < 6. If § is small enough, by Lemma 3.2, from (4.2), (4.3) and
(2.10) we deduce that the sets EJ satisfy
(4.5) sup  dypn(x) < C9 for all t € (T5,T) \ Jp,
ceEAFP
where F' = UY | Dy (x;) with |z; — x| > 2 for i # j. Note that the points ; may depend on
t and h.
We will show that for all ¢ € (T5 + 26,T) it holds

(4.6) sup  dypn(z) < col/4

zeEPAFP
where FJ' is a union of N disjoint disks as above. Let us fix tg € (T5,T) \ Jp. By (4.5) we
have

sup  dypn (z) < C6.

ceBp AR

We use Lemma 3.3 with Fy = E{g to conclude

sup  dypn (z) < C6Y4 for all t € [tg, tg + V9).
ceBpAF)

This means that if we define
I = Use(ry g, [t + V5)
then (4.6) holds for every t € I. But since |.J,| < 6§ < v/§/2, it easy to see that (T5+26,T) C I.

Thus (4.6) holds for every t € (T5 4 26,T).
We have thus proved (4.6). The claim follows by letting A — 0 and from Proposition 2.3. O

We conclude the paper by proving Theorem 1.4. To this end we recall the Bonnesen
symmetrization of a planar set.

Let £ C R? be a measurable set. The Bonnesen symmetrization of E with respect to
xo-axis is the set E*, with the property that for every r > 0

HY(OD, N E*) = H' (0D, N E)

and 8D, N E* is the union of two circular arcs ;" and ~, with equal length, symmetric
with respect to the zg-axis and such that v, is obtained by reflecting ;" with respect to the
T1-axis.

Clearly this symmetrization leaves the area unchanged. Moreover, if E is a convex set,
symmetric with respect to both coordinate axes, then P(E*) < P(FE), see [6, Page 67| (see
also [11]).

Let us prove that the Bonnesen symmetrization decreases the dissipation.

Lemma 4.1. Let G C R? be invariant under Bonnesen symmetrization. Then for any mea-

surable set E C R? it holds
/ CZG dr < / dg dx.
* E

Proof. Tt is enough to prove that for every r > 0 it holds

(4.7) / dgdH' < / dg dH*.
oD,.NE* oD,.NE
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€2

FIGURE 4.1. The point o(t2) is closer to the arc I', than o(t;).

Let us fix » > 0 and without loss of generality we may assume that r = 1. Let o : [-7, 7] — R?,
cos(t
oft) = [sin((t))] '
Since G is symmetric with respect to both coordinate axes, the function ¢ — dg(o(t)) is even
and for every ¢t € (0,7/2) it holds dg(o(m —t)) = dg(o(t)). We observe that (4.7) follows
once we show that
t = dg(o(t)) is decreasing on t € (0,7/2).

To this aim we fix 0 < t; < t5 < 7/2. Let us assume that o(t1) € R?\ G, the case o(t1) € G
being similar. If o(ty) € G then trivially dg(o(t2)) < 0 < dg(o(t1)). Let us thus assume
that o(t2) € R?\ G. Let 21 € G be such that dg(o(t1)) = |o(t1) — 21| and let p > 0 and
61 € (0,7/2) be such that z; = po(f1). We denote by I', C D, the arc with endpoints pes
and zp, i.e.,

I'y=A{po(t) : te(61,7/2)}.
Since G is invariant under Bonnesen symmetrization we have I', C G. But now since t; <
to < m/2 it clearly holds (see Figure 4.1)

dist(o(t2), T,) < dist(o(t1),T,) = |o(t1) — 21| = da(o(t)).

Since I', C G we have )
dg(o(tz)) < dist(o(t2),I'))

and the claim follows.



STATIONARY SETS 21

Proof of Theorem 1.4. Let G be the ellipse
G = {(x1,29) € R? : a®2% 4 22 < 1} with a > 1

as in the assumption and let (Gy); be the classical solution of the volume preserving mean
curvature flow

(4.8) Vi = —ka, + ka,

starting from G. By [18], (G¢): is well defined for all times, remains smooth and uniformly
convex and converges exponentially fast to the disk D,, where p = ﬁ Moreover Gy # D,

for all t+ > 0. Let us define f(t) := kg, which is therefore a smooth function and converges
exponentially fast to 1/p. Note that then f satisfies (1.4) for ¢g = 1/p.

By the regularity of Ey the flat flow (E;); with the forcing term f starting from Ej coincides
with the unique classical solution provided by [18], see [9, Proposition 4.9]. Therefore, by the
symmetry of Ey we may conclude that

(4.9) Et = (Gt — pel) U (Gt + p€1>

as long as the components (G — pe1) and (G + pei) do not intersect each other. By the
convexity of Gy, the components G; — pe; and G 4 pe; do not intersect each other if the first
one stays in the half-space {z; < 0} and the latter in {x; > 0}. This is the same as to say
that the flow G; does not exit the strip {—p < x; < p}. Let us show this.

Assume that for h > 0 the family of sets (G}'); is an approximate flow obtained via (2.1)
with the forcing term f and starting from G. We now show that each G} is symmetric with
respect to the coordinate axes and convex. Recall that the set G®! is chosen as a minimizer
of the functional

h

It is well known that in any dimension the function in (4.9) admits a minimal and a maximal
minimizer which are convex and, by uniqueness, symmetric with respect to both coordinate
axes, see [3, Theorem 2|. However, in our two dimensional setting we can provide a simple
self contained proof of this fact.

Given E, weset B, ={r € E:x; >0} and E_ = {z € E : 1 < 0}. By reflecting F; and
E_ with respect to the xo-axis we obtain sets £ and FEs, which are symmetric with respect
to the xo-axis and satisfy

F(B:G) = P(E) + l/EdG dz — F(h)|E|.

Then there exists ¢ = 1,2 such that F(E;; G) < F(E;G). By repeating the same argument
with respect to the z;-direction we conclude that we may choose G™! symmetric with respect
to both axes.

Let us show that G™! is convex. By the Euler-Lagrange equation (2.3) it holds

d _
TG = —kgn1 + f(h) on dGM!

We claim that ‘%G(m) < f(h) for all x € OG™!. Indeed, suppose zo € OG™! is the maximum
of dg on OG™!. If dg(zo) < 0, then trivially dTG(xo) < f(h) as f > 0. If dg(xg) > 0 then
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xo € G and since it is the furthest point from G and G is convex, it is easy to check that
kgni(zo) > 0. Then by the Euler-Lagrange equation

@ = —kena(wo) + f(R) < f(h).

Therefore dg/h < f(h) on 9G™! and by the Euler-Lagrange equation

kghi = —C%G + f(h) >0 on OG™1!.
Hence, G™! is convex.

We now apply to G™! the Bonnesen circular symmetrization with respect to the zp-axis
which, we recall, decreases the perimeter, preserves the area and decreases the dissipation
term me dc dz, by Lemma 4.1. Therefore we may assume that G™! is invariant under the
Bonnesen annular symmetrization with respect to the zo-axis. By iterating the argument we
deduce that the same holds for G} for all t > 0. Letting h — 0 we deduce that the same holds
for the flat flow, and by the uniqueness for the classical solution (Gy);. Therefore for every
t > 0 and r > 0 the intersection G; N D, is a union of two circular arcs with equal length
which are both symmetric with respect to the xs-axis.

Now if G; exits the strip {—p < x1 < p}, say at time £y, then the intersection Gy, N 0D,
contains the points (—p,0) and (p,0). Since Gy N ID, is a union of two circular arcs, which
both are symmetric with respect to the xs-axis, we have

Gy, NOD, = 0D,

By the convexity of Gy, this implies D, C Gy,. But since the flow (4.8) preserves the area we
have |Gy,| = |D,|. Then it holds Gy, = D,,, which is impossible. Therefore the flow G; does
not exit the strip {—p < z1 < p}, (4.9) holds for all times and the conclusion of the theorem
follows.
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