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ABSTRACT. We prove the local minimality of halfspaces in Carnot groups for a class
of nonlocal functionals usually addressed as nonlocal perimeters. Moreover, in a class
of Carnot groups in which the De Giorgi’s rectifiability Theorem holds, we provide
a lower bound for the I'-liminf of the rescaled energy in terms of the horizontal

perimeter.

1. INTRODUCTION

Given an open set Q@ C R™ and a € (0,1), we define the nonlocal (or fractional)
a-perimeter of a measurable set £ C R" as the functional

(1) P, E;Q) =L (ENQENQ)+ L, (ENQENQY) + Lo (ENQ, E°NQ°

1
L.(A, B :://—dxd.
( ) alJp T =yt Y

The notion of fractional perimeter was introduced in [9] to study nonlocal minimal

where

surfaces of fractional type, while a generalized notion of nonlocal perimeter defined
using a positive, compactly supported radial kernel was introduced in [40]. Nonlocal
perimeters have been object of many studies in recent years. For example they are
related to nonlocal (not necessarily fractional) minimal surfaces, [40, 41} [12], fractal
sets, [52), 53], 85], phase transition [47] and many other problems. We refer the interested
reader to [I8, 49] for further applications and for a comparison with the standard
perimeter.

Nonlocal perimeter can also be characterized in terms of the Gagliardo-Slobodeckij
seminorm in the framework of fractional Sobolev spaces, see [17], or in terms of Dirichlet
energy associated with an extension problem for the fractional Laplacian, see [10].
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The limiting behavior of fractional a-perimeters as @« — 17 and o — 0" turns out
to be very interesting. Davila showed in [I4] that for a bounded Borel set E of finite
perimeter the following equality holds:

(2) lim (1 —a)L,(E°NQ,ENQ) =cP(E;Q),

a—1—

in particular, when 2 = R", one has

(3) lim (1 — a)P,(E;R") = cP(E)

a—1—

where P(F) denotes the classical perimeter of £ in R" and ¢ is a positive constant
depending only on n. In the subsequent paper [19] the authors studied the behavior of
aP,(E;Q) as o — 07, finally in [2] the limiting behavior of P,(E; ) is studied in the
[-convergence sense, see also [45] for further extensions.

Carnot groups are connected and simply connected Lie groups whose Lie algebra g
is stratified, i.e., there are linear subspaces g1, ..., gs of g such that

(4) 9=01D...8 0%, [01,0:] =011, 0 #{0}, [gs01] = {0}

where [g1,g;] denotes the subspace of g generated by the commutators [X,Y] with
Xegiand Y €g,.

In the last few years Carnot groups have been largely studied in several respects, such
as Differential Geometry [11], subelliptic Differential Equations [@] 26} 27, [46], Complex
Analysis [48] and Neuroimaging [I3]. Many key results of Geometric Measure Theory
in the context of metric measure spaces are based on the notion of function of bounded
variation and, in particular, on sets of finite perimeter.

The local theory of perimeters in Carnot groups has then attracted a lot of interest
in the literature and it is natural to address the attention to their nonlocal counterpart.
In the present paper we study nonlocal perimeters coming from a positive symmetric
kernel K: G — R satisfying

/ min{1, d(z, 0)} K (z) dz < +o0,

where d is the Carnot-Carathéodory distance on G, see Definition
More precisely, given two measurable and disjoint sets £ and F' in G, we consider

the interaction functional
Lg(E,F) :://K(y_lx)dxdy
EJF

and we define the nonlocal K-perimeter of a measurable set F inside an open set () as
in (1)), namely

Py(E;Q) = Lg(E°NQ,ENQ) + Li(E°NQ,ENQS) + Li(ENQ,E°NQ).

We refer to [25] and [31] for a general overview.
In the first part of the paper we provide sufficient conditions that have to be satisfied
by every local minimizer of the nonlocal K-perimeter. Given a measurable set Ej and
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an open set 2 in G, by a local minimizer for Py in €2 with outer datum FE, we mean a
measurable set £ C G such that E'\ Q = Ej \ Q and such that

Pr(E;Q) < Px(F;Q), for every measurable F' C G with F'\ Q = Ej \ €.

Our first main result, see Theorem reads as follows.

Theorem 1.1. Let Ey C G be a measurable set and let Q2 C G be an open set such that
Py (Ey; Q) < +o00. Let E C G be a measurable set with E\ Q2 = Ey\ Q and assume xg
admits a calibration (see Definition below). Then E is a local minimizer for Py in
Q with outer datum Ejy.

Theorem actually holds in a slightly more general form. Indeed, it can be proved
even for a natural extension of the nonlocal K-perimeter to all measurable functions
(see below). Both the proof of this Theorem and the definition of calibration
are inspired by the ones given in [44]. We also notice that, using the generalized
coarea formula (20)), for any local minimizer provided by Theorem [L.1} among all the
minimizers, one can always find the characteristic function of a set.

As a consequence of Theorem we prove that a suitably defined halfspace H is the
unique local minimizer of Pk in the unit ball B(0,1) with outer datum H \ B(0,1).

In [8] it is proved that, in the Euclidean setting, every measurable set E that is
foliated by sub- and super- solutions adapted to Q (see Definition , admits a cali-
bration and, if some natural geometric assumption hold, the minimizer is also unique.
Our Theorem goes exactly in this direction and follows closely [8, Theorem 2.4].

Setting K, = YKo 01/¢, the second part of the paper investigates the asymptotic
behavior of the rescaled functionals %Pe = %PKS as € — 0 in the I'-convergence sense.

Berendsen and Pagliari showed in [5], that, in the Euclidean case, such I'-limit exists
in L}

e and equals the Euclidean perimeter, up to a multiplicative constant. We also

mention that in [2] the authors proved that, in the Euclidean setting, the functional
(1 — a)P,, T-converges in L . to the standard perimeter P, up to a multiplicative
dimensional constant. For an introduction to I'-convergence we refer the reader to the
monographs [16] [7], see also [37, B8] where some classical results in I'-convergence have
been extended to the case of functionals depending on vector fields.

The main result of the second part of the paper reads as follows (see Section [2] for all
the missing definitions).

Theorem 1.2. Let G be a Carnot group satisfying property R, let © be open and
bounded and assume K:G — [0,+00) is symmetric and radially decreasing (i.e.,
K(x) = K(r), where r = ||z|| and K is decreasing) and such that

inf r@* K (r) > 0.
r>1
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Then, there exists a positive density p:g1 — (0,+00) such that, for every family (E.)

of measurable sets converging in L'(Q) to E C Q, one has
1
(5) [ ovm) dPo(E:-) < imint 2P.(5.:0).
Q e—0 €

Here Pg(F;-) denotes the perimeter measure of E in G, vg denotes its horizontal
normal (see Definitions and and () is the homogeneous dimension of G.
Some comments are in order. The proof of Theorem (see proof Theorem [4.9)
follows the ideas of [5], Section 3.3|, where the authors prove the I'-convergence of the
rescaled functionals to the perimeter in the Euclidean setting. Theorem gives us
an estimate on the I'-liminf of the functional %PE in terms of a density p, which is
explicitly computed and does not depend on the points in the boundary of E, but
only on the horizontal directions of its normal. For the proof of this Theorem it is
essential to apply a compactness argument to families of sets with uniformly bounded
K.-perimeters. The compactness criterion is given in Theorem and we believe it has
its own independent interest. We also notice that, in the assumptions of Theorem [1.2]
one has to restrict both the class of Carnot groups and the class of kernels. The fact
that K is required to be radial and with some specific rate at infinity allows us to say
that p is indeed a strictly positive density (see Proposition , while the assumption
on the group G to satisfy property R allows us to consider blow-ups of sets of finite
perimeter. A Carnot group G satisfies property R if every set of finite perimeter in G
has rectifiable reduced boundary, i.e. it can be covered, up to a set of measure zero, by
a countable union of intrinsically C! hypersurfaces, see Definitions , and . As

an immediate consequence (see Remark , the validity of property R ensures that

1
loc?

at Pg(F)-almost every point of p in G, the family d;/,(p~'E) converges in Lj, ., up to
subsequences, to a vertical halfspace with normal vg(p).

As we have already pointed out, the problem of understanding what is the regularity
of the (reduced) boundary of a set of finite perimeter in the context of Carnot groups
has only received partial solutions, so far. Whenever property R is not assumed, only
partial results about blow-up of sets of finite perimeter are available in the literature.
It is proved in [30] that, for any set ¥ C G with locally finite perimeter and for Pg(E)-

almost every p € G, the family 8;/,(p~'E) converges in Lj

oe(G) to a set of constant

horizontal normal F', namely a set for which there exists v € g; such that
(6) vxr >0 and Xyxp =0 forevery X € g; with X 1v,

in the sense of distributions.

If in addition G has step 2, or it is of type %, then it is proved respectively in [30]
and [39] that, up to a left translation, every set of constant horizontal normal is really
a vertical halfspace. On the other hand, still in [30, Example 3.2], it is proved that,
for general Carnot groups, condition () does not characterize vertical halfspaces. The
classification of sets with constant horizontal normal is a challenging problem and,
as far as we know, the most general result in this direction is [4, Theorem 1.2]. We
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mention that in the recent paper [20] the authors show that the reduced boundary of
any set of locally finite perimeter in any Carnot group has a so-called cone property
that in the case of filiform groups implies rectifiability in the intrinsic Lipschitz sense.

Finally a natural question one might ask is whether the I'-liminf estimate given by
Theorem can be complemented by a I'-limsup estimate. The proofs of the I'-limsup
inequality in [5] and in [2] rely heavily upon the convergence result by Davila [14],
whose extension to Carnot groups is, as far as we know, still an open problem, see [30]

for some preliminary results in this directions.

2. PRELIMINARIES

2.1. Carnot groups. A connected and simply connected Lie group (G, -) is said to be
a Carnot group of step s if its Lie algebra g admits a step s stratification according to
(4). For a general introduction to Carnot groups from the point of view of the present
paper and for further examples, we refer, e.g., to [6], 20, [34] 48].

We write 0 for the neutral element of the group, and xy =z -y, for any x,y € G.
We fix a scalar product (-,-) on g; and denote by |-| its induced norm. We recall that
a curve v: [a,b] — G is absolutely continuous if it is absolutely continuous as a curve
into R™ via composition with local charts.

Definition 2.1. An absolutely continuous curve 7: [a,b] — G is said to be horizontal
if
7/(t) € g1,

for almost every t € [a,b]. The length of such a curve is given by

Lo(y) = / () .

Chow’s Theorem [6, Theorem 19.1.3] asserts that any two points in a Carnot group
can be connected by a horizontal curve. Hence, the following definition is well-posed.

Definition 2.2. For every z,y € G, their Carnot-Carathéodory (CC) distance is de-
fined by

d(x,y) = inf { Lg(7y): 7 is a horizontal curve joining x and y} .
We also use the notation ||z||= d(z,0) for z € G.

We denote by
Bla,r) ={y € G: [ly~"z[|< r}
the open ball centered at x € G with radius r > 0.

It is well-known (see e.g. [42]) that the Hausdorff dimension of the metric space (G, d)
is the so-called homogeneous dimension () of G, which is given by

Q = Z idim(g;).
i=1
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We denote by s#9 the Hausdorff measure of dimension Q associated with the metric
d. The measure 9 is a Haar measure on G (see [6, Proposition 1.3.21]) and we write

/f dx_/f ) dA°(z

for every measurable set (2 and every measurable function f:{ — R.
We recall here the notion of exponential map. Let X € g and let :[0,00) — G be
the unique global solution of the Cauchy problem

V() = X((1))

7(0) = 0.
The exponential map

exp:g — G

X — exp(X) = ~(1)
is a diffeomorphism between the Lie algebra g and the Lie Group G, and we use the
notation log: G — g to denote its inverse.

For any A > 0, we denote by 63: g — g the unique linear map such that

5SX =NX, VX €eq,

The maps 03:g — g are Lie algebra automorphisms, i.e., 55([X,Y]) = [0;X, 1Y for
all X,Y € g. For every A > 0, the map ¢} naturally induces an automorphism on the
group 0,: G — G by the identity d\(z) = (expod} o log)(x). It is easy to verify that
both the families (03)x>0 and (dx)r=0 are a one-parameter group of automorphisms (of
Lie algebra and of groups, respectively), i.e., 6} o 0y = 03, and ) 0 0, = dy, for all
A, > 0. The maps 43, 0, are both called dilation of factor .

Denoting by 7,: G — G the (left) translation by the element x € G defined as

T2 =T -2 =22,

we remark that the CC distance is homogeneous with respect to dilations and left
invariant. More precisely, for every A > 0 and for every z,y, 2 € G one has

A0z, 00y) = Md(z,y),  d(may, 7z) = d(y, 2).
This immediately implies that 7,.(B(y,r)) = B(7,y,r) and 0,B(y,r) = B(,\y, Ar).

2.2. Perimeter and rectifiability. We introduce the notions of perimeter, reduced
boundary and rectifiability.

Definition 2.3. Let Q be an open set in G and let f € LL (Q). We say that f has
locally bounded variation in Q (f € BVg10.(€2)), if, for every Y € g; and every open
set A € (), there exists a Radon measure Y f on () such that

/Afchduz—/Asod(Yf),

for every ¢ € C}(A). We say that f € L'(Q) has bounded variation in Q (f € BVg(2))
if f has locally bounded variation in € and, for every basis (X1,...,X,,) of g;, the
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total variation |Dx f|(2) of the measure Dxf = (Xif,..., X, f) is finite. If E is
a measurable set in {2, we say that E has locally finite (resp. finite) perimeter in
Qif xg € BVgioc(2) (resp. xp € BVi(Q2)). In such a case, the measure |Dxxg|

is called perimeter of E and it is denoted by Pg(FE;-). We also use the notation
P@(E,G) = P([;,<E)

The following Proposition is proved in [28, Theorem 2.2.2] and [32] Theorem 1.14].

Proposition 2.4. Let Q C G be an open set and let u € BVg(QQ). Then, there exists
a sequence (uy) in C®(QQ) such that

o up — u in LY(Q);

o | Dxui|(Q) — |Dxul|(R).

Definition 2.5. Let ¥ C G be a set with locally finite perimeter. We define the

reduced boundary FE of E to be the set of points p € G such that Pg(F; B(p,r)) >0
for all » > 0 and there exists

lim Dxxe(B(p,r)) _ i Dxxe(B(p,1))
r=0 Pg(E; B(p,r)) 0 |Dxxg|(B(p,7))

with |vg(p)|= 1.

= VE(p) S Rm7

Definition 2.6. Let (2 C G be an open set in a Carnot group G. We say that a function
f:Q — Ris of class C¢ if f is continuous and, for any basis X = (X1,...,X,,) of g1,
the limit,

flzexp(tXy)) — f(x)

X; =1
if (z) = lim , :
exists and defines a continuous function for every ¢ = 1,...,m and any = € Q. Ac-

cording to this definition we also denote by Vx f: 2 — R™ the vector valued function
defined by

Vxf=Xf,....Xnf)
Definition 2.7. A set ¥ C G is said to be a hypersurface of class C}, if, for every

p € X there exists a neighborhood U of p, and a function f:U — R of class C¢ such
that

YNU={qeU: f(q) =0},
and infy |Vy f|> 0, for any basis X = (Xy,...,X,,) of g;.

Definition 2.8. Let £ C G be a measurable set. We say that E is C-rectifiable (or
simply rectifiable), if there exists a family {T'; : j € N} of Cg-hypersurfaces such that

A9 (E\ U Q) =0,

jEN
where @ is the homogeneous dimension of G and 572~ denotes the (Q—1)—dimensional
Hausdorff measure defined through the Carnot-Carathéodory distance.
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Definition 2.9. For any v € g; \ {0}, we define the vertical halfspace with normal v
by setting

H, ={z € G: (mlogz,v) > 0},
where 71: g — g is the horizontal projection on the Lie algebra. Notice that if z € G
is such that (m logx,v) > 0, then 2! € H¢.

We conclude this section with the following

Definition 2.10. Let 1 < p < oo and let €2 C G be an open set. We set
WP (Q) = {f € LP(Q): X;f € LP(Q), Vj=1,...,m}.

Definition 2.11. The convolution of two functions in f, g: G — R is defined by

0= [ 1 oy = [ o0 dy
G
for every couple of functions for which the above integrals make sense.

Remark 2.12. From this definition we see that if L is any left invariant differential
operator in G, then L(f x g) = f % Lg provided the integrals converge. Moreover, if G
is not abelian, we cannot write in general f x Lg = Lf % g.

3. LOCAL MINIMIZERS AND CALIBRATIONS

Throughout this section, G denotes a Carnot group and we denote by |z|:= d(0, ),
where d is the CC distance introduced in Definition 2.2l We however notice that the
results we obtain still hold when d(0,z) is replaced by any other homogeneous and
symmetric norm on G. We also fix a kernel K: G — R with the following property:

(7) K >0 inG,
(8) K() =K(¢) forany€G,
9) fgmin{l, ||| } K (z) de < 4o0.

Define also for every measurable function u: G — [0, +o0] and every measurable set
(2 C G the functional

I @) =5 [ [ K olut) o)l dude+ [ [ K 0laty) = uo)] dyda

(10) = éJ}((u; Q) + J2(u; Q).

We also denote by J'(E;Q) = J'(xg; Q) for i = 1,2. Moreover, for every measurable
and disjoint sets A, B C G, we define the interaction between A and B driven by the
kernel K as

(11) x(A, B) //Ky L2) dy du.
We set Pk (E;Q) = Jx(xg; ) = J(E;). Therefore,
Pr(E;Q)=Lg(E°NQENQ)+ Lg(E°NQENQY) + Lg(ENQ, E°NQ°);
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in particular, we have that
1
Lrk(E°NQ,ENQ) = 5J}{(E; Q),
and
Lg(ECNQENQ) + Lg(ENQ, E°NQ°) = Ji(E;Q).
We can think of Ji(xg; Q) as the local part of Px(E;€), in the sense that if F is a

measurable set such that #9((EAF) N Q) =0, then J:(F;Q) = JL(E; Q).
It is worth noticing that for (2 = G we get

Remark 3.1. For every measurable set £ C G we notice that Px(E;) can also be

written as

1

(12) PeEse) = [ () — @) K () da dy.
(GXG)\(2¢x0°)

Indeed we can write

/ IXe(y) — xp(2)|K(y'z) de dy
(GXG)\(Q2exQ2e)
=/ IXe(y) — x5 (@)K (y'z) dx dy
(GXG)\ (¢ x2°)
- / (e () = o) xa(@) K () de dy
(GXG)\(QxQe)
+f (ele) = xely)xe ) K () do dy
(GXG)\(2¢xQ2°)

9 / X (@) xee () K (y 1) da dy
(GXG)\(QexQe)

=2L(E°NQENQ)+2Lg(E°NQ,ENQY) + 2Lk (ENQ; E°NQ°)

When G is the Euclidean space R”, a typical example of radial kernel satisfying ,
and (9) is given by K(z) = || with a € (0,1). We refer e.g. to [49] and
references therein for an overview of the classical fractional perimeter’s theory.

On the other hand, if G is a general Carnot group with homogeneous dimension @),
and ||-|| is a homogeneous norm on G, then, for every a € (0, 1), the kernel K:G — R
defined by

K(€) = |lg]~%,
satisfies conditions (7)), (8) and (9).

A homogeneous norm that has been considered in the literature is the one associated
with the sub-Riemannian heat operator, see e.g. to [26], 24, 25] for some motivations.
We here briefly describe its definition. Define the map R, G — [0, +00) by letting

Ra(z) = —m/o TS () d.
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Here h:[0,+00) x G — R is the fundamental solution of the sub-Riemannian heat
operator

%::at+£,

where .
L= Z XZ-2
i=1

denotes the sub-Laplacian associated with a basis (X1, ..., X,,) of the horizontal layer

g1. In this case one has Ra(z7!) = Ra(z) and Ru(6yx) = A™* QR4 (z) for any = € G
and any A > 0, and the quantity
1

~ 77
Jalloi= (Ralx)) 9.
defines a homogeneous symmetric norm on G. In particular, the kernel

1
Ko(€) = ——
© = jgjaw

satisfies conditions (7)), (8), (9) and (37), and hence all the results obtained in this
paper apply to the special case K = K,,.
We next state and prove some facts that will be useful throughout the paper.

Proposition 3.2. Let Q@ C G be an open set and let uw € BVg(Q2). Letp € Q, r > 0

such that B(p,2r) CQ and let g € B(0,7). Then
| Jute+g) = u(@)]de < d(0.9)|Dxul(€).
B(p,r)
In particular, if Q = G and u € BV (G), one has
(13) [ luta-0) = u@)l e < d(0.9)| Dxl(G),
for every g € G.

Proof. Fix a basis (X1, ..., X,,) of g;. By Proposition [2.4] we can assume without loss
of generality that u € C*(2). Let g € B(0,r) with g # 0 (if g = 0 the thesis is trivial)
and let 0 :=d(0,g) > 0. Take a geodesic :[0,6] — B(0, ) satisfying

10 =0, @) =g and () =Y WHX(1(1) for ae.t € [0,3),

where (hy, ..., hy) € L®(]0,0];R™) with [[(h1,...,hn)]l< 1. Notice that, for every
z € G, the curve v,:[0,0] — B(x,r) defined by 7,(t) = x - y(t) is a geodesic joining x
and x - g, and ||Yz|lco= |[(A1,- .., hm)||cc- Therefore, for any x € B(p,r), one has

| geaoa] < [ 9t

Integrating both sides on B(p,r) we get,

1)
[ g -u@lds< [ [ Vxute )]s,
B(p,r) B(p,r) J0

u(z - g) — u(zr)|=
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and exchanging the order of integration we conclude that

)
/ (- g) — ule)] de < / / Vxule - (1)) de dt,
B(p,r) 0 B(p,r)

where we notice that the curve  depends on g. Since y(t) € B(0,r) for all ¢ € [0, d]
and since x € B(p, ), then z-~(t) € B(0,2r) for all t € [0, ]. Indeed, by the triangular
inequality one has

d(x - y(t).p) < d(z (1), 2) +d(x,p) = d((1),0) +d(x,p) <7 +r=2r.

Thus, we finally get

/ (- g) — u(@)| dz < d(0, ) / Vxue) de
B(p,r) B(p,2r)

< d(0, g)| Dxul(). 0
Corollary 3.3. Let u € L'(G). Then

(lli_EI(l)HTqu — UHLl(G): 0.

Proof. If u € C2°(G) the conclusion follows using (L3)). Let (up) be a sequence in C2°(G)

with u, — u in L'(G) and let € > 0. Fix h be big enough so that |[u — w16 < 2.
Then
ITqu = ull @) < llTgu = Tqunll @) +lImqun = wnllLr @) +llun — ull1e)
= 2[ju — Uh||L1(G)+||TqUh - Uh||L1(G)
£
< 5+ lImgun = unllr o)
and the conclusion follows taking d(0, ¢) small enough to have || 7up —unl/p1(e)< 5. O

We now give a sufficient condition on E and € in order to have Px(E;Q) < +o0.
The proof is inspired by the one present in [44].

Proposition 3.4. Let E,F C G be two measurable sets with 5#°(E N F) = 0. Then

one has
Li(E,F) < V(E, F) /G min{1, d(0, )} K (€) de,

where

V(E, F) := min {max{PGéE),%Q(E)} ,maX{PGéF),%Q(F)}} .

Proof. Without loss of generality we can assume

Pg(E)

V(E,F) = maX{ ,%”Q(E)} < +00.
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Up to modifying F on a set of measure zero we can also assume that /' C E°. Therefore

we have

Li(E,F) < Ly(E, E°) = //Kf L) s (€) — va(n)| di dé
//K xe®g) — xe(n)| dndg

=5 0, KO [Ixere) ~xsmiinas

1
+§/(G\B()1) /|XE n&) — xe(n)|dnd§.

Since E has finite perimeter in G, by Proposition [3.2] for every £ € G we can write

(14)

/G X (€) — Xe(n)|dn < d(0,€)Pa(E).

On the other hand, since #?(E) < +o00, we can also write

/G!xE(nf) — xe(n)|dy < 2°(E).

Using this two facts in the last part of gives us
Ps(E
) < BB [ apgr derrom) [ K
B(0,1) G\B(0,1)
and therefore
PG(E) 7 %Q

LK(ErF)SlnaX{ E)}/Qnﬂn{LdaLgﬂJ(@)dg 0

Now, we adapt the notion of nonlocal calibration given in [44] in the Euclidean
setting. We refer to [§] to point out the link between such a notion and the notion of
(local) calibration of a set.

Definition 3.5. Let u:G — [0,1] and (:G x G — [—1, 1] be measurable functions.
We say that ( is a calibration for u if the following two facts hold.

(i) The map F.(p) = o\ pe K~ 'P)(C(y,p) — ((p,y)) dy is such that
(15) lim || F2| 1+()= 0.

(ii) for almost every (p,q) € G x G such that u(p) # u(q) one has
(16) ¢(p, @) (ulq) — u(p)) = [u(q) — u(p)|.

Remark 3.6. If (:G x G — [—1,1] is a calibration for u:G — [0, 1], then also the
antisymmetric function ((p,q) = %(C(p, q) — C(q,p)) is a calibration for w.

The proof of the following Theorem follows closely the one given in [44, Theorem
2.3].
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Theorem 3.7. Let Q0 C G be an open set and let By C G be a measurable set such
that Pk (Eo; ) < +oo and define

(17) F ={v:G — [0, 1] measurable | v= xg, on Q°}.
Let u € F and let (:G x G — [—1,1] be a calibration for u. Then
Jre(u; Q) < Tk (v; ),

for every v € F. Moreover, if u € F is such that Jx(u; Q) < Jg(u;Q), then ¢ is a
calibration for u.

Proof. We can assume without loss of generality that Jx(v; Q) < +oo for every v € F.
Since |v(y) — v(z)|> ((z,y)(v(y) — v(x)) we can write for any v € F

Jr(v; Q) > a(v) — by (v) + by,

where a, b; and by are respectively defined by
1 _
o) =3 [ [ K 0 n)0) - v dyds,
QJQ
nw) = [ [ Ko v dyds
Q J Qe

bo == / K(y 'z)¢(x,y)xE, (y) dy da.
Q JQc

By ([16), we notice that Jx (u; Q) = a(u) — by (u) + by. It is then enough to prove that,
for every v € F, one has a(v) = b;(v). By Remark we can assume that ( is
antisymmetric. Combining this with the fact that K(£7!) = K (&), we easily get

(18) afv) = / / K(y"2)C (e, y)o(e) dyde.

By ([15), for almost every = € €2, we have

lim Ky 'z)¢(x,y) dy
L (v~ z)¢(x,y)
= lim Ky 'o)C(z,y) dy+ | K(y~'z)¢(z,y) dyde =0,
r—0 B(z,r)°eNQ Qe

Implementing this identity in and using the dominated convergence Theorem, we
get

o) == [ [ Ko@) dyda

r—0

— 1 Ky
m [ [ o KO ) dy s

= /Q . K(y o) (z,y)v(z) dy dz = by (v).

We are left to prove that, if w € F is such that Jx(u;Q) < Jx(u;Q), then ¢ is a
calibration for u. Since u = u on Q° we get

(19) C(z,y)(uly) —ulx)) = luly) — ()],
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for almost every (z,y) € Q¢ x Q¢ satisfying u(z) # u(y). Since Jg(u; Q) = by, we also
have that Jg(u; Q) = a(u) — by (@) 4 by. This implies that

//Ky 2) ([ly) — @(@)| (@, 9) @) — 3(2))) dyde
" / [ Ky™) () = 5(@) () @) = (@) dyda =0,

Since both integrands are positive, we get that holds true for almost every (z,y) €
Q x G with u(z) # u(y). To get for almost every (z,y) € Q° x Q it is enough to
use the antisymmetry of (. O

We now notice that the functional Jg(+;2) enjoys a coarea formula. Concerning
the Euclidean case, we refer the reader to [3, Theorem 2.93] for the classical formula
relating total variation and Euclidean perimeter, and to [53|, where the author finds a
class of functionals defined on L'(Q2) for which a generalized coarea formula holds.

Proposition 3.8. Let Q C G be an open set and let u: — [0,1] be a measurable
function. Setting E, .= {g € G : u(g) > t} for any t € [0, 1], it holds that

(20) Tie(u: Q) = /0 ' Pe(EnQ) d.

Proof. The proof is analogous to the Euclidean case, see [12], Lemma 6.2.]. Fix z,y € Q
with 2 # y and assume without loss of generality that w(z) > u(y). Then |xg,(z) —

Xe (y)|= 1 for any t € [u(y),u(x)] and |xg,(x) — xg (y)|= 0 for every t € [0,1] \
[u(y), u(x)]. Therefore, for any x,y € €, it holds that

u(z)
/ X () —  (9)] | =

(v)

() — u(y)|= / X5 (@) — x5 (9)] .

Now, using Tonelli’s Theorem, we have that

Jic(u:0) = / 5 e x () oy a

+/0 UQ | e o) = ey )\K(ylx)dxdy] dt:/olPK(Et;Q)dt. O

As an immediate consequence of Corollary [3.9 below we deduce that, if the infimum
of for Ji(+; Q) with outer datum Ej is achieved, there is always a minimizer which is
the characteristic function of a measurable set.

Corollary 3.9. Let Q C G be an open set and let v:G — [0,1] be a measurable
function. Then, there exists a measurable set F such that

Jr(F;Q) < Jg(v; Q).

Proof. Denote by E; = {g € G : v(g) > t}. By the coarea formula (20, there exists
€ [0,1] such that Jg(Ew; Q) < Jg(v;Q), otherwise the equality in (20) would be
contradicted. In particular, setting I’ := E«, the proof is complete. 0
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In Proposition below we show that halfspaces in Carnot group admit a cali-
bration. In Theorem [3.1I] we show that halfspaces are unique local minimizers for
Ji (+; Q) when subject to their own outer datum and whenever 2 is a ball centered at
the origin.

Proposition 3.10. For any v € g1 \ {0}, the map (,:G x G — [0, 1] defined by

Co(w,y) = sign ({m log(z™"y), v)) ,
s a calibration for xg, .
Proof. Denote for shortness H = H, and ( = (,. Let us first prove property (i7) of

Definition [3.5, namely that for almost every (z,y) € G x G with xg(z) # xu(y) one
has

¢z, y)(xu(y) = xa () = Ixa(y) — xu(z)l.
It is not restrictive to assume that x € H and y € H¢. Then
(milog(x'y), v) = —(m logz,v) + (7 logy,v) < 0.

Concerning property (i) of Definition we observe that for every r > 0 and every
x € G one has

/ K (y~"z) (sign((m log(z™"y), v)) — sign((m log(y~'z),v))) dy
G\B(z,r)

= 2/ Ky 'z) dy — 2/ Ky~ 'z) dy
G\B(z,r)NzH G\B(z,r)NzH®

:2/ K(z)dz—2/ K(z) dz=0.
G\B(0,r)NH G\B(0,r)NH®

The last identity comes from the fact that s#9({r € G : {(mlogz,v) = 0}) = 0,
K(z™') = K(z) and the inversion £ — £ preserves the volume and maps H onto H¢
(up to sets of measure zero). O

Theorem 3.11. Let H be a vertical halfspace and denote by B = B(0,1). Then
Pr(H; B) < 400 and

Px(H; B) < Jk(v; B),
for every measurable v: G — [0,1] such that v = xy almost everywhere on B°. More-
over, if u:G — [0,1] is such that u = x g almost everywhere on B¢ and Jx(u; B) <

Jx(xm; B), then u = xg almost everywhere on G.

Proof. By definition of Px we can write
Px(H;B)=Lxk(HNB,H°NB )+ Lxg(H ' NB,HNB®)+ Lg(H°NB,HN B) < +00,

since each term on the right-hand side is finite because of Proposition

By Proposition and Theorem we only have to show that minimizers are
unique (up to sets of measure zero). Let v € g; \ {0} be such that H = H, and let
u: G — [0, 1] be such that u = y g almost everywhere on B¢ and Jx (u; B) < Jx(xu; B).



16 A. CARBOTTI, S. DON, D. PALLARA, AND A. PINAMONTI

Consider the map ((z,y) = sign({(m log(z~'y),v)) which is a calibration of xg. By
Theorem [3.7] ¢ is also a calibration for v and therefore
sign({m; log(x™'y), v)) (u(y) — w(x)) = |u(y) — u(z)|, for a.e. (z,y) € G x G.
As a consequence, the implication
(milog(z™"y),v) > 0= uly) > u(z)

holds for almost every (z,y) € G x G. For every ¢t € (0,1), define the set £, = {¢ €
G : u(&) > t}. For almost every (z,y) € E; x Ef one has u(z) > u(y) and therefore
(mlogx,v) > (mlogy,v). By Dedekind’s Theorem, and up to sets of measure zero,
for every t € (0,1), there exists \; € R such that £, C {{ € G : (m log&,v) > N} and
Ef C{eG: (mlog&,v) < M\}.

This implies that for all £ € (0,1) one has

AR (EN{EE€G: (mlogé,v) > N}) =0.

Combining this with the fact that u = y gy almost everywhere on B¢, we get that \;, = 0
for every t € (0,1), and therefore

(21) HC(E,NH) =0, Vte(0,1).

Consider now a sequence (t;) in (0,1) that converges to 0 as j — +oo. Since u has
values in [0, 1], we get

{€eCG:u@) <0} ={eGu®) =0} =) E,

jEN
and similarly
{€eGu@) =1} =) B,
jEN
Combining this fact with , we complete the proof by observing that the identities
HP{EeG:u€)=0}AH®)=0and #°{€G:u(§)=1}AH) =0 hold. O

Now, we show another useful approach for the analysis of the minimizers of the
functional in (L0). To do this, following [8] we introduce the notion of nonlocal mean
curvature and of calibrating functional; these tools allow us to prove Theorem We
more precisely clarify the relation between Theorem [3.7] and Theorem in Remark
B.18l

Definition 3.12. Let E be a set of finite perimeter in G. The nonlocal mean curvature
is defined as
(22) Hy|E](x) = lim (xee(y) — xe(y)) K (y~ ') dy.

e—0 G\B:(z)
More generally, for every measurable map ¢: G — R we set

Hy(¢)() = lim sign(o(z) — o(y)) K (y~'x) dy.

e—0 G\Bg(x)

Notice that Hg[¢](z) = Hx({¢ > ¢(z)})(x).
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Definition 3.13. Let Q2 C G be a bounded open set and let £ be a measurable set.
We say that (2 is foliated by sub- and super- solutions adapted to £ whenever there
exists a measurable function ¢p: G — R such that

(i) E = {¢p(z) > 0} up to s -negligible sets;

(ii) The sequence of functions Fj(z) = fG\B(m/h) sign(dp(x) — op(y)) K (y 'z)dy

converges in L'(Q) to Hy(E) as h — oo.

(iii) Hilpg|(x) <0 for ae. 2 € QN E and Hgl¢g|(x) > 0 for a.e. 2 € Q\ E.
Notice that the integrals defined in (ii) are finite thanks to the assumptions on the
kernel.

Definition 3.14. Let 2 C G be a bounded open set and let £ C G be measurable.
Assume that € is foliated by sub- and super- solutions adapted to E and let ¢p be
the measurable function provided by Definition Then, for every measurable set
F such that FF\ Q = E'\ , we define the calibrating functional as

(23)  Co(F) = / sign(ée(z) — 6n(y)) e () — xr() Ky 'z) de dy.
(GXG)\(QexQe)

Remark 3.15. Let 2 C G is a bounded open set and let £ C G be measurable.
Assume that € is foliated by sub- and super- solutions adapted to E. Then, as a
consequence of (i) of Definition [3.13] it immediately follows that Pk (E;Q) = Co(E)
and

(24) P (F; ) > Co(F)
for every measurable set F' C G with F'\ Q = E \ Q.

Proposition 3.16. Let Q C G be a bounded open set with P (;G) < oo and let
E C G be a measurable set. Moreover, assume there exists a measurable function
¢p: G — R satisfying (i) and (i) of Definition[3.18 Then, for every measurable set F
such that FF\ Q = E\ Q and Px(F;G) < oo, we have

(25) ColF) =2 [  Hi(dp)(x)de +2 / / sign(9p(x) — de()K (') dr dy.
FNQ BneJo

Proof. We introduce the auxiliary kernel K.: G — [0, +00) by setting

K.(p) = xe\B0s) () K(p), VpeG.
Recalling , we have that

(26) Ca(F) = lim (i sign(0(x) — dr() (xr (@) — xr(y) K:(yv) de dy.

Since [~(E is symmetric we can write
/ sign(6n(z) — dn(y)) (xr(z) — xr () Kly™'2) dudy =
(GXG)\ (¢ x°)

(27) )
2 [ sign(é(2) — 6p(y))xr (@) Ko (1) d dy.
(GXG)\(QexQe)
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Now, we split the second integral in in two parts: when y € F N (which implies
that = runs through all of G), and when y € F'\ Q = E'\  (which implies that = runs
through ), and this gives us

2/ sign (o5 () — op(y))xr(@) K.y '2) do dy =
GxG)\(Q°exQe)

/Fm/sgn o5(z) — dp(y) K.(y 'z) dz dy

’ sign(¢p E x)dxrd
+/E\Q/Qg(d)( — ¢p(y))K.(y '2) dz dy

=2 [ Hglodwin 2 [ [ sn(on) - o) ety a) dody,
FQ E\QJQ
We notice that, using the notation of , one has
/ / Ky 'z)dvdy = Lg(E\ Q,Q) < Lg(Q° Q) = P(Q;G) < 400,
E\Q

and, moreover, |sign(¢g(z) — ¢x(y))K.(y '2)|< K(y~'z) for any couple (z,y) € E \
Q x Q. On the other hand, we know that Hj [¢p] converges in L'(Q) to Hx[pg] as
e — 0. Therefore, letting ¢ — 0 and recalling , we conclude the proof. U

Theorem 3.17. Let Q C G be an open set satisfying Pk (€;G) < 400 and consider
a measurable set E C G. Assume that Q) is foliated by super- and sub- solutions

adapted to E and let ¢p: G — R be a measurable function satisfying the assumptions
of Definition[3.13. Then the following facts hold.

(a) For every measurable set F C G with '\ Q = E \ Q one has
Pk (E;Q) < Pg(F: Q).

(b) If K > 0 and ¢ is continuous and such that 9 ({¢r = 0}NQ) = 0 and if there
exists R > 0 such that Q C B(0,R), E\ B(0,R) # 0 and (E)°\ B(0,R) # 0,
then E is the unique measurable set satisfying (a) (up to sets of measure zero).

(c) If Hk[pg](z) = 0 for almost every x € ), then

Ca(F) = Ca(E)
for every measurable set ' C G with F'\ Q = E \ Q.

Proof. (a) By Remark [3.15] it suffices to show that, for every measurable set FF C G
such that F'\ Q = F'\ 2, one has

Co(F) > Ca(E).

We can also assume without loss of generality that Pg(F; ) < +oo. Now, using the
fact that (FNQ)U(E\ F) = (ENQ)U(F\ E) and that both unions are disjoint, we
can express the first integral in as

(28) Hy[¢p](z) dz = Hr|¢pl(z)dz+ | Hkl¢p|(x)dr— [ Hkl¢g|(r)dx
FRQ ENQ F\E E\F
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Since both F'\ E and F \ F are contained in €, using (iii) of Definition we get

FNQ ENQ

Adding to both sides
/E\Q /Q sign(¢p(r) — ¢r(y)) (xr(@) — xr(y) K:(y'z) dz dy,

and recalling that F'\ Q = F'\ Q, we conclude the proof of (a).
(b) Assume E C G is a measurable set such that

P (E;Q) < Pg(F;Q),

for every measurable F C G with F\Q = E\Q. Then, we have Py (E; Q) = Py (E; Q).
By (12), and Remark we have

1 _
5/ Xe(y) — xe (@) Ky ) dy da
(GXG)\(Q¢xQe)

-/ sign(0e(y) — 06(0) (xa(y) ~ g0 Ky 2) dy do
(GXG)\(£2¢xQ°)
Since K > 0, we get

(29) dp(z) > ¢p(y) forae. (z,y) € (ENQ) x E)U(E x (E°NQ)).

By hypothesis, the function ¢ takes both a positive and a negative value in B(0, R)C.
Since ¢ is continuous, for every 0 > 0 small enough, both {—§ < ¢g < 0} \ B(0, R)
and {0 < ¢p < 0} \ B(0, R) are nonempty open sets. Hence, since E¢\ B(0, R) =
{¢r <0}\ B(0,R) and E\ B(0, R) = {¢r > 0} \ B(0, R), from (29), by letting § — 0,

we deduce
¢p(z) >0 forae ze€ ENQ and ¢ply) <0 forae ye E°NQ.

Since the set {¢r = 0} N Q) has zero measure by assumption, we deduce that ENQ=
{¢pp >0} NQ =ENQ up to a measure zero set.

(¢) If Hi[¢g](z) = 0 for almost every x € €, the last two integrals in ([28)) vanish,
and thus leads to Cq(F') = Cq(E), for every measurable set ' C G with F'\ Q =
E\ Q. O

Remark 3.18. Notice that Theorem and Theorem present many similar-
ities. On the one hand, Theorem holds for general measurable functions and,
moreover, if a set 2 admits sub- and super- solutions adapted to F, then ((z,y) =
sign(¢p(y) — ¢r(z)) is a calibration for yg. However, although Theorem requires
more assumptions, it gives us additional information about the local minimality of the
functional Cq and about the uniqueness of minimizers, which was only known for the

specific case of halfspaces, as shown in Theorem [3.11]



20 A. CARBOTTI, S. DON, D. PALLARA, AND A. PINAMONTI
4. '-CONVERGENCE OF THE RESCALED FUNCTIONALS

In this section we analyze the I'-limit of the rescaled sequence %PKE(EE; ), where
(E.).>0 is a family of measurable sets converging in L'(£2) to some set E C €. In the
study of the asymptotic behavior of the functionals, one has to deal with in the blow-up
of sets of finite perimeter. In the setting of Carnot groups, one of the main and still
unsolved problem concerns the regularity of the (reduced) boundary of a set of finite
perimeter. The solution of this problem in the Euclidean spaces goes back to De Giorgi
[15]. He proved that the reduced boundary of a set of finite perimeter in R™ is (n — 1)-
rectifiable, i.e., it can be covered, up to a set of S l-measure zero, by a countable
family of C'-hypersurfaces. The validity of such a result has deep consequences in the
development of Geometric Measure Theory and Calculus of Variations (see e.g. the
monographs [3, 22]).

The validity of a rectifiability-type Theorem in the context of Carnot groups is still
not yet known in full generality. However, there are complete results in all Carnot
groups of step 2 (see [29 B0]) and in the so-called Carnot groups of type %, see [39],
which generalize the class of step 2. In these papers the authors show that the reduced
boundary of a set of finite perimeter in a Carnot group of the chosen class is rectifiable
with respect to the intrinsic structure of the group.

Motivated by these results, we introduce the following notation, see [2I] that will be
used in Theorem [£.9 and Remark [L.8 Also recall Definitions 2.8 and 2.5

Definition 4.1. We say that a Carnot group G satisfies property R if every set £ C G
of locally finite perimeter in G has rectifiable reduced boundary.

As already mentioned before, property R is satisfied in Euclidean spaces, in all
Carnot groups of step 2 and in the so-called Carnot groups of type *.

The first part of this section is devoted to the proof of a compactness criterion for
the rescaled family éPKE, see Theorem The final part of this section deals with
the estimate of the I'-liminf for the same rescaled family of functionals, in the class of
Carnot groups satistying property R. We start with the following

Proposition 4.2. Let £, F' C G be measurable sets. Then the following fact hold: If
N C G is a set of finite perimeter in G such that E C N and F C N°€, then

lim sup lLE(E, F) < A G;N ) /G K(£)d(€,0) de.

e—0 3

Proof. By a change of variables and Proposition we have
1 1 1
~L.(E,F)< = — K (61/:(y ') dyd
LB < [ [ SRy ) dyda
1
=5 | [ K@howlatig)  xulw) dgs
€JcJe

Ps(N)
< [ K@acoa o
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Before the proof of the compactness Theorem, we remark the validity of the following
fact, whose proof is an immediate calculation. We denote by Jg the functional in
with kernel G and by Pg the corresponding perimeter.

Lemma 4.3. Let G € L'(G) be a positive function. Then, for any u € L>®(G) it holds
that

/G / (G G) () luley) — u(w)| dydz < 2(|G11e Jalu; G).

In particular, if we choose u = xg we have

| [@+ Owlxeten) — xu(o)] dyds < 416l Po()

We are ready to prove the compactness result.

Theorem 4.4. Let Q C G be a bounded open set. Let (,) be an infinitesimal sequence
of positive numbers and let (E,) be a sequence of measurable sets in Q). Assume that
there exists C' > 0 such that

1
(30) —P. (E.;Q) <C, VYneN.

n

Then, there exist a subsequence (E,, ) of (E,) and a set E of finite perimeter in 0 such
that (E,,) converges to E in L*(Q).

Proof. We write E. in place of E,, to avoid inconvenient notation. Fix a ball B in G
such that Q C B. For any positive p € C°(G) \ {0} we define, for every € € (0, 1), the

map
1
pe(z) = Ws@(él/sx),

and we consequently set v. = xpg. * .. We can therefore estimate

/Ive() XE. (€ !d§<//<psn ') |xE. (1) — xE.(€)] dndE
- /G/G%(MXEE(W) — xe.(n§)| dndé.

Notice that, by definition of . and since ¢ has compact support, the families (v.) and

(31)

(xEg.) share the same limits in L'(G). Reasoning in a similar way on the horizontal
gradient of v. we get

[1xee)

(17 ). (n) dn‘ ¢

< / / IV x0: (776 [, (1) — X (€))

+ / Y (6)

- / / V0l I, (7€) — . ()| .

/(}szos(nlﬁ) dn‘ d¢
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Notice that the identity
/ Vxp:(n'€) dn =0,
G

holds since ¢ € C2°(G) and horizontal vector fields in Carnot groups are divergence-free
(see e.g. [0, Proposition 1.3.8.]). Define now the map

if |s|< 1,
T(s) = s iflsl<

1 otherwise,

and consider the truncated kernel G := T o K. We notice that G > 0 and G € L>(G).
Moreover, by (9) and the fact that T'(s) < s for any s € [0,00), we can estimate

/I(ToK)(é)\dSS/ d§+/ K(€) de < o,
G B(0,1) G\B(0,1)

which implies that G € L'(G). Since G € L'(G)NL>*(G), the map G *G is continuous.
This is a consequence of the following estimate

(G *G)p) — (G G)(g) < / G(O)|G(pE™) - Glge™)) de

<Gl [ 16(6) = Glag )l de
= [|Gllz=@©)llT-1,G — Gl L1 (c),
and Corollary We now choose a positive p € C°(G) \ {0} such that
e <Gx+xG and |Vxp|<GxG.

We can assume without loss of generality that v. € C°(B) for every € € (0,1). Setting
G (&) = e79G(61/:€), and taking and into account we obtain

(33) / 0.(6) — i (€)] de < / / (G % G ()X (0) — X ()] dde,

and

B [ 9xe@lde< 2 [ [ (Gor Go©he.(06) e () dnde,

where the last inequality comes from the fact that

(V:)(6) = g (Tx0)(611:6)
and .
(Ge x Ge)(§) = (G % G)(0/e€)-
By applying Lemma [4.3] and since E. C Q) for each € > 0, we have

/G /G (G % G2)(©)xe. (0E) — xe. ()] dndé < 4G s o) Pes (E-)

1
< 4160, Pic (B = 416 371(E ) + S E59)

= 4| 1 @) T (Ex, ).
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Condition then gives M > 0 such that

%/G/G(Gs * G2) () xp. (1€) — xp.(n)] dndé < M||G 1)

By the estimates and we get that (v.) is equibounded in W' (B). Then, by
the general version of Rellich-Kondrakov’s Compactness Theorem in metric measure
spaces, (see [33, Theorem 8.1]), up to subsequences, v. converges in L'(B) to some
w. We moreover observe that (| also tells us that w = xz for some E with finite
measure in B. Inequahty . together with the lower semlcontlnmty of the total
variation implies that E has finite perimeter in B. By setting £ = EN 2, we have
that E has finite perimeter in  and, by (31)), E. — E in L'(). O

Remark 4.5. In case €2 has finite perimeter and the stronger integrability condition
(35) / K(z)d(z,0)dr < 400

is satisfied, then Theorem [£.4] can be strengthened replacing condition (30) with the

weaker

1
—JL(E,, Q) <C, VneN.
En
Indeed, applying (i) of Proposition 4.2] with N = € one gets some Cy > 0 such that

1 1
—J2 (E.,,Q) = L JQNE.,,QNES)
En

g—PG /K d(z,0)dr < Cy, VneN.

Notice however that condition ([35) is in contrast with below, that will be used in
Theorem

Denote for shortness B := B(0,1). For every halfspace H C G we set

e—0

(36)  b(H) — inf {hmmf 21 JM(E., B(0,1)) : E. — H in L)(B(0, 1))} |

A priori, the quantity b(H) defined above might depend on the halfspace H. In the
following proposition, we find sufficient conditions on the kernel in order to have a
uniform positive lower bound on b. In Remark we observe that, in free Carnot
groups, the function b defined above is constant.

Proposition 4.6. Assume there exists a monotone decreasing K: [0, +00) — [0, 4+00)
such that K (&) = K(||&||) for every £ € G and that

(37) inf K (r)r@* > 0.

r>1

Then
inf{b(H) : H is a vertical halfspace} > 0.
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Proof. Fix a halfspace H. We first prove that b(H) > 0. By definition of b(H) and a
diagonal argument, there exists a family yp. that converges to xyg in L'(B) as ¢ — 0
such that

TP S
llIEIL%If 2—€J€ (E.; B) =b(H).
Thanks to Severini-Egorov’s Theorem there exists an open set A C B such that
H°(H N B)
2
and g converges to yy uniformly on A, as ¢ — 0. We therefore find ¢y such that

(38) A#2(B\ A) <

SUP|XE5( ) —xu(x)|< 1, Ve < e,

€A

and hence, for every ¢ < gy we have E. N A= HN A = C*. By reasoning in the same

way on B¢, we may assume without loss of generality that, for every € < ¢y, we also
have ESN A= H°N A = C~. Notice that, by , we have

(39) min{#?(CT), #9(C7)} > 0.
For every ¢ < gy, we have
—J (Ee; B) / K. (y 'z)dydx > 97! / K(y~'z) dydz
. JEnB s1/ec+ Jo1/ec-

> EQ 1K(d1am(5l/50+ U 51/507))%(9(51/5C+)%Q(51/507)

g@+1 €

)reenoe),
which, by and ([39), is a positive lower bound independent of e.

To conclude the proof of (i), it is enough to check that b is lower-semicontinuous. In
fact, if this were true, by the compactness of the sphere S™~!, we would have that b
admits a minimum, that, by the previous step would be strictly positive.

Let v, € S™ ! such that v,, — v as n — 0 and let H, be the family of vertical halfspace
associated to v;. Then xp, — xp, in LY(B) as n — 0.

Fix o > 0. For every n > 0 we can find F converging to H, in L'(B), as ¢ — 0

such that

D L —
hgl_glf % J.(F; B) < b(H,) + o.
Considering F. = F?, we easily find that E. — H in L'(B), as € — 0 and hence
1
b(H) < liminf —JX(E.; B) < liminf b(H,) + 0.
e—0 26 e—0

The thesis follows by the arbitrariness of o. O

Remark 4.7. If G is a free Carnot group (we refer to [51, p. 45] or [50, p. 174] for
the definition) and K is radial, then, if H;, Hy C G are vertical halfspaces in G, one
has b(H;) = b(H2). Indeed, let vy, 15 € g1 \ {0} such that H;, = H,, and Hy = H,,.
It is enough to show that b(H;) < b(H,). Let E? be a family of measurable sets in
B such that E? — H,, in L'(B) as ¢ — 0. Now consider an orthogonal isomorphism
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T:g; — g1 such that T'(v) = 1. Since G is free, the map T extends in a unique way
to a Lie algebra isomorphism 7:g — g that induces an isometry I: G — G defined by
I == expoT olog.

We claim that I(Hs) = Hy. Indeed, for every £ € G, one has
(m1log&,v1) =(mlog &, T(ve)) = (T'(mi log &), va)
:<71T(10g 5)7 V?) = <7T1 IOg I(f)? y2>'
Since K is radial and I is an isometry, it is easy to see that J'(A4; B) = JY(I(A); I(B)).
By noticing that I(B) = B and that I(E?) — H; in L*(B) as ¢ — 0, we have that

b(H,) < liminf ZLJQ(I(EEQ); B) = liminf iJ;(Eg; B),

=0 2¢ e—0 2¢
whence b(H;) < b(H,).

Remark 4.8. Let G be a Carnot group satisfying property R and let E be a set of
locally finite perimeter in some open set 2 C G. Then, by [30, Lemma 3.8], if G
satisfies property R, for every p € FE one has

P, .
lim G(E7B(p7r))
r—0 TQ_l

(40) = Ps(H,(); B(0,1)) = 9(ve(p)).

Notice also that, since H, has smooth boundary for any v € g, its perimeter can
be explicitly computed (up to identification of G with R™ by means of exponential
coordinates) to get

(41) I(v) = "1 (0H, N B(0,1)),

where "1 denotes the (n — 1)-dimensional Hausdorff measure with respect to the
Euclidean metric (see e.g. [43, Theorem 5.1.3] and [30), Proposition 2.22]).

Theorem 4.9. Let G be a Carnot group satisfying property R, let 2 C G be open
and bounded and let K:G — [0,+00) be a radial decreasing kernel satisfying ,
(©) and (B7). Then, there exists p:g1 — (0,400) such that, for every family (E.) of
measurable sets converging in L'(Q)) to E C Q, one has

1
(12) | otve) dPe(E:) < imint 2P.(5:0).
Q e—=0 €
More precisely, for every v € g1, the function p can be represented as:
b(H,)
p(]/) - 19(”) )

where b and ¥ are respectively defined as in and .

Proof. Fix € > 0. We define the function
1 1
o K.(n~"'¢) dn + —/ K(n™'¢)dn, if¢e b,
£.(€) = 2e EcnQ € JaenEe

% K.(n'&) dn, if £ € E,
€ JE.NQ
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and set p. == f.H?L Q. Notice that

1
||:U'€H:: ME(Q) = EPE(Ea; Q)
Without loss of generality we can assume that there exists M > 0 such that

1
SP(E;Q) <M, Ve>O0.
£

By this uniform bound and the assumptions on €, we get that, by Theorem 4.4, E has
finite perimeter in 2. We set for shortness Pr := Pg(FE;-). Moreover, thanks to the
weak™® compactness of measures, we can find a positive measure v such that g, —* pu

as € — 0 up to subsequences, and hence
< lim1i .
[pll< ha 1glfH/JsH

To prove ([42)), it is enough to show that

mmz[jwmdaa

for some p:g; — (0, +00) that will be determined in the sequel. Notice that, since by
[1] the perimeter measure is asymptotically doubling, we are allowed to differentiate
with respect to the perimeter Pg, see |23, Theorem 2.8.17]. We then aim to prove that

i

(p) > p(ve(p)), for Pp-a.e. p €,
dPg

WhereddT‘;(p) denotes the Radon-Nikodym derivative of p with respect to Pp. Fix

p € FENQ. Since G satisfies property R, by we have

dp , .. wBEr) 1 u(Bpr))
E(p) = lim )

= Pe(Blp.r)) ~ Im(p) e el

Since p. weakly* converges to p as ¢ — 0, we have that p.(B(p,r)) converges to
w(B(p,r)) for every r > 0 outside a countable subset Z C (0,+o0) of radii. We

therefore have
dp 1 : _ pe(B(p,r))
—_— = —— 1 im ——2 | .
iPs?) = om)) (SE% Q-1

By a diagonal argument, we may choose two infinitesimal sequences (¢;) and (r;) such
that

lim 2 = 0,
J ’f’j
and so that
d,u . 1 . MEJ' (B(p7 7”]))
o lim
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By making the computation explicit, we can write

d,u 1 . 1 1 / / 1
lim — | = K. (y ™ z)dyd
dPE ) 19(VE (p)) J €j’f‘;g '\ 2 Ee; NQNB(p,r;) Egj N

1
+= / / K., (y~'z) dydx
2 Egj NQNB(p,r;) Ee;nQ

-I—/ / Kaj(y_lx) dydzx |,
EgjﬁQﬂB(p,rj) QeNES

and hence, since P. = J. > 1.J! and since, for j sufficiently large, one has B(p,r;) C Q,

we get

du 1 1
> —— liminf ——— Jl E.;; B(p,rj) N Q
aPs ) 2 B M ey s B B 1Y)

1 1
= ———liminf ——— J1 E..:B(p,r;)).
Ts)) M eyt Bt B )

By a change of variable, since J! is left unchanged by isometries, we have
Jslj(EEj;B(p, 5)) =7; @ e /r; (61/r,p " E.,; B) .
This implies that

du 1
— >—11m1nf Ny 81/p.p YE.:B).
2P ") 2 T Y ey o v e B)

Since, by property R, the sequence 51/5jp_1E5j converges to H,,, in L'(B) as j — oo

we get
du 1

dPg p) 2 J(ve(p))

O(Hop))- 0
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