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1 Introduction

The study of mean-value properties of solutions of elliptic PDEs has a long and fruitful history.
For harmonic functions in the Euclidean setting, the study goes back to Gauss, Koebe, Volterra,
and Zaremba, to mention just a few, see also [1] for recent results in Carnot groups and [23] for an
interesting survey on the topic. In the last decade there has been a growing interest in studying
a generalized mean-value property originating in [20] and [21], called the asymptotic mean-value
property (amv-property for short). It allows to characterize solutions to harmonic, p-harmonic
and more general equations of elliptic and parabolic types. Related are applications of p-harmonic
functions in statistical Tug-of-War games, see for instance [20] and [24]. The studies in [20] allow,
in the simplest case, to weaken the classical characterizations of a harmonic function u in R™ as
follows:

u(z) :][ u + o(e?), ase— 0.
B (z)

It is important from the point of view of our studies below, that the amv-property can be shown
to hold for the viscosity solutions to the normalized p-harmonic equation Aév u = 0 in R™ for all
1 < p < oo. Namely, in [20] it is proven that u(z) = ui(e,u) + o(e?), as e — 0, where (e, u) is
the linear combination of the mean value and the min-maz mean:

N n 4+ 2 1p—2 .
pp(e,u) = u+ = max « + min u | .
n+pJ)B. () 2n+p \B.(o) B. (z)



Similar means characterizing p-harmonic functions have been found in [12, 13], by using the median
of a function, see also [15]. The results in [12] yield the amv-property for all p but for n = 2 only,
while results of [15] provide the amv-property for n > 2. Moreover, the mean-value property for
solutions to general elliptic equations with nonsmooth coefficients is studied in [25].

The amv-property has also been investigated beyond the Euclidean setting, see [9] for results
in the first Heisenberg group Hjy, [17] for the higher order Heisenberg groups H,, and [10] for the
setting of general Carnot groups.

A new approach to the asymptotic mean-value property has been recently proposed in [14] (see
also [2] for relations with statistical games). More precisely, in [14], the authors proved that every
viscosity solution u to the normalized p-Laplacian in an open set 2 C R™ for a given 1 < p < oo
(Definition 2.2), can be characterized using an asymptotic mean-value property in terms of the
function (e, u)(z), defined as the unique minimizer of the following variational problem

1w = rep (e, Wl 1o By = 0w = Al 1 (529

where B.(z) C € denotes the ball centered at x with radius e. This notion encompasses the
median, the mean-value and the min-max mean of a continuous function, see [14] for details.

In the present paper we generalize the results of [14] to the setting of an arbitrary Carnot
group. The novelty of our results is threefold: Firstly, we consider the setting of noncommutative
metric measure spaces metrically nonequivalent to Euclidean spaces. This shows robustness of the
approach in [14] and opens further possible directions of studies in the setting of subriemannian
spaces as well as Riemannian manifolds. Secondly, since the geometry of sets in Carnot groups
differs from the Euclidean ones due to the complexity of gauge distances and rigidity of the sym-
metries, the techniques used in our work need to be adjusted accordingly. We comment on these
changes throughout the manuscript, see Remark 2 following the proof of Lemma 3.1. Finally, since
our computations allow us to obtain the explicit coefficients in the key Lemma 3.1, see Examples
2-4, these computations can be employed to obtain counterparts of results in [2] and [3] for Carnot
groups, see also Remark 3 below. Moreover, the proof of our main result can be viewed as a first
step towards the parabolic case (see Section 4 in [14]) as below we develop methods which are key
in establishing counterparts of parabolic-type results in [14].

Let G be a Carnot group of step k (Definition 2.1). Denote by Aé\,{G the subelliptic normalized p-
Laplacian (see (2) and (3)) and by p,(e, u) the generalized median of a function u defined uniquely
as in (5). The theorem below states that a viscosity solution of Aé\{Gu = 0 can be characterized
asymptotically by the minimum p,(e,w). This provides one more, intrinsic, way to characterize
p-harmonic functions via a variant of the asymptotic mean-value property.

Theorem 1.1. Let 1 < p < oo and let Q C G be open. For a function u € C°(Q) the following
are equivalent:

(i) w is a viscosity solution of A;]XGU =0 in Q;
1) u(x) = g, u)(x) + o(e?) as e — 0, in the viscosity sense for every x € ).
Hop

In order to prove this theorem we first prove Lemma 3.1, where the asymptotic behavior of
minimizers p, is described for quadratic polynomials on balls. We illustrate the discussion with
examples of the Heisenberg group and Carnot groups of step 2, see Examples 3 and 4 in Section
3. As presented in Remark 1 in Section 3, our results generalize those obtained in the Euclidean
setting in [14]. In Remark 2 we compare our Lemma 3.1 to its counterpart in [14], discuss differences
between these results and explain difficulties and novelties arising in the setting of general Carnot
groups. Furthermore, in Remark 3 we discuss some possible applications of our results.

2 Carnot groups

In what follows, we briefly recall some standard facts on Carnot groups, see [6, 8, 11, 22] for a more
detailed treatment.



Definition 2.1. A finite dimensional Lie algebra g, is said to be stratified of step k € N, if there
exists subspaces V1, ..., Vi of g such that:

g:Vl@---@Vk and [‘/17‘/i]ZW+1 izl,...,k—l; [Vl,Vk]:{O}.

We denote by v the dimension of V.
A connected and simply connected Lie group G is a Carnot group if its Lie algebra g is finite

dimensional and stratified. We also set hg := 0, h; := 2221 v; and m = hy,.

Using the exponential map, every Carnot group G of step k is isomorphic as a Lie group to

(R™,-) where - is the group operation given by the Baker-Campbell-Hausdorff formula.
For each x € G we define left translation by 7, : G — G by

T(y) =z y.
For each A > 0 we define a dilation dy : G — G by
On(x) =oa(z1, .oy Zm) = (AN @y, ., A2,

where o; € N is called the homogeneity of the variable x; in G and it is defined by o := i, whenever
hi—1 <j < hy.
We endow G with a pseudonorm and pseudodistance by defining

k 1
e = (2D, .. e®)g = (Z 29| % )2 W
j=1

d(@,y) =y zle,

where 29) := (24, ,41,...,2p,) and ||z\)|| denotes the standard Euclidean norm in R ~"i-1. We
define the pseudoball centered at x € G of radius R > 0 by

B(z,R) = Br(z) ={y€G: |y~ z|g < R}.
We illustrate the concept of Carnot groups with the following important examples.

Example 1 (The Heisenberg groups H,,). The n-dimensional Heisenberg group G = H,, is the
Carnot group with a 2-step Lie algebra and orthonormal basis {X7, ..., Xa2,, Z} such that

g1 = Spa‘n{Xla"'vXQn}) g2 :Span{Z}7

and the nontrivial brackets are [X;, X,,1;] = Z fori=1,...,n.

In particular, if n = 1, then the Heisenberg group H; is often presented using coordinates (z, t),
where z = z + iy € C and ¢t € R, and multiplication defined by (z1,1)(22,t2) = (21 + 22,81 +
ty 4+ 2Im (212)). The pseudonorm given by ||(z,t)|| = (|z|* + )1/ gives rise to a left invariant
distance defined by dy, (p, q) = ||p~1q|| which is called the Heisenberg distance. A dilation by r > 0
is defined by 6,.(z,t) = (rz,r%t) and the left invariant Haar measure \ is simply the 3-dimensional
Lebesgue measure, moreover 6d\ = r*d\. It follows that the Hausdorff dimension of the metric
measure space (Hy,dy,,A) is 4, and the space is 4-Ahlfors regular, i.e., there exists a positive
constant ¢ such that for all balls B with radius r, we have %r‘* < H*(B) < er*, where H* denotes
the 4-dimensional Hausdorff measure induced by dyg, .

The following proposition, proved in [6], shows that the Lebesgue measure is the Haar measure
on Carnot groups.

Proposition 2.1. Let G = (R™,-) be a Carnot group. Then the Lebesgue measure on R™ is
invariant with respect to the left and the right translations on G. Precisely, if we denote by |E| the
Lebesgue measure of a measurable set E C R™, then for all x € G we have that |x-F| = |E| = |E-x|.
Moreover, for all A > 0 it holds 6;(E)| = A?|E|, where Q := Z;”:l V0.



A basis X = {X1,..., X} of g, is called the Jacobian basis if X; = J(e;) where (e1,...,epn) is
the canonical basis of R™ and J : R™ — g is defined by J(n)(z) := J-,(0) - n, where J., denotes
the Jacobian matrix of 7.

Let us recall the following classical proposition describing the Jacobian basis on Carnot groups,
see [6, Corollary 1.3.19] for a proof.

Proposition 2.2. Let G = (R™,-) be a Carnot group of step k € N. Then the elements of the
Jacobian basis {X1, ..., X} have polynomial coefficients and if hj—1 < j < h;, 1 <1<k, then

Xjw) =0+ 3 a (@)
i>hy
where agj)(z) = an)(:cl, ey XTh,_y) when hi—y < i < hy, and agj)((;)\(:r)) = )\"F"jaz(-j)(z).

The following definition is one of the key concepts of the analysis on Carnot groups. Let
X = {X1,..., X} be a Jacobian basis of G = (R™,-). For any function u € C*(R™), we define
its horizontal gradient by the formula

h1
Vy,u:= Z(Xiu)Xi
i=1
and the intrinsic divergence of u as
h1
divy, u := ZXiu.
i=1

Moreover, for 2 < j < k, we set Vy,u := Zhj71<i<hj (X;u)X;. The horizontal Laplacian Agu of a
function u : G — R is defined by the following

h1
Agu = Z XZu.
i=1

A priori, one studies solutions to the Laplace equation under the C?-regularity assumption. How-
ever, as in the Euclidean setting, it is natural to weaken the required degree of regularity and
consider weak solutions belonging to the so-called horizontal Sobolev space. For further details we
refer to e.g. [7, 19].

The following results describe the Taylor expansion formula in the Carnot groups, see [6, Propo-
sition 20.3.11] .

Proposition 2.3. Let Q) C G be an open neighborhood of 0 and let u € C°(Q2). Then, the following
Taylor formula holds for any point P = (2, 2® ... 2®) e Q:

1 x
u(P) = u(0) + (T, u(0), 20, + (Vi u(0), 2 + 5 (DF w0V, 2Dz + o[ PI)

D2’*U, L <(XZX] + X]Xz)u)
v, U=
' 2 1<i,j<hy

is the so called symmetrized horizontal Hessian of u.

Next, we recall the definition of the main differential operator studied in this work. For p €
[1,400] the subelliptic normalized p-Laplace operator is

ANy e B (Vi "2V u)
e Vv, ulp~2

if 1<p<oo (2)



and

2,% Vv, u Vv, u
<Dv1 U Ty ul Vvl

IVV1U|2

3)

N —
AOO,GU =

Note that for p = 2, Aggu = Agu is the so called Kohn-Laplace operator in G. Thus, the p-
Laplace operator is the natural generalization of the Laplacian. Furthermore, the co-Laplacian can
be viewed as a limit of p-Laplacians in the appropriate sense for p — oco. Among its applications,
let us mention best Lipschitz extensions, image processing and mass transport problems, see e.g.
the presentation in [20] and references therein.

In the case of the non-renormalized p-Laplacian, notions of a viscosity solution and a weak
solution agree for 1 < p < oo, see [16] for the result in the Euclidean setting and [4] for the
Heisenberg group. Since the normalized p-Laplacian is in the non-divergence form, the concept of
viscosity solutions is more handy than weak solutions. Let us now introduce this notion.

Definition 2.2. Fix a value of p € [1,00] and consider the subelliptic normalized p-Laplace
equation
AfXGu =0 in QcG. (4)

(i) A lower semi-continuous function w, is a viscosity supersolution of (4), if for every zy € Q,
and every ¢ € C?(2) such that Vv, ¢(x) # 0 and u — ¢ has a strict minimum at zg € §, we
have A;\{Ggﬁ <0in Q.

(ii) A lower semi-continuous function wu, is a viscosity subsolution of (4), if for every zg € Q, and
every ¢ € C%(Q) such that Vy,¢(zg) # 0 and u — ¢ has a strict maximum at zo € €, we
have Af,\{ng > 01in Q.

(iii) A continuous function u is a viscosity solution of of (4), if it is both a viscosity supersolution
and a viscosity subsolution in (2.

Fix an open set Q C G, let 1 < p < oo and let u be a real-valued continuous function in €.
For a given x € ), choose € > 0 so that B.(x) C €, we define the number p,(¢,u)(z) (or simply
pp(e, u) if the point x is clear from the context) as the unique real number satisfying

1w = p(es W) o By = min flu = Al 1 (5)- (5)

The following properties of yu,(¢,u)(x) have been proved in [14] for the setting of compact topo-
logical spaces X, equipped with a positive Radon measure v such that v(X) < co. Here we apply
results from [14] to X = B.(z) C G and v the Lebesgue measure, cf. Proposition 2.1.

In Theorem 2.1 below, we summarize results proven in Theorems 2.1, 2.4 and 2.5 in [14].

Theorem 2.1. Let 1 <p < oo and u € C(B:(x)).

(1) There exists a unique real valued ppy(e,w) such that
flu — Np(gvu)”Lp(BE(z)) = rAnelI{{} flu — >‘HL;’(BE(3;))-
Furthermore, for 1 < p < oo, up(e,u) is characterized by the equation

/B ) = e P ) = ) dy = (6)

where for 1 < p < 2 we assume that the integrand is zero if u(y) — pp(e,u) = 0. For p = o0
we have the following equality:

B(z,e) B(z,e)

Hoo(E, u) = % ( min v+ max u) . (7)



(2) If 1 < p < oo then it follows that
[l — Mp(&U)lle(m) —llv = p(e, U)||Lp(m) < lu - U||Lp(m)

for any u,v € LP(B.(x)). Moreover, if u, — u in LP(B:(x)) for 1 < p < 0o and u,,u €
CY(B:(x)) forp =1, then p,(g,un) — pp(e,u) asn — oo, the same is true for any p € [1, o]

if {un} C C°(B.(x)) converges uniformly on Be(x) as n — oc.

(8) Let u and v be two functions which, in the case 1 < p < oo, belong to LP(B.(x)), and in the
case p =1, belong to C°(B(x)). If u <v a.e. in Bc(z), then py(e,u) < py(e,v).

(4) pple,u+c¢) = pp(e,u) + ¢ for every c € R.
(5) pp(e, cu) = cpp(e,u) for every c € R.
The following is [14, Corollary 2.3] in Carnot groups of step k:

Corollary 2.1. Let u € LP(B.(z)), for 1 < p < oo, or in C%(Bc(x)) for p = 1. Let u.(z) =
u(zde(2)) for z € B1(0), then

tp (&, u)(x) = pp(1,ue)(0).
Proof. For every A € R and 1 < p < oo it holds:

e (€)= AP d€ = e P2t lue =MD 5 o)

Moy = [ @A de = oo [
Be(x)

B1(0)
and
[ = Al (B (@)) = llue = Al (B, (0)
and the conclusion follows by (1) in Theorem 2.1. O
Next we state carefully what is meant by the statement that the asymptotic expansion of the

function w in terms of u, holds in the viscosity sense, see (5) and Definition 2.4. First, we need
the following auxiliary definition.

Definition 2.3. Let h be a real valued function defined in a neighborhood of zero. We say that
h(z) < o(z?) as x — 0T

if any of the three equivalent conditions is satisfied:

h(x)

a) limsup

<0
z—0t x2 =

b) there exists a nonnegative function g(z) > 0 such that h(z) + g(z) = o(2?) as x — 07,

+
lim W (z)

z—0+ x2

c) <0.

A similar definition is given for h(z) > o(z?) as  — 0T by reversing the inequalities in a) and
¢), requiring that g(z) < 0 in b) and replacing h* by h~ in c)*.

Let f and g be two real valued functions defined in a neighborhood of zg € R. We say that f
and g are asymptotic functions for x — xg, if there exists a function h defined in a neighborhood

Vaoof 2o such that:

(i) f(z) = g(x)h(z) for all z € V, \ {z0}-
(ii) limg— ., h(x) = 1.

L As usual, we denote by hT(z) := max{h(z),0} and h~(z) := — min{h(z),0}.



If f and g are asymptotic for z — zg, then we simply write f ~ g as © — xg.
Definition 2.4. A continuous function u defined in a neighborhood of a point = € G, satisfies
u(@) = py(e,u)(@) + o(€),
as ¢ — 07 in the viscosity sense, if the following conditions hold:

(i) for every continuous function ¢ defined in a neighborhood of a point x such that u — ¢ has
a strict minimum at  with u(z) = ¢(z) and Vy, ¢(x) # 0 , we have

6(z) > (e, d) (@) +o(c), as e 0F,

(ii) for every continuous function ¢ defined in a neighborhood of a point  such that u — ¢ has
a strict maximum at x with u(z) = ¢(z) and Vy, ¢(x) # 0, then

(x) < pple, d)(x) +o(e?), ase— 0.

3 The proof of Theorem 1.1

In order to prove Theorem 1.1, we need the following key lemma.

Lemma 3.1 (c¢f. Lemma 3.1 in [14]). Let G be a Carnot group of step k. Moreover, let @ C G
be an open set and v € Q be a point such that Be(z) C Q for all small enough ¢ < eo(x). Let
1<p<ooand e R"N\A{0}, n € R2. Let further A be a symmetric v1 X v matriz with trace
tr(A). Moreover, consider the quadratic function q : B:(x) — R given by

q(y) = q(@)+ (& (@ ') e + (1, (27 1y) D )res + %<A(x’1y)“), (') D)ger, y € Be(x), (8)

where (27 1Y)V and (z=1y)?) are the horizontal and the vertical components of x =y, respectively
and (-, -yge1 and (-, )gv2 denote the Euclidean scalar products on R and R"2, respectively. It then
follows that

A£a€ v
e @) = alo) + e (1) + (= 2 EEGEL) o) )
where

Vg P+Zf;1l jvj oy +Z{i*1iv.

1 B -1 20— T L) k-1 B (%, Provimy 00 s+ 1)
c:=c(p,v1,...,05) = , T

2 _ Bl . vj —2+4+ g: 105

(p+v1)8<2(kv_k1)!vp 2;(%:—11:)1!] : +1> jIQB(éi”p g’:f! 1 +1)

and B (z,y) denotes the Beta function B (z,y) = fol t*=1(1—¢t)v=1dt for all z,y > 0. Furthermore,
if u € C%(Q) with Vv, u(x) # 0, then

1ip (e, u)(z) = u(z) + cA)gu(z)e® + 0(e?), as e—07. (10)

Remark 1. The formula describing the constant c¢(p,vq,...,v;) is complicated and not easily
simplified using the properties of the Beta function.

Before we prove the lemma, let us discuss its assertion in some particular cases:

Example 2 (The Euclidean space RY). If G is the Euclidean space RY then ¢(p, vy, ..., v;) agrees
with the constant computed in [14], namely



Example 3 (The Heisenberg group H;, cf. Example 1). If G = Hj, then quadratic function ¢
in (8) takes the form:

aly) = a(e) + (& ) O) + ey @ + SAETYD, @) Des, g € Bala),

where w € R, ¢ € R?\ {0}. Furthermore, the constant ¢ = ¢(p) appearing in (9) and (10) takes
the following form

2
b2 (re)
c(p) = ,
YT o) \T ()
where for ¢ > —1, T'(t) = [;~ 2'"'e d is the Gamma function.
Example 4 (Carnot groups of step 2). Let G be a Carnot group of step 2, then the quadratic

function ¢ in (8) takes the form:

q(y) = q(z) + (& (@' + (27 y) P )e + %(A(w‘ly)(l)» (z7'y)D)gn, y € B.(),

that is v; = n,vy = k, £ € R™\ {0} and n € R*. Moreover, the constant ¢ = c(p,n, k), appearing
in (9) and (10), takes the following form

L B(5, ")

2+ 91 B (5, )

c(p,n, k) =

In the proof of Lemma 3.1 we employ the following integral formula.

Lemma 3.2. Let aq,...,q, be real numbers such that a; > —1 for i =1,...,n. It then follows

that
1T P(e5)
it ahnde = —n% (11)
/ 2 ()

Tn

where Ty, ::{(:rl,...,;vn)ER":x%—i—...—l—x%<1,xi20f0ri:1,...,n}.

Proof of Lemma 3.2. Let a,b > —1. Upon applying the change of variables ¢ = sin? z;, we obtain
the following equation:

s 1 1
2 a 1 1 a—1 b—1 1 a+1 b+1
ca b 2 a—1
sin® x cos’ xdx = t2(1 —t)2 ———dt = — tz (1—t)yzdt==B ,— .
/0 /o ( ) V1 —t 2/0 ( ) 2 ( 2 2 )

Now we are in a position to calculate the left-hand side of (11). We apply the spherical
coordinates

(NEY

Ty  =TrCcosy
Ty = rSsin; cos s
T3 = rsin; sin gg cos @3
Tp—1 = TrSin;sings ... cosp,_1
T, =rsine;sings...sine,_1
with the Jacobian determinant |J| = rr—1gin" 2 1 sin" 3 Yo - ...-sinp,_o and the spherical



coordinates varying as follows: r € (0,1), ¢; € (0,7/2) for i = 1,...,n — 2. The result is

1 .z L
2 2 n ) _ . n . —
/ .’L‘?l LR Qﬁg”d.%' = / / e / |:7"Zi=1 aj+n—1 . COSul 801 Sani:Z a;+n—2 ©1
Tn 0 0 0

- c08%2 (g sindoi=s YT o L L cos®nt p,_y sin®n @n_l} dpy . ..dp, _1dr
_ 1 13 Sipaitn—1 a+1 IB Shsai+n—2 az+1
Cn+Y 2 2 T2 2 2 T2
1 anp+1 ap_1+1
b ( 2 2 > ’
which is equal to the right-hand side of (11) upon using the well-known formula B (z,y) = 71}(81;1’))

Proof of Lemma 3.1. In the proof we follow the steps of the proof of Lemma 3.1 in [14]. However,
since the setting of Carnot groups differs from the Euclidean one, the computations are to some
extent, more demanding and nontrivial.

We begin with computing p,(e,q). For z = (z,...,20) € B := B(0,1), we introduce the
following functions:

g=(2) — q(z)

- and 'U(Z) = <§7 (217 ey Zv1)>Rn = <£, Z(l)>]Rv1 .

4e(2) = q(x6:(2)), wve(z) =

We know that (e, q)(x) = pp(1, ¢ )(0) by Corollary 2.1. Then, by points (4) and (5) of Theorem
2.1, we see that

(e, q) (@) — q()
oS I 1y (1,0)(0).
Let us further observe that

ve(2) = (6,:20) + (4=, 20) 4 e, =) (12)

which shows that v. converges uniformly to v as € — 0 on B. We appeal to the second part
of claim (2) in Theorem 2.1 to obtain that w,(1,v:)(0) = £,(1,v)(0) as e — 0. Recall that the
characterization of A = p1,,(1,v)(0) given by (6) in Theorem 2.1 states that if p € [1,00), then X is
the unique number such that

/B 165 D) = AP2((6,5 D) — A)dy = 0.

On the other hand we have
[ HerD P e )y = o
which follows from the symmetry of the unit ball and the following natural change of variables
oy, P,y W) = (WP W), Jel =1, ®(B)=B.
It now follows that u,(1,v)(0) = A =0.
If p = oo, then by (7):

po(1,0)(0) = 5 (sminde, o) + max(e, ) ) = 3 (-1¢] + e =o.

Next, we split the discussion into the cases depending on the value of p. Let us define

. fip (€, Q)(:z) —a(z)




3.1 Case 1l: 1 <p < oo.

For the sake of brevity, we introduce a function f(s) = |s[P=2s. Then, upon applying (6) to
tp(1,v:)(0) = e7v., we obtain

/Bf(va(z) — 7. )dz = 0.

By using (12), this can be transformed to the following expression:

/Bf (<g, WYy 4 ¢ <;<Az(1), 2Dy — e + (n, z<2>>)> dz = 0. (13)

Without loss of generality we may assume that || = 1, since otherwise we can consider the
quadratic function § = ¢/|¢|. Let us apply the change of variables z = (z(1), 22 ... 2()) =
(RyM,y@ ... y®)) in (13), where R is a v; x v; rotation matrix with RT¢ = e; and e; denotes
the first element of the canonical basis of R¥1. Set C' = RT AR, then (13) reads as

/ f <y1 +e <;<Cy(1),y“)> — 7+ <n7y(2)>>> dy = 0.
B

Since [ f(y1)dy = 0, it follows that for all € > 0, we have:

[ (1 (o= (5100 = t00)) ) = o)) g =

Therefore, by the Fundamental Theorem of Calculus, we have:

1
/ [/ f <y1 +te <;<Cy(1),y(”> -7+ <777y(2)>>) dt} (;<Cy(”, yMy — 5. + <n7y(2)>) dy = 0.
B 0

(14)
Equality (14) implies that 7. is a weighted mean value of the function 3(Cy™®,yM) + (n,y@)
over B with respect to a weighted Lebesgue measure w(y)dy for

! 1
w(y) = / f <y1 1 te <2<0y(1),y(”> -7 + <n7y(2)>>) dt, ye€B.
0

The weight function w is nonnegative since f’(s) = (p — 1)|s[P~2 > 0. Therefore, 7. is bounded by
c:= ||%<Cy(1)= y(1)> + <7]71/(2)>||L°°(B)~

Let us consider any subsequence of (v.) converging to 7o as € — 07, which for the sake of
brevity, we also denote by (7). Let us consider two cases. If 2 < p < oo, then for all y € B we
obtain

1 1 1
/ f (yl T te (2<Cy(”, y M) — e + <n,y(2)>>) dt (2<Cy<”,y(”> — 7 + (n, y<2)>)‘
0

1 p—2
< 2¢(p— 1)/
0

dt < 2¢(p—1)(1 + 2ce).
Therefore, by the dominated convergence theorem the sequence (v.) converges to

i, — AP GOy + (1, y™)) dy
Yo : 8_>0’Ys fB |y1‘p72dy ’

Let now 1 < p < 2. Fix 0 < # < 1 and split the integral (14) into two parts: over the set
Gy := BN {ly1] > 0} and Fy := BN {|y1] < }. Observe that for all y € Gy and for all € > 0
satisfying 2ce < 6, we have the following:

1 1 1
‘/ f <y1 T te (2<0y(”, y M) — e + <n,y(2)>>> dt (2<Cy<”,y(”> — 7 + (n, y(2)>)‘
0

< 2¢|jyr| — 2ceP72.

1
Y1+ te <2<0y(1),y(1)> — 7 + <77,y(2)>>

(15)

10



Moreover,
iy [l = 2es 2y = [Py < [ -y, (16)
e—0 Go Ge B

where the inequality holds uniformly for all § € (0,1). Furthermore, the last integral turns out
to be finite which can be seen from the explicit calculation below in (17). Hence, by applying
Theorem 5.4 in [14] to X = Gy with v being the Lebesgue measure, we obtain the following:

) ! 1
hgg)/G / ! (yl 1 te (2<C My My — oy, + <n,y(2)>)> dt <2<Cy(”,y(”> — e + (n,y(2)>> dy
€ 0 JO
/1
= [ = Dl (85 + 05) = 0)
]

Observe that here the upper bound in (16) allows us to conclude that the limit as § — 07 is finite.
We now focus on the part of the integral in (14) involving the set Fy. Since |Fy| = fFQ 1dy, then
upon writing this integral as in (17), one sees that |Fy| = c(k,v1,...,v,)0, and so |Fp| — 0, as
6 — 0T. Moreover, it suffices to consider § = 2ce and the related me lly1| — 2ce|P~* dy. We again
appeal to integral (17) and reduce our computations to finding

/ (2ce — [y )P % dy')
By, (0,R1)N{|y1|<2ce}

However, direct computation shows that this integral is of order eP~!, which then allows us to let
e — 0T, and in turn conclude (15).

In order to approach the proof of (9), we first need to compute integrals in (15). We begin with
computing the denominator of (15). Once this is completed, the computation of the numerator
will be more straightforward. We write

I:/ 1 |P2dy = / / / / [y [P~ 2dyWdy® ... dyF=V dy™®)
B

Buy (0,1) By, (0,Rk—1)  Buy(0,Rz) By, (0,R1)
(17)

where for j = 1,...,k, B,,(0, R;) denotes the Euclidean ball in R" centered at 0 with radius

Ry, = 1. Furthermore, each radius R; > 0 is a function depending on the variables y® with i > j,
with the following property:

k—1
Ry =Rima(y™) = (1= @) %) ™

k—2
2 2k' !
Ria =Rima(y™,y® 1) = (1= ly® % - Jy®=0)#5) 7

j 281 1)y 2k 2
R; =R;(y® ... 40ty = (1 —ly® == Hy(J+1)||j+1> *

2
2k!

k
Ry =Ro(y™,...,y¥) = (1 - Z Iy @11 )

1

k 3kl
Rl :Rl(y(k)avy@)): (1_Z”y )%) .

11



Upon applying the scaling change of variables, followed by Lemma 3.2 with a; =p—2 and o; =0

for i = 2,...,v1, we obtain the following equality:
p—2 7, (1) _ pvi+p—2 p—2 7, (1) _ pvitp—29v; p—2 7 (1)
[P 7dyt = Ry [P dyt = Ry 2 yi dy
B, (0,R1) B, (0,1) T,
-1 1\v1—1
_ RUH‘p—QF (pT) r (E) ' (18)
Y L(=3t)

Using (18) in I, we see that

r(e= (L)t
;= )U +(§) / . / RYP2qy @ L dy®). (19)
F ( 12 ) ka- (071) ng (07R2)
Since R;’ﬁp*z is a radial function with respect to 4, ..., y*), in particular with respect to 3,

1
2k! 1\ 2ET
we use the spherical coordinates together with the observation that Ry = (R22 — ||ly® H%) * to

obtain the following:

v R L
By, (0,R2) 2/ 70

(%)

2 v2 1 v1tp—2 1 vitp—
= VT /R2 2 (1—5%) ;kIQRSZ_lswfleds (Ras =)

(%)
. _ 1
_ 2y7"” i (1_5%’“)”;5723112—%5
r(g)
P} 0
2\/771-1)2 2v2+v21+1)72 2 1 vitp—2 2(wp—1) 2 4 25!
=2V" R = (A=) Tmr oo el ti=s2
r(z) 2 o f, 1= (ti=s)
e N e S
r5) 28 J
_ 47" %B @v1+2k!+p—2
2kIT (%) 2 2k’ 2k! '

In summarise, we now have

I B 4F (%) \/’TTUI+'H271 B 2’[}2 ’U1 + 2k' + p _ 2 R2v2+'u21+p72 d (3) d (k:)
CO2KID (B52) T () 2k!° 2k! 2 Yy dy'™.
: 2 2 ka (071) Bv3 (OaRB)

In order to complete the computation of the iterated integral I, we need to proceed similarly to
the previous case. As it turns out, the key step is to calculate the following integral:

97‘ j
/ Rj'—ldil/(J) (20)
BU]‘ (07Rj )

where 6; > 0 is defined inductively for j =2,3,...,k — 1. From the previous computations we see
that o = vy +p—2 and 03 = %.
Let us observe, that from the construction of R;, it follows that

j—1
B = () = %)

Hence

) ) 2kt o omt 2R ) o0/ rRis em | et
Ra-],ldy(j) = RS — ||y(])\|% dy\) = \/f R’ —r% rUitdr,
’ ’ r(3)Jo Y

B, (0.R;) B.,,(0.R;)

12



which again follows by the integrand being radial. We apply the change of variables R;s := r to
obtain

(G1—=1)8;

ot 1

2k! 2kT

k 2k! o

—TJ'> Y 1dr:/ <j
0

2k!

Therefore 6; is defined by the following recursive formula

O =vi+p—2

which leads to the following explicit formula:

Indeed, observe that

j—1 p- 2"’21 lwz+

J

2k! 2k! . 1 i —
R’ —R/ s j) R})] sY 1 R;ds
(G-10+jv; rl 1, G-De;
_R#/ (1—527]‘6')(] i s"1ds
0
G854y U Doy 2lg ) J a2k
R 1—t) 3w s
: /O( ) 20!
j oGz el G=10; JEL
=omt /0(1—t> T
L g (1 G0 )
j—1
and O =v;+——0;, j=2,....k—1,
p_2+2?:1ivi
Ojp1 = —————.
J

7j—1

J

Now we are in a position to complete the calculation of the integral I, cf. (17) and (19):

I=

_

I (

p—1

;) ﬁvl—l

l

p—1
2

/

B, (0,1)

) Vi

U1+p)

I (

=)

2kIT (2)

/ RUFP2y) gy

BU2 (07R2)

B 209 vy + 2kl 4+p—2 /
26T 2k

B, (0,1)

/ R 2v2+v§ 2 dy(S)

B3 (0,R3)

Each inner integral of R 7 | gives rise to the multiplicative constant

VTl g
I (%) K

Ju; (G —1)8;
B<2k!,'

1)0
2k

in the value of the iterated integral. Therefore, we end up with

NG N L

() IT (257) T T

'UJ

13

H JUJ —1)0;
k" 2k!

o

+ 1> / Ry dy®)
B, (0,1)

2k!

(t:=s7)

dy™®),



2k!  k—

_ k—1 v
Recall, that 6y = %, Ry = (1—|ly™®||*" )% and compute

k—1
[ o et = [ )
_ /1(17’ B gy (s 0= )
S5 0
- Wl)' /1(1 —s) Ll gathr gz s
o “Jo

Vk 1 o vy, —2(k—1)!
S
—1!' /o

B v v O (k —1)
B B(2(kk1)!’ Qk(kfl)! +1>'

Hence we arrive at

_rElETTE o, o G0
- G G e (e ) I (5 U5 1) @

Next we consider the integral in the numerator of (15), namely

J —/ |y |P~ 2( cy, (1)>+<n,y(2)>> dy.

We note that [, (n, y@)|y1|P~2 = 0, which follows by applying the change of variables

Py, y®y @,y W) = (), =By @y W),

with |J¢| = 1 and ¢(B) = B, resulting in the value of the integral being invariant under multipli-

cation by —1. Let us denote the coefficients of matrix C as follows: C = [¢;;];,j=1,....,, then
2J = 611/ \yllpdy+zcu/ ly1 [P~ yzyjderZcu/ P~y (23)
—_—— i

Jo J3

Observe, that by the symmetry of B, every integral term of the sum Jo vanishes. We will

handle J; and J3 analogously to I. First, for i = 2,...,v; we compute the following integrals
(=Y (3)T (L) 2 vi—lp (p=L
/ |y1‘p—2y22dy(1) :R1111+p ( 2 ) p(-&-2v)1+2(2) :R1111+P\/%Tv1(+22)’ (24)
v (0,R1) I (P22) 2r (B5)
where again we use Lemma 3.2 and the familiar property I'(1 + s) = sI'(s) with s =  (cf.

computations at (18)).

Notice that the calculations summarised in (22) work for an arbitrary p > 1. More precisely, the
integrals J; and J3 over the ball B, can be expressed in the same way as in (17), the multiplicative
constants arising from the computation of integrals (20) will be the same but with the exponents
0; replaced by the exponents ¢ defined by the following formula (cf. definition of §; in (21)):

9. — P+Z 1“)1.
J ]_1

14



Therefore, by using (24) and calculations analogous to those between formula (20) and (22) we
arrive at

v1 *1+Z71%Fp1 k— 1!k_1 iy (71— 1)6 | 6 (k—1)
B—Z Cii \f ( )( ng(.ﬂ)] (.7 )]+ ) 1 (k)||2k k

. 2 1 (1 [y @)= ay®
S 2kl (RRut2) Hf SLT(3) 0 \2 2k By, (0,1)
-3 VA TR (o) B( Uk )HBC” )%+Q
i=2 “ 2(k)k-1T (11-1-112714-2) Hfzzr(vzj) 2(k — 1)V ( 2R 2K

Moreover, in order to compute Jy, we proceed computationally the same way we did for for (17)
with the power p instead of p — 2, and obtain (22) with p now corresponding to p + 2:

_ (L)W_HZPIUJ v, JYj DY
J1—011(k') 1F2(v1+p+2)H] ZF(W)B(Q(k—l)!7 2(k — +1> HB<2k" 2k! +1)'

2

We collect the above calculations to arrive at

Bt Jr B (ot +1)
2 2(k)k=1T (v1+p+2) Hfzzr (%) 2(k — 1) 2(k —2)!
V1 k—1 . . /
p+1 1 p—1 ju; (G —1)8;
r Z¢iul A A
X<C“ ( 2 )“Li_lzc ( ) ))EB(%! o
- —14 %—1”1 /
T )
A(k!)k—1T (Wtpt2) Hf 21*(%) 2(k = 1)1 2(k —2)!

juj (=105
Cll _1 +Zcu HB k'; 2 ' +1 )

where we again use the familiar property of the I' function as in (24). It now follows that

v Jj— 1)9]
/. rep Slatmatn ) (L )'”B@k“ 2 )
— — Cll ..

=T =0 (2F2Eu) B( ng B (;T 32;')07 4 1)

2(k i 2(k oy 1

(G- 1)9]
1 B (Q(k o 2(k 2)! + 1) 1:[ (jT ok ) ( 3 )
= en(p—
2 v 1)6;
(1) B (Z(k v 2(k 2)' + 1) =2 (j2 s 2K! ) i=2
= C(pa Viyen- avk) : <Cll(p - 1) + Zcu> )
1=2

where the constant c(p,v1,...,v) is defined with the above equality (see also Remark 1 and
Examples 2-4 in Section 3 for further discussion about this constant).

In order to arrive at assertion (9), we express the constants ¢1; and tr(C) in terms of the matrix
A and the vector &. Recall that C = RTAR and RT¢ = ey, which imply that

cein = (Cey,er) = (ORTE, RT€) = (R(RTAR)RTE, €) = (A€, ),

moreover, the orthogonality of R implies that tr(C) = tr(RTAR) = tr(A). Therefore, we can
conclude that

Yo = C(p, V15 .- 7Uk)(<A§7£>(p - 2) + tI‘(A)),
which upon substituting £ with £/|£|, proves the assertion (9).
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We now consider the second assertion of the lemma, namely the asymptotic formula (10) for
pp(e,u) and u € C%(Q). Suppose € > 0 is chosen so that B.(z) C . Consider the function g(y)
as in (8), with

q(z) = u(z), £=Vyu(z), A= V%/Iu(m), and n=2Vy,u(z).
Notice that with this notation (and by the assumption £ # 0), it holds that

(AS,€)
(S

Set us(2) = u(xd.(2)) and q.(2) = q(20.(2)). Since u € C?(R), it follows that for all ¢ > 0,
there exists e(t) > 0 such that for every z € B and all £ € (0,&(t)) it holds |u.(z) — q-(2)| < te2.
Furthermore, by claims (4) and (5) of Theorem 2.1 we have pu, (e, q £ te?)(z) = p,(e, q)(z) £ te?.
These observations together with Corollary 2.1 and Part (3) of Theorem 2.1 allow us to obtain the
following estimates:

Apcu(z) = tr(4) + (p - 2)

pp(e; q) — u(w) pole,w) —u(x) _ pp(e,q) —u(@)

5 —t< 5 < = +t.
Applying (9) we obtain
N e Hp(E,9) —u(z)
c(p,v1,s - v)Apgu(r) —t < hgn_)lélf e B
< lim sup Mgu(x) < c¢(p,v1,--- ,Uk)AéVGu(x) +t,
e—0 € ’

which implies the assertion (10) for 1 < p < oc.

3.2 Case 2: p= <.

We need to demonstrate that the expression
_ HoolE:q) — q(x)

= -

_ 1 (min {<£7y<”> +e <<n, y?) + ;<Ay(1)’y(1)>)]

2e yeEB

+ max [<§, y) +e <<777 y?) + %<Ay(1)’ y(1)>)] )

yeB

e

has a limit as ¢ — 0.
Let us define a function g : G — R by setting g(y) = (£, y™M)+(n, y@) + 3 (Ay™,yM). Observe
further, that the change of variables y = ¢, /.(2) implies the following equalities:

[t

. 1 .
min_ (e} < (.9 + 5y )| =1 min_g(o)
y€B1(0) € 2€B.(0)

and

1 1
max (€5 +2 (@) + 5V 50)) | =1 max o),
y€B1(0) € 2€B.(0)

and it follows that

e ! ( min g¢(z) + max g(z))

B 2752 z€B.(0) z€B.(0)
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Next we note that Vv, g(0) = £ # 0, thus we can apply Lemma 1.5 and 1.6 in [10], and affirm

that for all small enough ¢, there exist points P: y = (yélj)w, e ,yékz/l) and P , = (yélr)n, - 7yéky),ﬁb)

in B.(0) with the following properties:

max g = g(Pe,m) and min g = g(Pe,m)-
B:(0) B.(0)

In terms of the expression we have the following estimate

1

527 (0(Pom) + 9(-Po)) < 7% < 55 (0(Por) +9(—Peonr)) (25)

Moreover, by applying again [10, Lemma 1.6], we have that

(1) (1)
lim Yerr _ & and lim Y™ — —i, (26)
e—=0 ¢ |€‘ e—=0 ¢ ‘§|

which implies

1 1
S5 (9(Pea) +9(=Por)) = 15 (<A Sar i + A=y~
1 1

e ¢ 2 g2

We treat the left-hand side of (25) similarly to conclude that

€2 (4¢,8)
2 P

+ o(g?).

poo(€,q) = q(z) +

Upon repeating the reasoning similar to the one for AZ]X G, We obtain that asymptotic formula (10)
holds for AJOVO_’G as well.

3.3 Case 3: p=1.

Recall, that by the discussion at the beginning of the proof of Lemma 3.1 (cf. (12)), the unique
number -, is defined with the following equation

1
e € B (6, 2M) e (540,20 4 (3,52 ) < e
— 1z € B (e, 2) 4 & (40,20 4 (3,52 ) > en).

We apply the same change of variables via the matrix R, as described in the paragraph following
formula (13) (for the sake of simplicity we still use the variable z) and divide both inequalities by
€ to arrive at

z1 1 211
{z e B: —+5(C2,20)+(0.2%) <}l = [{z € B: —4+5(C20,20) 440, 2) > ). (27)

We again we assume that || = 1 and let C = RT AR, where R denotes the rotation matrix as
defined in the discussion following (13). Equation (27) means that for each fixed & > 0, 7. is the
median pq(1, h) =: pq(h) of the function h : B — R defined with the following formula

h(z) == <C’z(1 WY 4 (n, 2.
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Denote by ¢ := [|3(C2z™M, 2W||p<(p) < oco. Let us observe, that by monotonicity of i and
property (4) in Theorem 2.1, we obtain the following estimates

1

z
Ve =10 <51 +5(C20,20) + (1, 2(2)>>

H1 (% + (n,2?) + c/) (28)

I (% +(n, 2(2)>) +d,

IN

and

> [ (ZE—I + (n,2?) — c') (29)

Let us observe, that for all £ > 0 we have
{zeB: % + 2@y <0} =|{zeB: ZEJ + (n,2®) > 0}.
since the two quantities are equivalent under the change of variables z — —z. It then follows that
P (%1 + <n,z(2)>) =0,

and estimates (28) and (29) reads as —¢’ < 7. < ¢’. Hence 7, is bounded, and after passing to a
subsequence, there exists v := lim._,g 7e.
Now let us apply to both sides of (27) the following change of variables

(21,22, .. ,zvl,z(z), ceey z(k)) — (e21, 22,23, .+ s zvl,z(z), e z(k)) =:¢ez1e1 + Z,
where Z := (0, 22, .. ., Zy, 2@ z(k)). The Jacobian of this transformation is constant, hence it
cancels out on both sides and (27) becomes

1
Hz € R™ :|ezie1 + Zlg <1, 21+ <2<C(ezlel +2W), (ez1e1 + 2M)) + (n,z(z))> < e}

1
=H{zeR":|ezre1 +2lc <1, =+ (2<C(Ez161 + 2, (ez1e1 + W) + (7772'(2))) > Y H-
(30)

Let us denote by B := {(za,...,20,,2?,...,20) € R™ 1 : (0, 22,...,2,,2%,...,2)|g < 1}
and consider a function F : {z € R™ : |ez1e; + Z|g < 1} — R defined by

F(z) =z + <;<C(62’161 + 2(1))7 (ez1e1 + 5(1)» + <777Z(2)>> .

For small e, we are going to represent the common boundary of the sets in (30), i.e., the surface
{F(2) = 7e : |ezie1 + Z|g < 1}, as the graph of a function of the form Z — g.(2)e; + Z where

ge : B—R.
Let us observe, that the derivative F,, can be estimated from below:

N | =

le (Z) =1+ 520112’1 + 6(0122’2 + c1323 ...+ Clo, Zvl) >

for € sufficiently small. This follows from |ez1e; + Z|g < 1 and the fact that

v1

v1
—EZ leri| < €2er121 +e(ciaza + 1323+ oo+ Croy 20y) < EZ le14]-
1=1 1=1
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Hence for a fixed Z € B the function z; — F (z1€1 + 2) is monotone increasing and therefore has an
inverse h. 3(t). It follows that F(h. z(t)er + Z) =t and g.(Z) = he z(7.) is a point in the common
boundary. Furthermore, let us observe that, possibly after passing to a subsequence, the following
limit exists for all € B

9e(2) = 70 — %(02(1),2(1)> —(n,z®) ase -0t (31)
Indeed, for all Z € B the equation F(g.(%)e; + 2) = 7. equivalently reads:
9¢(2) + ;<C(€ge( Jer +21), (ege(2)er + 21)) + (n,21) = 7.
From this we get that

1 =
9:(2) + 5 (5201193(2) +26 ) enige(2)z + (C2W, 2(1)>> +(n,2%) =1,
=2

which for fixed Zz and ¢11 # 0 is the following quadratic equation in g.(2):

~ 620 V1
g% () 211 +y 1+ 2<€ZchzZ Cz(l) 2Dy 4 (n, 2®) — 4. = 0.

Therefore g.(Z) has to be either equal to

—1-2¢ 27 5 C1i%i + \/ 1+ 2 Zl 9 chzl) — 2e2¢py (%(Cz L2 + (n, 2(2)) — %)

gE(Z) 52011 )
or equal to

(~) —1—2¢ 25;2 C1i2; — \/(1 + 2e ZZ}LQ clizi)Q — 252011 (%<Cg(1), 2(1)> + <’l7, 2(2)> — ’Ya)

ge\Z) = .

62611

Observe, that the second solution is of order e~2 and therefore violates the condition |eg.(%)e; +
Zlg < 1 for e — 0F. We consider the first solution, which after cancellation reads

2 (’76 - %<C§(1)52(1)> - <777Z(2)>)
1
2

g9:(2) = .
— %) + 142637, c1iz

=
—
+
[\
m
g
N
o
A
s
N
S
S~—
I
[\
)
o
o
A%
=
—~
—
Q
IS
=
IS3
)
~
+
—~
=
DN
S
=
~

If C11 = 0 then
vy
9:(2) <1 + 25201121> =7 — 7<Cz LEDY — (g, 2,
=2

Therefore, we conclude (31).
Thus, we can represent the measures of the sets appearing in (30) as integrals, and obtain the
following

/ [min {96(2),6'8(2)} + Ga(é)] dz = / [Gs(é) — max {96(5)’67'5(2)}] dz, (32)
B B
where
1 a ‘
Ge(2) = - 1= |20 — (4. +22)
=2



The function G, is the non-negative solution z; to the equation |ez1e; + Z|g = 1 describing the
boundary of B. Observe, that (32) is equivalent to

/ [min {g.(2), Go(2)} + max {g-(2), Ge(2)}] dZ = 0. (33)
B
Applying the dominated convergence theorem to the case € — 07 in (33) gives the following

/ (70 — %(C’Z(l),é(l)> — <77,z(2)>> dz = 0. (34)
B

The symmetry of B shows that [5(n,2®) =0 and so (34) becomes
1
Yo = 7][ (cz gz,
2/

Due to symmetries of B the right-hand side can be written as

1 — ][ 9 -
== cy 1 zjdz.

Observe, that the calculation of the above integrals is essentially covered by the calculations
for I defined in (17) and J3 defined in (23) with p = 2. Indeed, the set B has the same structure
as B, since B is defined with the inequality |Z|g < 1. More precisely, the expression |Z|g can

be interpreted in the following way: define y™) := (1) = (2,23,...,2,,) and y@ := 20 for
i=2,3,...,k, 0y =v; — 1,0 =v; for i =2,...,k and |y|g = |Z|g. Following the calculations
below (17) and (23) we obtain
G St _ Lk Sl s 243000 1+ S i
Jj+1 — . - . al j+1 = - — 3
J J J
for j=1,...,k—1. We sum up these observations with

k = -
Re VAR (3 v ju; G =105
70_20224(k!)k,1r (2l " F(ﬁ)B 2(k — )17 2(k HB k" 2 k! 1

i=2 j=2 2
() ya w0 ju =10
B HB %l, 2 +1

T ) T, T (5)° T 2

which reduces to

/

L (G- 1)07
1 B(Z(k 1)“2(1@ 2)u+1) k 18( 2k17 2K +1> il
2 5

70:2(1)14'1)6( H

2(k— 1)"2(k 2)' +1) = JT 2k'

:szlv -V ZCHCZ'Ul,...,’Uk)(tI‘(A)<A£’£>).

€12

The last equality follows from the same argument used in the case 1 < p < oo, and the same
reasoning allows us to conclude (9) and (10) for p = 1 as well. Thus, the proof of Lemma 3.1 is
completed for all 1 < p < cc. O

Let us comment about the differences between the above lemma and [14, Lemma 3.1].

Remark 2. (1) The quadratic polynomial ¢ in formula (8) is defined for any Carnot group of
step k and differs from the original one studied in R™, cf. [14, Lemma 3.1]. The formula for
q reflects the dependence of g on the first two layers of G.
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(2) The geometry of gauge balls in Carnot groups is far from Euclidean and non-trivial in com-
parision: balls are flattened at the characteristic points (at poles) and possess less symmetry
than balls in R™. The k-step stratification of G allows for the integrals I (see (17)), J1 and
J3 (see the discussion following formula (23)) to be expressed in a straightforward manner
as multiple integrals. However, evaluating these integrals leads to technically involved com-
putations, cf. (19) and the computations following it. A noticable difference in comparison
with [14] is the appearance of the Beta function which is not present in the Euclidean case
and can be viewed as consequence of the stratification in the geometry.

(3) Our proof for the case p = oo differs from the corresponding one in [14], as it requires
appealing to results in [10]. Indeed, the geometry of gauge balls in general Carnot groups
makes obtaining limits in (26) a subtle and highly nontrivial task, see the proof of Lemma
1.6 in [10] and the discussion following its formulation in [10] on pg. 207.

We are now in position to prove Theorem 1.1.

The proof of Theorem 1.1. Let B(x) C Q be ball and let us fix u € C°(Q) and ¢ € C?(B(x)) with
Vv, ¢(x) # 0. The asymptotic formula (10) implies that

b(x) = pp(e,0)(x) — c(p,v1,..., ) AN gd(x)e” + 0(e?), as e — 0. (35)

Suppose that u is a viscosity solution, in the sense of Definition 2.2, to the equation AfXGu =0
in . Thus, in particular, u satisfies parts (i) and (ii) of Definition 2.2. Since u is a viscosity
supersolution of Aﬁ{@ = 0 in 2, then at point x, for ¢ as above such that u — ¢ has a strict
minimum at z and u(z) = ¢(z), it holds that AIZXG¢(JC) < 0. Therefore, from (35) we obtain

d(x) > pple,u)(x) + o(?), as -0,

which proves that ¢ at x satisfies part (i) of Definition 2.4. By using the fact that u is also a
viscosity subsolution (and so w satisfies part (ii) of Definition 2.2) we show that inequality in part
(ii) of Definition 2.4 holds as well. This proves that u(x) = pu,(e,u)(z) + o(e?) as € — 0 in the
viscosity sense.

Now we will prove the converse. Suppose, that u(z) = u,(e,u)(z) + o(e?) as ¢ — 0 in the
viscosity sense. If u — ¢ attains a strict minimum at x, then by Definition 2.4, it follows that
d(z) > pp(e, d)(x) + o(e?) as e — 0. Using this result in (35), we get

Ago(a) = ’“;P(;E’U‘f)('”f? ;:;(;) +0(1) < o(1),

as ¢ — 0, and hence Aé\{G () < 0. We apply a similar reasoning in the case u — ¢ has a strict
maximum at x. This proves, that u is a viscosity solution of A;JXGU =0in Q. O

Remark 3. Mean value formulas similar to the ones proved in the present paper have been used
in [18] to study random walks and random tug of war in the Heisenberg group. In [18], the authors
implemented the approach of Peres-Sheffield [24] to provide a game-theoretical interpretation of
the p-Laplacian in the Heisenberg group, they also characterized its viscosity solutions via an
asymptotic mean value expansion similar to the one proved in [20]. We expect that the result
proved in the present paper could be used to generalize [18] to general Carnot groups.
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