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ABSTRACT. Under suitable assumptions on the family of anisotropies, we prove

the existence of a weak global n%rl -Hélder continuous in time mean curvature

flow with mobilities of a bounded anisotropic partition in any dimension using
the method of minimizing movements. The result is extended to the case when

suitable driving forces are present. We improve the Holder exponent to % in the

case of partitions with the same anisotropy and the same mobility and provide
a weak comparision result in this setting for a weak anisotropic mean curvature
flow of a partition and an anisotropic mean curvature two-phase flow.

1. INTRODUCTION

Many processes in material sciences such as phase transformation, crystal growth,
grain growth, stress-driven rearrangement instabilities, etc. can be modelled as geo-
metric interface motions, in which surface tensions act as a principal driving force
(see e.g., [49, 15, 53, 40] and references therein). A typical example of such a motion
is anisotropic mean curvature flow: given a norm ¢ on R"™ (called anisotropy), the
equation for the anisotropic mean curvature flow of hypersurfaces parametrized as
I'; reads as

B(v)V = —divr,[Vo(v)] on I, (1.1)
where V' denotes the normal velocity of I'; in the direction of the unit outer normal
v of T'y and f is the mobility, a positive kinetic coefficient [30]. Anisotropic mean
curvature flow is called crystalline provided the boundary of the Wulff shape W, :=
{¢ < 1} lies on finitely many hyperplanes; in this quite interesting case, equation
(1.1) must be properly interpreted, due to the nondifferentiability of ¢; see for
instance [1, 29, 52, 28, 12, 13, 31, 20, 32, 17, 18]. Equation (1.1) (sometimes referred
to as the two-phase evolution) can be generalized to the case of networks in the plane,
and more generally to the case of partitions of space (sometimes called the multiphase
case): here the evolving sets are intrisically nonsmooth, since the presence of triple
junctions (in the plane), or multiple lines, quadruple points etc. (in space) during the
flow is unavoidable. It must be stressed that evolutions of partitions received recently
a lot of attention from the mathematical community [51, 25, 26, 23, 45, 39, 38, 50]
both as a natural generalization of the case of two phases, and because they model a
variety of physical phenomena, such as grain growth and evolution of multicrystals
[40, 14].

The presence of singularities at finite time is a common feature of mean curva-
ture flow type motions, both in the two-phase case [33, 34, 35, 36, 44], and in the
multiphase case (see for instance [45]). This phenomenon justifies to introduce and
study some notion of weak solution, defined globally in time. This has been done
in several different ways: just to quote a few, the Brakke varifold-solution [15], the
viscosity solution (see [27] and references therein), the Ilmanen elliptic regularization
[37], the level-set theoretic subsolution and the minimal barrier solution (see [6] and
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references therein), the Almgren-Taylor-Wang [2] and Luckhaus-Sturzenhecker [42]
solutions, next included by De Giorgi into his notion of minimizing movement and
generalized minimizing movement (GMM) [21, 22]; see also [24, 47]. Some of those
solutions (e.g., the Brakke solution [15, 54], the GMM solution [11], the elliptic regu-
larization [50]) can be adapted to treat the multiphase case at least in the Euclidean
case, especially those that do not rely heavily on the comparison principle. Also, the
existence of a distributional solution of mean curvature evolution of partitions on
the torus using the time thresholding method introduced in [46] has been proved in
[41]; see also [39].

The aim of the present paper is to prove the existence of a GMM for anisotropic
mean curvature flow of partitions with no restrictions on the space dimension, in the
presence of a set of mobilities and forcing terms, and to point out some qualitative
properties of this weak evolution, which are obtained via a comparison argument
with a GMM of each single phase considered separately.

Let us recall the definition of GMM for partitions from [22] (see Definition 2.6 for
the notion of bounded partition).

Definition 1.1 (Generalized minimizing movement for partitions). Let
Py(N + 1) be the set of all bounded (N + 1) -partitions of R™ (Definition 2.6) en-
dowed with the L'(R™) -convergence, and let § : Py(N +1) x Py(N +1) x [1, +00) —
[—00,400] be defined as

N+1 N+1 N+1

S(A,B,)) = ZP¢ +)\Z/ dwjxaB dx—l—Z/ Hjdz,

where <Z>j and 1; are norms on R"™, called anisotropies and mobilities, respectively,
H; € L, (R"), i =1,...,N, and Hyy1 € LY(R") are driving forces, Py (A;)
is the ¢; -anisotropic perimeter, A = (Ai,...,Ant1), B = (Bi,...,Bn4+1) and
dy, (-, E) is the 1 -distance function from E C R". We say that a map M :
[0,+00) = Py(N 4+ 1) is a GMM associated to § starting from G € Py(N +1), and
we write M € GMM(F,G), if there exist L : [1,+00) x Ng — Py(N + 1) and a
diverging sequence {Ap} such that

lim L(An, [Mat]) = M(t) in LY(R™) for any t >0,
h—+o00

where the bounded partitions L(A\, k), X > 1, k € Ny, are defined inductively as
L(A\0)=G and

ANE+1 NE),A) = i ANE), A Yk > 0.
FEOE+D.LOK.N = min | FALOK.Y) k=0

Our first result (see Theorems 4.1 and 4.2 for the precise statements) extends the
existence results of [11] to the case with anisotropies, mobilities and external forces.
We also improve the n%rl -Hélder regularity in time of GMM proven in [11] to 1/2-
Holder continuity in the two-phase case, without any restriction on the anisotropies.

Theorem 1.2. Suppose that the driving forces {H;} satisfy (4.4). Let G € Py(N +
1). The following assertions hold:

(a) Let N > 2. If {¢;} satisfy (3.1) and (4.3), then GM M (F,G) is nonempty.
Moreover, any M = (My,...,Mn4+1) € GMM(F,G) is locally %H -Holder

N

continuous in time and for any t >0, |J M;(t) is contained in the bounded
j=1

closed convex set related to G and H; (see (4.6)).

(b) Let N = 1. Then, with no assumptions on the anisotropies ¢i,¢2 and
the mobilities 1,12, GMDM(§,G) is non-empty. Moreover, any M €
GMM(§,G) is locally 1/2 -Hélder continuous in time.

2



To prove Theorem 1.2 we establish uniform density estimates for minimizers of
§ using the method of cutting out and filling in with balls, an argument of [42]. At
this level the presence of mobilities does not create any new substantial problem.
While in the two-phase case we do not need any assumption on the anisotropies,
in the multiphase case assumption (3.1) is needed to get the lower volume density
estimate for minimizers which is important in the proof of time-continuity of GMM.

In case of partitions with the same anisotropies and the same mobilities and
without forcing, the Holder exponent of GMM can be improved to 1/2 (see Theorem
5.1). Denoting by Fo the restriction of § to two-phase case without forcing (see
(5.2)), this can be done using the comparison property (Theorem 5.2) between the
minimizers of § and the minimizers of §s. This comparison result also enables
us to get a weak comparison flow of corresponding multiphase and two-phase flows
(Theorem 5.5):

Theorem 1.3. Assume that ¢; = ¢; and ; =1; forall i,7=1,....,N+1, and
H;=0 forall i=1,...,N+1. Then any M € GMM(F,G) is locally 1/2-Hélder

N
continuous in time and |J M;(t) is contained in the closed convex envelope of the
j=1
N
union |J G; of the bounded components of G for any t > 0. Moreover:
j=1
(a) for any M € GMM(F,G) and for any i € {1,...,N + 1} there exists
L; € GM M (§2,G;) such that

(b) Let C;, i € {1l,...,N}, and Cn41 be any convex sets such that C; C G; for
any i € {1,...,N+1} andlet L; € MM(F2,C;) be the unique minimizing
movement starting from C;. Then for any M € GMM(F,G),

Li(t) #0 = Li(t)#0 forany i€ {1,...,N}, (1.2)

and
R'\Lyt1(t) =0 = R"\ Myu(t)=0. (1.3)

Note that the comparison principle (1.3) implies that any bounded partition will
disappear in the long run; moreover, (1.2) allows to estimate the extinction time of
the ¢-th bounded phase (Corollary 5.6).

Finally, let us mention that a natural problem remains open, namely the con-
sistency of GMM with the classical solution, provided the latter exists, at least on
a short time interval. Such a result has been proven by Almgren-Taylor-Wang in
[2] in the two-phase case without mobility; the proof is based on various stability
properties of the flow, and using comparison arguments. It has also been proven by
Almgren-Taylor [1] in the two-phase crystalline case. However, consistency is not
known in the case of networks in the plane (and a fortiori for partitions in space),
even in the Euclidean case without mobilities and forcing.

The paper is organized as follows. In Section 2 we introduce the notation, some
results from the theory of sets of finite perimeter, and the definition of a partition.
In Section 3 we prove the density estimates for almost minimizers. The existence
of generalized minimizing movements (Theorem 1.2) is established in Section 4. In
Section 5 we improve the Holder regularity of GMM (Theorem 1.3) and provide
some weak comparison principles.
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2. NOTATION AND PRELIMINARIES

In this section we introduce the notation and collect some important properties of
sets of locally finite perimeter. The standard references for BV -functions and sets
of finite perimeter are [4, 43].

We use Ny to denote the set of all nonnegative integers. The symbol B,(z) stands
for the open ball in R™ centered at x € R™ of radius r > 0. The characteristic
function of a Lebesgue measurable set F' is denoted by xr and its Lebesgue measure
by |F|; we set also wy, := |B1(0)|. We denote by E° the complement of E in R"™.

Given a norm ¢ in R™ and a nonempty set £ C R", dy(-, £) stands for the
1 -distance from F, i.e.,

dy(z, E) = inf{¢p(x —y) : y € E},

and _

dy(z,0F) = dy(z, E) — dy(z,R"\ E)
is the signed 1 -distance function from OF, negative inside E. When ¢ is Eu-
clidean for simplicity we drop the dependence on 1. We also write

diamy F := sup{¢)(x —y) : =,y € E}
to denote the i -diameter of F.

By O(R™) (resp. Oy(R™)) we denote the collection of all open (resp. open and

bounded) subsets of R”™. The set of L (R™)-functions having locally bounded total

loc

variation in R™ is denoted by BVj,.(R™) and the elements of
BVioe(R",{0,1}) :={E CR": xg € BVo.(R")}
are called locally finite perimeter sets. Given a E € BVj,.(R™,{0,1}) we denote by
a) P(E,Q):= [,|Dxg| the perimeter of E in Q € O(R");
b) OF the measure-theoretic boundary of E :
OF :={zeR": 0<|B,NE|<|B,| Vp>0};
c) O*E the reduced boundary of E;
d) vg the outer generalized unit normal to 0*E.
For simplicity, we set P(E) := P(E,R") provided E € BV (R";{0,1}). Further,
given a Lebesgue measurable set E C R" and « € [0,1] we define
B E
El@) . {:BGR”: lim |p(m)ﬂ|:a}'
p=0+ | Bp()|
Unless otherwise stated, we always suppose that any locally finite perimeter set E
we consider coincides with E() (so that by [43, Eq. 15.3] F coincides with the
topological boundary). We recall that 0*E = OF and Dyp = vpdH" 'LO*E,
where H"™1 is the (n — 1)-dimensional Hausdorff measure in R™ and L is the
symbol of restriction.

Remark 2.1. Given E € BVj,(R";{0,1}) the map Q € O(R") — P(E,Q) ex-
tends to a Borel measure in R" so that P(E, B) = H" (BN J*E) for every Borel
set B C R™. Moreover, by [4, Theorem 3.61] for every E € BVj,.(R";{0,1})

H YR\ (O UEUJE)) = 0.
In particular, H" 1 (E1/2\ 9*F) = 0.
Theorem 2.2. [43, Theorem 16.3|]If E and F are sets of locally finite perimeter,

and we let
{vg =vp} ={x € "ENI'F: vg(x) =vr(x)},
{vg =—vp} ={z € *ENO*F: vg(x) = —vp(x)},
4



then ENF, E\F and EUF are locally finite perimeter sets with

PENF)=(FNIE)U(ENJ*F)U{vg =vr}, (2.1)
F(E\F)~(FONdE)YU(ENOF)U{vp = —vr}, (2.2)
O (EUF) ~(FOnoE)u(EVNd*F)U{vg =vr}, (2.3)

where A~ B means H" '(AAB) = 0.

The following generalizes the notion of the perimeter.

Definition 2.3 (Anisotropic perimeter). Let ¢ : R" — [0,00) be a norm in R™.
Given Q € O(R"™) the ¢ -perimeter of E € BV (€Q;{0,1}) is

P,(E,Q) = /ma*Eqﬁ(yE)dH"_l.

When Q =R", we write Py(E) := Py(E,R"™), and when ¢ is Euclidean, we write
P in place of Py.

It is well-known that E — P4(E;Q) is L () -lower semicontinuous. Recall also

that for every E, F € BVjo(R™;{0,1}) and Q € O(R")
Py(ENF,Q) + Py(EUF,Q) < Py(E,Q) + Py(F.Q). (2.4)

2.1. Anisotropic partitions. We recall the notions of partition, almost-minimizer
and bounded partition, see [11].

Definition 2.4 (Partition). Given an integer N > 2, an N -tuple C =
(C1,...,CN) of subsets of R™ is called an N -partition of R™ (a partition, for
short) if

(a) C; € BVoc(R";:{0,1}) for every i=1,...,N,
N

(b) Y |CinK|=|K| for each compact K C R™.
i=1

The collection of all N -partitions of R™ is denoted by P(N). Our assumptions
C;=CY imply C;NC; =0 for i # j.

The elements of P(N) are denoted by calligraphic letters A, B,C,... and the
components of A4 € P(N) by the corresponding roman letters (Aq,..., An).

Let ¢1,...,¢6n be norms in R™ and set ® := {¢1,...,¢n}. The functional

N
(A,Q) € P(N) x O(R") - Perg(A, Q) := Y Py, (A;,Q)
i=1
is called the anisotropic perimeter, or ® -perimeter of the partition A in . For
simplicity, we write Perg(A) := Perg (A, R™). For shortness, we also set Perg = Per
when all ¢; are Euclidean. Since N is finite, there exist 0 < cg < Cp < +00 such
that

co < ¢i(v) < Co (2.5)
forany i =1,...,N and v € S®"!, therefore,
coPer(A, Q) < Perg(A,Q) < CopPer(A,Q). (2.6)

In view of [11, Proposition 3.3]

Perg (A, Q) = Z /Qﬂc’?*A-ma*A~ (¢i(va,) + b5(va,)) dH 1,

1<i<j<N
5



i.e., on a generalized hypersurface ¥;; := QN9*A;N0*A; dividing the phase ¢ from
the phase j the perimeter contributes

/Z (éi(yzij) + ¢j(VEij)>dHn_1v
ij
where vy, is the generalized unit normal to X;; pointing for instance from A; to
Aj. We set
N N
AAB:=|J A;AB;  and  |AAB|:=)_|4;AB, (2.7)
j=1 j=1
where A is the symmetric difference of sets, i.e., EAF = (E\ F)U(F\ E).
We say that the sequence {A®)} C P(N) convergesto A€ P(N) in L. (R") if

loc

N
(ABAA) N K] = [(APAA)N K[ -0 as k— +oo
j=1

for every compact set K C R™ Since E € BW,(R";{0,1}) — Py, (E,Q) is
Ll (R™)-lower semicontinuous for any Q € O(R"), so is the map A € P(N) —

Perg (A, Q). From (2.6) and [11, Theorem 3.2] we get
Proposition 2.5 (Compactness). Let {AD} C P(N) be a sequence of partitions
such that

sup Perg(AY, Q) < 400 VQ € Op(R™).
>1

Then there exist a partition A € P(N) and a subsequence { AU} converging to A
in Li (R") as k — +o0.

loc
2.2. Bounded partitions.

Definition 2.6 (Bounded partition). A partition C = (Cy,...,Cn4+1) € P(N+1)
is called bounded, and we write C € Py(N + 1), if C; is bounded for each i =
1,...,N.

Note that AAB CC R" for every A, B € Py(N + 1), and therefore,

N+1
AAB| =) |A;AB;|

j=1
is the L'(R") -distance in Py(N + 1).

N
Given A € P,(N + 1), we denote by co(A) the closed convex hull of |J A;.

i=1
In view of (2.6) and [11, Theorem 3.10] we have the following compactness result.

Proposition 2.7 (Compactness). Let A € Py(N +1), k = 1,2,..., and
Q€ Oy(R™) be such that

sup Perg(A®) < 400, co(A®) Cc O VE > 1.
k>1

Then there exist A € Py(N + 1) and a subsequence {A¥*)} converging to A in
N _

LYR") as | — +o00. Moreover, |J A; C Q.
=1

%
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3. DENSITY ESTIMATES FOR ALMOST MINIMIZERS

In this section we prove density estimates for almost minimizers (see Theorem
3.2). In the two-phase case without mobility, density estimates have been proven in
[2, 42] (see also the proof of Theorem 4.2 for the case with mobility and forcing)
and in the isotropic N -phase case is proven in [11]. The proof of Theorem 3.2 is
similar to [11, Theorem 3.6], however, some (technical) difficulties arise when two
anisotropies differ too much and this is why we need assumption (3.5) for proving
the lower-density estimates.

Definition 3.1 (Almost-minimizers). Given ® = {¢1,...,¢n}, A1,A2 > 0,
ay,ap > ”T_l and rg € (0,400], we say that a partition A € P(N) is a
(®, A1, Ao, 10, 1, ag) -minimizer in R™ of Perg (a (A1, Ag,ro, a1, ) -minimizer,

or also an almost-minimizer for short) if
Perg (A, By) < Perg (B, By) + A1 |AAB|* + Ay AAB|*?
whenever B € P(N), B, CR" is a ball of radius r € (0,r9) and AAB CC B,.

Define
KN = min i — @il 700 (gn— 3.1
wi=  min 16— e, (3.1)
l-ay  — 1 l-ao 1
IB :<C<I)nwn )nal—n+1 B - <C(I>nwn )nag—n+l
L7\ gl+aip, : 2 oltaz A\, ’

. C@—(N—l)HN/Q
N T 9ee +2(N —1)Co — (N — Dy
Theorem 3.2 (Density estimates for almost minimizers). Assume that the

entries of ® satisfy (2.5). Let A € P(N) be a (A1, Az, 70,1, a2) -minimizer and
i€{l,...,N}. Then either A; =10 or for any v € 0A; and r € (0,70]

|Ai N By ()] o n
—_— <]l - 3.2
5o < Gmio) (3:2)
and
rn—1 co 2
where
?0 = min {To,ﬁl,ﬂg}. (34)
Moreover, if
2
Ky < ch’l, (3.5)
then for any r € (0, 7]
’Az N Br<l’)’
N 3.6
and
P Ai7Br
¢ < P Br(2)) (3.7)
T.n
where
1 1
~ . €» KN\ wnag—nti C» KN\ wnag—nti
"0 ‘_mm{ro’<N—1 2 ) 51’(]\7—1 2 ) 52} (38)
and

nwn(21/n -1) .4

Cc .= C(n, N7 Cop, CCD? HN) = 21+1/n TN

7



Proof. Without loss of generality, we assume 7 =1 and A; # (). Since 9*A; = 0A;,
it is sufficient to show (3.2), (3.3), (3.6), (3.7) when x € 0*A;. For shortness, we
write B, := B,(x).

We start by proving (3.2) and (3.3). Let us show

coP(AY B, <Com™ (A" noB,)
+ 297 A A B 4 2927 A A 1 B,
for all r € (0,79) such that

(3.9)

N
> H"H(0B, N " A)) = 0. (3.10)
j=1

Indeed, setting
B:= (Al UBraAQ\BT‘7'-'7AN\BT)7

we have AAB CC B; for every s € (r,79) and thus, by almost minimality, the
definition (2.7) of |AAB| and the essential disjointness of Aj;,

0 <Perg(B, Bs) — Perg (A, Bs) + A1|AAB|* + Ay| AAB|*?

N
=Py, (A1 U By, Bs) — Py, (A1, Bs) + Z <P¢j(Aj \ By, Bs) — P¢j(Aj’B5)) (3.11)
=2
+2904|B, N AV 29205 B, 0 AQ |2,

since B, \ A1 = B, N Ag ) up to a L™ -negligible set and |AAB| = 2|B, \ 41| =
2B, N A”)|. By (2.3) and (3.10),

P¢1<A1UBT7B5) :P¢1(AlvBS\BT)+/ ¢1<VBT)dHn_1a
AYMsB,

and for any j=2,..., N,

P¢j (A] \ B,, Bs) = Pd)j (Aj, B \E) + / ¢j(VBT)d%n_1. (3.12)
A;NOB,
Thus by (3.11)
N N
Zp¢j(Aj’B Z A]’B \B)
=1 =1
N (3.13)
L T D N 8 i
A®noB, =27 A;n08,

+29UA4| B, OA |°‘1 + 292 A9| B, OA |°‘2
By (2.5), the essential d15301ntness of A; and (3.10) we have

o1 (vp, )AH 1 + / i(vp,)dH"
/Ai(’)maBr Z 8Br

<CoH" 1AV NoB,) + Cyp Z H"L(A; NOB,) = 2CoH (ALY N8B,),
j=2
thus, (3.13) and (3.10) imply
N
S Py (A), By) < 205H™ Y(AY N 8B,) + 291 Ag| B, \ A1|* + 29200| B, \ A2

J=1
8



By (2.5), (2.4) and the essential disjointness of Aj;,

N N N
N Py (Aj,By) ca Y P(A},B,) > Cq)P( U Aj,BT) = coP(A", B,),
=2

=2 j=2

N
and thus ) Py .(Aj, Br) > 2C¢P(A§0),BT) so that (3.9) follows from (3.4).
j=1
To prove (3.2) we add C¢H"*1(A§O) N 0B,) to both sides of (3.9) and using
H (OB, Nd*A1) =0 we get
coP(A”NB,) < (co+Co)H" 1AV N0B,)+221 10| AV B, |21 4202710, | AV B, |22,
hence by the isoperimetric inequality

conwt/™" A A B, <(co + Co)H 1AV NoB,)

(3.14)
+ 29710 | AT N B |2 4 2027140 AT (B, |2
By the choice of 7y in (3.4) we have, for | = 1,2,
PP o5 r _ conl”
207 N AT N B < 20T Ay, T < - (3.15)

Inserting (3.15) in (3.14) we obtain

0743 1/n A(O) N B "Tfl < qyn—1 A(O) N OB
2(C<1>+Ccp)nwn ‘ 1 7" —H ( 1 7‘)7
and whence, repeating for instance the arguments of the proof of [11, Eq. 3.19], we
obtain . "
A B2 ()
| 1 r’_ 2(C¢+C¢,) wnt?
i.e.,
|A1QBT| Sl—( CP )n
| B | 2(cep + Cop)
From (3.9) and the definition of 7 for all r € (0,7y] we get
C 201~ 1A 2027 1A Co 1
P(4r, B,) < S2wn 1 (0B,)+ 5L gy o4 2202 g e < ( n ) i,
Cp Co Cco CP 2
Now we prove (3.6) and (3.7). Note that assumption (3.5) implies 7y, vy > 0. Let
us show

Co KN n—1
- = <
(% = ) P4y, By) <CoH™ (A1 N 0B,) 1)
+ 271N |A) N B 429271 Ay | Ay N B, |2
for all r € (0,7) such that
N
> H"H0A;n0B,) = 0. (3.17)

j=1
Set
L:={je{2,....,N}: H" Bz, N0*A1 NI*A;) > 0}.
Since © € A1, I # 0. Fix r € (0,79); for every j € I; consider the competitor
B(J) = (Al \ B, Ay, ... ,Aj_l, Aj U (Al N B,«), Aj-‘rlv ... ,AN).
Since BUJAA cC B, for every s € (r,7g), by the almost minimality of A (recall
that 7 < 7o) and the equality |[AABY)| = 2|A; N B,| one has
Py, (A1, Bs) + P¢j (Aj’ B;) < Py, (A1\ By, Bs) + P¢j (Aj U (A1 N By), B)

—|—2a1A1|A1 N .B7«|a1 + 2a2A2’A1 N Br|a2.
9

(3.18)



Using the equality

Py, (Aj U (A1 N B,),By) =Py, (Aj, Bs) + Py, (A1, B,) + / ¢i(vp, )dH" !
A1NOB,-

/ (5 (va,) + ¢j(va,))dH" !,
Brﬂa*Amﬁ*Aj
the analogue of (3.12) with j =1 and also (3.17) in (3.18) we establish

P¢1 (Ah Bs) + P¢j (Aj7 BS) SP¢j (Aj7 BS) + P¢j (Alv B"‘) + / ¢j(l/Br)dHn_1
A1NOB,

-/ (65(vay) + &(va, ) dH"
BrNo*Ay mB*Aj

+ P¢1 (Al, By \ BT) + / ¢1(VBr)d,Hn_1
A1NOB,-

+ 2a1A1|A1 N Br‘al + 2a2A2|A1 N Br|a2.

Hence using ¢;(va,) = ¢;(va,),

2 | b (v )AH"™ < Py, (A1, By) — Py, (A, B,)
BrNo* A1nd* A;

+ / (@1(v8,) + 65(vi,) ) A" ™" + 27 A | Ay (VB[ + 22 Ao Ay 1 B2,
A1NOB;

Summing these inequalities in j € I; and using (2.5) we get

N
20 » H'N(B, NO*AIN0*A;) < > (Py;(A1, B,) — Py, (A1, By))
Jj=2 Jjeh
3.19
e[ (awm) )t O
icl AlmaB,«

+ |Il|(2a1A1|A1 M B,«|Oé1 + 2a2A2|A1 N Br|a2),
where |I;] is the number of elements of I;. By the definition of I,

> H"HB. N9 A N0 Aj) = P(A1, By),
Jjeh
by the definition of xy in (3.1)

Z (P¢,7(A1’BT') - P¢1(A1’BT)) S KN|Il|P(A1,BT‘)7

jeh
and by (2.5)
/ <¢1(VBT) + ¢j(VBT))dH"71 < 20s|Li|H" (A1 N DB,).
icl A1NOB,-
Therefore, from (3.19) we obtain
(%—%V) P(A1, By) < CoH" H(A1n0B,)+217 Ay | A1 N B, 1 +2927 1 Ay | A;N B, |2,
1

Since |I;] < N —1, inequality (3.16) follows.
To prove (3.6) we add (5% — “X)H" "' (A1 NdB,) to both sides of (3.16) and
get
Cop RN
(N -1 2

)P(AIHBT)§< ‘e —“—N+C¢)H”—1(A1maBT)

N -1 2
+ 2a1_1A1|A1 N .Br|a1 + 2a2_1A2|A1 M BT|a2,
10
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1
By the definition (3.8) of 79 we have r < 7y < (chl — '{TN)"O‘F”“@ for I =1,2
and therefore

1/n
2=l 7 | A N B, |0~ :( ce —*LN) 1n 1=1,2
l’ 1 ‘ N_—1 2 4 ) ) 4y

and thus, by (3.20) and the isoperimetric inequality,

Cp — (N — 1)%}]\]/2
2cp +2(N —1)Cp — (N — 1)ky

Now integrating we get

nw'/™ Ay N B, < H'Y (A, NOB,).

Yvwnr < |A1 N Byl
and (3.6) follows. Finally, since

Co

- - > ,
2ce + 2C% w

from (3.2), (3.6) and the relative isoperimetric inequality we deduce (3.7). O

The following volume-distance comparison appeared in a similar form also in
[2, 11, 42] and will be used in the proof of the existence of GMM.

Proposition 3.3. Given 6,rqg >0, let A€ BV(R™;{0,1}) be such that
0r"~1 < P(A, B,.(x)), r € (0,79], (3.21)
whenever x € OA. Then for any £ >0 and B € BV(R";{0,1}) one has

ax {1, (:;)"_1} P(A) €+ % /AAB d(z, dA)dz. (3.22)

Proof. We follow [11, Proposition 4.5] with minor modifications and we give the
details for the convenience of the reader. Define

E:={z € BAA: d(z,0A) <{}, F:={xc BAA: d(z,04;) > (}.

By the Chebyshev inequality,
1
<! / 20z <~ [ d(z,04)dz.
¢ t Janp

Let us estimate |F|. By a covering argument, one can find a finite family of disjoint
balls {By(xy)} xr € OA, such that E is covered by the family {Bse(xy)}i,. If
¢ > 1p, by (3.21) and the disjointness of {By(z)} (and hence of {By,(z)}),

_ 5wl (- Wil
|E| <an (50)" = Z ﬁ P(A;, By (21))
k=1 o k= Org =

<P (4 U Bof@n) < 2 (L)' prayy e

0
Analogously, if ¢ < rg, then

5%w
|E| <

(45) ¢

Now (3.22) follows from the inequality |[BAA| < |E| + |F| and estimates for |A]
and |B|. O
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4. EXISTENCE OF GMM FOR BOUNDED PARTITIONS

Given a norm % in R™ and E, F CR"™ set
ay(E,F) ::/ dy/(z,0F)dz.
EAF

Note that 4(E,F) =0 if |[EAF| =0 whereas 64(E,F) = +oo if 0F = and
|[EAF| > 0. Moreover, X,Y C R™ are measurable and 9Y # (),

/ d¢(a:,8Y)dx:/ a¢(x,8Y)dx—/a¢(x,8Y)dm if X NY is bounded,
XAY X Y

/ dy(z,0Y)dx = / ad,(x,@Y)dx - / a¢(x,8Y)dx if X“NY*is bounded.
XAY ¢ ¢

Given a family U := {¢1,...,¥n41} of norms v; in R, and A, B € Py(N +1),

we set
N—+1

ou(AB) = &y, (A, Bi),
i=1

where N + 1 > 2. In the literature ¥ is called the set of mobilities. Since N is
finite, there exist 0 < ¢y < Cy < 400 such that

cy < Yi(v) < Cy, i=1,...,N+1, vesti, (4.1)

Observe that for every B € Py(N + 1) the map oy(-,B) is L'(R™)-lower semicon-
tinuous in Py(N + 1).

Given families ® := {¢1,...,¢n41} of anisotropies and ¥ := {¢1,...,¥n4+1} of
mobilities, and H := (Hi,..., Hy41) of functions H; € Li (R™), i =1,...,N,
and Hyy1 € LY(R"), consider the functional § : Py(N + 1) x Py(N +1) x [1,00) —
[—OO, OO],

S(E, F,\) =Perg(E) + T (E) + Aow(E, F),

where
N+1

T(E) = ; /E H;dz.

Note that F(-, F; ) is well-defined and L!(R™) -lower semicontinuous in Py(N+1).
Notice that T can also be represented as

N
() = Z/ (Hj — Hy41)dz + | Hysidz. (4.2)
j=1"E; R

The functional § is a generalization of the Almgren-Taylor-Wang functional [2] to
the case of partitions [11, 22| in presence of anisotropies, mobilities and external
forces.

The main result of this section is the following, which generalizes [11, Theorems
4.9 and 5.1] to the anisotropic case with mobilities; recall that xy41 is defined in
(3.1).

Theorem 4.1 (Existence of GMM). Let ® = {¢1,...,¢n+1} and ¥ =

{1,..., N1} be families of anisotropies and mobilities, respectively. Suppose that
2cyp
RN+1 < N (4.3)

and H = (Hy,...,Hyy1) satisfies

H; e IV (R™),i=1,...,N +1, for some p>n and Hyi1 € LY (R"); (4.4)
3R >0 s.t. H; > Hy4q a.e. in R"\ Bg(0) fori=1,...,N. '

12



Then for every G € Py(N + 1), GMDM(F,G) is non empty. Moreover, there exists
a constant C = C(N,n,®, ¥, H,G) >0 such that for any M € GMM(F,G),

IMOAME)| < Clt— ¢, ¢ >0, t—#|<1 (4.5)

and

N
U M;(t) € D := closed convex hull of co(G) U Bg Vit >0 (4.6)
j=1

N+l
and Bpg is not present in (4.6) if H= 0. In addition, if > |G;\ G;| =0, then
j=1
(4.5) holds for any t,t' >0 with |t —t'| < 1.

Proof. We give only few details of the proof since it can be done following the
arguments of the proofs of [11, Theorems 4.9 and 5.1].

Step 1: Existence of minimizers. Given A € Pp(N + 1) and A > 1, the problem

inf  F(B,A;N)
BEPy(N+1)

has a solution. Moreover, every minimizer A(X) = (A1(A),..., An+1(A)) satisfies
the bound

N
U Ai(X\) C closed convex hull of co(.A) U Br(0).
i=1

We omit the proof since it is proven along the same lines as [11, Theorem 4.2]
using the anisotropic Comparison Theorem with convex sets! and the inequality
dy(-, Eg) >0 in any F C R™\ Ep.

Step 2: Density estimates for minimizers. Let A € Pp(N + 1) satisfy co(A) C D
and set

- : — N1
Ay = AIS%%I (diamy, D +2),  Ag:= NP max |Hj — Hys1llo(py), (4.7)

where Dy := {z € R" : d(z,D) < 1}. Let A > 1 and A(\) € Pp(N + 1) be a
minimizer of §(-, A;\). Then for every i € {1,..., N + 1} either 0A;()\) is empty
or for any z € 0A;(\) and

e (nmin {1, (5 - Sy L [(G sy mal ]

one has

2cp — NEN+1 n ’Az()\) N Br(l’)’ Co n
< <l—(—"-— 4.
(20¢+2NC’¢—N/£N+1> - | B, (z)| - <2(C¢+Cq>)> (4.9)
and
o < DAY, Bw) <C‘I’ + 1> nwn, (4.10)
rh CP 2

where k41 is given by (3.1) and

W (217 — 1) ( 2p — Nkny1 >"‘1

d_ & nw
— N =
c c”(N,n) 91+1/n 2¢p +2NCp — Nkn+1

The proof is analogous to the the proof of [11, Theorem 4.6]: we only show that
A(N) isa (®,A1,As,1,1 — 1/p)-minimizer,
IIf E € BV(R";{0,1}), then P,(E) > P,(E N C) for every anisotropy ¢ and every closed

convex set C' C R".
13



and hence (4.9)-(4.10) follow from Theorem 3.2. Let C € Py(/N + 1) be such that
CAA(XN) CC By(z) with p € (0,1). By the minimality of A(\),

Perg (A(N), By(x)) <Pers(C, B,(x))
N+1

N
+>\Z /C dwj(:r,aAj)dx—i—Z/ |Hj —HN_H’CZ:L‘.
j=1 j=1

3AA;(A) CiAA; (X))
By Step 1, co(A(N)) C D, thus
dy, (2,04;) < diamy, D + 2p forall j=1,...,N+1 and z € CAA(N),
where diam,, is the t;-diameter of a set. Then, since CAA(X) C Dy,

N+1
dy.(x,0A;)dxr < max (diamy, D + 2)|CAA(A
D ] a0 < s iome, D+ 2 CBAC)
and
N N
/ |Hj — Hyyalde <Y |CAA;(N[" VP Hy = Hy 1 1o (py)
= Jona;m st
<N'/P ax IH; — Hy 1 1o(py) ICAAN) [P,
Thus,

Perg (A(N), By(x)) < Pera(C, By(z)) + A|[CAA(N)| + Ag|CAAN) P/,
Step 3: Existence of GMM. Given A > 1 and k € Ny we define G(\, k) recursively
as: G(A\,0) =G and

%(g()V k)7 g()‘7 k — 1)7 )‘) = Aeﬂgl(i]{fl—&—l) 8'(-/43 g()‘a k — 1)7 )‘)

Since F(G(A\, k), G\ EkE—1),A) <F(GNEk—1),G(\, k—1),\), we have
Per@(g(Aa k)) + T(g(Av k))—i-)\O'\p(g()\, k)a g(A7 k — 1))
< Perg(G(A\,k—1))+YT(G(\, k—1)). (4.11)

Thus, the map k € Ny — Perg(G(\, k)) + T(G(A k)) is non-increasing for any
A > 1. In particular,

N
Pera(G(\ ) <Pers(G(,0)) + Y | \H; — Hy oo |da
=1/6,000AG;000)

N
<Pers(G)+ > _||Hj — Hyiillpypy = o, k>0 (4.12)
j=1

and

N
UJGiAk)C D forall A\>1, and k> 0. (4.13)
j=1

Fix t,t' >0 with 0 <t—# < 1. Let A > 1 be so large (depending on ¢, t/, n,
N, H, ¥ and @) that setting ko = [\t'], mo = [At], one has mg > ko + 3 > 4
and

r -:min{l (CE_KNH)L [(CE_KNH) anIL/P }p’%}zl
A "\N 2 Jan I\N 2/ 22-1/pp, \’
where A; and Ay are given in (4.7), and recalling (4.3),
— (Cﬁ _ ”‘N“) i >0
AN 2 /4 max (diamy,D +2) '

1<j<N+1
14



By (4.10) for such A and for any k£ > 1 any minimizer G(\, k) satisfies

P(Gj(\ k), By(x)) = *rm ™
for any x € 0G;(\, k) and r € (0,ry) provided 0G;(\, k) is non-empty. Therefore,
by Proposition 3.3 applied with ro =7y, 0 =c®, A=G;(\,k—1), B=G;(\k)
and €:r>\\t—t’|_%+1 >y, forany je{l,....N+1} and ke {ko+1,...,mo},
we have
5™wny

IGA\ k—1)AG\ k)| <

< 2T Per(G\ k-1
v TGOk = 1)

- Ma(g@,k),gw —1)).

Now the bounds (2.5), (4.1) and (4.11) imply
5™ wpy

G\ E—1AG(\ k)| < —Pere(G(\, k — 1))

Acgc® |t — | ntT

Jt= et <Per¢,(g()\, k—1)) + TGO\ k — 1)) — Pera(G(X, k) — T(G(A, k))).
Yy
Summing this inequality in k € {ko+ 1,...,mo}, we obtain
GO, MDAGO, MDD 1G(AN k= 1AG(A E)|
k=ko+1
< Oy Pera(G(\, k — 1)) (4.14)
)\C@Cq)|t — t’| n+1 k—Fou 1

It — ¢/
_|_ [
Yew
By (4.12)

(Percp(g()\, ko)) + Y(G(\, ko)) — Pera(G(\, mo) — T(GO, mo))).

> Pera(G(A k= 1)) < po(mo — ko) < >\,uo<|t —t'[ + X>
k’=k'0+1

and
Perq>(g()\, ]{30)) + T(Q(A, ko)) — Perq>(g()\, mo)) — T(Q(/\, mo))

N
< Perg(G(A ko)) + Y I1H; — Hy 4111y < 200,

j=1
Thus, from (4.14) we get
GO\ MDAGO, M))] < CJt — ¢/|7+T + CJt — ] 7 A, (4.15)
where - 0 -
C:= wn:)ll)NO + FO and €= L’ZDMO.
CpC YCU CcpC
The remaining part of the proof is as the proofs of [11, Theorems 4.9 and 5.1]. We

N+1

note here that if G € Pp(N +1) satisfies > |G\ G;| =0, then n%rl -Hoélderianity
j=1

of GMM at time ¢ =0 follows from the relations

lim |G(\ 1)AG| =0, m Perg(G(A, 1)) = Perg(G),

A——+00 /\EJroo
Jim Aow(GA1,0) =0,  lm Y(G(\1) = Y()

whose proofs can be done following the arguments of [11, Proposition 4.5]. O
15



4.1. Two-phase case. When N = 1, repeating the arguments of [42] in our more
general setting, we can improve the Holder exponent of GMM to 1/2 without any
restriction on the anisotropies.

Theorem 4.2. Let & = (¢1,¢2) and V = (Y1,12), and assume that H = (Hy, Ho)
satisfies (4.4) with N = 1. Then for every G € Py(2), GM M (F,G) is non empty.
Moreover, there exists a constant C = C(n, ®, U, H,Perg(G)) > 0 such that for any
N € GMM(3,0),

INOAN @) < Clt -2 6t >0, |t—t] <1 (4.16)
and
Ni(t) C closed convex hull of Gy U B vt > 0.
In addition, if |G\ G1| =0, then (4.16) holds for any t,t' >0 with |t —t'| < 1.

The proof runs along the same lines of Theorem 4.1 with however an improved
bound for the radii in the proof of the density estimates, see (4.30) below. We need
to make a detailed proof since this will be used in the proof of Theorem 5.1.

Proof. Letting ¢ := ¢1 + ¢2, H := H; — Hy, and
dg() = dwl('78E) + dd&('v aE)? gg() = a¢1(" aE) + aw2(',8E),
we have

R™ Ay A1AB, (417)
=Py(A)+ | Hdv+X [ dJ'de— X [ dJ'de = Fy(Ar, By, N).
Ay Ay By
Therefore, it suffices to show that for any bounded G € BV(R";{0,1}),
GMM (§2,G) is nonempty and there exists Cp := Cy(n, ®, ¥, H, P4(G)) such that
for any L € GM M (F2,G)

IL)AL(s)| < Co |t —¢'|Y2, ¢ >0, |[t—t]<1 (4.18)
and
L(t) C D :=co(GU Bp), t>0. (4.19)
Note that, except for the presence of [ A Hdx, §2 is of the form of the Almgren-
Taylor-Wang functional.
We divide the proof into five steps.
Step 1: Existence of minimizers. Let Ey € BV (R";{0,1}) be such that Ey C D.
Since ¢ is a norm, &50 >0 in R"\ Ey and H >0 in R"\ D, as in the Euclidean
two-phase case (see e.g. [3]) we can use the Comparison Theorem with the convex

set D to establish the existence of a minimizer of Fa(-, Ep,\) and also that every
minimizer F) satisfies Ey\ C D.

Step 2: Unconstrained density estimates for minimizers. Let FE) minimize
Sa2(+, Eg, A) and x9 € E\AEp be such that d(xg,0Ey) > r; for some r; > 0
satisfying

_ 1/p
w}/”_l/pri n/p(/ \H\pda:> < conwl/™. (4.20)
D
Notice that there are no restrictions on r1 > 0; in addition zy needs not be on JF).
Let us show that
(a) if g € E), \ Ey, then

|E>\ﬂBr($0)| cp \™
>
|Br(x0)] — (40@)

for any r € (0,71);
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(b) if xg € Ey \ Ey, then

| B (x0) \ Ey| cp \"
B, (20)] 2(4%)

We prove only (a), since the proof of (b) is similar. For shortness we write B, :=
B, (zp). Fix any r € (0,71) such that

H"HO*EyNdB,) = 0. (4.21)
By the minimality of E) we have F2(FE\, Eo, ) < F2(E\ \ By, Ep, \) so that

P¢(E)\, BS) + )\/
E\NBy

for any r € (0,71).

dPodz < Py(Fx\ By, By) + / Hde — (4.22)
E\NB,

for any s > r. The choice of xy and the definition of &50 imply &50 > 0 in
B,, and hence using (4.21), (3.12) (applied with ¢; = ¢ and A; = E)) and the
inclusion (Ey \ By)AE) C B, , from (4.22) we get

Py(ExN B;) < 2/

P(vp, )dH ™ + / |H|d. (4.23)
E\NOB,

E\NB,

The definition of ¢, (2.5), the isoperimetric inequality and the Holder inequality
yield

2conwy/™|Ex N B, <4CoH" L (ExN 0B,)

L 1/
+|E\xn B! i(/ |H[Pdz) g
E\NBy

Recall by Step 1 that Ey C D. Thus from the inequality

(4.24)

n—1

1 n— 41
|ExO B,|""7 < |Ex N B[ |By|7 7 = wl/n=Vepl=n/p| By A B, | %
and (4.20),

_1 1/p n—
BO B[ (/ Hpdr) " < conlf| By N B, |
E\NB,

and therefore, from (4.24) we deduce
conwY/™|Ex N B|"n < ACoH" Y(Ex\ N OB,).

Now integrating we get

‘E)\ﬂBr| > ( CP )”
’BT’ - 4C<1>
for any r € (0,71).

The next step is valid in the two-phase case. We miss the proof of a similar
statement in the multiphase case because we are not able to prove the analogue of
Step 22.

We essentially follow the arguments of [42, 48]. Let

(4C¢>)”+1n> 1/2

Cr = Cu(n, @, ) =8y (oo
d

and

2 01 \2/ 1 P
02 = O?(”aq)a\p:va) = (nC@)n_pp (ﬁ) (w/D |H|pdx)p .

2In the multiphase case we miss the analogue of (4.23), that was obtained neglecting the term
fE,\ﬂBT cAlfo dz in (4.22). For instance, in the planar 4 -phase, at a triple junction involving ¢1, ¢2, @3
and surrounded by the fourth phase having ¢4 as surface tension, it is conceivable that, if ¢1, @2, ¢3
are quite large compared to ¢4, then around the triple point, the fourth phase appears after one
minimization step.
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Step 8: L -bound for minimizers. For any A > Co, if E) minimizes Fa(-, Ep, \)
then

sup dio (z) < CLAV2,
reFE\AEy

Assume by contradiction that there exists xzg € E\AFEy such that dio (zg) >
C1A"1/2. Then from (4.1) we get d(zg,dEq) > %)\*1/2. Since A > Cs, we can
choose € > 0 such that r; := 2r = d(xo,0Ey) > (2%—1\11 + )A"1/2 satisfies (4.20),
where for shortness we drop the dependence of r on n, A\, ¢, ® and V. Setting
B, := B,(xg) without loss of generality we also suppose that (4.21) holds. First
we assume zg € E) \ Ep. Then the minimality of E) implies Fa2(FE)y, Ep,\) <
S2(Ex\ By, Ep, \) so that, similarly to (4.23),

Py(Exn By) + A / dEody <2 / (g, )dH™ + / \H|dz. (4.25)
E\NDBy E\NOB, E\NB,

By the Holder inequality, the inclusion F\ C D and (4.20),

1/
/ |H|d g]E,\ﬁBT\ll/p</ [H|dz ) 3
E\NBy E\NB;
1 e
B LT
D

<conw!/™Ex\ N Br]nT_l,

therefore, by (2.5) and the isoperimetric inequality,
Pd,(E)\ﬂBT) > / ‘H’dl’
E\NBy
This and (4.25) imply
A d;foclx <2 / p(vp, )dH" L. (4.27)
ExNB, ExNOB;

By (4.1), the choice of 2y and the definition of r one has dio > cyd(-,0Ep) > 2cyr
in B,. Thus, from (4.27) and (2.5) we get

2cg\r|E\ N By| < 4CoH" 1 (E\N B,).
This, the inequality H" 1(Ex N OB,) < nw,r"~! and Step 2 (a) imply

n
29 A\w,r™ 1 (46%@) < 4Cpnwpr™ L.
Therefore, by the definition of C and 7,
C1 \2 4C5)"H! C 2
(—1 ) :7( @) n>)\7“2> (*1 +E) )
SC\II QC\pcg 80\1; 4
a contradiction.
If g € Ep\ E\, then we use §a2(FE), Fo, A) < F2(E\ U B,, Ey,\) and repeat the
similar arguments above.
Before passing to the next step let us define
2nce

Cl + \/012 + 4:nC<pC'qj7

C3 :=C3(n,®,¥) =

Cy:= Cy(n, @) = nan(i/;n— i (42)“
and
com ot s (o (5 (L ) ),
n JD
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Step 4: Uniform density estimates for minimizers. Given A > C5 and a minimizer
E) of Fa(-, Ep, ), following arguments of [42, 48] let us show that

co \" _ |ExN By(z)] Cop \"
< <1—(—— 4.2
(4%) ST B@ S (4%) (4.28)
and
Cy < P(E*’% (@) _2Cetce (4.29)
rh 2ce
for any x € OE) and
re (0,CsA"1/2). (4.30)

Since E/(\I) = F) and 0*F), = OF), we can suppose = € 0*FE). For any r as in
(4.30) and y € B, (x) one has

di*(y) <d>(y)+ sup  dP(z) <2Cer+  sup  dy°(z)
z€E\AEy z€E,\AEq
so that by Step 3
diP (y) < (204 C5 + CAY2, (4.31)

Let us prove the lower volume density estimates. For shortness set B, := B, (z).
Let r € (0,C3A"1/2) be such that (4.21) holds. As in the proof of Step 2, from the
inequality F2(Ey, Eo, \) < F2(E\ \ Br, Eo, \) we get

PoBsB)< [ )i x [ afedy+ [ |y (432

E\NOB, E\NBy E\NBy
By (4.31), the choice of r and the equality
Nnce

(20yC3+ C1)C3 = —

we have

g /E B dE (y)dy <(2CuCs + C)wh/"AV2r| By 0 B, "%
A T

1/n
<wYm(204C5 + C1)C3|ExN B, = % |ExNB,|" .

Furthermore, using A > C5, as in (4.26)
1/p n—
/ | H|dz <wl/n=V/ppi=n/p (/ ]H|pdx) |Ey N B,
E)\QBT E)\ﬁBrl

1 e
Swi/n—l/p(c?’)\—lm)l—n/p (/ ]H|pdx) /p ’E)\ ﬂBT\Tl

E\NBr,
conwy ™ n-1
<20 BN B,
Therefore, from (4.32) it follows that
P4(E\, B,) < / d(vp, )dH"™ + conwl/™ |Ex N B, |5 (4.33)
EANB,

Adding fEmaB,« é(vp,)dH™ ' to both sides of (4.33), and using (2.5) and the
isoperimetric inequality we get

conwl/M Ey N By < 4CoH" " (Ex N 0B,).

Integrating this over r we get the lower volume density estimate in (4.28).

To get the upper volume density estimate in (4.28) we use Fa2(E\, Eo, A) < Fa2(FrU
B,, Eyp,\) and proceed as above.
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For what concerns the upper perimeter density estimate in (4.29) we observe that
from (4.33) and (2.5) it follows that

2c3 P(Ey, B,) < (2Cp + cg)nw,r" !

for a.e. r € (0,C3A"'/2). Since r ~— P(Ej),B,) is non-decreasing and left-
continuous, this inequality holds for all r. Finally the lower perimeter density esti-
mate follows from (4.28) and the relative isoperimetric inequality for the ball.

Step 5: Existence of GMM starting from G . We follow the arguments of [42, 48].
Let {G(\ k)}rscs ke, be defined as follows: G(A,0) = G and

G(\ k) € argmin Fa(-, G\, k — 1), \), k>1.
By Step 1 G(\, k) is well-defined and
G(\k)C D (4.34)

for all A > C5 and k > 0. Notice also that

k€ No— Py(G(\ k) + / Hdzx is non-increasing. (4.35)
G(\K)

Given t > s > O with t—s < 1, let A > max{Cs, 5+C;3, 5} so that [At]—[As] > 4,
[)‘3] > 5 and e ‘1/2 < C3\~12, By Proposition 3.3 applied with A = G(\,k—1),

= CsA V2 0= Cy, (= =iz and B = G(A k), and using the bounds

Alt— \
(2.5) and (4.1) for anisotropies and mobilities, for any k € {[As] + 1,...,[\t]} we
get

GOk — DAGOLE) <" p Gk —1))
’ ’ _204&1)/\‘ 8’1/2
At — s|1/2 -
N |t — s / dg(x,k D g
2cy G(Mk—1)AG(\ k)

Therefore,

)
GO DSDAGOL M) < Y (G — DAG(A k)]

k=[As]+1
5w i

S 2Cacarlt — 512 > Po(GOE-1) (4.36)
k=[As]+1
g

Alt = s/ G\ k—1)
T /G AE—1)A Ty de.
k=[s]+1 7 COE—DAG(AK)

By (4.35),

[Mt] [At]

Y PGk -1)< Y (P¢(G()\,k— 1)) +/G(A7k1) de+/Gwl) |H\da;>

k=[As]+1 k=[Xs]+1

(Po() / Hdx + / (lda) (7] — 5]
<(

Py(G +2/H]da: Mt 5)+1)

IN



and

N
A / dg Mg
b1/ GOK=DAGOR)
<P, (GO M) + / Hda — Py(GO\ M) — / Hdx
GO GOV

<P,(G) + 2/ \H]da,
D

therefore, from (4.36) we get

C. — L
GO DDAGO, )| < (Colt— s V24— 2 ) <P¢(G)+2/D\H\dx), (4.37)

Alt — s|1/2
where
5w 1
Cs = i 4.38
6 2046(1) + 20\1; ( )
Now (4.18) and (4.19) follow from (4.37) and (4.34), respectively. O

We will use (4.29), (4.30) and (4.37) in the proof of Theorem 5.1.

5. IMPROVED TIME HOLDER REGULARITY

In this section we show that when ¢; = ¢ and ; = forany ¢ =1,...,N +
1, the time Holder continuity exponent of GMM for partitions can be improved
to 1/2. The result follows from the generalization of [42] in the previous section
(Theorem 4.2) combined with with a comparison (Theorem 5.2 below) between a
multiphase flow and a two-phase flow starting from just one of the phases and
its complement. Arguments from our main continuity result (in Theorem 4.1) are
needed to reconnect both flows in the limit.

Theorem 5.1. Let ® = {¢,..., ¢} and V = {¢,..., ¢} for some norms ¢ and
Y on R™, and H=0. Then for any G € Po(N +1) and M € GMM(F,G)

IM()AM(t)| < Cg Perg(G) |t — t']V/2, tt' >0, t—t|<1,  (51)

N+l
where Cg is given in (4.38). In addition, if . |G;\ Gj| =0, then (5.1) holds for
j=1
any t,t' >0 with |t —t¢'| < 1.

Recall that, by Theorem 4.1, for any G € Pp(N + 1), GMM(F,G) is non-empty,
each M € GMM(F,G) is locally 1/(n+ 1)-Holder continuous and

N
U M;(t) C co(G) for any ¢t >0.
i=1

Besides § we need to consider also the functional §y defined (up to constants)
in (4.17) with H =0, i.e.,

32(G B, N) = Py(@) + /G Ayl 0B} (5.2)

We start with a comparison result: this is the key point of the proof of Theorem
5.1 since it allows to compare the evolution of a single phase with the multiphase

case.
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Theorem 5.2 (Discrete comparison multiphase-phase). Let ¢1,...,9n4+1 €

L (R™) and suppose that A € Py(N + 1) minimize
N+1 N
EEP(N +1) = Y Py(Ei)+ Z/ gidx — / gN1dz.
i=1 i=1 " Ei N1

Suppose that for i € {1,...,N} and g, € LL .(R™), there exists a bounded minimizer
Fi Of

F € BV (R™;{0,1}) — Py(F) +/ gidz,
F

1

1oc(R™), there exists a bounded minimizer of

and suppose that, given 9§V+1 el

G € BV(R";{0,1}) = P4(G) — / ngHd:n,
G

the complement of which we denote by Fyy1. If 2g, — gi +g; > 0 a.e. in R™ for
all i,57€{1,...,N+1}, i #j, then

F; C A, ie{l,...,N+1}.

Proof. Let i € {1,...,N}. By minimality,

N+1 N
> P4y + Z/ gjdx —/ gn1dx < Py(A; U Fy)
j=1 j=174 AR £ 3
N+1 N (5.3)
+ Y P4\ Fi)+ / gide + Y / gjdr — / gn+1dx
j=1,5# AUE; j=1, ji 7 Ai\Fi A§ 44 UF;
and
Pd)(Fz) +/ ggd:c < Pd)(Fz' N AZ> +/ ggdx. (5.4)
F; F;nA;
Summing (5.3) and twice (5.4), we obtain
N+1
Py(Fy) + Py(Ai) + Po(Fy) + ) Po(4))
J=1j#i
N+1
+/ (g; — gi)dz + Z / gjdaH—/ gidz (5.5)
N+1
=L

Let us show that for any E € BV (R";{0,1}), G € P,(N+1) and i € {1,..., N+1},

N+1 N+1
Y Ps(Gj\E)+Py(GiNE) < Py(E)+ Y Pyl(Gy). (5.6)
J=1.j# j=1.5#

First assume that H" 1 (0*E N Uévjll 0*Gj) = 0. In this case by (2.1) and (2.2), as

well as the inclusion 9*G; C U?f;ll#i 0*Gj, we obtain

PG\ E) = [

o(vg,)dH" " + / (vg)dH 1
E(O)ﬁa*G]-

G;NO*E
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and

Py(GiNE) = / (v, )dH ™ + / P(vg)dH™ 1
ENO*G; G;NO*E
N+1
-y / o)+ [ s,
o1 g Y ENO*GiN9* G GiNd*E
and hence,
N+1
Y Py(Gy\ E) + Ps(GiN E)
J=1,j#i
N+1
- > ([, ewayiets [ blva,)aH" )
j=1,j7i E(O)ma*Gj ENd*Gnd*Gy
N—+1 N+1
#30 [ ond < 3T PGy + PolE),
j=1 Gjﬂa*E j=1,j%i

In the general case we choose a sequence {{;} C R"™ such that |{x] — 0 and
HHO*(E + &) N Ujvztl 0*Gj) =0, where E+ &, :={ze€R": z—-¢&, € E}. By
the previous case,

N+1 N+1
ST PG\ (E+ &)+ Po(Gin(B+&) < Y. Py(Gy) + Py(E+&). (5.7)
J=1,# j=1,j#i

Since Py(E + &) = Py(E) and khT (B +&,)AE| — 0, letting k — 400 in (5.7)
—+o0

and using the L!(R™)-lower semicontinuity of the ¢-perimeter we get (5.6).
Inserting (5.6) with G = A and E = F; in (5.5) and using (2.4) we get
N+1

/ (gi — gi)da + Y / gjdx+/ gidz < 0.
Recall that F; \ A; = U;V:ﬁlﬁéz F; N Aj up to a negligible set, thus,
N+1
Z / (2g; — gi + g;)dz < 0.
j=1,#i AiNF
By assumption 2¢; —g; +g; > 0 a.e., and hence F; C A; up to a negligible set. The
case ¢ = N + 1 is similar. O

Lemma 5.3. Let G € Po(N + 1) and set
gj(~) = aw(',an), j € {1,...,N—i— 1}.

For E CR™ define e(-) = Eiw(-,aE). If either E C G; for some i € {1,...,N}
or G4y € E°, then 2e —g; +g; > 0 a.e in R* for any j € {1,...,N + 1},
j # i. Similarly, if either E CC G; for some i € {1,...,N} or G%,,; CC E°,
then 2e —g;+g; >0 a.e. in R™ forany je{1,...,N+1}, j#i.

Proof. Since Ef C G§U G;, the assertion follows from the relation
ACB = dy(-,04) > dy(-,dB) ae. in R™
O

Lemma 5.4. Given A € Py(N + 1), let A(N) minimize F(-, A, \) with H = 0.
For i € {1,...,N + 1} let E € BV(R™{0,1}) be such that E C A;; in case
i = N+1 we assume also that E is bounded. Then there exists a minimizer E;(\)
of Fa2(-, E,\) such that E;(X) C A;(N).
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Proof. First we assume that F = A,. Let By CC E; CC ... CC A; be sets of finite
perimeter such that A; = |JE; and d(-,0E) — d(-,04;) a.e. as k — 4o00. Let

k
Er(X) be a minimizer of §a(-, Ex, A). By [19], E1(A) € E3(\)... and E()).
U Ex(A) is the minimal minimizer of SQ( Ai, A). Since Ej CC A;, by Lemma 5. 3
k

2d(-, 0Ey,) — d(-, 04;) —I—E(-,@Aﬂ >0 ae. in R" forall j #i.

Thus, by Theorem 5.2, Ex(A) C A;(A). Hence, we get E(X). C A;(N).

In the general case, we consider the minimal minimizer E(\), of Fa(-, £, \) and
the minimal minimizer A;(\). of Fa(-, 4;,A). Since E C A;, by [19], E(N). C
Ai(N)«. Hence, E;(\) = E()\), satisfies the assertion of the lemma. O

Proof of Theorem 5.1. Given G € Py(N + 1) define {G(\, k)}r>1ken, as follows:
G(\,0) =G and

G(\, k) € argmin §(-,G(\, k —1),\), k>1.
Note that the map k € Ny — Perg(G(A, k)) is nonincreasing. In particular,
Perg(G(\, k)) < Perg(G). (5.8)

For any i € {1,...,N+1} and k >0, let {FF(\,1)};>r be defined as follows:
FF(\ k) := Gi(\, k) and FF(\,1) is the minimal minimizer of Fa(:, FF(A, 1 — 1), )
for [ > k. Notice that, according to Step 2 of the proof of Theorem 4.1, our actual
initial set F¥(\, k) = G;(\, k) satisfies the density estimates (4.9)-(4.10) for all radii
7 < O(1/)) and, according to the proof of Step 4 of Theorem 4.2, all FF(\,1), | > k,
satisfy the density estimates (4.28)-(4.29) for all radii r» < O(1/A?). Moreover, since
the initial set FF(\, k) also depends on ), we cannot use the arguments of the

- +1 -Holder continuity up to time 0 in the proof of Theorem 4.1.

For shortness we call {FF(\,1)};>, a discrete solution starting from FF(\, k) =
G;i(\ k). Applying Lemma 5.4 inductively one can show that

FFO D) CGiND), 1>k

In particular,

(UG /\l> N GiD° € () FEOD"

J#i J#i J#i
Hence, using FF(\ k) := Gi(\, k) forall i =1,..., N +1, we get

GiN D\ Gi(A k) <ﬂF’“)\l) (UF’“AZ) U (EEOL R\ FEOD).

J#i
On the other hand,

hence,
N+1

i=1
which is the inequality that will allow us to get the 1/2-Hdlderianity of GMM.
Fix i € {1,..., N+1} and choose arbitrary ¢t > s’ > s > 0. Let {FZ-[/\S]()\,Z)}ZZ[,\S]

be a discrete solution starting from FZ-P‘S]()\, [As]) = Gi(A,[As]). Then for any A >
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5 4 5,+% we have

s'—s t—s
']
FEM OGS FMT G < ST IEM L DA (- 1))
I=[As]+1
" (5.10)
+ S IEMOAEM (-1 = 4+ b,
I=[A\s']+1

Note that by the choice of A, we have [As']—[As] >4, [M]—[\s'] >4 and [A\s] > 4.

According to Step 4 of the proof of Theorem 4.2, Fi[/\s}(/\7 ), 1> [As] >4 satisfies

the uniform lower perimeter density estimate

P(E ), By (2))
rn—1

provided A > C5. Hence, from (4.37),

Cy < . zedF™M D), re(0,C5A7),

Co— 51
Iz < (Colt = 12 + 3885 ) Pu(GiO\ D)

Since G(A, [As]) minimizes §(-,G(A, [As] —1),A), by Step 3 of the proof of Theorem
4.1, see in particular (4.8) and (4.10),
P(Gi(A [As]), Br(x))

T-n—l

C(n7 vav (bv ‘II)

c®(N,n) < , x €0G;(\[As]), re (0, .
(5.11)
Because of the presence of 1/\ (instead of 1/A'/2) in (5.11), in general we cannot

use (4.37). To estimate I; we proceed as in the proof of (4.15) and get

C
< ! % _— ;
I < (C s — s|7FT + e ) Py(Gi(A, [As]))-

From the estimates for I; and Iz, and (5.9),(5.10) and (5.8) we obtain

C

)\|s’—s|ni+1

GO DSDAG, )] < (Cs = 5|7 + ) Pera (G(A, [As])

Cs — 57—
_J11/2 2cy
+ (Colt =512+ A\t—s’!W) Pera (G(), [As])) (5.12)
C Co — 50—
< 1 gl - _ /2 T2 2cw
_(C|5 5|+ o s|n11 + Cglt — s + )\|t_8/|1/2)Per¢,(g).

Now if M € GMM(F,G), there exists A\ — 400 for which
lim |G(\g, [Akt]) AM(t)| =0 for any t > 0.
k—o0
Thus, from (5.12) we get
IM(s)AM(L)] < (c |s' — 5|71 + Cglt — & 1/2)Perq>(g).
Since s’ € (s,t) is arbitrary, letting s’ \ s we get (5.1) with C := C.
N+l
Finally, if ) |G;\ Gj| =0, then for any ¢ > s >0 and M € GMM(F,G) we
j=1
have
IM(H)AG] < [M(E)AM(s)| + [M(s)AG| < CgPers(G)|t — s|'/? + st
where in the second inequality we used (5.1) and (4.5). Now letting s \, 0 we get

IM(t)AG| < CgPerg(G) t'/2.

O
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From Lemma 5.4 we get the following weak comparison property of GMM.

Theorem 5.5 (Comparison). Let ® ={¢,...,¢} and ¥ = {),..., ¥} for some
norms ¢ and ¢ on R™, and H=0. Given G € Po(N +1), let M€ GMM(F,G)
and given i € {1,...,N+1}, let C € BV(R™;{0,1}) be such that C C G;; in case
i = N+1 we assume also that C¢ is bounded. Then there exists N € GM M (F2,C)
such that N(t) C M;(t) for all t > 0.

Proof. Let A\, = +00 be such that
hlim |G(An, At AM(t)] =0 for all ¢t >0, (5.13)
—00

where for any h the sequence {G(Ap,k)}ren, is defined as: G(Ap,0) =G and
g()‘ha k) € argmin S(a g(>‘h7 k — 1)7 )\h)a k>1.

Let i € {1,...,N+1} and C € BV(R";{0,1}) be as in the statement. For any
h let {G(An,k)}ren, be defined as G(A\p,0) = C and G(Ap, k) is the minimal
minimizer of Fo(-,G(Ap,k — 1),A), k > 1 (see the proof of Lemma 5.4 for the
definition). Applying Lemma 5.4 inductively we get

G(An, k) C Gi(Mn, k) forall h>1 and k> 0. (5.14)

Passing to a further (not relabelled) subsequence if necessary, we assume that there
exists N € GM M (F2,C) such that

lim GO, Mt)AN(@)] =0 for all ¢ > 0. (5.15)
—00

By (5.13) we have
hlim |Gi()\h7 [)\ht])AMZ(tN =0 for all ¢t > 0.
—00

Now (5.14) and (5.15) imply that N(¢) C M;(t) for all ¢ > 0 up to a negligible
set. U

Corollary 5.6. Under the assumptions of Theorem 5.5 let G € Pp(N + 1) and
Me GMM(F,G). Let C; C Gy, ie€{l,...,N}, and Cni1 D co(G) be conver sets
and let L; € GMM (§2,C;), i €{l,...,N+1}. Then for any M € GMM(F,G)

Li(t) 0 = M(t)#0, i=1,...,N, (5.16)

and

Proof. Recall that anisotropic mean curvature flow with a mobility starting from a
bounded convex set C' is uniquely defined [8], coincides with the GMM starting from
C and extincts at a finite time tc > 0. By Theorem 5.5, the i-th phase M; of any
M e GMM(F,G) starting from the i-th phase G; of G does not disappear in the
time-interval (0,¢¢;) forany i € {1,..., N}. Analogously, Theorem 5.5 implies that
(N +1)-th phase of M becomes empty, i.e., R"\ Myy1(t) =0 if t > toy,,. O
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