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AND GRADIENT DEPENDENT NONLOCAL OPERATORS

CLAUDIA BUCUR AND MARCO SQUASSINA

ABSTRACT. We obtain asymptotic representation formulas for harmonic functions in the viscosity
sense with respect to the fractional p-Laplacian and to gradient dependent nonlocal operators.
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1. INTRODUCTION

One of the most famous basic fact of partial differential equations is that a smooth function
u:Q CR"™ — R is harmonic (i.e. Au = 0) if and only if it satisfies the mean value property, that is

(1.1) u(z) :][ u(y)dy, whenever B,(z) CC Q.
By ()

Such a characterization holds in some sense for harmonic functions with respect to more general
differential operators. In fact, similar properties can be obtained for quasi-linear operators such as
the p-Laplace operator A,u, in an asymptotic form. More precisely, in 2010 Manfredi, Parviainen
and Rossi proved in [14] that, if p € (1,00], a continuous function u :  — R is p-harmonic in 2 if
and only if (in the viscosity sense)

2+n][ p—2 . 2
1.2 u(x) = u(y)dy + ———— | max u + min u ) + o(r<),
(1.2) @ = o Ly M0 2p+2n<3r<x> min u) + o(r?)

as the radius r of the ball vanishes. Notice that formula (1.2) boils down to (1.1) for p = 2, up to
a rest of order o(r?) and that it holds true in the classical sense at those points x € Q for which u
is C? around 2 and the gradient of v does not vanish. In the case p = oo the formula fails in the
classical sense, since |z|*3 — |y[*/3 is co-harmonic in R? in the viscosity sense but (1.2) fails to hold

2010 Mathematics Subject Classification. 46E35, 28D20, 82B10, 49A50.

Key words and phrases. Mean value formulas, fractional p-Laplacian, gradient dependent operators, nonlocal p-
Laplacian, infinite fractional Laplacian.

The authors are members of Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INAAM). The authors thank Hoai-Minh Nguyen for very
fruitful discussions on the subject, carried out while visiting Ecole Polytechnique Fédérale de Lausanne. The hosting
institution is gratefully acknowledged.

1



2 C. BUCUR AND M. SQUASSINA

point-wisely. If p € (1,00) and n = 2 the characterization holds in the classical sense (see [2,13]).
Finally, the limiting case p = 1 was investigated in 2012 in [9].
Once the local (linear and nonlinear) case is rather well understood, it is natural to investigate the
validity of some kind of asymptotic mean value property in the nonlocal case, for instance, letting
€ (0,1), for s-harmonic functions (i.e. such that (—A)%u = 0), where formally

225sT (% + 3)
m2l(1—s)

The equivalence between s-harmonic functions and the fractional mean value property is proved in [1]
(see also [11], [5]), with the fractional mean kernel given by

(1.3) MEu(z) = c(n, S)TQS/ u(zr —y)

oo W
re\B, (Y12 —72)3y|"

—A)Yu(x) := C(n,s) lim @) —ulz ~y) n,s) =
(8yu(@) = Ol o) iy [ Oy, Olns)

where ¢(n, s) = I'(n/2) sinws/7™/?*1. Furthermore, in [6] the authors obtain an asymptotic expansion
for harmonic functions with respect to a fractional anisotropic operator (that includes the case of
the fractional Laplacin). Precisely, a continuous function u is harmonic in the viscosity sense if and
only if (1.3) holds in a viscosity sense up to a rest of order two, namely

(1.4) w(z) = e(n, s)r? /R - m dy + o(r?),

The goal of this paper is to continue the analysis of the nonlocal case and to provide a nonlocal
counterpart (in some sense) of the result by Manfredi, Parviainen and Rossi [14] for the (s,p)-
Laplacian (—A);. Up to the authors’ knowledge, this is the first attempt to obtain similar properties
in the nonlocal, nonlinear, case.

Namely, the fractional p-Laplacian is the differential (in a suitable Banach space) of the convex

functional
U r—> u()lP ——— " dxd
R2n !:r - y!”*”s v

More precisely, the (s, p)—Laplaman is formally defined as

_ 50 im L5Pu(x $Py () = \u(x)—u(x—y)]p’2(u(x)—u(x—y))
(~Bju(a) = g £, L) = [ e d

Y.

This definition is consistent, up to a normalization, with the linear operator (—A)S.
We suppose here and all through Section 2 that u is not a constant function and that p > 2. Then

we define ,
_ _ p—
DsPu(z) ::/ <|u(96) ugw y)|> _ de .
ly|>r |y ly["(ly|? —72)

which, to make an analogy with the local case, plays the “nonlocal” role of Vu(x) (see also and
Proposition 2.9, for the limit as s 1), and

—u(xr — P2 y(x —
(1.5) MEPu(z) = (D3Pu(x)) /|y>r (‘ (=) |y!£ y)]) |y|n(’(y|2 _y)rz)s dy,

playing the role of a (s,p)-mean kernel. Both D;? and .#,;" naturally appear when we make an

asymptotic expansion for smooth functions (see Theorem 2.3). Notice also that for p = 2, .4’ 2y is
given by (1.4) (and D*u(z) = c(n, s)~tr=25).

The main result relative to the fractional p-Laplacian, that we prove in Section 2 (Theorem 2.7),
is the following.
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Main result 1. Let p > 2, Q C R" be an open set and let uw € C(2) N L>*(R™) be a non constant
function. Then

(=A)u(r) =0
i the viscosity sense if and only if
(1.6) lim D Pu(x) (u(z) — AP u(x)) =0

™\ 0

holds in the viscosity sense for all x € ).

Notice that for p = 2 the result in [6] is recovered. In the case we consider here, however, the
dependence of Dy* of the function v does not allow a simplification of the formula obtained.

In the second part of the paper (Section 3) we investigate a different nonlocal version of the p-
Laplace operator (—A); ;u and of the infinity Laplace operator (—A)3 u, that arise in tug-of war
games, introduced in [3,4]. For these operators we obtain an asymptotic representation formula
in the viscosity sense, see Theorems 3.6 and 3.10. We summarize the results on these two nonlocal
operators in the following theorem, denoting by (—A)fE the nonlocal p-Laplace and infinity Laplacian
respectively, and ia playing the role of the nonlocal mean kernel and of the infinity mean kernel,
respectively.

Main result 2. Let Q C R" be an open set and let u € C(Q2) N L>*(R™). Then
(—A)7u(x) =0
in the viscosity sense if and only if
(@) — AFu(z) = o(r™)

holds for all x € Q) in the viscosity sense.

Furthermore, both in Sections 2 and 3 we study the asymptotic properties of the Laplace operators
and mean kernels as s /' 1. In Appendix A we insert some basic integral asymptotics.

2. THE FRACTIONAL p-LAPLACIAN

2.1. An asymptotic expansion. Let p > 2. Throughout Section 2, we consider u to be a non
constant function. The next proposition motivates this choice, and justifies (1.5) as a good definition.

Proposition 2.1. Unless u is a constant function, for any x € R™ there exist some r, > 0 and
ce > 0 such that, for all v < ry, it holds that Dy’Pu(z) > c,.

Proof. We have that
ly|* —r? < Jy[%,

hence
DSPy(z) > / u(z) — u(x — y)[P> dy,
" lyl>r ly[+ep
and by changing variables
D3Py(z) > / u(x) — u(y)[P~? dy.
CBy(z) |T—y["teP

If w is not constant, for any z € R™ there exists z; such that u(x) # u(z;), hence there exists
Ty < | — 2zz|/2 such that
u(z) #u(z), forall z € By, (2).
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Let 7 = |z, — x|/2, then for any r < 7

DEPu(z) >/ |u(z) — u(y) P> dy >/ u(z) — u(y) P> dy = c
" " JeBia) | —y|ntep " JB(z) T —y|ToP ’

with ¢, positive, independent of r. O

Remark 2.2. Notice that it is quite natural to assume that u is not constant and it is similar to
what is required in the local case, namely Vu(z) # 0 (see the proof of [14, Theorem 2]).

We obtain an asymptotic property for smooth functions.
Theorem 2.3. Let u € C2 _(R™) N L°(R™). Then
DiPu(a) (u(x) — 4 Pu(x)) = (~A)ju(x) + OG>
asr — 0.

Proof. We note that the constants may change value from line to line. We fix an arbitrary &, the
corresponding r := r(¢€) as in (2.8), and some number 0 < ¢ < min{&,r}, to be taken arbitrarily
small.

Starting from the definition, we have that

LiPu(z) = / " Ju(z) — u(z —y)P*(u(@) —u(z —y))

‘y’n—i-sp

n /|y>r u(@) — u(z —y)[P2(u(z) — u(z — y)) ( L 1 > dy

|y|nts(=2) 2 (jy2 —r?)s

(@) — u(w - y)[P~2(u(z) - u(z — y))
" /|y>r |y|ntsP=2)(|y|2 — r2)s dy.

Thus we obtain that

[u(@) = u(@ — y)P~2u(e — y)
L3Pu(x +/ "
) ) ly|>r |y ts(P=2) (|y|2 — r2)s

_ |u(z) — u(z —y)[P~>
=ue) /y|>7" w

ly[" =2 (|y|? - r2)

(2.1) n /6<|y|<r lu(z) — u(x —y) P2 (u(x) — u(z — y))dy

[y|m e

+/|y>T IU(fﬁ)—U(fﬂ—y)lp_2(U(93)—U(ﬂf—y))( L L )s)d?/

|y|ts(p=2) 2 (Jy|? —r?

iy [ e — =y
=uw) [

’n+s(p—2) (‘y|2 _ 7.2)3

oy dy + I (r) + J(r).
y|>r

Since u € C?

loc

(R™), using (2.10), (2.14) and (2.16), we get that

(2.2) lim £2(r) = O(71=),
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(see also [10, Lemma 3.6]). Looking for an estimate on J(r), we split it into two parts

B u(z) —u(z —y) PP (u(@) —u(z-y) (1 1
)= /y|>r |y[n+s(p=2) <\y!2s (Iyl? - 7“2)S> i
_ lu(@) —u(e —ry) P2 (u(@) —u(@-ry) (1 1
= /y|>1 |y[nFsp=2) <\yl2s (lyl? - 1)8) A
R lu(z) —u(e —ry) P2 (u(@) —u(@-ry) (1 1
a [/y|>i |y[n+s(p=2) <|y2"’ (ly]? - 1)5> dy

u(z) — u(@ —ry) P~ (u(z) —u(z —ry)) (1 1
i /1<y|<i Jy|n+s(r=2) (\9125 (yl? - 1)S> ]dy

=P (Jy(r) + J2(r)) .
We have that

u(z) —u(z —y)[P~" < c(jul@) P! + Julz —y) P,
thus we obtain the bound

1 o dt 1
mv»gwwgmﬂé e
The fact that
Ji(r) = O(r*T#P)
follows from Proposition A.1. For J,, by symmetry we write
1 u(z) — u(e —ry)|P*(u(z) —u(e —ry)) (1 1
J“”“zﬁ;W<¢ gD (wws‘<ww—1w>dy
1 u(@) — u(@ +ry) P~ (u(@) —u(@ +ry) (1 1
+ / (= ( e ) dy
2 Ji<py|<2 |y|nts(=2) lyl?* (lyl> - 1)
_ 1/ Ju(z) — w(z —ry) P~*(2u(z) — u(z —ry) — u(z + ry)) ( 1 > d
2 Jiapi<t [yl e=2) W (-1 )Y

41 / (lu(@) = ule +ry)P~? = Ju(z) — u(z = ry)[P~?) (u(z) — u(z + ry))
1<\y|<%

9 ’y|n+s(p—2)
1 1
— dy.
(M% mw—w)y

2
We proceed using (2.13) and (2.15) (and passing € to 0). We have that

)< [ (L Y
< Cr il - p
i 1 (-1
(2.3) (o)1 1/r 1 1
< o201 s>/ B S
. v P\ )

< Opp~(r=2)(1=s)
This yields that Ja(r) = O(r?+sP=29),
It follows that
J(r) = O(r?72).



6 C. BUCUR AND M. SQUASSINA

Looking back at (2.1), using this and recalling (2.2), by sending ¢ — 0T, we obtain that

uw(z) —u(z —y) [P 2u(x —
e+ [ ey =) + 0 ),

This concludes the proof of the Theorem. O

It is a property of mean value kernels that ., u(x) converges to u(x) as r N\, 0 both in the local
(linear and nonlinear) and in the nonlocal linear setting. In our case, due to the presence of D;*u,
we have this property when Vu(z) # 0 only for a limited range of values of p depending on s and
becoming larger as s / 1. For other ranges of p, we were not able to obtain such a result. More
precisely, we have the following proposition.

Proposition 2.4. If u € C2_(R") N L°(R") and s,p are such that

c 2 L

p 1 s

then for any x € R™ such that Vu(x) # 0, it holds that
lim .5 Pu(z) = u(x).
TI\I‘% AMPPu() = u(x)

Proof. There is some r > 0 such that Vu(y) # 0 for all y € By, (x). Then
DiPu(z) > / lu(z) — u(x —y) P>

Bon\B, [y (Jy[2 — r2)e

N \/BQT\BT

where ¢ € Bo,(x). Therefore, using (2.22)
DiPu(z) > Cpy|Vu(€) P~ 2rP= 2179728,
which for p in the given range, allows to say that

}i{(% DiPu(z) = oo.

From Proposition 2.1 and Theorem 2.3, we obtain
lin, (u(w) — A Pu(r)) = lim, (DyPu(a) ™ ((—A)ju(e) +O(*)),

p—2
Y — —s)—n —s
w<§>~|y,1 (P2 =0=n (2 _y2y=s gy,

and the conclusion is settled. O

2.2. Viscosity setting. For the viscosity setting of the (s, p)-Laplacian, see the paper [12] (and
also [7,10,15]). As a first thing, we recall the definition of viscosity solutions.

Definition 2.5. A function u € L™ (R™), upper (lower) semi-continuous in Q is a viscosity subso-
lution (supersolution) in Q of
(=A)yu =0, and we write  (—=A)ju < (>)0
if for every x € Q, any neighborhood U = U(x) C Q and any ¢ € C?(U) such that
o P(o) = ulz)
e(y) > (Quly), for anyy e U\{z},

if we let

p, U
(2:5) v {u, in R"\ U
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then
(-AYu(e) < (2)0.
A wiscosity solution of (—A)ju = 0 is a (continuous) function that is both a subsolution and a

supersolution.
We define here what we mean for an asymptotic expansion to hold in the viscosity sense.

Definition 2.6. Let € > 0 be fized and let u € L>(R™) be upper (lower) semi-continuous in 2. We
say that
lim D Pu(x) (u(z) — AP u(x)) =0

r—0
holds in the viscosity sense if for any neighborhood U = U(x) C Q and any ¢ € C*(U) such that
(2.4) holds, and if we let v be defined as in (2.5), then both

lim\f‘iélf DiPu(z) (u(z) — A7 u(z)) >0

and
lim sup D} Pu(z) (u(z) — A Pu(z)) <0
™\ 0

hold point wisely.

The result for viscosity solutions is a consequence of the asymptotic expansion for smooth functions,
and goes as follows.

Theorem 2.7. Let Q C R™ be an open set and let w € C(Q2) N L>®°(R™). Then

(=A)pu(z) =0
in the viscosity sense if and only if
. s.p ep _
(2.6) lim D} Pu(z) (u(z) — A7 u(z)) = 0

holds for all x € Q in the viscosity sense.

Proof. For x € Q and any U(x) neighborhood of z, defining v as in (2.5), we have that v € C?(U(z))N
L*>°(R™). By Theorem 2.3 we have that

(2.7) DyPo(x) (v(x) — AP Pu(x)) = (—A)pu(a) + OF* %),

which allows to obtain the conclusion. O
2.3. Asymptotics as s /1. We prove here that sending s 1, for a smooth enough function the
fractional p-Laplace operator approaches the p-Laplacian. The result is known in the mathematical

community, see [8]. We give here a complete proof, on the one hand for the reader convenience and
on the other hand since some estimates here introduced are heavily used throughout Section 2.

(R™) N L>*(R™) be such that Vu(x) # 0. Then

lim (1= 8)(=A)ju(a) = ~Cp Ayu).

Theorem 2.8. Let u € C?

loc

where Cpp, > 0.
Proof. Since u € C2_(R") we have that for any £ > 0 there exists 7 = r(£) > 0 such that

(2.8) for any |y| <, |D?u(x) — D*u(z + )| < &
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We fix an arbitrary &, the corresponding r and some number 0 < € < min{&, r}, to be taken arbitrarily
small.
We notice that

(=AY u(zr) = lim LIPu(z) = LPu(z) + lin[l) (L3Pu(x) — L3Pu(x)) .
e—

p e—0

As for the first term in this sum, we have that

s u(z) — u(r — y)|P 2 (u(x) — ulr —y _ _ s
Er’pu(a:) — / ’ ( ) ( |)Z|/’n+£p( ) ( )) dy§2p lHuHiool(Rn)wn/ p 1 pdp
y|>r T
C r
= Cnp Jullegen)
Notice that
. N psp _
(2.9) ll/‘n%(l s)LIPu(x) = 0.

Now by symmetry

w(z) —u(z —y) P2 (u(z) — u(x —
2(5?17”(95) —Ei’pu(x)> _ Q/BT\BS |u(z) — u( y’)z’/‘n+£p( ) —u(z —y)) dy

_ / Ju(@) — w(@ —y)P~*(u(@) —u(z —y)) ,
B\ B:

- ly[rep

Y

N / u(z) — u(@ + )"~ (u(@) — u(z +y)) dy
By \Be

(2.10) [y[rer

_ / u(z) — u(z — y)[P~*(2u(z) — u(z — y) — u(z +y)) dy
B,\B. |ly|ntsp

(lu(@) = (@ + P2 = [u(z) - u(z - y)P~2) (ulw) - ulz +))

|y|Fep
= Lo(2) + Jre(@).

Using a Taylor expansion, there exist §, € (0,1) such that
1 2 1 2 Y
u(z)—u(z—y) = Vu(@)y—5(D7ulz=dy)y.y).  wlx)—u(z+y) = =Vu(z)y—5(D u(@+dy)y,y).

Having that |8y, |dy| < |y| < r, recalling (2.8), we get that ‘<(DQU(IL‘) — D%u(x —éy))y,y)’ < &ly|?,
hence

2u (z) — u(z —y) — u(z +y) = —(D*u(z)y,y)
(2.11) + 5Dy, ) — (Dule = 89y, 0)) + 5 (DPu()y, ) — (Dul + )y, )
= — (D*u(x)y,y) + T, with |T3| < ely|?,
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according to (2.8). Also denoting w = y/|y| € S*~! and taking the Taylor expansion for the function
f(x) = |a — zb|P~2, we obtain
(2.12)

fu(e) — (e )P~ = 2| Vula) - &~ 2 (D2l — sy, )

= |y\p_2‘Vu(x) cw— ] (<D2u(:ﬂ)w,w> + ((DQu(:B —0y) — D2u(a:)) w,w)) }p_Q

2
= 2 Vu(@) v~ Y (DPuae.w) + 0@) 7
S OR aE with [Ty] < C(1+2)lyp".
Thus we have that
u(e) — (e — )P 2(2u(z) ~ ulx —y) — ua + 1) = — | Vu(e) P2 D u(aw.
(2.13) Ty V() w4 T

with |T3] < C(1 +&)|y|P*.

Passing to hyper-spherical coordinates, we have that

Lew) = = [[ v dp [ 1Vute) ol DR u(ohenw) do + 1L (o) + (o)

(2.14) B B
rp(1=s) _ cp(1=s)
= - (1= / (Vu(z) - w|P~2(D*u(z)w, w) dw + L}’E(x) + Izg(x).
- S§n—1
Here
L p=s) _ gp(1-s)
<
e =200y

and

pp—sp+1 _ cp—sp+1

p(l1—s)+1

2l<C+e) / PP dy = C(1 + 2)

T £

This means that

lim i (1~ ) (IL.(2) + IZ.(x)) = O(e).

Thus we get
1
i i — = —— . p—2 2 =
il/ﬂ} ;1\1"1(1)(1 s)Irc(x) ’ /S"—l |Vu(z) - wlP~*(D*u(z)w,w) dw + O(&).

Using again that |((D?u(z) — D?u(z — 8y))y, y)| < &|y|?, we also have that

u(e) — ule —y) = Vula) -y~ L (Dul@ly,v) + 5 ((Dula)y,v) ~ (Dulx — 5y)y, )

2
= Vu(e) -y~ 3 (Dulay.y) + OE)lyP
u(x) ~ulz+y) = — Vul) -y~ (D?u(e)y,u) + 5 (D*u(x)y,y) — (D*ulz + 5y)y.v)

=~ Vu(@) -y — HDu(x)yy) + 0@l
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Taking the second order expansion (i.e, taking the following order of the expansion in (2.12), with
third order reminder) we obtain

u(z) — ule + )P — u(z) — ulz —y)[P~
= [P~ (p — 2)(Vu(e) - w)|[Vu(e) - w) P~ ((D*u(z)w,w) + O()) + Tu,  |Tu| < ClylP.
Thus
1) (40~ TP = o) e = )P u) — )
= —ylP(p - 2)|Vu(z) - w)[P7? ((D*u(z)w,w) + O(£)) + T, T5| < Cly[P*+.

Therefore we get that

</Sn1 IVau(z) - w)[P2(D%u(z)w, w) +(9(5—)> + T (),

(2.16)  Jpe(z) = —(p - 2>m

and
T.erlfsp _ €p+175p

p(l—s)+1

| Jre(z)| < C

We obtain that

-2
lim lim J, . (z) = B
s,/1eN0 ' P sn—1

It follows that

IVu(z) - w)|P~2(D%u(z)w, w) dw + O(&).

lim (1~ )(=A)ju(z) = lim(1 ~5) (Lfvpu(:z) + lim (£2Pux) - Ef,vpu($))>

—1
= IVau(z) - w)P~2(D%u(z)w, w) dw + O().
2p Sn—l
Sending ¢ to zero, we get that
. . . s . _p —1 p—2 L2 2
il}l}(l s)(=A)pu(z) = o [Vu(z)| /Sn_l 2(z) - wP" (D u(z)w, w) dw,

with z(z) = Vu(z)/|Vu(x)|. We follow here the ideas in [8]. Let U(xz) € M™*™(R) be an orthogonal
matrix, such that z(z) = U(x)e,, where e; denotes the k' vector of the canonical basis of R™.
Changing coordinates ' = U(z)w we obtain

= 2(z) - ' |P2(D%u(z)w’, W' dw = en - wP 2 U () ' D?u(z)U(2)w, w) dw
= [ o) D W do = [ fen- ol AU D) (@) a

n—1
- / P2 (B (@), w) du
S§n—1

where B(z) = U(x) 1 D?u(z)U(x) € M™*"(R). Then we get that

=) bijx) /Sn1 Jwn P Pwiwjdw =Y bjj(x) /Sn1 |wn[P~?w? dw
j=1

ij=1
by symmetry. Now

_ Tps if j#n
/ |ewn [P 2%2. dw = { b e
Sn—1 Vp, Hj=mn
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with 7,7, two constants' for which Yo/ =P —1, 80

1= = ')’pzbjj — Yp)bnn (Z bjj(x )bnn(x)) .

We notice that, since U(z) is orthogonal and A is symmetric,

Z bjj(x) = TrB(z) = Tr(U(z) ' D*u(2)U(x)) = Tr(D*u(x)) = Au(z)
and
bun () = (U(2) ' D*u(2)U(2)en, en) = (D*u(z)U(x)en, U(z)en) = (D*u(x)z(x), 2(2))
= |Vu|"2(D*u(2)Vu(z), Vu(z)) = Asu(z).
Therefore
(2.17) 7= 227D (Au(a) 4 (p - 2) Acua),

p
and this leads to

. s -1 _
(1~ 5)(-02) = =20 Tu(a = Bute) + (- DAl
Recalling that
Apu(z) = [Vu(@)[P7*(Au(z) + (p — 2)Ascu(x))
we conclude the proof of the Lemma. O

Next we study the asymptotic behaviour of .Z? as s ,* 1 and we obtain an asymptotic expansion
for the p-Laplace operator.

Proposition 2.9. For any u € C2_(R") N L®(R"), denoting

A= /S (@) — w(@ — )P u(z — rw) dw </S [u(w) — ulz — rw)" dw>_1

it holds that

n—1

. sp o

(2.18) lim A u(x) = A7)

and that

(2.19) h}l}l(l — s)DjPu(x) = / lu(z) — u(z — rw) P2 dw.
s Sﬂ 1

In addition,

(2.20) (|vu\P—2 + O(T)) <u(:13) - ///;’u(x)) = —cn 2 Ayul(z) + O(r3).

Iprecisely (see Lemma 2.1 in [8])
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Proof. Let € € (0,1/2), to be take arbitrarily small in the sequel. We have that

D= [ MOt ) — ulz ~ )
" ly|>(1+e)r |y‘n+spf2s(|y|2 - r2)s r<l]y|<(l4e)r ‘y|n+sp723(|y|2 - TQ)S
=17+ 1",

Given that for |y| > r(1 + €) one has that |y|? — 72 > (e + 2)(1 + &) 2|y|?, we get

sep o (L+€%)° ®
|Il < 63(6 T 2)8 Cn,p,”u”Loo(Rn) (14) P sp dp
(2.21) "
_ (&) [(1+e)r]~
65(8 + 2)5 n,P7||U||L°0(1Rn) s

and it follows that

lim(1 — s)I° = 0.
;}%( )1

On the other hand, integrating by parts we get that

(1+4e)r
5= | dw( / ru<x>—u(w—pw>|p—2p—1—5p+%<p2—r2>-8dp)
Sn—1 r
(1+e)r

_ n\1-s
= / w [(plr)s’“(fv) —ux — pu)|P2pT I (g )
Snfl -

r

(14e)r (p—?”)l_s d
— A _ _ p—2 —1—sp+2s —s
[ e (o)~ ulo = )2 k1)) dp

- / du [(”)wa e — (1+ )rw) P21+ )] (2 4 )]
§n—1 1 — S

(I4e)r (p—?”)l_s d
— N ;7 _ _ p—2 —1—sp+2s —s
[ (o) = ule = )P k1)) dp

Notice that

/(1+e)r (Pl_r)l_sd (|u(g;) —u(z — pw)|P—2p—1—8p+23(p + r)—s) dp'

—s dp
C p . 1—sp e’
< —S8 —S8
< Cmax{r—°P,r }1—3’
hence
(1+e)r _ ) 1-s
i) [ l/ 2 (luo) — ulo = )2 k1)) dp]

= 0O(e).
On the other hand

i — s w(Er)l_sum —ulx — e)rw) P2 )]~ lmspt2s e)r]™?
tim(1 =) [ 'S fula) —ule = (14 )21+ )2 4 e
1

T (e @+e) /Sn_1 dofu(w) —u(z = (L+e)rw)”™>.
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Finally,
2
lim lim(1 — s)[5° = — lu(z) — u(z — rw)P~2 dw
5\10 5/(1 ’l“p Sn—1

and one gets (2.19). In exactly the same fashion, one proves that

S /W(\u(x)—u(x—yn)“ ue—y)

s /1 lyl* Y™ (lyl? = r?)®
2
= — lu(z) — u(z — rw)|P?u(z — rw) dw
TP gn—1

and (2.18) can be concluded.
In order to prove (2.20), one uses (2.13) and (2.15), the computations and notations in Theorem
2.8 (in particular (2.13), (2.15) and (2.17)) to obtain that

</Sn—1 [ue) — ule —rw)™* dW> (u(x) — APu(z))

= -t [ Vue) el DR, w) + OGP
Sn—1

_ r””“;;”|w<x>|f’—2mu<m> T (p— 2)Anu(z)) + O

= — rp%(];p_ 1)Apu(x) + O(rPth.

Proving in the same way by (2.12), that

/ lu(z) — u(z —rw)|P 2 dw = rp_Q/ IVu(z) - wP~2 dw 4+ O(rP71),
Sn—1 Sn—1

and recalling that

(2.22) / |Vu(z) - wlP~2 dw = O, | Vu(z) P2,
Sn—l
we get that
(\Vu(:n)|p72 + (’)(7’)) (u(x) — %f’u(m)) = —Enpr?Apu(z) + O(r?),
with
e _we=1) _(p-1)p-3)
" pChp 2p(p+n—2)
This concludes the proof of the Theorem. O

Remark 2.10. Let us point out that (2.20) gives an asymptotic expansion for the p-Laplace which
differs from the one given in [14]. The very nice formula in [14] says that

|Vul|P—2 (u(a:) — Mpu(x)> = —Epnr? Apu() + o(r?),

with
~ _ 2+n

p—2 .
Myu(x) = ][ u(y) dy + — | max u(y) + min u
pul) = = o (y) dy ST ) (Br(@ () nin (y)>

and

prn = 2(p+n)
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The statement (2.20), even though it appears weaker, still allows us to conclude that in the viscosity
sense, at points x € R™ for which the test functions v(z) satisfy Vu(z) # 0, if u satisfies the mean
value property, then Aju(z) = 0.

3. GRADIENT DEPENDENT OPERATORS

3.1. The “nonlocal” p-Laplacian. In this section, we are interested in a nonlocal version of the
p-Laplace operator, that arises in tug-of war game, introduced in [3].

This operator is the nonlocal version of the p-Laplacian given in a non-divergence form, and
deprived of the |Vu|P~2 factor. Let p € (1,+00) and denote for any A € .#™*"(R) and ¢ € R",

n

(AL,€) = aiti&;.

ij=1
Precisely, in the classical setting, the p-Laplace operator for Vu # 0 is
Apu = Ay ru = Au+ (p — 2)|Vu|2(D*uVu, Vu).
By convention, when Vu = 0, as in [3],

Apjui=Au+(p—2) sup (D*ug,é)
fegn—l

and
Ap_u:=Au+(p—2) inf (D¢ E).
gegn—l

Let s € (1/2,1) and p € [2,400). In the nonlocal setting we have the following definition given
in [3, Section 4].

Definition 3.1. When Vu(x) =0 we define
1 2u(z) —u(z +y) —u(z —y) <y )
A ju(x) == — su . —-£)d
( )pr‘r ( ) a, §€S"p*1 R ’y‘n+2$ Xlep,1] ‘y’ § Yy
" ) )~ u(e —y)
1 . 2u(z) —u(x+y) —u(zr —y (?J )
—A)) _u(x) := — inf / . — - &) dy.
( )p7 ( ) ay cesn-1 . ’y‘n+25 Xlep,1] ’y‘ g Yy
When Vu(z) # 0 then
s s 1 2u(r) —u(r +y) —u(r —
(~Mjule) = (A = o [ POZHEENZMEZI (L) d
ap Jgrn ly| |
with (@)
Vu(x
= Fu)

Here, cp, ap are positive constants.

We remark that the case p € (1,2) is defined with the kernel x|o ] <|gy7‘ . z(m)) for some ¢, > 0,

and can be treated in the same way.
In particular, for p € [2,400) we consider

1

Qp = / (w - €2)*X[e,.1)(w - €1) duw,
2 Snfl P
1

Bp =5 /Snl(w - €1)*X[ep1] (W - €1) dw — o,

(3.1)
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and

By
@p
With these constants, one gets [3, Subsections 4.2.1, 4.2.2], which affirms that if u € C?(R")NL*>®(R"),
then

(3.2) ¢p such that =p-—2.

Lll/rq(l —s)Aju(z) = Apu(z).

We define now a (s, p)-mean kernel for the nonlocal p-Laplacian.

Definition 3.2. For any r > 0 and v € L*°(R"), when Vu(x) # 0, let

Cypr?® w(x +y) +u(z —y) Yy Vu(z)
s,p — 5P . =
M ulr) == /CBT (P — 2 X <|yr “”) d, =)

where?.

. 00 dp —1 -1
Cs,p = Cs'}/p, wlth Cg i — <[ [M) s ’Yp = (/;nl X[Cp,l} (w . el)dw> .

When Vu(z) =0, we define

s Cy 412 wz+y)+ulr—y Y
MpPhu(z) = =P sup /CB (ot y) 4 ul )X[cp,l] ( ~ f) dy,

2 gesn yl(lyl* —r2) [yl
and )
- Cop-1" . u(x +y) +u(r —y) y
MPP~u(z) = =2 inf / n(|g2 — p2)s  Xlep1] & | dy,
2 eesntep, lyIM(lyl2 —r?) Iyl
with .
Cspt+ = CsVp+  with 4= ( Sup / Xep1] (@ - f)dw)
gegn—l S§n—1
respectively

-1
CS,p,— = CS/-va_ thh "}/p7_ = <£€ié}lf_1 \/Sn—l X[Cp,l} (w : é‘)dw> *

We have the next asymptotic expansion for smooth functions.
Theorem 3.3. Let u € CZ _(R") N L>°(R™). Then
u() = MEP=u(a) + c(n, 5, p)r2* (—A)3 pule) + O(r2+2),
as r ™\, 0.

Proof. We prove the result for Vu(z) # 0 (the proof goes the same for Vu(z) = 0).
Since u € CZ_(R") we have that for any £ > 0 there exists r = r(£) > 0 such that (2.8) is satisfied.
Passing to spherical coordinates we have that

dy o) dp
Cs 1"25/ _ c < ) O / / c w-zlx d(.d
P B, |y’n(‘y|2 — r2)s i 1] ly | z(x) $,p L p(p2 = 1)% Jen Xep,1] ( (2))
~Coo [ S fo Yo e s =1

where the last line follows after a rotation (one takes U € .Z™*™(R) an orthogonal matrix such that
U~Y(z)z(x) = e; and changes variables).

21t holds that c(s) = 2sinzs

™
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It follows that for any r» > 0,
Cs pr*s 2u(z) —u(lz +y) —u(z —y Y
'4 / ( ) ( ) ( )X[le] <H . Z($)> dy
CB, Y

ule) = Myule) = =5 Y (e — )

Therefore we have that

u(e) — MPu(e) = S Apua)

Cwﬁs/ 2u(z) — u(z 4+ y) — u(z —y) (y )
- — c = -z(z) | d
9 : |y‘n+25 Xlep,1] M (x) | dy
Cwﬂi/ 2mm—u@+y»—wx—w< ly|? > <y )
+ — -1 C = z(x) | d
2 Je, e (o2 3y ) Xty #1) )
Cspa r2s s
=: %(—A)pu(x) I+ J,
and
Cs 2“@)“@47W)U@7W)< ly|? > (y )
Jr = ’p/ -1 xie = . z(x) | dy
2 Jem [y -1 L) Xt {2
@p/ 2%@—uw+m0—mw—w)( ly|? ) (y >
=—= — 1) Xe — - z(z) | dy
2 Jos, P -1 1) Xewt) { [y 2@
@p/ 2ww—uw+mﬁ—ww—w)( ly[* ) <y )
+ — — 1) xre — - z(x) | dy
2 Jen, e WE—1p ) Xt [y #@)
=J+J2
We obtain

C * dp p%
2 n7s7p — .
|JT| < 4HUHLOO(R") 9 /i p1+23 ((p2 — 1)5 1 /Snl X[Cp,l] (Cd Z(LU)) dw

e8] dp p23
< Csp 1 plt2s <(p2_1>s_1 ’

and using Proposition A.1

Jf = O(r2+28).
We have that

Cu [ [ » 2ue) —ula+rg) ~ulo—ry) <|@yf| . Z(x)> dy

Jp—1I, =
2 PR,
2u(z) — u(x + ry) — u(z — ry) < Y ) ]
_ . = . z(x) | d
/B PIRRE Xlep,1] ly] (z) | dy

which, by (2.11) and Proposition A.1, gives that
Iy — I, = O(r***?).

It follows that
u(x) — MpPu(x) = C(s,p)r™* (—=A)su(x) + O(r***?)

for r ™\, 0, hence the conclusion.

We recall the viscosity setting introduced in [3].
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Definition 3.4. A function u € L>®(R"), upper (lower) semi-continuous in Q is a viscosity subso-
lution (supersolution) in Q of
(—A);iu =0, and we write (—A);iu < ()0

if for every x € Q, any neighborhood U = U(x) C Q and any ¢ € C*(U) such that (2.4) holds if we
let v as in (2.5)

(=A)pxv(x) < (=)0

A wiscosity solution of (=A); Lu = 0 is a (continuous) function that is both a subsolution and a
supersolution.

Furthermore, we define an asymptotic expansion in the viscosity sense.
Definition 3.5. Let u € L®(R"™) upper (lower) semi-continuous in Q). We say that
lim (u(z) — M3Pu(z)) = o(r*)
™\0

holds in the viscosity sense if for any neighborhood U = U(x) C Q and any ¢ € C*(U) such that
(2.4) holds, and if we let v be defined as in (2.5), then both

_ Mszp
lim inf u(@) - uz) 5 g
r r
and
_ Msvp
lim sup w@) T u(@) <0
™\0 r

hold point wisely.

The result for viscosity solutions, which is a direct consequence of Theorem 3.3 applied to the test
function v, goes as follows.

Theorem 3.6. Let Q@ C R™ be an open set and let uw € C(2) N L>°(R™). Then
(=A)p+u(z) =0
in the viscosity sense if and only if

11\15 (u(z) — M3Pu(x)) = o(r?)

holds for all x € Q) in the viscosity sense.

We study also the limit case as s * 1 of this version of the (s,p)-mean kernel, and obtain an
asymptotic expansion in the local case.

Proposition 3.7. Let Q C R"™ be an open set and u € C1(Q) N L>®(R™). For any r > 0 small
denoting

MPu(a) = /

Y
[ () = e =9 xg (,y| - z<x>) dy

it holds that

i 5,p — p

for every x € Q,r > 0 such that Bo,(x) C Q. In addition,
(3.4) u(x) — MPu(x) = —cppr(—A)p+u(z) + O(r?).
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Proof. 1t holds that

s Cs u(x +ry) +u(r —r
Mpru() = G2 [ IOy () a
1

2 lyl"(ly[> —1)° vl
Let € > 0 be fixed (to be taken arbitrarily small). Then
< 2ullzon) /°° dt
N Tp 1+e t(tZ - 1)8’

u(x +ry) +ulz —ry) ( Yy )
XTe = . z(x) | dy
/B (e =1 Xt (2@

which from Proposition A.1 gives that

| Je(2)] =

ll}ri CspJe(x) = 0.

On the other hand, we have that

_ u(z +ry) + u(z — ry) Y
o) = /BHE\Bl PRI <\y| ( )> @
1+e wlr 4+ row Wl — 7w
()

and integrating by parts, that

/1+E u(x + rpw) + u(r — rpw) dp = el u(z+r(l+e)w) +ulx — r(l +e)w)
1 p(p* —1)° 1—s (1+e)(2+¢))°

— I2(x)

with
I2(z) ==

/1+z-: (p— 1)1—8 i <u(33 +rpw) + u(z — T’,OW)) d
1 l—s dp p(p+ 1) P
We notice that

52—5

1—5’

[2(x)| < C

hence we get

lim Copl2(x) = Oe).

Therefore we obtain

1
lim M-"ulz) = ST /S (u(@ + 1) + u(@ = 1w)) X(e, 1] (@ - 2(2)) dy + O(c),
and (3.3) follows by sending € — 0. O

3.2. The infinity fractional Laplacian. In this section, we deal with the infinity fractional Lapla-
cian, arising in a nonlocal tug-of-war game, as introduced in [4]. Therein, the authors deal with
viscosity solutions of a Dirichlet monotone problem and a monotone double obstacle problem, pro-
viding a comparison principle on compact sets and Holder regularity of solutions.

The infinity Laplacian in the non-divergence form is defined by omitting the term |Vu|?. Precisely,
by convention, denoting for any A € .Z™*"(R) and £ € R",

(A&,€) =) ai&;.

i,j=1
we define when Vu = 0,

Assu:= sup (D*ué, &) and Ay _u:= inf (D?uf§),
gesn—1 geSn—1
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whereas when Vu = 0,
~ Vu(x)
= V(@)
The definition in the fractional case is well posed for s € (1/2,1), given in [4, Definition 1.1].
Definition 3.8. Let s € (3,1). The infinity fractional Laplacian (—A)S,: CY1(z) N BC(R") at a
point x is defined in the following way:
o If Vu(x) # 0 then

(3.5) (—A) u(z) = /OOO 2u(z) — u(x + p;l(fQ)S) —u(z — pz(m))dp’

Aot := A pu = (D*u z(), 2(x)), where z(x)

where z(x) = |§ZE§§| e sn L

e If Vu(x) =0 then
 2u(z) — u(z + p) — u(z — p¢)

(3.6) (—A) u(z) = w2g£1 CEiélnf_1 /0 g dp.

In the above,
BC(R") :={u: R" - R|u e C(R")NL*R")}
and u € CH(x) if there exists a vector p € R and numbers M, 7y > 0 such that
Ju(z +y) —u(x) —p-yl < Myl

for |y| < no. We define Vu(x) := p.
As an example, it is proved in [4] that the function

C(z)=Alz —zo/* *+B

satisfies
(—A)Z u(z) =0 for any = # xo.
We denote 2u(z) ( ) ( 0
©2u(x) —u(zr + pw) —u(x —p
Lu(z,w,() = /0 pESE dp

and for r > 0

> u(z + pw) 4 u(@ — pg)
M — 2s U(LL’ d
Tu<m7y72) CST /r (p2 —TQ)SP P7
with
. (/OO dp )_1_2sin7rs
T\ et -1 L
We define the operators
o If Vu(z) #0
MPFu(r) = Miu(x, z(x), 2(x)) with z(z) = Vulz)
' T ’ [Vu(z)|
o If Vu(z) =0

MPPu(r) = sup  inf Miu(x,w,()
wesn—1 (€St

We obtain the asymptotic mean value property for smooth functions, as follows.
Theorem 3.9. Let u € CY(z) N BO(R™). Then
w(z) = ME®u(x) + c(s)r* (= A)S u(z) + O(r*2)

asr — 0.
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Proof. Since u € C2_(R"™) we have that for any £ > 0 there exists r = r(£) > 0 such that (2.8) is

satisfied. We have that
— 2 — _
u(z) — Miu(z,y, z) = csr®® /00 u(x) — u(x + pw) — u(z — p() i

p(p? —12)° ’
hence
2 — — —
u(z) — Miu(x,y,z) = cs [rQSﬁu(m,w, ¢) — / u(@) —u(z +pqﬁ°;s) u(z —rpQ) dp
By
2u(z) — u(x + rpw) — u(z — rp¢) < P> ) }
+/ ~1)d
CB: plit2s (p2 —1)2s P
=: c4 (7‘2S£u(1:,w, ¢)— I+ JT) .
Then ,
g — / 2u(x) — u(x + rpw) — u(x — rpl) < p>* B 1> i
Bi1\ g, pltes (p? — 1)
2u(z) — u(z + rpw) — u(z — 1p0) ( o >
+ ~1)d
= J} + Jj.

We proceed as in the proof of Theorem 3.3, using also (2.11) and Proposition A.1, and obtain that
J? = O(r¥+2) and JL— I, = O(r*+%),
This concludes the proof of the Theorem. O
The main result of this section, which follows from Theorem 3.9, is stated next.
Theorem 3.10. Let Q C R™ be an open set and u € BC(R™). The asymptotic expansion
(3.7) u(z) = M3 u(x) + o(r?*), asr — 0
holds for all x € Q) in the viscosity sense if and only if
(—A)%u(x) =0
in the viscosity sense.

We investigate also the limit case s 7 1.

Proposition 3.11. Let Q C R" be an open set and u € C1(Q) N L®(R™). Then

%(u (z+rz(z)) +u(z — rz(a:))) when Vu(x) # 0,
lim Z7u(z) = ¢ 4
/1 = < sup u(z +rw)+ inf wu(z-— r()) when Vu(z) =0,
2 \yesn-1 ¢esn—1

for every x € Q,r > 0 such that Bay(z) C SQ.

Proof. For some € > 0 small enough, we have that
oo _ 1+ _
Mou(z,w.C) = o (/ u(z + rpo;) + uix rpQ) dp+ / u(z + r,oo.;) + uLE:r rpC) dp)
(3.8) 14e (p* —1)%n 1 (n* —1)%p
=TI+ 12
Using Proposition A.1, we get that

lim ¢ I} = 0.
s—1
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Integrating by parts in I2, we have

/HE wz+rpw) e Pu(z+r(l +e)w) » s
P (/I 7 R G R ERIE) IS g
thus

72 = 1 1 <o

T (u(z+rl+e)w)+u(z—r(l+e)))| < s
We get that
1

Sending ¢ — 0 we get the conclusion. (|

For completeness, we show the following, already known, result.

Proposition 3.12. Let u € C2 (R™) N L>®(R"). For all x € R" for which |Vu(z)| # 0 it holds that
lm (1 — s)(—A) u(z) = —Asu(x).
s, 1

oo

Proof. Since u € C¢,_(R™) we have that for any € > 0 there exists 7 = 7(£) > 0 such that (2.8) holds.

We prove the result for Vu(x) # 0 (the other case can be proved in the same way). We have that

Ay — /Or 2u(z) —u(x + p;ffgz —u(x — pz(x)) dp

. /00 2u(z) — u(z + pz(x)) — u(z — pz(z)) dp =1, + J,.

p1+2s

‘We have that

T—QS

|| < Cllul| oo (rm) and lim(1 —s)J, =0.

25’ s,/
On the other hand, using (2.11) we have that

" (D2u(x)2(z), 2(x)) L
I = _/0 WDZul@)2(@) 2@ g, 4 1o = —(D2u(w)2(), 2(2)) + 17

p 2(1—s)
with
lim(1 —s)I2 = O(&).
lim(1 = 5)1; = O(¢)
The conclusion follows by sending & — 0. O

APPENDIX A. USEFUL ASYMPTOTICS

Proposition A.1. Let s € (0,1). There exists 7 > 0 such that for all r < 7 the following hold

: 1 1
- - = - 01
/1t<<t2_1)s t?s)dt ow).
Tt

/Or =25 _ /1 CESw dt = O(r?),
[ () a-om

o dt
lim(l—s)/ o dt = 0,
s 1 147 t(t — 1)5

Furthermore,
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Proof. Integrating, we have that

[ et e) o=t () = e )

Since % < r < 1, with a Taylor expansion we get that

1 1 1 n 1
( _ t%)s +2 2

Integrating, we obtain the second result. Furthermore

0 dt 2 dt o dt c(l—rt=%) ¢
———dt = ——dt —_— it — + —.
/W (e 1) /m (1) +/2 @S T s s

The conclusion follows by multiplying by (1 — s) and taking the limit.
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