MEAN FIELD EQUATIONS AND DOMAINS OF FIRST KIND
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ABSTRACT. In this paper we are interested in understanding the structure of domains of first
and second kind, a concept motivated by problems in statistical mechanics. We prove some
openness property for domains of first kind with respect to a suitable topology, as well as some
sufficient condition for a simply connected domain to be of first kind in terms of the Fourier
coefficients of the Riemann map. Finally, we show that the set of simply connected domains of
first kind is contractible.

1. INTRODUCTION

We are concerned with the mean field equation,

Jae" (P2)
u=0 on 01,

where A € R and  C R? is either any open and bounded domain of class C' or a bounded
simply connected domain, regular according to the following definition ([9]):

Definition 1.1. Let Q be an open and bounded domain, Q C R2. We say that Q is reqular, if
its boundary 0Q is of class C? but for a finite number of points {Q1,...,Qn,} C 0Q such that
the following conditions holds at each Q;.

(i) The inner angle 0; of OY at Q; satisfies 0 < 0; # 7 < 2m;

(i) At each Q; there is an univalent conformal map from Bs(Q;) NS to the complex plane C
such that QN Bs(Q;) is mapped to a C? curve.

Clearly any non-degenerate polygon is regular according to this definition. In a slightly different
form, based on the concentration/compactenss behavior of minimizers of a mean field variational
principle, the following definition was first introduced in [7, 8|. Later, a full characterization of
the concentration/compactenss behavior of minimizers for simply connected domains has been
derived in [9]. Finally, the results in [9] have been extended to any connected domain in [5],
thereby establishing the full equivalence with the following:

Definition 1.2. Let Q C R? be either an open and bounded domain of class C' or a regular
simply connected domain. We say that Q is of first kind if (P)) has no solution for A = 8.
Otherwise Q is said to be of second kind. The set of domains of first/second kind will be
denoted by Ar/Arr respectively.

It is worth to point out, as discussed in [8], that this classification is well understood at least
from the physical point of view. In the framework of the vortex model of an Euler incompressible
flow confined in €2, the Robin function v is essentially the renormalized free energy of a single
vortex. On domains of first kind the full range of admissible energies E € (0, +00) corresponds
to minus the inverse statistical temperature \ € (—oo,87) and as E — +oo we have A — (87)~
and the vorticity of the flow concentrates to a Dirac delta d,—,, where ¢ is the unique maximum
point of the free energy v,. In particular, the equivalence of statistical ensembles holds and
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the entropy is concave for E € (0,400). On domains of second kind the states in the range
A € (—o0,87) describe only a portion of the energy range, say E € (0, Es,), and the peculiar
phenomenon of non equivalence of statistical ensembles, see [8], holds for F € (Egy, +00) where
in particular, as a consequence also of the results in [9] and [5], we have A > 87. Some partial
results concerning this problem have been recently obtained in [1]. Moreover, as E — 400, we
have A — (87)" and the vorticity of the flow concentrates to a Dirac delta d,—,, where ¢ is a
maximum point of the free energy 7, see [8], and a full region of convexity of the entropy is
found for E large enough, as first suggested in [1] and then shown in [3].

It is well known that any disk, say B = Bpg(0), is of first kind and that, in this particular
case, (P,) admits a solution if and only if A < 8: regular polygons are also of first kind ([9]).
Symmetric annuli are known to be of second kind, since a radial solution of (P)) exists for
any A € R in this case, see for example [19], [6], while Q@ = Br \ B,(z¢), with zg # 0, is of first
kind if r is small enough ([5]). Actually this is also an example of a domain of first kind where
(P,) admits solutions also for A > 87. Indeed, for domains with non-trivial topology, it is well
known that for any N > 2 there are solutions concentrating at N distinct points as A — 87N
[10, 13, 16], as well as solutions for any A # 87N or for any A sufficiently large [11, 17].

It has been proved in [2] that there exists a universal constant I. > 47 such that any convex
domain whose isoperimetric ratio I(2) satisfies 1(€2) > I. is of second kind. Also, if Q4 is a
rectangle whose sides are 1 < a < b < 400 then there exists . € (0,1) such that Q. is of
second kind if and only if § < 7., see [9].

In particular domains of first kind need not be symmetric. Let us consider a dumbbell domain
29 ¢ which is the union of two disks By, By of radii 0 < 71 < rp, connected by any smooth thin
tube of width d > 0. It has been shown in [9] that if 7 < r9, then for d small enough Q4 € Af
while if Qg 4 is symmetric with respect to the y axis and ry = o then Qp 4 € Asy.

Remark 1.3. By the above discussion, the condition of a domain to be of first or second kind
is not conformally invariant. However, we recall that (P)) is scale invariant, that is, u(x) is a
solution of (Py) in Q if and only if u(dz) is a solution of (P) in 3. Therefore Q € A/ Ay
if and only if Q0 € Ar/Ajr for some § > 0.

We are interested here in a better understanding of the structure of the set of domains of
first /second kind. Indeed, besides the above-mentioned application [8], this is relevant also for
other problems where, for domains of first kind, one can describe the qualitative behavior of
global branches of solutions, see [4, 6] for recent results in this direction.

Let us recall that, as shown in [9] and [5], domains of first(second) kind are closed(open) in
the C'-domain topology. These results rely on an equivalent characterization based on the geo-
metric quantity Ag, see (1.4) and Theorem A below. Let Gq(z, p) denote the Green’s function
of —A with Dirichlet boundary conditions, uniquely defined by
—AGg(z,p) = 6, in Q,
{ Go(x,p) = 0 on 09,

and set .
2w (1.1)
Ya(p) = Ra(p; p)-
Hence 7, denotes the Robin’s function relative to €2 and satisfies,

li = —0. 1.2
pggﬂ’m(p) o0 (1.2)

In view of (1.2), we see that 7, admits at least one critical point, which is its maximum point.
Clearly ¢ is a critical point of 7 if and only if ¢ is a critical point of R(z, q) with respect to the
x variable,

Vaya()|,—q = 2 VaRa(z, ¢)|,—, = 0. (1.3)
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Let us define,

mAq(q) = lim (1.4)

87 (Ra(r,q)—al9) _ 1 / 1
e=0 Jo\B.(q) |$ - Q|4

Qe |l’— Q|4‘

Here B:(q) denotes the ball of center ¢ and radius r: also, as we will always do later, the standard
integration measure has been omitted.
Note that in a neighborhood of ¢,

1,2
eSW(RQ(mQ)—VQ(Q)) — 1= Zaij(ﬁi _ Qi)(ﬂfj _ (Jj) + O(|:E - q|3)’ (1'5)
2%
where, since Rq(z,q) is harmonic in , aj; + age = 0. In particular, because of (1.5), the limit
in (1.4) always exists and Ag, is finite.

According to some results in [9], [5] we have the following:

Theorem A A domain Q of class C' is of first kind if and only if yo admits a unique mazimum
point g and Ag(q) < 0.

A simply connected and reqular domain 2 is of first kind if and only if vo admits a unique
mazximum point q and Ag(q) < 0.

In particular, in both cases, if vq admits a critical point q such that Aq(q) < 0, then q is the
unique maximum point, it is a non-degenerate critical point of v, and 2 is of first kind.

Although not stated in this form in the cited references, still Theorem A is a trivial consequence
of the results obtained therein. We remark that the proof of Theorem A crucially relies on the
uniqueness and non-degeneracy of solutions of (Py) for A = 8, see [9] and [5]. If we miss the
regularity assumptions on 2 in the claim, then we do not know much about this point and in
particular about the validity of Theorem A.

Next we focus on the case where 2 is simply connected and use complex notation. For a fixed
q € Q, let us denote by D = {# € C : |z| < 1} and by g4 : € — D the Riemann map
satisfying g4(¢) = 0, g;(q) > 0. Let f, : D — Q be the inverse map, which satisfies f;(0) = ¢ and
9q = fq_1 : Q — D. Next, setting w = f;(2), we find that

Ro(w, q) = Go(w, q) + % log |lw —¢q| = —% lo |]3}q(_w;| = % lo Hal2) = o0 ‘;|fq(0) ’,
and it is well known that the Robin function takes the form
2
Yo(w) = Ro(w,w) = %log w = %log (1= 2)|f,(2)]. (1.6)
Next, let us consider the power series relative to f,,
+oo
fq(2) :q—l—alz—i-Zanz”, lz| < 1, (1.7)
n=2

/

(0) > 0, since by assumption g;(q) > 0. Therefore we see that
1

where we used that a; = f,

%(q)zf2 log(|ai]),

T

and
9 Ro(eq)| =2, =2 (1.8)
5, S Z:qillﬁa%iélw7 '

whence (1.3) is equivalent to az = 0. At this point one can prove (see [9]) that,
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n2

|an?, (1.9)

“+o00
Dafa) := lat]Aalq) = —Jar? + Y
n=3

+oo
which is well defined and convergent since az = 0 and |2| = 7 3. n|a,|? by the Area theorem.

We will use when needed the fact that Do and Ag share the Samg sign without further comments.
In particular, any bounded and simply connected domain admits a Riemann map whose series
expansion takes the form,

+00

foz)=q+a1z+> anz", |z|<1,  a1>0, (1.10)

n=3
where ¢ is a critical point of 7.
For a pair 2, of class C1(C%!), we will denote by d1 (£, Q0)(do.1(2,Q)) the distance in the
C1(C%1)-domain topology, see Section 2 for more details.

We then have the following result:

Theorem 1.4. (i) Let Q be a domain of first kind of class C* with Aq(q) < 0. Then there
exists €9 > 0 such that if Qo satisfies di(2,Q) < €, then Qo € Ar and Ag,(qo0) < 0.
(7i) Let Q be a simply connected and reqular domain of first kind with Ag(q) < 0. Then there

exists g > 0 such that if Qo is a simply connected and regular domain and dy1(£2, Q) < o,
then Qo € A and Ag, (qo) < 0.

It is interesting that A; N {A44(¢) < 0} is open in the C'-topology. Obviously the problem is
more subtle for the C%!'-domain topology. Indeed our proof of Theorem 1.4 crucially relies on
Theorem A, that is, on a characterization of domains of first kind, which unfortunately is not
known for a general domain of class C%1.

Our next result is a coefficient-based sufficient condition that defines an open region of starlike
domains in A; which contains all disks. Let €2 be a simply connected domain, ¢ a critical point
of 7, and f, the Riemann map defined in (1.10). Let us denote by Sy the subset of those € such
that Q = f,(D) with f; as in (1.10) and
+00
> nlan| < lail, (1.11)
n=3
and by 057 the subset of those 2 such that,
+0o0
> nlan| =asl. (1.12)
n=3

Then we have the following:

Theorem 1.5. If Q € S;, then Q is starlike, of class C' and of first kind with Dq(q) < 0. In
particular, if Q € St and {ap nen are the coefficients of (1.10), then for any continuous (w.r.t.
the {x-topology) map a(t) = (a1,0,as(t),as(t), -+ ), t € [0,1], satisfying a,(0) =0, an(1) = an,
and |an(t)| < |ay| for any n > 3, then

+oo

fzt)=q+az+ Y an(t)z", || <1, tel0,1],

n=3
is a jointly continuous family of univalent and starlike maps f(z,t), z € D, t € [0,1] such that
Q; = f(D,t) satisfies Q0 € Sy for any t, Qo = ¢+ a1D, Q1 = Q. Therefore, in particular Q4 is of
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first kind and Dq,(q) < 0 for any t € [0, 1].
Moreover, the same conclusion holds for Q with t € [0,1), whenever Q € 9S8y is regular and if
at least one |ay(t)| is strictly increasing in a left neighborhood of t = 1.

Please observe that, since (1.11) implies that €2 is of class C!, it also follows from Theorem 1.4
that Sy is open. However the interest of Theorem 1.5 relies in the fact that, as already mentioned
above, it is not true that any starlike or either convex domain is of first kind.

Actually, since by the Area formula? the formal series built with a,(t) as in Theorem 1.5, that is

“+o0o
Do(q) = —|ai ()] + n"—f2|an(t)|2, is convergent, then it is tempting to try to adopt the same
n=3

argument to prove the path-connectedness of the full set of C! or regular domains of first kind.
Unfortunately this argument fails in general. Indeed, on one side if we miss (1.11) then it
is not anymore guaranteed that f(D) is either C! or even just regular in the sense of Def-
inition 1.1. For example, as observed in [9], f3(z) = z 4+ 123 is univalent in D and satisfies

+oo +oo
Dg(0) = 23%|an|2 — la1|® = 9|az|? — |a1|> = 0, an|an| = 3lasz] = 1 = |ay|, but at the
n— n—

same time fy(#4) = 0 and the domain f3(D) € AS; has cusps (inner angle 27) at its boundary
points i%i € 0. In particular f3(ID) is not regular and then we cannot apply Theorem A above,
whence the full argument breaks down. Actually we see in this way that (1.11) is sharp as far
as we are concerned with the regularity of the domain. However (1.11) is not necessary for a
domain to be of first kind, as we illustrate with an explicit example in Appendix III.

400
On the other side it is neither true that if Dg(q) = —|a1(t)]*> + 3 n”—jQ]an(t)\Q is negative then
n

I+ &

0,0,---) corresponds to
is readily seen to be not

f as in (1.10) is univalent. For example the sequence a = (1,0, 3, i,
the holomorphic function f(z) = z 4+ £z% + £z%, which for t € [, 2
univalent in D, although D (0) is convergent and strictly negative.

However we can show that a particularly simple choice of the a,(t)’s in Theorem 1.5 does the job
for any simply connected domain of first kind. We recall that a domain €2 is said to be analytic
if 0Q = f(0D) for some f univalent in a full open neighborhood of D. Then we have,

Theorem 1.6. Let ) be a simply connected domain of first kind, either reqular or of class C*,
and let f; be the Riemann map normalized as in (1.10). Then

fotz) —q
t )
is jointly continuous in D x [—1,1], jointly analytic in (z,t) € Dxt € (—1,1), Q; = f(D,t) is an
analytic domain for any t € [0,1) and satisfies Q € Ay for any t € [0,1], Q1 = Q and Qp = D.
In particular, the set of simply connected C' domains of first kind is contractible, while the set
of simply connected regular domains of first kind is simply connected w.r.t. the C%'-topology.

flz,t) =tq+ 2] <1, te[-1,1], (1.13)

What the proof shows is that f(z,t) defines a deformation retract of the identity in the subspace
of C! domains of first kind. As remarked right after Theorem 1.4, the situation for regular do-
mains is more delicate, which is why we come up with a weaker result in this case. In conclusion,
as a consequence of Theorems 1.4 and 1.6, we have the following,

Corollary 1.7. The set of simply connected domains of first kind of class C' is a contractible
set with non empty interior with respect to the C'-topology.

The set of regular and simply connected domains of first kind is a simply connected set with
respect to the C%'-topology.

It is an interesting open problem to understand how the topology of Aj is affected by the
topology of the underlying domains.
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This paper is organized as follows. In Section 2 we define the distances and topologies used in
the introduction and list some known results which will be needed in the sequel. In Section 3
we prove Theorem 1.4. In Section 4 we prove Theorems 1.5 and 1.6. Some technical results and
an example are discussed in the Appendices.
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2. PRELIMINARIES
Let us now introduce some useful definitions and distances between domains.

Definition 2.1. A domain Q is of class C*(C%), k > 2, if for each g € O there exists a
ball B = B,(xq) and a one-to-one map ® : B+ U C R? such that ® € C*(B)(C%'(B)),®~! ¢
CH(U)(CO(U)) and the following holds:

P(QNB)CRE  and ®(QNB)CIR?.

It is well known (see for example [14]) that this is equivalent to the existence of 1 > 0 and M > 0
such that, given any ball B, (o), xo € R? then, after suitable rotation and translations, it holds:

QNB={(z1,22) : xza < P(x1)}NB and INNB={(x1,22) : ©2 = ¢(x1)} N B,
for some ¢ € C*(R)(C*(R)).
We will also need some classical results about extensions up to the boundary of Riemann maps.

Remark 2.2. If f : D — Q is univalent and if 9S) is the support of any rectifiable Jordan curve,
then f admits a continuous and univalent extension on D, see for example Theorem 9.1 in [22].
Moreover, if Q is of class C, then, in view of Definition 2.1, it is not difficult to see that 0
admits a C'-parametrization w(t), t € [0,27], such that w(t)#£0,te [0,27]. As a consequence,
see Theorem 3.5 in [21], f  admits a continuous extension on D, with f (z) # 0 in D.

Next we will use the following definition of distance in the set M1(£2) of bounded C! domains
which are C'!-diffeomorphic to a given bounded domain €. This is a particular case of a more
general definition first introduced in [18], see also [14]. Let Q1, Q2 € M1(£2): then we define

N

d1(Q, Q) = inf {Z(Hhk —Iller + [|hyt = Il c) [haohg o0 hy () = sz} . (2D
k=1

where I : R? — R? is the identity and the infimum is taken over N € Nand all C L_diffeomorphisms

hi : R? — R? such that D’(hy(z) —x) — 0 as |z| — +o0, j =0, 1.

Equipped with this metric, M;(Q) is complete and separable. A neighborhood of ; € M;(2)

in the induced topology contains a neighborhood of the form

{H(Q) : H e CYRERR), |[H — Ior < &, DI(H(z) — ) = 0, |a| = +00, j = 0,1},
which in turn contains a ball {Qg : d1(Q2,1) < d}, for some § > 0, see Appendix A.2 in [14]

for proofs. This is the distance d; and the C'-domain topology which we refer to in Theorems
1.4, 1.6 and Corollary 1.7. In particular the set of all open and bounded domains of class C*
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splits into equivalence classes with respect to the relation Q; «~ Qy < Qg = h(Q;) for some C'-
diffeomorphism h. Obviously one of these equivalence classes is the subset of simply connected
domains of class C*.

Concerning simply connected and regular domains (see Definition 1.1), we first observe that, in
view of Remark 2.2, any such a domain 2 can be mapped one-to-one onto I via a Riemann
map [ : D — Q, which admits a one-to-one and continuous extension on D. Let Q; € 99 be any
corner and assume without loss of generality that Q; = 0 = f(1). Then, by Theorem 3.9 in [21],
either 0; = ma € (0,7), and then |f ()] < C|z — 1!~ for 2 € DN B,(1), or §; = wax € (, 27),

and then ‘lf(z L < C|z — 1|*7! for z € DN B,(1), for suitable r > 0. Therefore, it is not difficult

to see that any regular domain is in particular of class C%! in the sense defined above. As a
consequence the distance of any two regular domains, which we will denote by dg 1(1,2), can
be defined just by replacing C! with C%! in (2.1). A generalization of the notion introduced in
[18], with a proof of the fact that do; is indeed a well defined metric, can be found in Chapter
3 of [12].

3. PROOF OF THEOREM 1.4

In this Section we prove Theorem 1.4, first discussing (i7). The proof of (i) when € is simply
connected follows exactly by the same argument but it is easier and we omit it here to avoid
repetitions. Then we will be back to (i) for general connected but not simply connected domains
Q of class C*.

We can assume without loss of generality that ¢ = 0 and in particular, by Remark 1.3, that
a; = f;(()) = 1. By Remark 2.2 the Riemann map (1.10) can be extended to a continuous and

univalent map f,(D) = Q which then takes the form,

+oo
2) :z—l—Zanz", z € D.
n=3

We argue by contradiction. If the claim were false then we could find a sequence of regular
domains €, such that dp1(Q, Q%) — 0 in the C%!-topology and Qy € A;s for any k. Let Yoy
denote the Robin function of €. Since dp1(€2,€) — 0 and each € is regular, then it is not
difficult to see that £ — € in the sense of Caratheodory’s kernel convergence [22]. Therefore,
for any k large ‘enough, since ¢ = 0 is an interior point of 2, then we have ¢ = 0¢€ Q. and then
we can define f,C D — Q to be a sequence of univalent maps which satisfy fk( D) = Q; and
hence

+oo
fk(z):@z—i—Z@z” z €D, arr >0,VkeN.
n=2

By the Caratheodory kernel Theorem ([22], Theorem 1.8) we conclude that J?k — fq locally
uniformly and then also in C3 (D).
Next observe that, by Theorem A, ¢ = 0 = f,(0) is the unique and non-degenerate maximum
point of 7. As a consequence of (1.6), we see that v, — 7o in C2 (D) and then, for k large
enough, 7o, has a unique and non-degenerate maximum point, which we denote by ¢ and
satisfies qx — ¢ = 0. At this point we can define
—+o00
fra,(2) = qp +arpz + Z ankz" z €D, ar >0, VEk, (3.1)
n=2

to be the sequence of univalent functions which satisfies f ,, (D) = O, frq,(0) = qx and
f,;’qk(O) > 0. As a consequence of (1.8) we find that as; = 0. In particular, by using once
more the kernel Theorem, we find that f,, — f; locally uniformly in D.

Next, let us recall that a sequence of compact domains U} is said to be uniformly locally con-
nected if for every € > 0 there exists & > 0 such that if ag, by € Qi and |ap — bg| < 0 there exists
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connected compact sets By, C Uy, such that ag, by € By, and diam(By) < . Since do1(£2, Q%) — 0
and each § is regular, then it can be shown that:

Claim: (), is uniformly locally connected.
See Appendix I for a proof of this fact.

Therefore, by Theorem 9.11 in [22], we conclude that f,, — f; uniformly in D. Thus, since
| fe.q), — falloo = O, then by Cauchy’s representation formula we find that

sup |an,k - an| < ||fqu - fq”oo — 0, as k — 4o0.
neN
At this point, since Dg(q) < 0, we have
N 2 +oo 2

lim  lim o \ankQZZ z lan|* = |a1]* —o=1-0,
N—r+o00 k—+00 o3 n—2 ’ n—

n=3
for some o € (0,1), while on the other side, by the uniform convergence of a,, 5, we find that

N 2 +o0 2
. . n ) .
l—0o= lim lim lank|” = lim
k—foo Notoo £~ — 27 k—ydoo £ n — 2
n= n=

\anyk\Q > lim \aLk]Q =1,
k——+o0

where the last inequality follows from Theorem A, which implies that, since Q) € Ay for any
+oo
k, then > n”—_é\amkp > |ap g|? for any k. This contradiction shows that there exists g9 > 0 such

n=3
that if Qg is regular and do 1 (€2, Qo) < go then Qy € A;.
Taking a smaller ¢¢ if necessary, the same argument shows that Dg (go) < 0 as well and we skip
this part of the proof to avoid repetitions.

We are left with the proof of (i) in the case when € is not simply connected.

We will denote by C' > 0 a uniform positive constant whose value may change from line to line.
By Theorem A, €2 has a unique and non-degenerate maximum point ¢. If the claim were false
then we could find a sequence of C'' domains €2, such that dy(£2,€) — 0 and Q € Aj; for any
k. Let Ry(z,y) be the regular part of the Green function for ; as defined in (1.1) and - its
Robin function. It can be shown that, see Appendix II, for any fixed y € 2 we have

Ri(z,y) = Ra(z,y) in CL () (3.2)

and
Yk — Yo in CE.(Q). (3.3)
Therefore, for k large, v, will have a unique and non-degenerate maximum point g — gq. We

can assume for the moment without loss of generality that g, = 0 for any k. By assumption, for
fixed k, we have,

A0 = Iy QU\B: (0) |

8 (Ri(2,0)—7,(0)) _ 1 1
_/ >0,
Q

e Jaft
and then in particular
lim inf A% (0) > 0.

k—+o00
We will obtain a contradiction by showing that there exists ¢ > 0 small enough such that,
limsup Ax(0) < —o. (3.4)

k—4o0

Clearly there exists d > 0 small enough such that By(0) CC € for any k large. By (1.5) we

have
1,2

STRR@O O — 1 =N "y jiwiw; + er(x), & € Ba(0),
Z'7j
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where
ak,ij - 8xi,ijk(xu 0) — axi,ij(xa 0) - aij7 7’7.] = 17 27
and by (3.2) the reminders ¢, satisfy
lex(z)| < Clz|*,  for k large.

As a consequence, for any & < %, we find that,

/ ST —wOD — 1| / > QkyijTiTj + ()
Ba(0)\B- (0) || * Ba(0)\B- (0) ||*

/ 2ay 127122 + cx(x) _/ cr()
B4(0)\Bz(0) ||* Ba(O\B:(0) |7]*

where we used the symmetry of the domain and the fact that, since Ry (x,0) is harmonic in £,
ag,11 + ag22 = 0 for any k. To simplify the evaluation let us set

egF(Rk(xvo)_’Yk(O)) — ]_ 687F(RQ($,0)—’YQ(O)) — 1
Q h(x) =

Since Ry(z,qr) — Ra(x,q) locally uniformly in Q, and vx(qx) — Y&(¢), then, for any open and

o~

relatively compact subset 2 CC 2, we have:

< Cd, for k large, (3.5)

hi(x) = , T € Q.

O\Ba(qk) f\‘Z\Bd(Q)
Since the symmetric difference Q,AQ — 0 as k — +oo, then for any § > 0 we can choose an
open and relatively compact subset {25 as in (3.6) which also satisfies,

Qi \ Q5 C Bys(09,) and Q\ Q5 C Bys(990) for k large,

and then in particular,

Q cc O, for k large and / hi(x) — h(z), k — +oo. (3.6)

/ i B (2)] < / i (2)] < ClOOK]S, for k large,  (3.7)
(2 \Ba(ar))\(Q26\Ba(qr)) Bas (0Q%)
/ ~ |h(z)] < / |h(x)] < C|0Q|0, for k large, (3.8)
(\Ba(9))\(Q25\Ba(q)) Bas(09)
where we used the uniform bound
\hp(2)| < C, © € Bas(9%) N Qy, (3.9)

see Appendix II. Thus we can estimate,

/ () — / hx) < / )] + / Ih(@)|+

Qi \Be (qr) O\ B:(q) Bq(qx)\Be(qr) Bai(q)\Be(q)

/ I L A Lo om@- [ ww
(% \Ba(qr))\(25\Ba(qx)) (Q\Ba(q)\(2s\Ba(q)) Q5\Ba(qx) Qs\Bal(q)

Lo om@- [ ww
Qs\Ba(aqr) Q5\Ba(q)

where we used (3.5),(3.7),(3.8). At this point let us fix ¢ > 0 such that Ay(¢) = —50 and then
choose ¢ and d such that Cd + Cd < o. For any ¢ and d fixed in this way, by (3.6) we have,

[ () — / h(x)
Qs5\Ba(qr) Q5\Ba(q)

for any k large enough. In particular, for £ large we also have,

i e
o |z —alt  Joe v —ql*

|7 ()| +

Cd+C6 + : (3.10)

<o,

< 0.
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Finally, we can choose €3 > 0 small enough to guarantee that

[ o~ [ <
O\Be(q) Qe |z — 4

for any € < g¢9. Plugging these estimates together with (3.10) we conclude that

/ mm—/14g/ h@—/)14+%§—m
U\ Be (1) c |7 — gl O\ Be(q) Qe |z —q

for any k large enough and for any € < g9. As a consequence we conclude that (3.4) holds, which
is the desired contradiction.

4. PROOFS OF THEOREMS 1.5 AND 1.6

In this Section we prove Theorems 1.5 and 1.6.

Proof of Theorem 1.5. By Remark 1.3 we can assume without loss of generality that a; = f(;(O) =
1 and after a translation we can also assume that ¢ = 0. Therefore (1.10) takes the form

+o0
fq(2) =2+ Zanz", |z| < 1.
n=3

+oo ,

It is well known (see for example [22] p.44) that if }_ nla,| < 1 then f, has positive real part
n=2

and f, is univalent and starlike in . Therefore, since ag = 0, by (1.11) f; is infact univalent

and starlike. Setting h(0) = f,(¢%), 6 € [0,27], we have
. +m .
h(@) — 6@9 + Zanezn07
n=3

and once more (1.11) shows that the real and imaginary parts of h have continuous first derivative
in [0, 27] satisfying ||h[jec < 2. On the other side we also have,

+oo

' (0)] > 1= nlan| >0,

n=3
once more by (1.11). Therefore k() is a C' curve and then in particular © is of class C. Since
+o0 +oo +o0o
> nlay| < 1, then n”—_z\an]Q < 3 n?|an|? < 1. Therefore Dq(q) < 0 and hence Q € A; by
n=3 n=3 n=3
Theorem A.
In particular we have shown that any € Sy is a C! domain of first kind with Dq(g) < 0. At
this point we define,

—+00
FE) =2+ an()", |2l <1, teo,1],
n=3

where each ay,(t) is continuous in [0, 1], a,(0) = 0, a,(1) = a, and |a,(t)| < |a,| for any n > 3.
It is easy at this point to see that Q; = f(ID,t) € Sy for any ¢. In particular, by Remark 2.2 f
admits a continuous and univalent extension f(D,1) = Q and f(ID,0) = ¢ + D, as claimed.

Finally, if Q € 0S8y, then the same argument shows that €, = f(D,t) € Sy for any ¢ € [0,1),
whenever at least one |a,(t)| is strictly increasing for t ~ 17, and the conclusion follows in this
case as well. g

Proof of Theorem 1.6. Let f, be the Riemann map of {2 normalized as in (1.10). By Remark 1.3

we can assume without loss of generality that a; = f(;(O) = 1. Obviously f(tz) is univalent in D
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for any t € (0,1] and so is %, which takes the form,

+o00
f(tzg 4, Zantn—lzn‘ (4.1)

n=3

Since 0% = f({|z| = t}), t < 1, then € is analytic for any ¢ € (0,1). Also

= n2 = n2
D, (0) =3 " janP P < 30 ol — ] = Da(0) < 1.
n=3 n=3

which by Theorem A shows that , € A for any ¢. Since the domain {2 is at least regular, then
by Remark 2.2 f, admits a continuous extension to D. Thus the series in (4.1) converges for
t =41 and z € 9D, and then, for fixed ¢t € (—1,1), it is totally convergent in {|z| < r} for any
r € (0,1) and for fixed z € D it is totally convergent in {|t| < 0}, for any ¢ € (0,1). Therefore
f(z,t) is a separately analytic function in D x (—1,1). By the Abel theorem the series converges
uniformly in D x [~1,1] to a continuous function. Then f(z,t) is continuous in D x [—1,1].
However it is well known that a separately analytic and jointly continuous function is jointly
analytic (see e.g. [15] Theorem 2.2.1), whence f(z,t) is a jointly analytic in D x (—1,1). The
first part of the claim readily follows since f(z,0) = z and f(z,1) = fq(2).

Next, let A; denote the topological space of C! simply connected domains endowed with the C''-
topology, with Aj ; the subset of domains of first kind and with #(ID) the space of Holomorphic
funcions in D. Then, let us define the map F' : H(D) x [0, 1] — H(D) as follows,

F(f7t) = f('vt)
with f(z,t) as in (1.13) above. The induced map F : A; — A; takes the form,

f(Qvt) =Q = f(]D),t),
and obviously we have
F(Q,00=Q =D and F(Q,1)=0Q; =Q.
Therefore Z := F(-,1) is the identity map in A; and in particular, by the first part of the claim,
F(Q,t) € Ay for any t € [0,1]. We claim that the restriction F : Ay x [0,1] — Aj s is a
deformation retract of the identity in the given topology, which proves that 4 r is contractible.
By Remark 2.2 we see that f admits a continuous extension on D with fl(z) # 0 on D. Since
obviously d;(£0,D) = 0 and d;(21,2) = 0, then to establish the claim it will be enough to prove
that dq (£, ) is continuous in [0, 1]. We will prove a statement which easily implies the claim,
that is ,
doo(t) = SUB |f(Z,t) - Z| + SUE ’f (Z,t) - 1|
zeD zeD
is continuous in [0, 1]. We argue by contradiction and assume that there exists ¢y € [0, 1] and
sequences t,; — to € [0,1], i = 1,2 such that |do(tn2) — doo(tn,1)| > €0, for some g > 0
and any n. Clearly we can find sequences z,; and wy;, ¢ = 1,2 which are maximizers of the
corresponding absolute values, such that for any n,

doo(tn,i) = ‘f(zn,iatn,i) - Zn,i| + |f (wn,iytn,i) - 1’7 1= 172
Passing to suitable subsequences we can assume w.l.o.g. that z,; — z;0 and w,; — w; o, i=1,2

where obviously z; ¢ and w; o are maximizers of the corresponding absolute values for ¢ = .
Consequently, as n — +00, we would find that

€0 S |doo(tn,2) - doo(tn,l)‘ S
"f(zn,%tn,?) - zn,2’ + |fl(wn,2vtn,2) - 1’ - |f(2n,1atn,1) - Zn,l‘ - ‘f,<wn,17tn,1) - 1“ -

’!f(zz,to) — 2| + | f (wa, to) — 1] — | f(22,t0) — 22| — | f (w2, to) — 1
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‘doo(tO) - doo(to)‘ =0,
which yields the desired contradiction.

Finally let A 1 denote the set of simply connected and regular domains with metric dg 1, with
Ao 1,1 the subset of domains of first kind and with I : St — Ap 1,1 be any continuous loop of the
form I'(s) = f(z;s), 2 € D, s € S!, where each f(-; s) is normalized as in (1.10) with ¢s = £(0; s).
Then, by the first part of the statement, the map F : H(D) x [0,1] x S! — H(D),

t )
induces in Ao s a continuous deformation of I'(S') = F(D, 1;S') to D = F(D,0;S'). In other
words any loop I'(S!) in Ap,1,1 can be deformed continuously to D, which shows that Ag; s is
simply connected. O

F(',t,S) =1qs + (t, S) S [0, 1] X Sl,

5. APPENDIX I

In this appendix we prove the Claim used in the proof of Theorem 1.4(i7), that is, if a sequence
Q of regular and simply connected domains satisfies dp 1(£2,€) — 0, where € is regular and
simply connected, then €, is uniformly locally connected.

We argue by contradiction and suppose that , is not uniformly locally connected. Then ey > 0
such that Jay, b, € Q such that |ag —by| < % and {ay, by} ¢ By, for any compact and connected
subset By, C € such that diam(B}) < eg. Since €, is uniformly bounded, then passing to a
subsequence if necessary, we can assume without loss of generality that there exists zy € C such
that a;, — 2o and by, — 2. By the kernel convergence and since ay, by € y, then zy € Q and
we are left with two possibilities: either zg €  or zg € 9. We can easily exclude the first case,
since then any closed disk B,(29) with 7 small enough will contain both a; and by and satisfy
Br(20) C Q, for any k large enough, which is a contradiction.

If zp € 09, since the domain is regular, then we have two possibilities: either the boundary
is locally C? near zy or zg = @, where @ is one of the vertex points on 9. We discuss only
the second case. The proof of the regular case follows exactly by the same argument but it is
easier and we omit it here to avoid repetitions. After suitable translations we can assume that
20 = @ = 0 € I'yNT'y with 0 the inner angle of I'; and I'y at 0 and where I'; are the C? connected
components of 9 near 0. Since € is regular then we can find an univalent map f : Bs(0)NQ — C
such that Bs(0) N 0N is mapped to a C? curve.

Taking a smaller 0 if necessary and composing with a suitable univalent map, we can assume
without loss of generality that f(0) =0, f(Bs(0)NIN) ={w e C|lw € (—1,1)} and f(Bs(0) N
) C {w e C|arg(w) € (0,7)}, where 5 = Bs(0) N Q is a simply connected set. Since ay, — 0,
then ai € B;(0) for k large enough, and since by assumption f is continuous and univalent in
Bs(0), then f(ax) — f(0) = 0. Clearly the same holds for by — 0 and so f(by) — 0 and for any
r there exists v, such that if k > v, then f(ax), f(bx) € B-(0). In particular, since each ), is
regular and converges to 2 in the kernel sense, then we can choose ry small enough such that
Ukr = f1(B,(0)) N Q is connected for any r < rg. Since each Uy, is a compact subset of
and diam(Uy,) — 0 as r — 0, we conclude that ay,b;, are contained in a connected compact
subset of ), whose diameter is smaller than ey for any &, which is the desired contradiction. [J

6. APPENDIX II
In this Appendix we prove (3.2), (3.3), (3.9), that is, for any fixed y € Q we have
Rk($, y) - Rﬂ(x7y) in CIB)OC(Q) (61)

and,
M = Yo in Ci (), (6.2)
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and moreover hj satisfies the uniform bound,

|hi(z)] < C, x € Bas(0Q%) N Q. (6.3)

Proof of (6.1). We can assume without loss of generality that y = 0. Clearly, since by as-
sumption €2, — Q in the C''-topology, we have that 0 € Q;, for any k large enough. Let G (z,y)
be the Green’s function for Qj and Ry (x,y) its regular part. Since dj (2, 2) — 0 then for any
§ > 0 we have that 0Q) C Bs(0Q) for any k large and in particular there exists t; — 01, and,

for each k, e, > 0 and a one-to-one map Py, : Bos(£2) x [0,1] — Bs(2), that satisfy
O (z,t) = x + tVi(x) + o(t), t € [0,tx + er),
D1 € C (Bos(@) % 0,1 Bs(@):  Villen s @ o < C

lo(®)]

lim sup =0,
t—0t $€BZ§ (5) t

and
OL(0,0)=Q, B tr) = Q.
Let Qi (t) = ®x(2, 1), t € [0,1 +€x) and Gg, ) (z,y) be the corresponding Green’s function. At

this point we can apply a result in [14] (Example 3.4) which shows that the map t — Gg, (2, y)
is differentiable for z # y and in particular that the Hadamard variational formula holds,

B Gy ., G, s
ng(t)(x,y):—/ 8‘;k”(x,z) 8Zk()(z,y)<Vk(z),yz>da(z),te[O,tk+ek),

ot
()

for {z,y} € Qi(t), see also [20]. Here v, is the unit outer normal to (). Let Br = Bgr(z) be
any relatively compact disk in 2 such that 0 ¢ Bg. Clearly for k large we have BRU{0} C Qi (t),
YVt € [0,tr + ex) and then we can write,

0 _
Gr(z,0) = Go(z,0) + (ng(t)(m,())> tr + 0:(tx), =« € Bg,

ot -0

where

0 oG oG

(E%ng(t)(a:,O))t:O =— aT:(a:,z) 81/: (2,0) < Vi(2), v, > do(z),
o0
and o, (t) is an infinitesimal quantity which satisfies
Ve Bn,  tim el g (6.4)
k=400 T
Since Q is of class C, then,
0G, 0G,

sup (2,0) < Vi(2),v, >| < Chg,

2€00 ov, (w7Z) ov,

where Cr depends only by R and (2. As a consequence we conclude in particular that for any
x € Bp it holds,

|Gr(z,0) — Go(x,0)] < Crtr(1+0,(1)) = 0, as k — 0.
At this point we observe that, for any smooth domain €2 lying in the interior of {2 and satisfying
0 ¢ 0, we have that Ry(z,0) is the unique solution of
—ARk(l’,O) = 0 in Ql,
Ri(z,0) = Gp(x,0) + 5=log(|lz[) on 8y,
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and Rq(z,0) is the unique solution of
—ARg(z,0) = 0 in
Ro(z,0) = Go(z,0) + 5= log(|z]) on 0.
Since 9y is compact, it can be covered with a finite number of balls Bk, (25), zj € 09,
j = 1,---,N, such that 0 ¢ Bg,(z;). As a consequence Rj(z,0) — Rqo(z,0) is harmonic in
O and |Ry(x,0) — Rq(z,0)] < Cruty — 0, as k — 400, where O, = max{Cg; }(1 + 0,(1)).
J

Therefore Ry (x,0) — Ro(x,0) converges to 0 pointwise on 90 and then also in C{" (€4) for any
m > 1. Since ; is arbitrary, then the proof of (6.1) is completed.

Proof of (6.2). We first observe that actually,
Ri(x,y) = Ro(z,y) in C3 (Q x Q). (6.5)

Indeed from (6.1), and since Ry(x,y) = Ry(y,x), then for fixed x € Q, Ri(x,y) — Rqo(z,y) in
C3 (). Then, since Ri(z,y) is harmonic, it is not difficult to check that (6.5) holds.

As a consequence, since Vi (x) — vo(x) = Ri(x,2) — Ro(x,z) = ;i_rg(Rk(x,y) — Rq(x,y)), then,
passing to the limit as k — +00, we see that because of (6.5) we can actually exchange the limits,
to conclude that v (x) — 7o (z) pointwise and in particular locally uniformly in 2. The same ar-
gument works for the derivatives, since for example V (7, (x) —va(x)) = 2V (Rk(x, x) — Ri(x, z)),
which concludes the proof of (6.2).

Proof of (6.3). Since ir’if dist(0,09%) > d > 0, by (6.2) we are reduced to prove that, for any
0 > 0 small enough, we have
Rk(a:, 0) <C, ze ng(@Qk) N Q.

However this is obvious since Ry (x,0) is harmonic in Q and satisfies 27 Ry (z,0) = —log(|z|)
for x € 0. Therefore 2w Ry (x,0) < sup (—log(|z])) < —logd for any = € Bas(9) N Q,
€02

whenever 6 > 0 satisfies 3§ < d. O

7. APPENDIX III

We discuss an example which shows that (1.11) is not necessary for a domain 2 to be of first
kind. It is also shown that, increasing each |a,(t)| along certains path, one can get well inside
Arr. Indeed, let us consider the following family of functions,

223 12° )
t =5 4t <1,tel0,=],
JEt) =z tigg g 2l < [2}
which satisfies,
+oo
> nlag| = 3laa(t)] + 5las(t)] = ¢,
n=3
and
+00 2
n 13
D = 2 2= S22
Some elementary numerics shows that for t € [0, ], f(z,t) is univalent and maps D onto a C' and

symmetric (w.r.t. the r and y axis) domain Q; = f(D,t) such that, putting to = 3\/% ~ 1,44,
it holds:

if t <tg then Q; € A[;

ift e (to, %} then € € Aj; but it is starlike and 7, has a unique maximum point;
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if t € (3 5], Q € A1, Yo, has two maximum points and, for ¢ close enough to %, Q; is a

272

dumbbell shaped non-starlike domain.

[1]

(22]
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