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ABSTRACT. We deduce that charged liquid droplets minimizing Debye-Hiickel-type free
energy are spherical in the small charge regime. The variational model was proposed by
Muratov and Novaga in 2016 to avoid the ill-posedness of the classical one. By combining
a recent (partial) regularity result with Selection Principle of Cicalese and Leonardi, we
prove that the ball is the unique minimizer in the small charge regime.

1. INTRODUCTION

1.1. Background and description of the model. In this paper we deal with a varia-
tional model describing the shape of charged liquid droplets. We investigate the droplets
minimizing a suitable free energy composed by an attractive term, coming from surface
tension forces, and a repulsive one, due to the electric forces generated by the interaction
between charged particles. Thanks to the particular structure of the energy, one may
expect that for small values of the total charge the attractive part is predominant, forcing
in this way the spherical shape.

The experiments agree with this guess - one observes the following phenomenon: the
shape of the liquid droplet is spherical in a small charge regime. Then, as soon as the
value of the total charge increases, the droplet gradually deforms into an ellipsoid, it
develops conical singularities, the so-called Taylor cones, [T64], and finally, the liquid
starts emitting a thin jet ([DMV64],[DAMHLO3],[RPH89], [WT25]). The first experiments
were conducted by Zeleny in 1914, [Z], but in a slightly different context.

Several mathematical models of charged liquid droplets have been studied over the years.
A difficulty is that contrary to the numerical and experimental observations these models
are in general mathematically ill-posed, see [GNR15]. For a more exhaustive discussion
we refer the reader to [MN16].

The main issue with the variational model studied in [GNR15] comes from the tendency
of charges to concentrate at the interface of the liquid. To restore the well-posedness one
should consider a physical regularizing mechanism in the functional. With this purpose in
mind, Muratov and Novaga in [MN16] integrate the entropic effects associated with the
presence of free ions in the liquid. The advantage of this model is that the charges are now
distributed inside of the droplet. More precisely, they suggest considering the following
Debye-Hiickel-type free energy (in every dimension):

(1.1) F(E,u,p) := P(E)+Q2{/Rn aE]Vu\Qdm+K/Ep2d$}.

Here E C R™ represents the droplet, P(E) is the De Giorgi perimeter, [M, Chapter 12],
the constant ) > 0 is the total charge enclosed in F and

ag(z) := 1ge + flg,
1
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where 15 is the characteristic function of a set F' and 8 > 1 ! is the permittivity of the
liquid.
The normalized density of charge p € L?(R";R") satisfies

(1.2) plpe =0 and /p =1,

and the electrostatic potential v is such that Vu € L?(R") and

(1.3) —div(agVu) =p  inD'(R").

For a fixed set F we define the set of admissible pairs of functions u and p:
(1.4) A(E) := {(u,p) € D(R™) x L*(R™): u and p satisfy (1.3) and (1.2)},

where )
n = ~ W1’2(Rn)
D'(R") = C(R") v el @y = Vel 2@
Note that the class of admissible couples A(F) is non-empty only if n > 3 (see [DPHV19,
Remark 2.2]). For this reason the assumption n > 3 will be in force throughout the whole
paper. The variational problem proposed in [MN16] is the following:

(1.5) min {F(E,u,p) : |E| = V,E C Bg, (u,p) € A(E)}.

The a-priori boundedness assumption E C Bpr ensures the existence of a minimizer in the
class of sets of finite perimeter with a prescribed volume, [MN16, Theorem 3].
For convenience we introduce the following notation:

(1.6) Gor(E):= inf {/naE|Vu|2+K/Ep2}.

(u.p)EA(E)
For EE C R" we set
Fs.k.0(E) == P(E) + Q°Gs x (E).
By scaling (see the introduction of [DPHV19]), we can reduce the problem to the case
|E| = |B1| and so in the rest of the paper we will work with the following problem:

(Ps.x.q.R) min { F k,q(E) : |E| = |Bi|, E C Br}.

We will often omit the subscripts 8 and K as those are fixed physical parameters.

We note that the model we investigate can be seen as ”interpolation” between Gamow
model and the free interface problems arising in optimal design (see, for example, [FJ15]).
For the former, it has been recently shown ([KM14],[Jull4]) that for small enough charges
the unique minimizers are balls. However, in Gamow model the non-local term is Lips-
chitz with respect to symmetric difference between sets, implying that on small scales the
perimeter dominates the non-local part of the energy. This is not the case for the energy
F defined in (1.1) and our analysis is thus more complicated.

1.2. Main results. As we mentioned above, one can expect that the shape of the droplet
in a small charge regime is spherical. We confirm this intuition by proving that the ball is
the unique minimizer of the functional F for small values of the total charge ). Precisely,
we obtain the following result.

Theorem 1.1. Fiz K > 0, 8 > 1. Then there exists Qo > 0 such that for all Q < Qo
and any R > 1 the only minimizers of (Pg k.q.r) are the balls of radius 1.

1Mathematically, considering # < 1 amounts to considering the complement of the set E in place of E.
Our proof would work without change also for the case 8 < 1. However, some changes would be needed in
[DPHV19], so we wouldn’t be able to use their regularity results directly.
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The condition £ C Bg in the minimizing problem (Pg x.g.r) is required to have exis-
tence of minimizers. However, thanks to Theorem 1.1 it can be dropped for small enough
charges.

Corollary 1.2. Fiz K > 0, 8 > 1. Then there exists Qo > 0 such that for all Q < Qg
the infimum in the problem

(Ps.rcQ) inf { Fp,x,o(E) : |E| = |Bil}
1s attained. Moreover, the only minimizers are the balls of radius 1.

Remark 1.3. In the proof we provide the constant Qg is the same as in Theorem 1.1.
However, almost the same proof would give existence of minimizers (but not the fact that
they are balls) for Q < Q. where Q. is such that the minimizers for Pg o r are close
enough to the ball in L' norm. A priori Q. might be bigger than Qg and indeed we expect
that existence fails later than minimizers cease to be spherical.

For the proof of Theorem 1.1 we combine an improved version of (partial) regularity
results for the minimizers of [DPHV19, Theorem 1.2] with second variation techniques.
The first step is to obtain the partial C%?-regularity of minimizers. In fact, we are able
to prove the following partial C'*°-regularity of minimizers, a result that is interesting in
itself.

Theorem 1.4 (C*-regularity). Given n > 3, A > 0 and ¥ € (0,1/2), there exists
Ereg = Ereg(N, A, V) > 0 such that if E is a minimizer of (Pg i .q,r) with Q+B—|—K+% < A,

z9 € 0E and 1+ ep(zo, )+ Q? Dp(x0,7) < Ereg

then E N C(xg,7/2) coincides with the epi-graph of a C*°-function f. In particular, we
have that OF N C(xg,r/2) is a C® (n — 1)-dimensional manifold. Moreover 2,

(1.7) [flors @y r2) < Cn, Ak, 0)
for every k € N with k > 2.

We refer the reader to Notation 2.1 for the definition of eg(zg,r), Dg(zo,r) and
C($07 T/2)

1.3. Strategy of the proof and structure of the paper. We use Selection Principle,
the technique introduced by Cicalese and Leonardi in [CL12] for the proof of quantitative
isoperimetric inequality (see also [AFM13], where the authors use a similar approach to
investigate a nonlocal isoperimetric problem).

To prove Theorem 1.1 we first reduce our problem to the so-called nearly-spherical sets.
Those are the sets which can be described as subgraphs of smooth functions defined over
the boundary of the unitary ball. The advantage is that for this particular class of sets
we are able to deduce a Taylor expansion for the energy near the ball B;.

In the first part of the paper (from Section 3 to Section 6) we show that a minimizer
is nearly-spherical whenever the total charge is small enough. We argue by contradiction

2Let © C R™ be an open and bounded set, f € C(€2). Then
f(@) = Fw)|

f 0,9 () -— sup
[ ]C Q) ‘I _ y|19

aFty,x,y€Q

Moreover, if f € C*(Q) then
[flero @ = Z 1D fllem) + Z [D® flco.s @)

|| <k |a|=k
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and get a sequence of minimizers with corresponding total charge going to zero. In Section
3 we prove the L'-convergence of the minimizers to the unitary ball and the convergence
of the perimeters as the charge goes to zero. Thanks to uniform density estimates for the
volume and the perimeter of a minimizer we obtain the Kuratowski convergence of sets as
well as their boundaries.

Now we need to improve the convergence deduced in Section 3. For this purpose it is
crucial to enhance the regularity result obtained in [DPHV19]. Hence, Section 4 is dedi-
cated to the higher regularity of minimizers. By exploiting the Euler-Lagrange equation
and the CM-regularity of v up to the boundary 0F, we deduce the partial C>?V-regularity
of minimizers.

In Section 5, by a bootstrap argument, we obtain the partial smooth regularity of
minimizers.

Since for each @ small enough the corresponding minimal set Eg has C?V_regular
boundary (with uniform bounds), by Ascoli-Arzela, up to extracting a subsequence, we
get that Eg converges to Bj in a stronger C2Y _sense for every ¢ < ¢. This is the content
of Section 6.

In Sections 7 and 8 we prove Theorem 1.1 for nearly spherical sets. To this end, we
write Taylor expansion of the energy G using shape derivatives and providing a bound for
the "Hessian”. A direct computation provides a similar bound for the perimeter and this
allows us to conclude.

In Appendix A we provide a sharp bound for the second variation of the energy G at
the ball. We don’t need it for the main results but we think it might be of some interest.

Acknowledgements. We warmly thank our advisor Guido De Philippis for introducing
us to the problem and for many fruitful discussions.

The work of the authors is supported by the INDAM-grant “Geometric Variational
Problems”.

2. NOTATION AND PRELIMINARY RESULTS

In this section we fix the notation and collect some results obtained in [DPHV19] which
will be useful in the proof of regularity.
Notation 2.1. Let £ C R” be a set of finite perimeter, z € R", v € S"! and r > 0.

- We call p¥(z) ==z — (z-v)v and q”(x) := (x - v) v, respectively, the orthogonal
projection onto the plane v+ and the projection on v. For simplicity we write

p(z) := p™(z) and q(z) := q* () = 2.
- We define the cylinder with center at o € R™ and radius r > 0 with respect to
the direction v € S*~! as

C(xg,r,v) = {m eR" : |p“(z—xo)| <7,|d"(x —x0)| < T},

and write C, := C(0,r,e,), C := Cj.
- We denote the (n — 1)-dimensional disk centered at yo € R"~! and of radius r by

D(yo,r) == {y e R" " : |y —yo| < r}.

We let D, :=D(0,7) and D :=D(0,1).
- We define

2
ep(r,r) = inf 1 - / Md%”*l(y)_
9*ENBr(x) 2

vesSn—1
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We call eg(z,r) the spherical excess. Note that from from the definition it follows

that
1
eE(fE, )‘T) < o1 eE(ﬂf, T‘)

for any A € (0,1).
- Let (u, p) € A(FE) be the minimizer of Gg i (E). We define the normalized Dirichlet
energy at x as

1
Dg(z,r) := o /B ( )|Vu\2dx.
- (x

Convention 2.2 (Universal constants). Let A > 0 be a positive constant. We say that
e the parameters 3, K,Q with § > 1 are controlled by A if

1
K+ — < A;
B+ —I—K-i-Q, ;

e a constant is universal if it depends only on the dimension n and on A.

Note that in particular universal constants do not depend on the size of the container
where the minimization problem is set.

In the following theorem we collect some properties of minimizers. For the proofs we
refer the reader to [DPHV19].

Theorem 2.3. Let E C R"™ be a set of finite measure. Then
(i) there exists a unique pair (ug, pg) € A(E) minimizing Gg k(E). Moreover,

ug + Kpg = Ga.k(E) in B,
and
0<up <Ggk(E), 0 < Kpg <Garx(E)lg.
In particular, pg € LP for all p € [1, 00] with
lpelly < Cn, B, K, 1/|E).
(ii) (Euler-Lagrange equation) If E is a minimizer of (Pg k.q.r), then

/ divgndH™ ! — Q? / aE(|VuE]2diV17 —2Vug - (VnVug))dr
O*E Rn

-Q*K padivy dz = 0
R
for alln € CL(Bgr; R™) with [, divndx = 0.
(iii) (Compactness) Let Kp,Qp € R, B, > 1 and Ry > 1 be such that
Kp—K>0, fp—=p2>21, R,—>R>1, Qp—Q2=>0,

when h — oo. For every h € N let Ey, be a minimizer of (Pg,, K,.Qn.Rp)-
Then, up to a non relabelled subsequence, there exists a set of finite perimeter E such
that

lim |EAE| = 0.
h—o00
Moreover, E is a minimizer of (Pg.k,Q,r) and
‘FﬁvaQ(E) = hh_)HolomeKmQh(Eh)v hh—>Holo P(Eh) = P(E)

Let A > 0. For the following properties we require that 5, K and @ are controlled by A.



6 E. MUKOSEEVA AND G. VESCOVO

(iv) (Boundedness of the normalized Dirichlet energy) There exists a universal constant
Ce > 0 such that, if E is a minimizer of (Pg k.q,r), then for all x € Bg,

2
Q*Dp(z,7) = gﬁl / |Vu|?dz < C..
r B (z)

(v) (Density estimates) There exist universal constants Co, C; > 0 and 7 > 0 such that,
if E is a minimizer of (Psk.qQ.r), then®

1

57’”_1 < P(E,B,(z)) < Cor™! for all z € OF and r € (0,7),

and

1 |B,(z) N E] B
— =272 < llxe E andr e (0,7).
G S B S 5 for all x and r € (0,7)

(vi) (Excess improvement) There exists a universal constant Cgee > 0 such that for all
A € (0,1/4) there exists €qec = Edec(n, A, X) > 0 satisfying the following: if E is a
minimizer of (Pa.i,q,r) and

r € OF, T+Q2DE($3T)+GE(x’T) < Edec;
then

Q*Dp(x,\r) + ep(z, Ar) < Cdec>\<eE($,7’) +Q*Dp(z,r) + 7')-

(vii) (Decay of the Dirichlet energy) There exists a universal constant Cgy, > 0 such that
for all X € (0,1/2) there exists eqiy = €qir(n, A, \) satisfying the following: if E is a
minimizer of (Ps.k,q,r), * € OE and

T+ eE(xa r, €n) S Edirs
then
Dg(xz, r) < C’dir)\(DE(a:, r) 4+ r).

Proof. The proofs of (i), (iii), (iv), (v), (vi) and (vii) can be found respectively in [DPHV19,
Proposition 2.1, Proposition 5.1, Lemma 6.5, Proposition 6.4, Proposition 6.6, Theorem
7.1, Proposition 7.6]. There is no detailed proof of (ii) in [DPHV19]. Moreover, the
formula given in [DPHV19, Corollary 3.3] has a sign mistake and thus we give a proof of
(ii) here.

We start by showing the following identity for any p € L?(R"):

inf {/n ap|Vul? : v € DYR™), — div(agVu) = ,0}
Y _JM{AWP:VEL%KHW%—mWW—m}.

naE

3Here and in the sequel we will always work with the representative of E such that

[ B.@\E |B@nE
aE‘{'&m| B, @)

>0 forallr>0},

see [M, Proposition 12.19].
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Right-hand side is trivially not larger than the left-hand side, as we can take V = apVu
as a competitor. So we only need to show that

inf {/ ap|Vul? : v € DYR"), — div(apVu) = p}

n AF

< inf{/R Vi Ve L*(R™YRY), —div(V) = p}.

We use that the infimum is achieved in both cases by convexity. Hence, the right-hand
side has a minimizer Vj and it satisfies the corresponding FEuler-Langrange equation, that
is ”

2L.Xx=0 for any X € C2°(R™;R") such that divX = 0.

ap
But that gives us that X—; = Vug for some ug € D'(R"). Since div(Vp) = p, we get
—div(agVup) = p and thus

inf {/ ap|Vul? : u € DYR"), —div(apVu) = p} < / ag|Vug|?
n Rn
2 2
g/ el® _ inf{/ VE 1V e L2(R™;RY), — div(V) :p},
R R

n QF n A

which finishes the proof of (2.1).
Suppose now that F is a minimizer of (Ps i, r) and (u, p) € A is the pair minimizing

G(F). We fix a vector field n € C2°(Bg;R"™) with [}, divydz = 0 and, following [DPHV19,
Lemma 3.1], we define

oe(x) :=x +tn, Up = UO (pt_l, Pt = det(Vgot_l)p o got_l
By [DPHV19, Lemma 3.1] we have
(22) — div(aEtAtVut) = Pt,

where E; = ¢i(E), Ay = det(Ve; 1)(Ver )71 (Ve )L Note that |Ey| = |E| + o(t) =
|B1| + o(t) since [, divndz = 0.
Now we recall that E is a minimizer and we use (2.1) to get that

P(E)—I—QZ{/RnaE|Vu]2da:+K/Ep2daz}

:min{P(E)+Q2 inf {/ aE|Vu\2+K/p2}:\E|:\Bl\,ECBR}
(wp)eAE) | Jgrn B
P +Q2 inf { . inf / aE‘Vu|2_|_K/p2}:|E|:|Bl|,ECBR}
E

peL?2(R™) | —div(agVu)=p

—mm{P inf { inf / —|—K/ } : |E]—|Bll,ECBR}
pELQ(R") —div(V)=p Jrn Qg
P+ @ [ anlavup k[ ).
n Et

where for the last inequality we used (2.2) and the fact that |E;| = |B1|+o(t) by the choice
of . To get Euler-Lagrange equation it remains to expand the last quantity in terms of
t. It is well known (see, for example, [M, Theorem 17.8]) that

(2.3) P(E;) = P(FE) + t/ divgn+o(t),

*E
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where divgn = divny —vg - (Vn vg). As for the other part of the energy, using change of
variables, we have

[ asdacul 1 [ g = | asldet(For) (Ve (Ve (Vo) Vuldet(Ti)
+K/Ep2det2(Vg0t_1)det(Vg0t)

= /n ap|(1 —tdivy)(Id + t(Vn))(Ad + tVn)(Id — t(Vn) ) Vaul?(1 + t divy)
+K/Ep2(1—tdivn)+o(t)

:/naEl(l—tdivn)(1d+tvn)Vu|2(1+tdiv17)+K/Ep2(1—tdivn)+0(t)

:/naE!(l+t(—divnld+vn))vu\2(1+tdivn)+K/Ep2(1—tdivn)+o(t)

= / ag (|Vul® + ¢ (=2divn|Vul* + 2Vu - (VnVu))) (1 + tdivn)
+K/Ep2(1—tdiv77)+o(t)

= / ap|Vul* + K/ PP+t </ ag (—divy|Vul® + 2Vu - (VnVu)) — K/ 0° div17>
n FE R” FE
+o(t),

where for the first equality we used that Vo, = (Vgo; 1)_1 o ¢. Bringing it all together
we get that for any n € C°(Br;R"™) with fE divndx = 0 for any ¢ we have

P(E)+Q2{/Rn aE|Vu]2dx+K/Ep2dm} SP(E)+Q2{/naE|Vu|2+K/Ep2}

+1 </ divg n + Q* </ ag (—divy|Vul|® + 2Vu - (VnVu)) — K/ p° divn>> + o(t),
o E R" E

which gives us (ii). O
We state now the e-regularity theorem.
Theorem 2.4 ([DPHV19, Theorem 1.2]). Given n > 3, A > 0 and ¥ € (0,1/2), there

exists €reg = Ereg(n, A, V) > 0 such that if E is minimizer of (Pg.k,q.r) with Q+ + K +
% <A, x € OF and

T+ eE(:‘Ca T‘) + Q2 DE'(xa T) < Ereg
then ENC(z,7/2) coincides with the epi-graph of a C% function. In particular, 0E N C(z,r/2)
is a C1V (n — 1)-dimensional manifold.

3. CLOSENESS TO THE BALL

In this section we deduce the L>-closeness of minimizers to the unitary ball in the small
charge regime. Let us start with the following proposition.

Proposition 3.1 (L'-closeness to the ball). Let {Qn}nen be a sequence in R such that
Qn > 0 and Qn — 0 when h — oo. Let {Ep}tpen be a sequence of minimizers of
(Ps.k.q,.r)- Then, up to translations, E, — By in L' and P(Ey) — P(By) when h — oc.
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Proof. By the quantitative isoperimetric inequality, [FMP08, Theorem 1.1], for every
h € N there exists a point x; € R™ such that

|EnAB(23)|* < C (P(Ey) — P(B1))

for some constant C' = C'(n) > 0 which depends only on n. By translating each set Ej we
can assume without loss of generality that the following inequality holds:

(3.1) [EAABL[? < C (P(Ey) — P(BY)).
By the minimality of Ej we have
Fa.k.Qur (BEn) = P(En) + Qj, Gs.xc (En)
< P(B1)+ Q7 Gsx(B1) = Farq,r(B1), YheN.
Hence, (3.1) yields
|EnAB|> < C(P(Ep) — P(B1)) <CQiGsr(B1) VheN,

for some constant C' = C'(n) > 0 which depends only on the dimension 7.
Then Q, — 0 implies Ej, — By in L' and P(E},) — P(B;) when h — oc. O

Thanks to the density estimates (see Theorem 2.3 (v)), we can improve the convergence
of Proposition 3.1.

Proposition 3.2 (L*°-closeness to the ball). Let {Qn}nen be a sequence such that Qp > 0
and Qp — 0 when h — oo. Let {Ep}hen be a sequence of minimizers of (Pg k.0,.r)- Then,
up to translations, E;, — B1 and OE, — 0B1 in the Kuratowski sense.

Proof. By Proposition 3.1 we know that up to translations E, — B in L'. First, we
prove the Kuratowski convergence of Ej, to the ball By, i.e.

(i) o, =z, 2, € By = x € By,

(ii) z € By = 3wy, € Ej, such that x;, — .
In order to prove (i) let x;, — = and z;, € Ej. Assume by contradiction that = ¢ Bj.
Then there exits Bs(z) C R™ such that Bs(z) N By = (). By Theorem 2.3 (v), for Qj, small
enough there exist a radius 7 > 0 and a constant C' > 0, both independent of @)p, such
that

(3.2) |Br(zn) NER| > Cr"™ Vr<r.

Since x, — x, for any r > 0 we can define h(r) € N such that Bz (x) C By(z) for every
h > h(r). Then, for any r <7, h > h(r),

(3.3) |B,(z) N Ey| > |Br(xp) N ER| > Cr".

2
By the L'-convergence of Ej, to By and (3.3) we deduce |B,(z) N By| > 0 for any r <7, a
contradiction with Bg(x) N By = 0.
The proof of (ii) follows by arguing similarly as above, exploiting the L!-convergence.
Analogously, by using density estimates for the perimeter of Ej and the convergence of
perimeters P(FEy) — P(Bj), one can prove that 0E;, — 0By in the Kuratowski sense. [J

4. HIGHER REGULARITY

In this section we improve Theorem 2.4. To be more precise, we deduce the partial
C?Y regularity of minimizers. The first step is to obtain better regularity for a couple
(u,p) € A(E), where E C R" is a minimizer of the problem (Pg k.o r): we prove that u
is C1-regular up to the boundary of E. We start with some preliminary results.
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Notation 4.1. Let E C R™ be such that OE N C(xq,r) is described by the graph of a
regular function f.
o If x € R", we write z = (2/,z,,), where ' € R*~! and z,, € R.
e We denote by vg the outer-unit normal to OF. Moreover, we extend vg at every
point in the following way

ve(d',x,) =ve(d, f(2") V= (2 2,) € Cxg,r).
e Let u be a solution of

—div(agVu) = pg in D' (B,(z0)),

where
pE € L (B,(z9)) and ap=pflg+ 1ge.

We denote by

Tgu =0, u+ (1+(8-1)1g)dy,u,
where

Oy 1u:=Vu— (Vu-vg)vg and  Oy,u:= (Vu-vg)vg.

e We denote by
1

B /By

[g]x,r : g dx

the mean value of g € L*(B,(z)). We simply write [g], := [g]o.-
e We denote the restrictions of a function v to E and E° by v and v~ respectively:
vTi=w 1, v :=vlge.
Let us recall the following integral characterization of Holder continuous functions.

Lemma 4.2 (Campanato’s lemma, see [AFP, Theorem 7.51] ). Letp > 1 andg € LP(Bag(xo)).
Assume that there exist o € (0,1) and A > 0 such that for every x € Br(xo)
1

@ By (x)

r

(4.1) 9() = lgles | dy < 47 ()", VB, (@) € Br(ao).

Then there exists a constant C = C(n,p, o) such that g is o-Hélder continuous in Br(xo)
with a constant C% and

max |g(z)| < CA+ |[glao,r -
z€BR(z0)

We also recall a simple iteration lemma.

Lemma 4.3 ([AFP, Lemma 7.54]). Let0 < ¢ < p, s > 0. Suppose that h : (0,a) — [0,+00)
s an increasing function such that
h(r) <c ((%)p + RS) h(R)+ co R?  for every 0 <r < R < a,

where ¢1 and cy are positive constants. Then there exists Ry = Ro(p,q,s,c1) > 0,
¢ = c(p,q,8) >0 such that

h(r) <c {(%)q h(R) + c2 rq} for every 0 < r < R < min(Ryp,a).

We are going to use the following lemma.
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Lemma 4.4 ([AFP, Theorem 7.53]). Let v be a solution of
—div(agVv) = pg in D' (Bi(x0)),
where pg € L™ (B1(xg)) and
H:={yeR": (y—w0) en <0}, any=p1y+1ge.

Then there exist v € (0,1) and a constant Cy = Co(n, B, ||pr|lec) > 0 such that
/ |Trv — [THU],J;O’)\T\Q dr < Co\" T2 / |THv — [THU}IOJF dz + Cor™tt,
B)\,,-(l'()) BT(IO)
for all X € (0,1) small enough. Note that Tyv := (01v,...,0p—1v, (1 + (8 — 1)15)0nv).

We argue similarly to the proof of Theorem 7.53 in [AFP] to show the following lemma.

Lemma 4.5. Let H C R"™ be the half space. Let v € WY2(By) be a solution of
(4.2) —div(AVv) =divG in D' (By),
where

Gt :=G1ly € C*(H), G :=G1lye € CY*(HC),

A s an elliptic matriz and Af‘*‘ = Aly, A~ = Algc have coefficients respectively in
C%(B, N H) and C%*(B; N H®). Then

’U+ =vlyg € Cl’a(Bl/Q DF), v i=vlge € Cl’a(Bl/Q ﬁﬁ)

Moreover, there exists a constant C = C (|G| co.a, |G™||coa, [|[AT||coa, [|[A7||co.a) > 0
such that

(4.3) [VUJF]COﬂa(ﬁﬁBl/g) <C and [vvi]C’O’a(ﬁﬁBl/z) <(C.

Proof. Fix xg € By s, and let 7 be such that B, (xo) C B;. We denote by a* and a~ the
averages of A in B,(xg) N H and B, (o) N HC respectively. In an analogous way we define
g" and g~ as the averages of G in B,(zog) N H and B,(zo) N H¢. For x € B,(xy) we set

A:{a+%facn>0 and G::{g+?fmn>0
a” ifx, <0 g ifx, <0
By the assumptions of the lemma,

(4.4) |A(z) — A(z)| < er®  and  |G(x) — G(2)] < er®.
Let w be the solution of

—div(AVw) = divG in B,
w = v on dB(x0).

Note that the last equation can be rewritten as

—div(a™Vwt) =0 in H N B, (x9),

—div(a”Vw™) =0 in HN B,(x9),

(4.5) wt =w™ on OH N By(xp),

atVuwt e, —a " Vw e, =g e, —g -e, on OH N B(x0),
w = v on 0By(xg),

where wT = w 1HAB, (20)y W = W 1lHenB, (2,)- For a function u set

(4.6) Dou(z) = Zﬁmvlu(m) + G - ep;
i=1
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n
(4.7) D.u(x) = Z A Viu(z) + G - ep.
i=1

The reason for such a definition is that D.v and D.w have no jumps on the boundary
thanks to the transmission condition in (4.5). We are going to estimate the decay of
D,w and D,w, which will lead to Holder continuity of D,v and D.v, yielding the desired
estimate on Vuv.

Step 1: tangential derivatives of w. Since both A and G are constant along the
tangential directions, the classical difference quotient method (see, for example, [GM12,
Section 4.3]) gives us that D;w € I/Vlf)’f(Br(xo)) and div(AV(D,w)) = 0 in B,(xg). Hence,
Caccioppoli’s inequality holds:

(4.8) / V(D) 2dy < Cp~2 / Dy — (Dow)e a2y
By() Bay ()

for all balls By,(x) C By(zg) and by De Giorgi’s regularity theorem (see, for example,
[AFP, Theorem 7.50]), D;w is Holder-continuous and, thus, if By (x) C B, (zo),

n+2y
(4.9) / |D;w — (DTw)Lp\Qdy <c (p/) / |Drw — (Dyw)y, 2dy
Bp(x) P B, (x)
for any p € (0, p'/2) and
(4.10) max |Dyw|* < (,j / |Drw|?dy.
B p(x) (p )n B, /(x)

1%

Step 2: regularity of ﬁLw. First let us show that the distributional gradient of D.w
is given by the gradient of D.w on the upper half ball plus the one on the lower, i.e. that
there is no contribution on the hyperplane. For that, we need to check that

—/ Dcwdivgodmz/ VDcw-goda:—i—/ VD.w - ¢dx

Br(zo) Br(zo)* Br(zo)~

for any ¢ € C°(B,(x¢); R™). Indeed, if we perform integration by parts on the left hand
side, we get

—/ Dcwdiwpdw:/ VDcw-god:E—l—/ VD.w - ¢dx
BT‘(IO) Br($0)+ Br($0)7

+ / Z af Vow(z)+g* e, — Z a;, Viw(z) — g~ en | (p-en)dH"
OHNB(zo) ' i

=1

for any ¢ € C2°(B,(z0); R") and the last term vanishes thanks to the transmission con-
dition in (4.5). Thus, the distributional gradient of D.w coincides with the point-wise
one.

Since D, (D.w) = D.(D,w) — G - e, the tangential derivatives of D,w are in LlQO . As
for the normal derivative, by the definition (4.6)

‘ 0D w

< G|l .
oo @)| < CIV DLl + Gl

It implies
[VDew(z)| < C (|VDrw| + [[Cllz)
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and thus D.w is in I/Vlic2 Now, using Poincaré’s inequality and (4.8), we have

/ ‘Ecw — (Dew)y,p
By(x)

2dy < Cp2/ ‘V(Ecw)lzdy

By (z)
< C,oZ/ |V(Dyw)2dy + Cp" 2 < C |Dyw — (Dyw) 2, *dy + Cp™ 2
Bp() Bap(x)
for any Ba,(x) C B,(x¢). Remembering (4.9), we obtain
(4.11)
_ _ n+2vy
/ |Dcw — (Dcw)x7p}2dy <C (B> / ‘DTw — (DTw)x’T/Q‘Qdy + Cpnt2
Bp() " B/a()

n+2
<C (B) V/ |Drw|*dy + Cp™ 2
r Br(a?O)

for any = € B, /4(20), p < r/4. Hence, by Lemma 4.2, D.w is Hélder-continuous and

(4.12) max }Ecw|2 < C/ ‘5cw}2dy +C.
By 4(0) ™ J B, (x0)

Step 3: compairing v and w. Subtracting the equation for w from the equation for v

we get
— ov  Ow) Oy / — v Oy
A —_— = —dy = A i(y) — A —d
_ 8@
+/ G; — G; dy
By (x0) ( ) yi

for any ¢ € W()I’Q(BT(aco)). We test (4.13) with ¢ = v — w to get

(4.13)

(4.14) / Vo — Vu|?dy < CTQO‘/ \Vol2dy + Cr™2e,
By (o) By (z0)

which in turn gives us

/ |Vol*dy < 2/ |Vw|2dy+2/ Vo — V| dy
By (o) By (z0) Bp(z0)

< 2wpp™ sup |Vl + C’r2"‘/ |Vo|*dy + Crt2e
B, j4(w0) Br(z0)

for p < r/4. Recalling (4.10) and (4.12), we obtain

/ IVulPdy < C (p>n/ \Vw|?dy + Cp™ + CTQO“/ (Vol2dy + Crt2e
Bp(z0) r By (z0) B,(

z0)

<C (p)"/ Vol2dy + 07«2&/ Vol2dy + Cr.
BT(Z'O) Br($0)

r

Now we can apply Lemma 4.3 and get that there exists 19 > 0 such that for p < r/4 < rg

[ vy (B) [ vy oo
By (z0) r By (z0)

In particular, for p < rg we have

(4.15) / |Vol*dy < Cp™~2,
By (o)
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where C = C (||G* || co.a, [|G™ || o0, || AT |0,y [|AT || c0.a ). Note that the L? norm of Vv in
By is bounded by some constant depending only on L° norms of A and G, as can be seen
by testing the equation (4.2) with v.

Step 4: Holder-continuity of Vu. We show local Holder continuity of D.v and D,wv,
Hélder-continuity of Vv in By N H and in B, 2N He¢ follows immediately.

Take p < rg, where rq is from the previous step. Let d be any real number. Using the
definitions (4.6) and (4.7), we get

(4.16)

/ |Dev — d|*dy = /
By (z0) By (o)
Z(Az‘,n — Ain)Viv

gz/ yDCv—dey+4/
By (zo0) By(zo) | =1

2/ [Dew —d+ > A;n(Viv — Viw)|*dy + 4/
Bp(xo) i=1 BP(‘TO)

2
dy

Dw—d+ Y (Ain — Ain)Viv + (G = Gen
=1

2
dy+4/ ‘(G—é)en‘Qdy
Bp(xo)

n

IN

Cr2*|Vo|2dy + 4/ Cr2dy
Bp(mo)

< 4/ |Dew — d*dy + Cr™t,
Bp(xo)

where we used inequalities (4.4) for the second to last inequality, and inequalities (4.15)
and (4.14) for the last inequality. Thus, using (4.11) we have for p < r/4, r < rg

(4.17)

/ Dot — (Dev)ay o 2dy < / Dev — (Dotw)g Py
Bp(af()) BP(-TO)

_ _ n+2
< 4/ |Dow — (Dcw)xo,p|2dy +COr"te < C (B) V/ |D.rw\2dy + Crite,
Bp(zo) r By (o)

where we used the fact that [, (f(z) —t)dx is minimized by t* = f, f for the first in-

equality and the inequality (4.16) with d = (D.w)s, , for the second inequality. Similarly,
using (4.9) instead of (4.11), we get

n+42y
(418) / |D7—U — (DTU)IO,p‘Qdy S C <B) / |D7w\2dy + C?“n'm.
Bp(a:()) T Br(l’o)

Applying Lemma 4.3 to (4.17) and (4.18), we deduce that D.v and D,v are Holder by
Lemma 4.2.

O

Lemma 4.6. Given a minimizer E of (Pgr.q,r), let (u,p) € A(E) be the minimizing
pair of Gg i (E). Assume that OE N C(xo,r) is a CY-manifold. Then for every v € (0,1)
there exist 0 < 7 <1 and C > 0 such that the following inequality holds true

Q? / |Vu|? de < C 777
By (o)

for every 7 < 7.
Proof. Fix v € (0,1). Choose X € (0,1/4) such that
(14 Caec) A <A77,
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where Cyec is as in Theorem 2.3 (vi). Let s = s(\) < 3 be such that

8dec(>\)
2 M
where e4ec , Cair and C, are as in Theorem 2.4 and Theorem 2.3 (vii), (iv). Define

e(\) := min {snlgde;m : Edir(A)} .

(4.19) Cair(Ce + 1) 8(A) <

Since OFE N C(xp,r) is regular, we can take a radius 0 < 7 < min (7“, 1, é) such that
7+ ep(wo,7) < g(N).

Then, thanks to the definition of £(\), Theorem 2.3 (vii), (iv), and (4.19) we have

A
(4.20) Q2 DE(xo, SF) < Cgir8 (Q2 DE(.T(), f) + QQF) < Cdir(Ce + 1)8 < 5de;( )
Furthermore, notice that
1 ec(A
(4.21) st +ep(xo, sT) < T+ pro ep(zo,7) < =d 2( )

Combining (4.20) and (4.21), we have
s7 + Q? Dp(xg, s7) + ep(z0, 57) < eqec(N).
The hypothesis of Theorem 2.3 (vi) is satisfied, hence (recall that As7 < egec(A))
Q? Dp(x0, A\sT) + ep(z0, AsT) + Asi < A7 (eE(a:o, s7) + Q* Dp(zq, s7) + sF)
< M Vegec(A) < egee(N).
Exploiting again Theorem 2.3, we obtain
Q? D(x0, \2s7) 4+ ep(xo, A2s7) + A2s7 < A1) (er(z0, AsT) + Q% D (x0, AST) + AsT)
< \20-7) (eE(xo, s7) + Q* Dg(z, 57) + SF)
< N0 egee(N) < eaec(N).
Iterating this argument k times, we conclude that
Q? Dp(zo, \¥s7) + ep (o, \Fs7) + Mosi < AF0=Vegq (V) VEk e N.
In particular, the inequality above yields
Q2 Dp(xo, \Fsi) < NP0 Vege(N), Vk e N.

Therefore,
Q? / \Vul?de < C (Ns7)"™), VkeN
B)\ks'F(zO)

for some constant C' > 0. Now if we take any 7 < As7, there exists an integer k > 0 such
that \*1s7 < 7 < M¥s7, hence

C

= Fln=7)

Q2 / Vul? dz < Q2 / Vul? dz < C (\rs) ) <
Bi(zo ko (T0)
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Proposition 4.7. Let E be a minimizer of (Ps.k,q,r), let (u,p) € A(E) be the minimizing
pair of Gk (E), x9 € OF, and f € C»?(D(zf,7)). Suppose that Q < 1 and

ENC(zo,r) = {z = (2/,2,) € D(zfy,r) xR : 2, < f(2')} N C(zo,r),

for some 0 < r < min{r, 1}, where T is as in Lemma 4.6. Then there exista = a(9) € (0,1)
and a constant C' = C(n, 3,9, ||p|lec) > 0 such that
(4.22)

0? Tt — [Tpulag ao | dz < C Q2ATH20 / T — [Tgulag |2 dz + C 1t
By (x0) Br(z0)

Proof. Without loss of generality assume 0 € 0F, 29 = 0. Let A € (0,1/2) be given and
let v be the solution of

—div(agVv) =p in B, 5,
v=1u on B, /s,

where H is the half-space {z = (2, 2,,) : &, < 0}. In particular, w =v —u € W01’2(BT/2)
and

(4.23) —div(agVw) = —div ((ag — ag)Vu).
Since [Tgg], minimizes the functional m — | 5. | TEg — m|? dx, we have

(4.24)

/ Tpu — [Tpuly | de < / | Tpu — [Tyu) | de
B)\,,« B)\'r

<2 (/ Tru — [Truly,|* da +/ |Tpu — THu|2d:c> .
By B

We want now to estimate the first term in the right hand side of (4.24). Notice that, since
u = v — w, by linearity of Ty we have

\Tru — [Tyula > <2 (|Tav — [Tav)a > + [Taw — [Trw]?) -
Hence, integrating the above inequality on B), we obtain

(4.25)

/ Ty — [Touly | dz < 2 (/ (Tow — [Tvlp |2 do +/ Ty — [THw],\T|2d:L">
B)\r B)\r B)\T

<2 (/ | THv — [THU]M’de +/ |THw\2da:>
B}vr B)\'r

<c (/ \wa2da:+/ |THU—[THU},\r]2d:):).
Br B

To estimate the second term in the right hand side of (4.24), recall the Notation 4.1

r

O 1u=Vu— (Vu-vg)vg and  O.ru=Vu— (Vu-ep)en.
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Hence,
|Tgu — Tyu| = |Vu — (Vu-ve)vg + (1 4+ (8 —1)1g)(Vu-vg)vp
—(Vu—(Vu-ep)en + 1+ (8 —1)1g)(Vu-ey)en)|
=|(Vu-ep)en, — (Vu-vp)vp+ (1+ (B—1)1g)(Vu-vg)ve — (1+ (8 —1)1g)(Vu-ey)ey) |
< 1+ B(Vu-en)en — (Vu-vp)vp| +[(L+ (8- 1)1p) — (1+ (8 = 1)1x))(Vu - en) e
=1+ )]((Vu cen) — (Vu - Z/E))en + (Vu-vg)(en —ve)| + (8 — 1)1pan|Vu - e,
< (214 B)|lve —en| + (B—1)1gan)|Vul.

Therefore,

(4.26) / | Tpu — Tyul*dz < C </ ]Vu|2|1/E—en|2d:p—|—/ |Vul> 1pan daz) .
Bir B Bir
Combining (4.24), (4.25) and (4.26) we obtain

/ | Tpu — [Tpulx|* dz < C | Tyv — [Tro]y | de
B)\’l‘ B)\'r

+o/ \Vw]deJrC(/ ]Vu\Q\VE—en\de+/ ]Vu\21EAHda:>.
Br/2 B Bxr

By Lemma 4.4 we have

(4.27) / T — [Tro)a|? do < C X" / Terv — [Tuvl, sl do + C ™t
B BT/Q

By arguing as above one can easily see that

/ |Trrv — [THU]T/Q\ de < C / |Tru — [TEU]r/ﬂ dx
r/2

Br/2

+c/ Vw|2dx—|—0</ |vu\2|uE—en\2d:c+/ \wmmm).
Br/2 B Br/2

/2

We note that
/ ‘VU’QVE—en’2d1'+/ Vol 1pag do

Br/2 Br/2
32/ |Vw|2|VE—en|2dx+/ \Vul? lvg — en|? dx
Br/2 B'r/2
+2/ \Vw]Q lEAde—i-Q/ ]Vu\2 1pag dx
B’V‘/2 Br/2

gg/ wa|2d:c+/ \Vu|® lvg — en|* dx
Br/2 B'r/2

+2/ Vw|2d:c+2/ |Vu|* 1pay dz.
Br/2 r/2
Bringing it all together, we get

| o= gl P da < € [ Tpu— (Tpuly o do
B, 'r/2

(4.28)
+C/ Vul? IVE—en|2dx+C/ |Vul|? 1EAHd:c+C/ |Vwl|? d.
7‘/2 7‘/2 7‘/2
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We need to estimate the last three terms in the right hand side of the above inequality.
Since F is parametrised by f € C?(D,) in the cylinder C(zg,), there exists a constant
C > 0 such that

(EAH) N B,|

<Cr’.
| By | B

(4.29)
We will estimate the last two terms together. By testing (4.23) with w we deduce

(4.30) / fvw\g dx < / ay !VwIQ dx = / (ag —apg)Vu-Vwdz.
B"“/2 BT/2 Br/2
By applying Hélder inequality in (4.30) we obtain
c/ |Vu]21EAde—I—C/ |Vwl|?
B'r/2 BT/Q
(4.31) < C/ \Vul?> 1pan dz + C/ (ap —ag)? |Vul? dx
Br/2 BT/Q
<C (Vul? dz.
(EAH)NB, 5

By the higher integrability [DPHV19, Lemma 6.1], there exists p > 1 such that

1 g 1
T r/2 r T

Hence by exploiting Holder inequality, (4.29), and (4.32) we have

/ \Vul® dz < |(EAH) N Br/g\“% / \Vul dx
(EAH)OBT/Q B'r/2

1-1 5
(4.33) < 0B, <\(EAH)mB,,|> v 1 / Tl dr
| By | 1B, 2| /B, ,,
<o (3) {/ \Vul? da + r"+2 \|p|go}.
Br

Therefore, (4.31) together with (4.33) (recall r < 1) yield

1
(4.34) c/ ]Vu\QlEAHd:r—I—C/ Vul < C {rﬁ(lp)/ \vuy2+7~"+2up|ygo}.
Br/2 Br/2 By
On the other hand, by Lemma 4.6 we have
(4.35) Q? / |Vul?dz < Cs"™7 Vs <7
Bs

Hence, combining (4.34) and (4.35), we obtain

Q? <C'/ \Vul? 1gay dz + C / ’VUJF) <C {Tﬁ(li)ﬂl’y + 7””+2H,0”c2>o} :
Br/2 BT/2
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Finally, we estimate the second term in (4.28). Notice that

/ |Vul? lvp — en|? dz = / \Vu(a!, z,)|? |ve (2, z,) — en|* dx
Br/2 Br/2

- / Yl e, f(2')) — enl de.
B'r/2

Since vV1+t <1+ % for every t > 0,
(4.36)

o 2 VIF VIR -1 ,
e’ S6) —enl” =2 1+\Vf(:z’)|2§2< e )S'W(ﬁ)'z

Thanks to (4.35) and (4.36), and using that V f is ¥-Holder, we deduce

(4.37) Q? / \Vul? |vg — en|? do < C 2977,

B,/
Let
a:=min{y,9 (1 —1/p) —~,20 —~}.
Therefore, by multiplying (4.28) and (4.34) with Q? and by recalling that Q < 1 we have
that (4.37) implies (4.22). O

We are now ready to prove that u is regular up to the boundary. Recall that u™ = u1g
and u~ = ulge.

Theorem 4.8. Let E be a minimizer of (Psk,q.r), let (u,p) € A(E) be the minimizing
pair of Gg.x (E) and f € C?(D(zf,7)). Suppose Q@ < 1 and

ENC(zo,r) = {z = (2/,2,) € D(ay,r) xR : z, < f(2')} N C(wo,7)

for some 0 < r < min{r, 1}, where T is as in Lemma 4.6. Then there existsn = n(9) € (0,1)
such that ut € CY(ENC, j5(w0)) and u~ € CcY1(E°N C,/2(w0)). Furthermore, let A > 0
and let 8, K,Q be controlled by A and R > 1. Then there exists a universal constant
C = C(n,A) >0 such that

(4.38) 1QuM lcrn@ne, jawoy S € and 1QU llcrn@ne, jsm) < C-
Proof. Let ug := Q u. By Proposition 4.7 there exists C' = C(n, 8,7, ||p|lc) > 0 such that
(4.39)

Trug — [TE1¢Q]QC()7,\,,|2 dx < O\ / Trug — [TEuQ]QEO,T!2 dx + Cr"re,

Bxr(z0) Br(z0)

where a € (0,1) is as in Proposition 4.7. Therefore, Lemma 4.3 implies that there exists
a universal constant C' = C(n, A) > 0 such that

1
|Br| J B, (20)

2
(4.40) Teug — [Trugles? dy < C (%) " VB.(x0) C Bp.

for some 7 :ﬂ(ﬁ) € (0,1). Hence, by Lemma 4.2, recalling the definition of Ty, we get
uglp € CY1(ENC, 3(w)) and uglpe € CY1(E° N C, /2(w0)) and (4.38). O

In the next proposition we rewrite the Euler-Lagrange equation (see Theorem 2.3 (ii))
in a more convenient form by exploiting the regularity of OF.
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Proposition 4.9 (Euler-Lagrange equation). Let E be a minimizer for (P i q,r) and
(u,p) € A(E). Assume that f € C+?(D(x),r)) and

ENC(zo,r) ={z = (2',2,) € D(zf,r) xR : zp, < f(2)} N C(wo, 7).

Then there exists a constant C' > 0 such that

(4.41)

v Vf($’) —_ 2 w12 — (V|2 2\ (o (!
( 1+|Vf(a;’)2> Q (B]V | [Vu™| +KP)( , f(a))

—2Q? (BOut Vul — dpu™ Vu™) (o, f(2') - (=Vf(2'),1) + C

weakly in D(zf, ).

Proof. Let E C R" be a minimizer of (Pg kg r) and let (u,p) € A(E).
Notice that ENC(xg,7) is an open set of R"”. Moreover, by an approximation argument,
we can integrate over E N C(zg,r) the following identity,

|VuT|? divy = div(|Vu™|*n) — V|V > g
= div(|Vu'|*n) — 2 div(Vu™ (Vut - 1)) + 280t Vut -4 2Vu™ - (VnVu™)

for every n € C°(C(xg,r),R"™). Therefore,

(4.42)
/ ([Vut|? divy — 2Vu® - (VnVau™) = / div(|Vu™*n) dz
ENC(zo,r) ENC(zo,r)
/ 2 div(Vut(Vu™ - 7)) dx
EﬂC xo,

On the other hand, since (u, p) € A(E), we have

—BAut =p in D'(ENC(xg,r)).
Moreover, by Theorem 2.3 (i) we deduce

Vut =—-KVp in ENC(x,r).
Then, by multiplying equation (4.42) by 3, we have

(4.43)

/ B (IVut|? divy — 2Vut - (VnVul)) do = / Bdiv(|Vu™|*n) dx
ENC(zo,r) ENC(zo,r)

- / 28 div(Vu™ (Vu™ - 7)) dx
Eﬂc(:l‘o, )

+ K 2pVp-ndx.
ENC(zo,r)
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Integrating by parts the first and the second term in the right hand side of (4.43), we can
write

(4.44)

/ B (IVut|? divy — 2Vu® - (VnVu'®)) doz = / BIVuT >y - v dH"!
ENC(xzo,r) OENC(zo,r)

- / 26 (Vut -n)(Vut - vg) dH™}
OENC(zo,r)

+ K 2pVp-ndx.
ENC(zo,r)
By arguing similarly as above, one can also prove
(4.45)
/ (|Vu_|2 divy —2Vu™ - (VnVu")) do = / div(|Vu~|?n) dx
E<NC(z0,r) E°NC(z0,r)

— / 2 div(Vu™ (Vu™ - n))dx.
E<NC(z0,r)

Integrating by parts the right hand side of (4.45), we can write
(4.46)

/ ([Vu™|? divy — 2Vu™ - (VnVu™)) do = —/ |Vu™ > - v dH™ 1
E°nC(zo,r) OENC(zo,r)

—I—/ 2(Vu~-n) (Vu™ -vg)dH" L.
OENC(zo,r)
Therefore, combining (4.44) and (4.46), we get
. 2 _ +12 —12 n—1
/ ap <d1v7] |Vul” — 2Vu - (VnVu)) de = / (BIVu > = |[Vu|?) - v dH
R oF
- 2(8(Vut -n)(Vut - vg) — (Vu -n) (Vu™ -vg)) dH"
(4.47) (B(Vu®-n)(Vu® -vp) = (Vu~ -n) (Vu~ -vp))
OENC(xzo,r)
+ K 2pVp-ndx.
ENC(zo,r)
Notice that the following identity holds true
K pidivg = K div(p®n) dz — K 2pVp -ndx

(448) R ENC(zo,r) ENC(zo,r)

=K p°n-vpdH T — K 2pVp -ndx.
OENC(zo,r) ENC(zo,r)

Combining the Euler-Lagrange equation of Theorem 2.3 (ii), (4.47) and (4.48), we find

/ divgndH™ ! = QQ/ (BIVut? = |Vu"|* + K p*) n-vpdH"

(4.49) 79F oF

— 2Q2 B(n - Vu+) (Vu+ vg)—(m-Vu")(Vu™ -vg) dH" !
OF

for every n € C}(By(z0), R™) with [, divydz = 0.
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Now we are ready to prove (4.41). The tangential divergence of n on JF is

n

(4.50) diVET] = diVT] - Z (VE)Z (I/E)j 8]-772- on 8E,
ij=1
where vy : OF — S™! is the normal vector to OF:

1
VE 1= W(—Vﬂ 1).

Let n :=(0,...,0,7,), then by (4.50) we have

(4.51) divgn := Oy +

n—1

1
P——— 0inp 0; f — Opmin on OF.
1+ |Vf]? ;:1: 3" Cj n

Choose 1,(7) := p(pz) s(zy,), where ¢ € CLH(D(x),r)) is such that fD(% n® = 0 and
s:(—1,1) — R™ is such that s(t) = 1 for every [¢t| < || f||oo- Since now 7, does not depend
on the n-th component on JF, we have

(4.52) n-vp = _olpr) on OFE N C(xg,r),

VIV

and the above equation (4.51) reads as

(4.53) divgn := Ve -Vf ondENC(xg,T).

1
1+ |V f]?
Moreover,

/ divndx = / (n-ve)dH" 1 = / (Ve - en) dH™ !
E OF OENC(zo,r)

= / o(pz)s(f(x)) (v - en) dH"!
OENC(z0,r)

dENC(zo,r) /1 + |V f(p7)] p(9ENC(z0,r))

This implies that 7 is admissible in (4.49). Hence by using 7 as a test function in (4.49),
by combining (4.52) and (4.53), we have

[ Vear =@ [ (@t [ P K ) st — 2
D(

—— ———dx
x(,T) 1+ |Vf‘2 D(z{,r 1+ |Vf’2
o —V/f.1)
- 2@2/ BOutVut — 0, u”VuT) (2, f(2)) - _EVAED () da’
D(a}, ( ) V1I+ VP

for any ¢ € CH(D(zf,r)) with fD(% n P = 0. It remains to multiply this equality by

1+ |Vf|? and use divergence theorem on the left-hand side.
U

Corollary 4.10. Let E be a minimizer for (Pg k,qr) and (u,p) € A(E). Assume that
f e (D(x),r)) and

ENC(zo,r) ={z = (2',2,) € D(xf,r) xR : z < f(2)} N C(ap, 7).

Then there exists a vector field M : R™ — R™ such that the matrix VM (V f) is uniformly
elliptic and Hoélder continuous and a Hélder continuous function G such that

—div(VM(Vf)VO;f) = 0;G weakly on OE N C(xg,r/2)
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for everyi=1,...,n.
Proof. Exploiting Proposition 4.9, we have

Vi)
1+ [V ()

(4.54) —div ( > =G(2, f(2)) forae. 2’ € D(xp,r/2),

where
G(', f(a") = Q* (BIVu™]” — |[Vu™ [ + K p?) (2, f(2'))
—2Q°? (B@nu+ Vut —0,u” Vu_) (@, f(2) - (=Vf(a'),1) +C, 2 € D(xp,r/2).
Hence, (4.54) is equivalent to
(4.55) —div(M(Vf)) =G a.e. on dENC(xg,7/2),

where

__ £
M(§) := JiEE

By [M, Theorem 27.1] we can take the derivatives of (4.55). Then,
—div (VM (Vf)V0;f) = 0;G a.e. on 0EN C(xg,7/2)

Ve € R™.

for every i = 1,...,n. Notice that
1 E®E
VM :<Id— > V¢ e R,
© V1+I[ER 1+ ¢?

meaning that the matrix VM (V f) is uniformly elliptic, more precisely
> > VMV f)n-n > 1+ [V )2 [0 ¥y € R™

It follows from Theorem 4.8 that G is Holder continuous. By the definition of M and by
the regularity of f we also have that VM (V f) is Holder continuous. O

We prove now the partial C>Y-regularity of minimizers.

Theorem 4.11 (C%V-regularity). Given n > 3, A > 0 and ¥ € (0,1/2), there exists
Ereg = Ereg(n, A, V) > 0 such that if E is minimizer of (Psx.q.r), @ + 6+ K + % < A,
xo € OF, and

T+ eE(m()a 7") =+ Q2 DE(£07 T) < Ereg
then E N C(z,7/2) coincides with the epi-graph of a C*V-function f. In particular, we
have that OE N C(zg,7/2) is a C*Y (n — 1)-dimensional manifold and

(4.56) [flezo a2y < C (0, Ay, 9).
Proof. Choose &yeg as in Theorem 2.4. Then there exists f € C1Y(D(x},r/2)) such that
ENC(zo,7/2) = {z = (2/,2,) € D(z(,r/2) xR : z,, < f(z')}.
By Corollary 4.10 we have
—div (VM (Vf)V0;f) = 0;G a.e. on 0EN C(xg,7/2)

for every i = 1,...,n, with VM (Vf) uniformly elliptic and G - Holder continuous. We
also have that VM (V f) is Holder continuous. Hence the following Schauder estimates
hold in this case

[VOi floow g r/2)) < CRIOif 2@y r2)) + [Gloonayrj2yt Vi=1,....n,
for some constant C' depending on r. In particular, f is C?? and

[flezom@yr/2) < CUV 2@y r/2) + [Glooncaor/2))}
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By the definition of G, recalling (4.38) and Theorem 2.3 (i), using Poincaré inequality and
since f is Lipschitz, one can easily see that there exists C' = C(n, 4,4, r) > 0 such that
[G]Co’ﬁ(C(xo,r/m) < C(n, A, 19, T).
By the Lipschitz approximation theorem it follows that
1

,r.nfl

(4.57)

/ \Vf|*dz < Cpeg(wo,7) < O regs
D(z(,r/2)

which implies (4.56). O

Remark 4.12. A minimizer Eg of the problem (Pg i g r) satisfies the hypothesis of
Theorems 4.11 and 5.3 whenever (Q > 0 is small enough. Indeed, assume xg € 0B;1. Then,
by the regularity of 9By, there exists a radius r = r(n) > 0 such that

(4.58) "+ ep, (20, 2r) < sr;g,

where eeg is as in Theorem 5.3. On the other hand, by Proposition 3.2 we have that
Eg converges to By in the Kuratowski sense when ) — 0. Hence, by properties of the
excess function, eg, (7o,2r) — ep, (7o,2r) when Q — 0. By Theorem 2.3 (iii) we also
have Q? Dggy(z0,2r) = 0 when @ — 0. Therefore,

(4.59) 1+ e, (%0, 2r) + Q* Dy (%0, 2r) < Ereg,

when @ > 0 is small enough.

5. C* REGULARITY

In this section, by a bootstrap argument, we obtain the C'*° partial regularity of min-
imizers. Since this result is not necessary for the proof of the main theorem, the reader
may skip it unless interested.

Improving the regularity from C?7 to C™ is easier than from C'" to C?7, because
we can straighten the boundary in a nice way once it is C2. More precisely, we have the
following lemma.

Lemma 5.1. Let k €N, k> 2 and f is C*Y(D). There exists ¢ > 0 such that if
[fllczomy <& and f(0) =0,
then there exists a diffeomorphism ® € C*=%Y & : C,_, — Cy_,, such that
(T rNCi_e) ={z = (2',2,) €D1_e xR : z, =0},

where I'y is the graph of f. Moreover,
(5.1)
(Ve(e ™! (2) (VO(2 ! (2)))")

Proof. Define

n=0Vi#n and (VO(2™'(x)) (V@ (2))"),  #0.

—Vf('),1)

V(' ) = (2, f(2") + z, ( . Vo = (2, 2,) € Ci_e,

(#s0) = @ @) i V= (@) € O

then ® := W' is the desired diffeomorphism. O

Lemma 5.2. Let k be a positive integer and let f be a C*tL0-Hélder continuous function
defined on D(xzg,r) such that || f||cr+10 < € for some € > 0 and

ENC(zo,r) = {z = (2/,2,) € D(zfy,r) xR : 2, < f(2')} N C(zo, 7).
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Suppose v is a solution of
—div(ag Vv) =h in D' (B.(x0)), ap:=1gc+ B1g,
with h* and h= C*"-Hélder continuous respectively on E N C(xg,r) and E¢N C(zq,7),

where h™ = hlp, h~ = hlge. Then v, v~ are C*™11-Hilder continuous respectively on
E N C(xg,r) and E°N C(xo,r).

Moreover,
(5.2) |’U1||Ck+1,n(ﬁcmc(mw)) <C and ||U,6’Hck+1,n(fmc(x0,r)) <cC

for some constant C' > 0 which depends on the C*"- Hélder norms of ht and h~ and on
the C**19 norm of f.

Proof. Assume g = 0. Let H := {z € R" : x, = x - e, < 0} be the half space in R". By
Lemma 5.1, we can assume that

FfﬂCTzaHﬂCT,

where I'y N C, 5 := {(2/, f(z')) : 2" € D,}, f(0) = 0 and that v solves the following
equation

(5.3) —div(agAVv) = h,

where by (5.1), A is a C*~1Y-continuous elliptic matrix such that Aj, = 0 for every j # n,
A # 0.

We continue the proof by induction on k. For clarity, we do the detailed computations
for the case k = 1 and we explain how the formulas look like for bigger k.

Case k = 1. By taking the derivatives with respect to the tangential coordinates j # n
of (5.3) we deduce

—div(agAVO,v) = 8;h + div(9;(ag A) Vv)

=div(he; + 9j(agA)Vv)  in D'(R™).
Notice that ay is constant along tangential directions and that (ay A)T, (ay A)~ have
coefficients respectively in CO"(H N C,) and C%"(H N C,). Furthermore,

(hej +0j(agA) Vo)t € CO"(H N C,) and (hej + dj(agA) Vo)~ € CO(HNC,).

Hence, exploiting Lemma 4.5 we deduce
(5.5) ot e CY(HNC,) and 9~ € CY(HNC,) Vj#n.
Furthermore, by (5.3) we have

(5.4)

— Z {aH Aijaijv + 8i(aH Aij)ajv} = h.

ij=1
Thanks to the form of the matrix A we obtain
(5.6) —ayg ApnOnnt = Z {aH Aij&-jv + ai(CLH A,‘j) 8jv} + h.
INESD)

Since the right hand side of the previous equation is Holder continuous, we have
Opnv ™ € C’O’”(Fc NC,) and Opv~ € COMHNC,).
Moreover, (5.5) implies
oot € CONHNC,) and Oy~ € CO(HNC,)
for every j # n. Therefore,
vt e C*(H'NC,) and v~ € C*"(H'NC,).



26 E. MUKOSEEVA AND G. VESCOVO

By Lemma 4.5 we deduce also that

||vv+”01,n(ﬁch) and  [|[Vv~ Hclm(ﬁmcr)

are bounded by a constant which depends on the Holder norms of VAT, VA™, the coeffi-
cients of (agA)* and (agA)~.

General k. As in the case k£ = 1, we start by taking the derivatives of (5.3) with
respect to the tangential coordinates j # n. We get an equation similar to (5.4):

_div(aHA V@il,iz,,,%v) = diV <8i2,,,,,ikh €iq + Z ajl,j%,,jl(aHA)V (a{il7i27m’ik}\{j1,j27...’jl}v))
in D'(R™). This gives us

(5.7) 82»1,1-2,,“,%@* S Cl’n(ﬁﬂ Cr) and 81'171'2’“.’7%1)_ S Cl’n(ﬁﬁ Cr)
for all i1 #n, ia #n, ..., ix #n.
By (5.7)
81'171'27.“’%7”21—’— € Co’n(ﬁﬂ Cr) and 81'171'27.“’%7”21_ € Co’n(ﬁﬂ CT)
for all iy # n, i2 # n, ..., iy # n, and thus, taking derivatives of (5.6) in tangential

directions, we get
8¢1,¢2’,,.,ik71,n7nv+ S CO’"(FQ C,) and 0 iy,..ix_1nn?¥ € CO,n(ﬁ NC,).
Induction on the number of normal directions yields
vt e CHTINH N C,) and v e CFTYI(H N C,).
O

Theorem 5.3 (C*-regularity). Givenn >3 and A > 0, there exists ereg = Ereg(n, A) > 0
such that if E is minimizer of (Pg.k,Q,r) with Q + + K + % <A, xg € 0F, and
r+ eE($Oa T) + Q2 DE(iUO, T) S 5regu

then E N C(xg,r/2) coincides with the epi-graph of a C*®-function f. In particular, we
have that OE N C(zg,r/2) is a C* (n — 1)-dimensional manifold. Moreover, for every
9 € (0, %) there exists a constant C(n, A, k,r,9) > 0 such that

(5.8) [flero@yr2) < Cn, A,k r,9)
for every k € N.

Proof. If we choose &yeq as in Theorem 4.11, then there exists f € C%Y(D(zf,r/2)) such
that
ENC(zg,r/2) = {z = (2/,2,) € D(x(,7/2) xR : z, < f(2)}.
By Corollary 4.10 we have
(5.9) —div (VM (Vf)V0;f) = 0;G a.e. on 0EN C(xg,7/2)

for every i = 1,...,n, with VM (Vf) uniformly elliptic and Hélder continuous and G -
Holder continuous.

Now we argue by induction on k. The induction step is divided into two parts:

Claim 1:

f is C*-Holder continuous = u™,u~ are C*-Holder continuous respectively on
E N C(zo,7/2) and E¢N C(xg,7/2).
Moreover, there exists a universal constant C = C(n, A) > 0 and 5 € (0, 1) such that

(5.10) 1Q U+Hckm(Emc(xo,r/z)) < C and (|Qu |[grnEenc(zyr 2 < C-
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Claim 2:
f is C*-Hblder continuous = f is C¥*1-Holder continuous.

To proof Claim 1, we apply Lemma (5.2) to v = Qu and h = Qp. By (4.38) the norms

HQ vu—i_HCO,n(ﬁmC a‘nd HQ VU/—HCO,";(ﬁmC

T/Q) 'r/2)

and bounded by a universal constant. That gives us (5.10).

As for Claim 2, notice that by the definition of M, since f is C*-Hoélder continuous,
we have that VM (Vf) in (5.9) is C*~1-Holder continuous. By Claim 1 we deduce that
G is C*~1-Holder continuous with its norm uniformly bounded. Then, using Schauder
estimates for (5.9), we get that f is C**'-Holder continuous.

O

6. REDUCTION TO NEARLY SPHERICAL SETS

In this section, by combining Proposition 3.2 with the higher regularity (Theorem 4.11),
we prove that for small enough values of the total charge the minimizers are nearly-
spherical sets. Recall the following definition.

Definition 6.1 (C?7-nearly spherical set). An open bounded set 2 C R" is called nearly-
spherical of class C?7 parametrized by ¢, if there exists ¢ € C?7 with [|¢| 1=~ < 1 such
that

N ={1+¢x)z:zcdB}.

Theorem 6.2. Let {Qp}ren be a sequence such that Qpn > 0 and Qp — 0 when h — oo.
Let {En}nen be a sequence of minimizers of (Psk,q,.r)- Then for h big enough Ej
is nearly spherical of class C*, i.e. there exists @ € C* with uniform bounds and
lenllzee < 3 such that

OER ={(1 +pp(z))x : x € 0B }.

Moreover, ||¢n|lck — 0 when h — oo, for every k € N.

Proof. Fix a point £ € 9B;. By Remark 4.12 there exists 7 > 0 and a smooth function g
such that
(6.1)

OB\ NC (&,r,vp, (T)) =0 {x eR” : 2@ (z — ) < g(p&1 @ (2 — a‘:))}ﬂc (z,r,vp, (T))

for every 0 < r < 7. Furthermore, there exist o < 7 small enough and f, € C* (D (&, r,vp, (Z)))
such that
(6.2)

OENNC (2,7,v5, (2)) = 0 {w € R" : g (@ —2) < fu(p" ) (w — 7)) JNC (7.7 v, ()

for every h big enough and r < rg. Define ¢} (z) := fu(g ' (z)) for every x € dBy. Then
{¥Fthen is a family of C*° functions with ||¢F| o+ uniformly bounded (by Theorem 1.4)
such that

OE,NC (z,1,vp, () ={(1+ ¢i(z))x :x € OB }.
Hence, by a covering argument we obtain a family {¢p, }hen of C*° functions with ||ep | cox
uniformly bounded such that

OEL, ={(1+yp(z))xr :x € 0B1}.

By Ascoli-Arzela and the convergence of 0F}, to 0B; in the sense of Kuratowski we obtain
that ¢, — 0 in C*¥~1(dBy) for every k € N. O
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7. THEOREM 1.1 FOR NEARLY SPHERICAL SETS

To prove Theorem 1.1 for nearly spherical sets we are going to write Taylor expansion
for the energy. We only need to deal with the repulsive term G, as the expansion for
perimeter is well-known. To this end, we need to compute shape derivatives of the energy
G near the ball and get a bound on the second derivative. For the convenience of the
reader we make these calculations later in Section 8 as they are rather technical.

In this section, we first replace our problem with an equivalent one and write Euler-
Lagrange equations for it. We do it to facilitate the computations of Section 8. Then
we conclude the proof of Theorem 1.1 for nearly spherical sets given Taylor expansion.
Thanks to the quantitative isoperimetric inequality for nearly-spherical sets, we see that
we can be crude in the bounds of Section 8 as we have a small parameter in front of the
disaggregating term.

7.1. Changing minimization problem. For a fixed domain E we are solving the fol-
lowing minimization problem.

1
G(F)= inf {/ (aE|Vu‘2 + Kp2) dzr : —div(apVu) = pj/ pdx = 1}.
u€H(R™) 2 Jgrn n
plEc:0

We want to get rid of the constraints and make it a minimization problem over single
functions rather than over pairs. More precisely, we prove the following lemma.

Lemma 7.1. For any E C R" the energy G can be represented in the following way:
(7.1)

K , 1 5 1 1 21 )

Proof. We use an “infinite dimension Lagrange multiplier”:

1 1

E)= inf — 2de + = | Kp*d

G(E) ueérg(Rn){z/naE!W\ “z/E Pde
p].E(:ZO

+ sup [/Rn(aEVu-Vw—pw)dx] :/E,oda:zl}

YEHL(R™)

1 1
= inf sup {/ aE(|Vu2+2Vu.Vw)dx+/(Kp22p¢))dm: / pdr = 1}.
uelHl(Rg) YEH(R) 2 Jgn 2 JE B
plpe=

The convexity of the problem allows us to use Sion minimax theorem ([Sion58, Corollary
3.3]) and interchange the infimum and the supremum:

G(E)= sup inf {1/ aE(|Vu2+2Vu'Vz/))d:c+;/(Kp22p¢))d:ﬂ:/pdazzl}
R" E E

nyu€H(R" 2
YeH (R") §1Ec(:o)
: 1 9 . 1 2
= sup inf - ap(|Vul* +2Vu-Vi)dr + inf = [ (Kp® —2p¢)dx
YEHL(R) ueH(R") 2 Jjn plpe=0 2 /g

[ pdz=1
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We denote the infimums inside by I and II, that is

1
I:= inf {2/ aE(|Vu’2+2Vu-Vw)dx};

u€H1(R")

1
II ::inf{/(Kp2—2p1/))dx:/pdx:1}.
P 2 E E

We want to compute both I and II in terms of .
For 1 it is immediate. Since ap is positive we get that

1
I= inf {2/ aE(|Vu|2—|—2Vu'V¢)dac}

u€H1(R")

= inf {;/Rn ag (|Vu+ Vy|? — |Vy|?) da:}

We note that the corresponding minimizing u equals to —.
To compute II, note that

o1 2 . _

II—u;f{Q/E(Kp 2p1/})dx./Epdx—1}
Y S O Y N P S S BE
‘”f{zé< K ¢K>¢“Af““i} ﬂ¥é¢d$
_ K. v L) _ 1 2
_2??{L<f_(K‘WEO>‘”1Lﬂ“_0}_ﬂrE¢d£

Then the minimizing function f* is the projection in L?(E) of a function (% — Wﬂ) onto

the linear space {f : fE fdx = 0}. Thus, f* = (% — ﬁ) — ¢, where ¢ is the constant

Y _ 1
such that [, f* = 0, i.e. ¢ = fE(IfElE) The corresponding minimizing p equals to
1 (1-% [ vdz)K
1EK(w+K¢§
Bringing it all together,

(7.2)
K 1 ) 1 1 S| )
T =3B ity (—2 [ estworan = g [t g ([ vae) - g [0 dm)

K inf 1/ |V¢]2d+1/wd ! </¢d>2+1/¢2d
= ——= — 1n = a T+ = T — x — x| .
2B yem®)\2 Jun El Jr 2|E|K \Jg 2K JE
O

7.2. Euler-Lagrange. We now consider the following minimization problem:
(7.3)

. 1 ) 1 1 SR N
j(E)_wef}I}(fRN) <2/RnaE]V1/J\ d:c+|E|/Ewdx ABK (/Ewd:v> —|—2K/EI/J dx).
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Remark 7.2. Note that J(F) < 0. By Lemma 7.1

K
By the inequality (2.1) in [DPHV19], G(E) < C(n, K, 3, |E|). This implies that
(7.4) |T(E)| < Cn, K, §,|El).

A minimizer for this problem exists, and it is unique by convexity. Indeed, to see
coercivity of the functional note that

1 S|
— d — 2de >
2ABIK </E¢’ ) +2K/Ed’ r=0

by Jensen inequality. As for convexity, we use that

e (o) o o= [ (o= )

Note that the minimizers in the definitions of J and G coincide since the set is fixed. We
denote the minimizer by ¢r. We would also need the interior and exterior restrictions of
the function 9g, i.e.

Vi =vYElp, ¥p = Vp|ge.
Proposition 7.3. The following identities hold for ¢g:
(i) (Euler-Lagrange equation, integral form) for any ¥ € D'(R")

/naEV¢E VUdz + — /¢E\I!dx—|— \;3| (/ \Ildx) <1—11(/Ewde>

75 = / R <1’?(”E _ div(aEwE)> de + / (8VYg — Vibk) - w0 dH !

i (L) (1 5 [ o) =0

(ii) (Euler-Lagrange equation)
—BAYE = — %+ 2T (E) — ﬁ in E,

Avp =0 in E°,
(7.6) Vi =y on OF,
wwg v =Vy¢g-vondE.
(iii)
1
(7.7) I(E)= g /E Y.

(iv) There exists a constant C = C(n, K, 3,|E|) such that
(7.8) / ap| Vs < C.

Proof. To prove (7.7) we use g as a test function in (7.5).
To see (7.8), we use g as a test function in (7.5) and Cauchy-Schwarz inequality to

get
/]R" aE|VwE] dx < _E (/ @ZJEdm> .
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Now we apply (7.7) and (7.4) to obtain

/ ap| Vs Pde < —2.7(E) < 2C(n, K, 6, E).
Rn

Proposition 7.4. Let ¢ be the minimizer for J(B1). Then vy is radial.

Proof. Let R : R™ — R™ be any rotation. Since R(Bj) = Bi, 1 o R is also a minimizer
for J(B1). But the minimizer is unique, so we got that 1)y o R = 1)y for any rotation R.
This implies that ¢y is radial.

]

7.3. Proof of Theorem 1.1. We will use the following notation.

Definition 7.5. For an open set (), xq denotes the barycenter of {2, namely

il
T = — | xdx.
12 Jo

We want to prove that for @ small enough the only minimizer of F(2) = P(Q)+Q?*G(f)
for €2 nearly spherical is a ball.
We will use the following theorem proved by Fuglede.

Theorem 7.6. ([Fug89, Theorem 1.2]) There exists a constant ¢ = c¢(N) such that for
any Q@ — nearly spherical set parametrized by ¢ with || = |Bi|, zq = 0, the following
inequality holds

P(Q) — P(B1) > c|l¢llinom,)-

We will also need the following bound on the energy 7, see Section 8 for the proof.

Lemma 7.7. Given ¥ € (0,1], there exists 6 = 6(N,9) > 0 and a bounded function g
such that for every mearly spherical set E parametrized by ¢ with ||| c209p,) < 6 and
|E| = |Bi1|, we have

J(E)>J(B1) — 9(||90Hc2ﬂ9)||90H%11(831)'
Finally, we are ready to prove the main result of the paper.

Proof of Theorem 1.1. Argue by contradiction. Suppose there exists a sequence of min-
imizers Fjp corresponding to (Q, — 0 such that Ej are not balls. By Theorem 6.2 we
have that starting from a certain h the sets (possibly, translated) are nearly-spherical
parametrized by ¢, with [[ps[|c2@ap,) < J, where § is the one of Lemma 7.7.

To apply Theorem 7.6 and Lemma 7.7 we need the sets to have barycenters at the
origin. It is not necessarily true for the sequence Ej,, however, we can exploit the fact that
nearly-spherical sets have barycenters close to the origin. Indeed, suppose that E is the
nearly-spherical set parametrized by ¢r. Then, using that the barycenter of the ball B
is at the origin, we have

1 (L +pp(@)"™

- d n—1
TE ] Jom, T I H" ™ (x)
1 (14 ¢p(z)"*! 1 1 -1
= — x dH"  (z) — — cdH" (z
\E] Jom, n+1 (=) \E] Jom, )
1 ntl (N+1 i
Zz—l ( 7 )SOE(:U) dHn_l(.’E)

= — T
|E’ 0B, n+1
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If ¢kl Le@B,) < 1, then the last computation yields

lze| < ClleelLe@n,)-

We chose the sequence E}, so that Ej, — By in L°°, thus, zg, — 0. So if we now look at
the sequence of sets Ej, = {z —zp, : x € E}}, we see that E);, — By in L™ and rp =0.
It remains to apply Theorem 6.2 to the sequence {E}} to see that these new translated
sets are still nearly-spherical. For the sake of simplicity let us not rename the sequence
and assume that the sequence {E}} is such that g, = 0.

Now we can apply Theorem 7.6 and Lemma 7.7. We want to show that F(Ep) > F(By)
for h big enough. Indeed, if @)y is small enough, we have

F(ER) = P(BW) + QR 6(Bn) = P(B) + clionlBinon, + & (51 — T (B0

K
> P + lnlinan + 94 (51 ~ T el |
K
- P(By) + QF < _ j(Bl)> — F(B).
2| By

O

We can now prove Corollary 1.2, which follows from Theorem 1.1 and properties of
minimizers established in [DPHV19].

Proof of Corollary 1.2. Let Qg be the one of Theorem 1.1. Let E be an open set such that
|E| = |B1|. Let us show that F(E) > F(B;). If E is bounded, then F(Ey) > F(Bj) by
Theorem 1.1. Assume now that E is unbounded.

We can assume that F is of finite perimeter, since otherwise F(E) = oo. Then, by
[M, Remark 13.12], there exists a sequence Rj — oo such that E N Bg, — E in L,
P(E N Bg,) - P(E). Rescale the sets so that their volumes are the same as the one of
the ball, i.e.

0 (ENBg,) with Bl )"
=« with o, = | ——75— .
LT " \IEN Bg,|
Note that since |E| = |Bi|, ap, — 1, so also for Q, we have |Q,AE| — 0, P(Q),) — P(E).
Now, by the continuity of the functional G in L' (see [DPHV19, Proposition 2.6]), we get

(7.9) F(Qp)=P(Qp)+G(Q,) — P(E)+G(E)=F(E).
On the other hand, @, C o, Bg,, so it is bounded and hence, by Theorem 1.1,
F(Qp,) > F(By) for every h.

Combining the last inequality with (7.9), we get F(E) > F(Bj). Thus, the infimum in
the problem (Pg ) is achieved on balls.

Let us show that the only minimizers are the balls. Let E be a minimizer for (Pg k).
If F is bounded, then by Theorem 1.1 it should be a ball of radius 1. We now explain why
FE cannot be unbounded. Indeed, suppose the contrary holds. Then there we can find a
sequence of points xj, such that ), € E, |z, —x;| > 1 for k # j (for example, we can define
Tk = E\Bax{|e:|,|z2],...|Jzx_1|}+1)- Now, by density estimates for minimizers (Theorem 2.3
(v)), we have

B, Bl 1 _
(7.10) 1Br(z) 0 B > —forxe E, re(0,7).

B] c



MINIMALITY OF THE BALL FOR A MODEL OF CHARGED LIQUID DROPLETS 33

Note that even though Theorem 2.3 (v) deals with minimizers of (Pg x.g.r), the constants
C and 7 do not depend on R, so it applies in our case. It remains to use (7.10) for z = x,
and 7 = min(1/27,1/2) to see that
- = |5,
|E| > ; B () N E| = ; o =0

which contradicts the fact that |E| = |B;|. Thus, E is bounded and it is a ball of radius
1. (|

8. PROOF OF LEMMA 7.7

We will need the following technical lemma, which is almost identical to [BDPV15,
Lemma A.1]. Since we need a slightly different conclusion than in [BDPV15], we repeat
the proof here. Throughout this section we will be using the following notation.

Notation 8.1. We denote by Jg,(x) the jacobian of ®; at z:
Jo, (x) = det V().

Lemma 8.2. Given 9 € (0,1] there exists 6 = d(n,y) > 0, a modulus of continuity w, and
a bounded function g such that for every nearly spherical set E parametrized by o with
lellc2oam,) < 6 and |2 = |B1|, we can find an autonomous vector field X, for which the
following holds true:

(1) div X, = 0 in a 6-neighborhood of 0B1;

(i1) if ®y := ®(t, x) is the flow of X, i.e.

8tq)t = X(p(cpt)v (I)()(IL') =,

then ®1(0B1) = OF and |®4(B1)| = |Bi| for all t € [0,1];
(iii) denote Ey := ®(By), then

(8.1) @+ — Id| 20 < w([[llc20(am,)) for every t € [0,1],
(8.2) [Ja| < g(ll¢llc2oam,)) i a neighborhood of B,
(8.3) 1X vl g om,) < 9lllellozo @) 1ellmom,) -
and for the tangential part of X, defined as X = X — (X - v)v, there holds
(8.4) (X7 <w(llellczo@m,)) |X - v] on OF;.

Proof. Such a vector field can be constructed for any smooth set, see for example [Dam02].

However, for the ball one can write an explicit expression in a neighborhood of 9B;. The

proof for the case of the ball can be found in [BDPV15, Lemma A.1]. For the convenience

of the reader we provide the expression here, as well as brief explanation of how to get the

needed bounds. In polar coordinates, p = |z|, # = x/|z| the field looks like this:
(1+p0)" -1

X@(p70) = n,o”_l 0,

By(p,0) = (p" +t (1 +9(6))" — 1))V 0

for |p — 1| < 1. Then we extend this vector field globally in order to satisfy (8.1). Notice
that (8.2) is a direct consequence of (8.1).
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By direct computation we get
(8.5) (X-0)o®, — X -vpp, = (X -vgp,)f on 0By,

with || fllc209m,) < w (HQDHCQ,ﬂ(aBl)). Now we can get the bound (8.3). Indeed, (8.5)
together with (8.2) gives us

1X - vigom) <9 (H@ch(aBl)) 1X - vl a8,
From the definition of X, on 0B; we have

and thus,
le = X - vlmon, <@ (I€llcasny ) IX - vim s,

yielding the inequality (8.3).
To see (8.4) we use that by definition X is parallel to 0 close to 9B;. Thus,

X7 0@ = |((X6)6) 0@ — (X 1)) 0 &
= (X -von,) (14w (Ielczoom)) ) vom (1+w (I¢llcasony)) )
— (X -vom,) (1+ @ (Iellcaoony ) ) vom (14w (I9llcason ) ) |

= (llpllczoon) ) (X -v) 0 @i

In what follows we omit the subscript ¢ for brevity.

8.1. First derivative. We want to compute 4.7 (E;).
Let ¢, be the minimizer in the minimization problem (7.3) for E;. Recall that by (7.6)
it means that ¢, satisfies

—BAY, = —h + 2T (Ey) — |Bfll‘ in By,
Aty =0 in EY,

¢ =1y on OE,

BV v =V, v on OE;.

First we notice that v is regular since it is a solution to a transmission problem. More
precisely, by Lemma 5.2, the following holds.

(8.6)

Proposition 8.3. There exists 6 > 0 such that if |[p|c2.09p,) <, then
[Vtll 2z < 9(llellc2oom,)) for every t € [0,1],

where g is a bounded function.

To compute the derivative of J(E;) we would like to use Hadamard formula (see [HP,
Chapter 5]). For that, we first need to prove the following proposition.

Proposition 8.4. The function t — 1 is differentiable in t and its derivative iy satisfies
—BAGy = —f i+ T (Er) in By,

Ay =0 in EY,

n - Yy = — (VQ/J;r - VT,/)[) -v(X -v) on OFy,

BYYS v =V, v =—((BVIVY] = VIV, ]) X) - v on OE;.

(8.7)
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Proof. The proof is standard, see ([HP, Chapter 5]) for the general strategy and ([ADKO7,
Theorem 3.1]) for a different kind of a transmission problem. We were unable to find a
result covering our particular case in the literature, so we provide a proof here.

We first deal with material derivative of the function %, i.e. we shall look at the function
t > by == Y (Dy(x)). The advantage is that its derivative in time is in H' as we will see.
Note that the time derivative of 1 itself is not in H' as it has a jump on OFE;.

Step 1: moving everything to a fixed domain.

We introduce the following notation:

_ _1nt
Arl) = D&, @) (D, ) (2) s, ().
Note that A; is symmetric and positive definite and for ¢ small enough it is elliptic with
a constant independent of ¢.
Now we perform a change of variables in Euler-Lagrange equation for v, (7.5) to get

Euler-Lagrange equation for @Et:
(8.8)

/ Ve (aBAtwt) dx+% /B \IliﬁtJ@(x)d:H—ul}’ < /B \I/J@(a:)dx) (1 - % /B q;th>t(x)d:c) =0

for any ¥ € DY(R").
Step 2: convergence of the material derivative.
Let us for convenience denote

£(t) = |;| (1 _ ;{/Bz;tJ@t(a;)dx) .

We write the difference of equations (8.8) for ¢t+h and 1 and divide it by h to get

A by — AV 1 —
/ AVA' <QB t+hth+}}; tth) dx + K/ g (¢t+hh wt) JCIZ't ((L')d(L'
n B

- J —J _
+ % /B Wiy gy 2rth "2 gy ( /B \IIJq>t(x)dx> fe+n) - 1)

h h
J —J.
+ </ ‘1} <I>t+h(x) (Pt(x) dl’) f(t+h) — 0
B h
for any ¥ € DY(R"). ] N
Now, introducing also gp,(z) := w for convenience, we get

1 Ay — Ay -
V¥ (apAi+nVan) dx + K/ Vg Js, (x)dx —|—/ \VA'/ <aBt+htth) dx
B n

" h
(8.9) j[l(/B\Wth dx + </B UJs, (aj)dx) W
. < / g o) ~ I (o dl,) feam —o

for any ¥ € DY(R").



36 E. MUKOSEEVA AND G. VESCOVO

Now we want to get a uniform bound on g, in D'(R™). To do that we argue in a way
similar to the proof of (7.8). We use g, as a test function in (8.9) and get

1 Apip — Ap -
/ apVan - (A nVan) dx + K/ g%JQ (x)dx + / apVap - <t+hh tVz/zt> dx
n B n
1 N A t4+h)— f(t
+ / Gty p 0 g / gnJo, (x)dx feth) - 1)
K /g h 5 h

N </B th¢t+h(~’U)h— Jo,(2) dx) F(t+h) =0.

A(t+h,z)—A(tz)
-

Since is bounded in L* and A; is uniformly elliptic we know that there
exist some positive constant ¢ independent of h such that

Ay — A -~
/ apVan- (A1 Van) daz+/ apVgp: (t+hh tVi/)t> dr > c/ |Vgh\2 dx—C’/ |V¢t|2 dz.
n Rn R'n Rn

Thus,
(8.10)
1 1 N A
¢ / Von|* do + — / giJa,(x)dz < C / V[ d 4 / ghwt%% i
Rn
(t+h) J. J
’H’/!gmt \dx+|ft+h\/‘ @ ( )h ()]

(t+h)
gc+c/ |ghd:6+‘f+
B

’/|gh|da:+rft+h|/|gh|dx

where in the last inequality we used the inequality (7.8), Proposition 8.3, and (8.1). We
want to show now that f is bounded and Lipschitz. Indeed, we recall the definition of f
and use the definition of ¢ and (7.7)

£(t) = ’;‘ (1 _ Il(/]gq/?tj@(x)dx) _ ’;‘ _ %j(Et).

We get that f is bounded by (7.4). To get Lipschitz continuity, we notice that by di-

rect computation in Lagrangian coordinates one can get that w is uniformly
bounded, see [DPHV19, Lemma 3.2]. Plugging this information into (8.10), we get

1
c/ |Vgh|2dx+/ giJ¢t(:n)dx§C+C/ lgn| dz.
Rn K Jp B

Finally, we use Young’s inequality and (8.1) to obtain

1
(8.11) / V| de + — e th>t(ac)d;1: <C.

Thus, g, is uniformly bounded in D!(R™) and up to a subsequence, there exists a weak
limit gg as h goes to zero. Note that gg satisfies

d

~ 1
Atth> dx + / UgoJo, () dx

V¥ (apAiVgo) dx +/ AVAV (aBd

Rn

1
(8.12) K/ \I/thq)t dx — ‘B’K ( \I/Jcpt ) ( ()qut d.%' —/ thq)t d.%')
dx

+igp ([ winwae) (1 & [ dsn@rar) =o



MINIMALITY OF THE BALL FOR A MODEL OF CHARGED LIQUID DROPLETS 37

for any ¥ € D!(R™). Let us show that the equation (8.12) has unique solution. To that
end, assume that both go and g, are solutions of (8.12). Then their difference w = gy — g,
satisfies the following equation

(8.13)

1 1
V¥ (apAVw)dz + / VwJg,(z) dr — / U Jg, (ac)d:v/ wJp, (x)dr =0
R" K Jp |BIK JB B

for any ¥ € DY(R"). Since w € D'(R"), we can test (8.13) with w and get

1 ) 1 >
Vw (apAiVw) dx + K/Bw Jo, (x) dx — BIK </B wJp, (x) dx) =0.

By Cauchy-Schwartz inequality, it yields

]Rn

Vw (apA:Vw)dx <0,
R”

which in turn gives us w = 0 by ellipticity of A;. Thus, the solution of (8.12) is unique
and thus the whole sequence g, converges to go.

To get the strong convergence of the material derivative, we observe that using g, as a
test function in its Euler-Lagrange equation, we get the convergence of the norm in H' to
the norm of gg. That, together with weak convergence, gives us strong convergence of gj,.

Step 3: existence of the shape derivative.

We want to show that p

wt:%%—X'VZﬁt
in D'(E;) N DY(EY). Indeed, since vy (z) = 1y (®; (x)), we have

Yeen(®) = Yern(@)  Cern(® () — (D), (@) N D ( P, (2) — (D7 ()
h N h h '

The first term on the right-hand side converges strongly to %wt(fbt_ L(x)) as h goes to 0 by
Step 2 and continuity of ®;. As for the second term, by Proposition 8.3 and the definition
of ®, it converges to —V;(®;(z)) - X. strongly in D*(E;) N D'(Ef).

Step 4: the equation for the shape derivative.

Now that we know that ¢ — 1)y is differentiable, we can differentiate the Euler-Lagrange
equation for ¢, given by (8.6) and we get

—BAY = — iy + 2T (Ey) in E;

Ay =0 in Ef

d}?_—@b{:—(_ij—wp;) - X on OF;

BV v — Vil v = — ((BVIVY)] = VIV, ]) X) - v on OB,

Now we can use the boundary conditions in (8.6) to get rid of the tangential part in
the right-hand side. Indeed,

= (Vo =V ) X == (V7 = V70 ) - X7 = (Vi = Vi) - v(X )
and V7¢;” = V74, by differentiating the equality 1;” =1, on the boundary of E;. O

(8.14)

The following observation, which is a consequence of equality for v will be useful for
us.

Lemma 8.5. There exists f € H%/?(E;) N H3/?(Ef) such that
(8.15) FE=VYE X on 0B, || fFllgerz < CIVEE - Xl or,)-
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Consider a function v := ¢t + f, Then v satisfies the equation
—BAv = —tv+ 2T(E) — BASf + & f in Ey,
Av=Af in Ef,
v —v7 =0 on OF;,
BVVt v = Vv v = (= (BV[VY] = VIVY; ) X + BVfT =V f7) v on OE,.

(8.16) v =1 + Vi - X on OE;.

Moreover, the following bounds hold:

(8.17) lellwraz + lellpras) < C (I7E)+1X - viimon, )
(8.18) [0 L2+ gy < C (Ij(Et)l +1X- Vllm(am) :

Proof. The function [ exists since Vq/Jti - X € HY(OFE;). The equation for v follows from
the equation for ¢ and the definition of f. Using divergence theorem, we get

/Et I1(v2d:v—|—/EtB!Vv|2da:+/Etc Vol|*de = /Et <[2(x7(Et) —BASf+ ]1(f> vdz

— Afvda:+/ (= (BV[VY 1= VIV, ) X + VT =V fT) - v)vde

E¢ OE;

)

which by Young, Cauchy-Schwarz, and trace inequalities, recalling (8.15), implies that
[vllwrze,) + [vlp1ee < C (|~7(Et)\ + [V - X”Hl(BEt))a
which in turn implies by Proposition 8.3 and (8.4)
[vllwrzz) + lvllprge < C (’j(EtN +[|X - V||H1(8Et)) .

Moreover, we also can bound the L?" norm of v. Indeed, since v doesn’t have a jump
on the boundary of E;, we know by (8.17) that it belongs to the space D'(R™). Thus,
employing Gagliardo-Nirenberg-Sobolev inequality we get (8.18).

]

Proposition 8.6. For any t € [0, 1],

. 1 1
E)=[(1-= dr | — X - v)dH !
J(E) ( K Jg, Ve x) \Et| Jog, Ve (X -v)

1 _ . 1 .
+z / (BIVY 2 = VY P) (X - v)dH" 4 —— | (X - v)dH™ !
2 OF, 2K OE;

- / (Ve -v) ((VoF = Vor) - v) (X -v)dH™
OF:

1 1 1
=(1-= — iv (1), X - i X
< K wtd:c> El div(¢y X )dx + 5 /n div(ag, |V X )dx

1 ) 9 . 2
+ 2K |y, div(y; X)dzx — /]Rn div (aEt (Vi - v) X)d,a:.

In particular,

J(B1) =0.
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Proof. We note that by (7.7)

d 1

n—1
@j(Et) NE i T/Jt Vg, (X -v)dH" .

1
2!Et! OF,

Now we use the definition of J to get

3B = [ Vi Vida s [ (BIVrE = Ve R) (X!

t

+ 27 (B) = PRI BT (B + 5 [ donda+ 5 /8 X vy

Using (8.7), we obtain

J'(Et)z—‘Elt‘ </Et¢tdx> <1—/Et¢tdx> +2J(Ey) <1—/Et¢td:c>

- ;/dEt (BIVO P = [V [?) (X - v)dH ™t + 2K Jop, V(X - v)da

" /aEt (BWVW v — TV y)den—l

= <1 [1( wtdaz) IEltI - Vg, (X - v)dH

+ ;/<9Et (BIVOS 1 = [V P) (X - w)dH™ ™ + % . YP(X - v)dH !

- /8 . (Vo, -v) (Vo = V) -v) (X -v)dH"
- (1 [1{ wm) |£17t| . div(th)da:+;/Rn div(ag, |V > X)dx

div (aEt (Vi - )2 X) dz.

1 .
1 K, dw(zp?X)dx —/

n

Note that from the second to last expression it is easy to see that J(By) = 0 as 1o is
radial by Proposition 7.4 and the volume of E; is constant (hence [, B, (X v)dH" 1 =0).
O

8.2. Second derivative. Now we differentiate again to get
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J(Ey) = —%j(Et) : div(1 X )da

1o #|E|T(Er) (/Et div(QLtX)d:r:Jr/

| By OF;

div(1, X) (X - u)d?-{"‘1>
L RCTR Cr T S B
OFE:

1
by [V IBITUEE - 190 P X Ot
OFy

1 . 1
+ — V(X - v)dH 4 — UV - X(X - v)dH !
K Jsg, K Jsg,

_Q/aE (8 (Vi v) (Vo ) = (V7 -v) (Vo ) (X - v)an!

- V [B(VY - v)? = (VY - v)?] - X(X - v)dH™
OFE:

Using that the vector field X is divergence-free in the neighborhood of 0B we get for
t small enough

(8.19)

F(B) = —%j(Et) /8E V(X - ) dH !

1— Z|E|J(Ey) (
| B OF:

Yy(X - v)dH ! +/

(Vi X)(X u)cm"-l)
OF:

T / BV - Vi — Vi - Vi )(X - v)dHm !
OF:

i VBV - Ve X (X v)dHt

2 Jog,
1 . 1

+ = Vb (X - v)dHY 4 = Y VY X (X - v)dH !
K JsE, K Jsg,

_ 2/8}3 <ﬁ (V%Jr : y) (VoF -v) — (VQ/); . y) (Ve - ,/)) (X - v)dH" !

— /BE V[B(VY - v)? = (Vi - v)?] - X(X - v)dH™

Now to prove Lemma 7.7 we only need the following bound on the second derivative.

Lemma 8.7. There exist 6 > 0 and a bounded function g such that if ||¢|cee <9, then

T (B)| < g (lelle2o) IX - VI o,

We will need the following proposition.

Proposition 8.8.

Wi o + 197 s omy < € (I1X - Vlien o, + | T (B)])

To prove the proposition we will use the following theorem concerning Sobolev bounds.
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Theorem 8.9. ([McL, Theorem 4.20]) Let G1 and G2 be bounded open subsets of R"™ such
that G1 € G and G intersects an (n — 1)-dimensional manifold T, and put

Q=GN0 andT; =G;NT for j=1,2.
Suppose, for an integer r > 0, that T'y is C"™11, and consider two equations
Put = f* on Qét,
where P is strongly elliptic on Go with coefficients in C’T’l(Qi;t). If u € L*(G9) satisfies
ut e HY(QF), [ulr € H''3(Ty), [Boulr € H 3 (o),
and if f* € H™(QF), then u* € H™2(QY) and

[t lgrsagory + 1t meegor) < € (16 g + 14 g

+ O (Iulrall et )+ 1Botdrall ey o)
+ —
+C (I oy + 1 arrgeg)) -
We need an analogue of the above theorem for r = —%. To get it, we are going to
interpolate between r = 0 and r = —1. We first prove the following lemma.

Lemma 8.10. Let E be a set with the boundary in CYl and let R > 0 be such that
Bgr D E. Consider the equation

(BAuT = f+ in E,

Au~ = f~ in BR\FE,

(8.20) ut =wu~ on OF,
BVut v —Vu~ -v=g on OF,
u~ =0 on 0BRg,

where f+ € H-Y(E),f~ € H Y (Bg\E), and g € H-'Y/?(dE) are given. Then there exists
u - the solution of (8.20) in W01’2(BR) and it satisfies

821l < C (- m + 1 I s + 191 v2om )

with C = C(n,R) > 0. Moreover, if f+1 € H"Y?*(E),f~ € H-Y2(BR\E), and g €
L?(OE), then

(8.22) lall G2y < C <Hf+H§rl/2(E) 112 T ”9“%2(615))
with C = C(n, R) > 0.

Proof. First we observe that the solution in H! exists since it is a minimizer of the following
convex functional:

/Et <;6 vl - f+u+> i /E,? <; [V | - f‘u‘) + /aEt glut —u™).

Note that if we test the equation with the solution itself, we get
1 1
/ -3 }Vu+‘2d:r —I—/ - ‘Vu_|2dx = —/ frutde — | fu dx +/ uTgdH L
B 2 Es 2 Ey Ey OE:
By Poincaré, Cauchy-Schwarz, Young, and the trace inequality we obtain (8.21).

48,, here denotes conormal derivative. In our case it reduces to ag0, since we deal with Laplacian.
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Now we consider an operator that takes the functions of the right-hand side and returns
the solution of the corresponding transmission problem, i.e. we define T'(fi, f2,g) for

fi € H'(Ey), fo € H'(EY), g € HT+%(6Et) as the only H' solution of (8.20).
By (8.21), T : H" x H" x H™5 = H™2 for r = —1. Moreover, (8.21) together with
Theorem 8.9 yields T': H" x H" X H™ 3 — H™2 for r > 0 - integer. Thus, interpolating

between r = 0 and » = —1 we get that T : H 2 xH 3 xL?— H2, so (8.22) holds for
appropriately regular right-hand side. ([l

Proof. (Proposition 8.8) Since we are interested only in the value of Yy on OE;, we multiply
it by a cut-off function 7. The function n € C2°(R"™) is such that

0<n<1, mn=1in By, n=0outsideof By, |Vn| <2, |An|<C(n).

We would also like to eliminate the jump on the boundary in order to use Lemma 8.10,
so we consider a function u := vn, where v is as in Lemma 8.5 (we recall that v = 1/'% + f,
where f is a H3/? continuation of V) - X from AE; inside and outside). For ¢ small
enough, all sets F; lie inside of Bs, so

(8.23) w=1); + Vip, - X on OE,.
Note that u satisfies

—BAu = ——U—i— Kj(Et) + Af in Ej,

Au=Vv-Vn+ (%—i—f) Anin Ef,

ut —u~ =0 on OF;,

BYVUT v —Vu~ v = (= (BV[VY] = V[V, ) X + VT —V[f7) v on dE,,
u =0 on 0Bs.

By Lemma 8.10,

[

H%(Et) + Hui” Ec S C < ‘(5v th ) ’ I/HL2(F2) + H(V[th_ ’ X]) ’ I/HLQ(FQ))
C

+C (1B X) Ul oy + [ (VIVT X) v oy

C A
’ <‘ H‘%(Et)JFH fHH%(Et))

0 (19090, g+ 1ol 1))

Et)

H™ ?Et HK

Now we employ Proposition 8.3, inequality (8.4), and the definition of f to get
e 8y 1073 ey < € (HX i om + | T (E))

<HVU Vil =3 ey + A -y Ec)>-

HE (B =
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Remembering (8.23), using trace inequality and properties of 7, we have
17 1 (OF2) + 167 11 o) < € (11X - Vil omy + | (B0 )
+0 (19050l g g+ ol )
< C (IX - lmomy + [FE)]) +C (IV0 Tl g + l0An] (s
<O (IX vl omy + |7 (E)|) + € (190l 2(5p) + 10l 2815 -

Now it remains to recall the bounds (8.17) and (8.18) and notice that ||| 2(B,;\8,) < Cll' [l12* B\ Ba)-
]

Proof. (Lemma 8.7)
Let us first show that the lemma is implied by the following claim.

Claim: | J(E)| < C (IX - VI3 op,) + T (B I1X Vo)) -

Indeed, suppose we proved the claim. Denote J(E;) by f(t). Then we know the
following:

{If’(t)l < € (IX vl oy + FONX s omy) )
7(0) =o.
Let us show that

(8.24) Ol < I1X - vllgom,)

then the lemma will follow immediately. Suppose that there exists a time ¢ € (0, 1] such
that the inequality (8.24) fails. We denote by t* the first time when it happens, i.e.

t*:= inf {t:(8.24) fails}.
ten[%l]{ (8.24) fails}

Since inequality (8.24) is true for ¢ = 0, the following holds:

FEN =X vlmopy, [FOI<IX-vlgiep,) forte[0,£7].

Now, as f(0) = 0, we can write

and thus
t*
X vlinony = 17 < [ 17Ol

t*
< /0 c (HX Vi omy + FO 11X - VHHl(aBl))dt < 20|X - vlinon,)-

However, that cannot hold for || X - v[|g1(9p,) small enough. That means that (8.24) holds
for all times t.
Proof of the claim.
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By (8.19) we have

ng:—;ngaEwurmwﬂ*

by [ VIBITUTE - 190 P X O vt
OE}

2
+/ (1 — 7| B1|J (Ey) n 1%) (ij X)X V)d?'lnil
OFE:

| B1| K

1- %|Bl|~7(Et) i v n—1
+/6Et (( 5] )+ K%) b (X - v)dH

+ / BV - Vi — Vi - Vi )(X - v)dHm
OF;

—9 (,B (wa . I/) (Vlﬁ;— . 1/) — (V¢; . V) (v%— . I/)) (X ) V)d/anl

OF,
— [ VBT v = (V) X v
=: 1) (t) + Ir(t) + I3(t) + I4(t) + Is(t) + Is(t) + I+ (2).

We start with I;. Using the expression for J(F;) obtained in Proposition 8.6, we get

K o n—1 __ l 1 . n—1 ?
_Ell(t) =J (Et) o, Yo(X - v)dH" T = (1 s wtdﬂf) B < o, Yie(X - v)dH )
1 +12 —12 n—1 n—1
by VR U Ot [ v
1 2 n—1 n—1
+ ﬁ oF, @Z)t (X ’ V)dH 9, ¢t(X ’ V)dH :

Thus,
L] < g1l @)X Vil om,)

for some bounded function g.
To prove the bounds for Iy, I3, and I7, we rewrite X as (X - v)v + X7 and use that

[ X7 0 @ <w(llllc2o)|X - v, .

Indeed,
I(t) = ;/BE Y [BIVe 2 — [V ] - X(X - v)dHn!
:;A&VVNWN”%v%ﬂyVQ;W%Hnl
+;/&VVWWNW%VMPyXWXﬂMHW1
and thus

1)) < g(1¢ellc2 @)X - YIi20m,)

for some bounded function g. I3 and I7 are treated in the same way.
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To bound Iy, I5, and I we use Proposition 8.8 and Proposition 8.3. Let us show the
inequality for I5, I, and I can be treated in a similar way.

/8Et <ﬁth+ Vi = VY V@_) (X -v)dH"

< /Mt (‘ﬁvwf - V@bf’ + )Vw; : vgb;’) | X - v|dH

825) < ((/M ﬁvw:-vw\2>é+(/aE
< gl e ) <( /[ Wf)é ([, w;f)%) IX vl xom

< gt cncany) (1X - Vil omy + [F(E)]) 1X vl

1
2\ 2
V%—'V"(/ft_‘ > ) 1X - 2208,

Now we are ready to prove Lemma 7.7.

Proof. (Lemma 7.7)

J(E)=J(By)+ J(By) + /01 (1 —5)J(Es)ds.

By Proposition 8.6 we know that j(Bl) = 0. Now use Lemma 8.7 to bound the integral.
O

APPENDIX A. SECOND DERIVATIVE ON THE BALL

We want to show that the second variation of the energy which we know is bounded by
|||, is actually bounded by a stronger H'? norm on the ball. We don’t need this for
our main results but it is a sharp bound so we prove it for the sake of completeness.

We first show the following proposition.

Proposition A.1. Given ¥ € (0,1] there exists 6 = §(n,9) such that for any ¢ € C*?
with ||pllc2s < 0 we have

0G(B)lp, ¢ = &1 /

FAH 4 [ )+ a(VHE) v)pdH
0B,

0B1

where H(p) is the unique solution of

BAu = %u mn By,
Au =0 in BY,
ut —u” = c1p on OBy,

BVut v —Vu~ -v=cop on OBy

and ¢1, €3, €3, c1, and co are constants depending only on B8, K and dimension n.
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Proof. We have

G(B) =~ (B) [ (X v

1— %|Bi|J(B1) (
| B1] OB,

Y (X -v)dH" ™ + /

(Vi X)(X - u)d%n-l)
0B1

4 / (BYVGE - VT — Vi - Vi) (X - v)dH™)
0B

1
+ 2/ V[BIVYG 1P = Vg 1P] - X(X - v)dH™ !
0B,
1 1

= [ ot (X w)dH T [ oV - X (X v)dH !
K 831 K 631

2 (B (9 w) (Vi) = (Vi ) (T05 ) (X m)ar?

/. V [B(VYg - v)? = (Vi - v)*] - X(X - v)dH" Y,

where 1)y is the minimizer of the energy of the ball By, meaning it solves the equation

—BAYy = —%% + %j(Bl) — ﬁ in By,
Adpo = 0 in B,

Y¢ =y on 0B,

BVY§ v =V - v on IB.

We recall that J(B;) = 0 by Proposition 8.6 and 1) is radial by Proposition 7.4. This
allows us to say that ¥g(z) = ¥(]z|) for some function 1 : R™ — R and we get

; 1— %\Bl\j(Bl) (
0B

B = —E G ) [

(X - y)%m"l)
0B,

BTy () /d (Vi = ) (X vy

— (B W@ (1) - @) (W) @)(1) / (X - v)2apn!

0B1

F g0 [t Loty Q) [ et

K 0B 0B
_ 2
= (FEI B ) - e - e mE )

1 / n—
F PO YW) [

1-Z[Bi|lJ(B1) 1 X -
( B +Kw(1)>/831%(X JH

+(B-1)@7) (1) - Vi - (X - v)dH Y,
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where 1/}0 satisfies
_ﬁA¢0 - _7@[)0 m Bla
Ay = 0 in B,
vy — g =~ (") (1) = (¥7)'(1)) (X - v) on OB,
BVYg v = Vihy v =—(B")"(1) = (¥7)"(1)) (X -v) on IB.

Remembering that G(F) = % —J(E), we get

0°G(B)) o, 0 = é1 / PdH ¢ / &3 H ()" + e3(VH ()™ - v)pd ™!
631 8Bl

where

b1 =~ RIUTE) ey (o0 ()0 )0 (D) () D ),
~ 1_*’Bl|j(31) 1
Co = |31’ - ?1#(1);

s =—(B-1)(")(1)
and H(y) is the unique solution of
BAu = %u in By,
Au =0 in BY,

ut —u~ = cip on OBy,

BVut v —Vu~ -v = cyp on OBy,
where ¢; = — ((¥*)'(1) = (™)' (1)), c2 = — (B(¥)"(1) — (¥7)"(1)).

We are now ready to show the following lemma.

Lemma A.2. Given 9 € (0,1] there exists 6 = d(n,9), ¢ = c(n, B, K) such that for any
@ € C% with |||l c2.e < § we have

9 . 2
0 g(Bl)[QD,QD] CHSOHHQ(BB )

Proof. Consider ¢ in the basis of spherical harmonics,

co N(m,n)

(P—Z Z amz m,i-

First, we would like to bound 8%G(B1)[Yon.i, Ym.]- One can easily see that H (Y, ;) = R(r)Yp.i,
where R(r) is the only solution of the following system:

R{(r)+ LR\ (r) + ( 6K+ "”)Rl( )=0forr <1,
R”(r) nL RL(r) + 254 Ry (r) = 0 for 7 > 1,
Ry

1) = Ry(1) = e,
BRI(1) — Ry(1) = ca,
where A, ; = —m(m +n —2).

A straightforward computation gives us that Re(r) = Ar~("*"=2) for some constant A.
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Let us search for Ry in the form Ri(r) = Y32, axr®. The equation for R; then will
take the following form:

S n—1« 1 Am
Zak+2(k+2)(k+l)rk+rZakﬂ(k—i—l)rk—i—( ) ZGH’ =0forr<1

2
k=0 k=0 'BK r

If m > 2, it means that

1
ap=0, a1 =0, ap(k(n+k—2)—m(n+m-—2))= ﬁ—Kak o for k > 2.

The recurrent condition can be rewritten as
ar(k—m)(k4+n+m—2)=—ag_o for k > 2.
Hence,
am = C,

Um+2i = 5Kam+2(i—l)m for i > 1,
ar, = 0 for all other k,

k
where C'is a constant. So, the coefficients aj decrease as ((B]j())z and the series is absolutely

converging. Note that ap = Cby, where {by}x is the following fixed sequence:

b =1,
bm+21 — (BK) ] IW for 1 Z 1,
b, = 0 for all other k.

Our system for R then becomes

Ri(r) = C Y520 bnyoir™ 2 for r < 1,
Ry(r) = Ar=(m+N=2) for p > 1,
CY Zobmyoi —A=c1,
BC Y Z0(m + 20)bproi + A(m +n —2) = ¢
with A and C unknowns. We are interested in the value of |R(1)]:
|Ry(1)] = [A(N +m — 2)]

ca(m+N—=2)+c
g b2 + B (m + 20) b2

15} Z(m + Qi)bm+Qi — C2| ~m.
i=0

Thus,
(Al) \629(31)[Ym7i, Ymﬂ‘” = ‘61 + A + égA(n +m — 2)’ ~ m.

Now recall that ¢ is such that |Q| = |B1| and zq = 0. It means that

1 n
(o251

n

(L p@)™
0= = dH" .
e /@Bly n+1
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fu o |=| ], 2 (1) e

< Cn) /8 P < Cmilel

fueome|< [, 2()

Thus, for § sufficiently small we have

Hence,

and

p(x)?
n+1

\cm" ' < Cm)dlelle.

oo N(m,n)

a0+zalz§2z Z amz?

m=2 =1
which in turn implies
O*G(B1)p. 0] = — ||90||H2(8B)
thanks to (A.1). O
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