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ABSTRACT. We prove that on a smooth bounded set, the positive least energy solution of the
Lane-Emden equation with sublinear power is isolated. As a corollary, we obtain that the first
g—eigenvalue of the Dirichlet-Laplacian is not an accumulation point of the g—spectrum, on a
smooth bounded set. Our results extend to a suitable class of Lipschitz domains, as well.
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1. INTRODUCTION

1.1. Overview. For N > 2, we consider an open bounded set Q C RY, with its associated homo-
geneous Sobolev space Dy? (). The latter is defined as the completion of C°(Q) with respect to
the norm

1
2
lellogeay = ( [ 196as) ", for e cirian,

The notation C§°(§2) stands for the set of C*° functions with compact support in €. We recall that
an open bounded set {2 supports a Poincaré inequality of the type

1
(1.1) — / lp|? da < / |V|? d, for every ¢ € C3°(Q),
¢ Ja Q
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2 BRASCO, DE PHILIPPIS, AND FRANZINA

thus the space Dy*(Q) coincides with the closure of C5°(£2) in the standard Sobolev space W12(Q)
(for example, see [10, Théoreme 4.2 and Remarque 4.1]).

It is well-known that in this setting the Dirichlet-Laplacian operator on €2 has a discrete spectrum,
made of positive eigenvalues accumulating at +oco. In other words, the boundary value problem

—Au=Au, inQ, u=0, onJ,
admits non-trivial solutions u € ’D(l)’z(Q) only for a discrete set of characteristic values A, that we
indicate with 0 < A\ (€2) < X\2(Q) < .... If u € Dy*(Q) solves the above equation with A = \;(€2),
it is called an eigenfunction associated to A\;(Q2).

It is easy to see that these eigenvalues \;(Q2) can be characterized as the critical values of the
Dirichlet integral

@ = / Vel|? dz,
Q
constrained to the manifold
5:() = {0 € DA gl = 1.

The associated critical points correspond to the eigenfunctions of the Dirichlet-Laplacian, normal-
ized in order to have unit L? norm. In particular, the first eigenvalue corresponds to the global
constrained minimum, i.e.

M(©) = min { Vel? do - [l z2 =1},
eeDt?2() Lo

which in turn gives the sharp constant in (1.1).

If' 1 < ¢ < 2* and the constraint S»(f2) is replaced by the more general one

8:() = {u e DY@ ¢ Nullpae) =1},
then by the Lagrange’s multipliers rule, the relevant elliptic equation is given by
—Au = \u|??u, inQ, u=0, on .

If we want to get rid of the normalization on the L? norm, then the equation should be written in
the following form

(1.2) —Au= A\ ||u||i;(qﬂ) |u|97%u, in Q, uw =0, on 9.
We define the g—spectrum of the Dirichlet-Laplacian on §2 as
Spec(2;q) = {)\ € R : equation (1.2) admits a solution in Dy*(Q) \ {O}}

Each element A of this set is called a g—eigenvalue, while an associated solution of (1.2) will be
called g—eigenfunction.

Some basic properties of this eigenvalue—type problem have recently been collected in the survey
paper [5]. Let us briefly recall them, by referring to [5] for all the missing details.

LWe use the usual notation 2* for the critical Sobolev exponent, i.e.
2N

2% = , for N > 3, 2% = 400, for N =2.
N -2
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First of all, by using standard variational techniques from Critical Point Theory, it is relatively
easy to produce an infinite sequence of g—eigenvalues, diverging to +o0c0. More precisely, for every
k € N\ {0}, the k—th Ljusternik-Schnirelmann variational eigenvalue is defined by

1.3 A Q;¢)= inf Vol?d
(1.3) k,Ls (5 q) Fezlrs(ﬂgq){rgggfgl ol x}

where
Yk(Q5q) = {.7-" C §4(9) : F compact and symmetric with v(F) > k},

and v is the Krasnosel’skii genus, defined by
v(F) = inf {k‘ € N\ {0} : 3 a continuous odd map ¢ : F — Sk_l}.

We recall that formula (1.3) is reminiscent of the celebrated Courant-Fischer-Weyl min-max prin-
ciple for the eigenvalues of the Laplacian (see [16, equation (1.32)]).
For k = 1, it is not difficult to see that formula (1.3) reduces to the sharp Poincaré-Sobolev

constant
A(Q;¢) =  min {/ |Vo|? dr - / lpl? dx = 1},
peDy? (@) LU Q

and that this is the first g—eigenvalue of (), i.e.
A1(Q; q) € Spec(Q;q) and A > A\ (9; q) for every X € Spec(Q; q).

Let us now specialize the discussion to the case 1 < ¢ < 2. In this case, for a generic open set we
may have

Prrs@a}, | #Spec(ia),
and Spec(£2; ¢) may not be discrete. Even worse, one can produce examples of sets € for which the
first g—eigenvalue is not isolated, i.e. it is an accumulation point for Spec(€2;q) (see [6, Theorem
3.2]).

Examples of this last phenomenon are quite pathological, i.e. they are sets made of countably
many connected components. It is thus reasonable to ask whether \;(£2;¢q) is isolated or not, for
connected sets or sets with a finite number of connected components.

This leads us to the question tackled in this paper: find classes of “good” sets such that the first
g—eigenvalue is isolated, for 1 < g < 2.

1.2. The Lane-Emden equation. The equation (1.2) may look weird at a first sight, but actually
it is just a scaled version of the celebrated and well-studied Lane-Emden equation. More precisely,
observe that equation (1.2) is no longer linear, but it is still 1—homogeneous. This means that
if u e Dy*(Q) is a solution, then tu is still a solution for every ¢t € R. Thus, if we take a
g—eigenfunction u such that
1

[ullLaa) = A2,
we get that this solves the usual Lane-Emden equation
(1.4) — Au = |u|?%u, in Q.

This semilinear elliptic equation naturally arises in many fields, here we just want to mention that
its solutions dictate the large time behavior of solutions to the Cauchy-Dirichlet problem for the
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Porous Medium Equation, i.e.

A(lul™Yu) = w, inQx(0,+00),
(1.5) u = 0, on 99 x (0,4+00),
u(+,0) = wug, in€,
where
1
=TT

The reader can see for example [1, Theorem 3| and [23, Theorems 1.1 and 2.1]. We also refer
to [8, Theorem 1.2] where the main result of this paper, i.e. Theorem A below, is used to show
convergence of some sign-changing solutions to the ground state. In this respect, we can say that
equation (1.4) plays the same role with respect to (1.5), as the usual eigenvalue equation does for
the heat equation.

Now, it turns out that the question whether A;(;¢q) is isolated or not is tightly connected with
the question whether the positive least energy solution of (1.4) is isolated in the set of solutions or
not. Again, for a general open bounded set, this is not true: as above, a counterexample is given
by any set with countably many connected components.

1.3. Main results. We now present the main results of this paper, by postponing some comments
on the assumptions to Remark 1.2 below.

Theorem A. Let 1 < q <2, let N >2, and let Q@ C RY be a C' open bounded set, with a finite
number of connected components. We indicate by wq 4 the positive least energy solution in Q0 of
(1.4), i.e. the unique positive minimizer in Dé’Q(Q) of the energy

1 1
(1) Sl = [ (Veitde— o [ jelra
Q q Jo
Then wq 4 15 isolated in the LY () norm topology, i.e. there exists & > 0 such that the neighborhood

1,2 .
Ti(waq) = {# € D) + o - waglle <8},
does mot contain any other solution of the Lane-Emden equation.
The previous result implies the following one, which has been announced in [5].

Theorem B. Let 1 < g <2, let N > 2, and let Q C RN be a C' open bounded set, with a finite
number of connected components. Then the first qg—eigenvalue A\ (82;¢q) is isolated in Spec(2;q).

As a straightforward consequence of Theorem B and of the closedness of Spec(£2; q), we get the
following

Corollary 1.1 (The second g—eigenvalue). Under the assumptions of Theorem B, if we set
A2(Q; q) := inf{\ € Spec(;q) : A > A1(2;9)},

then we have
A1(Qs59) < A2(2;9) and A2(9; q) € Spec(9; q).

Remark 1.2. Some comments are in order about our results:
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(1) the C* regularity of € is not really needed, it is placed here just for ease of presentation.
Indeed, our result is more general, as we can allow for Lipschitz sets (see Theorems 6.1 &
6.3 below). However, in this case, if the Lipschitz constant is too large, then the result is
valid for a restricted range

o < q <2,

for a limit exponent 1 < ¢n < 2 depending on the Lipschitz constant of €2 and degenerating
to 2 as the Lipschitz constant blows-up (actually, the distinguishing condition is slightly
more refined, as it depends only on the “interior” angles of the sets, see the discussions in
Sections 2 and 5 below);

(2) in the statement of Theorem A, the precision least energy solution can be omitted when
is connected, since in this case the Lane-Emden equation has a unique positive solution,
which is indeed the unique positive minimizer of the associated energy functional. On the
contrary, when Q has k connected components, the Lane-Emden equation has multiple
non-negative solutions (see Remark 3.2). In this case, positive solutions not having least
energy are not isolated, see Example 6.5;

(3) finally, the assumption on the number of connected components is optimal, as shown in [6,
Theorem 3.2].

1.4. Some comments on the case ¢ > 2. Our paper is focused on the case 1 < ¢ < 2 and our
proofs and results do not extend to the super-homogeneous case 2 < g < 2*. The latter is indeed
slightly different and some different phenomena may occur. We wish to comment on this case, in
order to give a clearer picture.

We first point out that for ¢ > 2 the concept of least energy solution is not well-defined, since
the relevant energy functional (1.6) is now unbounded from below. Moreover, in general it is no
more true that the Lane-Emden equation (1.4) has a unique positive solution, even on a connected
set. Indeed, there has been an extensive study about existence of multiple positive solutions for
equation (1.4) in the super-homogeneous regime 2 < g < 2*. We mention [2, Theorem B], [3], [12],
and [14], just to name a few classical results.

The simplest example of this phenomenon is given by a sufficiently thin spherical shell. It is
known that for every 2 < ¢ < 2* there exists a radius 0 < r < 1 such that on

A, ={z eRY . r <|2| < 1},

any first g—eigenfunction (which must have constant sign) is not radial, see [21, Proposition 1.2].
This implies that on A, there exist infinitely many positive solutions of (1.4), obtained by composing
a solution with the group of symmetries of A,. We point out that examples of multiplicity can
be exhibited also in presence of a trivial topology, see for example [13] and [5, Example 4.7]. But
the case of the spherical shell A, has one interesting feature more: by construction, each positive
solution constructed above is not isolated. As for the first g—eigenvalue, it is not known whether
A1(A4;;q) is isolated or not, in this case.

As observed in [15], our Theorem B holds for 2 < ¢ < 2* whenever \;(£; q) is simple, i.e. there
exists a unique first g—eigenfunction with unit L9 norm, up to the choice of the sign. However,
this condition does not always hold, as exposed above. By [11, Theorem 4.4], this is known to be
true on sets for which a positive first g—eigenfunction w is non-degenerate. This means that the
linearized operator

o —Ap—(¢—1)u??p,
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does not contain 0 in its spectrum. Such a condition in general is quite difficult to be checked. To
the best of our knowledge, this has been verified only in some special cases, that we list below:

e open bounded convex sets in R?;

e open bounded sets in R?, which are convex in the directions =1 and z» and symmetric about
the lines {x; = 0} and {22 =0}

e a ball in any dimension N > 2.

The first case is due to Lin (see [18, Lemma 2]), the other two cases are due to Dancer (see [14,
Theorem 5]) and Damascelli, Grossi and Pacella (see [11, Theorem 4.1]).

For a general open bounded connected set 2, the best result is due to Lin (see [18, Lemma 3]
and also [5, Proposition 4.3]): this asserts that there always exists an exponent go = ¢o(2) € (2,2%)
such that A;(£2;¢q) is simple (and thus isolated) for 2 < ¢ < go. The example of the spherical shell
A, shows that this result is optimal.

Remark 1.3. If N =1, (1.2) reduces to an ODE whose solutions are completely classified for all
1 < ¢ < 2*. In that case, if Q is the union of a finite family of open bounded intervals, then the
results stated in Subsection 1.3 hold valid: see, e.g., [5, Remarks 1.4 and 3.7].

1.5. Strategy of the proof and plan of the paper. The proof of our main result is still based
on studying the linearized operator

(L.7) o —Ap— (g -V wq 2o,

around the positive least energy solution wq . However, with respect to the case 2 < ¢ < 2%, in
our setting difficulties are reversed. Indeed, by means of a suitable Hardy-type inequality proved in
[7], it is quite simple to show that 0 does not belong to the spectrum of the operator (1.7). On the
other hand, since 1 < g < 2 this operator has a singular potential. Thus, rigorously establishing
the reduction to the linearized problem requires a careful study of the weighted embedding

(1.8) Dy*(Q) = L (Qwd 2).

We now briefly describe the structure of the paper: in Section 2 we recall some definitions and
properties of C'!' and Lipschitz sets, needed to prove our main results.

Section 3 deals with some properties of the positive least energy solution wgq 4 of equation (1.4).
In particular, by appealing to some fine estimates for the Green function of a Lipschitz set obtained
in [9], we obtain an estimate from below on wgq 4, in terms of a suitable power of the distance from
the boundary (see Corollary 3.5).

In Section 4 we prove an abstract version of our main result, namely that the positive least
energy solution wgq 4 is isolated whenever the weighted embedding (1.8) is compact, see Proposition
4.1. This is the cornerstone of Theorem A and Theorem B.

In Section 5, we analyze the embedding (1.8) and provide some sharp sufficient conditions for
this to be compact, see Proposition 5.1 and Corollary 5.2.

Finally, in Section 6 we join the outcomes of the previous two sections, in order to prove Theorem
A and Theorem B, in a larger generality.

The paper is complemented by three appendices, containing: a simple, yet crucial, pointwise
inequality; a universal L> bound for solutions of (1.4); some properties of solutions of (1.4) in
convex cones, with an associated study of the embedding (1.8).
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2. LIPSCHITZ SETS

Throughout this paper, we shall assume that N € N, with V > 2. For an open bounded set
Q c RV, in what follows we denote by dq the distance function from the boundary, i.e.

d = mi -9, f € Q.
a(x) Join, |z — y| or every x

We will need some fine comparison estimates for solutions of elliptic PDEs. These will be taken
from [9]. In order to be consistent, we adopt the same definition of Lipschitz sets as in [9)].

Definition 2.1. Let 7, A > 0 be two positive numbers, then we set
C(r,h) ={z=(2',zn) e RY : |2/| <r and |zy| < h}.
An open bounded set Q C RY is called Lipschitz if for any zo € 02, there exist r,h > 0 and a
Lipschitz function ¢ : R¥~! — R such that, up to a rigid movement taking z to the origin, we
have
IONC(r,h) ={(2',zn) : || <r zny =(21,...,28_1)},
and
an C(T7 h’) = {(CC/,IN) : |I,| <r, @(Ila B a‘TN—l) <zny < h’}
We call an atlas for 02 any finite collection of cylinders {C(rk, hi) }1<r<m, with associated Lipschitz
maps {¢r }1<k<m, which covers Q. Then we define the Lipschitz constant of {2 as
(2.1) ro = inf (max{| Vx|l : 1<k <m}),
where the infimum is taken over all atlases for 0f2.

Remark 2.2. Similarly, as in [9], we say that  is of class C! if the functions ¢ in the previous
definition are of class C'. Then, for Q of class C' we have

ko =0,
see [9, equation (3.25)].
Definition 2.3 (Cones). For 0 < 8 < 1, we consider the spherical cap
SB)={wesV B <(we)},
where e; = (1,0,...,0). We also consider the axially symmetric cone
I'(8,R) = {xeRN . 0< |z < R and % esw)}.

We indicate by A(S(B)) the first Dirichlet eigenvalue of the Laplace-Beltrami operator on S(3).
Then we define o) to be the positive root of the equation

a(B) (N =2+ a(B)) = A(S(H)),

(2.2) a(B) = VN =22+ 4A2(S(5)) -N-2)_,
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Note that the map 8 — A(S(B)) is increasing and thus so is the map 8 — a(f). Furthermore,
we have A(S(0)) = N — 1 and an associated eigenfunction is given by ¢(z) = x;. Correspondingly,
we obtain

a(0) = 1.
More generally, we have
AS(B) N -1 and a(f) \ 1, as 0,
AS(B)) S 400 and «(B) /400, asf N1

In the case N = 2, it is easily seen that A(S(8)) is the first Dirichlet eigenvalue of the operator
p — —¢" on the interval

(2.3)

(— arccos 83, arccos f3).

Thus, in this case we have

s s

(2.4 A = ( ) and  a(B)

Let us now precisely state the inner cone condition that will be used throughout the paper.

2 arccos 3 ~ 2 arccos 8
Definition 2.4. Let Q C RY be an open bounded set. For a given R > 0, we indicate
Qr={z€Q: do(z) > R}.

We say that € satisfies an inner cone condition of index 8 € (0, 1) if there exists 0 < R < diam ()
such that

(2.5) Vo € Q\ Qr 3 an isometry O of RY such that O(z) =0 and z 4 O (I'(3, R)) C Q.
We also define the homogeneity index of a set €2 as follows
Definition 2.5. Let © € RY be an open bounded set. We define its cone indez as
Bo =inf{B € (0,1) : © satisfies an inner cone condition of index 8 € (0,1)},
and its homogeneity index as
aq =inf{a(B) : B> Ba} = a(Ba).

Remark 2.6. It is a classical fact that if 2 is an open bounded Lipschitz set, then it satisfies an
inner cone condition with index £, for all 3 such that

KQ

V1+ kg

Here kq is the Lipschitz constant defined in (2.1). Hence
(2.6) Ba <

<pB <1

KQ
In particular, by Remark 2.2 and (2.3), one has that
(2.7 Q of class C* = Ba=0 and ag=1.

and aqg < +oo.

Note however that for a Lipschitz set the inequality in (2.6) can be strict. This is the case, for
example, when the set has “concave” corners, see Figure 1.
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FI1GURE 1. A set with Lipschitz constant kg = 1, which satisfies Bq = 0.

3. LEAST ENERGY SOLUTIONS

Definition 3.1. Let Q C R be an open bounded set. For 1 < ¢ < 2, we define wa,q to be the
unique solution of

1 1
min {/|V<p|2dx—/apqu:<p20a.e. inQ}.
weDi2() L2 Ja q Ja

Existence follows by using the Direct Methods in the Calculus of Variations, while for uniqueness
we refer for example to [7, Lemma 2.2].

Remark 3.2. The function wq 4 is the unique non-negative solution of

1 1
min {/|V<p|2dm—/|gpqu},
peD? (@) |2 Jo q Ja

as well. Consequently, when ©Q C RY is connected, it is the unique non-negative solution of the
Lane-Emden equation (1.4). Then, it is not difficult to see that
-2
A () = lwaglTaa),
and the rescaled function
Wa,q
U= —"2
lwagllza)

is the (unique) first positive g—eigenfunction of €, with unit L9 norm.

On the other hand, when € is disconnected, equation (1.4) has many non-negative solutions.
More precisely, if 2 has k connected components €21, .., , then (1.4) has exactly 2¥ — 1 positive
solutions, given by

o1 WQy,qt 0+ Ok Wy ,q-
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where each ¢; € {0,1} and they are not all equal to 0. In this case, the function wq 4 is given by

k
(31) wqu = Zinvq,
i=1

and it gives the positive least energy solution of (1.4). Accordingly, in this case the first g—eigenvalue
of Q is given by (see [6, Corollary 2.6])

-5 ()]

i=1

and it is not simple.

The following Hardy-type inequality is a particular case of a general result proved in [7]. This
simpler result is enough for our purposes and it is obtained by taking 6 = 1 in [7, Theorem 3.1 &
Corollary 3.4].

Proposition 3.3 (Hardy-Lane-Emden inequality). Let 1 < q < 2 and let @ C RN be an open
bounded set. Then for every ¢ € Dy*(Q), we have

[wtziePan< [ Vol a.
Q Q

Dy (9) = LA(Qwg ),

g

In particular, the embedding

1S continuous.

Given an open bounded set Q C RY, we denote by Go the Green function for the Dirichlet-
Laplacian on 2. We also recall the notation

Qr = {IE e dQ(l‘) > R}
The following result is contained in [9, Proposition 3.6]. A similar result, under slightly stronger

assumptions and with a worse control on the constants, was previously obtained in [19].

Proposition 3.4. Let Q C RN be an open bounded Lipschitz set which satisfies an inner cone
condition of index 8 € (0,1). Let R > 0 be such that (2.5) hold true. Then, for a = () defined

in (2.2), we have

1
(3.2) Gal(z,y) > e do(z)”, for every x € Q and y € Qp,
where the constant C' > 0 depends on N, and R only.

From the previous result, we immediately get the following one. This is an essential ingredient
for the proof of our main result.

Corollary 3.5. Let Q C RN be an open bounded Lipschitz set, with homogeneity index aq. For
1 <q <2, let wgg be the function in Definition 3.1. Then, for all a > aq we have

1
(3.3) wo q(x) > C do(x)®, for every x € Q,

where the constant C > 0 depends on N,q,Q and « (and it might degenerate as « converges to agq).
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Proof. The function wq 4 solves
—1 .
—Awgo = wgz,q , in Q,

with homogeneous Dirichlet conditions. Thus, by the representation formula for Poisson’s equation,
we have

wa,q(z) = /Qgg(x,y) wQ,q(y)q_1 dy, for z € Q.

We fix a > aq and we let 8 > fq be such that o = «(8). By definition of cone index Bq, we have
that € satisfies an inner cone condition of index 8. We can thus use (3.2) to infer

_ 1 _

wog(r) > | Go(w,y)way) " dy > 5 | do@)wa,(y)* dy

Qr Qr
(34) 1 q—1
> & (fun,)  0nldato)
Observe that infg, wa 4 > 0, by the minimum principle. We can now use the lack of homogeneity
of the equation to improve the previous estimate: by passing to the minimum over Qg in (3.4), we
get

. 1 /. ot N
wrony > & (nfun,) 0l R
that is

1

1 a
. (1 o
i wo, > (31900l 7°)
By spending this information in (3.4), we finally get
q—1

1 /1 =
wna(@) > & (G106l 8) " 0l dato),

as desired. O

4. AN ABSTRACT RESULT
The following result is the key ingredient for the proof of our main result.
Proposition 4.1. Let 1 < ¢ < 2 and let Q C RN be an open bounded set. Let us assume that
(4.1) the embedding Dy* () — LQ(Q;wg{qQ) is compact.
Then there exists § > 0 such that the neighborhood
Ti(wa) = {# € D) + o - wagllie <},
does not contain any solution of the Lane-Emden equation (1.4).

Proof. We argue by contradiction. We assume that there exists a sequence {U, }nen C D(l)’Q(Q) of
solutions of the equation (1.4), such that

nhanolo ||Un - 'I,UQ,q”Ll(Q) = 0.
We first observe that by Corollary B.3, we automatically get
Jim [[Vwa,g = VUl r2(0) = 0,

as well.
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By subtracting the equations satisfied by wq 4, and U,,, we get
(4.2) / (V(wag — Un), Vo) da = / (Wt — U172 U)
Q Q

for every o € Dy?(€2). We introduce the function
wa,q(2)? ! — |Un(2)|7% Un () ,
, if wg o(x U,(x),
W) = Weg() — Un (@) 2al®) 7 Onl)
0, otherwise.

Then equation (4.2) can be rewritten as

/ (V(wg,q —Uy), Vo) dr = / Wi (wa,q — Uy) @ dz.
Q Q

Thus, if we define the rescaled sequence

Pn = Watg — Un , for n € N,
||wQ,q - Un”p(g;wgzjq?)
we get that ¢, € Dy*(Q) is a weak solution of
(4.3) — Ay, = Wy, .
We observe that
(4.4) 0 < W,(x) <2%71 wg{f(x), for every = € Q,

thanks to Lemma A.1. Then, by testing the equation (4.3) with ¢, itself and recalling the normal-
ization taken, we get

/ |V |*de < 22714 / wgh_qg |pn|? dx = 2271, for every n € N.
Q Q

Thus, the assumption on the compactness of the embedding Dé’Q(Q) — L2(; wg;Q) implies that
{¢n}nen converges (up to a subsequence) weakly in Dé’2(Q) and strongly in LQ(Q;wsq{qz) to ¢ €
D2 (9). In particular, we still have

(4.5) H¢||L2(Q;wgqu2) =1, so that ¢ # 0.
Observe that we have
(4.6) 1i711ri)sol<1>p Wa(z) < (¢—1) w?{f(m), for a.e. z € Q.

This can be seen as follows: take ' € €2, thus by the minimum principle wq 4 > 1/Cqs on ', for
an appropriate Coy > 0. By using the equation and standard Elliptic Regularity, we have that Uy,
converges uniformly on €’ to wq 4. Thus, for n large enough (depeding on Q' only), the function

t (lwag(@) + ¢ (Un(@) = w0y (@)|72 (wo,q(2) + t (Un() = wa,q(2))) )

is differentiable, for every x € Q'. Then we write

1
_ d
wh ) = U2 Uy = 7/0 dt (|wsz,q + 1 (Un — w0 )" (wag +t (Un — wsz,q))) di

=(¢g—1) (/01 [wa g+t (Un — wa,q)|"? dt) (wo,qg — Un).
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From the previous equation we get

1
W < (g—1) / g+t (Un —wa)|*2dt,  on @,
0

for n large enough. By passing to the limit as n goes to oo, we get the desired conclusion for every
x € Q. By arbitrariness of ' € Q, we finally get the claim (4.6).
By testing equation (4.3) with ¢,, itself, we get

/|v¢n\2dx=/wn |¢n\2dxs/wn
Q Q Q

We now use the lower semicontinuity of the L? norm on the left-hand side and the Fatou Lemma
in the second term on the right-hand side. Indeed, note that by (4.4) and the Hardy-Lane-Emden
inequality (i.e. Proposition 3.3), W, |$|? is bounded by the L' function 2279 wf‘{; |p|%.

In view of (4.6) and (4.5), we get

(6a? = 0P do + [ W, Jof da.

(4.7) [ Vo do < timsup [ W, [0, = o do -+ (- ).
O n—oo JQ
We are only left with handling the limit
limsup/ Wi ||on]® — |¢\2’dz
n—oo O

This is done as follows: by elementary manipulations and (4.4)

Wi =107 da = [ W, ], =] o+ o ao

— —2

< 22 q/wgz,q
Q

3 3

<2271 ( /Q w?-z,j|¢n¢|2dw> ( /Q wg,q2¢n+¢|2dx) :

By using the strong convergence in L?(; wgfqz) for the first integral and the Hardy-Lane-Emden
inequality to bound the second integral, we get

lim sup / W,
n—oo Q

By using this in (4.7), we finally end up with
[ Voo < (g .
Q

On the other hand, again by Proposition 3.3 we must have

1:/wg—2|¢2|dxg/|v¢|2dx.
Q Q

Since g < 2, the last two inequalities give the desired contradiction. ([l

bn — 0|

On + ¢‘ dx

9al? = I612| dz = 0.

We now proceed to analyze the situation for the first g—eigenvalue. Before doing this, we need
the following result.

Lemma 4.2. Let 1 < q < 2 and let Q@ C RY be an open bounded set, such that the embedding
Dé’Q Q) — LQ(Q;wg{j) is compact. Then Q must have a finite number of connected components.
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Proof. We argue by contradiction and assume that 2 has countably many connected components
{0 }nen. We take the sequence
Wa,,q

= n €N
vaﬂn,q 7

$n

L2,

which is bounded in Dy*(Q2). By using Poincaré inequality, we have

1 1
4.8 /(pngdac:/ wnzdmg / V(pn2dx: ,
(4.8)  lonl o [n N o [Veon| W)

where we recall that A\; stands for the first eigenvalue of the Dirichlet-Laplacian. We now observe
that by the Faber-Krahn inequality, we have

(@) = 1217 F (1BIF M(B)),
where B is any N —dimensional ball. Moreover, since €2 is bounded, we have

lim |§2,| = 0.

n—oo

The last two formulas show that A (£2,) diverges to +oo, as n goes to co. By (4.8) we thus get
that (,, converges strongly to 0 in L?().
On the other hand, by computing the weighted L? norm of ¢,, and recalling (3.1), we have

2 d
2 2 / W, ,q ¥
|902an du = / |(p27i‘q dr = = =1
Q Wq 4 2 Wo,, / [Vwa, qf? da
Qp

where in the last identity we used that wq, 4 solves the Lane-Emden equation on 2,,. This contra-
dicts the compactness of the embedding Dy (Q) < L2(Q;wd 2). O

By using Proposition 4.1, we can now get the following result for the first g—eigenvalue.

Proposition 4.3. Let 1 < q < 2 and let Q C RY be an open bounded set. Let us assume that
condition (4.1) holds. Then the first g—eigenvalue

A(Q;¢) = min {/ |Vul|? de :/u|qu1},
ueDy () L/ Q

is isolated in Spec(€); q).

Proof. We argue by contradiction and assume that there exists a sequence {\, }nen C Spec(£2;q)
such that

(4.9) lim A, = A1(Q;9).

n—oQ

We have to consider two different cases: either ) is connected or not.

Case 1:  is connected. There exists a sequence {uy, tnen C Dé’z(ﬂ) of normalized g—eigenfunctions
for Q, i.e.

— Aty = My |un|T 2wy, in Q, with |[un||pa) = 1.
By using the equation, it is not difficult to see that

(4.10) nh_)rr;o Vun, — Vul|r20) =0,
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where u € Dé’g (Q) is a first g—eigenfunction, with unit L? norm. Since we are assuming 2 to be
connected, the first g—eigenvalue is simple (see [5, Theorem 3.1]). Thus, upon replacing u, with
—up, we can suppose that u is the first positive g—eigenfunction, with unit L9 norm.

We note that the rescaled functions

_1
U= )\1(Q;q)q%2 U and U, =\ up,

solve the Lane-Emden equation (1.4) in Q. Moreover, by uniqueness of the positive solution, U
coincides with wgq 4. From (4.9) and (4.10), we can thus infer that

lim HVUn — V'U)Q’q”LZ(Q) =0.
n—oo
However, this contradicts Proposition 4.1.

Case 2: () is not connected. By Lemma 4.2, we know that assumption (4.1) guarantees that 2
has a finite number 1, ..., of connected components. By the “spin formula” of [6, Proposition
2.1 & Corollary 2.2], we know that

An:[;(A> ] :

for some A, ; € Spec(€2;;¢) and 6, ; € {0, 1} such that

k
Z On,i # 0, for every n € N.
i=1

Moreover, by [6, Corollary 2.6], we must have

=[5 (o) ]

=1

In light of (4.9), we thus get that?

k 1\ 75 o=

for n large enough, with \,, ; converging to A;(€;; q), forevery i = 1, ..., k. However, this contradicts
the fact that each A;(€;;q) is isolated, by the first part of the proof. O

20Observe that the function
a—=2
ko g 0 ¢ 1
flt,. o te) = 121 ; for t; < ——,
; ! "7 A (Qisq)

is strictly decreasing in each argument and it uniquely attains its minimum when

1
ti = ———, for every i =1,...,k.
T M(59)
Thus (4.9) entails that
On,i 1

lim = —) for every i =1,...,k.
=0 Xp i M(Q459)
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5. A WEIGHTED EMBEDDING

The results of the previous section lead us to study conditions on 2 under which
the embedding Dy*(2) < L(; w?{j) is compact.

We have seen in Lemma 4.2 that a necessary condition is that €2 has a finite number of connected
components. We now provide a sufficient condition, as well. The sharpness of the assumptions is
discussed in Example 5.3 below.

Proposition 5.1. Let Q@ C RN be an open bounded Lipschitz set, with homogeneity inder og.
Then:

o if 1 < ag <2, the embedding Dé’2(Q) — LQ(Q;wg{qz) is compact for every 1 < q < 2;

o if ag > 2, the embedding Dé’Q(Q) — LQ(Q;wg{qZ) is compact for every
2
2—-—<qg<2
ag
In particular, by (2.7), the embedding Dé’Q () — L?(Q; wf’{qz) is compact for every 1 < q <
2 if Q is of class C'.

Proof. Since  C RY is an open bounded Lipschitz set, there exists a constant Cq > 0 such that
the classical Hardy inequality holds

(5.1) |§2‘ dz < Cq / |V|? da, for every ¢ € DY?(Q),
see [22, Théoréme 1.6] or also [17, Theorem 8.4]. We now discuss separately the two cases:

Case ag < 2. In this case, we have
2
a9§2<27, for every 1 < g < 2.
—q
Thus, we can fix ag < a < 2/(2 — q) such that (3.3) holds. By (5.1) and Holder’s inequality with

exponents

2 2
and

2-qa 2-(2-qao’
we get for every ¢ € Dé’z(Q)

2 2 1-23%a
(2-q) SD
Qdg
2-q) a 72q = 1_27?10‘
: ( / wﬁm) ([loac)
Q Q

Moreover, by (3.3) we have d < Cwgq 4. Thus we get the following interpolation inequality

| |2 (2_2(1)0 1727;(10‘
/ Ld 5 do < c* qC (/ |Ve|? dx) (/ <p|2dx) .
Q 'LUQ q Q

By using this and recalling that the embedding Dg?(Q) < L?(2) is compact for an open bounded
set, we get the conclusion.
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Case agq > 2. In this case, we have

2 2
aq < —, for every ¢ such that 2 — — < ¢ < 2.
2—q ao
We can repeat the previous argument and get again the desired conclusion. |

By the very definition of aq, the assumption aq < 2 means that the “corners” of €2 should not
be “too narrow”. On the other hand, when aq > 2, we have that the higher the value of ag, is, the
smaller is the set of exponents ¢ for which the relevant embedding is compact.

Once again, the two-dimensional case is easier to understand. For N = 2, we can reformulate
the previous result as follows

Corollary 5.2 (Two-dimensional case). Let  C R? be an open bounded Lipschitz set, with cone
indez Bqo € [0,1). Then:
e if Bo < cos(m/4), the embedding Dy> () — LQ(Q;wg{;) is compact for every 1 < q < 2;
e if Bq > cos(m/4), the embedding Dy* () — Lz(Q;w%’_qz) is compact for every
4
2 — — arccos(fq) < ¢ < 2.
™

Proof. By (2.4) we know that

s
=5 arccos(fq)
From this we get
i 71'
an <2 — arccos fBq > 1 — Ba < cos <Z) ,
and thus the conclusion follows from Proposition 5.1. O

The assumptions in Proposition 5.1 are sharp. In fact, when these are not in force, the compact-
ness of the embedding can badly fail, even among convex sets. Indeed, we can produce an open
bounded convex set  C RY such that

® ag > 2;

e for every 1 < g < 2 — 2/aq, the embedding Dy () — L2 Q5w 2

5 ) is not compact.

This is shown in the following

Example 5.3. We use the same notations of Definition 2.3. Let 8 > 0 be such that

(5.2) 2N < A(S(B)).
For every R > 0, we consider the convex cone I'(§8, R). We observe that the function
O(t) =t (N —2+1), for t > 0.
is monotone increasing and ®(2) = 2 N. By recalling the definition of ap(g, ), this implies that
condition (5.2) = arg,r) > 2.
We show that for every
(5.3) l<g<2-—- ,
Aar(s,R)

the embedding
1,2 —2
Dy (L(B,R)) = L*(C(B, R):wi 5 gy o)
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is not compact. In order to prove this, it is sufficient to observe that with our choice (5.3) we have

2 2
74 < arg,r) which implies ) <2q> < ®(appg,ry) = A(S(8)).

Thus the claimed assertion follows from Proposition C.1 below.

6. PROOFS OF THE MAIN RESULTS

6.1. Proofs. By combining the compactness result of Proposition 5.1 with Proposition 4.1, we now
get the following more general version of Theorem A. We recall that aq is the homogeneity index
of , defined in Definition 2.4.

Theorem 6.1. Let Q C RN be an open bounded Lipschitz set, with homogeneity index cg. Let us
suppose that 2 has a finite number of connected components. If we set

2
(6.1) qq = maX{Z—,l},

ag
then, for every qo < q < 2, the positive least energy solution wq 4 € D(l)’Q(Q) of equation (1.4) is
isolated in the L'(2) norm topology, i.e. there exists § > 0 such that the neighborhood

Ta(wa) = { € DY) : llp — wallo) <3},
does mot contain any other solution of the Lane-Emden equation.
Remark 6.2. We recall that for a O set, we have ag = 1. Thus in this case from (6.1) we get
=1,
and we recover the statement of Theorem A. More generally, observe that qg = 1 whenever ag < 2.
As for the claimed isolation result of Theorem B, this follows by combining Proposition 5.1 with

Proposition 4.3. The final outcome is again slightly more general, as we can admit Lipschitz sets.
We still indicate by gq the exponent defined in (6.1).

Theorem 6.3. Let Q C RY be an open bounded Lipschitz set, with homogeneity index oq. Let us
suppose that Q) has a finite number of connected components. Then, for every qo < q < 2, the first

q—eigenvalue
AM(Q;¢) = min {/ |Vul|? dz - / |ul! dz = 1},
ueDy () L/ Q

is isolated in Spec(; q).

Finally, for ease of exposition, we find it useful to state the previous results for NV = 2. Here, the
interplay between the cone index g and the exponent qq is cleaner. Indeed, by recalling (2.4), we
have

B T
=5 arccos(f3q)’

thus we get the following

Corollary 6.4 (Two dimensional case). Let Q C R? be an open bounded Lipschitz set with cone
index Bq. The conclusions of Theorems 6.1 and 6.3 hold for every

4
max{Q — — arccos(fBq), 1} <g<2.
T
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6.2. Non-negative solutions with higher energy. In the next example we show that when 2
is not connected, Theorem A cannot be extended to non-negative solutions not having least energy
(recall Remark 3.2). This is similar to the example of [6, Theorem 3.1].

Example 6.5. Let 1 < ¢ < 2 and let Q = OQ; U Qy, with Q1,95 C RY open bounded sets with
smooth boundary, such that Q; N Qs = . Then there exists a sequence {U, }nen C Dé’Q(Q) of
distinct solutions of the Lane-Emden equation (1.4) and a positive solution U of the same equation,
such that

n—oo

We start by taking the positive least energy solution wq, 4 of ;. We consider it to be extended
by 0 on the whole 2. We then take u, € Dé’Q(Qg) to be a g—eigenfunction of Qo with unit L4
norm, associated to the n—th variational eigenvalue A, s(€22; q) of Q2 (recall the definition (1.3)).
Again, we consider it to be extended by 0 on the whole 2. We then set

1
U, = wWQ,,q T An,LS(QQQ Q) 172 Up,
which solves, by construction
—AU, = |U,|972U,, in Q.

By recalling that A, 15(€2;q) diverges to 400 as n goes to oo and using that 2 — ¢ < 2, we then
obtain

. . 1
Jim [[VU, = Vwa, qll2) = lim A, 1s(22;¢) 72 [[Vun| 22()
= lim )\n,LS(QZ;(])q%2+é = Oa
n— oo
which is the desired conclusion.

APPENDIX A. A POINTWISE INEQUALITY
The following simple inequality has been useful in order to prove our main result.

Lemma A.1. Let 0 < a < 1, then for every a > 0 and b € R we have
la® — [p|*" T b] <217 a2 o —b).

Proof. We first suppose that a > b > 0, then we write (recall that a > 0)

la® — [b|* "t b] = a® — b* = a® (1 - <b> )
a

where we used that ¢ < t* for every 0 <t¢ < 1.
We now suppose that b > a > 0, then by proceeding as before, we find

la® — b b = b —a® < b1 (b—a).

By observing that the power o — 1 is negative and using the hypothesis b > a > 0, we prove the
inequality in this case, as well.
Finally, we suppose that @ > 0 > b. In this case, by using the concavity of the map ¢ — ¢, we
obtain
la® — |b|*7 0] = a® 4 (=b)* <217 (@ — b)* =27 (a — b)* " (a — D).
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Since b is negative and @ — 1 < 0, we can further use that (a — b)*~1 < a®~! and get the desired
conclusion. 0
APPENDIX B. A UNIFORM L> ESTIMATE

For 1 < g < 2, solutions of the Lane-Emden equation enjoys the following universal global L>
estimate. This fact should be well-known, it is mentioned for example in [14, page 149]. We provide
for completeness a precise estimate, under optimal assumptions on the set. In this section, we drop
the requirement that the open set 2 should be bounded.

Proposition B.1. Let 1 < ¢ < 2 and let Q@ C RN be an open set, such that

A(Q;¢) == min {/ |Vu|? dz - / |ul? dx = 1} > 0.
u€Dy " () Q Q

For every solution u € Dy*(Q) of the Lane-Emden equation (1.4), we have u € L>(S2), with the
ungversal estimate

Crng M(Qq) 765 =1 if N >3,
llull Lo () < ,
Cq M (Q;q)7@ if N = 2.

Proof. By setting A = Hu||%;(29)7 we see that u solves
2— —
—Au = Al [l .

We can then apply the estimate of [5, Proposition 2.5] and obtain

2
O (ﬁ) o ullLacey, if N >3,

)
S Xl e it N = 2.
C AﬂQ@“TM“@” '

By recalling the definition of A, we obtain the L>° — L7 estimate

lull Lo (o) <

g 2%—2

Cnyg Il Loy if N >3,

/ 1 q—1 ; —
Cq m HU‘HLQ(Q)? lf N = 2.

We only need to show that the L? norm admits a universal estimate. For this, from the equation

we have the energy identity
/ |Vul|? de :/ |u|? de.
Q Q

By using the definition of A1(€;¢), this entails that

A1(2;9) (/ |u|qdﬂc)q S/ |ul? dz.
Q Q

By using that 2/¢ > 1, we obtain the desired conclusion. O

ull Loy <
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Remark B.2. The previous estimate guarantees that the L norm of a solution of the Lane-Emden
equation can be controlled from above in terms of a (negative) power of the sharp Poincaré-Sobolev
constant A\;(£2; ¢). This estimate can not be reversed. Indeed, by taking the “slab—type” sequence

Qn = (777’5”)]\]71 X (7171)a

we know that the positive least energy solution wg, 4 can be bounded uniformly in L (), see [7,
Proposition 4.3]. On the other hand, we have

lim A1 (Qy;q) = 0.

n—oo

The previous result permits to infer that on the space of the solutions of the Lane-Emden equation
in 2, the L1 () strong topology and the 'Dé’z(Q) strong topology are actually equivalent.

Corollary B.3. Let 1 < ¢ < 2 and let Q C RY be an open set with finite measure. There exists
a constant C' > 0 depending on N,q and \1(2;q) only, such that for every pair u,v of solutions of
the Lane-Emden equation (1.4), we have

||VU, - VU||L2(Q) < CQ/”’U/ — U||L1(9)~

Proof. By subtracting the equations satisfied by v and v, we get
[ 90, 9e)de = [ (ul 2 ot o) oda,
Q Q
for every ¢ € Dé’2 (€2). We use this identity with ¢ = u — v, so to get

/|Vu—Vv|2dac:/(|u|q_2u—\v|q_20) (u—v)dx
Q Q

< [ Qi 4ol fu o do
Q

< (a4 0y + 1012 0y ) lu = vl oy,

If we now use the uniform L°° estimate of Proposition B.1, we get the desired conclusion. O

APPENDIX C. DEFECT OF COMPACTNESS IN CONVEX CONES
In this section, we show that the embedding

Dy*(Q) < LA (Qwh D),

q

fails to be compact in a narrow convex cone. For completeness, we will make a more refined analysis,
aiming at identifying the energy levels at which the loss of compactness occurs. We will see that
this is linked to the exact determination of a Hardy-type sharp constant.

Throughout this section, we still use the notation of Definition 2.3 and set
() =t(N —2+1), for ¢ > 0.
Recall that this defines a monotone increasing function.

In order to state the main outcome of this appendix, we introduce a definition: given 1 < ¢ < 2,
0<pB <1, and R > 0, we call “concentration energy at the tip” of the convex cone I'(3, R) the
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quantity

/ |Vion|? d
I'(B,R)

| 2

(C.1) inf lim
PECE(D(B,R)) [n—o0

lon dx

w
I'(6,R) F(ﬁ R).q

where for all ¢ € Cg°(T'(5, R)) and for all n € N, we set @, (x) = n @(nx). Then we have the
following.

Proposition C.1. Let 1 < ¢ <2 and let 0 < 8 < 1 be such that

# (52 ) < XSO

—4q
Then for every R > 0 we have:
1) the value (C.1) does not depend on R, we indicate it by C,4(B). Moreover, Cy(8) > 1 and

lim C,(B) =1;

B—1—

2) for every t > C4(B), the set

Era,r)qt) =qp € Dy (D(B, R)) : / wl‘i(‘;RM lp2dz =1, /
I(B,R) T(8,R)

|V¢2dz§t},
is not precompact in L*((8, R); wi., ﬁ R) )
Before giving the proof of Proposition C.1, we need some intermediate expedient results.

Lemma C.2 (A special solution). Let 1 < ¢ < 2 and let 8 be such that

(C.2) ) (2) < A(S(B)).

2—q

Then, there exists a positive function ¢ € Dy*(S(8)) N L>(S(B)) such that
2 T
Vi) = el (5.
5

—~AV =Vr 1t inT(B, +00), V=0, ondl'(8,+0o0).

is a positive solution of

Moreover, for every R > 0 we have
(C.3) wr(s,R).q(T) < V(x), for x € T(B, R).
Finally, we have

4 li ) T .
(C.4) LM Wr(s,R)q =1V, uniformly on every T'(8,r)
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Proof. We start by considering the variational problem

2
/ Vo2 dHN ! — @ <> / lo? dHN !
S(B) 2-4q) Jsp

no(A)=  min : 7
€Dy " (S(8)\{0} a
| tlran
S(B)
where V, denotes the tangential gradient. By definition of A(S(5)), we have
| 19z As@) [ jePant o e DES(O)).
S(B) S(8)

Then, keeping in mind the choice (C.2) of 3, by applying the Direct Methods in the Calculus of

Variations we easily get that the value p14(8) is attained by a function ), which can be taken to be
positive and normalized by the condition

(C.5) / |7 N = 1.
S(B)
Moreover, still thanks to (C.2), we can assure that 14(5) > 0. We now observe that ¢ weakly solves

_Agzz_ ¢ <2> QZ = Mq(ﬁ) IZq_l, in S(ﬁ)a

2—4q
where Ay is the Laplace-Beltrami operator on SV =1, If we now set
1 =
(C.6) b = ng(B)" T,
this function solves
2
(0-7) _Agw_q) <2> 1/J=1/1q‘1-
-4

By writing the Laplacian in spherical coordinates, it is easily seen that the function
2 X
Vi) =lel ™ ().
||
has the claimed properties.
We now prove the property (C.3). For this, we use a comparison principle similar to that of [7,

Lemma 2.7]. We observe that the restriction of V' to I'(8, R) is the unique solution of the variational
problem

1 1
C.8 min / \V de—f/ 9dr : >0, o=V on OI'(B,R) .
(C8) i o {2 - Vel oo’ @ @ (8, R)

We test the minimality of V' in (C.8) comparing with the value corresponding to the function
¢ = max{wr(g,r),q; V}. In this way, we get

1/ ) 1
Z IVwr s, r),ql dm——/ W, o da
2 {wrs,r),a>V} 4 J{wrs.ry.a>V) (B,R)q

(C.9) )
/ |VV|? dx — - / Vdz.
{wrs,r),¢>V} 4 J{wrs ry,e>V?

>

N |
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If we now introduce
¢ = min {wr(s,r)q V],
and add on both sides of (C.9) the term
1 1

2 |vwF(B7R)7q|2d~T**/ wi .0 4T,
2 /{wr<ﬁ,R),q<V} 4w my.0<V) (B,R),q

we get

1 1 1 1
(C.10) 7/ |Vwr s, gy, |2dx77/ w! dxzf/ |V¢|2dx—f/ P4 da.
2 Jrpm O q Jrpr O 2 Jrs.r) q Jrs.r)

On the other hand, by Definition 3.1 the function wr(g, g),q is the unique solution of

1 1
min f/ |V<p|2dx—f/ oldr : p>05.
peny 2 (0 (8,10) | 2 Jrs.r) 4 Jrp.r)

Hence, since @ is admissible for this problem, equation (C.10) shows that
# = min {wres r).g, V} = wre.n).q
which is the desired estimate (C.3).
Finally, we prove (C.4). We first observe that by [7, Lemma 2.7], we get that
Wr(B,R1),q < WI(B,Ra),q> for every R1 < Ro.
Thus the pointwise limit
W(z) = REIEOO wr(g,R),q(T),

exists by monotonicity and it is finite, thanks to (C.3). Moreover, by proceeding as in the proof of
[7, Proposition 5.1], it is not difficult to see that W solves the Lane-Emden equation in the infinite
cone I'(5, +00). By using the scaling properties of the Lane-Emden equation and the uniqueness
of the positive least energy solution in I'(5, R), we observe that

T

(C.11) wr(emq(®) = R v, (5),  fora €D(8,R).

Thus, for every A > 0, we have

. . 2 Ax
Wka) = tim oo g(0) = tim 875w o (57

=)A= lim B = )\l
- R—+o00 )\ wr(ﬁ,l),q R

2 .
= \2—q RHIEEOO wF(,B,R/)\) (.’13)

= \7a W(x).
This shows that W is 2/(2 — g)—homogeneous, so that it can be written as

W(z) = mﬁ 1974 <i|) , for every z € T'(3, +00).

In order to conclude, we just need to show that
P(w) = W(w), for every w € S(8),
where 9 is still the function defined in (C.6).
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Since W solves the Lane-Emden equation, by writing the Laplacian in spherical coordinates we
get that w — W (w) must be a positive solution of equation (C.7), as well. We now adapt the trick
by Brezis and Oswald (see [4] and also [7, Lemma 2.2]), based on Picone’s inequality, in order to
show uniqueness for (C.7). We take the weak formulations

2
/ (Vo Vo) dHN ' — @ <2> / PYpdHN ! :/ Y pdHN L,
S(B) —q/ Js) S(8)

and

2
/ (V. W, Vo) dHV ™ — @ <2) / WodHN 1 = / Wat o dHN L,
S(8) —4q/ Js®) S(8)

Then, for every € > 0, we insert the test function ¢ = (W?/(¢ + 1) — ¢) in the first equation and
the test function ¢ = (p?/(e + W) — W) in the second one. By summing up the resulting identities,
we get

W2 B wQ B
V.,V — dHN T <VTW,VT< —W>> dHN 1
/5(5)< v <€+1/J ¢)> +/S(B) e+ W
2 w2 _ 2 P2 _
_ I _ d N—-1 W< W) d N—-1
@<2—Q> /‘9(5)w(€+¢ 1/J> " ®<2—Q) /3(5) e+ W "

2 2
=/ Pt ( v —w) dHN +/ et <¢ —W) dHN 1
S(8) e+ S(8) e+ W

We now use Picone’s inequality, so that

2 2
/ <va,vTW> dHN 1 :/ <VT(¢ +¢€),V, w > dHN L g/ |V W2 dHN
58) e+ S(8) e+ S

and

2 2
/ <VTW,VT v >d7—LN1 :/ <VT(W+5),VT v >dHN1 g/ |V )% dHN L.
5(8) et W 5(8) et W S8)

A further passage to the limit as € goes to 0 leads to

/ (V12 W2 =) dHN T+ / (W22 — W) aHN~! <0.
S(8) S(8)
The last two integrals can be rearranged as follows

/ (172 = W) (W2 — ¢?) dH V! <0,
S(B)

On the other hand, by virtue of the fact that ¢ < 2, we have
(@772 —b772) (b* — a®) > 0, for every a,b > 0 such that a # b.
The last two displays shows that we must have ¢» = W on §(8). The proof is now complete. |

Remark C.3. We observe that from the equation (C.7), we have

/ ¢q deN—l :/ ‘VTd}|2 dHN_l _ P ( 2 ) w2 dHN_l
S(8) S(8) 2—4q) Js)
9

> (xsen - (;2)) [ v,
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where we also used Poincaré’s inequality on S(3). By recalling (C.5) and (C.6), we also have

1

[t = )
S(B)
Lemma C.4. Let 1 < g <2 andlet 0 < B <1 be such that

# (52 ) < XSO

For every 0 < R < 400, we define the Hardy-type constant

[ ivePds
(6, R) = inf atd ,
PECE (N(8,R)\{0} / o2 V=2 dy
T(8.R)

where V' is the function of Lemma C.2. Then we have

o(8, R) = o(8,+00) = o(8) > 1,

and
BIH?_ o(B) =1.
Proof. We first prove that (8, R) = o(8, +0), then we show that (8, +00) > 1.
Since C§°(I'(8, R)) C C§°(T'(B, +o0)), we immediately have that
o(B,R) > o(B,+00).

In order to prove the reverse inequality, for every € > 0 we take ¢, € C§°(I'(3, +00)) such that

/ V. |2 da
'(B,+0)

/ P VI 2 da
T'(B,400)

We now take the rescaled function

< o(B,+00) + €.

Qos,n(x) = TL¥ (,05(77/55), for n € N,

/ Ve l? da / V.| de
I'(8,+) . I'(8,4+0)

[ deabvrta [ jepvita
I'(B8,+00) I'(8,+00)

thanks to the 2—homogeneity of V2~9. Moreover, for n large enough we also have ¢. , € C§°(T'(3, R)).
This in turn permits us to infer that

o(B,R) < o(B,+00) +¢.
By arbitrariness of € > 0, we obtain that o(8, R) = o(8, +00).

and observe that

We are now left with estimating the Hardy-type constant o(8) := (8, +o0). We first prove that
o(B) > 1. For this, we recall that the function V satisfies

/ Vi lyde = / (VV, V) dz, for every ¢ € C§°(T'(5, +00)).
I(8,+00) P(8,+00)
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Given n € C§°(T'(3,+0)), we use the previous identity with the choice ¢ = 7?/V. An application
of Picone’s identity leads to

vV
/ 0 Vq—2dx:/ |V77\2d$_/ ‘nv —Vn| dax.
I(B,+00) ['(8,+00) I'(B,+00)
By dividing both sides by the weighted L? norm of 7, we get
vV 2
/ |Vn|? dx / n— —Vn| dx
o(8) = inf I(8.R) repl V
neCg§e (T

n =1+ inf
(8.R)\{0} / 2 V2 do nECE ((B.R)\{0} / 2 V-2 dg
P(8.R) T(8.R)

We perform the change of variable 7 = ¢ V', so that the last minimization problem can be trans-

formed into
/ |Ve|? VZdx
L'(8,R)

= inf .
PECE (D(B.R))\{0) / G2V dr
T (8.R)

In order to show that o(8) > 1, it is sufficient to prove that ©(5) > 0. For this, we use spherical
coordinates, the specific form of V' and the one-dimensional Hardy’s inequality (see [20, equation
(1.3.1)]), i.e.

o(s)

R R 2q
[Pz on, [ repP e e
0 0

This is valid for every smooth function f, such that f(R) = 0. We denote by Cn 4 > 0 the sharp
constant, whose precise value has no bearing in what follows. By proceeding as explained above,
we get

/ Vol? |27 ¢ da
N

o(p) = _ inf : -
pECE (N(B.R)\{0} / o2 2] 7% 9 da
R 4
[Iagsﬁl2 +07? IVTWIQ} N dg | Y aHN !
= inf 5) 0
12 - oo
(C.12) pECE (T(8,R)\{0} /R / ot a1 ) N g
0 S(B)
R 2q
LU [omaloP +1900P] wan¥ 1) o2 g
. 0 S(B)
= fors meR R '
peCE (D(8,R)\ {0} / / o1 ) N g,
0 S(B)
We now observe that there exists a constant C' > 0 such that

1

(C.13) =

disty(w, 0S(B)) < YP(w) < Cdisty(w,dS(B)), for w € S(B).
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Here we denote by disty(-,0S(8)) the geodesic distance on S(3) from the boundary. Thus, for every
0 € [0, R], we can apply the weighted Poincaré inequality of [17, Theorem 8.2] to the compactly
supported function w — p(gw). This gives

| [Owalel 419 w2 an = 2 [ ol an
5(8) 5(8)

( i distj(w,@S(ﬁ)))q

weS(B)

>

/ |l dHN T,
5(8)

for a suitable constant v > 0. By inserting this estimate in (C.12), we get ©(/) > 0 as desired.
Finally, we show that o(f8) — 1 as 8 goes to 1, i.e.
(C.14) lim ©(8) =0.

B—=1-

For every € > 0, by definition of sharp constant we know that there exists f. such that

R R »
(C.15) |1 OP e b < ong ) [ In@P e e
0 0

We then take g € C§°(S(8)) and insert the test function ¢(x) = f-(|z|) g(z/|x|) in the minimization
problem which defines ©(5). By using spherical coordinates, recalling the definition of V' and using
(C.15), we get

[ tswran [ e eany
O(B) < Cn g (1 +¢) 2L + =20

/ g2t dHN / g2t dH N

S(B) S(B)

By taking the limit as € goes to 0, this gives

/ [Cnyq l9)? + |V rg?] 2 dHN !
S8)

/ |lg|? 7 dHN
S(B)

for every g € C§°(S(B)). In particular, for every € > 0 we take a compactly supported approxima-
tion of the unit g., i.e. g. € C3°(S(S)) with

o(p) <

)

¢

0<g. <1, g: =1on S(B+¢), IVrge| < —

We also use that
| < C'e, on S(B)\ S(B +e),
which follows from (C.13). Then we obtain

Cra [ 1P o2 dHY 4 (€ CHYUS(B)\S(B+2)
S(8)

/ |ge|? ¢t dH N
s(6)

o
=
IN
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By taking the limit as £ goes to 0, we obtain the estimate

1/}2 dHN—l
O(8) < Cng 2

/ YT auNt
s(8)

In particular, by recalling Remark C.3, we end up with the upper bound
9 -1
O(B) < Cny ()\(S(B)) ) (2_()) .
Thus the claimed asymptotic behavior (C.14) of ©(f) is proved, by recalling that A(S(8)) — +oo,
as B — 1. O

We can now prove the main result of this section.

Proof of Proposition C.1. Let us fix a nontrivial function ¢ € C§°(T'(8, R)) and take the sequence
N-—2

on(z) =n"2 @(nz), n e N.

It is not difficult to see that {®,}nen is bounded in Dé’Q(F(ﬂ,R)) and it converges to 0, strongly
in L2(T'(B, R)). Indeed, we have

(C.16) / Vo |? do = / |Von|? do = / |Vp|? du,
I'(B,R) L(B,R/n) '(B,R)

and

(C.17) / lon|2 dz = / (on[2 dz = n~2 / o[ da.
r(8.R) I(8.R/n) r(8.R)

Let us compute the weighted L? norm of ¢,,. At this aim, we observe that (C.11) yields

nﬁ Wr(8,R) ) = wr ()
s 11),q n (ﬂ,’ﬂ R),q 9

thus by using a change of variables we get

/F - ‘¢"|2w§z;,R),qu:A . anz\cp(n:z:)|2wF(Bﬂ)’q(x)q*de
2 q-2
= /m Nid WP (B R).q B
This gives

/ |Vion|? da / |V|? do
lim L(8.R) = lim L(8.R)

n—00 _2 n—o0 2 q—2 .
|onl? W (5 gy 4 A2 / P17 Wi (5. Ry q 9T
/rw,R) (8.R).a ) (B R)q

We now use that

nh_}rr;o Wr(BnR),q = Vs uniformly on T'(3, R),
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thanks to Lemma C.2. This yields

/ |Vnpn|2dx / |V<,0\2dx
i r(8,R) _ _Jrem

n—00 —92 — '
N P N
I'(B,R) I'(8,R)

By taking the infimum over ¢ € C5°(I'(8, R)) and using Lemma C.4, we get

/ |Von|? do
inf lim WCHRD

¢eCEE (T(B,R)) |n—o0 /
r(s

=0o(B),

% w dx

-2
R |onl"wr s m) 4

5

and thus the conclusion of point 1).

We now show the loss of compactness. Given t > C,(8) = o(f), by point 1) we know that there
exists ¢ € C3°(I'(B, R)) such that
/ |V, |* do
I(8,R)

lim < t,
n—00 _92
|%0n|2 wlg R dz
T(6.R) (B:R).q
where as before we set ¢, (2) = nN=2)/2 p(nz). This shows that the rescaled sequence
= = ., neN,

Nl=

on|? w2 gy d
/F(ﬂ,R) T'(B,R),q

belongs to Er(g,r),q(t) for n large enough. However, this sequence can not converge strongly in the
weighted L? space, since by construction we have (recall (C.17) and (C.18))

N R
/ Wi S gy g [UnlPdz =1 and / ] dz = — r(5,R) Lo
I'(8,R) T'(8,R) n / (o2 =2 o
I'(B,R)

This concludes the proof. O
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