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ABSTRACT. We consider the problem of minimising or maximising the quantity
A()T1(2) on the class of open sets of prescribed Lebesgue measure. Here ¢ > 0
is fixed, A\(Q2) denotes the first eigenvalue of the Dirichlet Laplacian on H}(f2), while
T(€) is the torsional rigidity of 2. The optimisation problem above is considered
in the class of all domains €2, in the class of convexr domains €, and in the class of
thin domains. The full Blaschke-Santal6é diagram for A(Q2) and T'(Q?) is obtained in
dimension one, while for higher dimensions we provide some bounds.
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1. INTRODUCTION

In this paper we consider the problem of minimising or maximising the quantity
AN (Q)T7 ()

on the class of open sets Q C R? having a prescribed Lebesgue measure |Q| with
0 < Q] < co. Here T'(2) is the torsional rigidity of €, defined by

T(Q) = / wq dx ,
Q
where wq is the unique solution of the Dirichlet problem

{—szl in

w e HH{(Q), (1.1)

and \(Q) is the first eigenvalue of the Dirichlet Laplacian —A on Hg(€2). That is the
minimal value A such that the PDE

{—Au:)\u in

u € Hy(Q), (12)

has a non-zero solution. By the min-max principle (see e.g. [16]) we also have that

A(Q) :min{[/Q|Vu]2dx] [/qudx]_l L we HAQ), u#o}.

Throughout this paper we adopt the following notation. If € is open in R? with
0 < |Q| < oo then Q* is a ball in R? with |Q*| = |Q2|. Furthermore Bg is a ball with
radius R. We put wy = |By|.
The case f = 0 is well known: the Faber-Krahn inequality (see for instance [16],
[18]) asserts that
A7) < AQ).
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We also have that
sup {/\(Q) : Qopen inR?, |Q| = wd} = +00.

Indeed, we obtain a lower bound for the supremum above by choosing for €2 the disjoint
union of n balls with measure wy/n each. This gives

sup {)\(Q) : Qopen inRY, |Q| = 1} > n*I\(By),
where we have used the scaling relation
AtQ) =t72M(Q), t >0, (1.3)

and the observation that if €2 is the a disjoint union of a family of open sets €2, v € I'
then A\(Q2) = inf,cp A(€2,).

Similarly, the case @« = 0 can be solved by a symmetrisation argument (see for
instance [16], [18]), which gives the Saint-Venant inequality,

T(Q) <T(Q"). (1.4)
We also have that
inf {T(Q) : Q open in R%, Q)] = 1} =0.

Indeed, we obtain an upper bound for the infimum above by choosing for 2 the disjoint
union of n balls with measure wy/n each. This gives

inf {T(Q) : Qopen in R% |Q| = 1} < n @7 (B,
where we have used the scaling relation
T(tQ) = t"*T(Q), t > 0, (1.5)

and the observation that if €2 is the a disjoint union of a family of open sets €2, v € '
then T'(€2) = > T(2,).
Note that by ([1.4)) and (1.5) we have
Y T(B)
Q@272 = |p|@+2)/2°

(1.6)

where B is any ball.
The case when o and [ have a different sign is also easy: by the inequalities above
we obtain for a > 0 and 5 <0

min { XU(Q)TH(Q) © Q] =waf = A(B)TA(By),
sup {)\O‘(Q)TB(Q) 2 Q= wd} = +00,
while for « < 0 and 5 > 0
inf{A“(Q)Tﬁ(Q) L]0 = wd} —0
max {X(QTHQ) 0] =waf = X (B)T(By).

It remains to consider the case @ > 0 and § > 0. Setting ¢ = 8/« > 0 we can limit
ourselves to deal with the quantity

AQ)TI(Q).
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Using ([1.3) and (1.5 we can remove the constraint of prescribed Lebesgue measure
on by normalising the quantity A(Q2)7%(£2), and multiply it by a suitable power of
|©2|. We then end up with the scaling invariant shape functional

A)T(Q)
Fy(€) = Q)| (da+24-2)/d

that we want to minimise or maximise over the class of open sets Q C R? with 0 <
1] < 0.

We recall that the Sobolev space H}(Q) can also be defined for quasi open sets 2,
and that and admit solutions wq and ug respectively. The solution wg is
unique. Hence, the torsional rigidity 7(2) is defined for every bounded quasi open set.
It is well-known that the boundedness of {2 is not necessary to have a finite value of
T(2), for which the assumption that 2 is of finite Lebesgue measure is enough. Since
eigenvalue A(Q2), torsional rigidity 7'(2) and measure |€2| can be defined for every quasi
open set ) (see for instance [I1]), the functional F} is defined on the class of all quasi
open subsets Q of R%. More generally, the eigenvalue A\(u) and the torsional rigidity
T'(p) can be defined for every capacitary measure . Hence we may define F, (1) on
the class of capacitary measures (see the Appendix).

The inequalities above for the functionals £y, ¢ > 0 provide some bounds for the
study of the Blaschke-Santalé diagram for A\(Q2) and 7'(€2). That diagram identifies
the subset £ of R? whose coordinates are determined by A(Q2) and T(2). We study
this issue in Section [7, where we normalise the coordinates to vary in the interval
[0,1] (see ([7.1])). We obtain the full description of the Blaschke-Santalé diagram only
for d = 1, while for d > 1 we only provide some bounds. Further properties of the
Blaschke-Santalé diagram for A(€2) and 7'(€2) are investigated in [22].

2. PRELIMINARIES

Define the torsion energy by

E(©Q) :min{/Q (%yvuﬁ—u) dv ueﬁg(Q)}.

We see easily that (1.1]) is the Euler-Lagrange equation for E(2), and that

T(Q) = —2E(Q) :max{/Q (— |Vu|2—|—2u> dz : u€ H(}(Q)} .

By considering tu, ¢ > 0 instead of u in the maximisation above, and by optimising
with respect to ¢ we obtain the alternative formula

T(Q):max{[/gudxr[/ﬂ|Vu|2dx]_l L we HAQ), méo}.

The torsional rigidity of a ball can be easily computed in polar coordinates: if By is
centred at the origin, then the solution wg,, of (1.1 is given by
R? — |z|?
WRg (l‘) = 2—d .
Hence

T(Bg) = ——24__ gi+2. (2.1)



4 M. VAN DEN BERG, G. BUTTAZZO, AND A. PRATELLI
Similarly for a ball Br centred at the origin
2
Jaj2—1
R2

where jg/o—1 is the first positive zero of the Bessel function Jg/2—1. The corresponding
eigenfunction is given by up, (z) = Ja—2)/2(Ja—2)/2|%|/R), © € Bg. For example,

ANB;)=5783... ifd=2.

AN Bg) =

We focus now on some estimates for the torsional rigidity of cylinders. We consider
cylinders of the form

Ran=Ax]—h/2,h/2][,
where A is an open set in R4~! with finite Lebesgue measure, and h > 0. We denote
by da(z) the distance of a point z € A from JA, and by A, the set

Ag={z €A : da(z) >q}.

We also denote by |0A]| the ’;’-[d__2 measure of JA, and by |A| the H4™! measure of A.
The closure of A is denoted by A. We recall Definition 6.1 in [3].

Definition 2.1. An open set A has R-smooth boundary if for all xq € OA there exist
two open balls Br(x1), Br(xs) with radii R such that (i) Br(z1) C A, Br(zy) C RI71\
A, Br(z1) N Br(xy) = {20}, (i) the previous inclusions do not hold for R replaced by
R+ ¢ for any € > 0.

If A is a bounded set with C? boundary, A is also C*'. We infer by Lemma 2.2
in [I] that 0A is R-smooth for some R > 0. An important preliminary result is the
following.

Theorem 2.2. If A is open in R¥ with finite Lebesque measure, then

3
T(Rap) < 'ﬂ'zh . (2.2)

If A is open, bounded and convex, then

_ |Ap® 31 2(d=1/2((5)

T Aln*. 2.
(Ras) 2 55 —— g (23)
If A is open, bounded with C* boundary OA then
|A|R® 31¢(5) A 10972 AlRS
T(Rap) 12 + 1 |0A|LY| < R (2.4)

Proof. The heat equation proof below preserves the Cartesian product structure of
Ax]0, h[ up to the very last step which consists of an integration over ¢. The setup is
as follows. Let ) be an open set in R, with finite Lebesgue measure, and let ug be
the solution of

Au=—,on,

with initial condition
limug(z;t) =1, z € Q,
t10

and uq(-;t) € HY(Q). It is straightforward to verify that

walz) = / dt ug(z: 1)
[0,00)
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= / dt/ dx ug(z;t).
[0,00) Q
For A open, and h > 0,

ug, , (x;t) = ua(@'; t)uj p(w1:t), (21,2") € Rap, (2.5)

and, by Tonelli’s theorem,

with obvious notation. The solution wy [ is given in terms of the L*(]0, h[) spectral
resolution of the Dirichlet Laplacian on |0, A,

2 0 tﬂ_2k2/h2 X (7'('/{3]}1) / . (ﬂ'kyl)
uo,n(T13t) = —~ dyy sin .
OAREL B =T ; h ) Jow h

By the maximum principle, or by probabilistic tools, one can show (Corollary 6.4 in [5])
that for any open set A C R% 1,

1> uy(alst) > 1 — 20HD/2e=dal@)?/ () (2.6)

To prove the assertion under (2.2]), we have by the first inequality in (2.6]), Tonelli’s
theorem, and the positivity of ujg [,

T(Rap) S/ dt/dx'/ dxy wjo (w15 t)
[0,00) A 10,
_/ dt Z e‘t’erQ/hQ/dx’z(/ dx; sin <7rlm1))2
[0,00) A h 10,A] h (2.7)

k=1,3,...

. 8h3|A| 15Z8h3|A| G

a k4t 16 ikt 12
k=1,3,... keN

where we have used that ((4) = 71/90.

To prove the assertion under (2.3) it suffices to bound the contribution of the second
term in the right-hand side of to T(Rap) from above. We have by the coarea
formula that for convex bounded A, and f(dsx) > 0,

/A da' f(da(2')) < |0A| [ dq f(q),

[0,00)

where we have used that |0A,| < |0A|. See Proposition 2.4.3 in [II]. Hence

/ dt/dx’/ dzxy 2(d+1)/26_dA(wl)2/(8t)u]0,h[(:p1;t)
[0,00) A 10,h[

< |04| dt / dxy / dq 202 By (1 t)
[0,00) 0,h[ 0,00

2 (2.8
202l [ aviomy S e (M) 2
10,h[

[0,00) keN
2(d+6)/2 A h4 1. 2(d—4)/2

kb i
k=1,3,...

This, together with the calculation under (2.7)), proves (2.3)).
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To prove the assertion under (2.4]) we use the first part of Theorem 6.2 in [5] which
reads that for A open, bounded with C? and R-smooth boundary,

200A|tY2| 109 At
‘ /Adx’ UA(SL‘I;t) — |A‘ + i/ R

Multiplying both sides of (2.9)) with f}o n Ao pi(215t) gives, by (2.5),

<

,t>0. (2.9)

8h —t7T2k22/h2 2’8A|t1/2 8h —tﬂ'2k2/h2
‘/R dwur,, (x;:8)= 4] Z 252¢ + 112 Z 252¢
Ash k=1,3,... k=1,3,...
1Od_1|A’t 8h tn2k2 /B2
R el O —tm*k?/h
<~ > ¢ L t>0), (2.10)

k=1,3,...

where have used

8h 21.2
dzyujo pf(z1;t) = — e TR
/]O,h[ 10,h[ Z T2k2

k=1,3,...

We complete the proof by integrating (2.10) with respect to ¢ over [0, 00). This gives,
using ¢(6) = 7°/945,

8h 21.2 /p2 h3
dt —tmk?/h% _ 7
/[0700) 2 12

k=1,3,...
8h 21.2 2 h5
dt t—tﬂ'k‘/h -
/ 2 2Kz 120
[0,00)  g=13,...
Sh 1y e S1C(5)AA
I i’

The first and the third formula above were also used in (2.7) and ({2.8)) respectively. [

Proposition 3.2 of [4] asserts that for a rectangle Ry, j, of with sides of length L and
H respectively

3L 31¢(5)h? h
+ < .
12 270 — 15L
This jibes with ({2.4) since |0]0, L[| = 2.
The eigenvalues of a cylinder R4 are easily computed by separation of variables.
For example,

‘T(RL,h) -

7.{.2

MRan) = 7zt A(A).

In particular, for d-rectangles

we have

A(H]O,Lko :inLiz. (2.11)
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3. GENERAL DOMAINS

A first case to consider is when 0 < ¢ < 2/(d+ 2). The Kohler-Jobin result (see [20],
21], [10] for a survey and some generalizations) states that

N B)TY@2(B) < M) T2 (Q)  for every Q C RY, (3.1)
and is crucial to provide a lower bound to Fj.

Proposition 3.1. If0 < ¢ <2/(d+ 2), then
min {Fq(Q) : Qopen in RY, |Q < oo} = F,(B)
where B is any ball in RY.

Proof. Tt is enough to write
Ta-2/(@+2)(Q))
‘ Q‘ (dg+2q—2)/d

and to apply the Kohler-Jobin inequality (3.1)) together with the fact that ¢ < 2/(d+2),
and that the quantity 7(Q)|Q|~(@+2)/ is maximal when 2 is a ball. O

Fy(Q) = QT 2(Q)

Y

T(Q) }q—2/(d+2)

= AQ)T¥ () [\QWTW

If ¢ > 2/(d + 2) then the infimum of F} is zero, as shown below.
Proposition 3.2. If ¢ > 2/(d + 2), then

inf {Fq(Q) : Qopen in R?, Q| < oo} =0.

Proof. Let Q be the disjoint union of B; and N disjoint balls of radius € € (0, 1]. Then
we have

F( . /\<B>(T(B) +Ngd+2T(B))q B ( ) (1 +N€d+2)q
q - (|B| +N5d\B|)(dq+2q_2)/d - 1q (1—|—N5d)(dq+2q—2)/d'

Taking now N € N such that e772 < N < ¢792 4+ 1 gives
34

FQ(Q) < FQ(B) (1 T 872>(dq+2q72)/d )

which vanishes as € — 0 since the exponent in the denominator is positive. U
We now deal with the supremum of F|, for 0 < ¢ < 1.
Proposition 3.3. Let 0 < g < 1. Then
sup {FQ(Q) : Qopen in RY, Q] < oo} = +o00.
Proof. Let Q be a d-rectangle of sides Ly (k =1,...,d) and take L1 = ¢, and L = 1
for £ > 2. Then, by Theorem and we have

(e + (d—1))(e*/12)1 7 (14€%(d-1))
£(dg+2q-2)/d T 120 20-g)(d-1)/d

which diverges to 400 as € — 0 since ¢ < 1. O

F(Q) ~

We consider now the case ¢ > 1. By Proposition |3.2| we have
inf {Fq(Q) : Qopen in C R% |Q| < oo} =0.

Below we show that the supremum is finite.
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Proposition 3.4. If ¢ > 1, then

. 1 q_l
sup {F(62) = Q2 open in B, |0 < o0} < (—d( d+2)w2/d) ‘
d

Proof. 1t is enough to apply the inequality (see Proposition 2.3 of [4] or Theorem 1.1
of [6])

NQT®) _ |
€
to get
CAMQT() o T(Q) et T(Q) \a!
Fq(Q) - |Q| <‘Q|(d+2)/d> S <|Q|(d+2)/d> )
The conclusion now follows by (L.6]) and (2.1). O

We do not know the exact value of the supremum of Fj, in the proposition above,
and whether this supremum is attained.
Finally, the case ¢ = 1 was considered in [6]. There it was shown that

sup {Fl(Q) : Qopen in RY, Q] < oo} = 1. (3.2)

In the Appendix we provide an independent and shorter proof.
We may collect the estimates about general domains in Table [I]

General domains 2

0<q<2/(d+2)|minF,(Q) = F,(B) | sup F,(Q) = +o0

2/(d+2)<qg<1|infF,(Q)=0 sup Fy(2) = +o0
qg=1 inf F,(2) =0 sup F, () =1
qg>1 inf F,(Q) =0 sup F,(Q) < +o0

TABLE 1. Bounds for F,(€2) when € varies among all domains.

4. CONVEX DOMAINS

In the case of convex domains, some of the bounds seen in Section |3 remain: taking
as Q a slab Ax] —¢/2,¢/2[ we obtain

inf {FQ(Q) : Qbounded, convex, and open in Rd} =0, ifg>1,
and

sup {Fq(Q) : Qbounded, convex, and open in Rd} = 400, ifo<qg<l1.
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The case ¢ = 1 was studied in [6], where the following bounds have been obtained:

inf {Fl(Q) : Q bounded, convex, and open in Rd} =C; >0,
(4.1)
sup {Fl(Q) : € bounded, convex, and open in Rd} =Cf <1.

The other cases follow easily from the bounds above.
Proposition 4.1. We have
inf {FQ(Q) : Q bounded, convex, and open in Rd} > Cy (d(d+ 2)w62l/d) e
if ¢ < 1, while
sup {Fq(Q) : Qbounded, convex, and open in Rd} < Cf (d(d+ 2)w§/d)1_q
ifqg>1.

Proof. Since
Q) \a¢1
FQ(Q) :Fl(Q)<‘;§E+2)/d) )

it is enough to apply the bounds (4.1)) to get for Q bounded, convex and open in R?

_ T(Q2) \a! _/ T(B) \¢! ,
Fq<Q)ZCd <W> ZCd<|B|l+2/d) lfq<]_,
T(Q) a1t T(B) ! .
F(J(Q) SC;<|Q’1+2/d) SCJ(|B‘1+2/C[) 1fq> 17
where B is any ball. Since
T(B) 1
| B[ q(d + 2)w2/*
the proposition follows. O

The explicit values of C; and C; for the case ¢ = 1 are not yet known. Looking at
the results for thin domains in Section [5|and Corollary 1.6 in [7] we make the following
conjecture.

Conjecture 4.2. The optimal values C and C in Proposition are given by

w2 w2 6

o+t =T Cr=—=——">_
4127 T 12(d+1)(d+2)
The constant C is asymptotically reached by a thin “slab”, Q. = A x [0,¢], where A
is any open, bounded, convex (d —1)- dimensional set, and ¢ — 0. The constant C is

asymptotically reached by a thin “cone set” in the sense of Definition [5.1].

The conjecture for C is supported by the recent results in [7] where it is shown that
if Q is an isosceles triangles then F(€2) > g—z, and that this value is sharp in the limit
where the quotient of height and base of the isosceles triangle becomes small.

The question of existence of optimal convex domains for the shape functional Fj
arises. We will now prove the existence of a convex minimiser when 0 < ¢ < 1 and
of a convex maximiser when ¢ > 1, while the existence for the case ¢ = 1 is open.

Throughout we denote for a non-empty open bounded set €2 its inradius by
r(Q) = sup {do(z) : z€Q}, (4.2)
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and its diameter by
diam(Q) = sup {|z1 — 2| : 71 €Q, 22 € Q}.
Theorem 4.3. Let ¢ > 1. Then the shape optimisation problem
maX{Fq(Q) . Q open, bounded, convex in Rd}
has a mazimiser Q" dependent on d and on q. Furthermore
r(QF) Wa_ 17
diam(Qt) = dwy2?
Theorem 4.4. Let 0 < q < 1. Then the shape optimisation problem
min {F,(Q) : Q open, bounded, conver in R*}

(d(d + 2))dQ/(2(1—Q)) (j(d—2)/2)d/(q_1) ] (43)

has a minimiser 2~ dependent on d and on q. Furthermore

r(Q2 _ _ . 1/(g—1

diaI(n(Q)_) > malr= /@00 (o, g )Y (4.4)
Proof of Theorem [£.3] Let ¢ > 1. Since F,(tQ2) = F,(Q) for every t > 0, we can con-
sider a maximising sequence €, for F,(Q) with r(€,) fixed. If the diameter of 2, is
uniformly bounded in n, then there exists a sequence of translates of a subsequence
(2, ), which converges in both the Hausdorff metric and complementary Hausdorff
metric to say Q*. Moreover torsional rigidity, principal Dirichlet eigenvalue and mea-
sure are continuous in both these metrics on the class of open, bounded, convex sets.
See reference [18]. To obtain an upper bound on the diameter, we use the fact that

AQ)T(Q) < |9, as seen in (3.2), to obtain that
A

Fo(Q) < EGREE (4.5)
By [23] we have for an open, bounded, convex set €2,
2
A(Q) > W (4.6)

Let 0 be a point at which the distance function in (4.2)) has a maximum. Let d; and
ds be two points of 92 such that

’dl - dQl = dlam(Q) .

The (d — 1)-dimensional plane perpendicular to d; — d intersects B,(q)(0) in a (d —1)-
dimensional disc with radius r(€2). The union of the two cones having this disc as base
and with vertices d; and dy has volume (d — 1)wy_; diam(Q)r(Q)?~!, and since these
cones are contained in €2 we deduce

(d— 1)wd_1
> 7 - -
9] > —

This estimate, recalling (4.5) and (4.6)), gives
r(£2) Wy 7
diam(Q2) = d2¢ "¢

Since for any element €2, of a maximising sequence we have Fy,(§2,,) > F,(B), this gives

diam(Q)r(Q)% 1.

(Q)d/(Q(Q*l)) )

r(2,) wd,mdF

4/(2(q—1
diam(Q2,) — d2¢ «(B) e (4.7)
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Since 7(£2,) is fixed, (4.7]) gives the required uniform upper bound for diam(f2,). A
straightforward computation shows that

. 2 _ _
Fy(B) = (ja—zy2) (d(d +2)) %3 =0/, (4.8)
so (4.3)) follows by (4.7)) and (4.8)). O

Proof of Theorem [4.4]. Let 0 < g < 1. We follow the same strategy as in the proof of
Theorem (4.3 and fix the inradius of the elements of a minimising sequence. To obtain
a uniform upper bound on the diameter we proceed as follows. For an open, bounded,
convex set in R? we have by Theorem 1.1(i) in [13] in the special case p = ¢ = 2 that
T(Q) S 2
QM () ~ d(d+2)’
where M (£2) is the maximum of the torsion function. On the other hand it is well
known that M (Q) > A\(2)~!, see for example [3] and the references therein. It follows

that . :
2 AQ)1
>
Ri0)2 (7737 e

3¢—22(1—q) 2(¢-1)
F Q) > 2342 r(£2) '
(d(d-+ )" [P

Furthermore, by the isodiametric inequality (see for instance [14]),

which by (4.6) implies

Wd .
Q] < Fdlam(ﬁ)d.
The last two estimates, together with the fact that F,(B) > F,(,) for elements of a

sequence minimizing Fy, imply

() - - 1/d _ _
G oGe)/@-a) Y g( g 4 919/ @) f (BY/(@a-1) n
dlam(Qn) Z T wd ( ( + ) l]( ) ( 9)

Since r(€2,) is fixed, then diam(£2,,) is uniformly bounded from above. This completes
the proof of the existence of a minimiser, and the estimate (4.4) directly comes by

putting together (4.8) and (4.9). O

We may then summarize the results about the case of convex domains in Table [2]

Convex domains €2

¢<1|minF,(Q2) >0 sup Fy () = +o0

¢=1|infF(Q)=C; >0 |supF(Q)=Cf <1

¢g>1|inf F(Q)=0 max F,(Q) < +o0

TABLE 2. Bounds for F,(€2) when §2 varies among convex domains.
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5. THIN DOMAINS

In this section we analyse the case ¢ = 1 when ). is a thin domain. More precisely,
we consider

Q. ={(s,t) : s€A, eh_(s) <t<ehy(s)}

where ¢ is a small positive parameter, A is a (smooth) domain of R%~! and h_, h, are
two given (smooth) functions. We denote by h(s) the local thickness

h(s) = ha(s) — h_(s),

and we assume that h(s) > 0. The asymptotics for A(€2.) and T(£2.) have been obtained
in [§ and [9], and their first terms are
g2 el
AMQ) " —— T(Q.) ~ —/ h?(s) ds,
170 () 12 /4

which together give the asymptotic formula
2

Fi() %%[/Ahi%(s)ds] [Hh”%oo(A)/Ahds]_I.

We now consider the case of conver thin domains, where the set A C R4 is convex,
and the function h : A — R™ is concave. In this case, we will see that the maximal
and minimal possible values for lim._,o F(€)) are respectively reached by the constant
functions and by the cone functions, in the sense below. Different types of estimates
for integrals involving powers of concave functions have been obtained in [19].

Definition 5.1. Let A C R be a convex set of positive measure, and let P be an
internal point of A. We call cone function the smallest concave function h : A — [0,1]
such that h(P) =1 and hl_OA = 0. Notice that the level sets of h are all homothetic
copies of A. More precisely, for every 0 < o <1 the level set {h > o} is given by the
set oP + (1 — 0)A. The set §). is correspondingly called a cone set.

Proposition 5.2. Let A C R%! be a convex set. Then for every concave function
h: A= RY with ||h]|pea) = 1 we have

6 </Ah(:v)dx<1.
(d+1)(d+2) — /h(x)dx -

A

(5.1)

Moreover, both inequalities are sharp. In particular, for any (d—1)-dimensional convex
set A, the right inequality is an equality if and only h = 1, while the left inequality is
an equality if and only if h is a cone function.

Proof. Since the proof is quite involved, we divide it in several steps.

Step I. Preliminary notation.

We start by considering the simpler case of a radial function, the general case will be
studied only at the last step. Hence, from now and until the last step of the proof,
we assume that A is a (d — 1)-dimensional ball and we consider a radially symmetric,
decreasing, concave function h : A — [0,1] with ~A(0) = 1. With minor abuse of
notation we will denote by h also the 1-dimensional shape of h, that is, we write
h(z) = h(]z|). In particular, there is some M > 0 such that h : [0, M] — [0, 1], with
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h(0) = 1, and the left inequality in (5.1]) (observe that the other one is trivial) can be
rewritten as

/OM (R*(s) — Cuh(s))s™*ds > 0, (5.2)

where we denote for brevity by Cy the constant in the left of , so for instance
Cy = 1/2 and C3 = 3/10, and Cy < 1 for every dimension. Notice that there is no
need to consider the case M = oo, because this corresponds to a function h which is
constantly 1, for which the result is obvious. We will also call

H =max{s : h(s) =1}, K=max{s <M : h(s)Z@}.

Step II. If K = M, then holds strictly.

In this very short step, we only observe that the case K = M is not interesting. In
fact, if K = M this means that h(s) > /Cy for every 0 < s < M, thus the integrand
in (5.2)) is pointwise strictly positive, except possibly at the sole s = M, so the validity
of (5.2)) is trivial and there is no equality case. As a consequence, from now on we
assume K < M, so in particular h(K) = v/C,. Notice that the integrand in is
positive in the interval [0, K] and negative in the interval [K, M].

Step II1. There are no flat parts, i.e., H = 0.

This step is devoted to reduce ourselves to the case when h is strictly decreasing, so
H = 0. To be precise, assume for a moment that H > 0, and call h: [0, M — H] — R
the concave function given by h(s) = h(s + H). We want to show that if

M
/ (R*(s) — Cuh(s))s**ds <0, (5.3)
0
then
M-H R
/ (73(s) — Cah(s))s* > ds < 0. (5.4)
0
To do so, we start by observing that, being H > 0, then (/5.3)) implies
M
/ (h*(s) — Cah(s))s"*ds < 0. (5.5)
H

Recalling again that h3(s) — Cyh(s) is positive in [0, K] and negative in [K, M|, we
deduce that

/0 ) (713(8) - C’dﬁ(s))sd_2 ds = / (h3(s) — C’dh(s))(s - H)d_2 ds

H
H d—2 K
< (1 — —) / (R*(s) — Cuh(s))s**ds,
K H
and analogously

/ : (iz?’(s) - C’CJL(S))sd_2 ds = / (h(s) — Cah(s))(s — H)* % ds

K—-H K

< (1) [7 00 - cantestas.

K

The two last estimates together with immediately imply , which complete
this step.

As an immediate consequence of this step, to show the validity of it is enough
to consider the case H = 0, and moreover once will be proved it is already clear
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that an equality case can only happen with H = 0. Hence, from now on we assume
that H = 0, hence h is strictly decreasing.

Step IV. One has h_(M) = 0.
This step is devoted to reduce ourselves to the case when h_(M) = 0. Note that,

in this case, h is continuous on the whole interval [0, M]. To be precise, we assume
for a moment that h_(M) > 0, we call M™ = M + (h_(M)/W_(M)), and we let

h: [0, M*] — [0,1] be the function given by

ﬁ(s)z{h(5> ifO<s<M,
ho(M)—(s—M)h_ (M) if M<s<M".

As in the preceding step, we will prove that if h satisfies (5.3]), then

/OM+ (R*(s) — C'dlwl(s))sd_2 ds < 0. (5.6)

This is actually immediate. Indeed, since h_(M) < y/Cy by Step 11, then

[ )~ atestras < [ (0006 - Canis)st 2

and then the validity of is obvious.

As a consequence of this step, we can from now on assume that h_(M) = 0, both
for proving and for checking the equality cases. Notice that, in particular, h is a
continuous, strictly decreasing, concave bijection of the interval [0, M] onto the interval
[0, 1]. Therefore, h'(s) is defined for almost every s and a change of variable allows to
rewrite the integral of in the convenient form

/0 (W(s) — Cah(s))s™ 2 ds = /0 (= _‘iflz(?g)g?) o (5.7)

Step V. The function h is affine in [K, M] with k' = h'_(K) on (K, M).

In this step we show that, in order to minimise the integral in , the function h
must be affine in [K, M]. Let us be precise. We denote by h : [0, M*] — [0,1] the
largest positive concave function coinciding with h on [0, K|, which is then an affine
function on [K, M*] with &’ = b’ (K) there. We will show that

/0 (h?(s) — Cuh(s))s* *ds > /0 (R*(s) — Cyh(s))s* *ds, (5.8)

with strict inequality unless i = h. As in the preceding steps this will imply that, in
order to show ([5.2)) and to consider the equality cases, we can reduce ourselves to the
case when h is affine in [K, M].

To show , we notice that for almost every /Cy <t < 1 we have

iz*l(t) =h"(t) and ﬁ'(ﬁfl(t)) =h'(h(t)).
Instead, for almost every 0 < t < 1/Cy we have
PN RN and (TN = [R(E)] < B(RTHD)]-
Therefore, and its equality cases are a direct consequence of .

Step VI. The function h is affine in [0, K].
In this step we show that, to minimise the integral in (5.2)), it is convenient for the
function A to be affine also in the interval [0, K]. The argument is more delicate than
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in the preceding step, because there we could keep h unchanged in [0, K] and modify
it only after K, while this time the modification of h has necessarily effects both in
0, K ]~ and in [K, M]. To be precise, this time we define h the affine function such

that 2(0) = 1 and 7’ = h’_(K). Notice that h is defined in the interval [0, M~], being
M~ = |h"_(K)|™'. As usual, we claim that if h satisfies (5.3)) and h # h, then

/OM_ (iz?’(s) — Cdﬁ(s))sd’2 ds <0. (5.9)

To prove this inequality, we start by defining K~ = K — (M — M~). Notice that,
in view of Step V, h(K~) = h(K) = vy, and for every K < s < M we have
h(s) = h(s — (M — M™)). Therefore, for every 0 <t < /C; we have

RNt = RV () — (M — M7).

Hence, also recalling that for any such ¢ it is t* — C4t < 0, and by construction one has

W(h=(E) = R(hY (1) = B (K), we get

/“07 (= Cat) ()" <K_>d‘2 /W (£ = Ca) (b ()2
0 |7 (h=1(t))] "\ K 0 |7 (h=1(2))] '
Notice that if d > 2 then the strict inequality holds since M~ < M, which follows from

the assumption that £ # h. On the other hand, if d = 2 then the equality necessarily
holds.

Let us now consider the interval [v/Cyg,1]. For any t in this interval, by concavity of
h we have that |n/(h=1(¢t))] < |h/(h71(t)| = |W_(K)|. Moreover,

(5.10)

El(t)<%h1(t) vie (VCnl). (5.11)

In fact, this is an equality at £ = 1 and at ¢ = \/Cy, and then the strict inequality
holds for every ¢t € (v/Cy, 1) since h is concave and h # h is affine. As a consequence,
recalling that 3 — C4t > 0 in the interval, we obtain

1 3 7—1(4)\d—2 -\42 r1 3 —1/4\\d—2
/ = Cab) (D)7 (K—) / =Gl 0N g (512

vai W) K var ()]
Notice that this time the strict inequality holds whatever d is. In fact, if d > 2
this comes from , but also in the case d = 2 the equality could be true only
if [B'/(h='(t))] = |W/(h~'(t)| for every t € (1/Cg, 1), which is impossible since we are
assuming h # h.

Recalling again , we can now simply put together and to deduce
that, if holds, then is true.

Step VII. Conclusion for the radial case.

Putting together the preceding steps, we readily conclude the proof for the radial
case. In fact, the arguments of Steps I-VI ensure that, if there is a concave function
h : [0, M] — [0, 1] with A(0) = 1 such that holds, then there is another concave
function, more precisely a decreasing, affine bijection A : [0, M | = [0, 1], for which
also holds true, with strict inequality unless h is already a decreasing, affine bijection.
On the other hand, a simple calculation ensures that for every decreasing, affine bi-
jection h : [0, M] — [0, 1] inequality (5.3) holds as an equality. As a consequence, we
deduce that the strict inequality in ever holds, and the equality holds if and only
if h is a decreasing, affine bijection of some interval [0, M| onto [0,1]. Equivalently,
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inequality (5.2 is proved, and the equality cases are precisely the decreasing, affine
bijections of some interval [0, M] onto [0, 1].

Step VIII. Conclusion for the general case.
We can now conclude the proof. Let h : A — [0,1] be as in the claim. The right
inequality in , together with its equality cases, is obvious. We now concentrate
ourselves on the left inequality.

Let h* : B — [0, 1] be the radially symmetric decreasing rearrangement of h, defined
on the (d — 1)-dimensional ball B centered at the origin and with the same area as A.
The standard properties of the rearrangement imply that

/B(h*)g(x) de/Ah?’(x) dz /Bh*(a:) d:c:/Ah(a:) dz (5.13)

and moreover it is well-known that hA* is also concave. Indeed, for every t > 0 let us
call

Ai={z €A : h(z)>t}.
Concavity of h immediately yields that for every ¢;, t; > 0 and every o € [0, 1] one has
oAy +(1—0)A, C Aoy (1-o)ts -

Brunn-Minkowski inequality gives then

Aot s1ea| 7 > |0 A, + (1= o)A, 7" > o] Au |V + (1 = o) | A",

and this last inequality is precisely the concavity of h*. Since h* is concave, by Step VII
we know that holds true, and by this means that the left inequality in (/5.1))
is also true. To conclude, we only have to study the equality cases in the left inequality
in (5.1).

Let then h : A — [0,1] be a function as in the claim for which the left inequality
in holds as an equality. As a consequence, also holds for h* as an equality,
thus the 1-dimensional shape of h* is a decreasing, affine bijection of some interval
[0, M] onto [0,1]. Let P be any point inside A such that h(P) = 1. Then, the cone
function he (in the sense of Definition corresponding to the set A and the point
P is smaller than h by definition. On the other hand, (the 1-dimensional shape of)
its radially symmetric decreasing rearrangement h/. is a decreasing, affine bijection of
[0, M] onto [0,1], so we deduce h* = h},. And finally, as we already observed that
he < h, we obtain that ho = h, hence h is in fact a cone function. Since, conversely,
the left inequality in clearly holds as an equality for every cone function, the proof
is concluded. O

6. THE CASE d =1

The case d = 1 allows more explicit calculations, since any open set € C R! is the
union of disjoint open intervals 2. For each such interval we have
71.2 B |Qk|3

so that

2 (Zk |Qk’3)q

() =15 ? .
(maxy, %)) (25 1%])
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Setting ar = || and denoting by a the sequence (ax), we are reduced to study the
quantity

3\4
G (&) o (Zk ak)
g\a) = 2 3g-2 -
(man Clk) ( Zk ak)

With no loss of generality we may fix ||a|l.c = a1 =1, so ap < 1 for all £ > 2 and we
may write the quantity above as

Gyla) =

(1 + D k> a%)q
(1 + Zk22 Olk)?)qi2

Some easy calculations give the following bounds.

minG,(a) =1, reached with a; = 0 for all k£ > 2;

If g <2/3, B asymptotically reached with ay = 1
sup Gg(a) = +00, o all2 < k< N, and N> 1.
G ~0 asymptotically reached with ap = ¢
2/ X nfGo(a) =0, Yoo <N andel < N <2
[3<q<l1, G B asymptotically reached with ap =1
sup Gg(a) = +00, a2 < k< N, and N> 1.
inf G, (a) = 0 asymptotically reached with a; = ¢
Ifg>1, @)= yo2<E<N ande ! < N <e3;

max G,(a) =1, reached with a; =0 for all k£ > 2.

In order to draw the Blaschke-Santalé diagram for the case d = 1 we need the
following lemma.

Lemma 6.1. Let p > 1 and let A, B be nonnegative real numbers; then the following
conditions are equivalent.
(a) There exist a), € [0,1] such that
A= Z ay B = Z ay, .
k k
(b) The numbers A, B satisfy the inequality

A<[B]+ (B~ [B])"
where [B] denotes the integer part of B.
Proof. (a) = (b). If z,y € [0, 1] it is easy to see that

xp+yp<{(:c+y)p ife+y<1,

1+ (z+y—1P ifx+y>1

In other words, for a fixed sum z+y with z,y € [0, 1], we increase the quantity = + y?
by replacing either the smallest one between x and y by 0 or the bigger one by 1.
Repeating this argument for every pair of elements of the sequence (ax) we obtain

what required.
(b) = (a). Taking a = B/N for all k =1,..., N we have

BP
;CLZ:N})_I, ;ak:B
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On the other hand, taking N = [B] + 1 and

we have
> a? =[B]+ (B-[B])", > a,=B.

In this way, for a fixed B = ), aj, we can make ), a} either arbitrarily small or equal
to the bound [B] + (B — [B])". A continuity argument concludes the proof. O

7. THE BLASCHKE-SANTALO DIAGRAMS

The Blaschke-Santalé diagram for A(2) and T'(£2) consists in plotting the subset E
of R? whose coordinates are determined by A(2) and T'(Q) for some €. In order to have
variables x and y in the interval [0, 1], it is convenient to normalise the coordinates by

| Bi|*\(B1) | By|@+2)/47(Q)
T = = :
QP 7 QAT (B)
By scale invariance By could be replaced by any ball B.
In the case d = 1 we can give the full description of the Blaschke-Santalé diagram.

Proposition 7.1. Let E be the Blaschke-Santalo diagram for A(Q2) and T(Q2) in the
case d =1. Then (x,y) € E if and only if

P2 <y < x3/2<[$71/2] 4 ($71/2 _ [xfl/QDIS) .

(7.1)

Proof. Indeed, every 2 is the union of disjoint intervals Q; and, setting aj = |2/, we
find

2 3
(maxy ay,) y— > e
- 9 - 3
( >k ak) ( >k ak)

1.0~

- .

’/
b d
| -,
PR

08~ R

L b d

7’
b d
-,
b4
L Cd
’/

0.6 R

| -,

b d
-,
-,
’
| -,
,/

04 e

| -,

’
,/
b d

021 2

| 2
00 L L L | L L L | L L L | L L L | L L L |

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 1. The Blaschke-Santalé diagram for A(€2) and 7°(2) in the case
d=1.
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Since the quantities above are scaling invariant, we may choose a; = max; ap = 1 and
obtain

r= (14 B)? L A=3",a)
where =
Z/:(1+A)(1+B)_3> B:Zk22ak‘

The conclusion now follows by applying Lemma with p = 3. OJ

In the case of a dimension d > 1 we can only provide some bounds to the Blaschke-
Santalé diagram F.

Proposition 7.2. Let E be the Blaschke-Santalo diagram for A(Q2) and T(Q2) in the
case of dimension d. Then

{x(d+2)/2 <y< x(d+2)/2<[x—d/2] X (l,—d/Q B [x—d/2])(d+2)/d>} CEC {m(d+2)/2 < y}.

Proof. Considering domains (2 which are union of disjoint balls €2} with radii r, and
arguing as above, we find:

(Hlan Tk)Q Zk T’ZH_Q

r=--—>" Yy = )
(Spr)

aN\2/d
(Zk Tk)
Using again the scaling invariance, we may choose 1y, = max;r; = 1 and, setting
ar, = r{, we obtain

z=(1+B) A=, a](€d+2)/d
(14 A1+ )@ where B_ =
y=(1+A)(1+B) ’ =D k2 Ok -

The left inclusion now follows by applying Lemma with p = (d 4+ 2)/d. The right
inclusion, instead, is equivalent to say that T(Q)A(Q)*+2/2 is minimized by the ball,

which is the Kohler-Jobin inequality (3.1]). O

10 .

L s’ ,

,/ ’/
= ' ’
td ’/
L P -
o’ ’
0.8+ ’ /’
s .
|- , ’
’ .
L ’ ’
’ ’
L 7’ s’
. RS

0.6 e PR

L 7 -’

, P

L ,/

9 | ) e P %
Tl VAP
,/

L Ve ’,

|- ,,
02 e

’

. ’

L /,

| )
0.0 | | | | J

0.0 0.2 04 0.6 0.8 1.0

F1GURE 2. The colored region is the lower bound of the Blaschke-Santald
diagram FE for A\(Q2) and T'(€2) in the case d = 2. The upper dashed line
is the upper bound for the set F given by (3.2)).
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8. FURTHER REMARKS AND OPEN QUESTIONS

The optimisation problems we presented are very rich, and several questions remain
open. below we list some of them, together with some comments.

Problem 1. We have seen that when ¢ > 1
sup {FQ(Q) : Qopen in RY, Q| < oo} < +00.

It would be interesting to establish if the supremum above is actually a maximum or if
it is only achieved asymptotically by a maximising sequence §2,,. Note that the class of
competing domains is the whole class of open sets in R? with finite measure, without
any other geometric or topological restriction.

Problem 2. When ¢ < 2/(d 4 2) the Kohler-Jobin inequality (3.1]) implies that
min {Fq(m . Q open in RY Q] < oo} — F,(B),

where B is any ball in R%. It would be interesting to prove or disprove a kind of reverse
Kohler-Jobin inequality, that is the existence of another threshold )y > 1 such that

for ¢ > Qq

maX{Fq(Q) : Qopen in RY, Q] < oo} = F,(B).
It is easy to see that if the ball B maximises the shape functional F} for a certain ¢ > 1,
then B also maximises [}, for every p > ¢. Indeed, we have

B = O (i) < B0 (gas) = B,

where we have used the fact that the quantity 7(Q2) |Q|~(4+2/4 is maximal for Q = B.

Problem 3. From Figure [2] we see that the Blaschke-Santalé set E is bounded
from below by the Kohler-Jobin line with equation y = 2(*+2/2_and every point on this
line can be asymptotically reached by a sequence of domains €2,, made by the union of
disjoint balls. On the contrary, the upper bound of F is less clear: we believe that a
continuous curve of equation y = S(z) should exist such that

E={(z,y) eR* : z€0,1], 2“2 <y < S(x)}.

The proof of this fact is at the moment missing and would require that the set E is
convex horizontally and convex vertically in the sense that the intersections of E with
horizontal and vertical straight lines are segments.

Problem 4. It is not clear what may happen if we consider intermediate classes of
domains as for instance in the case d = 2
A,e = {Q simply connected }
or more generally
Agen = {Q with a topological genus not exceeding N } .

For ¢ <2/(2+ d) we still have that a ball is a minimizer of F},, while for ¢ > 2/(2+ d)
the infimum of Fj, is still zero, asymptotically reached as in Proposition , eventually
connecting the balls by means of very thin channels. The situation for the sup is less
clear. We obviously have

CT <sup {Fl(Q) : Qe Ay in ]Rd} <1
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and it would be interesting to see if some of the inequalities above are strict. Similar
questions arise (for the sup as well as for the inf, and in any space dimension) if we
consider even smaller classes of domains as

A, = {Q star-shaped} in any dimension d.

9. APPENDIX: THE CASE ¢ =1

The inequality
0< F(2) <1 for all Q C R?

was first proven by Pélya and Szeg6 and can be found in [24] (see also Proposition 2.3
of [4]). In [6] the improvement

2w’ T(Q)
ROy <1-=-4
1) < d+ 2 |Q[i+2/d
is proved, together with the fact that the supremum of Fj is actually 1. We give here a
quick proof that uses the well known fact that if d > 2 the closure under I'-convergence
of the Dirichlet energies [, |Vu|?dz defined on Hj(Q2), with @ C D, with D a fixed
bounded Lipschitz domain of R?, consists of all functionals of the form

/|Vu|2da:+/u2d,u
D D

where p runs among all capacitary measures on D, that is nonnegative Borel measures,
possibly taking the value +oo, that vanish on all sets of capacity zero (see for in-
stance [L1]). In particular, all the measures of the form c¢dz with ¢ > 0 can be reached
by limits of domains €2,,. In addition, both the eigenvalues and the torsional rigidity
are continuous for the convergence above.

In order to prove that the supremum of F} is 1 is then sufficient to show that

w52

where

)\C(D):min{/ |Vu|2dzr+c/ u*dr : u € Hi(D), /qu:vzl},
D D D

TC<D):max{{/DudxH/D|vu\2dx+c/Du2d4_l ; ueHg(m\{O}}.

We have immediately A\.(D) = ¢+ A(D). In order to estimate T.(D) from below, let
D be unit ball in R? centered at the origin, let § > 0 be fixed, and let us € H}(D) be
the function

us(x) =

1 if |[x] <1 -9,
(1—lz))/o if|x]>1-0.

Then

T.(D) > [/Du‘sdxﬁ/l)|V“6|2dl’+c/Du§dx}1

> [wd(l _ 5)dr [5_2wd(1 —(1-6)Y) + cwaz]

1 > wy(1 —6)* [5_2 + c} - ,

so that
Ae(D)T.(D) > (c+ X(D))(1 —0)* |

D] 52 +c
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As ¢ — +00 we obtain

ap [ADILD

e R

Finally, letting 6 — 0 we have what was to be proved.

Acknowledgments. MvdB was supported by The Leverhulme Trust through Emer-

itus

Fellowship EM-2018-011-9. The work of GB and AP is part of the project

2017TEXA3H “Gradient flows, Optimal Transport and Metric Measure Structures”
funded by the Italian Ministry of Research and University.

1]
2]
3]

[4]

REFERENCES

H. Aikawa, T. KILPELAINEN, N. SHANMUGALINGAM, X. ZHONG: Boundary Harnack princi-
ple for p- harmonic Functions in smooth Fuclidean domains. Potential Anal. 26 (2007), 281-301.
R. BANUELOS, T. CARROLL: Brownian motion and the fundamental frequency of a drum. Duke
Math. J. 75 (1994), 575-602.

M. VAN DEN BERG: Spectral bounds for the torsion function. Integral Equations Operator
Theory 88 (2017), 387-400.

M. vaN DEN BERG, G. BurTazzOo, B. VELICHKOV: Optimization problems involving the
first Dirichlet eigenvalue and the torsional rigidity. In “New Trends in Shape Optimization”,
Birkh&user Verlag, Basel (2015), 19-41.

M. VAN DEN BERG, E. B. DAVIES: Heat flow out of regions in R™. Mathematische Zeitschrift
202 (1989), 463-482.

M. vaN DEN BERG, V. FERONE, C. NirscH, C. TROMBETTI: On Pdlya’s inequality for
torsional rigidity and first Dirichlet eigenvalue. Integral Equations Operator Theory 86 (2016),
579-600.

M. VAN DEN BERG, V. FERONE, C. NiTscH, C. TROMBETTI: On a Pdélya functional for
rhombi, isosceles triangles, and thinning conver sets. Revista Mateméatica Iberoamericana, to
appear.

D. Borisov, P. FREITAS: Asymptotics of Dirichlet eigenvalues and eigenfunctions of the Lapla-
cian on thin domains in R?. J. Funct. Anal. 258 (2010), 893-912.

D. Borisov, P. FREITAS: Asymptotics for the expected lifetime of Brownian motion on thin
domains in R™. J. Theor. Probab., 26 (2013), 284-309.

L. BrAscO: On torsional rigidity and principal frequencies: an invitation to the Kohler-Jobin
rearrangement technique. ESAIM Control Optim. Calc. Var. 20 (2014), 315-338.

D. Bucur, G. BuTtTAzz0: Variational Methods in Shape Optimization Problems. Progress in
Nonlinear Differential Equations 65, Birkhduser Verlag, Basel (2005).

G. BurTazzOo, S. GUARINO LO BIANCO, M. MARINI: Sharp estimates for the anisotropic
torsional rigidity and the principal frequency. J. Math. Anal. Appl. 457 (2017), 1153-1172.

F. DELLA PIETRA, N. GAVITONE, S. GUARINO LO BIANCO: On functionals involving the
torsional rigidity related to some classes of nonlinear operators. J. Differential Equations 265
(2018), 6424-6442.

L.C. Evans, R.F. GARIEPY: Measure Theory and Fine Properties of Functions. Revised edi-
tion. Textbooks in Mathematics, CRC Press, Boca Raton (2015).

A. GRrAY: Tubes. Progress in Mathematics 221, Birkhauser Verlag, Basel (2004).

A. HENROT: FExtremum Problems for Figenvalues of Elliptic Operators. Birkhduser Verlag,
Basel (2006).

A. HENROT (EDITOR): Shape Optimization and Spectral Theory. De Gruyter, Berlin (2017).
A. HENROT, M. PIERRE: Variation et Optimisation de Formes. Une Analyse Géomélrique.
Mathématiques & Applications 48, Springer-Verlag, Berlin (2005).

S. KARLIN, Z. ZIEGLER: Some inequalities for generalized concave functions. J. Approximation
Theory, 13 (1975), 276-293.

M.T. KOHLER-JOBIN: Une méthode de comparaison isopérimétrique de fonctionnelles de do-
maines de la physique mathématique. I. Premiére partie: une démonstration de la conjecture
isopérimétrique PA\?> > mji/2 de Pélya et Szego. Z. Angew. Math. Phys. (ZAMP) 29 (1978),
757-766.



ON THE RELATIONS BETWEEN PRINCIPAL EIGENVALUE AND TORSIONAL RIGIDITY 23

[21] M.T. KOHLER-JOBIN: Une méthode de comparaison isopérimétrique de fonctionnelles de

domaines de la physique mathématique. II. Seconde partie: cas inhomogéne: une inégalité
isopérimétrique entre la fréquence fondamentale d’une membrane et l'énergie d’équilibre d’un

probléme de Poisson. Z. Angew. Math. Phys. (ZAMP) 29 (1978), 767-776.

[22] I. LucaArDESI, D. Zucco: On Blaschke-Santald diagrams for the torsional rigidity

and the first Dirichlet eigenvalue. Preprint, available at http://cvgmt.sns.it and at
http://www.arxiv.org.

[23] L.E. PAYNE, I. STAKGOLD: On the mean value of the fundamental mode in the fized membrane

problem. Collection of articles dedicated to Alexander Weinstein on the occasion of his 75th

birthday. Applicable Anal. 3 (1973), 295-306.

[24] G. PoOLyA, G. SZEGO: Isoperimetric Inequalities in Mathematical Physics. Ann. of Math. Stud.

27, Princeton University Press, Princeton (1951).

Michiel van den Berg: School of Mathematics, University of Bristol
Fry Building, Woodland Road

Bristol BS8 1UG - UK

M.vandenBerg@bristol.ac.uk

http://www.maths.bris.ac.uk/ mamvdb/

Giuseppe Buttazzo: Dipartimento di Matematica, Universita di Pisa
Largo B. Pontecorvo 5, 56127 Pisa - ITALY
giuseppe.buttazzo@dm.unipi.it
http://www.dm.unipi.it/pages/buttazzo/

Aldo Pratelli: Dipartimento di Matematica, Universita di Pisa
Largo B. Pontecorvo 5, 56127 Pisa - ITALY
aldo.pratelli@dm.unipi.it
http://pagine.dm.unipi.it/pratelli/



	1. Introduction
	2. Preliminaries
	3. General domains
	4. Convex domains
	5. Thin domains
	6. The case d=1
	7. The Blaschke-Santaló diagrams
	8. Further remarks and open questions
	9. Appendix: The case q=1
	References

