SHARP STABILITY FOR THE RIESZ POTENTIAL
N. FUSCO AND A. PRATELLI

ABSTRACT. In this paper we show the stability of the ball as maximizer of the Riesz potential
among sets of given volume. The stability is proved with sharp exponent 1/2, and is valid for

any dimension N > 2 and any power 1 < a < N.

1. INTRODUCTION

The celebrated Riesz inequality states that for any two positive functions f, g : RY — R+

and any positive, decreasing function h : RT — R™, one has

léNAQ |y_""dydz</ AQ (ly — 2[) dy dz, (1.1)

where f* and ¢g* are the radially symmetric decreasing rearrangments of f and g. In the special
case f = g, with the additional assumption that h is strictly decreasing, equality holds in (1.1)
if and only if f = f* up to a translation.

When f and ¢ coincide with the characteristic function of a set £ C R of finite measure
and h(t) = t* N for some 0 < o < N, (1.1) states that if E has the same volume wy of the unit
ball B = {|z| < 1}, then

S(E) <3(B), (1.2)

where the functional § is defined as

1
E_//@m. 1.3
gJEly—xN- (13

Moreover, equality holds in (1.2) if and only if E is a ball of radius 1. Note that when N = 3 and
a = 2, up to a multiplicative constant, §(E) is the electrostatic energy of a uniform distributions
of charges in E. Therefore (1.2) is easily explained by observing that symmetrization reduces
the distance between the charges, thus increasing the electrostatic repulsion between them.

Here we show the stability of the Riesz type inequality (1.2), i.e., we prove that the energy
deficit D(E) of the set E controls a suitable distance §(F) from E to an optimal unit ball B,
with center 2 € RY. Precisely, setting

D(FE)=3F(B) - §(F), 0(F)= inf |B,AE|,
zeRN

where A denotes the symmetric difference between sets, we show the following quantitative

estimate.

Theorem A (Sharp quantitative estimate). Let N > 2 and 1 < a < N be given. There exists
a constant C = C(N, ) such that, for every measurable set E C RN with |E| = wy,

§5(E) < C(N,a)\/D(E). (1.4)
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Estimate (1.4) was already obtained by Burchard and Chambers in [4] in the special case of
the Coulomb energy, that is when N = 3 and « = 2. Beside, they observe that the square root
on the right hand side is sharp, in the sense that the exponent 1/2 cannot be replaced by any
larger one. In the same paper they also prove that if N > 3 and « = 2, a similar inequality holds
with the exponent 1/2 replaced by the not sharp one 1/(NN 4 2). Their approach is based on
a symmetrization lemma similar to the one proved in [8, Th. 2.1] which allows them to reduce
the proof of (1.4) to the case of a set E, symmetric with respect to N orthogonal hyperplanes.

Our proof follows a different path. As for other stability estimates, such as the ones con-
cerning the isoperimetric and the Faber-Krahn inequality, see [5, 3|, the starting point here is a

Fuglede-type estimate. More precisely, we show with a second variation argument that
(F) <|EAB| < C(N,a)yD(E), (1.5)

whenever F is nearly spherical, that is |E| = |B|, E has barycenter at the origin and its boundary
can be written as a graph of a function u on 9B with [Jul| e~ @p) < 1, see Proposition 3.1.

This first step is relatively easy. The difficult task is to show that one can always reduce
the general case to the one of a nearly spherical set. More precisely in Proposition 2.1 we show
that, given a set F, either (1.4) is true with a suitable constant or we can find a nearly spherical
set E such that

D(E) < 2D(E), EAB| > ‘S(GE) (1.6)
At this point (1.4) follows at once by combining these two inequalities with the estimate (1.5)
for the nearly spherical set E.

Note that in proving the reduction to the nearly spherical case we cannot use a regularity
argument such as the one introduced by Cicalese and Leonardi in [5] to prove the stability of the
isoperimetric inequality, see also [1, 3]. In fact no a priori regularity information can be hoped
for the local minimizers of the functional F(E) whose Euler-Lagrange equation is not even a
differential equation. Instead, the proof of (1.6) is obtained by a delicate combination of re-
arrangement and mass transportation arguments and uses in a crucial way that o > 1. However,
this is not just a technical assumption. Indeed there is a substantial difference between the case
a > 1, which corresponds to a “long-range” interaction, and the “short-range” interaction case

a < 1. Our impression is that the latter case will require new ideas and a different approach.

2. REDUCTION TO A NEARLY SPHERICAL SET

The goal of this section is to show that, in order to prove Theorem A, one can reduce himself
to a set whose boundary is the graph of a uniformly small function over the boundary of a unit
ball. Such sets will be called nearly spherical sets, see Definition 2.2. More precisely, we will

devote the section to show the next result.

Proposition 2.1. For every € > 0 there exists a constant K = K(N, «, €) such that, for every
E C RN with |E| = wy, either (1.4) holds true for E, or there is an e-nearly spherical set E
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around B satisfying

D(E) < 2D(E), |EAB| > oE)

—_— 2.1
6 ) ( )
and such that the barycenter of E is at the orLgin.

2.1. Few facts about mass transportation. In this paper we will use some very basic tools
about mass transportation. Actually, all we need is only the definition of tranport map in a
specific case, and a widely known existence property, and everything is contained in the next
few lines. A reader who wish to know more about mass transportation can refer, for instance,
to the book [11].

Let f, g : RN — RT be two Borel functions such that [pn f = [znv g < +00. A transport
map between f and g is any Borel function ® : RV — RY such that & f = g, that is, for every
continuous, positive function ¢ : RY — R* one has

| e~ [ @wrd.
If there exist a Borel function ®~! : RN — R such that ®(®~1(z)) = z for almost every z such
that g(z) > 0, and ®~1(®(y)) = y for almost every y such that f(y) > 0, and the map ®~! is
a transport map between g and f, then we say that ® is an invertible transport map between f
and g.

In the particular case when f and g are two characteristic functions, that is, if f = x,, and
g = Xy for two sets H, K C RY of equal measure, a transport map ® between f and ¢ will also

be called directly transport map between H and K. In this case, the above equality reads as

/w@m=/wmmw. (2.2)
K H

Notice that det(D®) = 1 for every (regular enough) invertible transport map between two sets.
A useful property is that invertible transport maps always exist, in this setting. In other
words, given any f, g as above, there always exists at least an invertible transport map, see for

instance [2, Theorem 6.2].

2.2. Notations and preliminary estimates. In this section we present few notations and a
couple of simple but useful estimates. Here, as in the rest of the paper, 1 < a < N is a fixed
constant. First of all, for every z € RV, > 0, we denote by B, (r) the open ball with center in
x and radius 7, and we set also B, = B,(1), B(r) = By(r), B = By(1). We will also write, for
any two Borel sets G, H C RY,

1
3G, H :// . dydx, 2.3
( ) ¢July—xN-« Y 23)

so that §(F) = J(E, E). Moreover, for every t > 0, we set

1
W(t) = / LN 2.4

Q B ly — N« 24)
where y is any point such that |y| = ¢. Notice that ¢ : [0, +00) — (0, +00) is a strictly decreasing,

C! function.
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We now define the nearly spherical sets. Notice that this term has been used several times,
with slightly different meanings. In particular, for our purposes we call nearly spherical sets
those whose boundary is the graph of a function over the unit sphere, and this function is only
required to be uniformly small. In other papers, the same function is required to be small in

some stronger sense, for instance in C!.

Definition 2.2. A set E, C RN with |E.| = wy is said an e-nearly spherical set around B.,
for some z € RN and some 0 < £ < 1, if there exists a measurable function u : 0B — (—¢,¢)
such that

E.={z+(1+pz:2€dB, -1<p<u(xz)}. (2.5)
We see now a simple consequence of Riesz inequality (1.1).

Lemma 2.3. For any positive, measurable function g : RN — RT, one has

9(y) / 9" ()
dy < dy . (2.6
/]RN y[N = N [y[N e )
In particular, for any Borel set H C RN and any point x € RY, we have
1 1
T e W< / v 4, (2.7)
/H ly — x| V-« Ba(r) [y — x|V

where r = (|H| Jwn )YV,

Proof. Let the positive, measurable function g : RV — Rt be given. First of all we observe that,
by the Monotone Convergence Theorem, to get (2.6) it is enough to consider the case when g is
bounded. Assume then that ¢ < C, and let € > 0 be a constant. Applying Riesz inequality (1.1)
with

1 1

f(z) = ngN XB(E)(Z) h(t) = tNi—a )

[ 9(y) [ / 9" (y)
TN o dydz < —— dydz. 2.8
B(e) /RN ly — 2|V B(e) /By Iy — 2|V (28)

Let now 6 > 0 be fixed, and notice that

dydz<07[ / dydz<C/
7@(5 /B(d) |y—Z|N « B(e) J B) \@/—Z!N_ B(5+¢) !y|N o (2.9)
<C'(e+6)

we get

Since by the Dominated Convergence Theorem one has

limj[ / g(yzv_dydz—/ %d(y,
=0 /ey Jrv\B(s) [y — 2V rV\B@) YN

we deduce by (2.9) that

. 9y 9y
h“%][ / _(J)VaddeZ/ W
e=0JB(e) Jry |y — 2| RN (Yl

Inserting this equality, and the corresponding one with g replaced by g*, into (2.8), we get (2.6).
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Let now the Borel set H C RY and the point z € RY be given. Applying (2.6) with
9(y) =Xy (@ +y), we get (y +z=Y)

1 9(y) 9" (y) 1 1
ay= [ we [ dy = = —L
/H ly — x[N-a Ry Y|V e Ry |y[N =@ B [yl Bo(r) |y — N7

that is (2.7). 0

Lemma 2.4. There exists a continuous, increasing function 71 : Rt — R, depending only on
N and on o, such that 7(0) = 0 and for any two Borel sets G, H C RN one has

(G, H) < |GIn([H]).
Proof. Let x be any point of G, and let r = (|H|/wx)/N. By (2.7) one has

1 1 T Nwy
dyg/ dy:NwN/ pN T dp = —= "
/H ly — x|N-a Bo(r) |y — x|V o pNT« o

-
_ Nwy
«

[H|N =:7i([H]).
By integration over x € GG, we immediately get the thesis. O

Lemma 2.5. There exists a continuous, increasing function 7 : R™ — R™, depending only on
N and on a, such that 75(0) = 0 and the following holds. For any three Borel sets G, H, K C RN
with |H| = |K| and for any invertible transport map ® between H and K, one has

»ﬂGJﬂ—J«angmum{élAW—éwﬂ@. (2.10)

Proof. Since ® is an invertible transport map, by the symmetry of the problem we can assume
without loss of generality that J(G, H) > J(G, K). Indeed, by (2.2) we have

/Kmyz—cb— (z)ydz_/Hmycp(y)_ymy.

Let us fix three points z, 3, z € RY. We start by establishing that

1 1 1Ay — 2]

- < (N — 1 .
e e = T D e iy e

(2.11)

Indeed, if |y — x| > |z — [, then the left hand side of the inequality is negative and the inequality
is emptily true. Otherwise, the left hand side is smaller than

ly — 2|

(N*a)m-

If |y — 2| <1, this gives (2.11). Otherwise, the left hand side of (2.11) is surely smaller than

1 1Ay — 2] 1Ay — 2]

ly—xN=0 |y —aN-a = |y —g|N-etl Ay — g|N—o’

thus (2.11) is shown.
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Keeping in mind (2.2) and the assumption J(G, H) > J(G K), by (2.11) we get

J(G,H)-3(G,K) —// dy dx — // dz dx
(G, H) ) H|y—x|Na y K|z—a:|Na
— dy dz
/ /H|y—:c|N @ |<1><y>—x|N—a Y

LA |y — O(y)|
N—a+1 dyd
ot )/G/H!y—x!N‘““/\!y—x!N‘“ vaer

1
= N—a+1/1/\ y— Dy (/ dx>dy.
( )H | W)l aly—zN7ott Ay —a|N-e

Let us now consider the integral in parentheses. Calling r(G) = (|G|/wn)YN the radius of the

ball with the same volume as |G|, using the Riesz inequality as in Lemma 2.3, for every y € RV

we have

/ ! d </ ! d
xr < xT.
a |y _ x|Nfa+1 A |y _ x|Nfa B ‘:L,|Nfa+1 A |$|Nfa

Defining 72(|G|)/(IN —a+1) the latter integral, which is finite because a > 1, we conclude (2.10),

so the proof is concluded. O

2.3. Reduction to a small asymmetry. This section is devoted to reduce ourselves to the
case of sets with small asymmetry. In particular, we aim to prove the following continuity result,

which is a non-quantitative version of Theorem A.

Lemma 2.6. For every ju > 0 there exists n = n(u,«, N) > 0 such that, for every set E C RN
with |E| = wy and 6(E) > u, one has D(E) > n.

In order to prove this result, we start with the following rough estimate, which basically

says that a very sparse set cannot have a small energy deficit.

Lemma 2.7. There exists a constant &€ = £(a, N) > 0 such that every set E C RN with |E| = wy
and §(E) > 2(wn — &) satisfies

D(E) > ‘;—g (1 - 2N1_a> . (2.12)

Proof. We start observing that for every x € B(1/2) the inclusion B;(1/2) C B holds. We can
then divide B x B as the disjoint union I'; U T's, where every (z,y) € B x B belongs to I'; if
x € B(1/2) and y € B,(1/2), and to I's otherwise. Since |y — x| < 1 for every (z,y) € I'1 and

ly — x| <2 for every (z,y) € I'2, we immediately get the (not so precise) estimate

|F2| wN w]QV 1
1 2

Let us now consider a set £ C RY with |E| = wy, and assume that §(E) > 2(wy — &) for a
suitable £ to be specified later. For every ball B, of radius 1 we have
A, d5)

IENB,|=wy — |B.\ E| =

<E¢. (2.14)
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Let K = K(N) € N be a constant such that the annulus B(2) \ B(1) can be covered with K

dy S/ !
By (

Moreover, by construction

balls of radius 1. Fix now any z € E, and subdivide E = F; U Es U E3, where E1 = EN B,(1),

Bs = EN (Bo(2)\ Bu(1)), B3 = E\ By(2). By (2.14), |E1| < € and |Es| < K€. By (2.7)
/ 1
B |y —xN-e

ijl\;%
(1Bl o )1/N) [y — z [N

1—<a
o N N
By < 2N

£ .
1
. WdyﬂEz!SKf,
2

/E73

< 1B

wN
2Nfa S 2Nfa :
1—o
/ 1 Nwy ¥
E

dy <
y—a¥ = ¥="a
and since this holds for a generic z € E we deduce

o WN
§N+Kf+2N7_a,

9_a
1 Nw
) = —  dydz <
3(EB) /E/Ery—xw—a ydz <

N
Comparing this estimate with (2.13), we get

2
EN + Kéwpn +

WN
IN—a -’
O.)]zv 1 NW?\;% a
which proves the validity of (2.12) provided £ = £(N, ) has been chosen small enough. O

We prove now a result concerning the energy of functions, instead of sets. More precisely,
with a small abuse of notation, we extend (2.3) and (1.3) to L! functions f, g : RY — [0, 1] as
follows,

st [ [ A
) RN JrN Y

T ayar, 5= [ [ L2 dyae=30.5)
x| RN JRN [y — @]
Notice that F(x,) = §(£) and J(Xx, X) = I(G, H). The following estimates hold.
dy <
Ny

Lemma 2.8. For every L' function g : RN — [0, 1], we have
/ 9(y)
R

1
v v, S9) <F(B(Vlgllo/wn)),
/B< N/Talg 7o) 191V
and the right inequality is strict unless g is the characteristic function of a ball.

(2.15)
Proof. To prove the left inequality it is enough to observe that, since 0 < g < 1, calling for
brevity r = /||g|/z1/wn one has
/ 1
B

9(y) 1—g(y) 9(y)
dy—/ dy:/ = DI gy — d
() [yl ry Y|V B lylN = RN\B(r
>/ 1—g(y)
~ JB(r

dy —
,r.Nfa Y /R

MB(r) TN

(sonr™ = llgllzr ) = 0.

= 7aN—oz

7
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Concerning the right inequality, for every function 6 : RV — [0, 1] we denote by 6:RN - [0,1]
the function given by 6 = Xp(» being 7 = N0 11 /wn. We claim that

3(f£,0) > 3(£,0) VI 6:RY = [0,1), f =" 0=06", (2.16)

with equality only if 6 = 6 in the special case when f = f (the equality holds true only if 6=10
even without the assumption f = f, but since we do not need this stronger fact will not prove
it). Notice that this will readily imply the right inequality in (2.15), since of course 7 =g, so
applying (1.1) once and then (2.16) twice, calling again for brevity r = Y/|[g][11/Qn), we get

$(9) =3(g,9) <3(g%,9") <TI(g",9) <T(9,9) = §(9) = (X p,y) = F(B(r)),

which is the desired inequality. Concerning the equality cases, observe that §(g) = §(B(r))
if and only if ¢* = g = Xp(p» and J(g,9) = 3(g*,9%). As noticed at the beginning, since
h(t) = t~(N=2) ig strictly decreasing, the latter equality holds if and only if ¢ = ¢* up to a
translation. Summarizing, equality in the right inequality in (2.15) holds if and only if g is the
characteristic function of a ball. Thus, to conclude the proof we only have to establish (2.16).
Let then f, 6 : RN — [0, 1] be two functions such that f* = f and #* = . For every p > 0,

let us define £2)
z N—-1
— — = _dzd I .
() Joss /RN z -y 1 )

Let now p; < p be given, and for every € > 0 let g : RY — R be given by

9= XB(py) T XBlogte) ~ XBpy) !
so that

*

9 = XB(01+5) =9+ (XB(01+5) - XB(Pl)) o (XB(pz-i-E) o XB(PQ)) ’ (2'17)
with (p1 +6)N = pN + (p2 +€)V — pi¥. Applying (1.1) to f and g, as usual with h(t) =t~ (N~
keeping in mind that f = f* we obtain J(f,g) < J(f,¢*). By sending € to 0, formula (2.17)
then implies that ((p1) > ((p2). That is, the function ( is decreasing. In the special case when
f= f , that is, f is the characteristic function of a ball, the fact that ( is strictly decreasing is
clear since so is the function v defined in (2.4).

To prove (2.16), we can then call again for brevity r = ]Vm and argue as in the
first half of the proof. More precisely, recalling that § = 8* and that 0 < 6§ < 1, and calling then
with a slight abuse of notation 6(p) = (y) for any |y| = p, we have

. +o0o z ) —

= [ co0) ~ 0060 Nty

+o0
/ C(p)(1 = 0(p)) NuowpV~1dp — / C(p)0(p) NuowpV 1 dp

+oo
/c (1= 6(p)) Neowp™dp = [ <)o) Neawp™dp

<||9 Oll L1 () — ||9HL1(RN\B(T))> =0
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The inequality (2.16) is then proved, and in the special case when f = f, thus ( is strictly
decreasing, the inequality is strict unless ¢(p) = (r) for every p such that 6(p) # 0(p), that is,
unless 6 = 6. 0

We have then the following result.

Lemma 2.9. Let f, : RN — [0,1] be a sequence of L' functions which weakly* converges in
L®(RN) to f: RN — [0,1] with [ f=lmy o0 [ fn. Then F(f) = limy o0 F(fn)-

Proof. Let ¢ > 0 be any given number, and let @ € RY be a bounded open set such that
fRN\Q f < e. The assumption that [ f = lim,_, [ f, implies also fRN\Q fn < € for n large
enough.

For any function g : RY — [0,1], let us call § : RY x RN — [0,1] the function given
by g(x,y) = g(x)g(y). Notice that the weak* convergence of f, to f in L>®(R") implies also
the weak® convergence of fn to f in L®(RY x RM). As a consequence, since the function
(z,y) = Xqo(@)Xo()/ly — 2|V~ belongs to L'(RY x RY), we get

§(faXa) =2 3(Fxq)- (2.18)

We observe now that, also by the left inequality in (2.15) ,

I5(F) = S(X)l = T Xm0 X o) 230 Xas FXon o) = 29(F, PXgm )

=* /0L )

1
= 2/ TTN=a dy/ f(z)dx
BT 7o) 1Y RN\Q
1
< 25/ = Y
BN/ o) 1Y
and in the very same way
1

5(6) = $(we)| < 2 R
" BOY Tl ) 191

Since || fnllr = || fllz1 and € is arbitrary, by (2.18) we deduce the thesis. O
We can now give the proof of Lemma 2.6.

Proof of Lemma 2.6. Let {E,} be a sequence of sets in R such that |E,| = wy for every N,
and D(E,) — 0 for n — co. To show the claim, we have to prove that necessarily 6(E,) — 0.
The concentration-compactness Lemma by Lions ([9], see also [10]) ensures that, up to pass
to a subsequence and to translate the sets, one of the three following possibilities hold:
vanishing: for every R > 0 one has lim,_,o sup,cpn |En N By (R)| = 0.
compactness: for every ¢ > 0 there exists R = R(¢) such that limsup,_,, |E, \ B(R)| < e.
dichotomy: there exists 0 < A < wy such that, for every & > 0, there exist R = R(¢) and sets
E}, E2 C E, with E} C B(R) such that

n—oo

limsupHETﬂf)\’ <e, limsupHEY2L|—(|wN|f)\)‘ <e, lim dist(E!, E2) = co.
n—oo n—oo
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We consider the three possibilities separately.
First of all, we can easily exclude the vanishing. In fact, assume that the vanishing holds,
and let R = 1. For every n € N, we have

d(E,) = inf |E,AB.(1)|=2 inf |B,(1)\ E,| = 2wy —2 sup |B,(1) N E,]|,
xRN RN zERN

which by definition of vanishing implies that §(F,) — 2wx. By Lemma 2.7, we find a contra-
diction with the assumption that D(E,) — 0, thus the vanishing is excluded.

We can now exclude also the dichotomy. Indeed, let us assume that dichotomy holds, and
let 0 < A < wy and E}, E2 be as in the definition. Since E. and E2 are disjoint for n large
enough (because their distance explodes), we have E,, = E)\UE2UE3, with E3 = E,\ (ELUE?).
We fix now some positive €, to be specified in a moment, and call

R1:< +5> R2:<wN +5>
WN WN

the radii of two balls having volume A\ + 2¢ and wy — A 4 2¢ respectively. Since for n big enough
we have |E}| < A+ 2¢ and |E2| < wy — A + 2¢, and since balls maximize the energy among sets
with the same volume, we immediately obtain the estimates

(50 < 51 = (2 25)%&03), §(E2) < (“’N‘“%)Hﬁs(m,

WN WN

which by strict convexity imply
F(En) +3(E7) < F(B) —e(9n1(wn) + 1) (2.19)

as soon as ¢ has been chosen small enough. Keeping in mind that |E3| < 3¢, again for n large

enough, by Lemma 2.4 we have also
S(BE2) +23(E2 B} U E2) < 97 (wy) - (2.20)
Putting together (2.19) and (2.20), and keeping in mind that the distance between E} and E?
diverges, we can then evaluate the energy as
S(En) = F(By) + F(Ep) +F(E,) +23(By, By U ER) +23(Ey, E) < F(B) —¢

for every n large enough. This clearly contradicts the fact that D(E,) — 0 for n — oo, hence
also the dichotomy is excluded.

Summarizing, we have reduced ourselves to consider the case when compactness holds.

In this last case, let us call f,, = X . Up to a subsequence, {f,} weakly* converges in
L®(RY) to some L' function f : RY — [0,1]. The fact that compactness holds readily
implies that ||f|;1 = lim,eo{fn}rr = wn. As a consequence, by Lemma 2.9 we have

that F(f) = limy—oo §(fn) = limy 0o §(En) = F(B), where the last equality holds because
D(Ey) — 0. By the right inequality in (2.15), we deduce that f = x, for some z € RN. By
the weak™* convergence of f,, to f we obtain

limsup §(E,) < limsup |E,AB,| = 2limsup |E, \ B,| = ZIimsup/ fa(2)(1— f(z))dx =0
RN

n—oo n—0o0 n—o0 n—oo

as desired. This concludes the proof. O
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2.4. A set uniformly close to a ball. Our next aim is to show that a set with small Fraenkel
asimmetry can be slightly modified in order to be uniformly close to a ball. More precisely, we

will show the following weaker version of Proposition 2.1.

Lemma 2.10. For every 0 < & < 1 there exists some 6. with the following property. For every
E CRYN with |E| = wy and §(E) < 6, there is another set E' C RN | still with |E'| = wx, such
that B(1 —¢?) C E' C B(1 +£?) and

D(E') < D(E), S(E') = §(E). (2.21)

Proof. Let E be a set as in the claim. Up to a translation, we can assume that B is optimal for
the Fraenkel asymmetry, that is, 6(F) = |[EAB|. We construct the set E’ in two steps. First of
all, we look for a set By C B(1 + £?) with volume wy and such that

D(E,) < D(E), (E1AE)NB(1+£%/3)=10. (2.22)

To do so, we define G = E \ B(1 + €2). If 6. is small enough, it is possible to define some
G C B(1+¢2/2)\ (B(1+¢2/3) U E) such that |G| = |G|. We can then set

E,=(EUG)\G.

By construction, |E;| = |E| and the right property in (2.22) holds, hence we have only to take
care of the left inequality. We have

J
> 3(E) + 23(E,G) — 23(E,G) — 23(G, G) (2.23)
3

By Lemma 2.4, since |G| = |G| < |E\ B| = |B\ E| = 6(E)/2 < 0., we can estimate
23(B\ E,G) +23(E\ B,G) +23(G, G) < 671.(5.)|G] .
On the other hand, by construction and by definition of ¢ we have
3B.6) = [v(elde =G+, 3B.6) = [ wllal)de < Gl +22).
Inserting the last estimates into (2.23), we get
S(Br) = §(B) = 2|G|(v(1+£%/2) = v(1 + %) = 3n1(0)) ,

and since 71 is continuous and increasing, with 71(0) = 0, as soon as §. < &2 we get F(Ey) >
§(E), so also the left inequality in (2.22) is obtained and then (2.22) is established.
We now repeat the same procedure to find a set E' O B(1 — €?) satisfying |E’| = wy and

D(E'") < D(Ey), Ey\AE C B(1—-¢2/3). (2.24)

More precisely, we define H = B(1 — 2) \ Ey, we let H C (B(1 —€2/3) N Ey) \ B(1 —£2/2) be
a set with |H| = |H|, and we set E' = (Ey, U H) \ H. By construction we have that |E'| = wy,
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that B(1 —¢?) C E' C B(1 +€?), and that the right inclusion in (2.24) holds. In addition, the

very same calculation as in (2.23) now gives
F(E") > F(Ey) 4+ 23(B,H) — 23(B,H) — 23(E, \ B,H) —23(B\ E\,H) — 23(H, H),
and as before by Lemma 2.4 we can estimate
23(E1 \ B,H) +23(B\ Ey, H) + 23(H, H) < 67,(5.)|H],
as well as
3(BH) = [ wllalde > [Hp0 =€), 3B = [ (il do < 70 - /2).
Therefore,

S(E) = §(B1) > 2[H|(v(1 — &%) — (1 = €%/2) = 311(6:)) > 0,

where the last inequality holds true as soon as d. has been chosen small enough. Thus, also the
left inequality in (2.24) is established, so (2.24) is proved.

Summarizing, we have defined a set B(1 —e2) C E' C B(1 + £?) with |E’'| = wy. The left
inequality in (2.21) follows by the left inequalities in (2.22) and (2.24), thus to conclude the
proof we only have to show the right equality in (2.21).

Notice that the right properties in (2.22) and (2.24) imply that

E'AEC B(1—¢2/3)U (RN \ B(1+ 52/3)> .
As a consequence, for every z € RV with |z| < £2/3 we have |E'AB,| = |EAB,|, so
|E'AB,| = |EAB,| > §(E). (2.25)
On the other hand, take any x € R with |z| > £2/3. Keeping in mind that
BAB, C BAEUFEAFE UFEAB,,
we have by construction
|E'AB,| > |BAB,| — |BAE| — |[EAE'| > |BAB,| — 3)(E) > §(E), (2.26)

where the last inequality holds true as soon as §. is small enough with respect to €, since
d(F) < 0. while |[BAB;| can be bounded from below with a strictly positive constant depending
only on N and e. Since for every 2 € RY we have the validity either of (2.25) or of (2.26), we
deduce that §(E') = |[E'AB| = §(F), thus the right equality in (2.21). O

2.5. The nearly spherical set around a ball. In this section we show that any set uniformly

close to a ball can be reduced to a nearly spherical set.

Proposition 2.11. There exists 0 < €1 < 1 depending on N and on a with the following
property. Let 0 < ¢ < 1, let E' C RN be a set of volume wy, let = € RN, and assume that
B.(1—¢) C E' C B,(1+¢). Then, either the estimate (1.4) holds true for E' with a suitable C
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depending only on N and «, or there exists a set E,, which is e-nearly spherical around B, and

satisfies

S(E)
5

D(E,) <2D(E"), |E.AB,| >

(2.27)
To show the proposition, we need a preparatory lemma.

Lemma 2.12. There exist constants €1 and C only depending on N and on « such that, for
any e, E' and z as in Proposition 2.11 the following holds. If (1.4) does not hold true for E’,
then there exist two functions u™ : SN~ — [0,¢) so that, defining

E'={z+tzx:te0,1 —u (2))U(L,1+u"(2), z € SV}, (2.28)
the set E” has volume wy and satisfies

S(E")
5

D(E") < D(E'), S(E") > (2.20)

Proof. Let us assume, just for simplicity of notation, that z = 0. We can immediately define

ut : SN=1 5 Rt as the two functions such that, for every x € SN—1

1+u+(a;)N1 +o<>N1 1 N1 1N1
/1 t dt:/1 t XE/(tx) dt, /l—u(m)t dt:/o t XCE,(tl‘) dt .

Defining then E” according to (2.28), we call now

, we have

Gt =(E'\E")\ B, Gt =(E"\E)\B,
G- =BnN(E"\E, G- =Bn(E'\E").
Notice that Gt C B(14¢)\ B and G~ C B\ B(1 —¢), and moreover |E"| = wy, in particular
GH = IGH, 16| = 6. i
We write now H = GT UG~ and K = GT UG, and we define the function ® : H — K as
follows. For any y € H, we let ®(y) = go(y)ﬁ where, if |y| > 1,

ly] w(y)
Yy N—-1 3, N-1

and similarly, if |y| < 1,

/1 X (ty>tN Lt = /IXE,,\E, (ty>tN Lt
(y) | 1yl [yl

It is simple to notice that @ is an invertible transport map between H and K (in fact, it is a sort
of “radial version” of the well-known Knothe map). As a consequence, we can apply Lemma 2.5
four times, so (2.10) implies

J(K,E'\B)-3(H,E'\B)+3(H,B\E')-3(K,B\ E')+J(K,E"\ B)

~3(H,E"\ B)+3(H,B\ E") - 3(K, B\ E") (2:31)

+
<2(n(B\ B+ n(BVED) [ ly—2()ldy.
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also keeping in mind that |[E'\ B| = |E” \ B| and |B \ E’| = |B \ E”|. Moreover, since
B(1—¢) C E' C B(14¢) and the same is true for E”, and since by construction for every y € H
one has y/|y| = ®(y)/|®(y)| and |®(y)| > |y|, then for every y € H

P(lyl) = (2 (y)]) = cly — 2(y)l,
where ¢ = min{|¢//(t)| : 1 —e <t <1+ ¢}. By integration, we get
HB) - KB = [ - el dy.
Using this inequality together with (2.31), we can now evaluate
S(E") —F(E') =3(H,E') — 3(K, E') + 3(H, E") — 3(K, E")
— 23(H, B) — 23(K,B) + 3(H,E'\ B) — 3(K,E'\ B) + 3(K, B\ E')
_3(H,B\ E')+3(H,E"\ B) — 3(K, E"\ B) + 3(K,B\ E") — 3(H,B\ E") (2:32)

> 2(c =12\ B) = n(|B\ D) [ =0l > 0.

where the last inequality holds true if €; has been chosen small enough. Indeed, keeping in mind
that B(1—¢) C E' C B(1+¢) and that m2(t) N\, 0 for t \ 0, we get that 7 (|E’\ B|) +=(|B\ F'|)
is arbitrarily small if e < 1. The constant ¢, instead, converges to —¢'(1) > 0 for ¢ < 1.

Summarizing, we have found a set E”, defined through (2.28), such that |E”| = wy and
D(E") < D(E'"). To conclude the proof, then, we have to show that either §(E”) > 6(E’)/2, so
that (2.29) holds true, or (1.4) is satisfied by E’ with a suitable constant C' = C'(N, «).

Let us call B” a suitable translation of B such that 6(E”) = |E”"AB"|. If |[E"AB"| > §(E')/2
we are done, so we assume that the opposite inequality holds true. By definition of Fraenkel
asymmetry of E’, we have
/ / 1 / /! /! 1 / /! 6(E/)
)(E") < |E'AB"| < |E'AE"|+ |[E"AB"| < |[E'AFE ]—1—?,

which gives, by construction,
|E'AE"| _ 0(E")
H| = > . 2.33
| = 0 > 5 (233)
For any direction v € SV~!, let us now call G, = H NvR the section of H in direction v, and we
subdivide G, = Gt UG where G = G, \ B and G'™ = G, N B. Notice that (E”\ B) NvR

is a segment, in particular it is the segment (1,1 + u*(z))v. Every point of GT N VR is in this

segment, while every point of G N VR is outside it. As a consequence, for any y in a subset of
Gt of length S (GS) /2 one has |®(y) — y| > S (GS) /2, thus

L (Gqext 2
/ ]@(y)—yyd%IZM.
ngt 4
Similarly, for any y in a subset of GI' of length 2" (G /2 it is |®(y) —y| > S (G™)/2, thus

L (G
[ 10 vl 2 T
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The last two inequalities imply

2
/mw—mm%ﬂz“%m%”7
G, 8

so an integration over SV ~! together with (2.33) gives

4 - SN-1 gN-1

< |H| < (1+e)N ! NG dv < (1+e)N \/Nw\/ G,)2dv

< (1+6)N—1,WSNWN\//SN1/ B(y) — y| A dv

1
<( +e)t \/8NwN\// |P(y) —y| dy.

(1—5) T

Keeping in mind (2.32), for £ small enough we deduce

AN / " / _¢,(1) /
D(E') = §(B) = §(E') = §(E") = §(E) 2 o0 a(B')?,

which is exactly (1.4), as desired. This concludes the proof. O
We are now in position to give the proof of Proposition 2.11.

Proof of Proposition 2.11. Let E’ be a set satisfying the assumptions. If the estimate (1.4) holds
true, there is nothing to prove. Otherwise, by Lemma 2.12 we have two functions u* : SN=1 —
[0, ) such that the set E” defined by (2.28) satisfies the inequalities (2.29).

We start by replacing u® with two new functions @ : S¥=! — [0,¢) which are locally
constant. More precisely, we claim the existence of two functions @* : S¥~1 — [0, ) such that
the following holds. First of all, S¥~! is the piecewise disjoint union of finitely many sets U;, so

that @™ = u and &~ = u; on each U;, and that

diam(U;) < min{w;", u; } Vi: min{u;, u; } > 0. (2.34)
In addition, the set E” defined as in (2.28) with u™ replaced by 4T satisfies the following slightly
weaker version of (2.29),

S(E")

D(E") < 2D(E'). 3(B") > 2

(2.35)

The validity of the claim is obvious. Indeed, u* can be written as strong limits of functions as
@F, and the corresponding sets converge to E” both in terms of the energy deficit D(-) and of
the Fraenkel asymmetry 46(-).

To define the nearly spherical set E,, we need to give a function v : S¥~1 — (—e,€)
according to Definition 2.2. We will define u separately on each set U;. Suppose first that
min{u;", u; } = 0: in this case, we simply set u = u;" if u; =0, and u = —u; if u;” = 0 (hence,
uw=0iful =u; =0).
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Let us now assume that min{u;, u; } > 0. Let us then write U; as the disjoint union of two

sets L; and R;, where
ANNL) (1= (1= )Y) = AN R (0 uH)Y - 1)) (2.36)
and in the set U; = L; U R; we define then u as

— +_ -
U= Xp U~ Xp, U

SN=1 — (—¢,¢), thus also the set E,

At this stage, we have completely defined the function w :
is determined according to (2.5). What we have to do to complete the proof, is to prove the
validity of (2.27).

Let us start defining the sets
F=E.\B,, D=B,\E., F=E"\B,, D=DB,\E".
Moreover, calling K; the cones K; = U; x RT we also define the intersections
F,=FnKkK;, D;,=DnNK;, F,=FNK;, D;,=DNK;.

By construction, since —~ < u < @', we have the inclusions F C F and D - D. On the
other hand, for each i we have that |Fj| + |Ds| > (|Fj| + |D;|)/2, hence summing over i we get
|E.AB,| > |E"AB.|/2. By the right estimate in (2.35), we get then
E"AB S(E" O(E
Brany | o), 3E)
so the right estimate in (2.27) is obtained, and we only need to get the left one.

Thanks to (2.36), for every i we have |F; \ F;| = |D; \ D;|. We want then to define an
invertible transport map ® between F \ F' and D \ D, in such a way that the restriction of ® to

|E.AB,| >

every F; \ Fj is an invertible transport map on D; \ D. For every i such that min{u;", u; } =0
this is emptily done, since F} \ F; = D; \ D =0.
Consider then an index i such that min{u;, u; } > 0. In this case, we can take any

—(1_.,—\N
. gN-1 1-(1-v; ) - notice that 7; is a

invertible transport map 7; — SNV=1! between y g, and a1 Xi,5
) h - 4

map between R; and L;. Observe that
F=(LiUR;) x (1,1 + ), Fy=Li x (1,14 u),
D = (LiURy) x (1 —u7,1), Di=R; x (1—uj,1).
As a consequence, we can define the function ® between F \ F; and D; \ D; simply as
O(tv) = gi(t)Ti(v) Vve R, te(1,1+ul),
where

AN RN 1) = AT L) ()Y — (1 ui)Y).
By construction, @ : F \ F — D \ D is clearly an invertible transport map and, keeping in

mind (2.34) and the definition of g;, we also have

ol — 18)| > 5y~ B,
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since € is small. As a consequence, calling ¢ = min{—v¢/(t) : 1 —e <t <1+4¢e} > 0, we get

3(B,D\ D)~ 3(B,F\F) Z/ﬁ\Fib(I‘I’(y)l) — ¢yl dy > /ﬁ\FC(M —[®(y)l) dy

) (2.37)
>3 /ﬁ\F ly—@(y)ldy.
We can now write
3(E.)—F(E")=3(B\DUF,B\DUF)-3(B\DUF,B\DUF)
= 23(B,D\ D) — 23(B,F\ F) + Cy + Cy + C5 + Cy,, (2:38)
where
C,=3(D,F\F)-=3(D,D\ D), Cy=3(D,F\ F)—3(D,D\ D),
Cy=—3(F,F\F)+3(F,D\ D), Cy=-3(F,F\F)+3(F,D\D).

Applying Lemma 2.5 four times, each time with H = F \ F', and with G equal to 15, D, F and
F respectively, we get

1] +1Cal +1C51 + 1G] < (ma(ID]) + (D) + m( Fl) + (1)) /ﬁ\F\y—w)rdy

<in((+e)¥ (10" [ ly-2)ldy.
F\F
This estimate, together with (2.38) and (2.37), implies that F(E.) > F(E"), or equivalentely
D(E.) < D(E"), if & has been chosen small enough. Keeping in mind the left estimate in (2.35),
also the left estimate in (2.27) follows, hence the proof is concluded. g

Remark 2.13. We point out that the sets E, given by Proposition 2.11 can be chosen in such
a way that the barycenter Bar(z) of E, is a continuous function of z. To show that, we remind
that Lemma 2.12 and Proposition 2.11 can be applied to any z € R such that B,(1—¢) C E' C
B.(1+¢). Let us call for a moment ut and Gt the functions u* and @* used in the proofs of
the two results, to highlight their dependance on the parameter z. A quick look to the proof of
Lemma 2.12 ensures that the functions uX depend continuously on z in L*(SN~1). Analogously,
a quick look to the proof of Proposition 2.11 ensures that the functions @ can be constructed to
depend continuously on z in L'(SV~1). As a simple consequence, we get that the functions Xg,

depend continuously on z in L'(SN~1). This clearly implies the claim.

Lemma 2.14. Let € < e1, and let E' CRY be a set such that |E'| = wy and B(1 — &%) C E' C
B(1 +¢€?). Then, for every z such that |z| = /2, the set E. given by Proposition 2.11 satisfies
(Bar(z) — z) - 2 < 0, where Bar(z) denotes the barycenter of E,.

Proof. Let us fix a vector z with |z| = €/2, and let E, be the set given by Proposition 2.11,

which can be applied since by construction

B(l—¢)CB(1-e>—|2]) CE CB(1+e*+|z]) C B(1+e).



18 N. FUSCO AND A. PRATELLI

Let us call HY = {z ¢ RV : 2.2 > |21} and H- = {z € RY : x-2z < |2|?}. Since
B(1 —¢2?) C E' C B(1+€?), then of course

ENHT"CB1+)nH", E'NnH DB(1—-¢)NH" .
By the proofs of Lemma 2.12 and of Proposition 2.11, it is clear that the same inclusions hold

also with E. in place of E'. Therefore, calling Z = (B(1+&e*)NH")U (B(1—-¢*)NH"), and
denoting by Bar(F') the barycenter of any set F' (so in particular Bar(z) = Bar(E,)), we have

Bar(E, —z)-z < Bar(Z —z)-2<0,
where the last inequality holds because € < €1 is small. This concludes the thesis. g

2.6. Adjustment of the barycenter. The aim of this section is to prove Proposition 2.1. No-
tice that each set E, defined in Proposition 2.11 is already a nearly spherical set satisfying (2.1),
so we only have to take care of the barycenter. In other words, all we have to do is to find a
suitable z € RY such that the set E, has barycenter precisely at z. To do so, we will make use

of the following well-known property, of which we give a proof just for completeness.

Lemma 2.15. Let F : B — B be a continuous function whose restriction f to SN=! = 9B is
mapped on SN with f(x) # —x for every x € SNTL. Then, there exists some x € B such that
F(z) =0.

Proof. The assumption that f(z) # —x for x € S¥~! implies that f is homotopic to the identity,
through to the homotopy

tr+(1—-1%)f(x
Byfa) - [T LD
[tz + (1 — 1) f ()]
On the other hand, if F' has no zero points in B then f is homotopic to a constant function,

through the homotopy
F((1-t)x)

T F(A—t)2)]

Since the identity on SV~ is not homotopic to a constant function, the contradiction shows the

O, (z)

existence of some zero points of F' in B. O

Proof of Proposition 2.1. First of all we notice that, if the claim has been proved for some ¢ > 0,
then it is emptily true for every & > ¢, with K(N,a,¢’) = K(N,a,e). As a consequence, it
is sufficient to show the claim for ¢ < ;. Let then € < €1 be given, and define . according
to Lemma 2.10, C' = C'(N, a) according to Proposition 2.11, and n = (., a, N) according to
Lemma 2.6.

Let now E be any set with |E| = wy. If §(E) > J., by Lemma 2.6 we have D(E) > 7, hence
2wN
5(B) < 2wy < 24X /DB,
Vi

thus (1.4) holds true with
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Assume then now that 6(F) < .. By Lemma 2.10, we get a set E' such that |E'| = wp,
satisfying the inclusions B(1—¢?) C E' C B(1+¢2), and such that (2.21) holds. We can assume
that (1.4) does not hold for E’, because otherwise it holds also for E by (2.21) and the proof is
already concluded.

For every z such that |z| < /2, we have the inclusions B,(1 —¢) C E' C B,(1 + ¢), hence
we can apply Proposition 2.11 to get a set E, satisfying (2.27) and being a e-nearly spherical set
around B,. Putting together (2.21) and (2.27), we get that the set E = E, — z satisfies (2.1),
hence it completes the proof if the barycenter of E, is precisely z. Therefore, we are reduced to
find some z € B(g/2) such that Bar(z) = z. Let us set

§—|I‘111€I}2{|Z—Ba7'( )\}

Notice that the minimum exists by continuity thanks to Remark 2.13, and it is strictly positive
by Lemma 2.14. We can then define the function F': B — B as

F(z)= 21‘[(61‘/2 — Bar(ex/2)),

where IT : RN — B(&) is the projection over B(€), that is, I(y) = y if |y| < &, and I(y) = &y/|y|
otherwise. Notice that the function F' is continuous because so are II and Bar, by Remark 2.13.
Take now z € SV ~!: by definition of ¢, F(x) € SV~!, and moreover by Lemma 2.14 F(z) # —z.

We can then apply Lemma 2.15 to the function F', finding some x € B such that F(z) = 0.
Calling z = ex/2, this means that Bar(z) = z, thus the proof is concluded. O

3. CONCLUSION

This section is devoted to prove Theorem A. Having reduced ourselves in the previous
sections to consider a nearly spherical set with barycenter in 0, what we have to do is to
perform a “Fuglede-type” calculation. In other words, Theorem A comes by putting together
Proposition 2.1 from last Section and the following Proposition 3.1.

Given a function u € L?(0B), we set for 1 < a < N

)‘2 N-1 N-1
e /BB/aB |x_ |Na dHY tam L, (3.1)

It is well known that this semi-norm can be written in terms of the Fourier coefficients ay, ;(u)
of u with respect to the orthonormal basis of spherical harmonics yy;, where & € N U {0},
i=1,...,N(k). In particular, yo,1 = 1/vV/Nwn, y1; = zi//wn for i =1,..., N. More precisely,

we have
N(k)

W N1y N1 o
/63/83 |m— |N o My dH, Zzﬂkakz ; (3.2)

k=0 i=1
where for all k > 0

N-1 F(%)
pp =202 ot
r(859)

Pge) T+ Y50
(F(Nz2+a) - F(k:+ Nz2+a)> : (3'3>
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It is easily checked that the sequence pf is bounded from above and strictly increasing in k& with
p§ = 0. Therefore from (3.2) it follows that
lu = (waosllL2op) = [u] e ,

where (u)sp stands for the average of u on dB. Moreover, see [6, Prop. 7.5],

5(B)

= a(N +a)

(3.4)

Next proposition gives a stability estimate for nearly spherical sets. Its proof is based on the
argument used in [7, Th. 1.2] to prove the stability of the isoperimetric inequality for nearly

spherical sets, see also [6, Lemma 5.3].

Proposition 3.1. Let o € (1,N) be given. There exist positive constants £y, Cy and Ci,
depending only on N, such that if E C RN is a measurable set with |E| = |B|, with barycenter
at the origin and
E={(1+u(z))pzr:z€dB,0<p<1}
for some function u € L>(9B) with |lu||r~@ap) < €0, then
§(B) = §(E) > CollullZaom > CIlEABE. (35)
Proof. Up to replacing v with tu, we may assume that

E={(1+tu(@))pz:z€dB,0<p<l1},

with |lullpe@py < 1 and t € (0,e0), where g9 € (0,1/2) will be chosen later. Using polar

coordinates we may write

1+tu(zx) 1+tu(y) TNflefl
R e A e | —dp.
oB oB 0 0 (|Ir—pl2+rple—yl>) =z

Using the identity
a prb a ra b rb b rb
N ST S S
0 Jo 0 Jo 0 Jo a Ja

the previous equality can be rewritten as

%(E) B deNil deNil 1+tu(x) 0 1+tu(x) f(‘x B ’ p
- T Y Yl 7, p) P
oB oB 0 0

1 N1 N1 1+tu(z) 1+tu(x)
sy Lo [t [ [ ey d,
OB OB 1+tu(y) 1+tu(y)

where, for every r,p > 0 and ¢ > 0, we have set

(3.6)

N—-1 N-1
N lp
f(q7r7p): N—a

(Ir=pl+rpg?)
For every x € 0B, by a change of variable, we get

1+tu(z) 1+tu(z)
/ dHéV‘l/ d?“/ fz —yl,r,p)dp
0B 0 0
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3(B)
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Nwy '’

1 1
(1+ tu(z)) Ve /a ! / dr / F(lz = ylor, o) dp = (1 + tu(z)) N+

where in the last iequality we have used (3.6) with u = 0. Hence
1+tu(z) 1+t u(x)
ar [ f (= vl do

1 _ _
/ dHy / dH,) /
oB OB 1+tu(y) 1+t u(y)

S(E) =—35
5(8) .
Now /83(1 + tu)N e dguN L,
Thus, we obtain
2
5(8) - 38 = S0+ 32 (o)~ h(e), (3.7
and

= [op(1+ tu)N T dguN-1

where we have set h(t
u(x) u(x
N— _
/ H 1/ d?-lilv 1/ dr/ flle—yl,1+tr,14+tp)dp
0B 0B u(y) u(y)

g(t) =
Jop(1+ tu)N dHN=1. Therefore,

Note that h(0) = Nwy = N|E| =

_/ (1 +tu)V (1 — (1 + tu)®) aHN 1
0B
t

h(0) — h(t)
2

> at/ udHN-l—a(2N+a—1)/ 2 N1 O(N)E %
OB 2 JoB

|B| we have that [5, ((1 + tu) ) dHN~1 =0, which in

Using again the assumption |E|

turn yields
2
—t/ udHN_lz(N—l)/ 02 dHN T — C(NYEful|
oB 2 JoB
(3.8)

Therefore we have
2
hO) = h(t) = ~a(N + )5 [ aHN = )l
oB
(3.9)

Concerning g, observe that
W o N-1 N1
90 = | / aHY
oB JoB ’37— ’N “ ‘

and that ¢ is a smooth function of ¢ in a neighborhood of 0. Note also that for r, p € (—1/2,1/2)
C(N)

and ¢ >0
d of of

T4l t‘_’— dtr 1+t Y g1 +tr1+1p)| <

Gf@l+rt 1+ pt)| = |ramfla,1+tr,1+tp) +po-fla, 1 +tr,1+tp) .
Thus, if 0 < t < &y,

)2
' |<CN// — ‘dHN Lau -1
oB JoB |9C— \ “
t), from the inequality above and (3.9) it follows that for

(0) +tg' (1), with 7 € (0

Since g(t) =
go sufficiently small
I N1, N1
(1-1ew) | / aHY L
5(t) 2 oB Jop !fﬂ— |N «
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Combining this estimate with (3.7) and (3.8) and recalling (3.2) and (3.4) we obtain

2 2 - -
3(B)—3(E)2 1—tC /aB/aB ]a:— v a| dMY 1d7—[év 1

2
-SBawraf /8 = Ol (3.10)
2 oo N(k)
= S [t Y mani(w)? - gl - CNYeul2a]
k=1 i=1
Using again the assumption |E| = |B| as above we have

wdHN !

< C(V)ull3 (3.11)

1
a1 (u)| = ’
) VNwn JoB
Similarly, recalling that the barycenter of E is at the origin, hence [, x;(1 +tu)NHdHN 1 =0

foralli=1,..., N, we may estimate the first order Fourier coefficients of u as follows

la1 i (u) i dHN T < C(N)|ul)3s . (3.12)

1
Sl
VWN JoB
Therefore, from these estimate, taking €9 small enough and recalling that pj > uf for k£ > 2,
we have, using (3.11) and (3.12),

o N(k)
A= tCNNI D pfari(w)? — pflullZ2 — C(N)t|ul2
k=1 =1
N (k) oo N(k)
(1—tC(N Z > pfari(w)? — > agi(u)? = C(N)tul3
k=1 i=1 k=0 i=1
oo N(k)
> (1 —e0C(N > (uf = pf)aki(u)? — £0C(N)||ull
k:2 =1
oo N(k) oo N(k)
Z > iagi(w)? —eoC(N)Jullf > €'Y Y~ pitagi(w)® — eoC(N)ul72 -
=2 =1 k=1 =1

From this inequality, (3.10) and (3.11) again, we conclude, assuming ¢y small enough,

N (k)
5B)-5B) 2 L[0'S0Y i) - aCV) ]

k=1 =1
2
> 2[00 S aniw? — eV lulf] > O full..

This proves the first inequality in (3.5) with u replaced by tu. The second one follows by
observing that |[tul|;1g) > C(N)|EAB]. O

Remark 3.2. We observe that from [6, Lemma 5.3] we have that for a nearly spherical set E,
with |E| = |B|, and 1 < a < N

F(B) —3(E) < CllullZ2(9m)
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provided ¢ is sufficiently small. Thus, by combining this inequality with (3.5) we may conclude

that for a nearly spherical set E, with |E| = |B| and barycenter at the origin, sufficiently close
in L™ to the unit ball, the gap F(B) — F(E) is equivalent to HUH%Q({)B)'
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