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1. INTRODUCTION

Since the seminal papers by Barrenblatt [0l [7] and Dugdale [14], cohesive zone models have
been widely used in fracture mechanics. Compared with the models of brittle cracks, based on
the original Griffith’s criterion [15], they provide a more accurate description of the process of
crack opening. Moreover, they permit to avoid the singularity of the stress near the crack tip.

In this paper we provide a possible justification of a macroscopic cohesive zone model in
terms of microscopic brittle cracks. More precisely, at a microscopic level we consider an an-
tiplane problem for linearized elasticity with purely brittle cracks, assuming that the material
under examination is reinforced by an orthogonal periodic grid of unbreakable elastic fibers (see

Figure [I]).
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FIGURE 1. Schematic of the composite material.

Preprint SISSA 14/2009/M (March 2009).



2 G. DAL MASO AND C.I. ZEPPIERI

Two scales play a crucial role in the problem: the period € of the grid and the thickness n
of the fibers. We study the asymptotic behavior of this material as ¢ — 0 and n — 0, when
n = 2¢2. When n — 0 with a different rate of convergence, it has been proved in [5] that the
limit is purely elastic with no cracks when 7 > 2, while the limit is elastic with purely brittle
cracks if n < 2.

According to Griffith’s theory, in our problem, with n = 2¢2, the energy to be considered is
given by

/ \Vul*dx +H'(S,) ifS, CQ.,
Fe (u) = Q
+o00 otherwise.

Here © C R? is the reference configuration, u denotes the displacement, S, is the jump set of
u and represents the crack, H! is the one-dimensional Hausdorff measure, and €. is the brittle
part of the material, defined as the disconnected part of {2 not contained in the fibers.

The effective behavior of the macroscopic material is obtained through a homogenization
procedure. The effective energy Fiom is the I-limit of F. as ¢ — 0 along a suitable sequence.
We prove that Fiom is given by the functional

From(u) = /Q Yl de + /S o, va)dH, (11)

where [u] is the amplitude of the jump of u and represents the crack opening, v, is the normal
to the jump set and describes the orientation of the crack, while g is a surface energy density
satisfying the estimates

max{alt|,1} < g(t,v) < B(1 +|t|) for every pair (t,v) € R x S, (1.2)

for suitable a, 8 > 0. Hence, the effective energy Fpom actually describes a cohesive zone model.

The plan of the paper is as follows. In Section (2 after recalling the basic notions on the
space SBYV of special functions of bounded variation, we make precise the variational setting of
the problem and state the main result (Theorem 2.2]).

In Section [3] we prove a compactness result (Theorem [3:4]) for the sequence (F;) with respect
to I'-convergence. The main step in the proof (see Propositions 3.3 and B.3]) is an estimate from
above of the I'-limit, which also leads to the second inequality in (L2]).

Finally, in Section [ we represent the I'-limit as an integral functional of the form (LI).

2. SETTING OF THE PROBLEM AND STATEMENT OF THE MAIN RESULT

Let U be a bounded open subset of R? and let 1 < p < 400, we use standard notation for the
Sobolev and Lebesgue spaces WP (U) and LP(U).

The scalar product of z,y € R? is denoted by z-y. For p > 0, B,(x) is the open ball centered
in z with radius p, while for v € S! := {x € R?: |z| = 1}, @} (x) denotes the open square of
center z, side length p and one face orthogonal to v.

The Lebesgue measure and the one-dimensional Hausdorff measure in R? are denoted by £2
and H!, respectively.

For the general theory of special functions of bounded variation we refer to [4]; here we just
recall some notation and definitions.
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The space of special functions of bounded variation on U is denoted by SBV (U). For every
u € SBV(U), Vu denotes the approximate gradient of u, S, the approrimate discontinuity set
of u, and v, the generalized normal to S,, which is defined up to the sign. If u™ and u™ are the
traces of u on the sides of S, determined by v, and —u,, respectively, the difference u™ — u™ is
called the jump of u, and is denoted by [u]. Note that, with our convention, if we reverese the
orientation of v,, we change the sign of [u]. It turns out that [u] € L'(S,; H?).

We consider the vector subspace of SBV (U)

SBV?(U) :={u € SBV(U): Vu € L*(U;R?) and H!(S,) < +o0}.

We consider also the larger space of the generalized special functions of bounded variation on
U, GSBV(U), which is made of all measurable functions u: U — R whose truncations u" :=
(uAn)V (—n) belong to SBV (U’) for every n € N and for every open set U’ CC U; i.e., with

U’ compact and contained in U. Notice that
|Vu"(z)| < |[Vu(z)| ae. in U,
Vu"(z) — Vu(r) ae. in U as n — +oo,
Su" - Sm (un):t = (u:t)n’
H(Syn) — HY(S,) as n — +oc.

Moreover, if u € GSBV (U) in general it is no longer true that u* and u~ are finite H!-a.e. on
S.; however, it is still possible to define the jump [u] on H!-almost all S, because the points
where the traces are both +00 or —oo do not belong to S,. We remark that [u] is now an
extended real-valued function, and it may happen that [u] ¢ L*(S,;H").

In analogy with the case of SBV functions, we say that u € GSBV?(U) if u € GSBV (U),
Vu € L?(U,R?) and H'(S,) < +oo.

It can be proved that

GSBV*U)N L>®(U) = SBV*(U)N L™ (V).

Let © be a bounded open subset of R? with Lipschitz boundary. Let A, := [—% + €, % — €)%
for i € Z% we set QL := ic + A, (see Figure2)). Moreover we define
Q. :=Qn U QL.
i€Z?
Let F.: LY(Q) — [0, +00] be the functionals defined as
Vul? dz + H'(S,) ifue SBV%(Q), S, C Q.,
. A (5.) (©), 5, € 0. o
+00 otherwise.
We also consider the Mumford-Shah functional MS: L1(Q) — [0, +o0]
Vul?dz + HY(S,) if ue SBV2(Q),
MS(u) = /Q| uf*de +H(S,) i @) (2.2)

+00 otherwise.

In what follows the T'-convergence of (F.) is understood with respect to the strong L!({2)-
topology (see [13]).
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FIGURE 2. A portion of the fiber reinforced brittle material.

Remark 2.1. We notice that for every € > 0 we have the trivial bound MS < F.. Then, if
u,ue € L1(Q) and u. — w in LY(Q), with sup, F(us) < +00, Ambrosio’s compactness theorem
(see [1, 2]) yields u € GSBV?(Q) N L'()). Hence, the domain of the I-limit (if it exists) is a
subset of GSBV?2(Q2) N LY(Q).

The main result of this paper is the following.

Theorem 2.2 (T'-convergence). Let (F:) be the family of functionals defined in [210). Then,
for every sequence of positive numbers converging to 0 there exists a subsequence (gx) such that
(Fe.,.) T-converges to a functional Fyom: L*(Q) — [0, +00] of the form

2 T 2
From () = /Q|Vu| d:c+/sug([u],uu)d7-[ ifu € SBV=(Q),

400 otherwise,

(2.3)

for some Borel function g : R x S' — [0, 400) satisfying the following properties:
(i) for any fivzed v € S*, g(-,v) is nondecreasing on (0,+00) and satisfies the symmetry condition
g(—t, _V) = g(tv V);
(ii) there exist a, B > 0, with o < 3, such that

max{alt|, 1} < g(t,v) < B(1+[t]), (2.4)
for every pair (t,v) € R x S*.

Remark 2.3. By the properties of I'-convergence we know that Fyon, is lower semicontinuous
in L1(Q). As a consequence, we deduce in particular that the functional

U g([u], v,) dH* (2.5)
Su
is lower semicontinuous on finite partitions; i.e., on the subspace of SBV?2(2) N L (£2) made of
those BV -functions which take only a finite number of values. Then, it is well-known (see [3])
that two necessary conditions on ¢ for the lower semicontinuity of (235 are the following:
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1. (subadditivity in the first variable) for any v € S*

g(t1 +t2,v) < g(t1,v) + g(t2,v),

for every ti,to € R;
2. (convexity in the second variable) for any t € R, the 1-homogeneous extension of g(t,-): S' —
[0, +00) to R? is convex. This condition can be equivalently expressed in terms of g as

g(t, V) < Alg(tv Vl) + )‘29(t7 V2)7
for every v,v1,v9 € ST, A1, A2 > 0 such that \jv; + Aavp = v.

Remark 2.4. We may also consider the functionals F, : L'(€2) — [0, +00] defined as

. / Vul?dz+ H(Sy) ifue GSBVAQ)NLY(Q), Su C O,
fe(u) = QO

400 otherwise.

(see e.g. [0]). Notice that Theorem ensures the same I'-convergence result for F.. Indeed,
Theorem immediately yields

Fhom(u) = I'-limsup F¢, (u) > I'-limsup fgk (u),
k—+o00 k—+o00
hence the upper bound.

To achieve the lower bound we need to prove that for every u,u; € GSBV?(Q) N LY(Q) with
Sy, € Qe, and up — u in L1(Q) we have Fom(u) < liminf Fr, (ug).

To this end, for any fixed n € N we let uj be the truncation of uy at level n. Then, (u}) C
SBV?(Q), Sun € Qg and ufl — u" in LY($), as k — +o00. Moreover, since F, (u) < Fe, (ug),
by Theorem we get

From (") < liminf 7., (u) = lininf 7., (uf) < lim nf 7., (uy).
Finally, since " — u in L*(Q), letting n go to infinity and invoking the lower semicontinuity of
the I'-limit Fyom, we obtain
Fhom (u) < liminf Fpopm (u”) < T-liminf fak (u),

n——+o00 k—-+o00

thus, the lower bound.

3. A COMPACTNESS RESULT ON SBV?2(1)

We prove Theorem in a nonconstructive way, following the so-called localization method of
I'-convergence, for which we refer the reader to [I3] Chapters 14-20].

Loosely speaking, this method consists of two main steps. In the first one, based on compact-
ness arguments, we prove the existence of I'-converging (sub)sequences. While in the second
one we recover enough information on the structure of the I'-limit as to obtain a representation
in an integral form.

We localize the family (F.) by introducing an explicit dependence on the set of integration.
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Let A(Q) be the family of all open subset of Q. For every pair (u,U) € L'(Q) x A(Q) we
define

/ \Vul*dz +H (S, NU) ifue SBV3(U), S,NU C Q.,
U

Fe(u,U) := (3.1)

400 otherwise.

For any U € A(Q) and any u € SBVZ(U) N LY(Q), we may extend the localized functionals
considered above to a measure F; (u,-) defined on the o-algebra B(U) of Borel subset of U, by
setting

Fi(u,B) = / |Vu|? dx +H' (S, N B), for every B € B(U).
B

Given a positive sequence (g5,) converging to 0, we define ', 7" : L1(Q) x A(Q) — [0, +0o0] as

F'(-,U) = T-liminf 7, (-, U), F'(-,U) = TI-limsup F., (-, U),
k—+o0 k—-+o00
for every U € A(Q).

We notice that F', F” are lower semicontinuous [I3 Propositions 6.8] and that they inherit
some of the properties of the functionals F.. Indeed, they are increasing [13, Propositions 6.7],
local [13] Propositions 16.15] and it is immediate to show that they decrease by truncation.
Notice that in general they are not inner regular. Hence we also consider their inner regular
envelope; i.e., the functionals 7/, 7" : L'(Q) x A(2) — [0, +00] defined as

FL(u,U) :==sup{F (u,V): V.CCU, Ve AQ)}. (3.2)
and

F'(u,U) :==sup {F"(u,V): V.CC U, V € AQ)}. (3.3)
Then, F_ and F” are both increasing, lower semicontinuous [I3, Remark 15.10], and local [13]
Remark 15.25].

By the compactness of I'-convergence, in Theorem B.4] we easily show that for every sequence
of positive numbers converging to 0 there exists a subsequence (gi) such that the corresponding
functionals F' and F” satisfy 7 = F”. Moreover, by monotonicity we always have

Fl=FL<F <F" (3-4)

Then, if we show that F” is inner regular, which is equivalent to the inequality F” < F”, from
B4)) we deduce the existence of the I'-limit of (F,).

A preliminary step towards the proof of the inner regularity of F”, and of other crucial
properties of the I'-limit considered as a set function, is proving that the so-called fundamental
estimate holds uniformly for the sequence of functionals (F).

The next proposition provides an extension of the fundamental estimate to the SBV-setting.

Proposition 3.1 (Fundamental estimate in SBV?2). For every n > 0 and for every U, U",V €
A(Q), with U ccC U", there exists a constant M(n) > 0 satisfying the following property: for
every € > 0, for every u € LY(Q) with u € SBV2(U") and S, N U" C Q., and for every
v € LYQ) with v € SBV2(V) and S, NV C Q., there exists a function p € C§°(Q) with ¢ = 1
in a neighborhood of U', spty C U” and 0 < ¢ < 1 such that

Felput (1= 90, U'UV) < (1) (B, U) + el V)) + M) u— vl
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with S := (U"\U')NV.

Proof. This result can be obtained, as a particular case, from [I0, Proposition 3.1]. For the
reader’s convenience we prefer to give here a simplified proof.

Let n > 0, U',U",V € A(Q) be fixed as in the statement and let ¢ be a function in C§°(2)
with 0 < ¢ <1, spty C U” and ¢ = 1 in a neighborhood of U’.

Let u and v be two functions as in the statement and let w := pu + (1 — p)v. Notice that w
belongs to SBV?(U’ U V) and satisfies the constraint S, N (U’ UV) C Q..

We have

Fo(w,U' UV) = Fo(w,U') + Fr (v, V\ U") + F*(w, (U \U) O V). (3.5)

We now estimate the last term in the right hand side of B.5). Let S := (U” \ U’) N V; for any
fixed n € (0,1) we have

1— — )2
F(w, S) / ‘ W“( ) Vv +nW(?j] ”)( dz + H (S, N S) + HL(S, N S)
/ \Vu|? dx + / |Vv|2 d:z: + % / IVol?|lu —v|*dz + HY(S, N S) +HY(S,NS)
s
1
< —(]-'*(u S) + FZ (v, S + —/ Vol |u — v da. (3.6)
1 nJs
Finally, setting M := |[V|[ () and combining (3.5) and (3.6)), we find
1 M
FlwU'UV) < 1= (fg(u, U") + Felv, V)) e Ui Vl1Z2(s):

and thus the thesis. O

Now we show that the restriction of F” to SBV?2(2) N L°°(Q) and to all open Lipschitz
subsets of () satisfies a bound from above (see ([B.8])).

Before stating this result, it is convenient to introduce some notation.
Let us fix an open rectangle R containing 2 and let W(R) be the space of all functions
w € SBV2(R) N L*®(R) enjoying the following properties:

e S, C L, with L finite union of pairwise disjoint closed segments contained in R;
e wc W2®(R\L).
Moreover, we denote by Af(£2) the class of all open subsets of 2 with Lipschitz boundary.

To obtain the desired estimate we need the following approximation lemma.

Lemma 3.2. Let U € AL(Q) and let v € SBV?(U) N L¥(U). Then u has an extension
v € SBVZ(R) N L®(R) with compact support in R, such that

HY(S, NOU) =0, (3.7)

and [|v||peo(r) = |[ullpo ). Moreover, there exist a sequence (w;) C W(R) converging to v in
LY(R), and a sequence (Lj) of finite unions of pairwise disjoint closed segments contained in R
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and such that Sy, C Lj, with the following properties:

|wjllpee(ry < vl zoe(r) = llull oo @),
Vw; — Vv strongly in L*(R;R?), hence Vw; — Vu strongly in L*(U; R?),

timsup [ (o)) vy) dH" < (o) k= [ ) !
j—too JL;nU SuNU SunU

for every upper semicontinuous function ¢: R x S* — [0, +00) such that (t,v) = (—t, —v)

for everyt € R and v € S'.

Proof. To prove the first assertion we can use locally a reflection argument in a curvilinear
coordinate system for which the boundary is flat. The global extension can be obtained, as
usual, through a partion of unity. Then, by ([B.7), the existence of the approximating sequence
(wj) is a consequence of the density result [I2, Theorem 3.1] (see also [12, Remark 3.5]). O

We are in a position to prove the following proposition.

Proposition 3.3. There exists 3 > 0 such that

f’/(u,U)g/U\vuPdHﬁ [ (3.8)

for every u € SBV2(Q) N L>®(Q) and for every U € AL(Q).
Proof. We fix U € Ap(Q); in view of Lemma and of the locality of F” it is enough to prove

Fw,U) < / Vulde+8 [ (1+ [u)dH, (3.9)
U nU
for u € W(R).
We want to construct a sequence (uy) converging to u in L'() such that u, € SBV?(U),
Sy, NU C €, , and

lim sup Fz, (ug, U) g/ \Vul>dz + (1 + [u)®)dH . (3.10)
k——4o00 U LnU

Since U has Lipschitz boundary, we can slightly modify u near each connected component of S,

to find a L that intersects OU in a finite number of points. This can be done, for instance, by

slightly shifting these connected components taking into account the area formula for U .

Now we explicitly construct u; when L is a single closed segment; then, the general case
follows easily.
We divide the proof into two steps.

Step 1. We prove ([B.I0) for a target function u such that L is parallel to the xi-axis; more

precisely,
L={zeR?: a<x <b, z3=c} CR,

for some a,b,c € R with a < b.

To fulfill the constraints on the jump sets for the recovery sequence uy, the idea is to regularize
the target function uw on the portion of the unbreakable fibers intersecting L.

Let R’ be an open rectangle such that QN L C R’ CcC R and consider a horizontal strip
of fragile squares Qék centered on a line “close” to xo = ¢. To fix the ideas, we consider those
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QL corresponding to indices i = (i1,i2) € Z?, with i1 € I} := {L%jek,...,u%jek + e} and
iz = [ ek (being [r] be the integer part of any r € R). Then, we translate u to prevent the
possibility that L entirely falls in an unbreakable horizontal fiber (see Figure B]). More precisely,

L
- EEEEEEEE | ke

R

FIGURE 3. A set L falling in an unbreakable fiber.

for k large enough and for x € R’ we set

o) = w4 (e - Léja@ &),

so that S, is contained in the horizontal line xo = {éJ Ek-

We also define the numbers

+ . C J Ek 2 - \‘ C J Ek 2

a; = |—|e — —¢ and a; ‘= |— | — — +¢€

k Lek L 2 k k Ek k 2 + k>

corresponding to the upper and lower sides of the squares Qék, respectively (see Figure [4)).
Since the index i9 will be fixed throughout this proof, to not overburden notation, with a

little abuse, we denote by ¢ an index varying in Z. For every i € Z we consider the unbreakable

rectangles

. . _ ; €k Ek .
i =Sk % (ay,a;), where S := <7 — €2, ) +z—:z) + ie.
e — 263 22 e — 263

,,,,, To = az
c

,,,,, Rz l____ X9 = L—Jfk
€k

,,,,, Ty = ay,

FIGURE 4. An unbreakable rectangle R}; between two consecutive brittle squares.
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For every ¢ € I, we define u; in each rectangle Rz in the following way: for fixed z1 € S,i,
ug(z1,-) is the affine function connecting the two values vg(z1,a; ) and vg(z1,a;) in [}, a]];
1.e.,

vg (21, a;) — (21, ay)

U\ L1, X =
k‘( 1, 2) a;:—a];

(x2 —ay, ) + vp(z1,a;),

while we set uy, := v}, elsewhere in R'.

By construction, (uy) C SBV2(R'), Sy, NQ C Q.,, and uy, is bounded in L>(R'). Then,
since uy, differs from vy only on a set whose Lebesgue measure tends to 0 as k — 400, we have
up, — w in L'(Q). Since in each square Q’ek the jump set of u; is contained in the horizontal
line z9 = Léjz—:k and in the vertical sides of the square, its lengh is bounded from above by

3(ex — €3). Therefore, we have

lim sup F(ug, U) < limsup/ |Vug|? d
U

k—+o0 k—+o0
—I-limsupz / |Vug|? de + limsup 3Ny, (e, — £2), (3.11)
k—+o0 ic] R} k—+o0

where
Jr={i el RENU#0U{ie [1: QL NU # 0}

and N, is the number of elements of Jj,. Notice that since L intersects QU in a finite number of
points, we have

exNy < HNLNU)+0(1) as k— +oo. (3.12)
The definition of v, immediately yields

lim /|Vvk|2d:1::/ Vul? da. (3.13)
k—+oo J7 U

Moreover, when we come to estimate the other terms in ([B.I1]), we easily find
/ |Vug|? de < 2 /
Ri R

+2/_ \c%lvk(a:l,a,;)P da:+/

Ri R

Oy Vg (1, ‘12—) — Oy vi(21,ay,) ‘2(332 B a_)2 i
k

. + =
: p, —

vk (21, a;) —vp(z1,0a;) ‘2
af —ay,

dx;

hence

16
Z /Ri Vg [* d < ?NW%HVUH%OO(R) +4Nk52||vu‘|%oo(1%)
k

1€Jy
_l’_ —
ve(x1,a; ) —vp(x1,a 2
P a [ | i) fy,
: ap — ag

Now let fu,f be the traces of vy on both sides of the line o = Léjsk, and for every i € Ji let
zt = (e, + =, éjak) be the center of the rectangle R.. Since vy, is Lipschtz continuous on
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each side of the line zo = [ = Jej, with constant |[Vul| (), we obtain

ok (1, a)) — vg(x1, a)]?
< 2|[v]l(2}) 12 + 2lvok (21, 0 ) — vff (2h) — (w21, a5) — vy (x))]?
< 2|[ve](2)]* + 8eRlIVullZoo ().

for every i € J; and every z; € Sk. This implies

~) 12
lim sup Z / Uk xl’ak — Ul )‘ dx;
k—-+o0 iedy i ak — ak (314)
< 2 limsup Z erl[ve) (#5)]* + 16 lim sup NkEkHVUHLOO = 2/ [u]? dH?,
koo ioT! k—+o00 LnU

where the last equality is a consequence of ([B12]) and of the Lipschitz regularity of [u]. Hence,

gathering (3.11)), (312), (B.13)), and (3:14)), by definition of I'-limsup we have

f”(u,U)g/ ]Vu\2dx—|—3/ (14 [u]2)an’.
U LNU

Clearly, an analogous construction holds true if L is parallel to the xo-axis.

Step 2. Let L be neither horizontal nor vertical.
We construct a sequence (u;) C W(R) such that S, C L;, with L; finite union of pairwise
disjoint horizontal and vertical closed segments, and satisfying the following properties:
uj — u strongly in L'(R),
Vu; — Vu strongly in L*(R; }Rz)
limsup/ (14 [uy]?) dH" <\f/ (1+ [u]?) dH".
L

j—oo

(3.15)

J
Then, we deduce ([3.9) by Step 1 and by the lower semicontinuity of F”.

To construct this sequence, we consider the intersections R°® and R® of R with the open
half-planes determined by the line containing L. As u € W(R), there exist two functions
u®,u® € W*(R) such that

{ue in R®
u =

u®  in RY.
For every integer j > 1, let P; be a polygonal line consisting only of horizontal and vertical
segments within a distance proportional to 1/ from L, as in Figure Bl We assume that P; and
L have the same end points. By completing P; with the half-lines prolonging L, R is divided
into two sets Rj@, R;B, such that

£2(R@AR§B) — 0 as j— +oo.
Then, we define
vj 1= ueije + U@XR?'

Clearly v; € SBVZ(R) N L*®(R), v; € W2*(R\ P;). Moreover, v; satisfies (3.15]) with L; = P;.
Finally, using a capacitary argument as in [11, Corollary 3.11], we may modify (v;) near the
vertices of Pj, obtaining a new sequence (u;) still satisfying (3I5)), with u; € SBV(R)NL>(R)
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FIGURE 5. Construction of the polygonal line P;.

and u;j € WQ’OO(R\JBJ-), where ﬁj is obtained from P; by removing small balls around its vertices
and is therefore the union of a finite number of pairwise disjoint horizontal and vertical closed
segments. O

A first consequence of the fundamental estimate Proposition [3.1] and of the upper bound
stated in Proposition [B.3]is given by the following compactness result.

Theorem 3.4 (Compactness by I'-convergence). Let F. be as in [BI). Then, for every se-
quence of positive numbers converging to 0 there exist a subsequence () and a functional
F :SBV2(Q) x A(Q) — [0, +00] such that for every U € A(S2)

F(,U)=F (,U)=F"(-,U),
with F',F" as in B2) and [B3)), respectively.
Moreover, F satisfies the following properties:

o for every U € A(QY), the functional F(-,U) is local and lower semicontinuous with respect
to the strong L'(Q)-topology;

o for every u € SBV?(Q), the set function F(u,-) is the restriction to A(Q) of a Borel
measure on ).

e for every U € AL(Q)

F(,U)=F'(,U)=F"(-,U) on SBV*Q).

Proof. Let R be the class of all finite unions of open rectangles contained in €2, whose vertices
have rational coordinates. By the compactness of I'-convergence [13, Theorem 8.5], a diago-
nal argument yields the existence of a subsequence (ej) such that F;, (-, R) I'-converges to a
functional Fy(-, R), for all R € R; i.e.,

Fo(u,R) = F'(u, R) = F"(u,R) for every u € L'(Q), R € R. (3.16)
For w € SBV?(2) and for all U € A(Q), set
F(u,U) :=sup{Fo(u,R): RCcC U, Re€ R}.
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For every U, U’ € A(Q)) with U' CC U, there exists R € R such that U’ CC R CC U; hence by
BI6) we get

F(u,U) = sup{F'(u,U"): U cc U, U" € AQ)}

= sup{F"(u,U"): U cc U, U € AN)},

for all U € A(Q); that is F is the inner regular envelope of both F' and F”. Hence the set
function F(u, -) is inner regular (see [13, Remark 15.10]) and superadditive (see [I13, Proposition
16.12]).

Let us prove now that F(u, -) is also subadditive for every u € SBV?(Q). The main difference
from the general treatment developed in [13] Chapter 18] is that in our case the rest in the
fundamental estimate vanishes only for recovery sequences converging in L?(£2) (see Proposition
B.10), while we are studying the I'-convergence with respect to the L'(£2)-topology.

We start by observing that on SBV2(Q) N L>(R), BI7) is equivalent to the two following
conditions:

i) for every u € SBV?(Q) N L*(Q), for every U € A(Q) and for every sequence (uy) C
SBV2(U)N LY(Q) with S,, NU C Q.,, such that u, — u in L}(Q) it is

F(u,U) < lgminffgk(uk, U);

(3.17)

ii) for every u € SBV?2(Q) N L>®(Q) and for every U, U’ € A(Q) with U’ CC U, there exists
a sequence (u) C SBV2?(U') N LY(Q) with S, NU’ C Q.,, uxp — u in L'(2) such that

F(u,U) > limsup F;, (ug, U’)
k——+oc0

(see also [13, Proposition 16.4 and Remark 16.5)).

Now let U,V € A(Q) and let v € SBV?(Q) N L®(Q). Fix any U’ cC U, V' cC V,
U, V' e A(Q). Choose an open set U” such that U’ cC U” CcC U and two sequences (uy) C
SBV2(U")NLY (), Sy, NU" C Qe , ux, — uin LY(Q) and (vg) € SBV2(V)NLY(Q), S, NV’ C
Qc,, vk — u in L1(Q) such that

limsup Fe, (ug, U") < F(u,U), limsup Fe, (vg, V') < F(u, V).
k—+o00 k—+o00

Since the functionals 7., decrease by truncation, we can additionally assume that [|ug|| ) <
ull oo )5 10kl oo (@) < llull poe(); hence uy — w in L*(Q) and vy — u in L*(Q).

Let us fix n > 0. Then, the fundamental estimate Proposition Bl gives a constant M (n) > 0
and a sequence (¢y,) of cut-off functions between U’ and U” such that

Fe (prur + (1 — op)vg, U UV
< (1 ) (Fe (U)o Foy (00, V1)) + M)llug = vl
Hence, taking the limit as k — +oo, and noticing that ppug + (1 — @r)ve — u in LY(Q), we get
Flu,U'UV') < (1+7) <]—'(u, U) + F(u, V)).
Now let n — 0, and then U’ U, V' /7 V; it turns out that
Flu,UUV) < F(u,U) + F(u,V),
so we have proved the subadditivity of F at least for SBV2(Q) N L>(Q) functions.
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Now let u € SBV?2(Q2) and, for every n € N, set u" := (u A n)V (—n). Since u" € L>(Q),
and moreover since the values of F decrease by truncation, we have

F", UUV) < Fu",U)+Fu",V) < F(u,U)+ F(u, V).
On the other hand, as u™ — u in L*(Q), the lower semicontinuity of JF yields
Flu,UUV) < limJirnf]-"(u”,U uv) < F(u,U) + F(u,V),

and hence the subadditivity of F. Therefore, by the measure-property criterion of De Giorgi
and Letta, F(u,-) is the restriction to A(€2) of a Borel measure on  (see [13, Theorem 14.23)).

Appealing to Propositions 3.l and 3.3, now we prove that F” is inner regular on the class of all
open subsets of 2 with Lipschitz boundary. Indeed, let G: SBVZ(Q)NL>®(Q) < A(Q) — [0, +00)
be the functional defined as

G(u,U) ::/U]Vu\2dx+/sOU(1+[u]2)dH1,

and fix W € AL(Q). Since G is a measure, for every n > 0 there exists a compact set K C W
such that W\ K € Ar(R2) and G(u, W \ K) < n.
Choose U, U’ € A(Q) satistying

KcU ccUccW

and set V := W\ K.
Recalling that F” is increasing, Proposition [3.1] easily yields

F'u, W) < F'(u, U'UV) < F"(u,U) + F'(u, V) = F'(u,U) + F'(u, W \ K).
Moreover, by the definition of F” and Proposition [3.3] we have
F'u, W) < F'(u, W)+ CG(u, W\ K) < F"(u, W) + Ch,
for some C' > 0. Hence by the arbitrariness of 1 we get
F'(u,W) < F'(u,W) for every W € AL(Q), u € SBV*(Q) N L>®(N).

Invoking the L'(f2) lower semicontinuity of F”, the above inequality can be recovered on the
whole SBV?2(Q) with the usual truncation argument. Therefore, as the opposite inequality is
trivial, we may deduce that F”(u,-) is inner regular on the class of all open subsets of Q with
Lipschitz boundary, hence by (B.17])

F(u,U) = F(u,U) = F'(u,U),
for all U € AL () and for every u € SBV?2(Q2). Thus, the complete proof is achieved. O

In the next proposition we relax estimate ([3.8]) and we show that the restriction of F” to
SBV?(Q) x AL(Q) satisfies a bound from above similar to (&I]).

Proposition 3.5 (Upper bound). There exists 3 > 0 such that
F'(u,U) < / |Vu|? do + ﬁ/ (1 + |[u])dH", (3.18)
U SuNU

for every U € AL(Q) and for every u € SBV?(R).
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Proof. We fix U € Ar(Q); since F”(-,U) is lower semicontinuous in L!(Q2), by a truncation
argument it is enough to prove (B.I8) when u € SBV?2(Q2) N L>®(9).

Moreover, in view of Lemma [3.2] and of the locality of F”, we may restrict ourselves to
showing that

Fwt)< [vaPde+s [+
U LnU

for u € W(R).

To simplify the exposition, we additionally assume that L is a single segment; the general
case follows easily. Then, using the same notation employed in Proposition B.3], Step 2 we have

u® in R®
v {uEB in RY.
Let n > 1, we define a sequence (u;) as
u® in R®
uj = ue—l—l(u@—u@) inT;,izl,...,n
u® ' in R¥\ UiL, Tji7
where sz (¢ =1,...,n) are the “thin” open rectangles in Figure [6l

n/y N R®

FIGURE 6. Construction of the function u;.

Clearly, u; € SBVZ(R) N L™(R), Su; € Lj, where L; is given by the union of L with the
sides of the rectangles T;, fori=1,...,n, and u; € W2e(R\ Lj). Moreover, by definition of
u; and by virtue of its regularity, it is easy to check that the following conditions are satisfied:

u; —u  strongly in L(R),
Vu; — Vu  strongly in L?(R; R?),

- 12 gl — [Py g
Jim Lj(1+[uj] ) dH —/Ln<1—|— nz)dH.

(3.19)
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On the other hand, Proposition 3.3] and Theorem [3.4] ensure that

f(uj,V)g/ VP dz + 3 (1 + [uy]2)dn!
1% SujﬂV

< [1VuPasss [ P
1% LNV
for every V € A(Q). Therefore, the L'(Q) lower semicontinuity of 7 and (3.I9) directly yield

Flu, V) g/V]Vu\2dx+ﬁ (1+[ i )dHl (3.20)

Lnv

for every V € A(f2) and for every n > 1.
In view of Theorem [3.4] we know that we may extend F(u, ) to a measure on B(2) as follows

F*(u, B) == inf{F(u,V): BCV, Ve AQ)}, forevery B e B(Q).

Then, setting
[u]* ()

= >
fn(z) n(l + 2 ) forxre L, n>1
by (3:20) we deduce
F*(u,B) < / \Vul? dz + 6/ fndH', (3.21)
B LNB

for every B € B(2) and for every n > 1.
Let N > 1 be an integer; there exists a Borel partition {S”}n:17___,N, of L such that

— i , n —
fnlx) = 1gfillganl($), for every x € S", m=1,...,N.

Hence, for every B € B(2) we have

N
(SN B)) = F*(u,B\ L) + > F*(u,5' N B)
i=1

a

Il
—

F(u, B) = F* (. (B\ L) U

(2

/\W;MwZﬂ/ f dH,

SiNB

the last inequality being a consequence of (32I)). Then, by the definition of S and f; we get

f*(u,B)g/ VulPdetp [ min fodn!
B LnB 1<n
[ ]?

= / \Vul|? dz 4 3 min n(l + —) dH*,
B AR 1<n<N

(3.22)

for every B € B(2) and for every N > 1.
Now let N > [[ul| Lo (g)+1; for any ¢ € R such that [t| < [[ul| Lo (g), using as a test n = |[¢]]+1

we find
2

t
min n(l—l— ) <1+2Jt,
1<n<N
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this combined with (3:22]) yields
F*(u,B) < / |Vu)? dx+ﬁ/ (1 + 2|[u]|)dH? .
B LNB

Finally, choosing B = U € AL (f2) and appealing to Theorem [3.4] we obtain the thesis. O

Remark 3.6. Proposition 3.5 combined with the trivial bound M.S < F’ and the inner regu-
larity of M S(u,-), easily yields

MS(u,U) < F(u,U) g/ \Vul® d + 3 (1 + |[u]]) dH'
U SuNU
for every u € SBV?(Q), U € A(Q). Hence, from this estimate and from Theorem [3.4] we may
deduce that for u € SBV?2(Q), F(u,-) is the restriction to A(Q) of a Radon measure on 2.

4. INTEGRAL REPRESENTATION ON SBV?(Q)

On account of Theorem [B.4] we now complete the proof of Theorem [2.2] that is we identify the
functional F. Therefore, we assume that a sequence (gx) of positive numbers converging to 0 is
given, such that for every U € A(Q)

F(U)=F.(U)=F'(,U) on SBV?*Q).

For the reader’s convenience we recall here the statement of the representation theorem we are
going to employ.

The following theorem is a particular case of the representation result [8, Theorem 1] by
Bouchitté, Fonseca, Leoni, and Mascarenhas (see also the earlier work by Braides and Chiado
Piat [9]).

Theorem 4.1. Let £ : SBV?(Q) x A(Q) — [0,+0oc] be a functional satisfying the following
conditions:
(i) (locality) &£(u,U) = E(v,U) whenever u = v L?-a.e. on U € A(Q);
(ii) (measure property) for every u € SBV?() the set function &(u,-) is the restriction to
A(Q) of a Radon measure;

(iii) (lower semicontinuity) for all U € A(SQ) the functional E(-,U) is lower semicontinuous

on SBV?2(Q) with respect to the strong L'()-topology;

(iv) (growth condition) there exists C > 0 such that for every (u,U) € SBV?(Q) x A(Q)

o frwurars [ (s juart) < en)

SC(/U(l—HVuP)dx—F/ i) (@)

u

Then, there exist Borel functions fo : QxR xR2 — [0, +00) and go : QxRxR xS — [0, +00)
such that

E(u,U) :/ fo(z,u, Vu) dx+/ go(x,u+,u_,yu)d7-[1
U S.

wNU
for every pair (u,U) € SBV2(Q) x A(2). Moreover, the following derivation formulas hold true

foly5,€) = limsup T EC 9 G (v))
19y p—>0+ p2

(4.2)
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m(u,’}; Q) (y))

90(y,a,b,v) = limsup —————, (4.3)
p—0F p
for every y € Q, s,a,b € R, € € R% v € S, where for every u € SBV?(Q) and U € A(Q)
m(u;U) := inf{E(v,U): v € SBV3(U), v =u in a neighborhood of OU}, (4.4)

and

Ha b\ b if(x—y) v <0.

vy () {a if(x—y) - v>0

As uz?g = ub_’;"y L2-a.e. in Q;(y) = Q;”(y), we have go(y,a,b,v) = go(y,b,a,—v) for every
ye, a,beR, ve s

Let U € A() and y € R?; we define the set 7,U := U +y and for u € L' (U) we define the
function myu € L*(1,U) as tyu(z) := u(z — y).

Now we are ready to state the following lemma.

Lemma 4.2 (Translational invariance of the I'-limit). Let (gx) be a sequence of positive numbers
converging to 0 such that for every U € Ar(Q)

F(,U)=F(U)=F"(-.U) on SBV?*Q).
Then, for every u € SBV?()

(1) (translation invariance in u) F(u +s,U) = F(u,U), for all s e R, U € AL(Q);
(2) (translation invariance in ) F(v, 7,U) = F(u,U), for everyy € R?, for every U € AL(Q)
such that 7,U CC Q, and for every v € SBV?(Q) such that v = T u a.e. on 7,U.

Proof. We start proving (1). For fixed U € AL(Q) and u € SBVZ(Q), let (ux) C L*(Q)
with u, € SBV2(U), S, NU C €, be a sequence converging to u in L!(f2), and such that
limy,_ 4 oo Fe,, (ug, U) = F(u,U). Since for s € R, (uy, + s) converges to u + s in L*(Q2), we get

Flu+s,U) < 1kimJirnf]:5k(uk +s,U) = klirf Fe, (ug, U) = F(u,U).

On the other hand, F(u,U) = F((u+s) + (—s),U) < F((u+s),U).

Now we prove (2). For every fixed y € R* and U € AL(Q) such that 7,U CC , let
Y = L%J ¢k (here the integer part is meant component-wise) then 7, U CC , for k large
enough.

Let uy, be as in the proof of (1) and let vy € L*(Q) be such that vy := 7, uy in 7, U. Then,
vk € SBV%(1,,U) N LY(Q) and S, N7, U C Q.

Taking into account the definition of F.,, a change of variable directly yields

Fep(ug, U) = Fep (vk, 7, U).
Let V' CcC U; for k sufficiently large we may assume that 7,V C 7, U, hence in view of the
nondeceasing character of F. we have

fek (Uk, U) 2 fEk (Uk,TyV). (45)

B vy inT,V,
Vg = .
Tyu elsewhere in €2,

Setting
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since ¥ — T,u in L'(Q), taking the liminf of both sides of (&H), in view of the locality of F,,
we get

F(u,U) = kEIJIrloo Fe, (ug,U) > %Elilgoffak (g, 7y V) > F(ryu, 7, V).

Then, by the arbitrariness of V' CC U and the inner regularity of F we finally obtain
F(u,U) > F(ryu, ,U).

We conclude the proof of (ii) by noticing that F(ryu, 7,U) > F(1_y(Tyu), —y(17,U)) = F(u,U).
O

Now we are in a position to prove the main result Theorem

Proof of Theorem 2.2l To get the proof, we first apply the integral representation result
Theorem A1l on SBV?(f2), and then we recover the I'-convergence result on the whole L'()
by using a truncation argument.

We start noticing that in view of Theorem [B.4land Remark 3.6, F satisfies hypotheses (i)-(iii)
of Theorem [£.1] as well as the upper bound in hypothesys (iv).

To completely fit the assumptions of Theorem E.1], we now use a perturbation argument which
permits to recover the growth condition from below required in (iv).

In this respect, we fix ¢ > 0 and we consider the functionals

Fo(u,U) := F(u,U) +a/ (1 + |[u]|)dH".
SunNU
Then, F7 satisfies hypotheses (i)-(iv), for every o > 0. Indeed, (i) and (ii) are trivial, while (iii)
and (iv) follow from Remark using Ambrosio’s lower semicontinuity Theorem [2, Theorem
3.7]. Hence, Theorem B Tlensures the existence of two Borel functions fJ : QxRxR? — [0, +00)
and g3 : 2 x R x R x S — [0, 4+00) such that

Fo(u,U) = / f§(z,u, Vu) dx —I—/ g5 (z,ut u, vy )dH?
U S.NU
for every u € SBV?(Q), U € A(Q).

By virtue of Lemma (2] and in view of ([£.2)-(&3]), we may conclude that both f§ and g§
are independent of z, that fJ does not depend on u, and that gJ depends on (u™,u™) only
through their difference [u]; i.e., f§(y,s,§) = f7(§) and ¢§(y,a,b,v) = g°(a — b,v) for some
Borel functions f7 : R? — [0, 400), ¢° : R x S* — [0, +00). Moreover, setting ug(z) := £ - x,
the growth conditions on F immediately yield

EPL2(Q) < fU(OLHQ) = F7(ue, Q) < [€PL*(Q), VEeR?

hence f7(¢) = |€/2. On the other hand, by construction, the family (¢°)s~0 is decreasing as o
decreases, therefore setting ¢ := lim,_,g+ g7, by the pointwise convergence of (F7),~¢ to F and
the Monotone Convergence Theorem, we get

Fu,U) = /U Vul? dz + /S st (4.6)

for every u € SBV?(Q), U € A(Q).
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To get the bounds (Z4) on g, we let y € , v € S!, choose p > 0 such that Qy(y) C Q, and

set
v, t if (x—y)-v>0
uty()_{ . ( ).V

hence

g(t;v)p = Flu, Qply)) =T- lim T (™, QR (y))-

Then, the upper bound on g directly follows from Proposmon B85 while the lower bound is
a consequence of [5, Theorem 3.1] (see also [5, Remark 3.3]) combined with the trivial bound

MS < F.

We now prove that for every fixed v € S!, g(-,v) is nondecreasing on (0, +00).
Let 0 <t1 <tg, y € Q and p > 0 be such that Q) (y) C 2; we have

gltr,v)p = F Q) and glta,w)p = Flurh, Q) = F(Fui, Q).

Let (vg) C SBV2(Qz(y)) N L'(Q) be a sequence such that S, N Qy(y) € Qupy v — uy! in
LY(9), and Fe (v, Q4 (y)) — Flug?, Q4 (y)). Then, if we set uy, := %vk we get

Flu?. Qy(w) < liminf 7, (1 Q4(y)) = limint £, (P01 Q4(0)

<111€miup.7:€k(vk,Q (y)) = Fluy, 7Qy( ))-

Hence, in view of Theorem B4l so far we have proved that for every U € AL (Q2), and for every
u e SBV2(Q)

I-lim F., (u,U) = }"(u,U):/ |Vu|2dx—|—/ g([u], vy) dHY;
U SuNU

k——4oc0

thus, in particular choosing U = ()

Dlim () = F(u,0) = / Vul? dz + / o[ul, 1) A", (@7)
——+00 Q Su
on SBV?(Q).

To complete the proof it remains to show that for every u € L*(Q)

Fl(u,Q) < 400 = u € SBVQ). (4.8)
Let u € LY(Q) with F/(u, Q) < +o00. By Remark 2l we know that u belongs also to GSBV?Z(1Q).
Then, if u” := (u An) V (—n) we have u" € SBV?%(Q), for every n € N.
Appealing to ([£71) and recalling that F’ decreases by truncation give
Fu", Q) =F (u",Q) < F(u,Q) < +oc.
Hence, in view of the lower bound on g we may further deduce that
1
/ V2 de + 5/ (1+alu™])) dH' < C < +oc, (4.9)
Q "

for every n € N and for some C' > 0.
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This ensures that (u, ) is bounded in BV (). As u™ — w in L'(2), we deduce that u € BV (2)

and u" — u weakly* in BV (). Finally, the closure theorem of SBV [4, Theorem 4.7] entails
u € SBV?2(2). This proves ([&35). O

(1]
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