ON THE RANK-1 CONVEX HULL OF A SET ARISING FROM A HYPERBOLIC
SYSTEM OF LAGRANGIAN ELASTICITY
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ABsTRACT. We address the questions (P1), (P2) asked in [Ki-Mii-Sv 03] concerning the structure
of the Rank-1 convex hull of a submanifold 1 C M3*2 that is related to weak solutions of
the two by two system of Lagrangian equations of elasticity studied by DiPerna [DP 85] with
one entropy augmented. This system serves as a model problem for higher order systems for
which there are only finitely many entropies. The Rank-1 convex hull is of interest in the study
of solutions via convex integration: the Rank-1 convex hull needs to be sufficiently non-trivial
for convex integration to be possible. Such non-triviality is typically shown by embedding a
T, (Tartar square) into the set; see for example [Mii-Sv 03], [Mii-Ri-Sv 05]. We show that in the
strictly hyperbolic, genuinely nonlinear case considered by DiPerna [DP 85], no T4 configuration
can be embedded into K.

1. INTRODUCTION

There has recently been a lot of progress on a number of outstanding problems in PDE by
reformulating the PDE as a differential inclusion. In [Mii-Sv 96] counter examples to partial
regularity of weak solutions to elliptic systems that arise as the critical point of a strongly
quasiconvex functional were provided . This was later extended to polyconvex functionals in
[Sz 04] and parabolic systems in [Mii-Ri-Sv 05]. Prior to this Scheffer [Sc 74] provided counter
examples to related regularity problems. In [De-Sz 09], DeLellis and Szekelyhidi reproved
(and considerably strengthened) the well known result of Scheffer [Sc 93] on weak solutions
to the Euler equation with compact support in space and time, with a much shorter and sim-
pler proof via reformulation as a differential inclusion. Previously Shnirelman [Sh 97] pro-
vided a somewhat simpler proof by a different method. The advance provided by [De-5z 09]
opened an approach to Onsager’s conjecture which was subsequently studied intensively by
a number of authors [De-Sz 12], [De-Sz 13], [Bu-De-Is-Sz 15], [Is 17], [Is 13] with a final solu-
tion being provided by [Is 18], [Bu-De-5z-Vi 19]. Further work brings these methods to the
study of the Navier-Stokes equations [Bu-Vi 19]. An excellent recent survey is provided by
[De-Sz 19]. The general term used to describe the method of constructing solutions of PDE
via differential inclusions is convex integration. Indeed the antecedent to many of these results
are the celebrated results of Nash [Na 54], Kuiper [Ku 55] and Gromov [Gr 86].

The purpose of this paper is to contribute to the study of regularity and uniqueness of
entropy solutions of systems of conservation laws via differential inclusions and convex inte-
gration. By this we mean solutions that satisfy (in a distributional sense) entropy inequalities
of the form (n(u)): + (q(u))x < 0 for all entropy/entropy-flux pairs (7, q); see Definition
(36), (37) in Section 11.4, [Ev 10]. The first step in such a program is to consider a PDE
and adjoined entropy inequalities reformulated as a differential inclusion into a submani-
fold X € M™*" (the set of m X n matrices) and to determine if K admits a four matrix

IContrast this with the well known result of Evans [Ev 86] that minimizers do have partial regularity.
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configuration known as Ty configuration, or Tartar square®. We will describe this configu-
ration and its n-matrix variants in more detail in Section 1.2. We study a simple two by
two system that arises from the Lagrangian formulation of elasticity and is augmented by
one entropy/entropy flux pair. This system can be reformulated as a differential inclusion
into a submanifold Ky C M>*2. The study of this system and its associated submanifold
K1 was initiated by Kirchheim, Miiller, Sverak in [Ki-Mﬁ-éV 03], Section 7. They provided
a hierarchy of properties (P1), (P2), (P3), (P4) and asked for the hypotheses on the system
under which (P1)-(P4) hold. In [Lo-Pe 19] we investigated the system and answered the
question on (P4). Non-technically speaking, the properties (P1)—(P4) concern a hierarchy of
hulls of 4. Non-triviality of the hull associated with (P1), (P2) (the Rank-1 convex hull of
K1) would open the prospect of an infinity of solutions to the differential inclusion into /.
The hull associated with (P3), (P4) (the polyconvex hull of K1) contains the Rank-1 convex hull
of K1 and the result of [Lo-Pe 19] (see Section 1.2) - specifically that the polyconvex hull is
non-trivial when the system is hyperbolic - opened the possibility that the structure of K; is
sufficiently rich to allow for an infinity of solutions to the differential inclusion into Ky. The
Rank-1 convex hull would be non-trivial if a T4 configuration could be found in K;. Unfor-
tunately we show in this paper that no T exists in K; when the system is hyperbolic and
genuinely nonlinear in the sense of DiPerna [DP 85] (see Theorem 2). This does not rule out
the possibility of embedding n-matrix version of T4 (denoted by T,) in K1 (as for example
was shown in [Sz 04] for Ts) and non-triviality of the Rank-1 convex hull of ;. However,
in establishing non-triviality of the Rank-1 convex hull of a set, an important first step is to
understand the possibility of embedding T4 configurations inside the set; see [Ki-Mii-Sv 03],
Section 3.5, where non-existence of T4 configurations in an important setting is proved, and
Section 6 for close connections between non-triviality of the Rank-1 convex hull and existence
of T4 configurations in certain sets without Rank-1 connections. For this reason we complete
this study of T4 configurations for the set ;.

1.1. Conservation laws. A scalar conversation law in space dimension one for an unknown
function u(x, t) is an equation of the form

i + (f (1)), = 0. M)

It is not hard to see there are infinitely many weak solutions. To select the physically cor-

rect solution, the notion of entropy/entropy flux pair was introduced. This is a pair of func-

tions (1,q) where 7 is convex and ¢’ = 5'f’. If u is a smooth solution to (1) we have that
€

(n(u)),;+ (q(u)), = 0. If we regularize the equation (1) by forming u§ + (f (u€)), = eu$,, then
assuming {u€}.~¢ is bounded in L* (R x (0, c0)), the method of compensated compactness

(see [Ev 90], Chapter 5, Section D) allows us to conclude that u® L—1> u for some weak solu-
tion u of (1). Further it turns out that div(y(u),q(u)) := (y(u)), + (q(u)), forms a negative
measure for every entropy/entropy flux pair (1,4). We call solutions of (1) that satisfy this
property entropy solutions. For scalar conservation laws at least in space dimensional one this
is the correct notion, namely, entropy solutions enjoy uniqueness, regularity and can even be
described in closed form for sufficiently regular f; see [Ev 10], Theorem 3 in Section 11.4 and
[Ol1 57], Section 3.4.2.

The theory for systems of conservation laws in one space dimension is much more limited.
The two main methods to produce existence of solutions are Bressan’s semigroup method
for (small) BV initial data [Bi-Br 05], [Br-Cr-Pi 00] and the compensated compactness method

2[ndeed as noted in [Mii-Sv 03], T, configurations played an important role in [Sc 74] and seem to have been
discovered independently by a number of authors.
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pioneered by Tartar, Murat and DiPerna [Ta 79], [Ta 83], [Mu 78], [DP 83], [DP 85] and de-
veloped by many others. The compensated compactness method proceeds by finding appro-
priate entropies for the system under consideration and under reasonable assumptions on a
regularizing sequence, proving compactness and hence existence of L solutions that satisfy
an entropy production inequality of an analogous form to the scalar equation. Indeed if we
expect the “physically correct” solution to a system of conservation laws to be the limit of
solutions u€ to the system with an additional viscosity term eus,, assuming compactness can
be established as € — 0, then the limiting function u will be an entropy solution; see Theorem
2 in Section 11.4, [Ev 10]. For this reason and the fact that it is the correct notion for scalar
conservation laws, we are interested to study the question of uniqueness and regularity of
entropy solutions of systems of conservation laws in one space dimension.

Given the success of the method of convex integration in addressing related questions
for elliptic systems, the Euler equation and the Navier-Stokes equation, a natural goal (al-
ready implicit in [Ki-Mii-Sv 03]) is to extend the scope of such approach to construct counter
examples to uniqueness and regularity for systems of conservation laws >.

The system chosen for study in [Ki-Mii-Sv 03] is the two by two system of Lagrangian
equations of elasticity given by

{vt uy =0, o)

ur—a(v)y =0

for the unknowns u, v and some appropriate function a. This system was studied earlier by
DiPerna [DP 83], [DP 85] under the assumption that a’ > 0, i.e., the system is hyperbolic
and additional assumptions on the sign of a”. In [DP 83], DiPerna proved existence of solu-
tions to the system (2) using the method of compensated compactness with the help of all
entropy/entropy flux pairs. Possibly motivated by the question of compactness for higher
dimensional systems, in [DP 85], he proved a local existence result when the system is gen-
uinely nonlinear, i.e., a’ # 0 with just two physical entropy/entropy flux pairs. Following
[DP 85] we introduce the natural entropy/entropy flux pair (71,4q1) defined by

n1(u,v) = %uZ +5(v), q1(u,v) := —ua(v),
where § is an antiderivative of the function a. Another dual entropy /entropy flux pair (12, 42)
was also introduced in [DP 85]. We omit the technical formulas for the dual pair since it is
not relevant in this paper. The results in [DP 85] demonstrate that the system (2) augmented
by the two entropy/entropy flux pairs (1, q;) is rigid enough for the method of compensated
compactness to work. A natural question is to further understand this system coupled with
just one entropy/entropy flux pair, and in particular, to understand the uniqueness of solu-
tions. For higher order systems, there are only finitely many entropy/entropy flux pairs, and
thus it is of great importance to understand the structure of systems augmented by only a
few entropy/entropy flux pairs. For this reason, the system (2) coupled with (71,41) serves
as a model problem and was singled out in [Ki-Mii-Sv 03].
As in [Ki-Mii-Sv 03], we consider weak solutions (u,v) of the following system

vr— Uy =0,
®3)

Uy — a(v)x = 0,
(71.(,0))¢ + (91(1,0))x < 0.

3This goal and this approach has been introduced to us by V. Sverédk [Sv 16].
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This system can be formulated as a differential inclusion into the set K * given by

u v
Kq:= a(v) u cu,veR . 4)
ua(v) 1u?+3F(v)

(See [Ki-Mii-Sv 03], Section 7 for the details.) For the convenience of later discussions, we
define P : R? — M3*2 by

P(u,v) := | a(v) u : (5)
ua(v) su+3F(v)

If there is a way to construct convex integration solutions to the differential inclusion into the
set K1, a consequence would be non-uniqueness of solutions to (3). The construction of the
former would require the Rank-1 convex hull of K; to be sufficiently large. For this reason,
the questions raised in [Ki-Mii-Sv 03] concern the various hulls of the set ; and we will
discuss this in more detail in the next subsection.

1.2. Convex integration, Tartar squares, Rank-1 convex and Polyconvex hulls. A basic
building block for non-trivial solutions to a differential inclusion is the existence of Rank-
1 connections within a set . We say A,B € K are Rank-1 connected if Rank(A — B) = 1.
Restricting to K C M?*2 for simplicity >, we see that A, B are Rank-1 connected if and only if
there exists some v € S! such that Av = Bo. By cutting a square with sides parallel to v and
vt into strips parallel to v, we can construct a Lipschitz mapping u with Du taking the val-
ues A and B alternately in adjacent strips. This mapping u satisfies the differential inclusion
Du € {A, B} and is not affine, and is referred to as a laminate; see [Mii 99], Section 2.1. Given
that this is the most natural way to build a differential inclusion, a natural conjecture might
be that if a set K contains no Rank-1 connections then no non-trivial differential inclusion
into it can be built. This is false and the first hint as to why comes from the Tartar square or
T4 configuration. Identifying diagonal matrices with points in the plane via IT: (2 2) — (3)
we see that diagonal matrices D1, D; are Rank-1 connected if and only if I1(D;) and I1(D,)
lie on the same vertical or horizontal line. With this in mind it is not hard to see that the set
K :={A1, Ay, A3, Ay} given by

Ay = —Az = diag(—1,-3) and A, = —A; = diag(—3,1) (6)
does not have Rank-1 connections. Nevertheless we can construct a sequence {u;} with
the property that dist(Duy, K) — 0 in measure and Duy does not converge in measure; see
Lemma 2.6 in [Mii 99].

It turns out that the heart of this is the fact that the set I defined above forms a Ty
configuration and the Rank-1 convex hull of K is non-trivial. More generally, we give

Definition 1. An ordered set of N > 4 matrices {Ti}fil C M™ " without Rank-1 connections is
said to form a T configuration if there exist matrices P;, C; € M™*™ and numbers x; > 1 such that
Th =P+ K1C1,
T, = P+ C1 + 10y,
@)

In=P+Ci+Co+...Cy_1+xnCn,

4Note that a differential inclusion into set K1 gives a solution to (3) with the inequality replaced by an equality.
SFor the general case in M"*" the construction is the same, simply slightly harder to visualize.
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where Rank(C;) = 1 for all i and

M=

Il
—_

Ci=0. (®)

1
We say that a Ty configuration is non-degenerate if it cannot be contained in an affine space of
dimension one.

We say a function f : M"™*" — R is Rank-1 convex if f (AA+ (1 —A)B) <Af(A)+ (1 —
A)f(B) whenever Rank(A — B) = 1. The Rank-1 convex hull of a compact set K is defined as
(see [Ki-Mii-Sv 03], Section 2)

Kre = {F € M™": f(F) < supf for all Rank-1 convex f : M"*" — ]R} : )
K

For a general set E we set
EVC — U ’C?‘C‘
KCCE compact

Now a celebrated result of Miiller and Sverék (see Theorem 1.1 in [Mii-Sv 99]) states that
if O is a Lipschitz domain and K C M™*" is open and bounded, then there exists a solu-
tion to the differential inclusion Du € K a.e. with u = v on dQ), where v is a piecewise
affine map with Dv € K'\K® Hence a non-trivial solution to the differential inclusion
into K exists. However for applications to PDE, it is not generally the case that the set K
is open. The proofs of [Mii-Sv 03], [Mii-Ri-Sv 05] work by showing that many T, config-
urations can be embedded into K, specifically T4 configurations that can be perturbed so
that the embedded T4 moves in a “transversal” way. Although a necessary condition for the
existence of (periodic) non-trivial solutions to a differential inclusion into a set K is the non-
triviality of K¢, the latter is not sufficient (for example it is known [Ch-Ki 02] that there is no
non-trivial differential inclusion into {A1, A, Az, A4}, where A; are defined in (6), however
{A1, Ay, A3, Ay}'C # {A1, Ay, A3, Ay}). Despite this, in many or even most circumstances
non-triviality of K’ is enough; see for example the recent interesting work on T5 configura-
tions [F6-Sz 18].

Thus with a view to constructing non-trivial differential inclusions into X'y defined in (4),
in [Ki-Mii-Sv 03] the authors asked about the condition on the function a such that Ky is
trivial or non-trivial at least locally and this is basically the content of (P1). With respect to
non-triviality this is the hardest of a hierarchy of questions (P1)—(P4). To explain this further
we need to introduce some more concepts. Let P(K) denote the set of probability measures
on M™*" that are supported on K, and given v € P(K), let (v, f) := [ f(X)dv(X) and 7 be
the barycenter of v. Following [Ki-Mii-Sv 03], Section 4.2 we define

M(K):={ueP(K): (uf) > f (i) for all Rank-1 convex functions f}. (10)

One of the most useful characterizations of K’ for compact K is that K'® = {ji : y € M"°(K)},
see [Ki-Mii-Sv 03], Section 4.2. A particular very useful subclass of Rank-1 convex functions
is the set of Polyconvex functions, which can be expressed as convex functions of minors.
The analog to K™ and M (KC) (recall (9), (10)) are the polyconvex hull £F¢ and the set of
probability measures MP¢(K) that are defined in exactly the same way but with respect to
polyconvex functions. Since polyconvex functions form a strict subclass of Rank-1 convex
functions, we have the inclusions

K ¢ KP¢and M™(K) € MPE(K). 11)

6Here we are stating a more restrictive version of their theorem to avoid some technicalities.
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In [Lo-Pe 19] we named the measures in MP¢(K) Null Lagrangian measures and studied neces-
sary and sufficient conditions on subspaces in M™*" to support non-trivial Null Lagrangian
measures and also question (P4) of [Ki-Mii-Sv 03]. With respect to the latter, we showed that
given (up,v9) € R?, if a’(vp) > 0 (the system is hyperbolic) then in any neighborhood U of
P(ug,vg) (recalling (5)), MP¢(U N K7) is non-trivial. On the other hand, if a/(vy) < 0 (the
system is elliptic) then MP¢(U N Ky) is trivial (the latter case is to be expected). This result
opens up the hope that for a/(vg) > 0, the set (U N K1) could also be non-trivial and a
non-trivial differential inclusion into K could be obtained. This would be an important first
result in the study of non-uniqueness of entropy solutions to systems of hyperbolic conser-
vation laws via convex integration. The credit for this question and this formulation belongs
to the authors of [Ki-Mii-Sv 03].

Note that the vast majority of theorems that establish existence of solutions via compen-
sated compactness essentially comes down to showing MP¢(K) consists of Dirac measures
(assuming appropriate bounds on the approximating sequence) where K C M™*" is the sub-
manifold defined by the systems and the augmented entropies (just as K; is defined by (3)).
The only example of compensated compactness that we are aware of that does not proceed
by establishing triviality of Null Lagrangian measures is Sverak’s proof of compactness for
the three well problem based on triviality of the Quasiconvex hull K¢ (see [Mii 99], Section
4.4; this is sandwiched between K’ and KF°); see page 298 in [Sv 92] and Theorem 2.5 in
[Mii 99] 7. As such for systems for which existence has been established via compensated
compactness, (11) implies that the Rank-1 convex hull of the set K is trivial and there is no
hope to prove non-uniqueness via differential inclusions and convex integration.

So given a system of conservation laws augmented by finitely many entropies, from the
perspective of differential inclusions there are essentially two “levels” at which entropy so-
lutions could be shown to be not a viable notion of solution 8. The first and lower level
is to show that the set K (of the associated differential inclusion) supports non-trivial Null
Lagrangian measures (i.e. MP¢(K) contains measures that are not Diracs). This means that a
proof of triviality of the Quasiconvex hull K% is required to construct solutions via compen-
sated compactness methods. Quasiconvex functions are not well understood. Despite some
powerful recent advances in M?*? [Fa-Sz 08], from the perspective of conservation laws this
would seem to be a very hard (though not impossible) task. If this first level is reached, a
second deeper level is to show that K’ is sufficiently non-trivial that non-trivial solutions
to the differential inclusion Dw € K can be constructed via convex integration. This second
level shows that entropy solutions are not the correct notion since in this case solutions are
wildly non-unique and have no regularity beyond Lipschitzness. Further if X' could merely
be shown to be non-trivial, this alone wipes out the possibility of establishing the existence
of solutions via compensated compactness since K'® C K%; see equation (4.8) and Theorem
4.7 in [Mi 99]. The first level is represented by questions (P3), (P4) of [Ki-Mii-Sv 03] and
questions (P1), (P2) are directed towards the second level.

In this paper we make the first progress in answering the questions in (P1), (P2) of
[Ki-Mii-Sv 03] regarding the structure of K by investigating the possibility of embedding
T4 configurations in K;. If this could be done, an immediate consequence would be the non-
triviality of Kj°. Unfortunately our main result shows that no T4 can be embedded into Xq

"It is likely that the sharp results of [Fa-Sz 08] could also be used to generate explicit examples in M2*2.

8The two by two system (2) has infinitely many entropies, and it is known from [DP 85] that the method of
compensated compactness works even for the system adjoined by two appropriate entropies. It seems to the authors
of this paper that for two by two systems augmented by infinitely many entropies there is little hope to counter
examples of uniqueness and regularity by differential inclusions and convex integration.
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under the assumptions of hyperbolicity and genuine non-linearity (in the sense of DiPerna
[DP 85]) of the system (2). Specifically, we prove

Theorem 2. Suppose a € C>(R) is strictly increasing and strictly convex, and let the set K1 be
defined in (4). Then K1 does not contain non-degenerate T4 configurations.

Remark 1. With only very minor modifications, our proof of Theorem 2 also rules out Ty
configurations in the set Ky if the function a is strictly increasing and strictly concave.

Theorem 2 easily implies a local version:

Corollary 3. Suppose a € C2(R) with o’ (vg) > 0 and a”(vy) > 0 for some vy € R, then for any
ug there exists some neighborhood U C M3*? of P(ug,vg) (defined by (5)) such that K1 N U does not
contain non-degenerate Ty configurations.

Note that the strict sign condition on a” is a sufficient condition to rule out Rank-1 connec-
tions in the set KCq; see Proposition 4 below and for a local result for a more general system
see Theorem 4.1 in [DP 85]. Thus it is also an important condition from the differential inclu-
sion point of view. Note that if a’ changes sign, then generically the set Ky contains Rank-1
connections. Specifically, in Section 7 we show

Proposition 4. Let I C R be an open interval and let a € C?(I) satisfy o > 0 on I. Let P(u,v) be
defined by (5) and define

K= {P(u,0):velLucR}. (12)
If the function a has an isolated inflection point in I, then K contains Rank-1 connections. Conversely
if a is either strictly convex or strictly concave on I, then K1 has no Rank-1 connections.

Remark 2. At the end of [DP 85], Section 5, DiPerna conjectures that “the wave cone associated
with a system of conservation laws that is not genuinely nonlinear cannot be separated from
the constitutive manifold through the introduction of any finite number of entropy forms”.
For the system (2) adjoined by two entropy forms, he remarks in Section 4, Remark 1 and
the end of Section 5 that, if a has one inflection point, then this fact can be easily verified
using the calculations of Section 10. Proposition 4 and its proof can be thought of as a
detailed “exposition/clarification” of these remarks for the system (3). Note further that
if IC{ contains a Rank-1 connection, then the laminate construction sketched at the start of
Section 1.2 gives counter example to uniqueness of the system (3).

Remark 3. As a consequence of Proposition 4, if a is a strictly increasing real analytic function,
then the set K’y associated to the function a contains Rank-1 connections if and only if a has
an inflection point. It is not clear to the authors whether such equivalence holds true for less
regular functions a.

The conclusion in Theorem 2 is a negative result in that the more exciting direction would
be to establish the existence of T, inside X1 under the assumptions that the system (2) is
hyperbolic and genuinely nonlinear. However there are a number of examples of convex
integration results into sets that do not admit embedded T4 but do have T configurations
[Sz 04], [Ch-Ki 02], [Ki 03]. We believe our methods will aid in the search for a Ty configu-
ration in Ky under the assumptions of Theorem 2.

Acknowledgments. The first author would like to thank V. Sverék for many very helpful
discussions during a visit to Minnesota in summer of 2018. The idea to study entropy so-
lutions of systems of conservation laws via differential inclusions and convex integration is
from him. Also a number of key ideas used in this paper (in particular Lemmas 10 and 16)
are from Sverak [Sv 18]. The first author also gratefully acknowledges the support of the
Simons foundation, collaboration grant #426900.
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2. SKETCH OF PROOF

Let K := {Ty, T1, T, T3} C K (this labeling is more convenient for the proofs) where
T; = P(u;,v;) and the mapping P is given in (5). Denoting V; = Ty — T for k = 1,2,3, our
first observation is

K'e c To+ Span {Vl, \%¥ V3} .

This is straightforward because convex functions are Rank-1 convex. Thus K C Conv(K) C
To + Span {Vj, V, V3}. One general principle is, if V := Span {V;, V5, V3} does not contain
enough Rank-1 directions, then K does not contain non-degenerate T,. This is the content of
Lemma 10. We need to consider two cases: dim (V) = 2 and dim (V) = 3. The arguments to
deal with the two cases are somewhat different and we will discuss each in turn.

2.1. Case 1: dim (V) = 2. An important observation is that if a linear isomorphism preserves
Rank-1 matrices, then it preserves Ty4. This is the content of Lemma 7. This fact allows us to
transform the original set K into a simpler set U%. given by

h; 7
Uy = a(ri) —  hi :1i=0,1,2,3 ¢,
ha(r) % +F(r)
where h; := u; — ug, r; := v; — vy and the functions a and F are translations of the functions a

and § satisfying the normalization a(0) = F(0) = 0. By relatively straightforward arguments
we can show that, denoting i = (hy,hy, h3),7 = (r1,72,73) and Z = (a(ry),a(ry),a(r3)), if
hx7=0orhxZ=0 then U?C cannot contain a non-degenerate T4. So we can assume
this is not the case. By the assumption dim(}) = 2, we have dim (Span{U%.}) = 2. Thus
there exist 1,72, A1, Az and pq, pp such that r; = y1h; + ya(r;), hja(r;) = Ah; + Aza(r;) and
2
hji + F(r;) = p1hi + upa(r;). Therefore
S Y18 + 72t
Span{U%} = { O(s,t) := t s :s,t e R
A1s 4+ Agt pys + pot
The Rank-1 directions required to build the T4 are contained in this subspace and must

satisfy Mjp = M3 = Mp3 = 0, where M;;(P) denotes the 2 x 2 minor of matrix P € M3*x2
which is comprised of the i-th and j-th rows. So

My (O(s,t)) = s — Y18t — fyztz.

If the discriminant ')f% + 47, < 0 then clearly there are not enough Rank-1 directions in
Span{U%} to build non-degenerate T4. So we must have 'y% + 47, > 0 and hence s> — st +
Y2t? = (s — kt) (s — It) for some k # I. Thus the two possible Rank-1 directions are O(kt, t)
and O(It,t). In order for these two candidates to be Rank-1 directions, they must further
satisfy M3 = M3 = 0. Using the special structures of the three minors, one can show that
O(kt, t) and O(It,t) cannot be both Rank-1 directions, and thus Span{U%-} does not contain
enough Rank-1 directions to build non-degenerate Tj.

2.2. Case 2: dim (V) = 3. For x,y € R?, let (x|y) € M®>*2 denote the matrix whose columns
are x and y. A crucial observation is that if for some matrix A € M3*3 we can represent
Span{UY } in the form

Span{UJ.} = {(z\Az) z€ 1R3}, (13)

then M € Span{UY.} is Rank-1 if and only if M = ({|.A{) where { € R® is an eigenvector
of A. So if (13) holds, then the Rank-1 directions are contained in the eigenspaces of A,
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and thus, in the worst case, can form either a two-dimensional subspace and a line, or three
distinct lines. In either of these two cases, there are not enough Rank-1 directions to build
three-dimensional non-degenerate T4 (see Lemma 10 (b); the above discussions are ideas of
V. Sverdk communicated to the first author [Sv 18]). So the issue becomes to what extent we
can write Span{U%} in the form of (13). We can clearly find matrices A1, Ay € M**3 such

that Span{UY.} = {(A12|Azz) 1z € IR3}. If either Ay or A, is invertible then Span{UY .}
can be represented in the form of (13) and we are done (see Lemma 16). Otherwise, letting

(A1]A2) € M3*® denote the matrix whose first three columns are the columns of .4; and
second three are the columns of A,, we have two further cases to consider.

2.2.1. The case Rank(A;) = Rank(Ap) = 2 and Rank ((A1]Az)) = 3 (see Lemma 17). In this
case using the particular forms of A; and A; there exist A1, Ay, py, pp with (A1, A2) # (p1, 42)
such that

NS
R R
= R

==

Span{UY}.} = 14 €RS

M)+ Ma(2-) (7 &) + pa (- @)
Again the Rank-1 directions must satisfy M;; = 0 for all i # j. Similar to Case 1, a careful
but straightforward analysis using the special structure of the three minors and the fact that
(A1,A2) # (41, 42) shows that there are not enough Rank-1 directions in Span{UY%.} to form
non-degenerate three-dimensional Tj.

2.2.2. The case Rank ((A1]|Az)) = 2. This turns out to be the hardest case. In this case using
the particular forms of A; and A; there exist A1, A, such that

2

h“
hia(rl-) = Mh; + /\2&(1’,‘), El + F(T,‘) = AM71; + Aok, (14)

Since the third rows of the matrices in IU(,)C are linear combinations of the first two rows with
the same multiplicity constants, it is not hard to show that it suffices to show the set

o= {(00) (1) (e 2 ) (s 1))

does not contain a non-degenerate T4. The set UY. is a subset of M?>*2 and much more is
known about T, configurations in M?*2. In particular a result in [Sz 05] implies that, labeling
the matrices in UY. by T;, if for some i,

the set {det(T; — T})} does not change sign for j # i, (15)

then IfJ(,)C does not contain a T4. So our goal is to establish (15) for the set TJ?C.

Now comes another important idea. The set UY is defined with respect to the point
(up,v0). However, a closer look at the whole process, one observes that there is no unique
role played by (up,vg) and all previous arguments also apply to the set U’,‘C fork =1,2,3,
where the set 1U7,‘C is the analog of U(I)C but defined with respect to the point (ug, vy), ie.,

h;‘ 7
U’,‘C = ﬂk(”;{) 2 h
Ma(rf) =+ R(rf)

where h;‘ = U — Uy, r;‘ := v; — v and the functions a; and F are translations of the functions
a and § satisfying the normalization a;(0) = F,(0) = 0. This observation allows us the extra
power to assume all (hif, r¥) satisfies the system (14) with constants A¥, A5 and this turns out

1
to be crucial.

=T

:1=0,1,2,3 5,
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To establish (15) we assume without loss of generality v9 < v; < vy < v3 (the case of
qualities easily leads to a degenerate case). Let Df := (h¥)2 — rkay (v¥) and it is not hard to

show Dﬁ‘ = D;;. Now we form the symmetric matrix

0 DY DY DY

Dé 0 Dj D%
2

Dg D% 0 D}

D D} D3 0

Now (15) reinterpreted for matrix S says that if IU?C contains a non-degenerate T, then every
row and column of & must change sign. In Lemmas 21-23, we establish some elementary
properties about the structure of solutions to a system of the form (14). Using these properties
and the fact 0 < ¥ < r < 7}, any attempt to fill out the entries of matrix S leads to
a configuration in which one row or column of S does not change sign and hence (15) is
satisfied for some i (see Lemma 24).

3. PRELIMINARIES

In what follows, we make the following convention. Given a set K := {T;}}N, ¢ M™*",
we say that K does not contain a Ty configuration if any ordering of the elements in
cannot form a Ty configuration. We first recall the following convenient result which is an
immediate consequence of Proposition 1 in [Sz 05] and characterizes Ty configurations in
M2X2.

Proposition 5 ([Sz 05]). Given a set {Tl-}f\i 1 C M?*2, a necessary condition for the set to contain a
Ty configuration is that, for every i, the set {det(T; — T;) : j # i} changes sign.

Lemma 6. Given K := {Ty,..., Ty} C M™*", let

Vii=Ty—T, k=2,3,...N, (16)
and denote V := Span {V,, V3,..., Vn'}. Then
K'“c T+ V.

Proof. Since convex functions are Rank-1 convex, it follows that K© C Conv(K) C T; +V. O

Lemma 7. Let V C M™*" be a subspace and L : V — W C MP*1 be a linear isomorphism with the
property that
Rank(A) =1 = Rank (L(A)) = 1. (17)
Then
{Ty,..., Tn} CV formsa Ty = {L(T1),...,L(Tn)} C W formsa Ty.
Further if {Ty, ..., Tn} is non-degenerate, then so is {L(Ty),...,L(TN)}.
Proof. Assume K := {T1,...,Tn} C V forms a Ty, then there exist P € M™*", Rank-1

matrices C; € M"™*" and scalars x; > 1 such that (7) and (8) hold true. Defining V}’s as in
(16), it is clear that V. € V and thus it follows from Lemma 6 that

K'“ c T1+Span{V2,V3,...,VN} c V. (18)
Let the matrices {P;} be defined by
PP=P+Ci+---+Ci_y,

where P and C; are as in Definition 1 and the index i is counted modulo N. Then as shown in
the paragraph after Definition 7 of [Ki-Mii-Sv 03], we have that each P; € K. In particular,
as

Ci =P — D 19)
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we have
(18),(19)
G € W (20)

Now by (17) we have that L(C;) is Rank-1 and by linearity of L we have that {L(Ty),...,L(Tx)}
satisfies (7) for L(P), L(C;), x; fori =1,...,N.

If K is non-degenerate, then using the fact that L is an isomorphism for the second equality
we know

dim (Span{L(T;) — L(Ty) : i =2,3,...,N})
=dim (L (Span{T; —T;:i=2,3,...,N}))
=dim (Span{T; —T; :i=2,3,...,N}) > 2.
Thus {L(Ty),...,L(Ty)} is non-degenerate. O
For the rest of this paper, we will focus on T4 configurations in the set K; defined in
(4) under the assumption that the function a is monotonic increasing and strictly convex, i.e.,
@’ > 0and a” > 0, unless otherwise specified. Given a set K of four points in K1, for technical
reasons, it is more convenient for most of the time to label the four points as T; = P(u;, v;)
fori =0,1,2,3, where recall that the mapping P : R? — Ky is defined in (5), and thus
K = {P(uo,vo), P(u1,01), P(u2,v2), P(u3,v3)}. (21)
We denote by
hi = u; —ug, 1 ="10; =0y, (22)

and i = (h1,hy, h3),7 = (r1,12,73). It should be pointed out that all the results in the remain-
ing of this paper do not rely on any particular ordering of the four points. We first make
some simplifications.

Lemma 8. Given KC as in (21), define V; := P(u;,v;) — P(ug,vy). There exists an invertible matrix
B € M>*3 such that

hl' £
BV; = a(vo + ;) — a(vo) . hi . (23)
%
hi(a(vo +7i) —a(v0)) 5 + (w0 +ri) —F(vo) —a(vo)ri
Proof. Using (5) we write
hi ri
Vi = a(vo +7;) — a(vo) LM
%
(1o + hi)a(vo +1i) — uoa(vo)  uohi + 3 + F(vo +ri) — F(vo)
Multiplying the second row by ug and subtracting it from the third row we obtain
hi ri
Vi = G(UO + Tl') — a(Uo) , h;
.
hia(vg + 1;) + +&(vo + i) — F(vo)
Multiplying the first row by a(vg) and subtracting it from the third row in V; we obtain
hi i
V= a(vo +r;) — a(vo) . hi
.
hi(a(vo +1i) —a(vo)) 3 +§(vo +7i) = F(vo) — a(vo)r;
This establishes (23). U
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To simplify notation, for a fixed v € IR, define

ay(t) :=a(v+t) —a(v), F(t):=Fv+t)—F)—a(v)t. (24)
Since a’ > 0,a” > 0 and § = q, it is clear that
a,(0) =0, a,(t)>0, a)(t)>0 (25)
and
Fy(t) =ao(t), FE/(t)=ay(t) >0, F(0)=F(0)=0. (26)
Further, given h,r € IR, define
h r
Qu(h,r) = | ao(r) h : 27)
( hao(r) Y5 + Fo(r) )

For K given in (21), we define the associated set UY. with respect to the point P(ug,vg) by

U?C = {QUO (0/ 0)/ QUO (hll rl )/ Q’UO (h2/ TZ)/ QUO (h3/ 7’3)} 7 (28)
where h;, r; are defined in (22). We will need the following fundamental result.

Lemma 9. If K (given in (21)) contains a non-degenerate Ty, then UY- also contains a non-degenerate
Ta.

Proof. Without loss of generality, we may assume that the ordering {Ty, Ty, T», T3} forms a
non-degenerate T4. Denoting T; := P(u;,v;) and V; = T; — Ty, it is clear that {0, V3, V,, Va} C
M3*2 forms a non-degenerate T4. Now we define V := Span{V}, V, V3} and the linear map-
ping L: V — M3*2 by L(X) = BX, where B € M®*? is the invertible matrix found in Lemma
8. Since the mapping L corresponds to row operations, it is clearly a linear isomorphism
satisfying (17). The lemma follows from Lemmas 7 and 8. O

4. NON-EXISTENCE OF T4 IN SOME SPECIAL CASES

In this section, given K as in (21), we show that the four points cannot contain a non-
degenerate Ty if the vectors /1 and 7 defined in (22) satisfy certain special relations. By Lemma
9, it is sufficient to show that the set U% defined in (28) cannot contain a non-degenerate T}.
To simplify notation, when there is no risk of confusion, we omit the dependence of the
mapping O, and the functions a,, F, on v. Let

Ag = {A € M®2 : Rank(A) = 1},

i.e., the cone of all Rank-1 matrices in M3*2.

Lemma 10. Let UY. be defined by (28).

(a) If dim (Span{U%.}) = 2 and Ag N Span{U%.} consists of a single line then WY cannot
contain a non-degenerate T .

(b) If dim (Span{U%-}) = 3 and Ag N Span{UY.} either consists of at most three distinct lines
or a two-dimensional plane and a line, then UY. cannot contain a non-degenerate T

Proof. The proof of (a) is trivial. We focus on (b) and assume dim (Span{U(,)C}) = 3. Suppose
AgNSpan{UY.} consists of three distinct lines and without loss of generality assume that UY-
with the given ordering forms a non-degenerate T4, then there exist C; € Agr,i =0,1,2,3,P €
M3*2,x; > 1 such that (7) and (8) hold true. By Lemma 6 and (20) we have C; € Ag N
Span{U?C}. Thus, for some iy # iy € {0,1,2,3}, there exists A# 0 such that C;;, = AC;,. Let
ip, i3 be such that {ip,is} = {0,1,2,3} \ {io, i1}. Equation (8) then becomes

(1+/\)C1‘0 +Ci, +Ci; =0. (29)
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So the matrices C;,C;,,C;, are linearly dependent and their span forms a subspace V of
dimension at most two. It follows from (7) that

U cP+V. (30)

Now since Q(0,0) =0 € P+, itis clear that P 4V is a subspace of dimension at most two,
and this contradicts our assumption that dim (Span{UY} }) = 3.

Next suppose Ar N Span{TU(,)C} consists of a two-dimensional plane JV and a single line
L ¢ W and again assume UY%. with the given ordering forms a non-degenerate Ty. Let
C;, P, x; be as above. If C; € W for all i, then similar to (30) we have U(IJC C P+ W and thus
dim (Span{UY.}) < 2, which is a contradiction. Let iy € {0,1,2,3} be such that C;, € L. If
Ci € W for all i # ip, then (8) implies C;; = —};+;, C; € W, which is a contradiction. So
there exists iy € {0,1,2,3} \ {io} such that C;, € £ and thus C;, = AC;, for some A # 0. Thus
equation (29) must be satisfied and arguing exactly as in the last paragraph this contradicts
the assumption that dim (Span{lU%}) = 3. This completes the proof. g

For the rest of this paper, besides the notations h= (h,ha,h3),7 = (rq,72,13), we will
further use

Z:=(a(r1),a(rp),a(rs3)), §:= (ha(r), haa(ry), hza(rs)), (81)
and
2 2 2
@ = (hzl+F(r1),};2+F(?2),I;’+F(V3)> : (32)

And we will use (*) to denote two-dimensional vectors.
Lemma 11. Let UY. be defined by (28). If h=0o0r7=0,then UY. cannot contain a non-degenerate
T,.

Proof. Case 1. We start by considering the case 7 = 0.
Proof of Case 1. First note that for iy # i € {1,2,3} we have h; # h;, since other-
wise Card (U?C) < 3. For the same reason we have h; # 0 for any i = 1,2,3. Now

hy hy '\ _ hy hy
det< h% 2 ) = hihy(hy — h1) # 0 and thus < h%/Z /2

P A (M B\ h3 hy hy
dent. Let h := (hy,hp) and @ = (2, 2). Since < h§/2 > GSpan{( h%/z , h%/z ,

we have

and ) are linearly indepen-

hy 0 hy 0

Span{UY-} (28)27) Span 0 h |,| 0 I
n? "3

2 2

h-& 0
= 0 h-a |:2eR;.
0 w-a&
h-a 0 R
Note that Rank 0 h-a | =1lifand onlyif & = 0. So there is only one Rank-1 line
0 o-&

inside Span{lU?C} and thus Lemma 10 (a) completes the proof in Case 1.

Case 2. We consider the case where i = 0 and dim (Span{U%.}) =2.
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Proof of Case 2. Now we have

0 ri
Q(0,r;) @) (a(ri) 0 ) .
0 F(r)

Without loss of generality, assume that

0 7 0 2
Span{(a(rl) 0 ),(a(rz) 0 )}
0 F(r) 0 F(r2)
0 7o
= {(zzx 0 ):&E]RZ}. (33)
0 W&

7 and @ are linearly independent. (34)

Span{U?C}

We claim that

Suppose not, then there exists A # 0 such that

F(Vi) = /\T’i fori= 1,2,
and therefore r; is a root of ¢(t) := F(t) — At. Note that ¢'(t) = a(t) —Aand ¢’ (t) = a'(t) > 0
by (25), and thus the function g is strictly convex and has at most two roots. It is clear that
¢(0) = 0 using (26), and thus r; = 0 or rp = 0 which as in Case 1 implies Card (U%) < 3and
is a contradiction. So (34) is established. Note that there are only two non-trivial minors in
Span{UY.}, namely,

M; = (f-a)(z2-&) and Mp = (Z-&)(w-a).
So the Rank-1 directions must satisfy M; = M, = 0. This requires either
£2-4a=0 (35)
or
f-&=0 and @-&=0. (36)
In the latter case, because of (34), there is no Rank-1 direction. Clearly (recalling (31))

2 # 0 € R? hence there is only one Rank-1 direction in Span{UY.} from the equation
(35). We appeal to Lemma 10 (a) again to complete Case 2.

Case 3. We consider the case where /i = 0 and dim (Span{U%.}) = 3.

Proof of Case 3. Following exactly the same lines as in Case 2, we have an analogous expres-
sion for Span{U%.} as in (33) with two-dimensional vectors replaced by three-dimensional
vectors, and 7 and @ are linearly independent. As in (35) and (36), the Rank-1 directions in
Span{UY.} must satisfy

Z-a=0
or
7-d=0 and w-a&=0.
In the first case, the Rank-1 directions form a two-dimensional plane. In the second case, as
7 and @ are linearly independent, there is only one Rank-1 line. So the entire set of Rank-1
directions in Span{TU?C} is the union of a two-dimensional plane and a line, and thus we
apply Lemma 10 (b) to finish the proof. O

Lemma 12. Let UY. be defined by (28). Recalling (31), ifﬁ X7 =0o0rhxZ=0, then

U(,)C cannot contain a non-degenerate Tj. (37)
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Proof. Step 1. We will show (37) under the assumption hxZ=0.

- (31)
Proof of Step 1. We may assume that & # 0 and 7 # 0 by Lemma 11 and hence Z # 0. So
there exists some A # 0 such that

Z = Ah. (38)
Thus
I’ll' ri
@) An; hi ~
Q(hl‘, 1’1') = 1 1 fori= 1,2,3. (39)

2
)\hlz -5 + F (7’,’)
First assume that dim (Span{U%.}) = 2. Without loss of generality assume that Q(hy,r;)
and Q(hy, ;) are linearly independent and thus (recalling (31) and (32))

h-a
Span{UY.} = {( A& ) :&e]Rz}, (40)
Ap-&

where p = (h3,h3). If # x h = 0, then i = u# for some pu # 0 and rq,7, are solutions of

38),(31 . . . .
a(t) (B8)31) Aut. However, as we have seen before since a is strictly convex, the equation has

at most one non-trivial solution. If ; = 0 for some i, then h; = ur; = 0; or if r; = ry, we
have hy = hy. In both cases from (39) we have Card (U(I)C) < 3. Similar arguments using the
convexity of the square function show that Card (U%.) < 3 if p x i = 0. So we can assume
that

=

S >
§> >

Pxh#0, pxh#0. (41)

Note that the three minors in Span{U%.} are
My = (h-&)* = A(h-
M, = (h-

=
=

)7
)(@- &) = AP &)(

Mz =A(h-a)(@-&) — A(h-&)(p-&). (44)
The Rank-1 directions in Span{lU%} must satisfy My = M, = M3 = 0. From M; = 0, we
need i-& =0orh-& = Af-& When fi-& = 0, it follows from M, = 0 that #-& = 0 or
p - & = 0. Recall that we have (41). Hence in this case we always have & = 0 and thus there
is no Rank-1 direction. When /1-& = A7 - &, we have (b — A#)-& = 0. By (41) we know
i — A# # 0, and hence there is at most one Rank-1 direction. Putting the above together,
when dim (Span{U%.}) = 2, there is at most one Rank-1 direction in Span{U%.} and thus
Lemma 10 (a) applies.
Now we assume that dim (Span{U.}) = 3. Then the expressions (40) and (42)-(44) still
hold with two-dimensional vectors replaced by three-dimensional vectors. Following exactly
the same lines of argument as above, we may assume

Fxh#0, PFxh#0. (45)

The Rank-1 directions still satisfy M; = My = Mz = 0. From M; = 0, we need h-%=0or
h-% = A7-& When - & = 0, it follows from M, = 0 that 7-@ = 0 or p-a = 0. Because of (45),
there are at most two Rank-1 directions in this case. When 71 - & = A7 - @, the set of Rank-1
directions satisfies (1 — A7) - & = 0, and forms at most a two-dimensional plane thanks to
(45). Note that the Rank-1 direction determined by h-&=0and7-& = 0 is contained in this
plane. Thus when dim (Span{UY}}) = 3, the Rank-1 directions in Span{U%.} are contained
in the union of a line and at most a two-dimensional plane. This allows us to use Lemma 10

), (42)
‘&), (43)

=
=

>

and
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(b) to conclude the proof of Step 1.

Step 2. We will show (37) under the assumption hx?=0.
Proof of Step 2. There exists some A # 0 such that

-

7 = Ah. (46)
Thus
. h; Ah;
Q(hj, ;) = a(r;) hi fori=1,2,3. (47)

W2
hia(ri) 5 +F(ri)
First assume that dim (Span{U%.}) = 2. Again assume without loss of generality that
Q(hy,r1) and Q(hy,ry) are linearly independent and we obtain (recalling (31) and (32))

f Ah -
f ReR?Y. (48)

h-
Span{UY% } = { ( Z-
y".

2x i =0 = Card (IU?C) <3. (49)

R
ISy
é) = >

Similar to the arguments in Step 1, we claim that

Indeed if £ x i = 0 we have 2 = ph for some p # 0, s0 2 %) %1’ and by convexity of a either
this implies r; = 0 for some i or r;, = r;, for some iy # i1. In either case by (46) and (47), we
have that (49) follows.

In a very similar way, we claim that

@ x fi = 0 = Card (U?C) <3. (50)
To start with, simple calculations show that the function
2
% + F(At) — pt is strictly convex for all 4 € R (51)

and hence has at most two solutions, with t = 0 being trivial. If @ X i = 0, then there exists
u # 0 such that @ = yfz and in the same way as before, by (51) and (46), we either have h; = 0
for some i or hj, = h;, and thus (50) follows.

So by (49), (50) we may assume

txh#0, wxh#0. (52)

Now the three minors in Span{UY.} are
My = (h-&)* = A(h-2)(2- &), (53)
My = (h-&)(®- &) = A(h-2)(9 - &), (54)

and .
Mz = (2-8)(®-&) — (h-&)(§- &) (55)
To solve for the Rank-1 directions, from M; = 0, we need h-&=0o0rh-& = A2 -& When
h-#& =0, it follows from M3 = 0 that £-& = 0 or @ - & = 0, and this produces no Rank-1
directions due to (52). When i - & = A% - &, we have (1 — A2) - & = 0 and there is at most one
(52)

Rank-1 direction since 1 — A2 # 0. Thus we can apply Lemma 10 (a).

The case when dim (Span{U%}) = 3 can be argued in the same manner as in Step 1
following the above lines. We obtain an analogue of (48) where Span{U?C} is a three-
dimensional subspace parameterized by @ € IR>. By exactly the same argument we used
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to establish (49) and (50), we have that Z x 11 # 0 and @ x i # 0. We obtain the same set
of minors given by (53), (54), (55). Now M; = 0 implies 1 -& = 0 or h-& = AZ-& When
h-& =0, from Mz =0wehaveZ-& = 0 or @ & = 0 and so the Rank-1 direction forms a
line. When (h—AZ) -& = 0, since h— Az # 0, the Rank-1 directions form at most a two-

dimensional plane. So by Lemma 10 (b) we are done. This completes the proof of Step 2 and
the lemma. O

5. NON-EXISTENCE OF TWO-DIMENSIONAL T4

In this section we show that if dim (Span{lU?C}) = 2 then U(/)C cannot contain a non-
degenerate T4. We denote

monoa(m) ma(n) 4 Fn)
S]OC = hz 15 Cl(rz) ]’lza(i’z) %-l—F(Vz) . (56)

h
hy 13 a(rs) hza(rs) 3 +F(rs)
Lemma 13. Let UY. be defined by (28) and Sy- be defined by (56), then
Rank(SY) = p <= dim (Span{U?C}) =p forp=2,3.
Proof. Writing out the entries of Q(h;, ;) as the rows of a matrix we have that
dim (Span{Q(h;,r;) :i=1,2,3}) =p

is equivalent to

hy a(r) ha(r) n % +F(r)
Rank [ ny) a(ry) ha(ry) n h %2 +F(rp) | =P
hy a(rs) haal(rs) rs by 3 +F(rs)
It is immediate that this is equivalent to Rank(SY.) = p for p = 2,3. O

Theorem 14. Let UY. be defined by (28). If dim (Span{U%-}) = 2 then U%. cannot contain a
non-degenerate Tj.
Proof. By Lemma 13, we know that Rank(S).) = 2. Using Lemma 12, we may assume that

hx7+#0and hxZ # 0. In particular, the first and second columns in S,OC are linearly
independent. So there exist 71, v2, A1, A2 and y1, pp such that

i = y1hi + v2a(ri), (57)
hia(r,») = /\1}11‘ + Aza(r,'), (58)
and
K2
?l + F(r;) = pahi + poa(r;). (59)

It follows that
Span{U}-} (2728) { ( i " :— " ) st e ]R} .
A1s + At pys + pot
The three minors in Span{U%.} are
My = §* — yist — 1ot (60)
My = s (p1s + pat) — (715 + 7at) (A1s + Aat)
= (1 —mM) "+ (2 — A2 — 12M1) st — 120t
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and

Ms =t (]115 + }lzt) —s ()\15 + )\zt)

= —A1s” + (41 — Ag) st + ot
It 'y% + 47, <0, then (viewing the left hand side as a quadratic in s)
s% — Y15t — ')/ztz >0
for all (s,t) # (0,0) and so we see from (60) that Span{U%.} has no Rank-1 directions. If
2

Y3+ 47y, =0, then M; = (s - A’Tlt) .S0s = VTlt produces the only possible Rank-1 direction
in Span{UY.} and we can apply Lemma 10 (a). So for the rest of the proof we assume that
9% + 47, > 0, which implies that the equation x> — y;x — 72 = 0 has two distinct solutions
and thus one can write x> — y1x — 72 = (x — k)(x — ) for some k # I. It follows that
i—; — 717 — 72 = (§ —k)(§ — 1) and therefore

s2 — yist — at* = (s —kt) (s — It). (61)
The Rank-1 directions in Span{U?C} require My = My = Mz = 0. From (61), the only
possible Rank-1 directions in Span{lU?C} must satisfy s = kt or s = It. Now we check these

two directions.
Note that from (61), we have

y1=k+1, =k (62)
When s = kt, plugging this into M, and M3 and using (62) give

M, = (i1 — M) PP + (g — 1122 — 12A1) k2 — 1a)ot?
@) (1R = (ke DAS® + ok — (k+ Aok — KAz — KLz £ 63)
_ (-A1k2 + (1 — Aa) k — 2A4Kl — 275 + ‘uz> kt?

and
Mz = —Alszz + (‘141 — )\2) ktz + }lth

- (—Alkz + (1 — )k + ]/12) £2. 9
When s = It, with k and [ switched in (63) and (64) we obtain
My = (=MP + (i = A2) L = 20kl = 200k + ia ) 112 (65)
and
My = (=M1l + (1 = A2)l + iz £ (66)

Note that since 1 } 7, it is clear from (57) that 7y, # 0. It then follows from (62) that k # 0 and
I # 0. If s = kt is a Rank-1 direction in Span{lU?C }, then equations (63) and (64) both equal
zero. Comparing these two expressions, one observes that a necessary condition for s = kt to
be a Rank-1 direction is

MKl +2M] =0 <= Mk + A = 0.
Similarly, comparing (65) with (66), a necessary condition for s = It to be a Rank-1 direction
is

2/\1kl +2M0k =0 <= /\11 + A, =0.
Hence, if both s = kt and s = [t are Rank-1 directions in Span{U?C}, then we would have
A1k = AL Therefore, if A{ # 0, then there is at most one Rank-1 direction in Span{U?C} and
U?C cannot contain a non-degenerate T4 by Lemma 10 (a).



ON THE RANK-1 CONVEX HULL OF A SET ARISING FROM A HYPERBOLIC SYSTEM 19

Finally, assume A = 0 and (58) becomes
h,’ﬂ(?‘l’) = )\2&(7’1’) fori = 1,2,3. (67)
We claim that
71 = 0 implies Card (U(I)C) <3. (68)
To see this, note that by (57) we have that 7 = (r1,72,73) and Z = (a(rq1),a(rp),a(r3)) are
linearly dependent. As the function a is strictly convex, the equation x = 7y,a(x) has at most
two distinct solutions with x = 0 trivially one of them. Hence there exist i # j € {1,2,3}
such that r; = rj. If r; = r; # 0, then (67) implies that /;; = 1i; = A2 and thus Card (U%.) < 3.
If r; = rj =0, from (59) we see that h; and h; both solve %2 = u1x, which has at most two
distinct solutions with x = 0 one of them. If i; = 0 or h; = 0, then Q(h;,r;) or Q(hj,r;) is the
same as Q(0,0); otherwise we have h; = h; and thus Q(h;, ;) = Q(hj,7;). In both cases we
have Card (U%.) < 3 and thus (68) is established.
Now we assume 71 # 0 since otherwise by (68) there is nothing to argue. If a(r;) = 0 for

some i, then r; = 0 and it follows from (57) that y1h; = 0 which implies that #; = 0. In this
case Q(h;,r;) = Q(0,0). If a(r;) # 0 for all i, then (67) implies that

hi =X, foralli. (69)
Now back to (57), r; solves x = 1A + 7pa(x) for all i = 1,2,3. This equation again has at
most two distinct solutions because of the strict convexity of 4, and thus we must have r; = r;
for some i # j € {1,2,3} which together with (69) gives Q(h;,7;) = Q(h;,7;). So we always
have Card (UY.) < 3 when vy # 0.

In summary, when A; = 0, we always have Card (IU?C) < 3. This completes the proof of
the theorem. O

6. NON-EXISTENCE OF THREE-DIMENSIONAL T4

In this section we prove non-existence of three-dimensional T, in K. Specifically, we will
show

Theorem 15. Let U(I)C be defined by (28). If dim (Span{lU,OC}) = 3 then 1U,OC cannot contain a
non-degenerate T 4.

The proof is done in several steps. To this end we define

hy hy h3
A= | alr)  a(r)  a(rs)
hlﬂ(T’]) hza(l"z) h3a(r3)
and
1 2 3
"= h ha h3
K h? "3 "3
7 +F(r) F+F(r2) 3 +F(rs)
Further we denote
AN = ( Al A ) € M3*6,
Lemma 16. Assume dim (Span{U%.}) = 3. If Rank(Al.) = 3 or Rank(A}.) = 3, then UY.
cannot contain a non-degenerate T 4.

Proof. Without loss of generality, assume Rank(AéC) = 3. The case when Rank(Aj}-) = 3 can
be dealt with in exactly the same manner. Note that the subspace

W := Span{Q(hy,11), Q(ha,12), Q(h3,73)}
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can be parameterized by the mapping P : R?> — M3*? defined by
P(x):=( Akx Alx). (70)

Denote by [A%]x the k-th row of the matrix Aj.. As Rank(AL.) = 3, the three rows of Al are
linearly independent. Hence we can write

3
[Akl; = 1;1 AjelAfcli

for some Aj € R. Denoting the matrix B € M>*3 by [B] := Aj, we have

BAL = Al
and it follows that
kx =D (.Aécx) (71)
for all x € IR%. So letting y := Al x, it follows that
-1 70),(71
P(x)=7’<(A5c) y)( 4y By). (72)

Now Rank(P((A%)~1y)) = 1 if and only if y is an eigenvector of the matrix . So there
are three possibilities to consider: B either has one, two or three distinct eigenvalues. If B
has three distinct eigenvalues, since the dimension of the eigenspace is bounded above by the
multiplicity of the corresponding eigenvalue, B has three linearly independent eigenvectors
and thus Agr N consists of three distinct lines. If B has two distinct eigenvalues, the
dimensions of the eigenspaces are either two and one or one and one. Therefore Ag N W
either consists of two distinct lines, or a two-dimensional plane and a line. So in the above
cases, it follows from Lemma 10 that IU?C cannot contain a non-degenerate T.

Finally suppose B has just one eigenvalue. If the dimension of the eigenspace is less
than three then the situation reduces to the ones already discussed and the conclusion of the
lemma follows. So suppose the dimension of the eigenspace is three, then every vector y is
an eigenvector of B and from (72) we immediately have Rank(P(x)) = 1 for all x € R>. As
dim (W) = 3, it is clear that P : R> — W is a linear isomorphism and hence W C Ag. In
particular, Q(h;, r;) — Q(0,0) = Q(h;,7;) € Ag and thus UY. contains Rank-1 connections. By
definition, U?C isnot a Ty. O

Lemma 17. Assume dim (Span{UY.}) = 3. If Rank(A}.) = 2 for * = I, 7 and Rank(AY.) = 3,
then UY. cannot contain a non-degenerate Ty.

Proof. By Lemma 12 we can assume that hx7+#0and i x Z # 0 (recall that Z is defined in
(31)). As Rank(AéC) = Rank(Aj-) = 2, there exist Ay, A, iy, p2 such that

hia(r;) = Ahi + Aza(r;) (73)
and

K2

5 +HE(r) = pari + pahi. (74)
Therefore we have

h- 7
Span{UY.} = Z-d h-@ ieR3
Mi-8) +A(2-8) (@) + ol - )

Since Rank(AY.) = 3, we must have
(A1, A2) # (pa, p2), (75)
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as otherwise the third row of A(I)C would be a linear combination of the first two rows of A?-,
which contradicts our assumption.
Now we calculate the three minors in Span{U%.} and get

= (h-&) - (F-7)(Z &),

and

When /1 - & = 0, the Rank-1 directions must satisfy M; = 0 and so we need (7-&)(Z-&) = 0.
Recall that 1 and 7, i and Z are both linearly independent. When h-&=7-&=0,we get one
Rank-1 direction. There is another Rank-1 direction when /1 -& = Z-& = 0. When / - & #0,
M; = My = M3 = 0 is equivalent to (note that M; is part of the expressions in the last lines
of M, and M3)

(h-@)?—(F-@)(Z-d) =0,
(1 — M) (7 &) + (u2— A2) (@) =0 (76)
and
(w1 — M) (&) + (g2 — A2)(Z- &) = 0. 77)

Thus, rewriting (76) and (77), the Rank-1 directions must satisfy
(1 = A7+ (2= A2)R) & = 0and (1 = ADF+ (12— A2)Z) @ =0.  (78)

Since dim (Span{U%. }) = 3, we know from Lemma 13 that Rank(SO) = 3. Equations (73)

and (74) imply that h, 7,Z expand all the columns in SV i, and hence h, 7,Z must be linearly
independent. Because of (75), we must have Ay # uj or Ay # pp, and it follows immediately

that (u1 — A)7 + (2 — A2)h and (g — Ak + (pg — AZ)Z are linearly independent. Hence
(78) glves only one possible Rank-1 line in the case when h-@ #0. Combining this with the

case 1 - & = 0 we see that there are at most three distinct Rank-1 directions in Span{U }. An
application of Lemma 10 (b) completes the proof. g

6.1. The case Rank(A%.) = 2. It only remains to consider the case when Rank(AY.) = 2. We
need a key lemma concerning the function F. We state the result in more general form for
later application in Proposition 4.

Lemma 18. Suppose IC R is an open interval containing 0. Let & € C?(I) be such that & > 0 and
d(0) = 0. Suppose F is a primitive of @ with F(0) = 0. If 4 is strictly convex in I then

2F(r) —rd(r) > 0forr <0 and 2F(r) —rd(r) <O0forr > 0. (79)
And if @ is strictly concave in I then

2F(r) —ri(r) < Oforr <0 and 2F(r) —rd(r) > 0 forr > 0.
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Proof. We argue only in the case where 7 is strictly convex; the case where 7 is strictly concave
follows in the same way. Letting g(r) := 2F(r) — ri(r) and using F'(r) = d(r), we have
¢'(r) = a(r) —rd'(r) and ¢""(r) = —rd’(r). Since i is strictly convex, we know g¢” > 0 for
r < 0and g” < 0 for r > 0. Further, as F(0) = 4(0) = 0, we know g(0) = 0 and ¢’(0) = 0.
Combining this with the sign for g”, we know that ¢/(r) < 0 forr < 0 and g'(r) < 0 for r > 0.
It follows that g(r) > 0 for r < 0 and g(r) < 0 for r > 0 and this translates to exactly (79). O

As before, we may assume that hx7+#0andh x Z # 0 where Z = (a(r1),a(r2),a(r3)), and
thus the first two rows of AY. are linearly independent. So there exist A1 and A, such that

hl-a(ri) = Mh; + /\251(1’1‘) (80)
and

2

?l + F(i’,‘) = M1 + Aok (81)

We define the set

o= {90 ()l ) (L )b

Lemma 19. If (h;,r;) satisfies the system (80)-(81) for i = 1,2,3 and IUS)C with the given ordering
forms a non-degenerate T4 with dim (Span{lUg’C}) = 3, then UY. also forms a non-degenerate T,
with the given ordering.

Proof. We define the linear mapping L : Span{U%.} — Span{UY.} by
oy [ hoom -
L (Q(hzﬂ"l)) = < ﬂ(?’i) hi > fori = 1,2,3.
Clearly L satisfies (17). Since dim (Span{lU?C}) = 3, we know Rank( 5}% ) = 3 from Lemma

13, and thus 72, 7,Z are linearly independent because of (80)-(81). Thus dim (Span{lfJ?C}) =3
and therefore the mapping L is a linear isomorphism. Now Lemma 7 applies to finish the
proof. O

Lemma 20. Assume dim (Span{U%.}) = 3. If (h;, r;) satisfies the system (80)-(81) with Ay = 0 or
Ay =0 for i =1,2,3, then UY. cannot contain a non-degenerate Ty.

Proof. By Lemma 19, it suffices to show the set UY. cannot contain a non-degenerate Tj.
Our main tool is Proposition 5. Recall that from (26) the function F is strictly convex with
F(0) = F'(0) =0, and thus F > 0 for all r and F = 0 only at » = 0. If Ay = A, = 0, from (81)
we must have i; = 0 and r; = 0 for all i = 1,2, 3, in which case Card (TJ?C) < 4. So we only
have to consider the case when A # 0 or A, # 0.

Step 1. We first consider the case when A1 = 0, A, # 0. So (80)-(81) become

hia(r;) = Aqa(r;), (82)
h?
?l + F(T’i) = )\Zhi- (83)
From (82), we have
h; = A, for any i for which a(r;) # 0. (84)

Let IT, := {ie {1,2,3} : r; # 0}. So Card (I1,) € {0,1,2,3}. We consider each case in turn.
Case 1: Card (I1,;) = 3. So by (25) we have a(r;) # 0 for i = 1,2,3. Thus h; = A, for all i.
Then from (83), r; solves
A

F(r) = 5

(85)
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for all i. But as F is strictly convex, this equation has at most two distinct roots and hence
Card (TJS’C) < 3.

Case 2: Card (I1,) < 1. So there exist i # j such that r; = r; = 0, then from (83), h; and h;
both solve the equation % — Aol = 0 which has the solutions 0 and 2A,. If h; = 0 or h]- =0,
then (h;,r;) = (0,0) or (hj,r;) = (0,0). Otherwise, we have (h;,7;) = (hj,7;) = (2A42,0). In
both cases, Card (TEI?C) < 3.

Case 3: Card (I1;) = 2. So exactly one of the r;’s equals zero, without loss of generality,
assume r; = 0. From (83), we know

hi = 2A,. (86)
(Otherwise (hy,71) = (0,0) and Card (U}.) < 3.) Also we have
Iy = hy 2 A, 87)

Then r, and r3 are solutions of (85), which has at most two distinct solutions. If (85) fails to
have two distinct solutions, then we are done. So assume that (85) has two distinct solutions,
then r, and r3 must take these two distinct solutions in order for Card (II](,)C) = 4. Because of
(26), the two distinct solutions of (85) must have opposite signs. Without loss of generality,
assume 7, < 0 < r3. From Lemma 18 we have

)\% —r3a(r3) (8:5) 2F(r3) —rza(r;) < 0. (88)

Now our set @?C becomes

70, 617) 00 210, 0 Ay 1 Ay 13
K = 0 0/)'\ 0 2x J'\alrn) Ay )7\ a(s) Ay )"

We call the above matrices Ty, T1, T, T3. Now we observe that

det(Ty — T3) = det(T1 — Tg) = )&% — 7”3(1(1’3)(8<8)0,
and
det(T2 — T3) = *(7’3 — Tz)(ﬂ(?’3) — Q(Tz)) <0,
where the last inequality holds because the function a is strictly increasing. Since det(T; —
T3)<0 for all i # 3, it follows from Proposition 5 that UY. cannot contain a non-degenerate
T4. This completes the proof of Case 3 and the proof of Step 1.

Step 2. Next we consider the case when A, = 0 and A1 # 0. Now (80)-(81) become
hia(rl-) = )\1]/11‘, (89)

2

5 TE(r) = Ay, (90)

From (89) we know a(r;) = Aj unless h; = 0. Similarly to how we argued in Step 1 we let
IT, := {ie {1,2,3} : h; # 0}. So Card (IT;,) € {0,1,2,3}. Again we consider each case in turn.

Case 1: Card (IT;) = 3. So h; # 0 for all i and we have a(r;) = A; for all i. As a is strictly
monotonic, this implies that all 7;’s are equal, and hence from (90) all hlz equals the same
constant. It is a simple argument to see that Card (UY.) < 4 in this case.

Case 2: Card (IT;) < 1. So h; = hj = 0 for some i # j € {1,2,3}, and it follows from (90)
that r; and r; both solve F(r) = A1r, which has at most one non-trivial solution. As in Case 2
of Step 1 it is easy to see that Card (UY.) < 4 in this case.

Case 3: Card (IT;) = 2. So exactly one of the h;’s vanishes. Without loss of generality,
assume h; = 0. It follows from (90) that r; must be the non-trivial solution of F(r) = A in
order for Card (U%.) = 4. As hy # 0 and I3 # 0, from (89) we have a(r,) = a(r3) = A1 and
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hence r, = r3 =: 0. From (90), hy and h3 solve h* = 2A10 — 2F (0). So this equation must
have two distinct solutions (if not then Card (TJ?C) < 4), and denote them by —j, . Without
loss of generality, we let i, = —f and h3 = 5. Now we have

100:{(8 8)’(a(81) 8)(&5 jﬁ)’(ﬂl(@) g)}

As in Step 1, we label the matrices in Ifj?c by To, Ty, Tz, T3 and calculate
det(T; — Tp) = —r1a(r)) <0, det(Tr — Tp) = B> — oa(o),
det(T5 — Tp) = ,82 —oca(o), det(T, —T)) = ,82 —(c—r)(a(o) —a(r)),
det(T3 — Ty) = B> — (¢ —r1)(a(c) —a(ry)), det(Tz — Tp) = 48% > 0.
We denote di := B2 — ca(c) and dp := B2 — (¢ —r1)(a(c) —a(ry)). If dy < 0, then det(T; —
Top) < Oforalli # 0. If dy < 0, then det(T; — Ty) < O foralli # 1. If 4y > 0 and
dy > 0, then det(T; — T3) > 0 for all i # 3. In conclusion, we can always find some T;

such that {det(T; — T;)} does not change sign. Again by Proposition 5, U}. cannot contain a
non-degenerate T, and this completes Step 2. O

It remains to consider the case when (h;,r;) satisfies (80)-(81) for i = 1,2,3 with Ay # 0
and Ay # 0. We collect some elementary facts about the system (80)-(81). First note that
if a(r;) = Ay for some i, then equation (80) would imply Aya(r;) = 0. This would yield
A = a(r;) = 0 which is a contradiction. So we must have

a(r;) #A  fori=1,2,3. 91)
Lemma 21. The system (80)-(81) has at most two distinct solutions satisfying a(r) < Aj.
Proof. Let (h,r) be a solution to the system (80)-(81). We can solve for & from (80) and get

_ Aga(r)
h = i) — Ay (92)
Plugging this into (81) we obtain that r solves
Aa(r)? Aa(r)
— 2 L F(r) = 2
2atr) e O TG,
Simplifying the above equation, we obtain
A3 A2A3
F(r) — \r— 2 — _ 172

2 2(a(r) =A%
Let us denote

and

Direct calculations using F’ = a show that

pl(r) =a(r)—A, p'(r)=a(r),
and

/(7’) _ A%)\%a’(r) , //(7’) _ )\%)\% a”(r) (a(r) — Al) — 30/(1’)2
(a(r) = A1)? (a(r) — A1)*
Since a'(r) > 0, the function p(r) is always strictly convex. For a(r) < Ay, we have a” () (a(r) —
A1) < 0and thus ¢”(r) < 0 for a(r) < A;. So the functions p and ¢ can intersect at most twice
for a(r) < Aq as q is strictly concave here. This completes the proof of the lemma. 0
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Lemma 22. Let (h,r) be a non-trivial solution of the system (80)-(81) with h* —ra(r) # 0. If
M > 0and a(r) < Ay, then h?> —ra(r) > 0; on the other hand, if Ay < 0 and a(r) > Ay, then
h? —ra(r) < 0.

Proof. First note that r # 0, as otherwise it follows from (80) and (25) that 1 = 0 and hence
(h,7) is a trivial solution of (80)-(81). We start with A; > 0. Assume first

0<a(r) <A (93)
It follows from (92) that A,h < 0. Solving for A1, A, from (80) and (81) we obtain
2 2
) (% -Fm) Lk (%5 +F(r) = ra(r)) o
VTR Ty T W2 —ra(r) ' ©4)
Since A1 > 0 and a(r) > 0, we know from the expression for A; that
h? 5
<2 - F(r)) (h - ra(r)) > 0. (95)
On the other hand, since Ayh < 0, it follows from the expression for A, that
h? 5
5t F(r) —ra(r) (h - m(r)) <0. (96)
Combining (95) with (96) gives
h? h?
(2 - F(r)) <2 +F(r)— ra(r)) <0. (97)
Note that from (25) we have
a(r) >0<=r>0 and a(r) <0<=r<0. (98)
Using (93), (98) and Lemma 18 we have
h? h?
5 - F(r) > >+ F(r) —ra(r).
It follows from this and (97) that
h2 2

?—F(r)>0 and %+F(r)—ra(r)<0.

This together with (95) or (96) yields h? — ra(r) > 0.
If a(r) < 0, then from (92) we have Ay > 0. Thus from (94), (95)-(96) become

h? 5
<2 - F(r)> (h - ra(r)) <0 99)
and )
h 2
(2 +F(r)— ra(r)) (h - ra(r)) >0,
which gives (97) as before. So using (98) and Lemma 18 we have

h? h?
5 F(r) < > + F(r) —ra(r),
and hence we must have
h? h?
5 = F(r) <0 and > + F(r) —ra(r) > 0.
It follows from (99) that h?> — ra(r) > 0. This completes the proof of the first half of the

lemma.
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Next we consider A; < 0 and repeat the above lines. If A < a(r) < 0, then Ak < 0 from

(92) and thus (95)-(96) become
<h; - F(r)> (hz - ra(r)) >0

and

Using Lemma 18 we have

5 F(r) < > + F(r) —ra(r),
and hence we must have
h? h?
el —F(r) <0 and > + F(r) —ra(r) > 0.

It follows that h? — ra(r) < 0.
If a(r) > 0, then Ayh > 0 from (92) and thus from (94), (95)-(96) become

<h; - F(r)> <h2 - m(r)) <0

and

Using Lemma 18 we have

h? h?
5 F(r) > > + E(r) —ra(r),
and hence we must have
W2 W2
> —F(r) >0 and ) + F(r) —ra(r) <O.
Thus h? — ra(r) < 0. This completes the proof of the lemma. O

Lemma 23. Let Ay > 0. If (hy, 1) and (hy, 1) are two non-trivial solutions of the system (80)-(81)
with Ay < a(r1) < a(ra), then h? — ria(ry) > h3 — rpa(ry).

Proof. Using (92), we have, fori =1,2,

A2a(r;)?
hlz - T’ia(i’l‘) = (ﬂ(?’z) (_12\1)2 - 7'1‘11(1’1').
1
Let us define
Asa(r)?

I(r) = —2/ .

)= Gt =z )
When A1 > 0, it is clear that a(f)(ii)/\l =1+ a(r;\il/\l is decreasing for a(r) > A and ra(r) is
increasing, and thus [(r) is a decreasing function for a(r) > A1> 0. O

g g

To finish the proof in the case when Rank(AY.) = 2, we need some preparation. Recall
that we fix the set X C Ky, where K given in (21) consists of four points parameterized by
(uj,v;) for i = 0,1,2,3. Now for k = 0,1,2,3, we extend the notations in (22) by defining

k._ k
hi =u;j —ug, 1

= 0; — U, (100)
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and similar to (28) we define the set UII{C associated to the set K with respect to the point
P(ug, k) by

U = { Qo (1 76), Qo (15,74, Quy (5, 75), Quy (1, 5) (101)
Note that when k = 0, the set 1U’,‘C agrees with the set U?C defined in (28). A crucial observa-

tion is that, for k € {1,2,3}, we could have switched the labeling of k and 0 in the set X and
thus all the results proved so far also apply to the set U’,‘C. Hence it only remains to show

Lemma 24. Let K C Ky be given in (28), and the sets Uk be defined in (101) for k = 0,1,2,3.
Assume, for all k = 0,1,2,3, we have dim(Span{U~X.}) = 3 and (K, v%) satisfies the system

hEag, (rF) = AKHE + ASaq, (F) (102)
and
()2 Kk
> + ka(ri ) /\17‘ + /\Zhi (103)
for all i with A’{ # 0 and /\’2C # 0, then JC cannot contain a non-degenerate T .
k k
Proof. By Lemma 19, it suffices to show that Ifﬂ,‘c = { <a h(irk) Z’k> :1=0,1, 2,3} cannot
U\ i

contain a non-degenerate T4 for some k € {0,1,2,3}. Without loss of generality, we assume
that vy < 01 < v < wv3. Note that this ordering is only used in the proof of the current
lemma. If r = 0 for some i # k, we have ay, (7] *) = 0 by (25). From (102), it follows that
ASHE = 0 and thus hf = 0. This means Card (U’,‘C) < 4. So we may assume ¥ # 0 for all
i # k, and thus

Uy <0 <0 <U3. (104)
Now we enumerate all possibilities in the following. To simplify notations, we denote
K= ()% — rkay, (D). (105)

We may assume that DI’F = 0 for all i # k, as otherwise TJ’,‘C would contain Rank-1 connections
and thus cannot be a T4. This allows us to apply Lemma 22. From (100) it is clear that
h;‘ = —h; and rf.‘ = —r;. By (24), we calculate

Ay, (rf) @) a(vg + rf‘) —a(vg)

a(v;) — a(vg)
= —(a(w) —a(v) = —ay (r),

and thus ‘

Df = Di. (106)
Note that we have rj < r} < r3 < 0 by (104), and thus by (25) we have a,,(r3) < ay,(r3) <
ay,(r3) < 0. By Lemma 21, we must have a,,(r3) > AJ. In particular, we must have A3 < 0,
and thus by Lemma 22 we have

D3 < 0. (107)

Case 1. Assume /\(1) < 0. It follows from (104) and (100) that 0 < 7(1) < 1’(2) < rg and thus

AV <0 < a0y (1Y) < agy (1)) < ayy (7). By Lemma 22 and recalling (105), we have DY < 0 for
i =1,2,3. By Proposition 5, we know that IU?C cannot contain a T4.

Case 2. Assume )‘(1) > (0. By Lemma 21, we either have (noting that h = r = 0 is triv-
ially a solution of (102)-(103) and recalling (91)) 0 < ay,(rd) < AY < a4, (1)) < ayy(r3) or
0 < AY < ayy (1)) < a0, (r9) < ay,(r3). In the first subcase, by Lemma 22, we know DY > 0. If
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DY > 0 and DY > 0, then UY. cannot contain a Ty by Proposition 5. So by Lemma 23, we only
have to consider the cases when Dg > 0, Dg < 0or Dg <0, Dg < 0. Together with D? > 0,
we are led to two subcases: D? > 0, Dg >0, Dg <0or D? > 0, Dg <0, Dg < 0. On the other
hand, if 0 < AY < a4y, (1?) < ay, (1)) < ay,(r3), then by Lemma 23 and Proposition 5 again,
we only have to consider the cases when D? >0, Dg >0, Dg < 0or D? > 0, Dg <0, Dg < 0.
Thus, in conclusion, we have two subcases to consider.

Subcase 2.1. Assume D(l) > 0, Dg > 0, Dg < 0. By (106) we have DS = Dg < 0. So if
D? < 0, then by (107) we know Dl?’ < 0 for all i # 3 and thus we are done by Proposition 5.
If D% > 0, now we have D% = D% > 0. We claim that )\% > (0. Otherwise, we would have
A <0 < ay,(r}) and by Lemma 22 we would have D} < 0, which is a contradiction. Now as
Al > 0, we know from Lemma 21 that r} < 0 and 0 are the only two solutions of the system
with ay, (r) < A, and thus 0 < Al < ay, (r}) < a5, (r}). Now it follows from Lemma 23 and
D% > 0 that D% > 0. As D(l) = D? > 0, we have Dl-1 > 0fori =0,2,3, and thus we are done
by Proposition 5.

Subcase 2.2. Assume D? > 0, Dg <0, Dg < 0. If D:f < 0, we also have Dg = Dg < 0 and
D3 < 0 by (107). So D? < 0 for i = 0,1,2 and we are done by Proposition 5. If D} > 0, we
have either D% = D% > 0 or D% = D% < 0. In the former case, we have Dl.l >0fori=0,23,
and in the latter case (recalling (107)) we have Dl-2 < 0 fori=0,1,3. Thus in both cases we
are done by Proposition 5. This completes the proof of Lemma 24. g

Proof of Theorem 15 and Theorem 2 completed. 1f dim (Span{U%-}) = 3, we have two cases: ei-
ther Rank(AY.) = 3 or Rank(A%.) = 2 (if Rank(A%) = 1, we must have h x 7 = 0 which is
done in Lemma 12). The latter case is treated in Lemmas 20 and 24 (together with explana-
tions immediately before Lemma 24), and the former case is treated in Lemmas 16 and 17.
Finally, putting Theorems 14 and 15 together, we complete the proof of Theorem 2. O

7. PROOF OF PROPOSITION 4

We start by giving a more explicit equivalent condition for the set K1 to contain Rank-1
connections.

Lemma 25. Let I be an interval, and let the set K1 be defined in (12) with the function a € C*(R)
satisfying o/ > 0. Then the set K1 contains Rank-1 connections if and only if there exist v € I and
r # 0 such that v+r € I and

2F,(r) = ray(r), (108)
where the functions a, and F, are defined in (24).

Proof. By definition, the set X! contains Rank-1 connections if and only if there exist (1, v) #
(i1,7) such that v, € I and Rank (P(#,79) — P(u,v)) = 1, where the mapping P is given
in (5). Denoting by h = @i —u, ¥ = ¥ — v and recalling the notations in (24) and (27), it
follows from Lemma 8 that there exists an invertible matrix B such that B(P (i, 7) — P(u,v)) =
Qyu(h,r), where Qy(h,r) is given in (27). Hence Rank (P(i,7) — P(u,v)) = 1 if and only if
Rank (Qy(h,r)) = 1. Therefore the set K! contains Rank-1 connections if and only if there
exist v € I and (h,7) # (0,0) € R? such that v 47 € I and Rank (Q,(h, 7)) = 1.
Given v € R and (h,r) # (0,0), we claim that Rank (Q,(h,7)) = 1 if and only if

W =ray(r) and 2F,(r) = ra,(r). (109)
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To see this, we write out the three minors of Qy(h,r):

3
My =W —ray(r), M= % + hE,(r) — rhay(r),

and
2

h
Mz = ?av(r) + ay(r)Fy (1) — W2ay(r).
If Rank (Qy(h,7)) = 1, then M; = My = M3 = 0. From M; = 0 we obtain h? = ra,(r). Note
that from this, (25) and (h,r) # (0,0), we must have h # 0, r # 0 and a,(r) # 0. Now My =0
and M3 = 0 reduce to

h? h?
S HR(r) = ray(r) =0 and =+ Fo(r) - h? =0. (110)

Comparing the equations in (110) and substituting h? by ra,(r), one readily sees that (110)
is equivalent to (109). Conversely, if (109) holds, then we have (110) and it is clear that
M; = My = M3 = 0. Thus we have Rank (Q,(h,r)) = 1.

Now if ! contains Rank-1 connections, then there exist v € I and (I, 7) # (0,0) € R? such
that v +r € I and Rank (Qy(h,r)) = 1. Therefore (109) and thus (108) hold true. Conversely,
if (108) holds for some v and r # 0, then as a,(0) = 0 and 4}, > 0 (recalling (25)), it is clear
that ra,(r) > 0 and thus one can choose h = \/ra,(r). With this choice of v, 7, i, the equations
in (109) are satisfied. Hence Rank (Qy(h,7)) = 1 and K! contains Rank-1 connections. O

Proof of Proposition 4. First we assume that a has an isolated inflection point at vy € 1. Without
loss of generality, assume that
a’(v) <0 forvyg—4 <v<uy (111)

and
a’(v) >0 forvg <v<uovg+d (112)

for some ¢ > 0 sufficiently small. Recall the definitions of the translation functions a, and F,
in (24) and the properties listed in (25)-(26). As in the proof of Lemma 18, we define

Qo(r) :=2F,(r) — ray(r) (113)
and obtain
80(0) =8,(0) =0, gy(r) = —ray(r). (114)

24
By Lemma 18, since F,, = a, and a,(t) 2 o' (v+t) we have

if for some ro,7; > 0 we have a” > 0in (v —rg,v +r;), then
o(r) > 0forr e (—rp,0), go(r) <O0forre (0,r),
and
if for some rg,7; > 0 we have a” < 0in (v —rg,v+1r;), then

115
go(r) <0forr e (—ry,0), go(r)>0forre (0,r). (115)

Next we define the functions

p(v) := go(vg — v) = 2F,(vg — v) — (vg — v)ay(vy — V)

- 5 _or 5 5 5
q(v) := g vo+§—v =2F, vo+§—v - vo—l—i—v ay vo+§—v .

Using the definitions for a, and F; as in (24), we write out

p(v) =2(§(vo) — F(v) —a(v) (v0 — 0)) — (v0 — ©) (a(v0) — a(0))

and
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and clearly p(v) is continuous. Similarly g(v) is also continuous. It follows from (111) and
(115) that

p(v) = go(vo—v) >0 forallv e (vo - g,m) . (116)

On the other hand, note that g(vy) = gvo(%). We deduce from (114) and (111)-(112) that
80, (0) = g1,(0) = 0 and gy, is concave locally around the origin, and thus q(vp) = gv, ($) <o.
As g is continuous, it follows immediately that

) )
q(v1) = 8o, <vo + 5~ vl) <0 forsomev; € (vg — 2,vo> . (117)
Consider the continuous function
)
@(w) = go, (vo+w—1v1) forwe [0, 2} . (118)
Note that since v; € (vo - g,vo) we have that @(0) (118)(116) p(v1) > 0and @ (%) (118),(117)
g(v1) < 0. So there exists v, € (vg, vy + %) such that @(vy — vg) (18) Qo (02 —v1) = 0.

113
Denoting by r := v, — v > 0, this translates to 2F,, (r) — ray, (r) (1)

connection in the set K] by Lemma 25.
Now suppose a is either strictly convex or strictly concave on I, then by Lemma 18 and
Lemma 25, the set IC{ contains no Rank-1 connections. O

0, and thus gives Rank-1
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