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Abstract

Given an elliptic integrand of class €°, we prove that finite unions of disjoint open Wulff
shapes with equal radii are the only volume-constrained critical points of the anisotropic surface
energy among all sets with finite perimeter and reduced boundary almost equal to its closure.

1 Introduction

The classical anisotropic isoperimetric problem (or Wulff problem) consists in minimizing the anisotropic
boundary energy among all sets of finite perimeter with prescribed volume. For all positive (con-
tinuous) integrands the solution is uniquely characterized, up to translation, by the Wulff shape, as
proved by Taylor in [36]. Alternative proofs can be found in [I8] 27, [6]. This isoperimetric shape was
constructed by Wulff in [37] and plays a central role in crystallography.

Instead of considering minima, a more subtle question is to characterize critical points of the
anisotropic isoperimetric problem. For integrands of class €', this is equivalent to characterize sets
of finite perimeter whose anisotropic mean curvature in the sense of varifolds is constant. For all
convex integrands in R?, Morgan proved in [29] that Wulff shapes are the only critical points among
all planar regions with boundary given by a closed and connected rectifiable curve. To the best of our
knowledge, the characterization in every dimension for smooth boundaries has been conjectured for
the first time by Giga in [19] and Morgan in [29]. This has been positively answered for smooth elliptic
integrands in [20] for dimension 3, and in [21] for every dimension. These works are the anisotropic
counterpart of the celebrated Alexandrov’s result [I]. Moreover, quantitative stability versions of this
rigidity theorem have been showed in [7), [T5] [14].

In the non-smooth setting, Maggi has conjectured in [25, Conjecture] the characterization of the
Wulff shapes among sets of finite perimeter:

Conjecture ([28]). F-Wulff shapes are the unique sets of finite perimeter and finite volume that are
critical points of F at fized volume.

Since F is assumed to be convex, but may fail to be €, the notion of first variation and critical
points are suitably defined in [25, p. 35-36], using the convexity in time of the functional along any
prescribed variational flow. Maggi specifies in [25] the significant interest from the physical viewpoint
for crystalline integrands. Moreover he points out that this question is open even for smooth elliptic
anisotropic energies and among sets with Lipschitz boundary.

Delgadino and Maggi have settled the conjecture [25] Conjecture] for the special case of the area
functional in [9], proving that among sets of finite perimeter, finite unions of balls with equal radii
are the unique volume-constrained critical points of the isotropic surface area. Their beautiful proof
provides a measure-theoretic revisiting of the Montiel-Ros argument [28] by means of the Heintze-
Karcher inequality. Recently the third author has obtained with different techniques in [33] a similar
Heintze-Karcher inequality for sets of finite perimeter and bounded isotropic mean curvature and has
proved that the equality case is uniquely characterized by finite unions of disjoint open balls, thus
recovering the characterization of isotropic critical points.

To deal with the lack of regularity of finite perimeter sets, Delgadino and Maggi need to use in
[9) the strong maximum principle for integral varifolds of Schétzle [35]. Unfortunately, as they point
out, this result is only available in the isotropic setting, preventing the extension of the method of
[9) to anisotropic integrands. They can threat in [8] the special case of local minimizers, since this
allows to apply an anisotropic strong maximum principle proved in [I2] and provides the required



regularity through the use of suitable competitors. Nevertheless these competition arguments are not
applicable to study the general case of anisotropic critical points.

In the present paper we address this problem, providing a positive answer to [25, Conjecture]
for elliptic integrands of class ¥ among finite perimeter sets with reduced boundary almost equal
to its closure, see Corollary Our main result, see Theorem is actually more general and it
consists in the following anisotropic Heintze-Karcher inequality for sets of finite perimeter (we refer
to Section for the notation) and in the characterization of finite unions of disjoint open Wulff shapes
(of possibly different radii) as the unique configurations realizing the equality case.

Theorem. Suppose F is an elliptic integrand of class €° (see , a€ (0,1),ce (0,00), ECR"!
is a set of finite perimeter such that 7" (Clos(0*E)~0*E) = 0 and the distributional anisotropic
mean curvature H of 0* E with respect to F' in the direction of the interior normal satisfies 0 < H < ¢
and it is locally of class €°* on the €% regular part of spt||V||. Then

g < " [ F@E) .

Equality holds if and only if E coincides up to a set of Z"! measure zero with a finite union of
disjoint open Wulff shapes with radii not smaller than n/c.

As mentioned before, for any elliptic integrand of class ¢, we obtain the following characterization
of finite unions of Wulff shapes as the only volume-constrained anisotropic critical points among finite
perimeter sets with reduced boundary almost equal to its closure, see Corollary We denote by
Pr the F-perimeter functional, i.e.

Pr(E) = /a*E Fn(E,x)) d#"(x)

for every E C R"*! with finite perimeter.

Corollary. Suppose E C R"t! is a finite perimeter set with finite volume such that
A" (Clos(0"E)~0*E) =0

If E is a volume-constrained critical point of Pr, then E is equivalent to a finite union of disjoint
open Wulff shapes.

We describe now the structure of the paper. In Section [2], after having recalled some background
material, we provide some classical facts on Wulff shapes and we study some basic properties of the
anisotropic nearest point projection onto an arbitrary closed set. In Section [3| we prove that the only
totally umbilical closed and connected hypersurface of class €'*! is the Wulff shape. In Section
we recall the notion of anisotropic (n, h)-sets introduced in [I1] and we prove that their generalized
normal bundle satisfies a Lusin (N) condition with respect to the n dimensional Hausdorff measure
A", thus extending an analogous result for isotropic (n,h) sets obtained in [34, 3.7]. This is the
key to obtain the main result of the paper. In Section [5] we introduce the anisotropic normal bundle
and we study its relation with the isotropic one and with the anisotropic nearest point projection;
moreover we consider the anisotropic Steiner formula for closed sets and we prove that every closed
set satisfying such a formula has positive reach. To conclude, in Section [6] we combine all these tools
to prove Theorem [6.4] and Corollary

2 Preliminaries

Notation

The natural number n > 1 shall be fixed for the whole paper.

In principle, but with some exceptions explained below, we shall follow the notation of Federer
(see [IT, pp. 669 — 671]). Whenever A C R"! we denote by Clos A the closure of A in R"*L.
Following Almgren (e.g. []) if T' € G(n + 1,k), then we write T} for the linear orthogonal projec-
tion of R"*! onto 7. The symbol N stands for the set of non-negative integers. We use standard
abbreviations for intervals (a,b) = RN{t:a <t < b} and [a, 0] = RN {t:a <t < b}. We also
employ the terminology introduced in [I7), 3.2.14] when dealing with rectifiable sets. Moreover, given
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a measure ¢ and a positive integer m the notions of (¢, m) approximate tangent cone Tan™ (¢, "),
(¢, m) approximate differentiability and (¢, m) approximate differential are used in agreement with
[17, 3.2.16]. We also introduce the symbol S™ for the unit n-dimensional sphere in R"*1.

Concerning varifolds and submanifolds of R"™! we use the notation introduced in [3]. If M is
a submanifold of R"*! of class ¢!, we write 2 (M) for compactly supported tangent vectorfields
on M of class €1; cf. [3, 2.5]. We say that M is a closed submanifold of R"*1 if it is a submanifold
of R"*! and a closed (but not necessarily compact) subset of R"*1; in particular, 0M ~ M = @.

We also use the following convention. Whenever X, Y are vectorspaces, A C X, and f: A —Y
we write Df for the derivative of f that is a Hom(X,Y") valued function whose domain is the set of
points of differentiability of f. If Y = R and X is equipped with a scalar product, then we write
grad f for the X valued function characterised by

(u, Df(z)) = grad f(z) eu for z € dmnDf and u € X .

Pointwise differentiability

2.1 Definition (cf. [26, §2.7]). Let k € N, X, Y be normed vectorspaces, A C X, f: A —- Y, and
a € X. Then f is called pointwise differentiable of order k at a if there exists an open set U C X and
a function g : U — Y of class k such that

aeUCA, fla)=gla), and Ilim L2 =9

z—a |z —alk =0.
Whenever this is satisfied one defines also the pointwise differential of order i of f at a by
ptD'f(a) = D'g(a) foric {0,1,...,k}.

2.2 Definition (cf. [26, §3.3]). Suppose k,n € N and A C R""'. Then A is called pointwise
differentiable of order k at a if there exists a submanifold B of R"t! of class k such that a € B,

(1) liﬁ)lr_l sup | distance (-, A) — distance (-, B) |[B(a, )] =0,

(2) and hfrol 7% sup distance (-, B) [ANB(a,7)] = 0.

2.3 Definition (cf. [26, §3.12]). Suppose n,k € N and A C R"*!. Then pt D*¥A is the function
whose domain consists of pairs (a,S) such that a € Clos A, A is pointwise differentiable of order k

at a, S € G(n + 1,dim Tan(A, a)), and S+ N Tan(A, a) = {0} and whose value at (a,S) equals the
unique ¢ € OF(R™+!, R"1) such that whenever f: S — St is of class k and satisfies

(3) hf(’)l r~! sup | distance (-, A) — distance (-, B) |[B(a,7)] =0,

(4) and hﬁ} 7~ sup distance (-, B) [ANB(a,r)] =0,

where B = {x + f(z) : & € S}, then ¢ = D¥(f 0 Sy)(a).

2.4 Remark (cf. |26, §§3.14, 3.15]). Assume n,d,k €N, S € G(n+1,d), U C S is open, f: U — S+
is continuous, z € U, A = {x + f(x) : x € S}. Then A is pointwise differentiable of order k
at a = x + f(x) if and only if f is pointwise differentiable of order k at x. Moreover, pt D*A(a, S) =
pt Di(f o Sy)(z) for i € {0,1,...,k}.

The unit normal bundle of a closed set

Let A C R™! be a closed set.

2.5 Definition. Given A C R™t! we define the distance function to A as
da(z) =inf{|z —al:a € A} for every x € R"

Moreover,
S(A,r)={x:0a(x) =71} forr>0.



2.6 Remark (cf. [311, 2.13]). If r > 0 then " (S(A,r) N K) < co whenever K C R" is compact and
S(A,r) is countably (", n) rectifiable of class 2.

2.7 Definition (cf. [31], 3.1]). If U is the set of all z € R""! such that there exists a unique a € A
with |z — a| = §4(z), we define the nearest point projection onto A as the map &4 characterised by
the requirement

|x — €a(x)] = da(x) forzel.

We set U(A) = dmn &4 ~ A. The functions v4 and ¥4 are defined by
va(z) =0a(2)7 (2 — €a(2)) and wa(z) = (€al2),va(2)),
whenever z € U(A).

2.8 Definition (cf. [31] 3.6, 3.8, 3.13]). We define the function p(4,-) setting
p(A,z) =sup{t:84(€a(z) + t(x — €a(x))) = tda(x)} for z € U(A),

and we say that € U(A) is a regular point of €4 if and only if €4 is approximately differentiable at
x with symmetric approximate differential and aplim,_,, p(A4,y) > p(A,z) > 1. The set of regular
points of €4 is denoted by R(A).
For 7 > 1 we define
A =UA)Nn{z:p(Az)>T1}.

2.9 Remark (cf. [31], 3.7]). The function p(A4,-) is upper semicontinuous and its image is contained
[1, 00].

2.10 Definition (cf. [31I, 4.9]). Suppose z € R(A). Then xa1(z) < ... < xan(z) denote the
eigenvalues of the symmetric linear map ap Dv(z)|{v : veva(z) = 0}.

2.11 Remark. Notice that 2" (S(A,r) ~ R(A)) =0 for £* a.e. r > 0 (cf. [31], 3.16]) and
Tan" (A "LS(A,r),z) ={v:vevs(z) =0}

for ™ a.e. x € S(A,r) and for £* a.e. r > 0, cf. [31], 3.12].

The functions x 4 ; are the approximate principal curvatures of S(A, r) in the direction of v4(x). In
fact, as proved in |31}, 3.12], they coincide with the eigenvalues the approximate second-order differen-
tial ap D2S(A,r) of S(A,r); cf. [32] for the general theory of higher order approximate differentiability
for sets.

2.12 Definition (cf. [B1] 4.1], 23| §2.1]). The generalized unit normal bundle of A is defined as
N(A) = (AxS")N{(a,u) : 64(a+ su) = s for some s > 0}

and N(4,a) ={v: (a,v) € N(A)} for a € A.

2.13 Remark (cf. [31) 4.3]). The set N(A) is a countably n rectifiable subsets of R"*! x S™.

Anisotropic integrands and mean curvature

2.14 Definition. Let k¥ € N, a € [0,1]. By an integrand of class €*® we mean a non-negative
function F : R"*! — R such that F|R"* ~{0} is of class €% and

(5) FOw)=|\F(v) forveR"™ and A€ R
By an integrand we mean an integrand of class €.

2.15 Remark. If F is convex, then it is a norm on R"T!. We say that F is a strictly conver norm if
it is an integrand satisfying

F(z+1vy) < F(z)+ F(y) for all linearly independent z,y € R™*!.

2.16 Definition (cf. [I7, 5.1.2] and [2], 3.1(4)]). We say that an integrand F' is elliptic if there exists
a number v > 0 such that the map R"™! > u — F(u) — 7|u| is convex. We call v the ellipticity
constant of F.



2.17 Remark (cf. [I7, 5.1.3]). Assume F is an integrand of class ¥*!. Then ellipticity of F with
ellipticity constant v > 0 is equivalent to the condition
[unol? v’ = (veu/lul)®

(6) <(v,v), DQF(u)> > PIE =7 ol for u € dmnD?F, u # 0, v € R" 1,

In particular, if F is elliptic, u € dmnD?F, |u| = 1, and v € span{u}*, then
((v,0), D*F(u)) > yJv|?,
which shows that F' is uniformly elliptic in the sense of [IT], §2].

2.18 Definition. Assume F' is an elliptic integrand with ellipticity constant v > 0. We define
C(F) =sup({y~", sup F[S"]/inf F[S"]} U {|ID*F(v)|| : ¥ € S* NdmnD?F}).

2.19 Remark. Let U C R™"! be open. For any T' € G(n + 1,n) we choose arbitrarily v(T) € T+
such that [v(T)| = 1. In the sequel we shall tacitly identify any V' € V,,(U) with a Radon measure V/
over U x R"*! such that

V() = %/a(x, v(T)) + a(z, —v(T))dV (x,T) for a € C°(U,R).

Clearly, this definition does not depend on the choice of v(T).

2.20 Definition. Let U C R"™! be open, F be an integrand of class €, V € V,,(U). We define
the first variation of V' with respect to F' by the formula

5V (g) = / Dy(x) @ Be(v)dV(z,v) for g € 2(U),

where Bp(v) € Hom(R"1, R" 1) is given by
Br(v)u=F()u—v-{(u, DF(v)) for v,uc R"™ v #£0.

2.21 Remark (cf. [2],[10, Appendix A],[13]). If » : R x R""!1 — R""! is smooth, ¢(0,z) = z for
z € R and g = L|im0p(t,) € Z(R™1), then

d

JR— ¢ pr—
aQ F(‘Pt#v) 5FV(9) )

t=0

where the functional ®p : V,,(U) — [0, 0] is defined as

Op(V) :/F(V)dV(I,V).

2.22 Definition (cf. [I1] §2]). Let Q C R"*! be open, V € V,,(Q), F : R"™! — R be an integrand
of class €!. Assume that |6V || is a Radon measure. Then

IrV(9) = —/EF(W ) o g(x) d||V'[|(z) +/77F(V7 z) @ g(z) d[|0rV [[sing(z) for g € 27(Q),

where ||§pV ||sing is the singular part of |67V with respect to ||V, hp(V,-) is an R"*! valued
|V ||-integrable function, and ng(V,-) is an S™ valued |0V ||-integrable function.
For ||V ||-a.e.  we define the F'-mean curvature vector of V' at x, denoted hp(V, z), by the formula

hp(V, )

where V(*) is the probability measure on S™ coming from disintegration of V; see [3, §3.3].

2.23 Definition. Define 2 : @2 R — Hom(R"*!, R"1) to be the linear map characterised by

[1]

(u, 2(A)) e v = A(u,v) for Ae O°R"*! and u,v € R"*!,



2.2/ Remark. In particular, if f: R"t! — R is twice differentiable at z € R™*!, then
E(D?f(z)) = D(grad f)(z) € Hom(R" ™, R"*1).

2.25 Remark. Let G C R"™! be open, v1,...,v,41 be an orthonormal basis of R"*!', M be a
submanifold of G of dimension n of class €2, V = v, (M) € V,(G), z € M, v : G — R""! be of
class ¢! and satisfy

(7) v(y)l =1, wv(y) € Nor(M,y), and (v(y), Dr(y))=0 forye M.

In [I1], Proposition 2.1] the authors show that if F' is an elliptic integrand of class 4 then

n+1
—F(v(z))hp(V,z) = v(z) tr(D(grad F o v)(z)) = v(z) Z<(Du(x)vj,vj), D*F(v(z))).

j=1

2.26 Definition (cf. [I7, 4.5.5]). Let A C R"*! and b € R"*!. We say that u is an exterior normal
of A atbifue R |u|l =1,

(8) O "MLz (x—b)eu>0}NAb) =0,
(9) and O@"TH( "L {z:(x —b)eu<0}~ADb) =0.

We also set n(A,b) = u if u is the exterior normal of A at b and n(A4,b) = 0 if there exists no exterior
normal of A at b.

2.27 Definition. Let £ C R™"*! and z € R*t1. We define
nf(E,z) = grad F(n(E,z)) ifn(E,z)#0 and nf(E,z)=0 ifn(E z)=0.

2.28 Remark. Assume X is a Hilbert space, dimX = k € N, A, B € Hom(X, X) are self-adjoint
automorphisms of X, and A is positive definite. With the help of the (tiny) spectral theorem [24]
Chap. VIII, Thm. 4.3] we find a self-adjoint and positive definite map C' € Hom(X, X) such that
A= CoC. Next, we observe that E =C"'0oAoBoC = CoBoC( is self-adjoint. Employing again
the (tiny) spectral theorem we find an orthonormal basis v1,...,v; € X and real numbers A,..., Ag
such that Ev; = \v; for i € {1,2,...,k}. We obtain

Ao B(Cv;)) =CoFEv; = \Cv; forie{l,2,...,k}

and we see that Cvy,...,Cuy is a basis of eigenvectors of A o B with eigenvalues Aq, ..., Ag.

In particular, if G, M, x, and v are as in F is an elliptic integrand, v = v(z) € dmnD?F,
and X = Tan(M, z), then the maps A = E(D?F(v(z))|X x X) and B = Dr(x)|X € Hom(X, X) are
self-adjoint and A is positive definite; hence, A o B has exactly n real eigenvalues.

Observe also that since F' is positively 1-homogeneous, grad F' is positively 0-homogeneous, i.e.,
grad F'(Av) = grad F(v) for A € (0,00) and v € dmn grad F’; hence,

(10) v € ker D(grad F)(v) for v € dmnD?*F .

Since D2F(v(z)) € O R is symmetric it follows that D(grad F)(v(z)) € Hom(R"*! R"*1) is
self-adjoint and we have

imD(grad F)(v(z)) = (ker D(grad F)(Z/(J:)))L

so that D(grad F)(v(z))|X € Hom(X,X) by (10). Seeing that also Dv(z)|X € Hom(X,X) we
conclude
D(grad F o v)(x)|X € Hom(X, X).

2.29 Definition. Let F be an elliptic integrand of class €', G C R"*! be open, M be a submanifold
of G of dimension n of class €11, v : G — R""! be Lipschitz continuous and such that |v(z)| = 1
and v(z) € Nor(M, z) for z € M, x € dmnDv, and v = grad F(v(z)). We define the F-principal
curvatures of M at (x,u)

Rar (T u) << Ry ()

to be the eigenvalues of the map D(grad F ov)(z)| Tan(M, z) € Hom(Tan(M, x), Tan(M, x)); cf.



2.30 Remark. Clearly if V = v, (M) € V,,(G), then

hp(V,a) = —v(@) 30 ki (2, u).

2.31 Definition. Assume M C R™t! is pointwise differentiable of order 2 at a € Clos M, T €
G(n+ 1,n), f : T — T+ is pointwise differentiable of order 2 at 0, f(0) = 0, ptDf(0) = 0,
B=R""'n{a+z+ f(z):x€T},veTt |v|=1, and

(11) h?ol r~sup | distance (-, M) — distance (-, B) |[B(a,7)] =0,

(12) and Hﬁ)l r~%sup distance (-, B) [M N B(a,r)] = 0.

We define the pointwise F-mean curvature vector of M at a, denoted pthp(M,a), by the formula
—F(v)pthp(M,a) = tr(E(D*F(v)) o E(pt D*(f o T;)(0) e v)) .

2.32 Remark. Note that the above definition does not depend on the choice of v and f. In particular,
if ¥ = —v, then recalling we obtain

Anisotropic nearest point projection and related objects
2.33 Definition. Let F : R**! — R be a norm, z € R*™! and r > 0. We define
Uf(z,r)={y: Fly—z)<r} and Bf(z,r)={y:F(y—2)<r}.
2.34 Definition. Let F : R®"! — R be a norm. Define the conjugate norm F* on R™*! by setting
F*(w) =sup{weu:uc R F(u) <1}.

By a Wulff shape (of F') we mean any open ball with respect to the F* norm.
2.35 Definition. Given A C R"*!, we define the anisotropic distance function to A as

64 (z) = inf{F*(a —x) :a € A} for every z € R".
Moreover,

SE(Ar) ={z:65(x)=r} forr>0.

2.36 Definition. Suppose A C R" is closed and W is the set of all x € R™ such that there exists
a unique a € A with F*(z — a) = &% (z). The anisotropic nearest point projection onto A is the map
¢ : W — A characterised by the requirement

F*(z — €5 (2)) = 65 (z) forzeW.
We also define v : W~ A — 9B (0,1) and ¥4 : W~ A — A x OB (0,1) by the formulas
vi(2) = 04(2) 7'z — €4(2)) and () = (€4(2),vi(2)) forz € W~A.

2.37 Definition (cf. [5, Def. 3.54]). Let A C R™™! be a set of finite perimeter and V = v,,41(A) €
V,+1(R™™1). Then [|6V]| is a Radon measure (cf. [3, 4.7]) and there exists ||§V || measurable function
n(V,-) with values in S™ as in [3] 4.3]. We define the reduced boundary of A, denoted 9* A, as the set
of points z € dmnn(V,-) for which

1
oV B(z,r) >0 forr >0 and limif n(V, ) d||[6V| =n(V,x).
16V Bz, 7) TG ) o, 7V AIV] = (o)

In the next lemma we summarize a few facts about relations between F' and F™*.

2.38 Lemma. Let F be a strictly convex norm of class €%', F* its conjugate, W = U (0,1),
W* =Ur(0,1), G,G* : R**! = R"*! be given by G = grad F and G* = grad F*.
The following hold.



(a) F*(G(z)) =1 and F(G*(x)) =1 for any x € R""1 ~{0}.

(b) GIOW : OW — OW* is a Lipschitz homeomorphism.

(c) F*(x) =z ¢ G*(x) and F(z) = z ¢ G(x) for x € R"*1 ~{0}.

() F** = F.

(e) F* is a strictly convex norm.

(f) G*low™ = (Glow)~*.

(g9) F* is of class €.

(h) If F satisfies (), then F* is of class €' and GlOW : OW — OW* is bilipschitz.

(i) n(W,z) = G(x)F(n(W,x)) and n(W*,y) = G*(y)F(n(W*,y)) for x € OW and y € OW™*.
In particular, Gm(W*,y)) =y for y € OW* and G*(n(W,z)) = x for x € OW.

Proof. Tt is clear from the definition that F* is a norm; hence, it is Lipschitz and convex. Employ [30),
Theorem 25.5] or the Rademacher theorem [17, 3.1.6] to see that F* is differentiable .+ almost
everywhere. Observe that G(z) ez = F(x) > 0 and G*(y) ey = F*(y) > 0 for all x € R"" ~{0}
and y € dmn G* due to positive 1-homogeneity of F' and F*.

Assume now that G|OW is not injective, i.e., that there exist a,b € W such that a # b and
G(a) = G(b). Since F(u) = F(—u) we see that G(u) = —G(—u) so a # —b and the line segment
joining a and b does not pass through the origin. Set v = b — a and define the strictly convex map
f:10,1] — R™"! by the formula f(t) = F(a + tu). Then f'(0) = G(a) e u and /(1) = G(b) ® u so
'(0) = f’(1) which contradicts strict convexity of f. Therefore G|OW is injective; hence, since OW
is compact, (G|OW)~! : G[OW] — OW is continuous.

For any w € R"*! define g, : R"™* — R by the formula g, (u) = u e w for u € R"*1.

Let w € OW* so that F*(w) = 1. Since the smooth map g, attains its maximal value on the
compact manifold OW = F~1{1} of class €', using the method of Lagrange multipliers, we deduce
that there exists at least one v € OW such that 1 = F*(w) = w e u and w = AG(u) for some A € R.
Then

l=uew=ueG(u) =Xu, DF(u)) = \F(u) = X.

Therefore,
F*(Gu)) =AF*(w)=A=1.

Since w € OW was arbitrary, it follows that OW™* C G[0W]. Noting that OW and OW™* are compact
connected submanifolds of R"*! without boundary of class at least %! and that G|OW is a home-
omorphism onto its image, employing the invariance of domain theorem, we get G[OW] = OW™*.

For u € OW we have F**(u) = sup{fuew : F*(w) = 1} < 1, ue G(u) = F(u) = 1, and
F*(G(u)) =1,s0 F** = F. If F(u) =1 and F(u) = F**(u) = u e w for some w € 0W* N dmn G*,
then u = AG*(w) for some A € R because the function g, attains its maximum at w. Hence, the
same argument as before shows that F'(G*(w)) =1 for all w € OW* N dmn G*.

If F*(y) = 1, then there exists exactly one w = (G|OW)~!(y) € OW for which F*(y) = w e
y. If y € OW* N dmnG*, then we know also that F*(y) = G*(y) e y and G*(y) € OW; hence,
G*(y) = (G|OW)~(y). Employing [16, 4.7] we see that G*|oW* = (G|OW)~! and, since (G|oW)~*
is continuous, F*|R" ™ ~{0} is of class €.

For u,v € R"™1 ~{0} we have

(15) Flu+v)=(ut+v)e G (u+v)=ueG* (u+v)+veG (u+v)
Cue G ) e GHo) = () + F ()

because G*(u) # G*(v), G*(u) is the unique element of OW which realises sup{u e w : F(w) = 1},
and G*(v) is the unique element of W which realises sup{v e w : F'(w) = 1}; hence, F"* is a strictly
convex norm.

Observe that if z € OW, y = G(z), DG(z) exists, and v, w € Tan(OW*, z), then

{(v,w), D*F*(y)) = DG*(y)v @ w = (DG(z)|Tan(dW, z)) v ew.

If F satisfies @, then the right-hand side is bounded and F* is of class ¢'1!.
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Finally, note that for x € OW we have G(z) = grad F(z) L Tan(0W,z), G(z) e x = F(z) = 1,
and F*(G(z)) = 1; hence, G(z) = n(W, z)/F*(n(W,z)). Similarly, G*(y) = n(W*,y)/F(n(W*,y))
whenever F*(y) = 1. O

2.39 Corollary. Assume F is an elliptic integrand of class €V', r € R is positive, W = UF*(O,’I“),
n: OW — R s given by n(z) = grad F(n(W, 2)) for = € OW. We have n(z) = z/r for z € OW so
Dn(y)v =v/r for v € Tan(0W,y) and y € dmnDn; hence, recalling [2.29 and we see that

Khwa(y.n() = ... = &bw.(y.nly)) =1/r fory e dmnDy.

2.40 Lemma. Let F: R"™' — R be a strictly convex norm of class €', G = grad F, A C R"t!
be closed. Then

(a) |65 (y) — 85 (2)| < F*(y — 2) fory,z € R
(b) &L is continuous.

(c) Suppose v € R~ A and a € A are such that §5(z) = F*(x — a). Then

0 (a+t(x—a)) =tF*(x —a) =té(zx) for0O<t<1.

(d) Suppose x € R~ A and a € A are such that 6% (z) = F*(x — a) and D64 (z) exists. Then
z € U and G(grad 64 (2))6% (z) = z — a; hence,

¢4 (z) = 2 — G(grad 87 (2))d4 (z) = a.
(e) The maps 6%|Int(dmn &’ ~ A) and (64)?| Int(dmn &X) are continuously differentiable and
(u, D5 () = (u, DIF")2(y — €5(y)))  for y € Int(dmn k) and u e R71.

(f) L 1R ~dmn ) = 0.

(9) Assume a € A, u € OBF (0,1), t > 0, and 6% (a + tu) = t. Then a + su € dmné&k and
¢l (a+ su) =a for all 0 < s < t. In particular,

{s:&h(a+su)=a} C{s:0](a+su)=s}=Clos{s:&(a+su)=a}.
(h) Assume a € A, x € R""1, and 64 (x) = F*(x — a). Then
x —a € G(Nor(A,a)) .

In particular, if n(A,a) # 0, then
Tz—a
Proof. We mimic parts of the proof of [16], 4.8]. We set G* = grad F*.
Let y,z € R™"!, then
84(y) S 04(2) + F(y —2) and &4(2) < &4(y) + F(y—2);

hence, claim @ follows.
Assume that @ does not hold. Then there are y; € dmnﬁg for i € N and ¢ > 0 such that
lim; 00 y; = y € dmn &4 but F* (&5 (y;) — €5 (y)) > e. Using|(a)| we get

F*(€4(y:) —y) < 04 (y) +2F"(y; —y) forieN;

hence, the set {¢f(y;) : i € N} is a bounded subset of the closed set A and we may assume that
lim; 0 &5 (yi) = 2 € A. Then

4 (y) = lim &5 (y:) = lim F*(€4(vi) — i) = F*(2 —p);



hence, &% (y) = z which is incompatible with
F* (e~ €5()) = Jim F* (€5 () ~ €5(v)) > <.

Assume |(c)| does not hold. Then there are 0 < ¢ < 1 and b € A such that setting y = a +t(z — a)
we get F*(y —b) < F*(y — a) and

Pz —a) < F(x—b) < F'(x —y) + F*(y—b) < F*(@ —y) + F*(y —a) = F*(z — a)

a contradiction.
Now we prove @ We have

08 (x +t(a—x)) =084 (x) —téh(x) foro<t<1,
which implies
r—a DO (z)(a— 1)
of(z)  —0l(x)
From and [(a)] we conclude using [2.3§(d)}(c)|
(17) 1 =sup{Dd%(z)u:uec R"™ F*(u) <1}

= sup{grad 6% (z) eu:u € R"" F*(u) <1}
= F**(grad 8% (z)) = F(grad 6 (z)) = grad 6% (z) @ G(grad 6% (z)) .

(16) grad 64 (z) e =1.

However, due to [2.3§(b)| there is exactly one w € R"*! with F*(w) = 1 such that grad 6% (z) e w =
F(grad 6% (z)) = 1; thus,
rT—a

A
The formula for D(6%)? postulated in |(e)|is proven exactly as in [16], 4.8(5)] noting

G(grad & (x))

F*(ﬁ;(;)) =1, grad 6£($> = G“&Z’?Z))? (u, D(F*)Q(y» =2F"(y)G*(y) e u.

Continuity of the derivatives of 8§ |R"*1 ~ A and (6%)? follows from the formulas and a reasoning
completely analogous to the proof of [16, 4.8(5)].

Item is now a consequence of the Rademacher theorem [I7, 3.1.6].

For the proof of recall and assume to the contrary, that there exist 0 < s <t and b € A,
b # a such that s = F*(a + su —a) = F*(a+ su — b) = 8% (a + su). Set p = a + su and ¢ = a + tu.
Clearly b # p + su since otherwise t = 64 (q) < F*(¢—b) = F*(a+tu— (a +2su)) =t —2s < t
which is impossible. Therefore, ¢ —a and g — b are linearly independent and, using we obtain
the contradictory estimate

t<F(q—b)<Fx(q—p)+F'(p-b)=t—s+s=t.
To provewe observe that
U™ (2, F*(x —a))NA=a; hence, —n(B (z,F*(z—a)),a)e Nor(4,a).

Indeed, otherwise there would exist v € Tan(A, a) such that v e n(B* (z, F*(z — a)),a) < 0 so there
would be points y; € A such that |y; —a| — 0 and (y; —a)/|y; — a|] — v as @ — oo and then, since
F* is of class €, we could find i € N for which y; € UF" (2, F*(z — a)) N A and this cannot happen.

Employing [2.38(i)| we see that

Tr—a

—-n F*gc (x —a)),a) = =———

€ G(Nor(4,a)). O
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3 Totally umbilical hypersurfaces
In we proved that OBF *(O,r) has all F-principal curvatures equal to 1/r. In this section we
show that this condition actually characterises the manifold 9B (0, ).

3.1 Lemma. Suppose M is a connected submanifold of R**1 of class €1' of dimensionsn, n: M —
R+ is Lipschitz, and k : M — R is such that

Dn(z)(u) = k(z)u  for ™ almost all z € M and all u € Tan(M, z) .
Then k is a constant function.

Proof. Since M is connected it suffices to show the claim only locally. Let a € M. We represent M
near a as the graph of some ¢! function f, i.e., we find p € O*(n+1,n), ¢ € O*(n+1,1), U CR"
an open ball centred at p(a), and f : U — R of class ¢1! such that, setting L = p* + ¢* o f, there
holds

a€ LUICM and qop*"=0.

For each v € R™ we define
Y :U—=R by 7v(z)=n(L(x))ev.
Then
(18) Dry(z)u =Dn(L(z))(DL(x)u) e v = k(L(z))(DL(x)u) e v
= K(L(2))(p*(u) + ¢"(Df(z)u)) e v = K(L(z))(u e p(v) + Df(z)u ® q(v))
for ™ almost all z € U, v € R", v € R"*1.

Now, choose an orthonormal basis ey, ...,e, of R™ and set v; = 7p«(e,) for i = 1,2,...,n. Since
gop* =0 and pop* = 1rn, we obtain

(19) Dri(z)e; = k(F(x))(e;@e;) =0 and Dy, (x)e; = k(F(x))
for ™ almost all z € U, 4,5 € {1,2,...,n},and i # j.

Recall that U is an open ball centred at p(a). Define J = {(z — p(a)) ®e; : x € U}. Since n
is Lipschitz we see that ~1,...,7, are absolutely continuous and deduce from that there exist
Lipschitz functions ay,...,a, : J — R such that

(20)  7i(x) = ai((z — p(a)) @ ;)
and  a;((z —p(a))  €;) = aj((z — p(a)) ® €;) = K(F(x))
for ™ almost all x € U, i,j € {1,2,...,n}.
It follows that @ is a constant function for ¢ = 1,2,...,n; hence, & is also constant. O

3.2 Lemma. Suppose F is an elliptic integrand of class €', M is a connected n-dimensional
submanifold of R" ' of class €' satisfying Clos M ~M = @, v : M — R is Lipschitz and such
that v(z) € Nor(M, 2) and |v(z)| = 1, n: M — R"! is defined by n(y) = grad F(v(y)), and there
exists a scalar function k : M — R such that

Dn(y)u = k(y)u for ™ almost all y € M and all u € Tan(M,y).

Then there exists A € R such that k(y) = X for y € M and either A = 0 and M is a hyperplane
in R" or X\ # 0 and M = 0B* (a, |\|71) for some a € R"HL.

Proof. In view of [3.1| we obtain A € R such that
Dn(z)u = Au for all #" almost all z € M and u € Tan(M, z) .
Therefore, D(n — Aidr») = 0 and we obtain ¢ € R™ such that
n(z) —Az=c¢ forall ze€ M.

If A =0, then 7 is constant and M must be a hyperplane because Clos M ~ M = &. In case A # 0
we set a = —cA™! and p = |A\|7!. Then

F*(z—a) =pF*(n(z)) = pF*(grad F(v(z))) = p forall ze€ M,
by [2.38(a)l Hence, M = 0B¥(a, p) because Clos M ~ M = @. O
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4 The Lusin property for anisotropic (n,h)-sets

In this section F is an elliptic integrand of class ¢? and 2 C R"*! is open.

4.1 Definition (cf. [I1l Definition 3.1]). We say that Z C Q is an (n,h)-set with respect to F if Z is
relatively closed in € and for any open set N C Q such that 0N N2 is smooth and Z C Clos N there
holds

Fn(N,p))hp(v,(ON),p)en(N,p) > —h forpe ZNONNQ.

4.2 Lemma. Suppose T € G(n +1,n), n € T+, |n| =1, f : T — T is pointwise differentiable
of order 2 at 0 and satisfies f(0) =0 and ptDf(0) =0, X ={z+ f(z):z €T}, h>0, and T is
an (n,h) subset of Q with respect to F' such that 0 € T' and
Irnv cC {z:zongfoTh(z)on}
for some open neighbourhood V' of 0. Then
F(n)pthp(X,0)en > —h.

Proof. We mimic the proof of [34, 3.4]. Fix € > 0, define P+ : T — T+ by

(21) P(z) = 3{(z,2), ptD*f(0)) forzeT,
(22) Y(z) = (P(z)en+elz|?)y forzeT,
(23) andset M =R"N{z+¢(x):zeT}.

Note that since f is pointwise differentiable of order 2 at 0, it follows that

Hence, we choose r > 0 such that f(z) en < (z) en for x € U(0,r)NT. Since I is an (n, h) subset
of Q, M is smooth and touches I" at 0, and TNU(0,7) C R" " {z : e n < ¢(x) en}, we may use the
barrier principle [IT], Proposition 3.1(iii)] to derive the estimate

F(n)hp(M,0)en > —h.
Recall 2.31] to see that

—F(n) pthp(M,0) = ntr(E(D?F(n)) o E(D*(¢ o T;)(0) 1)) .

Since
D?(¢) 0 T;)(0)(u,v) @ p = pt D*(f o T;)(0)(u,v) @ + 2cu @ Tyv  for u,v € R"
we see that
—F(0,7) pthp(S,0) = —F(n) pthp (M, 0) — 2ente(E(D*F(n))) .
Passing to the limit € | 0 we obtain the claim. O

4.3 Definition. Suppose A C R"*! is a closed set. We say that N(A) satisfies the n dimensional
Lusin (N) condition in Q if and only if

SCANQ and #7(S)=0 implies that #Z"(N(A)|S)=0.

4.4 Theorem. Suppose 0 < h < 0o, A is an (n,h) subset of Q with respect to F that is a countable
union of sets with finite €™ measure.
Then N(A) satisfies the n dimensional Lusin (N) condition in ).

Proof. We modify the proof of [34, 3.7]. Let 7 > A = 2C(F)?(n — 1) + 1, where C(F) > 0 is defined
in @.13).
Claim 1: Assume r € R satisfies 0 < h

< 5ot and x € S(A,r) N R(A) N A, N &L (A)
(see [2.8) is such that ©@™ (AL S(A,r)~ A, )

2C(F)r’ )
= 0, and the conclusions of [34, Lemma 2.8] are

12



satisfied. Consider an orthonormal basis vy, ...,Un41 in which the matriz of ap Dva(zx) is diagonal
and vn41 = va(z). We introduce abbreviations

0i; F(v) = ((vi,v5), D2F(1/)> foriyje{l,2,...,n+1}.

Then we have

ZaiiF(VA(.’L'))XA’i(.T) <h and ||An((%"LS(A,T),n) apD.ﬁA(gc))H >0.

Noting that €4|A) is approximately differentiable at x (since z € R(A)), we employ [31, 3.8,
3.10(3)(6)] and [17, 3.2.16] to conclude that

(24) Xai(@)>—A—1)"1t forj=1,...,n,
(25) ap D€ (x)| Tan(s"LS(A,r),x) = (H"LS(A,r),n)apDEa(x).

We choose f, V and T as in [34, Lemma 2.8] and 0 < s < r/2 such that U(z,s) C V. We assume
€a(z) =0 €T and we notice that Ty(z) = 0 and v4(z) = r~'z. Then we define g(¢) = f(¢) — x for
CeT,

U=T,(U(z,s)N{x+fx) :x€T}), W={y—=z:ye Th_l(U) NU(z,s)}.

It follows that W is an open neighbourhood of 0 and
(26) WNAC{z:zeva(zx) < g(Ty(z)) eva(z)}.

Indeed, if did not hold, then there would be y € U(z,s) N Th_l[U] such that y — z € A and
yova(x) > f(Ty(y)) e va(x); noting that

Ty(y) + f(Ty(y)) € U(z,s) N S(A,r) and  [Ty(y) + f(Th(y)) —yl <7,
we would conclude

ITe(y) + f(Te() = (v — o) = r = (y = f(Ta () e valz) <7 =3da(Ty(y) + f(T4(y)))

which is a contradiction.
Since —x4.1(x), ..., —xa.n(z) are the eigenvalues of pt D?g(0)ev4(z) and 0 € A, we may apply
to infer that

(27) OnFwa(@))xai(z)+...+ 0wmFwa(z))xan(x) <h
and combining (6], (24), and we get that for every j =1,...,n

(28)  xa,(x) < C(F)0;;F(va(x))xa;(z) < C(F) Z O F(va(@))xar(z)
k#j,k=1
C(F)?(n—1) 1

From and [31), 3.5] follows that 1 — rx4 ;(x) are the eigenvalues of (A"LS(A,r),n)apDE4(x)
for 5 =1,...,n; hence, we obtain

|\, (" LS(A,7),n) ap DEa(x H 1= xai(z)r) > 0.

Claim 2: For #" a.e. x € S(A,7)NA, NEL(A) and for L ae. 0 <71 < the conclusion

of Claim 1 holds.

2C(F

This is immediate since

@™ (AL S(A, 1)~ Ay x) =0

for ™ ae. x € S(A,r) N A; and for every » > 0 by [3I, 2.13(1)] and [I7, 2.10.19(4)], and
H(S(A,r)~R(A)) =0 for £ a.e. r > 0 by |31} 3.16].
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Claim 3: N(A) satisfies the n dimensional Lusin (N) condition in Q.

Let R C A be such that s#™(R) = 0. For r > 0 it follows from [31I, 3.17, 3.18(1), 4.3] that
PalA: NS(A,r) is a bilipschitz homeomorphism and

YaE oy N A, NS(A,r)) C N(A,z) forxze A.

Noting Claim 2 and [31] 3.10(1)], we can apply [34, Lemma 3.5] with W and f replaced by S(A,r)N
AN 521(14) and £4|S(A,7) N AN 5;11(14) to infer that

%ﬁn(ﬁgl(R)ﬁS(A,r)ﬁAT)zo for ' ae. 0<r< h L

1
2C(F)

We notice that N(A)|R = U, %a(S(A,7) N A N &L (R)) by [BIL 4.3] and a(S(A,7) N A,) C
Pa(S(A,s)NA;) if s <r by [31], 3.18(2)]. Henceforth, it follows that

H"(N(A)|R)=0. O
The following weak maximum principle is a simple consequence of [IT, Theorem 3.4].
4.5 Lemma. Assume
Vev,(Q), Fhp(V,z))<h for|V| amostallz, ||6FV||sing=0.
Then spt |V is an (n, h) subset of Q with respect to F.

Proof. For every k € Nlet Vy = k- V. Note that

F(u)F*(v) < F(u)F*(v) whenever u,v € R"™!;

uev =

thus,
0rVi(g) = —/HF(V,QC) o g(x)d||Vi||(z) < h/F*(g(:U))dHVkH(x) for ke Nand g € Z7(Q).

Moreover, the area blowup set

Z = {z € ClosQ : limsup ||V;||(B(x, 7)) = +oo for every r > 0}
k—o0

coincides with spt ||V||; hence, [I1, Theorem 3.4] yields that spt ||V| = Z is an (n, h) set. O

5 The anisotropic unit normal bundle

In this section we will need to work with a suitable anisotropic variant of the normal bundle for closed
sets. Let us introduce some definitions.

5.1 Definition. Suppose F is an elliptic integrand and A C R"™*! is closed. The generalized
anisotropic unit normal bundle of A is defined as

NF(A) = (A x 0BT (0,1)) N {(a,u) : 65 (a + su) = s for some s > 0} .
5.2 Lemma. Suppose F is an elliptic integrand of class €V' and A C R™*! is closed. Then
NF(A4) = (idrn+ x grad F)[N(A)] = {(a,grad F(u)) : (a,u) € N(A)}.
In particular, N¥ (A) is a countably n rectifiable Borel subset of R*T! x 9B¥(0,1).
Proof. Given (a,u) € N¥'(A), there exists s > 0 such that
ac ANAUT (a+su,s) and UT (a+su,s)NA=0.

Since OUF" (a + su, s) is submanifold of Rt of class €1 (see [2.39(h)), there exists r > 0 and
x € R™! such that U(z,r) C U (a + su, s) and a € 9U(z,r). Tt follows that

n(U(z,7),a) =n(U" (a+su,s),a) and (a,—n(UT (a+ su,s),a)) € N(A).
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Since grad F(n(U*"(0,1),2)) = z for every z € 9UF " (0,1) (see 2.38(1))), it follows that

gradF(—n(UF*(a + su,s),a)) = — gradF(n(UF*(a + su,s),a)) = —@ =u,
ie. (a,u) € (idgn+1 x grad F)(N(A)).
The proof of the reverse inclusion (idgn+1 x grad F)(N(A)) € N (A) is completely analogous and
the postscript follows from [31] 4.3]. O

5.3 Definition. Suppose Q@ C R"'! is open, F is an elliptic integrand, and A C R"*! is closed.
We say that N'(A) satisfies the n dimensional Lusin (N) condition in  if and only if the following
implication holds,

SCANQ, #"(S)=0 = H"(NF(A4)S)=0.

5.4 Lemma. Assume F is an elliptic integrand of class €', Q C R"*! is open, and A C R"*!
is closed. Then N(A) satisfies the n dimensional Lusin (N) condition in  if and only if N¥'(A)
satisfies the n dimensional Lusin (N) condition in €.

Proof. Let S C AN Q be such that #"(S) = 0. Assume that either J#"(NT(A)|S) = 0 or
H(N(A)|S) = 0. Since the map idgn+1 x grad F' is a bilipschitz homeomorphism (see [2.38(h))), we
deduce that " (N (A)|S) = " ((idgn+1 x grad F)(N(A)|S)) = #"(N(A)|S) = 0 as desired. O

5.5 Definition. Let F be an elliptic integrand and A C R"*! be closed. The anisotropic reach
function r§ : NF(A) — [0, 00] is defined by

rh(a,u) = sup{s : 6% (a + su) = s} for (a,u) € N (A).
The anisotropic reach of A is defined by
reach’ (4) = inf{sup{r : U (a,r) Cdmnél} :a e A} =sup{r:{z:6%(z) <r} Cdmngf}.

5.6 Remark. Since 8% is Lipschitz continuous (see 2.38(a)), the function fs : N¥(A) — R given by
fs(a,u) = 85 (a + su) — s is also Lipschitz for any s € R. Therefore rf is lower-semicontinuous.
In particular, ri is a Borel function.

5.7 Lemma. Suppose F is an elliptic integrand of class €V'' and A is a closed submanifold of R"*!
of class € such that reach” A > 0. Then reach A > 0 and A is a submanifold of R"*1 of class €''.

Proof. Set W = B (0,1). First observe that OW is a submanifold of R"*! of class €' by
Therefore, there exists p € (0, 1) such that for each z € OW we have

B(a + pn(W,x),p) C W

Assume reach” A = s > 0. Let z € R"*! be such that d4(z) = 7 < ps and find = € A with
|z—z| = 84(2). Set B=B(z,7),u = —n(B,r),and w = z+r grad F(u)/p. Note that u € Tan(4, z)*.
We have 64 (w) = r/p < s so w € dmn&X and B (w,r/p) N A = {z} and B(z,r) € B (w,r/p);
hence, z € dmné&4.

Since z was arbitrary we see that {z : da(x) < ps} C dmn&4 which shows that reach A > ps.
The second part of the conclusion readily follows from [16], 4.20]. O

5.8 Corollary. Suppose A C R"'! is closed and reach™ A > 0. Then SE(A,r) is a submanifold
of R of class €1 of dimension n for every 0 < r < reach’ A.

Proof. Since R = reach”” A > 0, we have that R N {y : 6§(y) < R} C dmné&%. Therefore,
from [2.40f(e}(d)| and [2.38(f)| it follows that 6% |R" ™ N {y: 0 < 84 (y) < R} is of class ¢! and

_4F
grad 6% (y) = grad F* (%) #0 fory e R" with 0 < 64 (y) < R.

UAE))
Consequently, for every 0 < 7 < R we see that ST (A,r) = (65)~{r} is a closed submanifold of Q of

class €' of dimension n. Moreover, we have reach” S¥(A,7) > min{R — 7,7} > 0 so the conclusion
follows from .71 O
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We prove now the anisotropic version of [22] Theorem 3], whose proof is essentially along the same
lines.

5.9 Theorem. Assume F is an elliptic integrand of class €*' and A C R"*! is closed. Letr > 0 and
suppose that for every €™ measurable bounded function f : R"T1 x 3UF*(O7 1) = R with compact
support there are numbers c1(f),...,cnt1(f) € R such that

n+1

(29) / o fowh- LiosF ()<t} dymtt = Z cj(f)t? foro<t<r.
Rntl ~ =

Then reach” (A) > r.
Proof. Let S = {(z,u,t): (z,u) € NF(A), r§(z,u) >t} and define ¢ : NF'(A) x (0,00) — R"*!

oz, u,t) =z +tu for (x,u,t) € NF(A) x (0,00).

Claim 1: " (dmn &l ~(A U ¢(9))) = 0; hence,
LR A(AUS(S)) = 0.

Recalling we see that
dmn €5 ~(AU6(S)) = 6({(20,1) : (2,u) € NF(A), t =k (z,u) > 0}).
Since ¢ is a locally Lipschitz map, it suffices to prove that
(30) AT { (e u,t) 2 (zyu) € K, M >t =71 (z,u) >0}) =0

for all M € N and K C N¥(A) bounded. By and [I7] 3.2.29] we know that N¥'(A) is countably
n rectifiable. Hence, it suffices to prove for all M € N and K C A being n rectifiable. Assume
K and M are such. Employing [17], 3.2.23] we get

(31) HTHK x (0,M +1)) = (M +1)#"(K) < .
Recall For ¢ € R define the Borel set
Vy = {(z,u,t +q) : (z,u) € K, M >t =74 (x,u) > 0}
and observe that
(32) VoNV,=0 wheneverp#¢q, V,CKx(0,M+1) for0<g<1,
(33) and "N (V,) =" (V) for any g € R.

Therefore, if " (Vy) > 0, then 2" ((J{V, : 0 < ¢ < 1, ¢ rational}) = oo which contradicts (3I]).
Claim 2:

(34) gpntl ({z 10 <0 (2) <, rh(ph(2) < r}) =0.

In the following sequence of estimates we have to deal with the problem that N¥'(A) might not
have locally finite measure so = "L N¥'(A) might not be Radon and (y, n) approximate derivative
of ¢ might not be well defined.

Recalling [2.3§(g)| one readily infers that ¢|S is injective. Since N¥'(A) is Borel and countably
n rectifiable (see[5.2)) we may find a partition

NF<A) = U;);Ni
such that each V; is a Borel n rectifiable set (in particular, 5™ (N;) < co) and the family {N; : i € N}
is disjointed; cf. [I7, 2.1.6]. For ¢ € N w define

pi =A"LN;, S;=SN(N;x(0,00)), and J= Z | Anl(1i,n) ap D] || 1, -
i=1
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We apply Claim 1 and the coarea formula [I7, 3.2.22] to find that

(35) / gdgn-i-l _ / gdgn-‘rl — Z/ gdgn-l-l
Rrtl ~ A ¢(S) i—1 Y ¢(S:)
- / Z/ ||/\n[(lu‘l’n) apD(yb(xau?t)]Hg(x+tu)l{(w,v):rf;(w,'u)>t}(xﬂu) d%n(x7u) dt

= /0 J(z,u,t)g(x + tu)l{(w,u):ri(w,v)>t}(x, w) dA" (x,u) dt

whenever g : R®*! — R is a non-negative Borel function with compact support.
Let B C R™! be compact, 0 < 7 <7 and 7 < t < r. We define

N, g =N"(A) N {(x,u) : rh(z,u) <7, x € B},

and we apply to the function 1y, , and [33) to the function g = (1n, 5 0 ¥%) - Liwsr (w)<e} tO
compute

n+1

- (29) n
Z (it @ 1, 5 (B ()L s <ty (2) L™z
1 R+l ~ A
(EE] T(2,u, 8)1 (¢+su)1 (@, )1y, , ($E (4 su)) ™ (x, u) d
= {waF(w)<t} T SU) L (w,0):rE (w,0)>s} T UWIN, 5 (PAT T SU T,u)ds

= /0 /NF(A) J(x,u, 5)1{w:6§(w)§t}(35 + 3“)1{(w,v):r§(w,u)>s}(37, u)ln, p(z,u)dA" (z,u)ds
= / / J(IL’,U, S)I{wzéi(w)gt}(x + su)l{(w,v):s<r£(w,v)§7}(x7u)lB(x) d%”(xau) ds
0 NF(A)
= / / J(xaua 8)1{(w,v):s<r§(w,1))§r}(xau)lB(x) d%n(xau) d57
o JNra

where the last equality follows because 8% (z + su) = s < rf(z,u) < 7 < t, for every 7 < t < r.

Whence, we deduce that ZnH ;(f)t7 is independent of ¢, for every 7 < ¢t < r. Therefore, this
polynomial is identically zero, a condition that implies, by the first equality in ,

f”“({z :0< 55;(2') <, '(/Ji(z) € NﬂB}) =0.

Since the last equation holds for every 0 < 7 < r and for every compact set B C R"*!, we conclude
that holds.

Claim 3: reach” (A) > 7.

Let 2 € R"T1 ~ A satisfy 0 < §4(2) < 7. Then there exists a sequence {z; : i € N} C dmngf
which converges to z and such that

0< 5£(zi) <r and ri(t,bf;(zi)) >,

Noting that (£5(2;)) is a bounded sequence, and passing to a subsequence if necessary, we find p € A
and u € QU (0, 1) such that

&4 (zi) = p, vh(zi) = u.

In particular, z = p + 84 (2)u. We find ¢ € R such that % (2) < ¢ < r, and notice that
(37) U7 (e (z) + v (z),t)NA=@ fori>1; hence, U (p+tu,t)NA=0.

This shows that 64 (p + tu) =t > 64 (2); hence, [2.3§(g)| vields z € dmn ¢4 and &% (2) = p. O
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6 Heintze Karcher inequality

Here we prove our main theorem

6.1 Remark. Let F be an elliptic integrand. Recalling [17, 5.1.1] we define ® : R"*' x A R"™! — R,
a parametric integrand of degree n on R™*!, by setting

P(2,8) = F(x¢) forze R"™ and £ € A, R"™,

where * denotes the Hodge star operator associated with the standard scalar product and orientation
on R"1; see [17, 1.7.8]. By and [I7, 5.1.2] we see that @ is elliptic in the sense of [I7, 5.1.2].
Moreover, if ®% is the nonparametric integrand associated with ® (see [I7, 5.1.9]) and ®%(¢) = ®3(z, €)
for (z,€) € R™ x A\, R"*L, then D?®4(¢) is strongly elliptic in the sense of [I7, 5.2.3] for all
(z,€) e R"M x A\, R"™! by [17, 5.2.17].

Let W C R™ be open and bounded, V € V,(W x R), p : R"™ — R"” and q : R"™! - R
be given by p(z1,...,2n41) = (21,..,2,) and q(21,...,2n41) = 2ns1 for (21,...,2,41) € RPTL
Assume f: R® — R is of class €', and V is the unit density varifold associated to the graph of f,
ie., V =v,(im(p* + q* o f)). Recalling [17, 5.1.9] we see that for any 6 : W — R of class ¢! with
compact support there holds

5V (q* 00 op) = /<(0,9(m),D9(m)), D&Y (z, f(2), Df (x))) AL (x).
Suppose F is of class €3, a € (0, 1), [ is of class €%, ||6p V|| is a Radon measure, ||0gV ||sing = 0,

and hr(V,-) : spt ||[V| — R"! is of class €%“. Define n : W — R"" and H : W — R by the

formulas

(38) n(z) = (q*(1) — p*(grad f(x))) - (1 + | grad f(z)[*)~/2
(39) and H(z) = —F(n(z))-qohp(V,(p* +q" o f)(z)) - /1 + |grad f|?

for € W. Note that n(z) is the unit normal vector to the graph of f at (p*+ q* o f)(z) for z € W.
Employing the area formula [I'7, 3.2.3] we get

SeVia o8op) =~ [ 6(p(:)) - a(h(V2) - Flu(p(:)) 4" (2 / 0(z) - H(z) A" (z)
pt [V
so that
(40) / ((0,6(z), D8(x)), DS (z, f(z), Df (z))) &L (x) / 0(z) - H(z) d.2"(z)
w

for any 8 € 2(W,R).

Since H is of class €% a slight modification of the proof of [I7, 5.2.15] shows that f is actually of
class €%°.

To support the last claim recall the proof of [I7, 5.2.15] with 2, n + 1, n, a, W, ®% in place of
q, n, m, 6, U, G. Using all the symbols defined therein, for any integer v such that v > 1/d, define
R, : B(b,p —d) — Hom(R", R) so that

1
ce R, (z)= / o(e;) - H(x +te;/v)d.ZL (t) for o € Hom(R",R) and 2 € B(b,p — d).
0

Since, in our case, f satisfies rather than [I7, 5.2.15(4)] the displayed equation in the middle of
page 556 of [I1T], i.e.,

/ (Df, () ©DO(x), Ay(2))d.L"(x) = (Py — Q. DOYypa
U(b,p—d)
turns into
/ <Dfl,(x) © Di(z), Al,(ac)> dZ"(z) = (P, — Qv — Ry, D)y p—q.
U(b,p—d)
Clearly R, is a-Hélder continuous with Hélder constant independent of v so all the estimates from
the upper half of page 557 of [I7] hold in the modified case with an additional term coming from R,,.

Thus, one can still use [I7, 5.2.2] to conclude that D; f is of class €*%; hence, f is of class €>°.
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6.2 Remark. Suppose E C R™t! is of finite perimeter. We recall that the reduced boundary (see
and the essential boundary (cf. [I7, 4.5.12] and [5, Def. 3.60]) of E are J#™ almost the same (see [5]
Thm. 3.61]). Recalling [3, 4.7] we deduce that n(E,-)|0*E : 9*E — R"! equals the negative of the
generalised inner normal to E defined in [5, Def. 3.54].

6.3 Definition. Let A C R"™! k€ N, a € [0,1]. We say that z € A is a €%*-regular point of A if
there exists an open set W C R™*! such that € W and AN W is an n-dimensional submanifold of
class €% of R"*!. The set of all €% regular points of A shall be called the €% regular part of A.

The strategy for the proof of our main theorem can be summarised in the following way. First we
replace the set E with an open set 2 with the same essential boundary using [33], 2.2]. Using standard
regularity theory for codimension one varifolds with bounded anisotropic mean curvature [2] and
we deduce that " almost all of 9*Q is €% regular. On the > regular part we can express the,
variationally defined, anisotropic mean curvature vector hp(V]-) as the trace of the anisotropic second
fundamental form as in However, this does not reduce the problem to the smooth case because
we have no control of the singular set and we do not know how different parts of the regular set
are arranged in space. Therefore, we look at level-sets ST (C,r) of the anisotropic distance function
from C' = R"! ~ Q. These sets are easily seen to be ' submanifolds of Q of dimension n so we
gain a priori regularity. Nonetheless, we need to transfer the information we have from J#" almost
all of 9*Q onto S¥(C,r) and then back to 9*Q. To this end we need the Lusin (N) condition for
0*Q which follows from the weak maximum principle and The Lusin (N) property of 99
allows to represent " +! almost all of  as the image of the map ((z,t) = x + tnf'(C, z), where
x belongs to the regular part of OC and t > 0 is bounded by the first eigenvalue of the anisotropic
second fundamental form of 02 at x. At this point we apply the Montiel-Ros argument to estimate
the measure of €2 and derive the Heintze-Karcher inequality.

Next, we deal with the equality case. First we note that the principal curvatures of 92 must
all equal —n/H(z) for z in the regular part of 9Q. We use the Steiner formula to deduce that
reach’ C' > n/c. Then we let 0 < r < n/c and we compute the principal curvatures of the level-set
S¥(C,r) using the information we have on the regular part of 9. This and the Lusin (N) property
show that ST (C,r) is totally umbilical at #™ almost all points. Since we know that S (C,r) is
of class €1, the " almost everywhere information is enough to apply to see that S¥'(C,r) is
a finite union of boundaries of Wulff shapes of radii n/c — r. After that, it is rather easy to see that
each connected component of @ must be a Wulff shape of radius at least n/c. Since the perimeter
of € is finite we see also that there may be at most finitely many connected components of €.

6.4 Theorem. Suppose

(41) F is an elliptic integrand of class €>, n>2, ce(0,00),
(42) E CR" is a set of finite perimeter, " (Clos(9"E)~9*E) =0,
(43) V = v (0" E) € RV, (R™) | [|05V |lsing = 0,
(44)  hp(V,))|K is of class €%* for each compact subset K of the €4 regular part of spt||V||,
(45) 0< —hp(V,z)en(E,z) <c for|V| almost all x.
Then
(46) g 2 e [ ()
n+1 Jop [hp(V, o)l

and equality holds if and only if here there exists a finite union Q0 of disjoint open Wulff shapes with
radii not smaller than n/c such that L™ ((QA~E)U (E~Q)) = 0.

Proof. First we employ [33] 2.2] to obtain an open set Q2 C R"*! such that
L Q~E)U(E~Q)) =0 and #"(00~0"Q)=0.

Directly from the definition (see [I7, 4.5.12, 4.5.11]) it follows that the essential boundaries of §2
and F coincide; hence, recalling [6.2] we obtain V' = v,,(0*Q2). We shall consider 2 instead of F in
the sequel. Let us define

(47) H :spt||V] = [0,¢ sothat H(xz)=—hp(V,z)en(E,z) for |V| almost all x,
(48) C=R""~Q, Q=0Cn{z:zisa ¥>*regular point of IC} .
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Note that 9*C = 9*Q, n¥'(C,-) = —n¥ (£, ), and H(x) = F(n(E,))|hr(V,z)| for ||V almost all x.
Claim 1: If 2 € Q, y € Q, and &5 (y) = = (in other words: y € QN (€£)71(Q)), then

1

0 < —H(z) < =k, (V&) < 0c(y) "

We clearly have
U™ (y,66(y)NC =2 and U (y,6((y)NC = {a};

hence, recalling 2.30] and that = is a €>*-regular point of C, wee see that

1
EH@C) < _“5,1("/’5@)) < _ﬁgUF*(y,Sg(y))J(lpg(y)) =0y~

and the claim is proven.
Claim 2: Z"™(Q~(E)~1(Q)) = 0.

Note that F(hg(V,z)) = H(z)F(n(,z)) for ||V|| almost all z so applying Lemmawe conclude
that 9Q is an (n, c C(F)) subset of R"*L. It follows by Theorem [d.4|that 52" (N (99Q)|S) = 0 whenever
S C R™*! satisfies #"(S) = 0. Combining this with Lemma|5.4] we deduce that J#"(N¥(98)|S) =
0 whenever S C R""! satisfies 2#"(S) = 0. Since NI (C) C N¥(9Q), one readily infers that
A (NF(C)|S) = 0 whenever S C R"H! satisfies 5#7(S) = 0. We also observe that for ||V| almost
all z there exists a radius > 0 such that V satisfies all the assumption of [2, The Regularity Theorem,
pp. 27-28] inside U(z, ). This implies that there exists o € (0,1) such that for s#™ almost all z € 9C
there exists an open set G C R**! with z € G and such that 9C N G coincides with a rotated graph
of some function f : R® — R of class €. However, employing we see that f is actually of
class €. Therefore,

(49) AHMOC~Q)=0 and H#"(NF(O)(OC~Q))=0.
Since Y& (SF(C, 7) N (dmn k) N(Eg)’l(Q)) C N(O)|(0C ~ Q) for every r > 0, we get
A" ($E (ST (Cor) N (dmngé) ~(€6)7H(Q))) =0 for every r > 0.
Moreover, we have (&|(SF(C,r) NdmnéE ~C)) ™" € ¢" and we deduce that
A (ST (C,r) N (dmnél) ~(€6)71(Q)) =0 for every r > 0.
Combining 2.40(f(2){d)] with the coarea formula [17, 3.2.22], we get
H"(ST(Cyr) ~dmngl) =0 for £ almost all > 0.

From it follows that F(grad 6% (z)) = 1; hence, recalling we obtain | grad 85 (z)| > %ﬂ
Using the coarea formula, we compute
1

69 &

27 ~(EE) Q)
</ erad 85 (@)de = [ A (ST(Cr) ~ €)@ dr = 0.
Q~(EE)-1(Q) 0

In particular we get that £ T1(Q~(€5)71(Q)) = 0, which settles Claim 2.

We define
(51) Z=(Q@xR)N {(x,t) 0<t< —ﬁg)l(x,nF(C,x))_l} ,
(52) C:Z =R, ((z,t) =z +tnf(C,x).

For brevity of the notation we also set

JTL-HC(xvt) = ||/\n+1(<%0n+1LZ7n + 1) ap Dg(m7t)|| whenever (‘T,t) €Z.
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Claim 3: There holds

(53) Jnt1€(z,t) = H +tl€Q (z,nf(C,2)))  for (z,t) € Z.

Let (x,t) € Z and u = nf'(C,x). Recalling [2.28| we find a basis 71(x),...,7,(x) of Tan(Q,z)
consisting of eigenvectors of D(nf'(C,-))(z) and such that

(54) <Ti(l‘), DnF(C,~)(x)> = Hg)i(x,u) 1i(z) forie{1,2,...,n},
(55) |Ti(x) A Arp(x)] =1.

Noting that Tan(Z, (z,t)) = Tan(Q,z) x R

(56) ((0,1), D¢(,1)) = n"(C,z) = grad F(n(C, z)),

(57) <(Ti(x),0), DC(x,t)> =(1+ t/ﬁai(az,u))n(x) fori e {1,...,n},
we compute

n

(58)  Jnppi1l(x,t) = H(l + thg i(z,u) 0" (Cox) ATi(z) A AT ()]
i=1

=grad F(n(C,z)) en(C,x H 1+thl z,u)) n(C,x) Ami(x) A AT ()]
=1

and Claim 3 follows from and [I7], 1.7.5].
Claim 4: Inequality holds.

Employing Claim 1 and Claim 2 we see that .Z" "1 (Q ~ ((Z)) = 0. Hence, using the area formula
and then Claim 3, we get

(59) 2(Q) <2 2) < [ A W) demH(y) = / T C Aot
¢(2) Z

—1/I€Q,1($l’l (C,x)) n
= n(C,z kE (z,nf(C,z 7™ (x) .
—/QF< c.o) | 101+ 1 " (Co) at e )

Using again Claim 1, then the standard inequality between the arithmetic and the geometric mean,
and finally we obtain

(60) 2™(Q) < /

1/“@,1(1n (C,z)) 1 n n ”
QF(n(C,x))/O ( ;(l—l—tmg,i(x,np(C,x)))) dt de" (z)

n <
=1

< /Q F(n(C, z)) /0 e (14@)"&(1%”(1:)

_n F(n(C,z)) "y
_n+1/g H(zx) 4" (x),

which implies by
We assume now that equality holds in . Since the chains of inequalities and become
chains of equalities, we deduce that

(61) LmH(2)~Q) =0,
(62) A Hy)) =1 for £ almost all y € ((2),
(63) —HSJ(Z,HF(C, )7 = ' for ™ almost all z € Qandal j=1,...,n

Our goal is to prove that (2 is a finite union of disjoint open Wulff shapes. We need two preliminary
claims, whence the conclusion will be easily deduced.
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Claim 5: reach’ C' > n/c.
Recall that H(z) < ¢ for 5™ almost all z € 9C. Let 0 < p < n/c and

Qp=QN{z:p< —rb, (20" (C,2) '},
It follows from , , and the fact that OC is an (n,cC(F)) subset of R"™!, that
H"(OC~Q,) =0 and H"(N(C)IC~Q,)=0;
hence, we argue as in Claim 2 to conclude that Z"*1(Q~£¢;'(Q,)) = 0. We define
Cl={2:60(z)<p} and Z,=Q,x{t:0<t<p}
and we notice that
£1(Q,)NANCT C((Z,) CCy . LN C) ~((Z,) =0.

Let f : R**1 x 8™ — R be a Borel measurable function with compact support. Then we use Claim 1,

, , , and [31], 5.4] to compute

(64) [ rwEeazm e = [ jaEe)aztie
QﬂCf QN¢(Zy)
65 = 2,0 (C,2))d#°(z) Azt
(65) S o JEnf @D az iy
66 = 2,0 (C,2))d#°(z) d.g™
(66) Lo J et @ eaz iy
(67) = /Z Jni1C(z,t) f(z,n(C, 2)) A" (2, 1)
= z,nt z n(C, z ’ — Hz)\" "(z
(68) = [ st @ arme) [ (1152w
= z,nt z n(C, z ’ - H{z)\" "(z
(69) = [ seafcapmes) [ (1= ) wanns)
n+1
(70) = alhr',
i=1
where, for i =1,...,n+ 1,
; = —l iilni! z,nf(C, 2 n(C,z P "(z
a=(=2) Ty SR CAFRECNHE T 4" ().

Therefore, reach’ C' > n/c by Theorem

Claim 6: Let 0 <7 < n/c < reach” C. Then SE(C,r) is a finite union of Wulff shapes of radii
not smaller than ¢~ (n — rc).

Since reach’ C' > n/c we employ 5.8 to find that ST (C,r) is a submanifold of R**! of dimension n
of class €', We define
C,=R" ™M n{z:85(2) <r}.

Noting that nf'(C,.,-)|S¥(C,r) = grad F o n(C,.,-)|S¥(C,r) and grad F' is a € function, we deduce
that nf'(C,., )|ST(C,r) is a Lipschitzian vector field. We define

T=0QnN {z : Iig,j(z) =—H(z2)/n for j = 1,...,n},
and we notice that #™(0C ~T) =0 by and (63)); then the Lusin (N) condition implies
(71) (ST (O, r) ~(66)7H(T)) = 0.
Recalling [2.40(h)| we see that

z— k(2
(72) nf(C,,2) = %() = grad F (n(C,&(2))) =n”(C,-) 0 ¢£(2) whenever z € ST (C,r).
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Let us set
o =¢&E1ST(Cor)n (€6)"H(T) and o =(|T x {r}.

Observe that if z € T, then z = x + rnf (C,z) € SF(C,r), €£(2) = z, and Tan(S¥(C,r),z) =
Tan(T, x); hence, o = ¢! and we get

(73) (u, Dp(z)) = (1 —rH(z)/n)u for x € T and u € Tan(T,z),
(74) (u, Do(2)) = (1 —rH(&L(2))/n) 'u for z € dmno and u € Tan(T, €5 (2)),
—H(&6(2))

(75) Dn?(C,, ) (2)u = for A" a.a. z € ST(C,r) and u € Tan(T,£5(2)) .

n—rH(EE(2) "

Employing we conclude that S¥'(C,r) is a union of at most countably many boundaries of Wulff
shapes with radii not smaller than ¢=*(n — rc¢). Since E has finite perimeter we have " (9€)) < oo
so using and we conclude that 52" (S¥(C,r)) < 5™ (0*Q) < oo and Claim 6 follows.

We are now ready to conclude the proof. We notice from [16, 4.20] that
0C = {z : dimNor(C,z) > 1}
and by Lemma we also get that
dC = {z : dim Nor® (C,z) > 1}.
We claim that
(76) eE(ST(C,r) =0C for0<r<njc.

Indeed, since 0 < r < reach? C, for every z € dC there exists v € Nor?(C, z) such that = + rv €
SE(C,r)Ndmn €L and consequently €5 (z+rv) = . We deduce that 0C C €5 (ST (C,r)). The reverse
inclusion is trivial.

Consider a connected component Sy of SF(C, r). By Claim 6 we obtain s > n/c—r and z € R !
such that S; = 9B¥ (2, s). Observe that

SF(R”HNBF*(;Z,S—FT),T) = Si;

hence,

OB (2,54 71) = ¢5(S)) caC

and, using, e.g., the constancy theorem [I7, 4.1.7], we deduce that UF (z,s + ) is a connected
component of (2. Since S7 was chosen arbitrarily we see that 2 must be a finite union of open disjoint
Wulff shapes of radii at least n/c. O

6.5 Remark. This theorem extends to sets of finite perimeter the analogous result for smooth bound-
aries in [21], Theorem 4].

We use now Theorem to study the critical points of the anisotropic surface area for a given
volume.

6.6 Definition (cf. [3| 4.1]). A smooth function h : (—¢,€) x R"*1 — R is called local variation
if and only if

(a) h(0,z) = z for every x € R+,
(b) h(t,-) : R*"*! — R"*! is a diffeomorphism for every t € (—¢,€),
(c) the set {x : h(t,x) # z for some t € (—¢,¢€)} has compact closure in R" .
We set hy = h(t,-) and hy(z) = limy_o v (hypu(z) — he(2)) for every (t,2) € (—¢,€) x R,

Given an integrand F' we define the F-perimeter functional as

(77) Pr(E) = / F(n(E,x)) A"
o*E
for every E C R™*! with finite perimeter, and the F-isoperimetric functional as
pF(E)n-H
Ip(BE) = —————
F(E) Zrti(E)n

for every E C R™! with finite perimeter and finite volume.
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6.7 Corollary. Let E C R be a set of finite perimeter and finite volume such that
A" (Clos(0*E) ~0*E) = 0.
If F is an elliptic integrand of class €3 and for every local variation h it holds that

(78) STe((B))| _ =0,

then there exists a finite union €0 of disjoint open Wulff shapes with equal radii such that
LT (Q~E)U(E~Q)=0.

Proof. Let h be alocal variation and V = v(9*E). Define p(t) = Pr(hi(E)) and v(t) = Z" 1 (hi(E))
for —e <t < e. We observe that .
a’(0) = 67V (ho)
v (0) = / div ho .21 = / ho(z)  n(E, z) A" ()
B o E

Noting that the derivative in ¢ the function “Z% equals

O 1) — PO
(b)) |+ 00 =l )],
it follows that

(n+ 19/ (0) —nZ20/(0) = 0
and the arbitrariness of h implies that

n+1.2"(E)

HéFVHsing =0 and HF(V,JJ) = — H(E,l‘).

It follows that the hypothesis of Theorem [6.4] and the equality is realized in (46). Henceforth, the
conclusion follows from Theorem O
6.8 Corollary. Let E C R™! be a set of finite perimeter and finite volume such that

A" (Clos(0"E) ~0"E) = 0.
If for every local variation h such that L™+ (h(E)) = £L"(E) for every t € (—e, €) it holds that

(79) SPe(E)| _ =0,

then there exists a finite union (1 of disjoint open Wulff shapes with equal radii such that
L"TH(Q~E)U(E~Q)=0.

Proof. Thanks to Corollary we just need to prove that such a set E satisfies for every local
variation h. To this aim we define the variation

n+1
ft(x):< LN E)

T
- h
FaE) |
and we observe that for every t € (—¢, €) it holds
n+1

n+1 _ $n+1(E) e n+1 _ n+1
L) = (G )| £ (E) = 27 (E)

We deduce from that

O—EW@@%ﬂ—f“@>(mwﬁ@wwﬂﬁo

which implies , as desired. O
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