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ABSTRACT. We prove a C'"™ Lusin approximation theorem for horizontal curves
in the Heisenberg group. This states that every absolutely continuous hori-
zontal curve whose horizontal velocity is m — 1 times L! differentiable almost
everywhere coincides with a C™ horizontal curve except on a set of small mea-
sure. Conversely, we show that the result no longer holds if L! differentiability
is replaced by approximate differentiability. This shows our result is optimal
and highlights differences between the Heisenberg and Euclidean settings.

1. INTRODUCTION

In mathematical analysis it is often useful to understand when a rough map can
be approximated by a smoother one. For instance, Lusin’s theorem asserts that ev-
ery measurable function on R"™ is continuous after removing a set of small measure
from the domain. Another useful result states that every absolutely continuous
curve in R™ has the 1-Lusin property, which means that it coincides with a C!
curve except for a set of small measure (Theorem 2.4). The position and velocity
of absolutely continuous curves are related according to the Fundamental Theorem
of Calculus, so these curves are important in analysis and geometry. Concerning
higher regularity, if a curve in R™ is approximately differentiable of order m almost
everywhere (Definition 2.6), then it has the m-Lusin property allowing approxima-
tion by C™ curves (Theorem 2.8) [20]. In the present article we study the m-Lusin
property for horizontal curves in the Heisenberg group, a non-Euclidean space with
much geometric structure. The key difference between the Heisenberg group and
Euclidean space is that in the Heisenberg group both the initial and the approxi-
mating curve must be horizontal, which means they are constrained to move in a
smaller but still rich, family of directions.

In recent years, it has become clear that a large part of geometric analysis,
geometric measure theory and real analysis in Euclidean spaces may be generalized
to more general settings, see for example [4, 6, 7, 13, 14, 16, 18, 22, 21, 23, 25,
26, 27]. Carnot groups are Lie groups whose Lie algebra admits a stratification.
This stratification gives rise to dilations and implies that points can be connected
by absolutely continuous curves with tangents in a distinguished subbundle of the
tangent bundle. These are the so called horizontal curves. Considering lengths
of horizontal curves gives rise to the Carnot-Carathéodory distance and endows
every Carnot group with a metric space structure. Moreover, every Carnot group
has a natural Haar measure which respects the group translations and dilations.
This plethora of structure makes the study of analysis and geometry in Carnot
groups highly interesting [4, 7, 22]. However, results in the Carnot setting can be
very different to Euclidean ones since all such results must respect the horizontal
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structure of the Carnot group. The Heisenberg group is the simplest non-Euclidean
Carnot group and admits an explicit representation in R?"*! (Definition 2.1) with
2n horizontal directions and one vertical direction.

In the Heisenberg group, the 1-Lusin property is known to be true for all abso-
lutely continuous horizontal curves with the requirement that the approximating
curve can be chosen both C! and horizontal. More precisely, every absolutely con-
tinuous horizontal curve can be approximated by a C! horizontal curve (Theorem
2.5) [28]. A similar result holds in step two Carnot groups [19] and more general
pliable Carnot groups [17, 29]. However the natural analogue is not true in the
Engel group, a Carnot group of step three [28]. This highlights that the approxi-
mation depends on the space considered and Euclidean results do not always extend
to the Carnot group setting. Proving that smooth approximations exist is closely
connected to validity of a Whitney extension theorem. In Euclidean spaces, the
Whitney extension theorem (Theorem 2.14) [3, 31] characterizes when a collection
of continuous functions defined on a compact set can be extended to a C™ func-
tion on some larger set. To prove a Lusin approximation result from a Whitney
extension theorem, one typically restricts to a large compact set where the original
mapping satisfies the hypotheses of the Whitney extension theorem and then ob-
tains a C" mapping which agrees with the starting map on a large set. To apply
this idea in the Heisenberg group it is important to have an analogue of the Whitney
extension theorem for curves in the Heisenberg group. Such a theorem is indeed
known for C! horizontal curves in the Heisenberg group [32] and in more general
spaces [17, 29]. Very recently it was also understood for C™ horizontal curves in
the Heisenberg group [24].

In the present paper we focus on the m-Lusin property in the Heisenberg group
(Definition 2.9), investigating which horizontal curves can be approximated by C™
horizontal curves. We now describe our main results.

Our first main result is Theorem 4.1. This asserts that if I' = (f,g,h) is an
absolutely continuous horizontal curve in H' with f’, ¢’ almost everywhere m — 1
times L' differentiable (Definition 2.10), then I' has the m-Lusin property. This
should be compared with the previously known analogue in Euclidean space (The-
orem 2.8), which has the weaker hypothesis that f, g, h are m times approximately
differentiable almost everywhere (Definition 2.6). Our arguments adapt the proof
of Theorem 2.8 from [20] to the Heisenberg group using our stronger hypothesis to
restrict to a compact set on which we can apply the C™ Whitney extension theorem
for horizontal curves in the Heisenberg group (Theorem 2.15) recently proved [24].

Our second main result is Theorem 5.1, which illustrates the difference between
the Heisenberg setting and the Fuclidean setting. It also justifies the hypotheses
of Theorem 4.1. In Theorem 5.1 we construct an absolutely continuous horizontal
curve I in H' such that f,g,h are almost everywhere twice LP differentiable for
all p> 1, f/,¢',h' are almost everywhere once approximately differentiable, yet T’
does not have the 2-Lusin approximation property. This shows that the Euclidean
hypothesis of twice approximate differentiability is not sufficient in H' and that one
really needs to assume differentiability properties of the derivatives f’,¢’, h’ rather
than only on f, g, h. Our argument is an explicit construction of a horizontal curve.

In the main results of this paper we restrict our attention to the first Heisenberg
group H = H'. We expect the natural analogue of Theorem 4.1 is also true in
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higher dimensional Heisenberg groups H" with similar proofs but more cumbersome
notation.

We now describe the structure of the paper. In Section 2 we recall key definitions
involving the Heisenberg group, approximate derivatives, LP derivatives, m-Lusin
property and Whitney extension theorems. In Section 3 we prove preliminary
results describing how L! differentiability behaves under integration or lifting to a
horizontal curve and how approximate differentiability almost everywhere can be
used to obtain a Whitney field. In Section 4 we prove our first main result (Theorem
4.1). Finally in Section 5 we prove our second main result (Theorem 5.1).
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2. PRELIMINARIES

2.1. Heisenberg Group and Horizontal Curves.

Definition 2.1. The Heisenberg group H™ is the Lie group represented in coordi-
nates by R?"*1 whose points we denote by (z,y,t) with z,y € R” and t € R. The
group law is given by:

n
(z,y,t)(2', /1) = (w ol yy 42 (g — %’yé)) :

i=1
We equip H" with left invariant vector fields
Xi = 5951 + 2y¢8t7 YL = ayl — 21'7;8757 1 S ) S n, T = 8t.

Here 9,,,0,, and 0; denote the coordinate vectors in R?"*! which may be inter-
preted as operators on differentiable functions. If [-, -] denotes the Lie bracket of
vector fields, then [X;,Y;] = —4T. Thus H” is a Carnot group with horizontal layer
Span{X;,Y; : 1 <i < n} and second layer Span{T'}. In this paper we will mostly
restrict ourselves to the first Heisenberg group H' which we also denote by H.

Definition 2.2. A vector in R?"*! is horizontal at p € R?"T! if it is a linear
combination of the vectors X;(p), Yi(p),1 <i <n.

An absolutely continuous curve v in the Heisenberg group is horizontal if, at
almost every point t, the derivative 4/(t) is horizontal at ~y(¢).

Lemma 2.3. An absolutely continuous curve v: [a,b] — R?"*! is a horizontal
curve in the Heisenberg group if and only if, for t € [a,b]:

n t
Yon+1(t) = Yan+1(a) +2 Z/ (Vinti = YngiVi)-
i=1v4
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We will use Lemma 2.3 repeatedly throughout the paper. In the first Heisenberg
group H = H!, the relevant equations for an absolutely continuous curve to be
horizontal simplify to

t

(2.1) 7a(t) = 7a(a) + 2 / (Vi — im)-

a

Clearly Lemma 2.3 implies that for any horizontal curve v we have
(22) At (®) =2 (VO vmri(t) = vmri()7:(t)  for ace. t € [a,b].
i=1

If we assume that v is C!, this equality holds for every t € [a,b]. If we further
assume that v is C™ for some m > 1, then, for 1 < k < m, we may write

(2.3) DPy2ns1(t) = D PF (3ilt), vurs (), (0, Yigi (8), - D), DPyna(t))
i=1

for all t € [a, b] where P* is a polynomial determined by the Leibniz rule. For a C™
horizontal curve v in the first Heisenberg group H = H', the equations simplify to

k—1
k-1 —i i —i i
(2.4) 7§=2Z( . )(vf V=) for1<k<m.
=0

A classical result about the 1-Lusin property in Euclidean spaces can be found
for example in [2, 8].

Theorem 2.4. Let v: [a,b] — R™ be absolutely continuous. Then for every e > 0
there exists a C* map T': [a,b] — R™ such that

L({x € [a,b] : T(t) # y(1)}) <e.

We also recall the the analogous result for the 1-Lusin property in Heisenberg
groups [28].

Theorem 2.5. Absolutely continuous horizontal curves in H™ have the 1-Lusin
property.

It is also known that absolutely continuous horizontal curves have the 1-Lusin
property in step two Carnot groups [19], in pliable Carnot groups [17] and in suitable
sub-Riemannian manifolds [29].

2.2. Approximate Differentiability and Integral Differentiability. Recall
that if f: R? > R, z € R? and | € R, then aplim,_,, f(x) = [ means that for every
€ > 0 the set
{yeR:|f(y) —1| <}

has density one at z, i.e.

LB R {y € RY:|f(y) 1] < )

R—0 L4(B(x, R))
Definition 2.6. Given x € R? and k € N, we say that a function u: R? — R is m

times approzimately differentiable at x if there exists a polynomial P[", of degree
at most m such that

=1.

(2.5) aplim w = 0.

y—a ly — x|™
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Remark 2.7. The polynomial P, in Definition 2.6 is uniquely determined and can
be expressed in the form

(2.6) P = Y ey e

for some u, () € R [20].
As a special case of a recent result from [20] we get a C™ version of the Lusin
property.

Theorem 2.8. Suppose 7y: [a,b] — R™ is measurable and approximately differen-
tiable of order m almost everywhere. Then for every € > 0 there exists a C™ map

I: [a,b] = R™ such that
L1({x € la,b] : T(t) #(1)}) <e.

In the Heisenberg group we give the following definition of Lusin property for
horizontal curves.

Definition 2.9. An absolutely continuous horizontal curve I': [a,b] — H" is said
to have the Lusin property of order m if for every € > 0 there exists a C™ horizontal
curve I': [a,b] — H" such that

L'z €fab] : T(z) #T(x)}) <e.

We will also refer to the Lusin property of order m as the m-Lusin property.
Throughout this paper we use the usual notation for integral averages

1=z ),/

for any A € R¢ and f: A — R for which the expression is well defined.

Definition 2.10. Let u: R - R, z € R%, p € [1,00), and m € N.
We say that u is m times LP differentiable at x if there exists a polynomial Py,
on R? of degree at most m such that

1/p
(2.7) []{3 ( )|u<y>—P$x<y>|pdy] = o(p™).

Remark 2.11. As noted for instance in [1], if u is m times LP differentiable at x
then w is also m times approximately differentiable at x with the same choice of
P

2.3. Jets and Whitney Extension.

Definition 2.12. A jet of order m € N on a set K C R consists of a collection of
(m + 1)—continuous functions F = (F¥)  on K.
Given such a jet F and a € K, the Taylor polynomial of order m of F at a is

m Fk
Ty F(x) =) k(f‘) (x —a)® forall z € R.
k=0 )

If m or a are clear from the context, we may write T'F for the Taylor polynomial.
We will also use the notation F(x) for FO(x).
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Given a jet F of order m on K C R, for a € K and 0 < k < m we define

m—k
(RPF) () = FR(x) - > Fk%f(“)(x —a)’ forall z € R.
=0 ’

Definition 2.13. A jet F of order m on K is a Whitney field of class C™ on K
if, for every 0 < k < m, we have

(R F)*(b) = oja — ™)
as |a —b| — 0 with a,b € K.

We now recall the classical Whitney extension theorem in the special case that
the domain is a subset of R [31].

Theorem 2.14 (Classical Whitney extension theorem). Let K be a closed subset
of an open set U C R. Then there is a continuous linear mapping W from the space
of Whitney fields of class C™ on K to C™(U) such that

D*(WPF)(z)=FFx) for0<k<mandzec K,
and WF is C° on U\ K.

We now recall the Whitney extension theorem for C™ horizontal curves in H
from [24]. Suppose F, G, H are jets of order m on K C R. For a,b € K, we define
the area discrepancy

b
(2.8) A(a,b) := H(b) — H(a) — 2/ (T3 F) (17" G) — (T3 G) (T F)
+2F(a)(G(b) — TZ"G(b)) — 2G(a)(F(b) — TZ"F (b))
and the velocity

b
(2.9) V(a,b) := (b*a)2m+(b*a)m/ (TG F)' [+ (T G)']) -

We say that jets (F, G, H) of order m on K extend to a C™ horizontal curve
(f,g,h): R — Hif (f,g,h): R — H is a C™ horizontal curve such that f|x = F?,
9|k = G* and hi|x = H® for 0 <i < m.

Theorem 2.15. Let K C R be compact and F, G, H be jets of order m on K. Then
(F,G, H) extends to a C™ horizontal curve (f,g,h): R — H if and only if

(1) F,G,H are Whitney fields of class C™ on K,
(2) For 1<k <m the following equation holds at all points of K

k—1
-1 o .
(2.10) H=2)" (k . )(F’HG’ — GFRY,
=0

(8) A(a,b)/V(a,b) — 0 uniformly as (b —a) — 0 with a,b € K.
Finally we state for future use the following fact about polynomials from [24].

Lemma 2.16. Let P be a polynomial of degree n, a < b, and || P||c := max(, 3 | P|.
Then

1 b
Pl < 1P < 1P
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3. FACTS ABOUT APPROXIMATE DERIVATIVES AND L' DERIVATIVES
In this section we prove several lemmas which will be useful later in the paper.

Lemma 3.1. Let f: [a,b] = R be absolutely continuous and m > 2.

Suppose f' is m—1 times L differentiable at a point x € (a,b) with L* derivative
given by the polynomial P}'f{l of degree at most m — 1. Then f is m times L'
differentiable at x with L' derivative QT of degree at most m defined by Q}"x(y) =

fla)+ [ PP(¢) dt.

Proof. Denote P = P}’fxfl and define Q@ = QF', by QF,(y) :== f(z) + [V P(t) dt.
Let € > 0. From the definition of L' differentiability we have for all sufficiently
small p > 0

f |f/(t) — P(t)| dt <ep™'/2.
B(w,p)

Absolute continuity gives for all y € B(z, p),

1) - QW = |r)+ [ 7w a- <f(w) +[Mrw dt)'

[~ pa dt]

x

< / /(t) - P(t)] dt
B(z,p)

S Epm.

Hence given € > 0, we have for all sufficiently small 0 < p < 1

][ If(y)—Q(y)ldySJ[ I
B(z,p)

B(z,p)

This proves the lemma. O

Lemma 3.2. Suppose (f,g,h): [a,b] — H is an absolutely continuous horizontal
curve in H and f', g’ are m—1 times L' differentiable at a point x € [a,b] for some
m > 2. Then h is m times L' differentiable at x. More precisely, denote

R@yzmm+2/QpQ7Qp%

where P,Q are the L' derivatives of order m of f,g respectively which exist by
Lemma 3.1. Let R be the polynomial of degree at most m such that R(y) — R(y) is
divisible by (y — )™ L. Then R is the L' derivative of h of order m at x.

Proof. Let R be defined as in the statement of the lemma. Fix 0 < € < 1. Then
there exists § > 0 such that for all 0 < p < ¢ we have

][ f—P|<ep™, ][ P <epm,
B(z,p) B(z,p)

][ lg— Q| < ep™, ][ g —Q'| <ep™ .
B(z,p) B(x,p)

and
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Let 0 < p < d and y € B(x, p). We estimate as follows, using the fact (f,g,h) is a
horizontal curve and (2.2),

h(y) R / . / (P'Q - Q'P)
—o / (f'g— P'Q) + (Q'P — ¢'f).

We estimate the first term as follows

Y
‘2/ (f’g—P’Q)’ sz/B( 9= PQ
T z,p

=4p][ |f'g—P'Ql.
B(z,p)

Since f'g— P'Q = (f'— P')g+ P'(9— Q) and g, P’ are continuous hence bounded
on [a,b], we can continue our estimate as follows

4p][ If’g—P’Q|<4p(||g||oo][ |f'—P’|+||P'||oo][ |g—@|)
B(z,p) B(x,p) B(z,p)

<4p (lgllocep™ " + [Pl cgp™)
< Cep™

for a constant C' independent of y and p. The estimate of 2 ff (Q'P—g'f) is similar.
Hence we obtain |h(y) — R(y)| < Cep™ for all 0 < p < §. Consequently

][ |h — R| < Cep™.
B(z,p)

To conclude we notice that if R is the polynomial of degree at most m defined in
the statement of the lemma then for some constant C' independent of p < 1 we have

][ \h_é\g]l |h—R|+]l B - R
B(z,p) B(z,p) B(z,p)
§][ |h — R| 4+ Cp™ .
B(x,p)

Hence

][ h— R| = o(p™)
B(x,p)

so h is m times L! differentiable at x with derivative R. O

We next prove Proposition 3.4 which shows that approximate differentiability
almost everywhere leads to Whitney fields on large compact sets. Our argument is
adapted from [20] where a similar result is proved under slightly different assump-
tions. As in [20] we need the following lemma by De Giorgi [5].

Lemma 3.3 (De Giorgi). Let E be a measurable subset of the ball B(x,r) in R™
such that L™"(E) > Ar™ for some constant A > 0. Then for each m € N there is a
positive constant C, depending only on n,m and A, such that for each polynomial
p of degree at most m and for every multi-index o

D00 < ey [ ol
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Proposition 3.4. Let u: [a,b] — R be measurable and m times approrimately
differentiable almost everywhere. Let the approrimate derivative at almost every
point x be denoted by

m

i=0
Then for every e > 0 there exists a compact set K C [a,b] with L1([a,b] \ K) < &
such that T' = (u;)]2, is a C™ Whitney field on K.

Proof. Tt is proven in [20] that all the functions w; are measurable under the given
hypotheses. Let 0 < § < 1 and 0 < € < 1 be fixed for the moment. For every
x € [a,b] where u is approximately differentiable and r > 0, define

Wiz, r):={y €la,b] N[z —rz+r]:fuly) = P (y) > dlz —y[™}.
Each set W (x,r) is measurable because all the u; are measurable. We can write
W(z,r) ={y € [a,b] : (z,y) € T(r)}, where
T(r) = {(w,y) € [0,8] x [a,b] : | — y] < 1, |uly) — P (y)| > o]z — y|™}.

Since T is measurable, it follows = ~ LY(W (x,r)) is a measurable function of .
For n € N define the sets

(3.1) B, :={x €[a,b] : L*W (x,r)) <r/4 forall r < 1/n}.

Since z — LY(W (z,)) is a measurable function of x and £*(W (x,r)) is monotonic
in r for each fixed x, it is easy to show that the sets B, are measurable. Clearly
B,, C B,41 for every n. Since u is m times approximately differentiable almost
everywhere, it follows £!([a,b]\ s~ , B,) = 0. Consider two points z,y € B, with
xz <yand |z —y| <1/n. Letr=|y— z| and define the measurable sets

S(x,y) = [z, 9] \ (W(a,r) UW (y,7)).
Then
LYS(x,y)) = ly — 2| = LY (W (a,7)) = LYW (y, 7)) = 7/2.
Define the polynomial g := P}, — P"",. For z € S(z,y) we estimate |g(z)] as follows

uy

lq(2)| < [Py (2) — u(@)| + |u(z) = Pl (2)] < 6(]z —y|™ + |z — 2[™) < 26r™.
We apply De Giorgi’s Lemma to the polynomial ¢ with £ = S(z,y) and A = 1/2
to obtain for every k

C _
D a(w)| = o) = DRI < i [, )] d < 2005
x,Y

Recall € > 0 was fixed earlier. Since £!([a,b] \ ., Bn) = 0 and the sets B,, are
increasing, we may choose N € N such that £!([a,b] \ By) < £/2. We then choose
K a compact subset of By with £!([a,b] \ K) < . Now we recall the dependence
of K on ¢, and denote K = K(e,0) and N = N(g,6). The set K(e,d) has the
following two properties for a constant C' depending only on m:

(1) L([a,b] \ K(e,0)) <e,

(2) For every 0 < k <m and z,y € K(e,d) with |x —y| < 1/N(e,d) we have

|u(y) — DF P (y)| < 4C6|z — y|™ k.
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We now put our compact sets together. Fix € > 0 and define

K = F] K(e/2",1/n).

n=1

Using (1) for the sets K(¢/2",1/n), we estimate the measure of K as follows

LY([a, 0]\ K) <Y LY([a,b]\ K(2/2",1/n))

n=1

< ie/Q"
n=1

=E.

Using (2) for the sets K(e/2™,1/n), we see that K has the following property.
Whenever 0 < k <m and z,y € K satisfy |x —y| < N(¢/2",1/n) for some n € N,

lur(y) — D* P, (y)| < 4C|x — y|™ " /n.
In other words, for every 0 < k < m we have
lur(y) — D* P, (y)| = o(|lz — y|™ ")
as |z —y| — 0 with z,y € K. Hence I' = (u;), is a C™ Whitney field on K. O

4. C™ HORIZONTAL LUSIN APPROXIMATION FOR HORIZONTAL CURVES WITH
L' DIFFERENTIABLE VELOCITY

In this section we prove our first main theorem. Before giving the statement we
first recall that if f: [a,b] — R is m times L' differentiable at a point = € [a, b],
then we denote the L' derivative at x by

P =3 18—y
i=0 ’

where f;(z) € R for 0 < i < m. Also, if a function f: [a,b] — R is absolutely
continuous and f’ is m — 1 times L! differentiable at a point x € [a, b], then f is m
times L' differentiable at x with derivative given by Lemma 3.1.

Theorem 4.1. Let I C R be an interval and T = (f,g,h) : I — H be an absolutely
continuous horizontal curve such that f' and ¢’ are m — 1 times L' differentiable
at almost every point of I. Then I' has the m-Lusin property. Further, for every
n > 0 there is a C™ horizontal curve I = (f,§,h): I — H such that

ct <U{3«” €1: fP(x) # fulz) or §(x) # gu(x) or hF(x) # hk<$)}> <.
k=0

Proof. Using Lemma 3.1 it follows that f and g are m times L' differentiable almost

everywhere. By Lemma 3.2 we also know that h is m times L' differentiable almost

everywhere. At almost every x € I denote the L' derivative of f by

P =3 Ly oy
k=0



LUSIN APPROXIMATION IN THE HEISENBERG GROUP 11

where the f;, are measurable functions by [20]. Similarly define the L! derivatives
P, and P, with coefficients gy (z) and hy(z) at almost every point x, which are
measurable functions of z.

Fix > 0. Choose a compact set K C I satisfying £}(I \ K) < n with the
following properties:

(1) the jets F, G, H defined on K by
F* = filk, G¥ = grlx and H* = hi|g for 0<k<m

are Whitney fields of class C™ on K.
(2) For every ¢ > 0 there is § > 0 such that if a,b € K with |b — a|] < ¢ then

b b
(4.1) ][ |f' = (T3 F)| < e(b—a)™" and ][ lg' = (T GY [ < e(b—a)™ .

The first property above is possible using Proposition 3.4. To obtain the second
property we use the almost everywhere (m — 1) times L' differentiability of f and
¢’, Lemma 3.1, elementary measure theory, and the fact that Py, = T"F and
P, =1"G. We now show that the hypotheses of Theorem 2.15 hold for the jets
F G H on the compact set K.

Verification of Theorem 2.15(1). This follows directly from the definition of K.
Verification of Theorem 2.15(2). We need to check (2.10), which we recall states

k—1
H’“—2Z(k__1)(FkiGiniFi) on K for 1 <k <m.
; i

Fixae Kandlet TF =1T,"F, TG = T;"G, TH = T;"H for simplicity. Using
Lemma 3.2, we know
(Prla)" = 2((Pfa) (Pga) — (PFu) (Pfa)) + Sa(y),
where S, (y) is a polynomial divisible by (y — a)™*!. Hence
(TH) =2((TF)(TG) — (TG)'(TF)) + S,(y)-

Differentiating the Taylor polynomials as was done to derive (2.10) yields
1 , ) . ,
(TH)* =2>" <k , )((TF)k_’(TG)Z—(TG)’“_’(TF)Z)—FSL’f on K for 1 <k <m,
, i

where the polynomial S%(y) is divisible by (y — a)™**~*. In particular, S¥(a) = 0
for 1 < k < m. Since the Taylor polynomials are based at a, (TF)!(a) = F'(a) for
0 <7 < m and similarly for G and H. Hence substituting in a we obtain

k—1
Hk(a) _ 22 (k’; 1) (Fk_i(a)Gi(a) _ Gk—i(a)Fi(a))
=0

for all a € K and 1 < k < m as required.

Verification of Theorem 2.15(8). Given 0 < e < 1 fixed, let 6 > 0 be chosen as
above. Fix a,b € K with 0 < b —a < 4. For ease of notation we write T'F =T, F
and TG = T;"G. For simplicity we will consider only the case

F(a) =G(a) = H(a) = 0.
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Otherwise one can use the translation invariance of A(a,b) and V(a,b) as in [24].
Since F'(a) = G(a) = H(a) =0, A(a,b) is of the form

A(a,b) = H(b) — H(a) — 2 /b((TF)’TG — TF(TG)").

Since (f, g, h) is a horizontal curve, we have

We estimate |A(a,b)| as follows

|H(b) — H(a) -2 / b((TF)’TG — TF(TG))

b b
<2 </ If’g—(TF)'TG|+/ Ifg’—TF(TG)'I>~

We will show how to estimate the first term after the inequality, the second one
will follow by changing the roles of f and g. First we pass to the average

b b
[ 1£9-@ryTe =0~ of |19~ @ryTC
and then we decompose the argument as

f'g— (TF)TG = (f' = (TF))(g = TG) + (f = (TF))TG + (g - TG)(TF)".

We then obtain
b
(f - (TF)') lg = 7]l

b

+ (f - <TF>’|> [Egem
b

+ (f |g—TG|) [(TFY|lne

(J[ f’—(TF)’> <e(b—a)"

Absolute continuity of g, the Fundamental Theorem of Calculus, and (4.1) gives

b
-af If'g- (TFYTG| < (b-a)

From (4.1) we obtain

b
lg = TGlleo < (b —a) (J[ 9" — (TG)/|> <e(b—a)™
Using Lemma 2.16 we have

b
[(TFY || < c][ (TFY|
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for some constant C' > 1 depending only on m. Using TG(a) = G(a) = g(a) =0
and again the Fundamental Theorem of Calculus, we have

b
HTGHoos/ (Tay|.

Combining all together we get

/b If'g — (TF)TG| < (b —a)®™ +¢(b—a)™ /b (TG)|+ Ce(b—a)™ /b (TF)|.
' < CeV(a,b) ' '
By doing the same computation with f and g switched we obtain
|A(a,b)| < 4CeV (a,b)
whenever a,b € K with 0 < b—a < §. This yields Theorem 2.15(3).

Conclusion. We have shown that the jets I, G, H satisfy the hypotheses of
Theorem 2.15 on the compact set K. Hence I' = (F,G,H) extends to a C™
horizontal curve I' = (f, g, h): I — H' satisfying

fFlx =F* §lx =G* hF|x=H" for0<k<m.
From the definition of the compact set K and the jets F, G, H we have

ct (U{x € 1: f¥(x) # fu(x) or §F(x) # gr(x) or hM(z) # hm)})
k=0

< LYI\K)
<.
This completes the proof of the theorem. (I

5. A HorizoNTAL CURVE WITH NO LUSIN APPROXIMATION

In this section we prove our second main theorem, which justifies the hypotheses
of Theorem 4.1 and highlights the difference between the settings of Euclidean space
and the Heisenberg group.

Theorem 5.1. There existsT = (f,g,h): [0,1] — H which is absolutely continuous
and horizontal with the following properties:
(1) Almost everywhere the maps f, g, h are twice LP differentiable for all p > 1,
(2) Almost everywhere the maps f',g',h' are once approximately differentiable,
(3) T does not admit a C* horizontal Lusin approzimation.

We use the remainder of this section to prove Theorem 5.1.
5.1. Construction of the Horizontal Curve.

5.1.1. Parameters for the Construction. Fix decreasing sequences h,,, A\, > 0 with

oo

T 2F=mhZ 0.

(5.1) D> 2Ny <00, hn/An =0, 4"hy, — o0,
n=1 ntl p—pi1

One possible choice is h, = 1/3™ and A, = (2/5)". A consequence of (5.1) is

(5.2) > 2"h, < 0.
n=1
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We next fix a decreasing sequence w,, > 0 such that

(5.3) wy, < 1/257, Z 2k =", — 0,
n+1 k=n+1
and
1 o0
(5.4) IR Z 2K "M hl — 0 for every p > 1.
n+l k=n+1

This is possible since w,, can be chosen very small compared to h,, and \,.

5.1.2. The Sets I, and I. For each n > 1 we inductively define sets I,, C [0, 1], each
a disjoint union of finitely many open intervals, as follows. Firstly, I; is the open
interval with center 1/2 and radius wy. Once I, I, ..., I, are defined, we define
I,,+1 as the union of those open intervals J with the following properties:

e J has center k/2""! for some integer k with 0 < k < 2+1,
e J has radius w41,
e J does not intersect Iy Ul U---U I,.

Define I = U ,I,. The set I, is a disjoint union of at most 2"~! intervals of
length 2w,,. Hence, since w,, < 1/2°"

(5.5) £1) < iﬁl(ln) < i 2"w,, < 1/31.

5.1.3. Definition of the Horizontal Components. We now define f,g: [0,1] — R
which will be the first two components of the curve. In [0,1] \ I we set f and g to
be identically 0. Otherwise we proceed as follows. Suppose J is one of the finitely
many disjoint open intervals chosen in the definition of I,, for some n > 1. Divide
J into 4 adjacent disjoint equally sized intervals labelled from left to right

Ji=(p1,p2), J2=I[p2,psl, Js=[ps,pal, Ja= (pa,ps)
The maps f, g are piecewise linear functions in J defined as follows:

(1) In Jp, f is identically 0 and g is linear with g(p1) = 0, g(p2) = hn.
(2) In Ja, f is linear with f(p2) =0, f(p3) = hy and g is identically h,.
(3) In Js, f is identically h,, and g is linear with g(p3) = hy, g(ps) = 0.
(4) In Jy, f is linear with f(p4) = hyn, f(ps) = 0 and g is identically 0.
5.1.4. Absolute Continuity of the Horizontal Components. Clearly f and g are dif-
ferentiable at all but finitely many points of I, for each n, hence at all but countably
many points of I. Our first task is to prove that f and g are differentiable at almost
every point of [0,1] \ I. Before doing so we prove a lemma which roughly states
that at almost every point of [0,1] \ I the maps f and g do not see ‘big jumps’
unexpectedly close to x.

For 2 € R and S C R we denote d(x, S) := inf{|z—y| : y € S}. For n > 1, define

Ap={z€[0,1\I:d(z,[;U---UIL) < Ay}

and let
A:=limsup A4, C [0,1]\ I.
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By definition of the limit superior, for any = € [0,1]\ (IUA), there exists N(z) > 0
such that n > N(x) implies

d(z, [, U---UL) > A,

Roughly speaking, this states that if z € [0,1] \ (/ U A) then on small scales near
to z one sees only relatively small intervals. We will use this fact repeatedly later.

Lemma 5.2. The set A has Lebesque measure zero.

Proof. The set I; consists of 27! intervals and is contained in I. Hence
LYz ¢ I:d(z, L) < A\ }) < 207120, = 200,,.
Hence
LYA) = (24224 + 2"\, = 20, (2" — 1).
Since Y07 | 2"\, < oo it follows > o2 | L}(A,) < oo. The Borel Cantelli lemma
gives the conclusion. ([l

Lemma 5.3. For every x € (0,1)\ (I U A), f and g are differentiable at x with
/() = ¢'(x) = 0.
Proof. Fix a point z as in the statement of the lemma and corresponding N(z) > 0
such that n > N(z) implies
dlz, [ U---UIL,) > \p.
For all ¢ sufficiently small there is n > N(z) such that A\,41 < [{] < A\,,. Then
dz, 1 U---UL,) > A\, > [t].

This implies ¢ +t ¢ I; U--- U I,,. By definition of f we see 0 < f(x +t) < hpy1.
Since x ¢ I we have f(x) =0 and so

f4t) = f@)] _ b
t o /\n+1 .

Since h, /A, — 0, it follows that f is differentiable at x with f’(x) = 0. The

argument is the same for g. ([l

We have now shown that f and g are differentiable almost everywhere on [0, 1].
Proposition 5.4. The maps f,g: [0,1] = R are absolutely continuous.

Proof. Suppose J is one of the intervals chosen in the construction of I,, for some
n > 1. Then for any = € J we have

|f'(@)] < b/ (wn/4) = 4hy [0
Since L'(J) < 2w, it follows that [, [f’| < 8h,. Since there are at most 2"~

disjoint intervals in the construction of I, we have [, [f’| = 2"*2h,, for every
n > 1. Since f’ = 0 almost everywhere outside I, we deduce,

(oo}

1
/ 1<) 2 hy, < oo
0

n=1
Hence f’ is integrable on [0, 1].
We now claim

b
(5.6) f(b) — f(a) = / " whenever a < b.
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Clearly (5.6) is satisfied if a and b belong to a common chosen interval J from
the definition of I. Indeed, f is piecewise linear and hence absolutely continuous
inside any such interval. Suppose this is not the case. By splitting the integral if
necessary, to prove (5.6) we may assume a,b ¢ I. If J = [¢,d] is any interval chosen
in the construction of I which is contained in (a, b), then

/ = 1(d) — f(e) = 0.
J

There are countably many such intervals and f/ = 0 at almost every point outside
1. Hence f; f''=0. Since a,b ¢ I we have f(b) = f(a) = 0. Hence (5.6) holds.
This proves that f is absolutely continuous. The argument for g is the same. [

5.1.5. Vertical Component of the Curve. Since f, g are bounded and f’, ¢’ are inte-
grable, the products f’g and ¢’ f are integrable. We define h: [0,1] — R by

h(x) ::2/Oz(f’g—g’f) for x € [0, 1].

Clearly h is absolutely continuous on [0,1]. By Lemma 2.3, T' := (f,g,h) is an
absolutely continuous horizontal curve. It is easy to check that h is piecewise linear
since each interval chosen in the construction of I. We also record the following
fact for later.

Lemma 5.5. Suppose J = (a,b) is one of the connected components of I,,. Then
h(b) — h(a) = 4h2.
Proof. Since f(a) = f(b) = 0 we know
wey - =2 [ fg-gp =1 1y
From the construction of f and g and the fact (b — a)/4 = w,,/2 we obtain
h(b) = h(a) = 4(wn /2)(hn/ (Wi /2)) b = 415

5.2. Differentiability of the Horizontal Curve.

Proposition 5.6. At almost every point x € [0,1], the maps f,g,h: [0,1] = R are
twice LP differentiable at x for all p > 1. For every point x € (0,1)\ (I U A), the
second order LP derivatives of f,g,h at x are identically f(x) =0, g(z) = 0, and
h(zx) (possibly non-zero) respectively.

Proof. Recall that f,g,h are piecewise linear inside each of the countably many
intervals whose disjoint union is I. Hence f, g, h are twice LP differentiable for all
p > 1 at all but countably many points of I. Suppose x ¢ (I U A). To show f is
twice LP differentiable at x we will show that for every p > 1

1
lim —— Pdy=0.
f e [ WP
Using the definition of A, we may choose N(x) > 0 such that n > N(z) implies
d(z, I, U---UL,) > A,
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Recall that Y 2, 2™\, < oo which implies A, < 1/2" for all sufficiently large n.
Given any t > 0 sufficiently small, we may choose n > N(z) with

Ang1 St < Ap < 1/27.
This implies
[ —t,z+tiN (L U---UIL,) =@.
The interval [z — ¢,x + t] has length at most 2\, < 1/2"~!. Since the intervals
in I;, have centers separated by at least distance 1/2*, it follows that [z —t, 2 + ]

can intersect at most 28~"*! intervals from I, for k > n. Recall that = ¢ I gives
f(x) =0, |f(y)| < hg for y in an interval from Iy, and that ¢t > A,41. We have

1 / 1
1 F@P dy= o / F@)P dy
2l [z—t,z+t] 2l [x—t,z+t]NI

2 o0
k—n+1 p
< {+2p+1 Z 2 wkhk
k=n+1

9 oo

k—n-+1 P

< A2+l Z 2 Wi
n+l k=n+1

The previous line converges to 0 as n — oo for every p > 1 by definition of the
sequences wg, hi, A\g. The argument for g is exactly the same. Finally to show h is
twice LP differentiable at x we will show that for every p > 1
1
lim 7/ [h(y) — h(z)|? dy = 0.
t—0 t2p+1 [x—t,z+t]

Recall that [z — ¢, 2 + t] can intersect at most 2¥~"*1 intervals from I for k > n.
Hence, using Lemma 5.5, for any y € [z — t,x + t] we have

h(y) — h(z)] < ok—n+3p2
| k
k=n+1

Hence

[ee) p
1 2
_ p k—n+312
2 /[m_t,m] [h(y) = h@)I” dy < = ( 2 hk>

k=n-+1
8 & '
<2 —5— 2k=np2
(5, £ 7]
k=n-+1
We conclude by noticing the last line converges to 0 as n — oo for every p > 1. O

Proposition 5.7. The maps f',g',h’ are once approrimately differentiable almost
everywhere. In particular, f' and g’ have approrimate derivative 0 at every point

of (0,1)\ (IU A).

Proof. Approximate differentiability of f’,¢’,h’ at all but countably many points
of I is clear since f, g, h are piecewise linear inside each interval chosen during the
construction of I. Recall that f/'(z) = ¢’(z) = 0 for every point x € (0,1)\ (U A).
Fix such an z. Choose corresponding N(z) > 0 such that n > N(x) implies

Az, [LU--UL) > An.
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As in the proof of Proposition 5.6, given any t > 0 sufficiently small we may choose
n > N(z) such that
/\n+1 S t < )\n S 1/2n,
which implies
[x—t,z+tiN(LU---UIL,) =a.
Again it follows that [z — ¢, + t] can intersect at most 2¥~"*1 intervals from I},
for k > n. Recalling that f’(z) = 0 at every point of (0,1) \ (I U A), we have

LYy ez —t,z+1t]: f(y) >0}) < LYz —t,x+t]N])

2t - 2t
1 = k—n+2
§ 2 nt Wi .
2An+1 k=n+1

Since the previous line converges to 0 as n — oo, it follows f’ is approximately
differentiable at = with approximate derivative 0. The argument for g is the same.
For h we recall that b’ = 2(f'g — ¢’ f) almost everywhere. Combining this with the
fact f'(x) = ¢'(z) = 0 for every point = € (0,1) \ (I U A) gives h/(z) = 0 for almost
every € (0,1)\ (I U A). For such z the same argument as above applies, giving
the desired conclusion. (]

5.3. No C? Horizontal Lusin Approximation.

Proposition 5.8. The curve I' does not have the C? horizontal Lusin approzima-
tion property.
We will prove Proposition 5.8 by contradiction. Suppose I' does have the C?

horizontal Lusin approximation property. Fix 6 > 4/5 + 1/31 and a C? horizontal
curve I' = (F, G, H): [0,1] — H such that the set

E:={tel0,1]:T@t) =T}
satisfies £1(E) > 6. Since £L1(I) < 1/31 by (5.5), we have LY(E\ I) > 4/5.
Lemma 5.9. Suppose x € E\ I is a Lebesgue density point of E\ I. Then
Fx)=F'(x)=F"(z) =0 and G(z)=G'(z)=G"(z)=0.
Proof. Let x be as in the statement of the lemma. Then F(x) = f(x) because
x € E and f(x) = 0 because x ¢ I; hence F(x) = 0. Since x is a Lebesgue density
point of E '\ I there exist x,, € E\ I with z,, — z. By the same argument as before

we have F(z,,) = 0 for every n. Hence z,, — x and F(z,) = 0 = F(z) for every n.
Since F is C? this implies F’(z) = F”(x) = 0. The argument for G is the same. [

Since I' is C2, F” and G are uniformly continuous on [0, 1]. Fix § > 0 such that
(5.7) |F"(z) — F"(y)] < 1and |G"(z) - G"(y)| <1  for |[x —y| < 4.

Lemma 5.10. Suppose a,b € E \ I are Lebesque density points of E \ I and
|b—al <d. Then
|H(b) — H(a)| < 4[b — a|*.

Proof. Since F(a) = F(b) = 0 by Lemma 5.9 and T is horizontal, we have

H(b) — H(a) =2 / b(F’G —G'F) =14 / el

a a
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We have F(a) = F'(a) = F"(a) = 0 by Lemma 5.9 and |F"(t) — F"(a)| < 1 for
t € [a,b] by (5.7). Hence |F'(t)] < b—a and |F(t)| < (b—a)? for t € [a,b]. The
same estimates hold for G. This gives

|H(b) — H(a)| < 4(b—a)(b—a)(b—a)* =4(b—a)*.
O

Lemma 5.11. For all n € N, there exists a pair x,y € (0,1) with the following
properties:

e x,y € E\I and are Lebesque density points of E\ I,

o [z —yl<1/27,

e x,y are on opposite sides of an interval chosen in the construction of I, 11.

Proof. We argue by contradiction. Assume there exists n € N for which there is no
pair z and y with the desired properties. Fix such an n. We consider intervals of
the form [L/2™, (L + 1)/2"] for different integers 0 < L < 2™.

Suppose the interval [L/2", (L +1)/2"] has midpoint (2L +1)/2"*! which is the
center of an interval J chosen in the construction of I,,;1. The interval J separates
[L/2™ (L+1)/2"]\ J into two subintervals J; and Ja each of measure greater than
(1/3)(1/2™). Since there is no pair x,y € (0,1) with the properties in the statement
of the lemma, in particular there is no such pair in the interval [L/2", (L + 1)/2"].
Hence either J; or Jy does not contain any points of E \ I which are Lebesgue
density points of F \ I. Hence we have

LYENDNIL/2" (L +1)/2"]) < (2/3)L1([L/2", (L +1)/2"]).

We now estimate the total measure of those intervals [L/2™, (L 4 1)/2"] whose
midpoint (2L + 1)/2""! is not chosen in the construction of I,,41. Fix such an
interval [L/2", (L + 1)/2"]. Then

B(2L+1)/2"" w, )N (LHU---UI,) # @.
Different intervals of the form B(k/2""! w, 1) are separated by a distance
1/2" — 2w,y > 1/27FE —2/26n > 1 /92,

If an interval of length T intersects K intervals of the form B(k/2"*! w, 1) then
we must have T > K/2""2 so K < 2"*2T. The set I; is a union of 2~! intervals
of length 2w;. Hence the number of intervals B(k/2""! w,,1) which intersect
I U---UI, can be estimated by

n

Z 2i—lgnt29y, = gnt2 En: 2w,

i=1 =1

Hence the total measure of all those intervals [L/2™, (L + 1)/2"] whose midpoint is
not chosen in the construction of I,, ;1 can be estimated by

(1/27)2"+2 i%‘wi = 42762%2- < 4i2i/26i =4/31.
i=1 i=1 i=1

Let G be the collection of those integers L such that the midpoint of [L/2", (L +
1)/2"] is the center of an interval chosen in the construction of I,,41. Let B be the
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collection of those integers L such that the midpoint of [L/2™, (L + 1)/2"] is not
chosen. We estimate as follows

LYEND = LY(ENDNIL/2" (L+1)/2")

LeG
+ 3 LNENDNL/2", (L +1)/2")
LeB
< > @/3)LHL/2" (L +1)/2") + Y LY(L/2" (L +1)/2")
Lea LeB
<2/3+4/31
< 4/5.
Since L1(E \ I) > 4/5 we obtain a contradiction which proves the lemma. O

We now derive a contradiction which proves Proposition 5.8. Recall § > 0 from
(5.7) and the fact that 4"h,, — co. Using Lemma 5.11, we may fix n with 1/2™ < §
and 4"h,, 1 > 2 for which there exist points z,y € (0,1) with 2 < y such that

e x,y € E\ I and are Lebesgue density points of E \ I,
o |z —y| < 1/2™,
e 1,y are on opposite sides of an interval chosen in the construction of I,,41.

Since |z —y| < 1/2" < § and x,y € E'\ I are Lebesgue density points of E \ I, we
have by Lemma 5.10

(5.8) H(y) — H(z)| < 4]y — of* < 4/16".

Since z < y are on opposite sides of an interval chosen in the construction of I, 1,
we have by Lemma 5.5

(5.9) h(y) = h(z) > 4h% ;.

Since z,y € E we have H(y) — H(z) = h(y) — h(x). Combining this with (5.8) and
(5.9) gives h2,, < 1/16™ or equivalently 4"h, 1 < 1. This contradicts the choice

of n with 4”h,, 1 > 2, proving Proposition 5.8 and hence proving Theorem 5.1.
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