DUALITY FOR RECTIFIED COST FUNCTIONS

MATHIAS BEIGLBOCK AND ALDO PRATELLI

ABSTRACT. It is well-known that duality in the Monge-Kantorovich
transport problem holds true provided that the cost function ¢ : X XY —
[0, 0] is lower semi-continuous or finitely valued, but it may fail other-
wise. We present a suitable notion of rectification ¢, of the cost ¢, so
that the Monge-Kantorovich duality holds true replacing ¢ by ¢,. In
particular, passing from c¢ to ¢, only changes the value of the primal
Monge-Kantorovich problem. Finally, the rectified function ¢, is lower
semi-continuous as soon as X and Y are endowed with proper topologies,
thus emphasizing the role of lower semi-continuity in the duality-theory
of optimal transport.

1. INTRODUCTION

1.1. Description of the main question. We consider the Monge-Kan-
torovich transport problem for Borel probability measures p,v on Polish
spaces X,Y. Standard references for the theory of optimal transportation
are [Vil03, Vil09].

The set II(u, v) consists of all transport plans, that is, Borel probability
measures on X X Y which have X-marginal ¢ and Y-marginal v. The
transport cost associated to a cost function ¢ : X x Y — [0,00] and a
transport plan 7 is given by

1) e =[] caminton.

The (primal) Monge-Kantorovich problem is then to determine the value
(2) P, :=inf{{(c,m) : m € (u,v)}.

and to identify a primal optimizer 7 € II(u, v).

A natural condition which guarantees the existence of a primal optimizer
is that the cost function c is lower semi-continuous. (See for instance [Vil09,
Theorem 4.1].)

To formulate the dual problem, we let

e Y (2,y) = o(x) + ¥(y)
for functions ¢,1 on X (resp. Y). The dual Monge-Kantorovich problem
then consists in determining

(3) De:= Sup{/sodwr/zbdv:weLL(Y),wELi(Y),w@wSC}-
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Given two functions ¢, 1 which are integrable with respect to p and v respec-
tively, and which satisfy ¢ @ ¢ < ¢, and given a transport plan 7w € II(u, v)
we clearly have

[[ear= [[eovar= [oans [vav.

hence it follows that P. > D.. The question if there actually is equality,
i.e. whether Monge-Kantorovich duality P. = D, holds true, has been in-
tensively studied in the years by many authors, see for instance [Kan42,
KR58, Dud76, Dud02, dA82, GR81, Fer81, Szu82, Mik06, MT06], and see
also the bibliographical notes in [Vil09, p86, 87]. In particular, it is known
that P. = D, provided that the cost function c is lower semi-continuous
(cf. [Kel84, Theorem 2.6] or [Vil09, Theorems 5.10] for a modern source), or
merely measurable but bounded ([Kel84, Corollary 2.16]) or at least p ® v-
a.s. finitely valued ([BS09, Theorem 1]). However, the duality does not hold
in complete generality as simple examples show.

Example 1.1. Let X =Y = [0,1] and let u = v be the Lebesque measure.
Define c on X XY to be 0 below the diagonal, 1 on the diagonal and oo else,
1.€.,

0, for0<y<az<1,

c(z,y) = 1, for0<z=y<1,

00, for0<z<y<l.
The only finite transport plan is concentrated on the diagonal, hence P, = 1.
On the other hand, if p : X — [—00,00),¢ : Y — [—00,00) satisfy oy < c,
one readily verifies that o(x) 4+ (x) > 0 can hold true for at most countably
many x € [0,1]. Hence D. = 0 so that there is a duality gap.

Let us discuss the example above a little bit. Strictly speaking, one should
simply say that it presents a situation where the duality does not hold true.
But on the other hand, one would like to say that in fact the duality should
hold true, and it fails only because the cost function ¢ takes the “wrong”
value on the diagonal, while the “correct” cost function should be

_ 0 for0<y<azx<l,
(4) cr(x,y)—{ oo for0<z<y<I.

In fact, in some sense, around the points in the diagonal there are “many”
points where ¢ = 0, hence it makes no sense to have ¢ = 1 in the diagonal.
Notice that with the cost function ¢, duality holds, and in particular

(5) P. =D, =D..

Basically, we are saying that in the above example the correct value of both
the primal and the dual problem “should be” the same, namely 0, and it
is not so only because the cost function ¢ has been defined in a slightly
meaningless way. In particular, the fact that D. = D. is saying that the
dual problem is less sensitive to the “mistakes” in the definition of ¢, while
the primal problem is more sensitive and indeed P, > P, .

The aim of the present paper is to show that the situation is always the
one described by means of the above simple example. More precisely, we
will show that for any transport problem it is possible to define a meaningful
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rectified cost function ¢, < ¢, and (5) always holds true. Roughly speaking,
this means that duality in the Monge-Kantorovich problem always holds
true, as soon as one considers the “correct” definitions of the cost functions
c. Moreover, an “incorrect” definition may only affect the value of the primal
problem, and can be corrected by passing to a suitable rectified cost function
Cp.

Let us now describe another important feature of our rectification pro-
cedure. Consider a simple variant of Example 1.1, where the value +o00 in
the definition of ¢ is replaced by some number 1 < M € R. In this case
the cost is finite, then according to the classical results we know that the
duality holds. However, the transport problem has now another drawback,
namely that there are no optimal transport plans. In fact, the infimum of
the costs of the transport plans is now 0, but every transport plan has a
strictly positive cost. In particular, every optimizing sequence of transport
plans converges to the plan concentrated on the diagonal, which has cost 1.
Clearly, also this bad behaviour disappears if one passes to the rectified cost
function c¢,, which has value 0 in the diagonal and coincides with ¢ outside.

We will show that also this pleasant feature of the rectification process
holds in general, that is, the transport problem with the rectified cost ¢,
always admits optimal transport plans. We can say something even stronger,
namely, that for any sequence of plans m, weakly converging to m, the liminf
inequality for the costs holds, that is,

(6) Ty — T = (cr,m) <liminf(c,,m,) .

n—oo

Before concluding this introductory description, it is important to under-
line here two things. First of all, one is easily lead to guess that the correct
rectification ¢, is simply the lower semi-continuous envelope of c. In fact, ¢,
coincides with the l.s.c. envelope of ¢ in the two examples that we presented
above, and moreover for a l.s.c. function the property (6) is clearly always
true. However, it is also easy to realize that the l.s.c. of ¢ does not work as
we want. To see this, it is enough to consider the following example.

Example 1.2. Let X =Y =[0,1], let p = v be the Lebesque measure, and
define
[0 f@yeqxQ,
olz,y) = { 1 otherwise.

In this case, the value of the cost function is almost surely 1, so the problem
is perfectly equivalent to the trivial problem with ¢ = 1, hence the duality
already holds, the minimum is already attained, and there is no meed to
change anything. But on the other hand, the lower semi-continuous envelope
of ¢ is costantly 0.

Looking at the example above, one easily understands what is wrong with
the L.s.c. envelope. Roughly speaking, one needs to have ¢, (z,y) < c¢(z,y) if
there are “many” points around (z,y) with a low value of the cost function,
while the lower semi-continuous envelope goes down even if there are only
“few”, but infinitely close, such points. We will make a better discussion
later, with Example 3.2.
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The second thing that we want to underline is, whether or not the rectifi-
cation ¢, of ¢ depends on the measures i and v. On one hand, it seems quite
reasonable, and it would be of course much better, if it is not the case and ¢,
depends only on c¢. But on the other hand, it is also easy to realize that this
is not possible in general. In fact, if for instance p and v are concentrated
on two points T € X and § € Y, then the value of ¢ out of (Z,y) does not
play any role and it cannot affect the definition of ¢,. More precisely, we
can observe that the fact whether there are “many” of “few” points around
(z,y) € X xY of course depends on the measures p and v. In fact, we
will show (see Remark 3.1) that the rectification ¢, of ¢ only depends on the
class of negligible sets with respect to p and v, which is the best one could
hope in view of the above considerations.

1.2. Formal statement of our result. In this section, we can give the
formal definition of the rectification ¢, of ¢ and the correct statement of our
main result. First of all, we need to introduce the following notion.

Definition 1.3. A set A C X x Y is called L-negligible if there exist two
sets M C X and N CY with u(M) =v(N) =0 such that

AC(MxY)U(X xN).

Accordingly, if a property holds on the complement of an L-negligible set,
than we sey that it holds L-almost surely.

It is trivial but fundamental to observe that the transport problem is not
affected if the cost function is changed on an L-negligible set.
We can now give our definition of the rectified cost function.

Definition 1.4. Let ¢ : X x Y — [0,00] be measurable. A function c, :
X XY — [0,+00] is said to be the rectification of ¢ if the following holds:
(i) for all Borel functions v, : [0,1] — [—00,00) satisfying ¢ ® ¢ < ¢
we have ¢ @ 1 < ¢, L-almost surely;
(ii) ¢ is minimal subject to (i), i.e. if d is another function satisfying
(i) then L-almost surely ¢, < d.

It is clear from (ii) that every cost function has at most one rectification,
while the existence is not obvious. We can now state our result.

Theorem 1. Take two Polish spaces X and Y, two probability measures
woand v on X and Y respectively, and a Borel measurable cost function

c: X XY —[0,00]. Then the following holds.

(A) There exists a (L-almost surely) unique rectification ¢, of c. More-
over
(A1) one has L-almost surely ¢, < c¢;
(A2) if ¢ is lower semi-continuous, then L-almost surely ¢, = ¢;
(A3) for the transport problem associated to ¢, duality holds, in par-
ticular

P, =D, =D..

(B) The transport problem associated to ¢, admits a solution (i.e., an
optimal transport plan). Moreover
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(B1) for any transport plan m and for any sequence of transport plans
T, — 7 one has

// ¢ dm < lim inf // cp diy, ;
XxY n—oo XxY

(B2) for any transport plan 7 there is a suitable sequence of measures
T, — T So that

// ¢ dm = lim // cdmy, .
XxY n—=oo JJXxY

(C) There exist Polish topologies Tx, Ty on X resp. Y which refine the
original topologies, lead to the same Borel sets and are so that ¢, is
lower semi-continuous w.r.t. Tx Q@ Ty.

Remark 1.5. We underline that another way of “solving” the situations
where the duality does not hold has been given in [BLS09]. For e > 0, define
the 1 — e partial transportation problem (considered for instance in [Figl0,
CM10]) by

P :—inf{//ch:PXﬂg,u,,Py <v,|r| > 1—&} .
Then [BLS09, Theorem 1.2] asserts that

__ prelazed ,__ 71: 5
D = Pt = lim P

2. PROOF OF THE MAIN RESULT

In this section, we prove our theorem. We start with one of the main
ingredients of the proof, namely, to show the existence of a rectification ¢,
corresponding to the cost function c. In fact, we can show something more
precise.

Lemma 2.1. There exists a unique rectification ¢, : X x Y — [0,00] of
c. Moreover, there exist two sequences of measurable and bounded functions
on: X =R and ¥, : Y — R such that @, ® 1, < ¢ for all n, and
Cr = SUp p B Yy .
n>1
In the proof of this result, we will use the following characterization of
L-negligible sets.

Lemma 2.2. A Borel set A C X x Y is L-negligible if and only m(A) =0
for every transport plan 7 € II(p, v).

Proof. If A is L-negligible, then clearly m(A) = 0 for every transport plan
7 € I(u,v). The other direction is more difficult and was first established by
Kellerer as a consequence of the Duality Theorem for bounded cost functions
[Kel84, Proposition 3.5]. See also [BLS09, Appendix A] for a more direct
proof. O

Proof of Lemma 2.1. As already noticed, the uniqueness of a rectification
is trivial by property (ii) of Definition 1.4, hence we have only to show the
existence. For simplicity, we will divide the proof of the lemma in some
steps.
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Step 1. Reduction to the case of a bounded cost function c.
We start the proof by reducing to the case of a bounded function c. First of
all, for any function 7 and any n € N let us set

n)

7™ .= max <min(77 n), —n) .

It is now immediate to notice that, for any two functions ¢ : X — [—00, 00)
and ¥ : Y — [—00,0), the sequence

n— o™ g yp™

is increasing where ¢ @1 is positive, and it is pointwise converging to ¢ ® .
Hence, a function d : X xY — [0, 0o] satisfies L-almost surely the inequality
©®1 < d if and only if (™ @™ < d for all n € N. As a consequence, if a
function d satisfies property (i) of Definition 1.4 for all the pairs of functions
which are bounded, then it already satisfies (i) in full generality. We are
then ready to show the claim of this step. Indeed, let us assume that the
lemma has been already established for all bounded cost functions, and pick
a generic cost function ¢. By assumption, for any n we know that ¢(™ admits

a rectification c,(ﬂn) = SUpjeN Pn,j B ¥n,j. We claim then that

Cp 1= SUp p j B Py j = sup cg,”)
n,j n
is a rectification of ¢. Concerning property (i), for all Borel functions ¢, ¢
we have
pop<c = eMep™<c Vn = Maeyp™ < vy
_— (p(”) @z/;(") < cfﬂz") <c¢ Vn = v <ec.
On the other hand, concerning property (ii), let d : X x Y — [0, +0o0]

satisfy (i), and let n € N. Since we assume the validity of the lemma for
¢ which is bounded, from the fact that

pop<cdV = gpoy<c = @y <d,

we immediately deduce that c,(ﬂn) < d. Hence, clearly ¢, = sup,, an) <d.
Step II. The bounded case: definition of ¢, and property (ii).

In view of Step I, let us now concentrate on the case of a bounded cost
function ¢, say ¢: X x Y — [0, M]. Consider the set

Ve {(f,g>: f:XH[0,1]79:Yﬂ[0,1]7/fdu=/ng},

and pick a family {(f, gn) }nen € V which is dense in V' in the sense that for
all (f,g) € V and € > 0 there are f,, g, satisfying ||f — fulli +1lg —gnl1 < e
Here, and in the following, by the sake of shortness for each h € L}L(X )
(resp. k € LL(Y)), we write ||h||; (resp. ||k||1) to denote HhHL}‘(X) (resp.

|kl|L1(vy). For each n € N, let us now take a pair of functions (¢n,vn)
which are optimal for the dual problem, hence such that ¢, & ¢, < ¢ and

M [ ndtfa+ [ bndigu) =t { J[ eav: Py = fun s - gnu} .

This is possible thanks to the known duality results for bounded cost func-
tions ([Kel84, Theorem 2.21]).



DUALITY FOR RECTIFIED COST FUNCTIONS 7

For technical reasons it will be convenient to take also the pair of functions
wo = 0,799 = 0 into account.

Let us now define ¢, := sup,,~q¢n @ ¥n. The proof will be obtained by
checking that ¢, is a rectification of ¢. Let us start with the minimality
property (ii), which is straightforward. Indeed, let d be a function which
satisfies (i). For any n > 0, then, by construction we have ¢, ® ¥, < c,
and by (i) this implies ¢, @ 1, < d. Passing to the supremum, we obtain
¢r = sup,, ¥n ® V¥ < d, then the required minimality property (ii).

Step III. The bounded case: proof of (i).

In view of the preceding steps, we still only have to check that the function
¢, defined above verifies (i). Striving for a contradiction, we assume that
there exist functions ¢ : X - R,v : Y — R, p ® ¢ < ¢ such that the set
{e® 1 > ¢} is not L-negligible.

Pick, by Lemma 2.2, a transport plan my € II(u, v) so that mo({e ® ¢ >
cr}) > 0. As

{p®Y > ¢} = U {(x,y):go(x)>a,¢(y)>b,a—|—b>cr(x,y)+(5},
a,b,0€Q,6>0

there exist a,b € R,§ > 0 and a Borel set I' C X x Y so that

7T0(F)>0

a < on A := PxT,

b< on B:= PyT,

e <a+b—9 on I.

Let now
d(P d(P
Yo :=mol ', f::w7 g;:w,

du dv

where the first definition means that for any Borel set A one has
’yo(A) =70 (F N A) .
Since (f,g) € V, we can pick n > 1 so that f,, g, satisfy

3ol
(®) 17 = Sl + g = galls < “000

Take now a plan «y € II( fu, gnv), and notice that
'Y(A X Y) = fn,u(A) > fM(A) - H.f - fn”l = 70(14 X Y) - Hf - anl
= [lvoll = [If = fall1
so that
Y(AXxB)=7y(AxY)=~v(Ax (Y\B)) >y(AxY)—v(X x (Y\B))

> ol = [If = falli = gav(Y'\ B)
> oll = 1 = falls = (0¥ \ B) + lg = gl )
= [lvoll = [If = falli = lg = gnll1 -
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As a consequence, recalling that ¢ > @Y > a+bon A x B, we can estimate

inf // cdy inf // cdy
YEM(fnpgnv) J J X xY VGH(an gnv) JJAxB

©)
> (a+b)<||70|| = fulls ug—gnnl) |

On the other hand, set

d(fmu)
d(fu)

and notice that

H’VoH—H’mH=//1—(aAﬁ)d'mS//l—ad'yo+//1—ﬁd70

<|If = falli +1lg = gnll1-
We can then call

_ d(PyA d(Py5 .
joe U000 g LAV 20, gm0,

d(gn )
AT, ﬁzzd((gg:))Al, Fo = (@A B < 0,

dp. 77 dv
observe that
(10) [ frull = llgrvll < WIf = fulls + llg = gnll1,
thus getting to evaluate
/‘Pn d(fnu) + /wn d(gnV)

= /sond(fu) +/wn d(gv) +/<Pnd(fru) +/¢n d(g-v)
= [[evevadios [[enowma( )
< / / & do + M| fopt] < / / ¢ dro + M| fop

< (a+b=0)loll + M(If = fulli + 119 = gall)

where we have used (10) and the fact that ¢, > 0, which immediately comes
from the definition of ¢y and 1)y. Finally, inserting the last inequality and (9)
into (7), and recalling that by construction a + b < supc < M, we readily
obtain

o
15 = fall+ g — gull > 200
which together with (8) provides the searched contradiction. (]

We can now come to the proof of Theorem 1.

Proof of Theorem 1. Let us start from Property (C). Our argument will
be based on [Kec95, Theorem 13.1]: if Z is a Polish space and Bj, Bs, ...
are Borel sets in Z, then there exists a Polish topology 7 on Z so that 7
refines the original topology, 7 generates the same Borel sets as the original
topology and all sets B,,n € N are open in 7.

A useful application is that a Borel function can be viewed as continuous
function on a modified space. More precisely, if f : Z — R is Borel, then
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we can apply the above-mentioned result to the sets B, := f~}(U,),n € N,
being {U, }nen a neighborhood basis of R, to obtain a Polish topology 7 on
Z which refines the original topological and in which all sets B,, are open.
Consequently, f is a continuous function on the space (Z, 7).

By Lemma 2.1, there exist two sequences of measurable functions ¢, :
X — R and ¢, : Y — R such that sup,,~; ¢n & ¥, = ¢.. Using the just
explained argument, we can find topologies 7x and 7y on X resp. Y so
that, for every n € N, ¢,, and v, are continuous functions on (X, 7x) resp.
(Y, 7y). As a consequence, the functions ¢, @ ¥,,n € N are continuous on
(X xY,7x ® 7yv) and hence ¢, = sup,,>; pn @ ¥y, is Ls.c. with respect to
Tx ® Ty, so that Property (C) follows.

Let us now consider Property (A). The existence and uniqueness of a
rectification have been already established with Lemma 2.1. Concerning
Property (A1), it is clear from the definition of the rectification.

We pass then to consider Property (A2). Pick families of open sets
{Un}nen and {Vi, }men which form bases of the topologies of X resp. Y.
For n,m € N, set

e = inf c(xr,y) <+
T () EUn X Vi (z,9) <

and define ¢, p, j : X — R and ¢, j 1 Y — R so that

Pn,m,j D wn,m,j = €En,m A ] on U, xV,
Onm,j © Unmj <0 otherwise.

Since by construction ¢y, m j © Ynm,; < ¢, by definition we have ¢y, ; ©
Ynm,; < ¢r, and hence also
cr > Sup ©n,m,;j 2] Tpn,m,j .
n,m,j
Finally, if ¢ is l.s.c. then the latter supremum coincides with ¢ itself, so
L-a.s. one has ¢, > ¢, which together with Property (A1) concludes the
searched equality.

Finally, we consider Property (A3). First of all, we can observe that ¢
and ¢, have the same dual problem, that is, D, = D,,. To do so, take two
functions ¢, 1, integrable with respect to u and v respectively, and such that
@ @1 < c. By definition, there exist sets M C X, N C Y, u(M)=v(N) =0
so that (¢ @ ¢¥)(x,y) < ¢ (z,y) for all z € X \ M,y € Y \ N, hence for
¢:=¢—Iy,Y:=1¢—Iy wehave DY < ¢, and [ pdp = [@du, [dv =
/ &du. This shows D, > D.. The other inequality is identical. Indeed, if
¢, 1 are integrable and p @1 < ¢, by Property (A1) there are again two sets
MCX NCY, u(M)=v(N)=0sothat (¢ ®V)(z,y) < cr(x,y) < c(z,y)
forall z € X \ M,y € Y\ N, so exactly as before we get D. > D,,, and in
particular we have D, = D,,..

Moreover, having already established Property (C), the equality D, =
P., comes directly from the standard duality theorem for l.s.c. cost functions
(notice that a change of the topology which does not change the Borel sets
does not effect neither the primal nor the dual problem).

We are then finally left with Property (B). First of all, the existence of
an optimal transport plan with respect to ¢, is obvious by Property (C).
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Indeed, it is well-known that a transport problem with a l.s.c. cost admits
an optimal transport plan, and the optimality of a plan is again not effected,
of course, by a change of the topology.

Let us now consider Property (B1). To show its validity, we first recall
the very well-known fact that, whenever d is a l.s.c. function and 7, is a
sequence of measures weakly converging to -, one has

/dd’y <liminf [ ddy,.
n—oo

Let us now take a transport plan m and a sequence {m,} such that m,, —
m. Thanks to Lemma 2.3 below (and to the discussion of the following
Remark 2.4), we obtain that the weak convergence m, — 7 holds also with
respect to the new topology 7x ® 7y. But then, since ¢, is 1.s.c. with respect
to this topology, we immediately get the searched liminf inequality.

Finally, we are left with Property (B2). Keeping in mind Property (B1),
it is sufficient to show that for every m € II(u,v) there exists a sequence
Ty, — 7 so that

(11) limsup//cdﬂn < //Crdﬂ.

We present the proof for the case X =Y = [0,1] and 4 = v = A, because
the argument becomes much simpler to read, but at the end it will be clear
that the proof of the general case is equivalent, and just more notationally
uncomfortable.

If [[ ¢y dm = oo there is nothing to prove, so assume that [[ ¢, dr < occ.
FixneNand l,m € {1,...,2"}. Set

Dl = (5 ae] x (% 3]

Denote by pj',,, 1", the marginals of = [ Df,,. For pj', -, resp. v’ -
integrable functions ¢ : (lQ_—nl,QLn} — R,y (""”2;1,2%] — R satisfying
@ @Y < c we have

/cpdu}fer/lbdu{fmg// e dm < 0.
D

n
l,m

Hence the optimal dual value corresponding to the cost function ¢ and the
-1 1 m—1 m

spaces ((27,27} ,,u;fm), (( o ,Q—n] ,Vl’:”m> is finite. By Remark 1.5 (resp.

[BLS09, Theorem 1.2]), there exist uj, -, resp. v}’ -integrable functions

n . (l=1 1 n . (m—=1 m n n
Ol (71, 27] — R, wl’m : ( o ,2—"] — R and a measure ' ON Dl,m
so that

1

T npdn o

(12)  PxTin < fim s Py < Vi (70l 2 0m|l
(13) Plim © Viim < €,

(14) / CH TS / Ol AV > / / cdniy, — i -

Define a measure m, on X x Y by the requiring that m, | D' = =} for
all [,m € {1,...,2"}. It follows from (12) that

lim (D) = 7(Dplyy)
k—o0 ’ ’
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for all I,m,n € N,I,m < 2". Consequently, (7)r>1 converges weakly to .
From (13) and (14) we deduce

//cdwn—}lz > //Cdﬂ-lm_n4")

m<2n
< Z /‘plmdlulm /wlmdylm
[,m<2n
= Z // Sol ,m D wl ,m dm
[,m<2n
Z // Crdﬂ'—//crdﬂ'
lm<an /DI
Letting n tend to oo in the last mequality, we obtain (11). (]

In the above proof, we needed to use the following technical topological
result.

Lemma 2.3. Let X, Y be Polish spaces, let u, v be Borel probability mea-
sures on X, Y respectively, and take a measure m and measures w,, n € N,
on X XY such that

(15) Pxm<p, Pxm,<u, Pyr<v, Pym,<v.

Then, m, weakly converges to m if and only if m,(A x B) — w(A x B) for
all Borel sets AC X, BCY.

Remark 2.4. It is important to underline a consequence of the above result,
namely, that the weak convergence of transport plans only depends on the
Borel structure of X and Y, instead of the topological one. In other words,
replacing the topologies on X and Y with other topologies generating the
same Borel structures, the weak convergence of the sequences of plans is left
unchanged.

Proof of Lemma 2.3. Suppose first that =, — 7, take two Borel sets A C X
and B CY, and fix ¢ > 0. It is then p0581ble to select two open sets A DA

and B D B, as well as two compact sets A C A and B C B, in such a way
that

,u(ﬁ\jzl\)<5, y<§\§)<€
By the standard semi-continuity properties of the weak convergence, and
recalling (15), one then has

liminfwn(gx E) > W(AVX E) > 7T(A X B) Z?T(A\X E)

n—oo
> limsupﬂn(ﬁ X E) > limsupﬂn(g X E) — 2¢,
n—oo n—oo
which clearly implies 7, (A x B) — w(A x B).

On the other side, assuming the convergence of m, (A X B) to 7T(A X B)
for all Borel sets A C X, B C Y, we have to prove that m,, — 7. Notice that
the sequence {m,} is relatively sequentially weakly compact, by (15) and
by Prokhorov Theorem (this is standard, see for instance [Vil09, p55-57]).
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Hence, one can find a measure 7 and extract a (not relabelled) subsequence
such that m, — 7. Of course, we are done once we check that © = w. But
in fact, by assumption and by the first half of the proof we know that

7~r(A><B) <—7rn(A><B) —>7T(AXB)

for all Borel sets A C X, B C Y. Hence, m and 7 agree on all the Borel
rectangles A x B, and since Borel rectangles are a basis for the Borel sets of
X xY, we deduce that 7 = 7. U

3. REMARKS AND EXAMPLES

In this last section, we collect some examples and remarks about the
rectification. First of all, we show that the rectification of a cost function
¢ is not independent of u and v, but in fact it depends only on which are
the negligible sets with respect to p and v. As already discussed in the
introduction, this is the strongest possible result in this sense.

Remark 3.1. Given a cost function ¢ : X xY — [0, +00], the rectification
¢r of ¢ is not independent of p and v. However, it only depends on the
class of the p- (resp. v-) negligible sets in X (resp. Y ). This is immediate
from Definitions 1.4 and 1.3, since everything depends on which sets are
L-negligible, and in turn this only depends on the - and v-negligible sets.

A second observation is needed, concerning the lower semi-continuity
properties of ¢,. In fact, we have already seen, with Example 1.2 in the
introduction, that ¢, is not the l.s.c. envelope of ¢. However, that example
may leave the impression that ¢, can still be defined as the l.s.c. envelope
of ¢, made after a modification of ¢ on an L-negligible set. This is indeed
true in Example 1.2, as well as in many other situations. We can show with
the example below that this is not in general the case.

Example 3.2. Let (X, ) = (Y,v) = ([0,1], ). Let (gn)n>1 be an enumer-
ation of the rationals in [0,1]. Pick a so that

T = [0,1\ (@ — /2", g + 0/2")

n>1

has Lebesgue-measure 1/2. Set ¢ = Ip,1p =0 and ¢ = ¢ ® . Then P, =
D. = 1/2, and ¢, = c. Nevertheless, any lower semi-continuous function
g: X xY — [0,00] which is L-almost surely smaller than c necessarily
satisfies g < 0 L-almost surely.

We can now discuss a little bit the situation concerning the boundedness
of the cost function c. In fact, as we already mentioned in the introduction,
if ¢ is bounded then the duality P. = D, already holds true, so one could
think that ¢, = ¢ whenever c is bounded. We already know that this is not
true, thanks to the variant of the Example 1.1 where +o0 is replaced by
M > 1. But as we discussed, in that situation ¢ had the drawback that no
optimal transport plans existed, while there are always optimal transport
plans for ¢,. It is then interesting to see an example where ¢ is bounded
and there are optimal transport plans for ¢, but still ¢, does not coincide
L-almost surely with c.
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Example 3.3. Let us again consider the setting where X =Y = [0,1] and
= v is the Lebesgue measure, and consider the cost function given by

e(z.7) ::{ 0 ifz—yeQ,

1 otherwise.

Then, it is very easy to see that P, = D. = 0, and the identity is an
optimal transport plan. Howewver, it is also simple to observe that, whenever
p® Y <c, then in fact ¢ ® Y <0, and this readily yields that ¢, =0, so ¢,
does not coincide with ¢ L-almost surely.

The above examples show in particular that Property (A) of Theorem 1
is not enough to characterize the rectification ¢,.. We can show, with another
example, that also Property (B) does not characterize the rectification (this
means that, if a function ¢, verifies Property (B), then not necessarily ¢,
coincides with ¢;).

Example 3.4. Let us consider another variant of Example 1.1, with the
cost function ¢ given by

2, for0<y<z<1,
c(z,y) = 1, for0<z=y<1,
0o, for0<z<y<lI.

We know that ¢, = ¢, since ¢ is l.s.c.. Howewver, let us define ¢, replacing
2 by 0 under the diagonal (or, more in general, define ¢, to be 1 on the
diagonal, 00 above it, and any other measurable function below it). Then,
since all the transport plans have an infinite cost except for the identity,
which has cost 1, it is immediate to observe that the function ¢, verifies
Property (B), though it is false that ¢, = ¢, L-a.s. .

We conclude by introducing the following stronger variant (B’) of Prop-
erty (B), and showing that in fact (B’) uniquely characterizes the rectifica-
tion.

(B?) for any measure m on X XY, Pxm < u, Pym < v and any sequence
m, — 7, Pxm, < u, Pym, < v one has

/ ¢p dm < liminf / ¢ dm, < liminf / cdm, ,
XxY =0 JX Y =0 JX XY

and moreover for any such measure 7 there is a suitable sequence
m, — 7 such that the above inequalities are equalities.

The only difference between Properties (B) and (B’) is that in the first
case one only considers transport plans m, hence Pxm = p, Pym = v, while in
the latter one considers the more general case when Py7 < p and Py < v.
This could seem a slight difference, but on the contrary it makes Prop-
erty (B’) strong enough to characterize the rectification, as the next remark
underlines.

Remark 3.5. It is pretty simple to realize, from the proof of Property (B)
in Theorem 1, that also the stronger Property (B’) holds true. On the other
hand, given any function ¢, which satisfies the Property (B’), we claim that
¢ coincides with ¢, L-almost surely.
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To see this, take any measure w on X X Y satisfying Pxm < u, Pym < v,
and observe that Property (B’) implies that

[ eran=[[ean.

It follows that m({c, < & }) = w({c, > & }) = 0 for any such measure 7, so
in particular for any m € (w,v). Our claim then is immediately obtained
thanks to Lemma 2.2.

In particular, it is easy to notice that the function ¢, of Fxample 3.4
verifies Property (B) but not Property (B’).
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