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ABSTRACT. We investigate the relationship between the N -clock model (also known as
planar Potts model or Zy-model) and the XY model (at zero temperature) through
a I'-convergence analysis of a suitable rescaling of the energy as both the number of
particles and N diverge. We prove the existence of rates of divergence of N for which
the continuum limits of the two models differ. With the aid of Cartesian currents we
show that the asymptotics of the IV -clock model in this regime features an energy which
may concentrate on geometric objects of various dimensions. This energy prevails over
the usual vortex-vortex interaction energy.
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1. INTRODUCTION

Classical ferromagnetic spin systems on lattices represent fundamental models to under-
stand phase transition phenomena. On the one hand, the study of their properties has
motivated the introduction of new mathematical tools which have provided useful insights
for a number of problems arising in different fields. On the other hand, many techniques
borrowed from probability theory, mathematical analysis, topology, and geometry have con-
tributed to a better understanding of the properties of these systems.

In this paper we make use of fine concepts in geometric measure theory and in the theory of
Cartesian currents to understand the relationship between the XY -model and the N -clock
model (also known as planar Potts model or Zy-model) within a variational framework.
The N -clock model is a two-dimensional nearest neighbors ferromagnetic spin model on the
square lattice in which the spin field is constrained to take values in a set of N equi-spaced
points of S'. For N large enough, it is usually considered as an approximation of the
XY (planar rotator) model, for which the spin field can attain all the values of S'. The
asymptotic behavior of the N -clock model for large N has been considered by Frohlich and
Spencer in the seminal paper [31]. There the authors have proved that both the N-clock
model (for N large enough) and the XY model present Berezinskii-Kosterlitz-Thouless
transitions, i.e., phase transitions mediated by the formation and interaction of topological
singularities. The microscopic picture leading to the emergence of such topological phase
transitions (first introduced in [14] 42} 43]) is a result of a nontrivial interplay between
entropic and energetic effects that takes place at different length scales.

This paper contributes to precisely relating the N -clock model and the XY model at zero
temperature. Specifically, we show that the enhancement of symmetry, from the discrete
one of the N-clock model to the continuous one of the XY model, comes along with
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concentration of energy on geometric objects of various dimension. This is achieved by
studying a suitably rescaled version of the energy of the N-clock model as N diverges,
through a coarse graining procedure which is made rigorous by I'-convergence, see [I8|
29]. A crucial step of this analysis is the choice of the topologies which best identify the
relevant variables of the coarse grained model and lead to the effective description of the
microscopic/mesoscopic geometry of the spin field. In contrast to the XY model, the
sole study of the distributional Jacobian of the spin field turns out to provide not enough
information on the concentration effects of the energy; we shall see how these effects can be
detected by Cartesian currents, for the first time introduced in the context of lattice spin
models.

In what follows we present the model and our main result. We consider a bounded,
open set with Lipschitz boundary © C R%. Given a small parameter ¢ > 0, we consider
Q. := QNeZ?%. The classical XY model is defined on spin fields u: Q. — S' by

=Y Sulei) - ulej), (1.1)
(4,5)
where the sum is taken over ordered pairs of nearest neighbors (i,j), i.e., (i,j) € Z*xZ?
such that |i — j| =1 and ei,ej € Q.. The variational analysis of the XY model is part of
a larger program devoted to the study of systems of spins with continuous symmetry [4} [7]
8| [13] 23], 27, 28], 47, 25].
Here we consider an additional parameter N, € N or, equivalently, 6. := 12\77: The
admissible spin fields we consider here are only those taking values in the discrete set S, :=
{exp(tkf.): k=0,...,N. — 1} C S', i.e., we consider the energy

F.(u) :=— ZEQU(Ei) cu(ej) ifu: Q. — Se,
(4,9

extended to +o0o otherwise. For N. = N € N, with N independent of €, the spin system
described by the energy F. is usually referred to as N-clock model, cf. [31]. The particular
case where N = 2 is the so-called Ising system, recently analyzed in [39, 17, 24] 2T [3]. See
also [2], B, [@, [19)] for the long-range case.

As is minimized on constant spin fields, one refers the energy to its minimum

. : 1 . .
XY (u)=— Z g? (u(ez) ~u(ej) — 1) =3 Zz—ﬂu(&:z) —u(eg) 2.
(4,4) (4,5)

Analogously, we set
E.(u) :=F.(u) —min F, = XY.(u) ifu: Q. = S;, (1.2)

extended to 400 otherwise, and we find the scalings k. — 0 for which éEe has a nontrivial
variational limit. These are affected by N¢, as it emerges in the two limiting scenarios N, = 2
and S. = St (formally corresponding to N. = +oc). If N, = 2, %Ee(us) approximates an
anisotropic interfacial energy between the phases (1,0) and (—1,0), see [3]. In contrast, for
the XY system, i.e., S. = S!, it has been shown in [4, Example 1] that no interfacial-type
energy emerges at any scaling x. > ¢2. Indeed, if u. interpolates (linearly in the angle)

from u~ = exp(1p~) to ut = exp(tp™) on a length-scale of size 7., the energy amounts to
1 € _ g2
X Yelue) ~ (1= cos (o™ —07) )~ o= (1.3)

which goes to 0 if 7. > % This construction may not be feasible when S. # S! if the
minimal angle ¢. satisfies . 2 “=. In the constrained case, choosing the largest possible
length-scale 7. = [T — ¢~ |5, one gets (denoting by dg: the geodesic distance on S

1 € | 4 b _,  €b. Lo
/?EEE(%) (1 COS@&))@VP 7| ,TEW? 7| Fngl(U yu”), (1.4)

€
which suggests that . = €0, leads to an energy proportional to a BV total variation (in
the sense of [IT, Formula (2.11)]). In fact, in Proposition we prove that sub-level sets
of E%EE are pre-compact in BV (Q;S!) equipped with the L' topology.



VARIATIONAL ANALYSIS OF THE N-CLOCK MODEL 3

Given u.: Q. — S. with iEs(uE) < C we have

1 605 1 08
XY = E ~ —
e (ue) e (ue) e|loge]
As it is known from the theory of the XY model [} [7] (see also [16}, 44, [40, 4T, [45] 11, [46], 10
for the Ginzburg-Landau theory), boundedness of mX Y. (u.) implies flat compactnes
of the discrete vorticity measure p,,_, which counts the winding number of u. at each point
of eZ?, cf. (2.4). If ¢|loge| < 0., (1.5) gives no bound on XY.(ue) and suggests

that p,, does not play a role in the asymptotics of iEE. In fact, in [26] we prove that

(1.5)

e2|loge| e2|loge| €0,

52|10g5\

iE‘S I'-converges to an anisotropic total variation in BV (£2;S!). Here we are interested in
regimes for which the limit cannot be exhaustively described in BV . We start by assuming
0. < ¢|loge|, which by implies  fi,,, 0. This constraint will induce a T'-limit
(possibly strictly) larger than the anisotropic total variation in BV (Q;S!). To prove this
fact, our idea is to associate to w. with E (ue) < C the current G, given by the
extended graph in QxS! of 1ts piecewise constant interpolation, see Subsection [3.5 E Slnceﬂ
0Gy. = — . X[S'] and ju,, L0, the limit T' of the currents G, satisfies 0T = 0 and,
more precisely, is a Cartesian current in cart(2xS!). For this reason, the limit of iEE in

this regime shares strong similarities with the L'-relaxation of the W'!-norm of maps in
CL(;Sh), cf. [34,135]. The T-limit, cf. Propositionsand features a term reminiscent

of the BV -type concentration of |Du,.|, possibly inevitable to satisfy p,, RN 0, in general
not expressible as an integral functional on the limit of ..

Our main theorem concerns the regime where u. displays simultaneously vortex-type and
BV -type concentration effects. The discretization (in domain and codomain) v.: Q. — S
of a vortex =19 satisfies, iEg(vg) ~ 2rlloge|gz — +oo if 0. < eflogel, cf. @73).
To obtain a finer description of the limit, we renormalize E. by removing the diverging
energy of M vortices and by studying the excess energy iEE(uE) — 27 M| log 5|é.

bound on the latter energy yields, cf. Proposition , Lo, LN = 2}1:[:1 dndz, , dn € Z,
and |p|(Q) < M. If |u|( ) = M, the diverging energy 2mM|loge|s has been saturated by
p and a finite energy —-F. is still accessible to the system. This might lead to BV -type
concentration effects, detected by the current T, limit of the extended graphs G, . Since

0G., = —p, X[S'] and g, L Ju, T satisfies the nontrivial constraint T = —px[S'].
This condition couples the vortex-type and BV -type concentration effects displayed by the
spin field, resulting in a term J(u, u; ) in the F—limitﬂ This leads to our main result

Theorem 1.1. Assume that ¢ < 0. < ¢|loge|. Then the following results hold true:
i) (Compactness) Let M € N and let uc: Q. — S. be such that —-E.(u.) —2mM|loge| £ <
C'. Then there erists a measure u = Zgil dpbs, , xn € Q, dy, € Z, such that (up to a

subsequence) fiy,, SR woand |p|(Q) < M. If, in addition, |u|(Q) = M, then there exists a
function u € BV (Q;S') such that (up to a subsequence) ue — u in L' (;R?).

it) (T -liminf inequality) Let u.: Q. — S and let p = Zthl dndg, , xn € Q, dy, € Z with
|e|(2) = M. Assume that pi,, iR . Let uw € BV(S;SY) be such that ue — u in
LY (Q;R?). Then

1
/ Vuulor dz + [DOuls 1 (Q) + T (1,15 Q) < hmmf( E.(u.) 727TM|loge|i>.
o ) ) 0 0 95

g

li.e., with respect to the norm induced by duality with compactly supported Lipschitz functions.

2By [S'] we mean the current given by the integration over S! oriented counterclockwise.

31t is given by J(u,u; Q) 1= inf{fJT Lp(x)|vr(z))1 dH () : T € Adm(p,w;Q)}, where Adm(p,u;Q),
defined in , is a suitable class of currents T satisfying, in particular, the constraint 0T = —ux[S'].
Here Jr is the 1-codimensional jump-concentration set of 7' oriented by the normal vp. At each point
x € Jr, the current T has a vertical part, given by a (not necessarily geodesic) arc in S' of length 7 (x)
which connects the traces of u on the two sides of Jr. The set-function J(u,w; -) is not subadditive.

4In Theorem the matrix norm | - |2,1 reflects the anisotropy of the lattice, see Section
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i) (T -limsup inequality) Let u = Zﬁ;l dpbg, , T € Q, dn € Z with |p|(2) = M and let

u € BV (S;SY). Then there exists a sequence ue: Q. — S such that ., BN Ly Ue —> U
in L*(;R?), and

timsup (- (uz) — 27 M loge| - ) < / Valos dz + [D©uls 1 (Q) + T (1 u: Q).
e—0 el 0 Q ' ’

The case 0. ~ e|loge| is studied in [26]. If 6. < e, in [26] we prove that % FE.(u.) —
2w M|loge| approximates the renormalized and core energies obtained in the first order
analysis of the XY model carried out in [8]. Instead, Theorem points out that the N-
clock and XY models exhibit different asymptotic behaviors if € < 0. < ¢|loge|. This is
due to the arising of a surprising interaction between vortex-type and BV -type concentration
effects. Coexistence of singularities of two different dimensions has been already observed
in other models, e.g. [13] 36]. The difference is that here they naturally appear as a result
of both the dependence on ¢ of the codomain and of topological obstructions.

We highlight here some of the main technical difficulties in the very delicate construction
of the recovery sequence in the proof of Theorem Given u € BV (£;S'), we define
its recovery sequence following a gradual approximation procedure, which involves a series
of steps of increasing complexity. At each of these steps, the map u is modified without
essentially changing the energy.

The first main issue is to regularize the map w. Maps in BV (£;S') cannot always be
approximated in energy by S!'-valued smooth functions (in general they cannot be lifted
without increasing the BV -norm [38, 22]). Nonetheless, the result in [I5] (see also [6])
guarantees the density of S!'-valued maps that are smooth outside finitely many point-
singularities. These are related to the vorticity measure p using the Approximation Theorem
for Cartesian currents, cf. Lemma The next main issue is to construct a recovery
sequence u. for such a regularization of u. Close to each singularity, u. is defined by
discretizing (in domain and codomain) a proper translation of é—‘ . The energy carried by this
discrete spin field close to a singularity diverges as 2m|loge[4-. Far from the singularities,
the problem reduces to the construction of a recovery sequence for a smooth S!'-valued
map. This can be further simplified to the case of a piecewise constant S'-valued map
by introducing a mesoscopic scale into the problem, see Lemma [£.13] For such maps, the
construction is a refinement of the one described above to obtain .

The most delicate step is to merge the different parts of the recovery sequence close to
and far from the singularities. This is achieved in the proof of Proposition (Step 2)
by a careful interpolation on dyadic layers of mesoscopic squares, whose size is chosen to
be smaller for layers closer to the singularity. At each layer generation, \%I is sampled at
a different mesoscopic length-scale. The latter is optimized in order to provide the correct
control on the energy in progressing from each layer to the next one.

2. NOTATION AND PRELIMINARIES

We denote the imaginary unit by ¢. We shall identify R? with C. Given a = (a1,as) €
R?, its 1-norm is |al; = |a1|+ |az|. We define the | |21 -norm of a matrix A = (a;;) € R**?
1/2 1/2
by |Alo = (af; +a3;,) "7+ (afy +a3y) .
If u,v € S*, their geodesic distance on S' is denoted by dgi(u,v). It is given by the
angle in [0, 7] between the vectors u and v, i.e., dgi(u,v) = arccos(u - v). Observe that
ilu—v| =sin(3dsi(u,v)) and |u—v| < dgi(u,v) < g|u —vl. (2.1)
Given two sequences a. and [, we write a. < B. if lim._,q % = 0. We will use the
notation deg(u)(zo) to denote the topological degree of a continuous map u € C(B,(xo) \
{x0};Sh), i.e., the topological degree of its restriction u|9B, (z0) » independent of 7 < p. We
let I)(x) be the half-open square given by I)(x) =z + [0, \)?.
By BV (;S') we denote the space of S'-valued BV -functions. We refer the reader to
[12] for a detailed introduction to the theory of BV -functions.
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2.1. Results for the classical XY model. We recall here some results when the spin
field u.: Q. — S! is not constrained to take values in a discrete set. Following [7], in order
to define the discrete vorticity of u., we introduce the projection Q: R — 27Z defined by

Q(t) := argmin{|t — s| : s € 27Z}, (2.2)
with the convention that, if the argmin is not unique, then we choose the one with minimal
modulus. Then for every ¢t € R we define U(t) :=t — Q(t) € [—m, 7).

Let u: eZ? — S! and let ¢: eZ? — [0,27) be the phase of u defined by the relation
u = exp(tp). The discrete vorticity of u is defined for every ei € eZ? by

do(€7) ::% [\I’ (p(ei + ce1) — (i) + U (p(ci + eer + cez) — p(ei + ceq)) 03

+ W (p(ei +cea) — (et +ceq +eea)) + V(p(ei) — p(ei + 862))} :

As already noted in [7], it holds that d, € {—1,0,1}, i.e., only singular vortices can be
present in the discrete setting. The discrete vorticity measure associated to u is given by

= du(€)beip (o) - (2.4)
ei€eZ?
We recall the following compactness and lower bound for the XY model.
Proposition 2.1. Let u.: Q. — St and assume that ———XY.(u.) < C for some C > 0.

e2|loge|

Then there exists a measure 1 € My(2) of the form p = Zthl dpdy, with dp, € Z and
xp € Q, and a subsequence (not relabeled) such that p,, L LN . Moreover

27| p|(R2) < liminf XY (ue).
e—0

e2|loge|
Remark 2.2. Observe that in the regime 0. < e|loge| the bound iEE(ue) < C and
Proposition imply that p, L Q 50.

3. CURRENTS

For the theory of currents we refer to [30, [32] [33]. We recall here some basic facts.

3.1. Definitions and basic facts. Given an open set O C R?, we denote by D*(O) the
space of k-forms w: O — AFR? with C°(O)-coefficients. A k-current T € Dy(O) is
an element of the dual of D*(O) and we write T'(w) for the duality. The boundary of a
k-current T is the (k—1)-current 0T € Dy_1(0O) defined by 9T (w) := T(dw) for every
w € DE1(0) (or OT := 0 if k = 0). The support of a current T is the smallest relatively
closed set K in O such that T'(w) =0 if w is supported outside K. Given a smooth map
f:0—=0"C RY" such that fis prope f#w € DF(O) denotes the pull-back of a k-form
w € DF(O') through f. The push-forward of a k-current T € Dy (0O) is the k-current
f4T € D(O') defined by f4T(w) := T(f#w). Given a k-form w € D¥(0), we can write
it via its components w =3, |_; wa dz® with wa € C2°(0), where the expression |af =k
denotes all multi-indices o = (aq,...,q;) with 1 < a; < d, and dz® = da®A.. . Adz*.
The norm of w(z) is denoted by |w(z)| and it is the Euclidean norm of the vector with
components (Wa())|a|=r- The total variation of T' € Dy(O) is defined by

IT)(0) :=sup{T(w) : weD*O), |wx) <1}.
If T € Dy(0) with |T|(O) < oo, then we can define the measure || € M;(O) by
IT|(¥) :=sup{T(w) : weDHO), |w(x)| <w(x)}, ¥ € Co(0), ¥ =0.

Due to Riesz’s Representation Theorem (see [32), 2.2.3, Theorem 1]) there exists a |T|-
measurable function T: O +— AxR? with |T(z)| = 1 for |T|-a.e. # € O such that

T(w) = /O<w(x),f(x)> d|T|(=) (3.1)

5that means, f~1(K) is compact in O for all compact sets K C O'.
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for every w € D¥(0). If T has finite total variation, then it can be extended to a linear
functional acting on all forms with bounded, Borel-measurable coefficients via the dominated
convergence theorem. In particular, in this case the push-forward fxT can be defined also
for f € C*(O,0’) with bounded derivatives, cf. the discussion in [32 p. 132].

Aset M C O is a countably H*-rectifiable set if it can be covered, up to an H*-negligible
subset, by countably many k-manifolds of class C'. As such, it admits at H*-a.e. z € M a
tangent space Tan(M,z) in a measure theoretic sense. A current T € Dy (O) is an integer
multiplicity (i.m.) rectifiable current if it is representable as

T(w) = /M<w(x),§(z)>0(x) dH*(z), forw e DF(0), (3.2)

where M C O is a H*-measurable and countably H*-rectifiable set, 8: M — Z is locally
H* L M-summable, and ¢: M — A,R? is a H*-measurable map such that &(z) spans
Tan(M,z) and |¢(z)] = 1 for H¥-ae. * € M. We use the short-hand notation T =
7(M,0,€). One can always remove from M the set 671({0}), so that we may always
assume that 6 # 0. Then the triple (M,0,¢) is uniquely determined up to H*-negligible
modifications. Moreover, one can show, according to the Riesz’s representation in , that
T = ¢ and the total variatiorﬁ is given by |T| = |0|H* L M.

If T; are i.m. rectifiable currents and T; — T in Dy(O) with sup,(|T;|(V) +[0T;|(V)) <
+oo for every V CC O, then by the Closure Theorem [32, 2.2.4, Theorem 1] T is an i.m.
rectifiable current, too. By [M] we denote the current defined by integration over M.

3.2. Currents in product spaces. We recall some notation for currents defined on the
product space R% xR? . Let us denote by (z,y) the points in this space. The standard
basis for R% is {ej,...,eq, }, while {€1,...,&4,} is the standard basis of for R%. Given
01 C Rdl,OQ C R open sets, T} € Dk1(01)7 T, € 'Dkz(Og) and a (kil + kzg)—form
w € DMFF2(0;x0,) of the type

w(z,y) = g waﬂ(a?,y)daca/\dyﬁ,
|a|=k1
|B]=F2

the product current Ty x Ty € Dg, 4k, (01x03) is defined by
T1 XTQ((.O) = Tl( Z T2< Z waﬁ(zvy) dyﬂ) dxa)a
la|=Fk1 |B|=k2
while T1XT2(¢d$aAdyﬂ) =0 if ‘Ck| + |ﬂ| = kl + kz but ‘Ck| 75 ]ﬂl, ‘5| 75 ]ﬂg.
3.3. Graphs. Let O C R? be an open set and u: Q — R? a Lipschitz map. Then we

can consider the d-current associated to the graph of u given by G, = (idxu)x[0] €
Dy (O xR?), where idxu: O — OxR? is the map (idxu)(x) = (z,u(x)). Note that

Gu(w) = /O (w(z, u(@)), M(Vu(z))) dz

for all w € D4(O x R?), with the d-vector
M(Vu) = (e1 + Opiutey + 0pules) A ... A (eq + Ogau'er + Oyau’es). (3.3)

Later on we use the orientation of the graph of a smooth function u: O C R? — S (cf.
[32, 2.2.4]). For such maps we have |G,| = H?*L M, where M = (idxu)(Q), and

VI+[Vu(@)P Gu(w,y) = 1 Aes
+ Op2ut (z)er A& + Opou®(2)er A & (3.4)
— Opul(z)ey A&y — Opu?(x)ey A éo for all (z,y) € M.

6For i.m. rectifiable currents, the total variation coincides with the so-called mass. Hence, we will not
distinguish between these two concepts.



VARIATIONAL ANALYSIS OF THE N-CLOCK MODEL 7

3.4. Cartesian currents. Let O C R? be a bounded, open set. We recall that the class of
cartesian currents in OxR? is defined by

cart(OxR?) := {T € Dy(OxR?) : T is i.m. rectifiable, dT|oxr> = 0,
meT =[0], Tlaz >0, |T| < 400, |T|1 < +oc},

where 7¢: OxR? — O denotes the projection on the first component, 7|4, > 0 means
that T(¢(x,y)dx) > 0 for every ¢ € C°(OxR?) with ¢ >0, and

Tl = sup{T(¢(z,y)lyldz) : ¢ € CZ(OxR?), |$] <1}.

Note that, if for some function u
T(¢(z,y)dx) = / d(xz,u(x))dx then [T = / |u| da . (3.5)
o) o)

The class of cartesian currents in OxS! is
cart(OxS') := {T € cart(OxR?) : supp(T) C OxS'},

(cf. [33} 6.2.2] for this definition). We recall the following approximation theorem which
explains that cartesian currents in OxS' are precisely those currents that arise as limits of
graphs of S!'-valued smooth maps. The proof can be found in [34, Theorem 7]E|

Theorem 3.1 (Approximation Theorem). Let T € cart(OxS'). Then there exists a se-
quence of smooth maps uj, € C*°(0;S') such that

Gu, =T inDg(OxR?)  and |Gy, |(OxR?) — |T|(OxR?).

We state an extension result for cartesian currents, which we could not find in the liter-
ature. For a proof we refer the interested reader to [26].

Lemma 3.2 (Extension of cartesian currents). Let O C R? be a bounded, open set with
Lipschitz boundary and let T € cart(OxS'). Then there exist an open set O DD O and a
current T € cart(OxS') such that T|oxrz =T and |T|(OOxR?) =0.

We will also use the structure theorem for cartesian currents in OxS! [34, Section 3,
Theorems 1, 5, 6]E| To simplify notation, from now on we focus on dimension two. Recall
that Q C R? is a bounded, open set with Lipschitz boundary. To state the theorem,
we recall the following decomposition for a current 7' € cart(2xS'). Letting M be the
countably #2-rectifiable set where T is concentrated, we denote by M(®) the set of points
(z,y) € M at which the tangent plane Tan(M, (z,y)) does not contain vertical vectors

(namely, the Jacobian of the projection 7 restricted to Tan(M, (z,y)) has maximal rank),

. ‘ﬂ'ﬂ
by MU = (M \ M@) N (JpxSY), where Jp = {z € Q : dd*;;llTl () > 0}, and by

M) = M\ (M@ U MUY, Then we can split the current via T' = 7@ 4 7€) 4 7G|
where 7@ = TL M@ T .= 7L M© TU) .= TL MU are mutually singular
measures, and we denote by L the restriction of the Radon measure T'. Hereafter we use
the notation 7! = 22 and 7% = ! .

Theorem 3.3 (Structure Theorem for cart(QxS')). Let T € cart(QxS!). Then there
exists a unique map ur € BV (S;SY) and an (not unique) i.m. rectifiable 1-current Ly =

"Notice that some results in [34] require O to have smooth boundary. This is not the case for this
theorem, which is based on a local construction regularizing a local lifting of T'.
8As for the Approximation Theorem, no boundary regularity is required for this result.



8 MARCO CICALESE, GTANLUCA ORLANDO, AND MATTHIAS RUF

(L, k,Ly) € Dy(Q) such that TS =T 4 Lpx[S'] and

T(é(x, ) dz) = T@ (¢, ) da) = / o, ur(z)) de | (3.6)
T (b, y) dAdY™) = (—1)>! / o, ur ()0 () e (3.7)
TO(g(z,y) dB'Ady™) = (~1)*! / o, Tr (2)) dOS () (3.8)

TO)(¢(x,y) dFAdy™) = (~1)* /

Jug

{ [ oenarbl,@ate 6o
Ya
for every ¢ € C2°(QxR?), v, being the (oriented) geodesic arc in S' that connects ur(z)

to uJTr(x) and ur being the precise representative of ur .

It is convenient to recast the jump-concentration part of T’ € cart(Q2xS!) in the following

way. Let Ly = 7(L, k, ET) as in Theorem We introduce for H'-a.e. z € Jr the normal
vr(z) to the l-rectifiable set Jr = J,. UL as

s () ifexeJy,,
()= {(—E%@»EIT@» it e L\ oy, (310)

where we choose vy, (z) = (—L2(z),Lh(x)) if 2 € LN J,,. For H'-ae z € Jp we
consider the curve v given by: the (oriented) geodesic arc v, connecting u () to uf ()
if x € Ju. \ L (in the sense of Footnote |§| for antipodal points); the whole S turning k()
times if @ € L\ Jy,; the sum (in the sense of currents)lﬂ of the oriented geodesic arc 7,

and of S' with multiplicity k(z) if z € J,, N L. Then
16 (0(a,) dindy™) = (-2 [ { [ s ph@ant@). e
Jr vE

The integration over . with respect to the form dy™ in the formula above is intended
with the correct multiplicity of the curve 2 defined for H'-a.e. = € Jr by the integer

+1, if v € Jup \ L, y €supp(vz),
w(z,y) = k(x), ifxe L\ Jup, y €S (3.12)
’ k(x)£1, ifzelnNdy,, y<supp(Va),
k(z), if 2 € L0 Juy, y€supp(vL) \ supp(7a) ,

9 In [34, Theorem 6] the structure of T is formulated slightly differently with the counter-clockwise
arc y,— ,+ between (cos(p™),sin(¢ 7)), (cos(p™),sin(¢)), ¢~ < T, and replacing Ju, by Ji, where
¢ € BV(Q) is such that T = xxG,, where x(z,9) = (x,cos(¥),sin(¥)) and G, € cart(QxR) is the
boundary of the subgraph of . To explain , we recall the local construction in [34]: for every z € J,
one chooses pt(z) € R and k/(z) € N such that ¢t (z) = pt(z) + 27k’ (z) and 0 < pt(z) — p~(z) < 27.
Then, locally, the 1-current L7, in [34] Theorem 6] is given by L7, = fr(ﬁ’,k;’(x),E’T)7 where L' C J, is

the set of points with k’(z) > 1 and l_:i[ = 113961 — l/}oeg . To obtain the representation via geodesics, we let

(" (), k' (x)) if p*(z) — ¢~ () <,

+"E X =
(), 1) {<p+<z>—27r,k’<x>+1> if pt (2) — o~ (2) > ,

The case pT(z) — ¢~ (z) = 7 needs special care. In this case we let ¥ (z) := ¥ (2) mod 27 € [0,27) and
we set
(¢* (@), b(a)) = {(pﬂx),k'(x» if % (2) — & (2) =,
(* (2) — 27, W (2) + 1) it G (2) — (o) = —7.

Replacing (pT(z),k'(x)) by (¢7(z),k(x)), one proves as in [34, p.107-108]. The curves v ,- ,+
are then replaced by the more intrinsic geodesic arcs vz . Exchanging ur(z) and uJYC(x) will change the
orientation of the arc and of the normal vy, (x), making invariant.

101y this case, a more elementary definition of v is the following: let v, : [0,1] — S! be the geodesic

arc, and let g : [0,1] — R be a continuous function (unique up to translations of an integer multiple of 27)
such that ¢ (t) = exp(upx(t)). Then vI (t) = exp («(1 — t)pe(0) + tt(pa (1) + 27k(2))) -
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where + = +/— if the geodesic arc v, is oriented counterclockwise/clockwise, respectively.
More precisely,

| pwar =0 [ e o). (3.13)

Remark 3.4. Note that we constructed m(z,y) based on the orientation of vp. As
discussed in Footnote EI, changing the orientation of v,, changes the orientation of the
geodesic 7y, , while a change of the orientation of Ly switches the sign of k(z). Hence
changing the orientation of vp(x) changes m(z,y) into —m(z,y). If we choose locally
vr = v, as in Footnote @, our construction above yields m(z,y) > 0.

Finally, we recall the following result, proven in [34] Section 4].
Proposition 3.5. For u € BV (Q;S!) there exists T € cart(QxS') such that ur = u a.e.

3.5. Currents associated to discrete spin fields. We introduce the piecewise constant
interpolations of spin fields. For every set S, we put
PC.(S) :={u: R? = S : u(x) = u(ei) if x € i + [0,¢)? for some i € eZ?}.

Given u: Q. — S', we can always identify it with its piecewise constant interpolation
belonging to PC.(S'), arbitrarily extended to R?.
To u € PC.(S') we associate the current G, € Do(Q2xR?) defined by

Gu(o(x,y) dz'Adz?) /(b z,u(x))de, (3.14)

Gu(9(z,y) dAdY™) = / { / oz, y) dy™ } VL () dM (), (3.15)

Gu(¢(z,y) dy'Ady?) := 0, (3.16)

for every ¢ € C°(Q2xR?), where J, is the jump set of u, v,(x) is the normal to J, at z,
and 7, C S' is the (oriented) geodesic arc which connects the two traces v~ (x) and u*(z).
If u*(z) and u™(z) are opposite vectors, the choice of the geodesic arc v, C S! is done
consistently with the choice made in for the values ¥(7) and ¥(—m) as follows: let
¢*(x) € [0,27) be the phase of u™(z); if ¥(pT(z) — ¢~ (x)) = 7, then 7, is the arc that
connects u~ (z) to u™(x) counterclockwise; if (o™ (x) — ¢~ (z)) = —m, then ~, is the arc
that connects u™(z) to u™(z) clockwise. Note that the choice of the arc ~y, is independent
of the orientation of the normal v, (x).

We define for Hl-a.e. z € J, the integer number m(z) = 41, where + = +/— if the
geodesic arc 7, is oriented counterclockwise/clockwise, respectively. Then

6(y) dy™ = (~1)™ m(z) / T @), (3.17)

The proof of the following proposition is standard.

Proposition 3.6. Let u € PC.(S') and let G, € D2(2xR?) be the current defined in
(13.14) —(3.16)). Then G, is an i.m. rectifiable current and, according to the representation

formula (1), G, = Gu|Gu|, where |Gy = H2L M,
M=MD UMD = {(z,u(z) : 2€Q\JJU{(z,y) : € Ju, Y€V},
and, for H?-a.e. (z,y) € M@,

Yz

Gu(z,y) =1 Aes (3.18)

while for H?-a.e. (z,y) € MY we have
éu(a:,y) = sign(m(x))[— v ( Yyler Nép + v ( Yyler A éo (3.19)
+ v ( )y 62/\61—1/ (z )y 62/\62}

We now relate the boundary of the current G, with the discrete vorticity p,. The
interested reader can find a detailed proof in [26].
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Proposition 3.7. Let u € PC.(S') and let G, € D2(Q2xR?) be the current defined in

(3.14)-(3.16). Then 0G.|axr: = —pux[S'], where ., is the discrete vorticity measure
defined in (2.4) for u|.zz: eZ? — S'.

The proof of the following fact follows essentially from the definitions.
Lemma 3.8. Assume p. BN woin Q. Then pex[SY] — ux[S'] in D1(QxR?).

4. PROOFS

Now we give the proof of our main Theorem [L.1} In what follows, for A C R? we shall
use the localized energy

1
E.(u; A) := 5 Z e2|u(ei) — u(ej)|?.
(4,9)
ei,ej€EA
4.1. Compactness and lower bound in absence of vortices. In this section we consider
a generic sequence u.: eZ? — S, such that E (uc) is bounded. First we prove that such

sequences are compact in L' (Q) with hmlts in BV (;Sh).

Proposition 4.1 (Compactness in BV'). Assume that 6. < 1 and iEE(ug) < C. Then
there exists a subsequence (not relabeled) and a function u € BV (;S') such that u. — u
in LY(Q) and ue = u in BV (4 R?).

Proof. Fix A CcC Q. Since ds: (u(e), u( 7)) > 0. when u(ei) # u(ej), (2.1) implies that

>
C 9E

lu(ei) — u(eg)|?

€ (i.g)

1 /1 o . |
= 5. (sz:)e 2sin (§d51 (u(sz),u(sj))>|u(sz) — u(ej)| (4.1)

sin( % 2sin(%
> TE) S chuted) — uleg)l 2 2 Dl (4).
(4,9)
Hence u. is bounded in BV (4;S!') and we conclude that (up to a subsequence) u. — u
in L'(A) and u. = u in BV (A;R?) for some u € BV(A;S') with |Du|(A) < C. Since
A CC Q) was arbitrary and the constant C' does not depend on A, the claim follows from
a diagonal argument and the equiintegrability of . . O

In the next lemma we prove lower bound for the energy still at the discrete level.

Lemma 4.2. Assume that 0. < 1 and let o € (0,1). Then for € small enough we have

ue(ed) — ue(e)? > (1 — 0)0-dsr (ue(ei), us(g5)) - (4.2)
In particular
iEe(us) >(1- 0)% S edes (e (1), ue(e5)) (4.3)

(.5
Proof. We show ([£.2)). By (2.I)) we have that |u.(ei) — uc(ej)| = 2sin (3dsi (ue(gi), ue(c)) -
Since wu. takes values in S. there exists k € N (depending on i, j, and ¢) such that
dsi (ue (i), ue(ef)) = kb . We can assume k # 0. Moreover, note that kf, < .
Due to Taylor’s formula there exists a ¢ € [0, k%] such that
sin () = K% — Foos() ()" 2 K% — 3 (65)°

Dividing by \/E%E we get that
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If £>9, using the fact that k6. < m < 4 we obtain that
sin (k%f)

>VEL>1. (4.5)
0 = 3 =
vk
Otherwise, if k£ <8, (4.4)) directly implies
. keii
sin (h'5) 1-302>1-0, (4.6)

VRE:
for e small enough. Squaring both sides in (4.5) and (4.6) (notice that k. € [0, 7] implies
sin (k%f) > 0) we have that 4sin? (k%) > (1 — 0)kf?. We conclude the proof of ([4.2]) by
replacing k6. = dg1 (u.(g7),uc-(€7)) in the last inequality and by ([2.1]). O

We now recast the energy as a parametric integral of the currents G,_ . To do so, we
define the convex and positively 1-homogeneous function ®: Ay(R%xR?) — R by

(€)= V/(€21)2 + (622)% + V(€M) + (€2)2 (4.7)
for every f = 66061 N es + 62161 Nep + 62261 N e + 61162 Nep + 61262 N eés + 60651 N eés.

Lemma 4.3. For every open set A CC Q) and € small enough we have
1 , . =
izedgl (ue(ed), uc(ej)) z/ ®(G,.)d|Gy. |-
- AXR2
(4,9
Proof. By the explicit formulas m-m ) for the orientation of G, we infer that
(G )@ ) = L, (@) 2. @)1/ (o 2 v @)V + (577
=1, @)y (@)1
Moreover, we recall that |G,_| = H?L M., where
M= MO UMY = {(z,uc(x) = 2 € Q\ T }U{(z,y) : 2 € Ju,, y €supp(15)}

7E being the geodesic arc that connects u_ (z) to ul (z). Therefore

[ e@dGul= [ jnhawiamd = [ { / d#(y)}uuxx)hdw(x)
AxR2 AxR2 JuEﬁA supp(7S)

:/ dor (u o Yo 1 " < LS cdas (e (i), e (5))

Ju.NA 7

3)
]
Next we show that energy bounds also yield compactness for the associated currents G, .
Proposition 4.4 (Compactness in cart(QxS!)). Assume that 0. < ¢|loge| as well as
iEE(uE) < C. Let G, € D2(QxR?) be the currents associated to u. defined as in (3.14) -
(3.16). Then there exists a subsequence (not relabeled) and a current T € Da(Q2xR?) such
that G,, — T in Da(QxR?). Moreover, T € cart(QxS!) and ur = u a.e. in Q, where

up s the BV function associated to T given by Theorem and v € BV (S;SY) is the
function given by Proposition [{.1]

Proof. Let us fix an open set A CC Q. Since ®(§) > \/ E21)2 4 (£22)2 4 (£11)2 4 (£12)2)
we deduce the estimate

G |(AXR?) = |G, [(M® 1 AXR?) + |Gy, [(MY) 1 AXR?)

= 1
<L+ [ B(GL) G <191+ 5 3 sdo (uelei) ueled)
AxR2 .
(i,9)

(4.8)

2
<1Q 7Ea £ < ’
<| |—|—€95 (us) <C

where in the last inequality we employed (4.3]) with ¢ = 1/2. By the Compactness Theorem
for currents [32, 2.2.3, Proposition 2 and Theorem 1-(i)] we deduce that there exists a
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subsequence (not relabeled) and a current T' € Do(Q2xR?) with |T'| < oo such that G,,, — T
in Dy(2xR?). Due to Proposition we have 0G,_|axrz = —fu, X[S']. By Remark
Lemma and since 9G,. — 0T in D;(Q2xR?), we conclude that 9T |qygz = 0. The
other properties to show that T € cart(QxS!) follow from [26, Proposition 4.1]. Finally, it
is easy to see that u = ur a.e. in Q. O

Proposition 4.5 (Lower bound for the parametric integral). Assume that 0. < e|loge|
and that iEE(uE) < C. Let G, € Da(2xR?) be the currents associated to u. defined as

in (3.14)—(3.16) and assume that G,. — T, where T € cart(QxS') is a current given by
Proposition represented as T = T|T|. Then for every open set A CC

/ cI)(f)d|T\§liminf/ ®(G,.) dIG, | (4.9)
AXR2 e=0  JAxr?

Proof. The statement is a consequence of the lower semicontinuity of parametric integrals
with respect to mass bounded weak convergence of currents, [33 1.3.1, Theorem 1]. O

We can write explicitly the parametric integral in the left-hand side of (4.9) in terms of
the limit u of the sequence u.. By (3.11) the jump-concentration part of T is given by

769 () dindy™ = (-1 [ { o(z,y) dy™ }ulm) aH ().
Jr ~T
For H!-a.e. x € Jp we define the number
(r(x) = length(y7) = / m(z, )] dH(y). (4.10)
supp(v1)

where m(z,y) is the integer defined in (3.12). Notice that by length(yl) we mean the
length of the curve v counted with its multiplicity and not the H! Hausdorff measure of
its support. Observe that, in particular, ¢r(x) = ds: (u’ (:c),u*(x)) if x € J,\ L, whilst
lp(z) = 2m|k(z)| if x € L\ J,. The full form of the parametric integral is contained in the
lemma below. For a detailed proof see [26].

Lemma 4.6. Let T € cart(QxS') and u € BV(Q;S!) be as in Propositz'on and let ®
be the parametric integrand defined in (4.7)). Then

/ @(f) d|T| = / [Vula,1 dz + |D(C)u|271(Q) + lp(z)|vr(z)|h d’Hl(x) .
OxR2 Q Jr

Remark 4.7. In presence of vortices, we will work with cartesian currents on punctured open
sets. Given a measure p = 2111\/:1 dpd,, and an open set A, we adopt the notation

A, = A\supp(p) = A\ {z1,..., 2N}

and Af = A\ Uthl B,(z1). We observe that a current T € cart(£2, xS!) can be extended
to a current 7' € Do(Q2xR?). Indeed, since T € cart(2,xS'), it can be represented as

T(w) = / (W, AR’ LM, for w € D*(Q, xR?),
Q, xR?

according to the notation in (3.2), where M C Q,xS' H?-a.e. The integral above can be
extended to a linear functional on forms w € D?(Q2xR?), namely

T(w):/ (W, )0dH* LM, for w € D*(QxR?).
QxR2

To prove the continuity of this extension, fix w € D?(Q2xR?) with sup, |w(z)| < 1. Then

N
1@ < TA-0w)+| [ clogioantia] < mi@om+y [ e
xR? h=1""%r

zp ) xR2
(4.11)
where ¢ € C°(Q) is such that 0 < ¢ <1, supp(¢) C U;Ll B, (xp), and ¢ =1 on B,s(xp)
for every h =1,...,N. Letting p — 0 in the inequality above, we get |T'(w)| < |T|(£2,, xR?)
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since H?(M N ({zp}xR?)) < H2({zp}xS') =0 for h = 1,...,N and 0 is H*L M-
summable. This shows that T' € Da(QxR?).
Moreover, since w in (4.11)) was arbitrary we deduce that |T|(Q2xR?) = |T'|(£2, xR?) and

[ = [ = |1 dz ©yly z)|vr(z)|1 z).
[ a@ari= [ e@ar = [ |Vulas detDOubes @)+ | er@lur(o) ai @

xR2 Q. xR T

To state the final lower bound result when M = 0, for every u € BV (£2;S!) we introduce

J(u; Q) := inf {/J bp(z)|vr ()| dH (z) @ T € cart(2xS'), ur = u a.e. in Q} . (412)

Proposition 4.8 (M = 0, Lower bound). Assume that 0. < ¢|loge| and Eéa E.(u;) <C.
If ue = u in LY(Q), where u € BV (;SY) is as in Pmposition then

1
/|Vu|2,1da:+|D(C)u|271(ﬂ)+‘7(u;ﬂ) < lim inf —-F(ue) . (4.13)
Q

e—0 &0,

Proof. Let o € (0,1) and A CC Q be open. By Lemma [4.2] and Lemma [£.3| we deduce that
- 1
(1-0) [ $(@)di6n] < 5 Bw).

AxR2 605

Passing to the limit as ¢ — 0, Proposition [.5] implies
. 1
(1- O’)/ O(T)d|T| < liminf — FE(u,).
AXR2 e=0 b,

Letting 0 —+ 1 and A — Q, by Lemma we conclude that (4.13)) holds true. |
Remark 4.9. The lower bound (4.13]) dominates the anisotropic total variation, namely

/|Vu|271dx+\D(c)u|271(Q)+J(u; Q) 2/|Vu|271dx+|D(”)u|2)1(Q)+/ der (1=, ) ]y dH

for all uw € BV(;S'). This can be seen using the definition of ¢r(z) for a given T €
cart(QxS') with ur = u. Indeed, for H'-a.e. z € J, N L we have dgi (u™ (z),u’(x)) <
length(v1) = ¢7(z), since v is a curve connecting u~(z) and u*(x) in S*.

4.2. Compactness and lower bound in presence of vortices. Next we extend the
results of the previous subsection to the case of M vortices. Again we consider a general
sequence u.: €Z? — S. and the associated current G, .

Proposition 4.10 (M vortices, Compactness). Assume that ¢ < 0. < ¢|loge| and that
there exist M € N and C > 0 such that
1 €
EEE(%) — 2w M| logg|é <C. (4.14)

Then there exists |1 = Egzl dnby, with dy, € Z such that p,, iR w (up to a subsequence)
and |p|(Q) < M. If, in addition, |u|(Q) = M, then there exist u € BV (;S!) and
T € Do(Q2xR?) such that

(i) ue —u in LY(Q;R?) and ue = u weakly* in BVioe(Q,; R?);

(ii) T € cart(2,xS") and ur = u a.e. in Q;

(i) Gu. — T in Da(Q,xR?) (up to a subsequence);

(iv) OT|qxre = —pux[S'].

Proof. From (4.14) it follows that mEa(ue) < 2rM + C—=— | so that by Proposi-

ellogel
tion [2.1f we get that (up to a subsequence) fi,,_ 4 w= Zfl\;l dpdg, and |p|(Q2) < M. From
now on we assume that |u|(Q) = M, that is Z;LVZI |dn| = M.

Let p > 0 small enough such that the balls B,(x}) are pairwise disjoint and B,(x5) C 2.
Recall the localized lower bound for the XY -model [8, Theorem 3.1], which states that

1 ~ ~
lim inf |:2E5(7.L5; B,(z1)) — 2n|dp|log L > (C  for some C' e R. (4.15)
e—0 £ £



14 MARCO CICALESE, GTANLUCA ORLANDO, AND MATTHIAS RUF

From this inequality and the fact that ¢ < 6. we deduce that

. 1 €

it | B By o)) — 201 oz |
— liminf | —— B (ue; By(2n)) — 27]dn||log £| = — 27t/ log p-— (4.16)
=% 595 e\Uey Dp\Lh h g 06 h gp95 .

1
= liminf — [Eg(ue; B,(xp)) — 2m|dy| log g] >0.

e—=0 e g2
Summing over h =1,..., N, the superadditivity of the liminf yields
N

o 1
imigt |3

h=1""¢
Therefore the bound (4.14) implies

E-(uz; B,(z1,)) — 2w M| 10g€|;] >0. (4.17)

N
1 1
lim sup TEE(UéQﬁ) < C — liminf { E .

3 e—0
e—0 € h—1 €

E.(uc; By(xp)) — 2mM | 1og€|0€} <C,
€

so that, for £ small enough, %Eg(us;Qﬁ) < 2C, where C is independent of p. By
Proposition [£.1] and Proposition with a diagonal argument we obtain that there exist
u € BV (;S') and T € cart(£2,xS') such that u. X u weakly* in BVioe(Q,;SY), Gy, = T
in D>(£2, xR?) up to a subsequence, and ur = u a.e. in Q. Since u. is equiintegrable, the
local weak* BV -convergence implies strong L!(Q)-convergence. Thus (i)—(iii) hold true.
By Remark the current T can be extended to a current T € Do(QxR?). Thus,
it only remains to prove (iv). The argument is local and we can work close to a single
atom x;, of p. Without loss of generality assume that xp, =0 and Q = B := B1(0). First
of all let us note that supp(0T) C {0} xS'. Indeed, on the one hand if w € D'(BxR?) is
such that supp(w) C (BxR?)\ ({0}xR?), then 0T (w) = 0, since T € cart((B\ {0})xS');
on the other hand, if w € D(BxR?) is such that supp(w) C (BxR?)\ (BxS!), then
supp(dw) C (BxR?)\ (BxS') and thus 9T (w) = T(dw) = 0, since supp(T) C BxS!. In
conclusion supp(97T) C ({0} xR?) N (BxS!) = {0} xSt. Being T a boundaryless 1-current
with support in a 1-dimensional manifold, the Constancy Theorem [32, 5.3.1, Theorem 2]
gives that 9T |pyrz = —cdox[S'] for some ¢ € R. Now fix a function ¢ € C>(B) with
¢ =1 in the ball B;/5(0) and define the 1-form w = (ws1, w1 being the 0-homogeneous
extension of the volume form of S' to R?\ {0}. Since dw € D?((B\ {0})xR?), the

convergence in (ii), Proposition and the flat convergence i, 1 w yield the claimed
equality ¢ = p({0}). Indeed,

—c2m =0T (w) = T(dw) = lir% Gy, (dw) = lir% 0G,, (w) m — (i, , )21 = —(u, )2m.

=1
e—0
O

We now prove the lower bound for M vortices. Let us define the set of admissible currents

Adm(p, u; Q) := {T € Da(QxR?): T € cart(Q, xS, 0T |qxrz = —pux[S'], ur =u a.e.}

(4.18)

and, similarly to 7 the energy
T (p,u; Q) = inf{ br(z)|vr(2)|y dH (z) : T € Adm(p,u; Q)} (4.19)

Jr

for every p = Zivzl dpdz, and u € BV (;SY) with ¢r(z) defined in 1)

HAdm(,u, u; §2) is non-empty. Indeed, by Propositionthere exists T' € cart(Q2xS!) such that up = u.
Let v1,...,vn be pairwise disjoint unit speed Lipschitz curves such that v, connects z to 9. Define Ly,
to be the 1-current 7(supp(vs), —dn,¥r), so that dLy = dp 0, . Then T+Z/J%V:1 Lpx[S] € Adm(, u; Q).
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Proposition 4.11 (M vortices, Lower bound). Assume that 0. < €|loge| and (4.14)

holds. Assume further that pu,. LN = 2:1 dpds, with |u|(Q) = M, ue — u in L*(Q;R?)
with u € BV (Q;S') as in Proposition|f.10, Then

e—0

1
/|Vu|2,1 dz + [D@uly 1 (Q) + T (u, u; Q) < liminf [ 7 E.(ue) — 2 M| log5|9i . (4.20)
Q €

g

Proof. Let us ﬁx AccQ, and o € (0,1). Then there exists p > 0 such that A CC Q7.
Thanks to and Lemma H for € small enough we infer that

1-— ®(Gu ) |Gy | < —E-(us; Q).
(1=0) [ B(C)dCu| < g Bulus)

Passing to a subsequence, we have that G,, — T in D5(Q, x R?) for some T € D(2 x R?)
given by Proposition As in Proposition [4.5] and from the bound ([4.17) we infer that

(170)/ ®(T)d|T) < lim inf (1—0)/ (G, ) d|G..|
AxR2 e—0 AXR2

1 1
< liminf —F, (ue; Q) < liminf | —F. (u.) — 27rM|10g6|i .
9 595 HE

e—=0 ¢gb, e—0

Letting A — Q, and ¢ — 0 we conclude that

- 1
/ &(T)d|T| < liminf | —— B (u.) — 27 M|loge|— | .
Q e—0 |eb, 0.

mn

By Proposition m (ii) & (iv) we have T € Adm(u,u; ), so that (4.20) is a direct conse-
quence of Lemma [£.6] and Remark [£.7] O

4.3. Upper bound in absence of vortices. To reduce notation, for u € BV (2; S!) we set
N / Vaulg da+ DOulz1(Q) + T (u; Q)
Q

with J(u; Q) given by (4.12)). The proof of the I'-limsup inequality is done in several steps
which gradually simplify the map v € BV (£2;S!) that we want to approximate.
In the next proposition we approximate the map u with a sequence of smooth maps.

Proposition 4.12. Let u € BV(Q;S'). Then there exist an open set Q255 Q and a
sequence uy, € C°°(Q;SY) N WLL(Q;SY) such that u, — u strongly in L'(Q;R?) and

limsup/ [Vup|2,1 de < / |Vulgq dz + [D@uly 1 (Q) + T (u; Q) .
Q Q

h—-+o0o

Proof. Let >0 and let T € cart(QxS!) with ur = u a.e. in Q be such that

: Cr (@) |vr(x)h dH (z) < T (u; Q) + 1. (4.21)

Note that by Lemma [£.6]

/\vub,l Az + DOulyr () + [ fr(@)vr(@)h dH (@) = / (T)dT|,

Q QxR2

where @ is the parametric integrand defined in . By Lemma (3.2 E we can extend the

current T to QxS! for some © D> Q such that T € cart(QxS!) and |T\(8Q><R2) =0.
Thanks to the Approximation Theoremwe find a sequence up € C* (Q S') such that

Gu, — T in D3(QxR2) and |Gy, |(2xR2) — |T|(2xR2). In particular, since |T'| does not

charge 9Q x R?, we have |Gy, |(2xR?) — |T|(Q2xR?) and the convergence uj, — ur = u

in L'(Q;R?). Therefore, by Reshetnyak’s Continuity Theorem [12, Theorem 2.39] we have

/ (G ) |G| = / Tyd|T).
OxR2

Jr
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By (3.4) and the Area Formula we can write

/ (G, ) |Gy | = / Vun |z (z) dz
QO xR2 Q
This implies that

limsup/\Vuh|271(x) dz < /|Vu|271dx+|D(C)u|271(Q)+‘7(u;Q)+n
Q Q

h—+o00

Since n > 0 was arbitrary, we conclude the proof. O

The next lemma states that we can discretize on a lattice \,Z? any smooth map with
values in S' in such a way that the anisotropic BV norm does not increase. The discretized
maps u, satisfy in addition an ’almost continuity property’, cf. , which states that for
An small enough the constant values of u,, in two neighboring cubes are close.

Lemma 4.13 (Discretization of smooth S!-valued maps). Let A, :==2"", n € N and let O,
O be bounded, open sets such that O CC O. Assume that u € COO(O SHNWh1(0;sh).
Then there exist a sequence of piecewise constant maps u, € PCy, (S') such that u, — u
strongly in L'(O;R?) as n — +oo and

limsup/ dSl( Uy, 5 n)|l/un|1 dHl / |Vu|21da: (4.22)
Jup, NOAR

n—+00
where O is the union of half-open squares given by
O = U{I)\n (A\n2): 2z € Z2 such that Iy, (\2) N O # D} .

Moreover , for every 6 > 0 there exists T = n(u, 0, 6) such that for every n > n and for
every 21,2y € Z2 with Iy, (Anz1) N1, (An2z2) # @ and Iy, (Anz;) N O # @ we have

dst (un (A (21)), un(An(22))) < 6. (4.23)
Proof. Let O’ be an open set such that O CcC O’ CC O and let @ be so large that for
every n > 7 we have O* C O’. For every z € Z? such that I, (\,2) N O # @ we define

Up(Apz) = u(/\n(z + %61 + %62)) ,
An(z + €1 4 Les) being the center of the square Iy, (A,z). The definition is well-posed,
since A, (z + %61 + %62) € O. Then we extend Un t0 AnZ? by choosing an arbitrary value
in S!. This defines a piecewise constant map wu,, € PCy, (S!).

Since u is continuous on O, it follows that u,, — u pointwise on O and thus also strongly
in L'(O;R?) by dominated convergence. Next we show ([4.22)). For i € {1,2} define

Zi\n) ={2€Z%: I, \2) N0 # @ and I, (Au(z +¢)) N O # O} .

Let z € Z;(\,). Since u is C* in the interior of the rectangle I, (An2z)UIx, (An(z+e€;i)), it
admits a C* lifting ¢ such that u = exp(iy) in the interior of I (A,z) U Iy, (An(z+e€;)).
Then, by the fundamental theorem of calculus and the definition of u,,,

dst (un(An(z + €)), un(Anz)) < )gp (z+e+3ze1+3€2) —o(An(z+ 2er + %62))‘
< )\n/ |0i0(An(z + te; + 3e1 + 2ea))| dt
0

1
= /\n/ ‘@u(/\n(z +te; + %el + %62)) ‘ dt.
0
(4.24)
We notice, in addition, that for every t € [0,1] and z € Z;(\,)

/ ‘8u ’dm—)\2’8u( (2 + te; + 3e1 + 62))’
I)\H(Anz)

< / |0su(z) — Bu(An(z + tes + ber + ben))|dz < 203 V2ul| o 0y =2 Cu)AD |
I)\" (/\,LZ)
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From (4.24)) and the previous estimate it follows that

2
/ dst (), uy) ) |v, |1 dH < Z Z Andst (U (A (2 + €5)), un(An2))
Ju, NOAn

un i=12€2Z;(An)

2 L1
< Z/O Z A2 |0iu(Mn (2 +te; + 2er + 2e2)) | dt
1=1

zezi()\n)
2 1
< Z/ Z {/ ‘@u(x)]dx—i—C(u)/\i}dt
=170 ez, (A,) /1 (An2)

g/ Vulo d + C ()0 A
O/

We conclude the proof of letting n — +oo and then O’ \, O.

Finally, in order to prove (4.23)), observe that the condition Iy, (An21) N 1x, (An22) # O
implies that |\, (21 + %61 +ea) — Ap(z2+ %el + %62)| < V2, so the claim follows from the
Lipschitz continuity of v on the larger set 0. |

Now we can construct a recovery sequence u. : €Z? — S.. Due to the previous simplifica-
tions, it suffices to approximate the energy of piecewise constant maps on the lattice \,Z?>
which come from Lemma [4.13] To define the recovery sequence we shall construct a mini-
mal transition (in S') between two constant values of S'. First we introduce some notation
about geodesics in S' and state an elementary stability property, whose proof we omit.

Definition 4.14. For u',u? € S! denote by Geo[u',u?]: [0,dg: (u!,u?)] — S! the (in case
of non-uniqueness counterclockwise rotating) unit speed geodesic between u! and u? which
we extend by Geo[u!,u?](t) = u! for t < 0 and Geo[u!,u?](t) = u? for t > dgi (u!,u?). As
such the geodesics are 1-Lipschitz continuous functions on R. We further set mid(u!,u?) =
Geo(3dgi (u',u?)) as the midpoint on that geodesic.

Lemma 4.15. There exists a constant ¢ > 0 such that whenever u',u?,b € S' are such
that u',u® € B.(b), then for all t € R

|Geo[ut, b](t) — Geo[u?,b)(t)| < dg: (u*, u?).

We introduce a map which will be used to project vectors of S' on S.. Given u € S' we
let o, € [0,27) be the unique angle such that u = exp(tp,). We define P.: S* — S. by

Pe(u) = exp (LHE [ﬁ—“D : (4.25)

Combined with Propositions [4.1] and [4.8] the next result completes the proof of Theorem
when M = 0.

Proposition 4.16 (M = 0, Upper bound). Assume ¢ < 0. < 1. Let u € BV(Q;S!).
Then there exist u. € PC.(S.) such that u. — u strongly in L'(Q;R?) and

1

Jim sup —— E. (u.) < / Vulo.t da -+ [D@uls (Q) + T (15 Q)
e—0 596 Q

Proof. By Proposition Lemma and by the L!'-lower semicontinuity of the the

[-limsup, it is enough to prove that for u, € PCy, (S')

I'-lim sup LEs(un) < / dgi (u) uy,) )|, |1 AHE (4.26)
e—0 & Ty, NQAR
Since u, is fixed in the following discussion, to simplify the notation we denote w,, by u
and A\, by A, always assuming that A < 1.
We will define a recovery sequence locally on each half-open cube I ()\z) for z € Z2. First,
we define a boundary condition on 9Ix(Az). For a side S = {A\z' +te; : ¢t € [0,\]} with



18 MARCO CICALESE, GTANLUCA ORLANDO, AND MATTHIAS RUF

2/ € Z? and i € {1,2}, and three values v = (v!,v%v®) € (S1)3, we set bg[v]: S — St as

vl ift €cog[0,1),
Geolv!, v?] (M(t—coei)) it tecosll,2),
0€ e e
bS] (N2 + te;) = < v? ift € [2co5, A —2c05-),
Geo[v?, v?] (W(t—@\—%oi)) ift € X—cop(1,2],
v3 ift €\ —cogr[0,1].

(4.27)
The particular choice of the constant ¢y is not important. For this proof it suffices that
co > 2m. This condition will be clear only after . (However, to apply this construction
also in the proof of Proposition We need to choose a larger constant, namely ¢y = 393.)
Since 9% — 0 by assumption, the function bg[v] can be interpreted as follows: in a small
neighborhood of the two endpoints of S we set the two values v' and v, while in a
contiguous small neighborhood we use the geodesic for a transition to the value v?, which
is taken on most of the side.

Next, given u € PCx(S!) and a side S as above we specify the values
vg(u) = (u(N2'), mid(ug, ul), u(A(z' + ¢€;))), (4.28)

where ug and ul denote the (constant) traces of u along the side S and the midpoint is
given by Definition The boundary values b, .: 9Iy(\z) — S! are then defined by

boe(x) =b5vs(u)](z) if x =N +te; € S for some 2’ € Z% and t € [0, \].

Note that this function is well-defined also in the corners with b, .(Azo) = u(Azy) for all
29 € Z*. Moreover, since we have chosen unit speed geodesics and ¢y > 27, on each side S
the function bg[vs(u)] satisfies a Lipschitz-estimate of the form

e les())(@) ~ les@))] < 2 Zle gl wyes. (429)

Repeating the construction on every half-open cube we obtain a continuous function on the
skeleton (J,cz2 OIx(\2).

We are now in a position to define the recovery sequence of w. We will interpolate
between the constant u(Az) and the boundary value b,. in Iy(Az). This will be done
on a mesoscale towards the boundary 9Ix(Az). Let P: I (Az) — 9Ix(Az) be a function
satisfying |P(x) — x| = dist(z, 0Ix(Az)) for all z € I(Az) (such a function can be defined
globally by periodicity). To reduce notation, let u, = u(\z). Set u.: eZ?N I (\z) — St as

Ui (ei) = Geo [b, . (P(ei)), u.] (0 'dist (gi, 01\ (A2))) (4.30)

with the extended geodesics given by Definition Note that in general @.(ei) ¢ S..
Hence we define u. € PC.(S:) by ue := Pe(a.) with P, given by (4.25). We claim that
ue converges to u in L'(Q;R?). Indeed, for all ei € I(\z) we have by Definition m

ue(ei) = Po(uz) it dist(ed, Oy (A2)) > wgi : (4.31)

so that the assumptions 9% — 0 and 6. — 0 yield that u. — u, in measure on I(\z).

Here we used that |B. — I| < 6.. Vitali’s theorem then implies u. — u in L'(2;R?).
Next we bound the differences u.(gi) — u.(ej) for all 4,5 € Z? with |i — j| = 1.

Step 1 (interactions within one cube)
We start with ei,ej € eZ? N I\(\z) for the same 2z and |i —j| = 1. Let us write I = I(\z)
for short. One has to distinguish several cases:

Case 1: If dist(gi, 0I) > mef-! and dist(ej, 0I) > mef L, then ([4.31)) yields
|ue(g1) —ue(ef)] = 0.
Since for neighboring lattice points it holds that

06—6|dist(5i, oI) — dist(ej,0I)| < 0., (4.32)
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for the remaining cases we can assume that
max{dist(ei,d1), dist(ej, dI)} < (m + 1) . (4.33)

Case 2: We next analyze when P(ei) and P(ej) lie on different 1-dimensional boundary
segments S; # S; of I. We claim that P(ei) and P(ej) are then close to a node of the
lattice AZZ2. Indeed, denote by Ilg, and IIs; the projections onto the subspaces spanned
by the segments S; and S;, respectively. Since by

|P(ci) — P(cj)| < eli — j| + dist(ei, OI) + dist(ej, 0T) < (27 +2)eb ' + ¢,
for € small enough the sides S; and S; cannot be parallel. Hence the point Az;; :=
ILg, (ILs, (e7)) belongs to S;N.S; C AZ? and therefore the 1-Lipschitz continuity of ILg, and
IIs, combined with (4.33)) implies
dist(P(ei), \Z*) = dist(Ilg, (i), \Z®) < |ei — 11, (£4)]|
+ |ej — s, (e4)| + s, (e4) — s, ()] < 2 + (w + 1)eb "
(4.34)

< |ei —&j

Exchanging the roles of ¢ and j we derive by the same argument the bound

dist(P(g5), \Z?) < 2 + (7 + 1)ef . (4.35)
For ¢ small enough both terms can be bounded by 27ef=!. In particular, the distance to
MZ? of both P(ei) and P(ej) is realized by the point Az; j, which is an endpoint of both
the sides S; and S;. Hence from the definition of the boundary condition b, . in (4.27) and
(4.28]), and the fact that ¢y > 27 we deduce that

bZ,e(P(gi)) = bZ@(P(aj)) = Uz -
Equation (4.32), the 1-Lipschitz continuity of Geo[u., ;,u.] and the construction of . yield
|te(ei) — ue(ej)] < 0. Due to the definition of the function 3. this inequality implies
|ue(gd) — ue(ef)| < Oe.. (4.36)

Moreover, note that by (4.33), (4.34), and (4.35)), for ¢ small enough,

dist(ej, \Z?) < |P(ej) — ej| + dist(P(ej), \Z?) < (27 4 2)ef- + 22 < 2cpeb ?,

dist(gi, \Z*) < |P(ei) — ei| + dist(P (i), \Z?) < (27 + 2)ef- ' + 2 < 2coef L.
These inequalities will be used in Step 3 to count how many interactions fall into Case 2.
Case 3: Now consider points ¢ and j such that P(ei) = IIg,(ei) and P(ej) = g, (ej)
and assume additionally that dist(P(ej),A\Z?) > 3coef 1. Since Ilg, is 1-Lipschitz, this
implies that dist(P(gi), \Z?) > 2cpef=! for ¢ small enough. Hence by the definition of the
boundary condition (cf. (4.27) and (4.28))

b.e(P(ei)) = b, (P(ej)) = mid(ugi,ugi) .

Using again the 1-Lipschitz-continuity of the geodesic Geo[mid(ug ,ug ), u.], similar to

([4.36]) we obtain that

(4.37)

lue (i) — ue(ej)| < 6. (4.38)

However, we need to analyze more accurately which points yield a non-zero difference. On
the one hand, the projection property of P and the definition of 4. yield the implication

if dist(ej, 5;) = dist(ej,0I) > dgi (mid(ug,, uf ),u.)e0" then . (ej) =u.. (4.39)

The same conclusion holds true for €i. Hence for Case 3 the estimate needs to be
taken into account only for (i,j) such that one of them violates the condition in (4.39),
while for other couples ei,¢j the difference vanishes as in Case 1.

On the other hand, using that P(ei) = Ilg, (i) and P(ej) = IIg,(¢j), one can show the
following implication (where || means parallel):

(ei—ej) || Si =0 = dist(ei, 1) =dist(ej,0I) = |uc(ei)—ue(ejf)] =0. (4.40)

Case 4: It remains to treat the case of points ¢ and j such that P(ei) = Ilg,(ei) and
P(gj) = Ug,(gj), but dist(P(ej), \Z?) < 3coef;!. Here we use the Lipschitz-continuity
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of b.. on S; and the stability estimate of Lemma [£.15] For the latter, we need that
b..e(P(et)) and b, .(P(ej)) are sufficiently close to u,. Since on S; the boundary condition
b, is defined by geodesic interpolation between the elements of the vector vg,(u) € (S!)3
defined in and u, € {ug,ug }, we know that

|b2c(P(ed)) — uy| < dsi(bs,e(P(ei)), us)

< max ds: ((vg, (u), e.), mid(u;i, ug)) + ds1 (mid(ugi, ug), Uz)

r=1

1
s da (v, (u),€,), mid(u,, ) + 5 (5 0,
< max dsi ((vs; (u), er), u.) + ds (ug7 u;) .

Recall that the first and third component of vg,[u] are given by the evaluation of w at
the endpoints of .S;. Hence by the almost continuity estimate we deduce for A < 1
that |b.(P(ei)) — u.| < ¢, where ¢ is the constant given by Lemma [£.15 Repeating
the argument one proves the analogue estimate for P(ej). To reduce notation, we set
de; = 0.7 dist(ei, 8I) and d.; = 0. 'dist(ej,0I). Then by and the applicable
Lemma LT85 we have

|- (ei) — e ()] < [Geolb. o (P(e0)), uz)(de.i) — Geolbs o (P(ei)), uz](de, ) |
+ |Geo[bz,s(P(5i))vUZ](da,j) - Geo[bz,s(P(Ej))aHZ](dS,jM
<|de,i — dej| + dsi (bz e (P(e0)), b2, (P(e4)))
< 6. + 7027, (ei) — s, ()] < 26 .

Hence in Case 4 we deduce the slightly weaker bound

|ue(ei) — ue(eg)] < 26 . (4.41)
Finally the location condition on j and (4.33) imply that
dist(ej, \Z?) < |P(ej) — ej| + dist(P(g5), \Z?) < 4dcoed t. (4.42)

Step 2 (interactions between different cubes)
Now we consider points €i € Ix(Az;) and €j € I\(Az;) with z; # z; and | —j| = 1. By the
definition of @. via geodesics and by the 1-Lipschitz continuity of the latter we have

e (6) — by, < (P(20))| = e () — Geolb, - (P(e7)), @, )(0)] < %dist(si, OIN(\%))

o . o N O .. )

[t() = bz, e (P(e4))] = [Te(ef) = Geolbs, < (P(e)), 82,](0)] < —dist(ej, 01 (Az;)) -
Note that there exists a boundary segment S;; of OIx(Az;) such that the line segment
[e1,¢7] intersects S;; orthogonally and moreover S;; C 0Ix(Az;). In particular,

dist(ei, 0Ix(Az;)) + dist(ef, 0Ix(Az;)) < €.

Summing the previous two estimates then yields

|tie (€1) = bz, e (P(€4))] + [t (€5) — bz, . (P(€))] < fe - (4.43)
We claim that either P(ei) € S;; and P(ej) € S;; or that both P(ei) and P(ej) are close to
AZ?%. Indeed, first assume that P(ej) ¢ S;;. Then there exists another facet S; of I\(Az;)
such that P(ej) € S;. Since dist(ej, S;) < ¢ and dist(ej, S;;) < €, the sides S; and S
cannot be parallel. Denoting by Ilg the projection onto the subspace spanned by a segment
S, we deduce that IIg, (Ilg,, (j)) € S; N Si; C AZ*. Hence

dist(P(ej), \Z?) = dist(I1s, (5), A\Z*) < |ej — s, (ef)| < €.
For P(ei) we check two possibilities. First consider P(ei) € S;;. Then we may assume that
P(ej) ¢ Sij as above. From the Lipschitz-continuity of Ils,; we infer
dist(P(ei), \Z?) = dist(Ilg,, (e7), \Z?) < |Ig,, (ei) — Ig,, (Is, (7))

+ lej — g, (ef)| < 2¢.

<lei—ej
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On the contrary, if P(ei) ¢ S;;, then there exists a facet S; # S;; of In(Az;) such
that P(ei) € S;. Since S; and S;; are both sides of the cube I)(Az;) which cannot be
parallel, we deduce that IIg, (ILg,, (i) € span(S;) Nspan(S;;) C AZ? and thus the defining
property of S;; implies that

dist(P(ei), \Z*) = dist(Ilg, (i), \Z?) < |ei — IIg,, (i) < €.
It remains to establish an estimate for dist(P(cj), A\Z?) when P(gi) ¢ S;; and P(ej) € S;;.
In this case we have
dist(P(gj), \Z?) = dist(Ils,, (), AZ?) < |, () — g, (ILs, (£9)]

< lej —ei| + |et — IIg, ()| < 2¢.

To sum up, we have proved the following two alternatives:
(i) P(ei), P(ej) € Sij;
(ii) max{dist(P(ei), \Z?), dist(P(ej), \Z?)} < 2e.
Again we treat the two cases separately.

Case 5: Note that the conditions in (ii) above imply that the unique points AZ;, AZ; € \Z?
realizing the minimal distance satisfy

N5 = 5| < N5 — P(ei)| + | P(ei) — eil + |ei — ej] + |ej — P(ej)| + [P()) = A5 < Te,
so that necessarily z; = z; for € small enough. In particular, the construction of the
boundary condition forces b, . (P(ei)) = bz, c(P(cj)) = uz, . From (4.43) we infer

|t (e1) — Ue(e])] < |tie(ed) — uz, | + [Ue(e]) — uz, | < O,

which by the definition of . allows to conclude that

lue(g1) — ue(ef)] < 0. (4.44)
Furthermore we know that

dist(ej, \Z?) < dist(P(g7), \Z?) + dist(cj, 0I5 (\2)) < 3¢. (4.45)
Case 6: We now analyze the case P(ei), P(cj) € S;;. By the symmetric definition b, .
and b.; . coincide on S;;. Since by assumption the segment [ei,ej] is orthogonal to Si;
and S;; C 9Ix(Az;) N OIx(Az;), we have P(ei) = Ils,;(ci) = Ig,,(ej) = P(ej). Hence
estimate (4.43)) yields
|t (e1) — Ue(e])] = [e(ei) — bz, o (P(e1))] + [b2; e (P(e])) — te(e)] < be

which again can be turned into an estimate for u. that reads

lue(g1) — ue(eg)] < 0. (4.46)
Moreover, we can give an estimate for the location of €5 by

diSt(Ej, Sl]) = diSt(Ej, 8[)\()\,2])) <e. (447)

Step 3 (energy estimates)
Let us first sum up our analysis hitherto. The interactions of couples (g7,¢j) with |[i—j| =1
and at least one point in an half-open cube I(Az) can be grouped as follows:
(1) In Case 1 it holds that |u.(ei) —u-(gf)] = 0.
(2) In the Cases 2, 4, and 5 we have for e small enough dist(gj, A\Z?) < 4coef7* (see ([1.37),
([@.42), and ([{.45)) and by ([£.36)), ([.41)), and (4.44) the continuity estimate

|ue () — ue(eg)| < 26 .

(3) In Cases 3 and 6, according to (4.38)—(4.40)) respectively (4.46)—(4.47)), there exists a side

S of In(Az) such that, setting rg(z) := 3dg (ug, ud) = ds: (mid(ug, ul),u.),

0. if dist(ej,5) < rs(z)5- +eand (i —j) LS,

0 otherwise.

|ue(e7) — ue(ef)] < {
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Now we can estimate the discrete energy. Due to (1)-(3) above it is bounded by

L B < ceea#(szg N {dist(-, \Z?) < 059;1})

€0,
+ Z Z el:# (EZ2 NIy(Az)N {dist(-, S) < g-rs(z) + 26}) )

I (A2)NQAD SCAIx(Az)

where we used that each point in Z? has four neighbors, but for (3) we have to count only
half of the interactions. We claim that the first right hand side term vanishes when € — 0.
To this end, fix a large cube @ such that 2 CC Q. For ¢ small enough we have

52#(Qsm{dist(-,)\742)ngagl}) < Y By (@) < ClQIN 2202,
TENZ2NQ

Inserting this estimate into the first term, we obtain
geg#(gg N {dist(-, \Z?) < 059;1}) < C\Qw?ai, (4.48)
€

which vanishes when ¢ — 0 due to the assumption ¢ < 6..
Now we treat the second term. Since each segment S has length A, for any fixed x > 0
it holds that

el.-# (5Z2 NIx(Az)N {dist(~,S) < gh+ 25}) < %()\ + Z—jﬁ + 65) (;—6/@ + 45) .

For only finitely many cubes Ix(\z) intersecting €2, we can insert this estimate with k =
ks(z), pass to the limit in & and obtain by (4.48]) that

)\ _ + — + 1
lim sup — 59 E (ue) < Z Z 2d51(us,us)=/hmpdsl(u s u) vt dH

e=0 In(A2)NQ£AD SCAIx(Az)
(4.49)
This estimate agrees with (4.26]) and hence concludes the proof. ]

4.4. Upper bound in presence of vortices. Also in the case of vortices the construction
of the recovery sequence is done by gradually simplifying the map u € BV (Q;S!), following
the main idea of Section However, due to the presence of the vortex measure pu =
Zgil dpdz, , in general the map u cannot be approximated by smooth maps with values in
S'. This requires additional steps in the simplification of w. For notational convenience, set

o) = [ [Vl da DOl () + 7 (115
Q

with J(u,u; Q) given by (4.19). We start with the approximation result for currents 7' with
boundary T = —ux[S'] which appear in the definition of the limit functional.

Lemma 4.17 (Approximations creating finitely many singularities). Let p = Z;LV 1 Anlz,
and let T € Dg(Qsz) be such that T € cart(,xS') and 0T |qxr> = —ux[[Sl]]. Then

there exist an open set QD> Q and a sequence uy, € C’OO(Q SHNWEL(Q;SY) such that

up — ur in L'(Q;R?), (4.50)

Gu, =T in Da(Q,xR?), (4.51)

|G| (QXR?) — |T|(QxR?), (4.52)
deg(ug)(zn) =dp, forh=1,...,N. (4.53)

Proof. Let ' and Q" be open sets with Lipschitz boundary such that Q' cc Q" cc Q
and {z1,...,2zy} C Q' and let us define the open set O := Q\ﬁl. Since 9T |pxr2 = 0,
we have T € cart(OxS'). By Lemma there exist an open set O D> O and a current
T e cart(éxSl) such that j:’|0><]R2 =T|oxr2 and |T|(8OXR2) = 0. In particular,

T|(m\§’)xR2 = T|(Q”\§’)XR2 . (4.54)
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This allows us to glue together the currents T' and T. Todo so, we define the set Q:=QuUO
and the current S € Dy(Q2xR2) as follows. Fix a cut-off function ¢ € C°(Q”) such that
0< (¢ <1 and ¢ =1 on a neighborhood of Q. For every w € DQ(QXRQ) we put S(w) :=
T((w)+f((1—§)w> . Then by it follows that S|gyrz =T, S|(§\§/)XR2 = 1~“|(§\§/)XW ,
and |S|(092xR?) = 0. In particular, using the product rule for the exterior derivative, for
any 1-form w € D'(QxS!) we find that

98(w) = T(¢dw) + T((1 = ¢) dw)
= T (¢w) — T(d¢ Aw) + T ((1 — Qw) + T(d¢ Aw) = —px[S'](w),

where we used that ¢ = 1 on supp(p) and d( Aw € DQ(Q//\Q/XRz). Hence S €
cart(ﬁuxSl) and 9S|g, g2 = —pux[S'].

Since S € cart(ﬁﬂxSl), by the Approximation Theorem for Cartesian currents (The-
orem there exists a sequence uy € COO(QN;Sl) N WLL(Q;SY) such that G, — S in
Dg(ﬁuxﬂy) and |Guk|((~2#xR2) — |S|((~2#><R2). In particular, we get and thus (£.50).
Moreover

|G, | (2xR?) — |S|(Q2xR?), (4.55)
since Gy, and S do not charge the sets {z;}xR? (being i.m. rectifiable 2-currents concen-
trated on a subset of R2xS!, see also Remark [4.7).

Thanks to the convergence in we can prove (4.53). Indeed, let h = 1,..., N.

For p > 0 small enough we have (e.g., by [34, Section 6, Proposition 1])

0G| B, (wn)xr2 = — deg(up) (z1)dz, X [S'] .

Fix a cut-off function ¢ € C°(B,(xp)) such that ¢ =1 on B, /3(xp) and define the 1-form
w = (wst, wst being the 0-homogeneous extension of the volume form of S' to R?\ {0}.
Observing that dw € D?((B,(z) \ {zs})xR?), the convergence in (.51]) implies that

—deg(ug)(xp) = 0Gy, (W) = Gy, (dw) = T(dw) = 0T (w) = —dp, .

Then deg(uy)(xp) is a sequence of integer numbers which converges to the integer num-
ber dj, . Thus for k large enough deg(uy)(xpn) = dp, .
To conclude, we observe that (4.55) and |S|(0QxR?) = 0 imply (4.52)). O

The next result shows how to reduce the analysis to singularities with degree +1.

Lemma 4.18 (Splitting of the degree). Let V := {x1,...,2x} C Q and let v € C®(Q\
ViSHNnWhi(Q;Sh) be such that deg(u)(wy) #0 for h=1,...,N. Then for 0 < 7 < 1
there exist a set Vy = {a7,..., 2% } CQ and a function u™ € C=(Q\ V;;SH))NnWhH1(Q;S!)
such that u™ — u strongly in L'(Q;R?), |deg(u™)(z})| =1 for h=1,...,N, and

lim/ [VuT|z1 dz :/ [Vulg,1 dz, (4.56)
70 Jo Q
N, N
Ny =) |deg(u)(z})| = D | deg(u)(zn)] . (4.57)
h=1 h=1

Moreover, defining the measures pu™ = Zflv;l deg(u”)(z},)0x7 , we have that

N
u’ 4 Z deg(u)(xn)ds, asT—0.
h=1
Finally, if u € C’°°(S~2 \ ViShHn Wl’l(ﬁ;Sl) for some Q2 OO Q, then one can additionally
choose u™ € C=(Q\ V;SH) nWhi(Q;Sh).

Remark 4.19. In this section we shall apply Lemma to functions given by Lemma
cf. (£.53). In [26] we have to consider u € C*(Q\ V;S*) N WH1(Q;S!) without assuming
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that deg(u)(zp) # 0 for every h =1,..., N. In that case, the statement of the lemma holds
true, but (4.57)) needs to be adapted to

N = Z |deg(u)(zn)| + 2#{zpn : deg(u)(zp) = 0}.

The argument in the proof remains unchanged.

Proof of Lemma[{.18 Via an iterative construction we create |deg(u)(xp)| different singu-

larities out of one singularity whenever |deg(u)(zp)| > 1 in such a way that the new function

is close in energy. To reduce notation, we assume that 21 = 0 and deg(u)(x;) > 1 (the case

of a negative degree less than —1 can be treated similarly). We equip R? with the complex

product, which we denote by ®. Given 0 < 7 < 1 we set u” € C°(Q\ (VU {re1});S') as
UT(QS) _ u(x) o) (L)fl o) (z—Te1) )

|] lz—Tei]

Defined as above, it follows that 4™ — u in L'(Q;R?) by dominated convergence. Next, we
estimate its anisotropic gradient norm. By the product rule, for ¢ = 1,2 we obtain

Ou (z) = Oju(z) ® (i)f1 @ e=re)

|z lz—Teq]
-1 T—Te -1 T—Te
+ue) @ {0:(5) T o B + (5) ooy

A straightforward computation shows that, for a.e. x € {2, we have

Tli_r)r})az—uT(x) =Ou(z)+u® {ai(i)7 O+ (‘T|)7 © 0; |z|}

[

= du(z) +ue 8 {(5) " © &} = dul).

In order to use dominated convergence, we observe that (I ‘)_1 = |710|(9617 —23), so that

|Oiu” ()| < [Diu(z)

()| + [0 (=) | < @)l + & + 22y

The right-hand side is equi-integrable on Q C R?, so that we conclude

hm/ [VuT|2 dz —/ |Vulz 1 de.
Finally, we need to compute the degree of u™. Let us introduce the complex-valued functions
u(z) = ur(z) + we(z), f(z) = |17|(x1 —x9), g(z)= rlmll((xl —7) +122) .
In R? the degree around a point Z can be expressed via the winding number, that means
d(u du u(d uf(d
(2m1) deg(u”) (@) :/ (wfg) _ / (du)fg +u(df)g +uf(dg)
@ ufg 9B, (%) ufg
=27 (deg(u)(T) — 60(T) + 07, (T)) -
We deduce that the degree of u” is of the form (recalling that x; = 0)

deg(u)(z1) —1 if T =uaq,
deg(uT)(T) =41 ifT =214+ 7eq,
deg(u)(T) otherwise,
where for the second equality we used that deg(u)(x1+7e1) = 0 due to the local smoothness
of u around z7 + 7ey (see [20, Corollary 8]). Repeating this construction (with 7/2, 7/4,
and so on) we find a finite set V; = {27,..., 2} } and a sequence u™ € C>(Q\ V;;S') N

WHL(Q;S) such that u™ — w in L*(Q;R?), deg(u)(x}) € {£1} and (£.56)-(E.57) hold
true. The claim on the flat convergence follows by the construction.

In the next lemma we move the singularities onto a lattice A\,Z? which makes them
compatible with a piecewise constant approximation u,, € PCy, (S!).
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Lemma 4.20 (Moving singularities on a lattice). Let V := {z1,...,zny} C Q, let Qoo Q,
and let w € C°(Q\ V;SY) N WLLHQ;SY). Then for every X > 0 there exist a set Vy =
{2}, 23} C AZ2NQ and a map v* € C®(Q\ Va; SY) N WEL(Q:SY) such that v — u
strongly in WH1(€;S') as A — 0. Moreover, deg(u*)(x7) = deg(u)(zp) for h=1,...,N
for X\ small enough and, defining the measures p* = Zthl deg(u/\)(xﬁ)émi , it holds that

pr 5 N deg(u)(xh)ds,

Proof. We set u* := w01y, where 1y : Q — Q is a suitable diffeomorphism with vy (27) =
xp, (see, e.g., [37, p. 210] for a construction). The details are omitted as they are standard.
O

We modify the target sequence one last time close to the singularities.

Lemma 4.21 (Modification near a singularity). Let p <1 and let u € C>®(B,\ {0};S*) N
WHL(B,;SY) with | deg(u)(0)] = 1. Then for every o > 0 there exist u € C>(B,\{0};S")N
WHY(B,;SY) and a radius ny € (0, p?) such that

i) i(x) = I for cvery € B, \ {0};

|]

i) u(x) =u(z) for every x € B, \ B i ;
iii) it holds that
/ [Vilz, de < / |[Vulg1dz+ 0.
B, B,

Proof. We give a proof in the case deg(u)(0) = 1, the case deg(u)(0) = —1 being completely
analogous. We also assume, without loss of generality, that p = 1 and we denote B, simply
by B. Let us consider the set X := {(z1,0) : 0 <z <1}. To modify the map u we will
actually modify its lifting ¢. We start by discussing some useful properties of ¢.

Since B\ ¥ is simply connected, the map u: B\ ¥ — S! admits a lifting ¢: B\ X — R,
i.e., a function satisfying u = exp(tp). The function ¢ is unique up to integer multiples
of 27 and has the same regularity of u, namely ¢ € C*°(B\ Z;R) N Wh1(B\ 3;R).

The fact that u € C°(B\ {0};S!) can be translated in terms of the regularity of ¢ as
follows: for every x € ¥ N (B \ {0}) and r > 0 such that B,(x) CC B\ {0}, we have

Ip+ @@+ g (e —2m) € C%(Br(2)), (4.58)

where Bf(z) = {z € B,(z): x5 > 0}. To show this, we observe that u € C=(B,(x);S!),
thus it admits a lifting ¢, € C*°(B,.(z)). Up to adding an integer multiple of 27 to ¢, , by
the uniqueness of the lifting up to integer multiples of 27 we have ¢ = ¢, in B} (z) and
there exists a k, € Z such that ¢ = ¢, 427k, in B (z), thus ﬂEj(z)‘P"‘ﬂB:(w)(@_QﬁkI) =
©z € C°°(B,(z)). To prove that k, = 1, we observe that the proven regularity implies, in
particular, that the restrictions | B () admit traces ¢* on ¥ in the classical sense. To
compute the jump ¢+ —¢~ = =27k, at a point z € XN (B\{0}), we parametrize the circle
0B,;| counterclockwise with the closed path () = |z|exp(:2nt), t € [0,1]. Observing that
Vo =u1Vus —usVup in B\ X, we infer that

+ () — + -\ — td _ ' :
ot (@) — o (@) = p(1(07)) — p(r(17)) = - / < (el ) dt = - / Vely(t) - 4(t) dt
= 27

=— /(u1VuQ —upVuy) - 7dH = =27 deg(u)(0) = —
.

This proves k, = 1, and in turn .

Finally, it holds that ¢ € L*(B) due to the Sobolev Embedding Theorem.

We are now in a position to define a modification ¢ of ¢. Let us fix ¢ > 0. By a classical
capacity argument, we find 79 > 0 small enough and a cut-off function ¢ € C2°(B ),
0<(<1, (=1 on B, satisfying

2 ¢ ¢ 2
IVCllEeo = 10 = Tiogm] <7




26 MARCO CICALESE, GTANLUCA ORLANDO, AND MATTHIAS RUF

We use the cut-off ( to interpolate between ¢ and the principal argument arg. The
function arg is defined in polar coordinates (p,d) by arg(p,d) = ¥ and satisfies é—' =

exp(varg(z)) in B\ {0}. In particular, also arg € C*(B\ %;R) N Wh1(B\ X;R) and it
satisfies the regularity property as in (4.58). Let us define

¢ :=Carg+(1=C)p, u:=exp(up).
Since ¢ € C*°(B\ &;R) and for every z € ¥ N (B \ {0}) and r > 0 such that B,(z) CC
B\ {0}, we have 1?:?(90)95"" Lp- () (@ —2m) € C%(B;(x);R), we deduce that & € C>(B\
{0};S!). By definition u satisfies (i) and (ii). To prove (iii), let us compute

/ |Vl2,1 dx:/ Vel dxg/ Ve — Vol dx—i—/ [Vl dz
B B\S B\S B\S
= / |V§5—V(p|1 dl‘+/ |VU|2’1 d.%‘,
B\S B
thus it only remains to estimate the first integral in the right-hand side. We have

/ V@ — V| dz < \/5/ |v<\|arg—<p|dx+ﬁ/ ¢|V arg —V| da
B\T B\XZ B\Z

<V2|V¢| r2m) (arg |22 sy + el z2s)) + \/5/3 \E(\Vargl + |Vy|) dz
)

< (V2| arg |l z2(m) + V2] @l L2(m) + )0,

if mo > 0 is also chosen small enough such that

\@/ ([Varg| +|Ve|)dz < o.
B 5\T

Now we are in a position to construct the discrete recovery sequence.

Proposition 4.22. Assume that ¢ < 0. < ¢|loge|. Let A, := 27", n € N and let
Vo= {z1,...,2n} C MZ2N Q. Assume that uw € C(Q\ V;SY) N Whi(Q;SY) with
Q DD Q has the following structure: |deg(u)(zrn)| =1 for all 1 <h < N and

1 0 — )
u(z) = (0 deg(u)(x;b)) |§—i2| in By, (zn)
for some ny > 0. Set moreover p = Zgzl deg(u)(xn)ds, . Then there exists a sequence

ue: Qe = Sc such that p,, BN W, ue = u in LY(Q;R?), and

1 €
; — — ] < .
hrglj(l)lp (E@EEE(UE) 27r|p|(Q)\log5|06) < /Q |Vul|z1 dz

Remark 4.23. We emphasize that the construction presented below also works under the
sole assumption ¢ < .. The scaling . < ¢|loge| will be used only after on, where
we identify the flat limit of the discrete vorticity measure. This observation will be useful
to study the regimes 6. ~ ¢|loge| and ¢|loge| <« 6. in [26].

Proof of Proposition[{.22 We divide the proof into several steps. First we define a good
approximation very close to the singularity. Then we define an interpolation between this
construction and the piecewise constant approximations provided by Lemma [.13] far from
the singularities. In the third step we estimate the energy of this interpolation. In a final
step we bound the energy and identify the flat limit of the discrete vorticity measures.
Step 1 Local discrete approximation of (degree 41 )-singularities.

We define a local recovery sequence close to the first singularity x;. In the whole proof we
will assume that deg(u)(z1) =1, so that

u(z) = a=ry in By, (x1). (4.59)
(If, instead, deg(u)(z1) = —1, we have u(z) = ( § %) iy and the construction below

is adapted accordingly.) For simplification, we specify u(z1) := e;. Next we partition
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2\ {0} according to the value of the angle in polar coordinates. More precisely, for
k=0,1,...,N. — 1 we set

Spei={r=rexp(tp) €ER?: >0, ¢ € [kb, (k+1)0.)}. (4.60)

Based on this partition, we approximate the functions u with sequences v. € PC.(S:)
defined on €72\ {x1} by

ve(e1) = exp(Lkb;) if ei —xq1 € S e (4.61)
while v.(ei) = ey if ei = ;. Note that v. = P.(u) by definition of R, see (4.25). Then,
writing i — x1 = |ei — x1| exp(e(k$0: + ¢F)) with ¢S € [0,6,), it holds that

lu(ei) — ve(ei)| < |exp(e(kife + ¢5)) — exp(ekife)] < O, (4.62)

for ei € By, (x1). We define the radius r. = 467! (its role will become clear below). We
start estimating the energy of v, in Bs,_(x1). By a change of variables we may assume that
21 = 0 in order to reduce the notation. Observe that for any two vectors a,b € R? we have

lal? = [b1* < a = bl(lal + [b]) < 2(blla — b] + |a — b (4.63)
Hence, using also (4.62)),

o0 Bar,) <~ Be(us Bar,) + 2 (Joe(ei) = ve(ed) = Juei) - u(e))?)

e, cb, 2e0, “—
(3,5)
€i,ej€Bar,
1 O 2 . . 2
< 0. E.(u; Bar.) + 0. (z:) e? (0-|u(er) — u(eg)| + 62) . (4.64)
5i75jéjBQTE

We prove that the last sum vanishes, while the first right hand side term scales as 27| log €| i
in the sense that the difference vanishes. To this end, we estimate finite differences of u
away from the singularity. As for ¢ € [0,1] and 4,5 € Z* with |i — j| = 1 we have

|(1—t)ei + tej| > |ei] — €,
for any ei,ej € eZ? \ Ba. with |i — j| =1 the regularity of u in B,, \ {0} implies

1
lu(ei) — u(ej)] g/ Vutei + (1 — £)ej)(ei — )| dt.
0
Since i — j € {xey,tes}, a direct computation yields the two cases
fo \tz+|1162t‘)]|2 dt if (i —j) [l ex,

il o (4.65)
fo T+ (=052 dt if (i —j) [l ez,

|u(ei) — u(ej)| <

EQ&7’+) Bay, EQ(SJ“H

Te—]

1—|

—

|

|

—|

=1

-

[— |
— L

Figure 1. The trimmed quadrants €Q3 used to bound the energy in (4.67).

To further simplify the energy, given a sign s = (s1,s2) € {(+,+), (—, +), (—, =), (+,—)}
and n € N we define the trimmed quadrants Q7 as

Qf i={r€R?:512-€1 >n, s91-e3 >n}. (4.66)
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Applying Jensen’s inequality in (4.65) and specifying n = 3, we can bound the energy via
[2r. /€]

_ Fu(w; Qo)+ Z 2 kz , (4.67)

1 1
—FE.(u; By, ) < — F.(u,eQ35NBa,
505 5('1,6 2 5) — ; 595 5(u ‘SQB’ 2 e) 59
see Figure The last sum is converging with respect to k, so that the second and third

term can be estimated by

r2re /€] 5
1 C k €

; = 4.
- E-(u; Q2) - kz —14—005 (4.68)

where for the first term we used the estimate |u(ei)—u(ej)|* < 4. On the trimmed quadrants
Q3 we can use again Jensen’s inequality in (4.65) and a monotonicity argument to deduce

Be(wieQiNBa) = D Efuleli+sier)) —u(ed)]? + fu(e(i + saea)) - ulei)
EieEZQQBQTE
1€Q3
g2 g2
< > @ -2§/ e (4.69)
ei€eZ?N By |€Z| €Q5NBar, |SE‘
i€Q3 :

Note that we shifted the trimming in the last inequality to pass from discrete to continuum.
We sum ((4.69)) over all possible s and, after multiplying with i, we infer that

1 1 g2
—FE (u;6Q3N By ) < — dx < 27|loge 4.70
Z 596 ( 3 2 ) 80 BQTE\BE | |2 ‘ g | ( )
since 7. = 4e-! < 1. The combination of (4.67 -, -7 and - yields
1
—FE.(u; By, ) — 271 —<C—. 4.71
595 5(u7 2 s) ﬂ—‘ Og5| 05 — 95 ( )

To bound the remaining sum in (4.64), note that on the one hand r. = 4¢0-* implies that

1 219 0 9 €
— 02 < C—(2r. +2e)° <C—. 4.72
o X SescEennrog (.72
(i,3)
57:75j€B2'r5
On the other hand, using the trimmed quadrants Qf to split the sum as in (4.67)) yields
V2 C [2re/e] k
&2
0. — . — dz+C
89 (Z) lu(ei) — u(ej)| < ) . |x| v+ Cet - Z £
i, c

€i,ejE€Bar,

Note that due to the non-quadratic structure we have the additional constant v/2 in front
of the integral. Moreover, the last sum diverges logarithmically, but we have an additional
factor 6. which compensates this growth. We conclude that

1 . .
= 3 Phufulei) — u(e)| < C (2 + =+ <l log )
)
€i,ej€Bar,
Since ¢ <« 0. < 1 the right hand side vanishes when ¢ — 0. Thus this estimate, (4.64)),
[T71), and (L72) imply that

lim sup <1E5(U5; By, ) — 27| log5|8> <0. (4.73)
e—0 . : 0.

Next we control the energy in By (1) \ By (x1) for 0 < n <o, where 79 is given by the
assumptions. To this end, we need to examine the precise behavior of the sequence v. for
i,j € Z? satisfying |i — j| =1 and |ej — 21|, |ei — 21| > r.. The basic idea is that for many
such pairs the energy contribution vanishes. Indeed, write such points as

gi —x1 = 1 exp(L(k50- + ¢5)), ej — 1 = 75 exp(u(K50: + ¢5)) (4.74)
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with &, k5 € {0,..., Ne — 1} and &7, 65 € [0,0:). By (2.1) we obtain
e = |r§ exp((k{0: + ¢5)) — 75 exp(u(k50- + ¢5))|
> re|exp(u(k;0: + ¢5)) — exp(u(k50: + ¢5))| — [rf — 5]

2r
> i (ke — k)0 E _ S+ 9 _
*nel{%l,rill} 7r|(2 30+ 97 = 5 + 2mnl — e
2r.6
> min —EE(kE — kS + Non| — 1) —e.

T ne{0,x1} T

Inserting r. = 4¢0- 1, the above estimate can be rearranged into

™ : € g
1 > nergé{rill}(|ki — k5 + Nen| —1).
Since kf — k5 + Nen is an integer, we get the following two possibilities:
(i) kf — k5 — Nen = 0, which is possible only for n = 0, since k7, k5 € {0,..., N. — 1}.
This yields v (g7) = v.(ej) since i and ej belong to the same sector;
(ii) kf — k5 = £1 mod (N.), which implies |ve(ei) — ve(e)| < 0. Moreover, since
ki # k5 we infer that dist(ei — 1,08k ) <e.
With this information at hand, we can estimate the energy by bounding the number of all
points in €Z2? N B, (x1) which are e-close to one of the lines in Ugial O0Sk + x1. Since
N. < CO;1, this leads to
N.—1
E.(ve; By(z1) \ By (71)) < C6? Z e2#{ei € eZ* N B, (1) : dist(ei,0Sk . +x1) < €}
k=0
< CO.(n+ 2¢)e.

Dividing the inequality by €. we obtain for € small enough that

1 1 1
EEe(Ué By(z1)) < EEs(Ua Bay (71)) + %EE((UE; By(z1) \ Br.(z1))
1
< %Es(vs; BQT‘E (ml)) + 0777

where we used that r. > ¢ to split the energy via changing the inner radius from r. to 2r..
Subtracting the term 2| loge\i and using (4.73]), we proved that for some C' < 400

1
lim sup (Es(vs; B, (z1)) — 27| 10g5|6> <Cn. (4.75)
e—0 €0 0-

Step 2 An interpolation between singular and piecewise constant approximations.

We do the construction in the case where the singularity lies in the origin. The case of
singularities contained in AZ? will be treated with a translation argument. Consider a cube
Q) = [2mMI X 2m(MN]2 | where XA = A\ with k& > n will be small, but fixed in this step,
and 1 < m()) € N is chosen maximal such that Q(\) C B, ), with fixed 0 <71 < no. Note
that the corners of Q()\) belong to AZ2. Define then a sequence of dyadically shrinking
cubes by Qi = [(—=2™N) 4 (2 — 27F))A, (27N — (2 — 27F)A]? for k > 0. Here the factor
2 — 27% is chosen as the value of the geometric sum Zf:o 2!, For notational reasons we
also set Q_1 := Q(\) and Q_o := [—(2™™M + 1)\, (2™ + 1)A]. Then for k > 0 the layer
Lr = Q-1 \ Qk can be decomposed into finitely many closed cubes with disjoint interior
and side lengths 27%\. Indeed, those cubes are given by the closures of the half-open cubes
belonging to the family

Or={ap= (27" +1[0,27%))?) : 2€Z%, qf C Ly} .
With a slight abuse of notation we also set
Q 1:={a";=A\2+[0,N?) : 2€Z®, ¢°y CL_1}.
For k > —1, a generic element of Qy is of the form

qz _ 2—max{k,0})\z + [07 9= max{k,O})\>2 C L.
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(See Figure ) We introduced the square Q_o and the family of cubes Q_; since they
will be useful later to glue in the layer L_; = Q_2 \ @_1 the construction of the recovery
sequence u. inside Q(A) and outside Q(A), respectively. The construction of u. outside
Q(X) will be based, as in Proposition on a piecewise constant approximation of u on
the AZ? lattice and its boundary value on dQ()\) will agree with that of the construction
from the inside. For this reason the cubes in Q_; have volume A2, as those of Qg, instead
of the notationally more consistent volume (2))?2.
We further choose k. € N as the unique number such that

27k < g < 27hetL (4.76)
Note that, in particular, we have that

Qka D) B(Qm(k)_g))\ . (477)

Q_1=0Q(\) «

o Q- 0Qr Qi

A

AN a7 € Qs
i ] a

2m(A) )

[T
T T
AR

[

[} IS

=~

>

&

N
ES
>

Liyr Ly Ly
n/2

Figure 2. On the left: Dyadic decomposition of Q(XA) and example of a square belonging to
the family Qj (in the picture, k = 1). The ball contained in all squares Qy is given by .
On the right: Sides of a cube qj contained in the layer Lj where we define the boundary
conditions.

To each (non-empty, half-open) cube g} = 2 max{k0}\o 4 [0, 27 max{kOI\)2 N [, € Qy,
we associate the value

uj, . =u(2” max{k,0} \(z 4 se1+ 3e2)),

where 27 max{k0k (5 4 1 61 + 62) is the midpoint of the cube qj . We use these values uj .
to define an mterpolatlon sumlar to the one in the proof of Proposition [{.16] but on a famlly
of shrinking cubes. In order to obtain quantitative energy estimates, we need a bound on
the differences of the values uy, . between cubes which touch at their boundaries. A key
ingredient will be the estimate

@ |zly| — =lz| + @fx| — yla|]

R <ozl
EJ |lly| Tyl
which is valid for z,y € R?\ {0}. Due to (4.77) it holds that 0 ¢ qi for —1 < k < k..
Hence, for two touching cubes q;! and q;2 with —1 < kq, k2 < ke (ie., q;2 N@;2 # O), the
estimate implies the bound

(4.78)

VA2 K 4 27k

lm%%u max{kz,o}/\(Zl_,_ le + 82)|’

gy o —uis | <2 (4.79)

where we used that the distance between midpoints is bounded by the sum of the diameters
of the cubes. Assuming that m(\) > 2, the inclusion (4.77) implies that the denominator
can be estimated from below via

‘2— ma"{k“o})\(zl +3e1+ %62)’ > (2™ —2)x > 2mN 71N
In combination with (| and the bound 2% < 6. (cf. m we obtain

\uklg—umI <277 4278 <16 ma 2tk Vg, (4.80)
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Next, we define the piecewise constant function @w.: Q_2 \ Qr. — S via
We(z) =uj, ifae @m0y 40,27k NL,, —1<k<ke. (4.81)

Note that this function is pointwise well-defined except on parts of 9@ _» since we consider
half-open cubes. In order to define an interpolation between cubes which approximates the
piecewise constant function w., we introduce again boundary conditions. In each cube qj €
Ok, we define the boundary conditions only on those sides which are not contained in 9Qy
(recall that Q) is the inner part of the boundary of the layer L ). On the side contained in
dQy, (if there is any) we define the boundary condition via the cubes in Ly41 (cf. Figure[2).
To fix ideas, in what follows one can use an iterative definition starting with k = k., for
which we neglect the inner boundary.

For a generic side S = {27 2/ +te; : t € [0,27%\]} with 2/ € Z%, k >0 and i € {1,2},
and three values w = (w', w?, w?) € (§')?, we set b5 ;[w]: S — S' as

b5 1 [w](z) = e glw](2°2),

where 0%, [w] is defined in for every side S = {\z' +te; : t € [0,A]}. In this proof we
work with the constant ¢y := 393 in ; this choice will be clear only after formula .
Given a side S as above satisfying additionally S C L, with k& > 0 and S ¢ 0Q (recall
that the layer Ly is closed), we specify the three values w = wg on S by

wg = (w8(2”“/\z’),mid((w5)§, (We) &), we (277N + ez—))) ; (4.82)

where (w.)g and (w.)& denote the (constant) traces along the side S of the function w,
defined in (note that on sides in 9Q), the trace from outside Lj may be non-constant
because the cubes shrink). It is only here where we have to use the values in the layer L_;.

Fix a cube qi € Qi (k > 0) and define the boundary values by .[z]: 997 \ 0Qr — S' by

bre[2](x) = b5, [wg](x) if 2 =27FX2' +te; € S for some 2’ € Z? and t € [0,277)].

Having in mind the definition (4.27), on each side S the function by .[z] satisfies the
Lipschitz-estimate

bk e [2](2) = bie[2)()] = [b3e s [w§](2°2) — b5 s[wS] (2"y)]

< max dg: ((wg)", (wg)?) 2%6
=i=13 ° SINEST ) e

) 2k71
< e\t ey2| T
< 211:121%{% |(ws) (wg) | o
where we used (2.1)) in the last inequality. We continue with estimating the right hand side
of (4.83]). On the one hand, equation (4.80) implies

(5 — (23] < dgr (mid((m), (82)5), (@2)F) = 3t (@25, (@)3)

T — —k—m
< Jl@)§ = (@e)5] < Cr2t* Mg, (4.84)

|z -y

0<
—|r — 4.
-yl @8y

with C7; = 32, where in the last inequality we also used that due to the definition
and the fact that S C Jq; we have (w5)§ = uzia for some zy € Z? and —1 < ky < k.
with |k — kx| < 1. On the other hand, observe that in the definition of wg in the
points 27%\2’ and 27*A(2' + ¢;) belong to S. Thus the cubes qz. and q;® used in the
definition for (wg)t = w.(27%\2") and (w%)3 = w.(27%\(2' +e;)), respectively, must
touch both the cubes q;i used in the definition for (u’;e)ﬁ . Hence, again due to ,

((wg)' — (we)E] < C2k==k—mNg_ - fori=1,3. (4.85)
Combining the last two estimates with (4.83)) and the bound 2%, < 2 yields

e l2)(@) ~ L)) < e~ (4.56)
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k—1

where we used that 2012’65*’“*7"(’\)05”27 < 1. Next observe that the locally defined
boundary values yield a function

b | U 990\ 0Qr. = S', xe be(z) = bpelel(x) ifx€dai\0Qk. (4.87)
0<k<k. q;€Qs

We briefly explain the idea how to construct the recovery sequence. In Q. we put
the value of the function v. used in Step 1 and defined in , namely, we approximate
ﬁ close to its singularity. In the first layer L, we keep this construction and then we
start an interpolation scheme with respect to the cubes q, where we put the value uj . in
most part of a cube. The boundary conditions by .[z] help to control interactions between
different cubes. In the estimates we can allow for multiplicative constants since the total
contribution will be proportional to 2N X ~ 5. However, a precise dependence on the
energy with respect to the layer number k is crucial since we have to sum over all layers.

Now let us start with the details. For the moment fix 0 < k < k.. Given a cube q} € Qy,
let Py .: qi — 0q; be any function such that |Py .(z) — x| = dist(x,0q}) for all z € q.
Set u.: eZ*Nqi — S! as

Uz (i) = Geo [be (P2 (g9)), uj. .| (0~ "dist(ei, 0q7))

with the extended geodesics given by Definition and b, given by (4.87)). Since in general
Ue(g7) ¢ Sc, we project it. The function u. in the square Q(\) is then given by

uelei) = { €0  Mei€Qu, | (488)
Pe(te(e1)) if ei € qf for some qf € Qp with 0 < k < k.,
with the operator 3. defined in (4.25). In this step we are interested in the energy restricted
to Q(A) and for this reason we defined u. only in Q(A). The sequence u. will be defined
later in Step 4 outside Q(\), that means, far from the singularity, as in Proposition m
First let us identify the L'(Q()))-limit of u.. To this end, observe that for all i € g7
with 0 < k < k. we have by Definition

ue(ei) = Pe(uf o) if  0.e dist(ei, 0qf) > ds1 (b (Py,z(€1)), uj o) - (4.89)

We need to quantify the dependence on % in the right hand side. Let S C Jqj be a
side such that Py ,(ei) € S. Since the boundary datum b, restricted to S interpolates
via geodesic arcs between the three elements of the vector w§ defined in (4.82) and by

construction uf _ € {(w.)g, (w:)5}, it follows from (£.84) and (4.85) (with &+ 1 in place
of k if S C 0Qy, which improves the estimate) that

dgi (b (P2 (1)), uf o) < dst (be(Pr, 2 (1)), mid((@.)§, (we)g)) + Cy 2k —F=m Mg,

< max g ((w§)', mid((@2)3, (w2)3)) + Ca25 Mg,

< C2ke—k=mNg_ (4.90)
for Cy = (% + 1)6’1 < 96. In particular, the condition (4.89)) implies that
uc(ei) = Po(uf)  if  dist(ei, dqf) > Cp 2% Fe. (4.91)

Since 26, < 2 (cf. ([#.76))), the term 2*<¢ vanishes when ¢ — 0. As the measure of each q7
is 277X\, we deduce from (#.62) that a.e. in Q()\) (and thus in L*(Q()\))) it holds that
o on Qo 1= [(—2mN) + 2)A, (2mN) — 2)A]2,

Ue = u) = (4.92)

k-1
|§fk71§g§$i§§§\ if € qf N Ly, for some k € NU{0}.

Notice that Qoc = (Npeo @ and that u) = £ except in the layer Q()\) \ Qoo, whose

[z
thickness is 2\, thus infinitesimal when A — 0.
Below we bound the differences u. (gi) —u.(gj) for all €i,ej € eZ2NQ(N) with |i—j| =1.

Substep 2.1 (interactions within a single cube)
Consider first ei,ej € €Z? N qf with 0 <k < k. and |i — j| = 1. We treat several cases:
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Case 1: If dist(ei, dq;) > Cz 28~k and dist(ej, q7) > Ca 2% ~*¢, then by (&.91))
|ue (1) — ue(eg)] = [Be(ui o) — Be(ui )l = 0.
By the Lipschitz continuity of dist(-, dq}), we can from now on assume that
max{dist(gi, dqZ), dist(c], 095 ) } < (Co + 1)2%F¢. (4.93)

Case 2: We first analyze when Py, (i) and Py ,(ej) lie on different 1-dimensional boundary
segments S; # S; of qf. We claim that Py .(ei) and Py .(cj) are then close to a node of
the lattice 27¥\Z2. Indeed, denote by I, and IIs, the projections onto the subspaces
spanned by the segments S; and S;, respectively. Assumption and the defining
property of Py . imply that

Py, .(e1) — Py .(cj)| < eli — j| + dist(e7, dq3 ) + dist (e, dq7) < 2(Co + 1)2%F"Fe 4 ¢
| Pe,=(e1) : q% q%

Hence for ¢ small enough the sides S; and S; cannot be parallel because ke < .
Therefore the point ILg, (ILg, (e)) belongs to S; N.S; C 27¥AZ?. We claim that

be (Py,z(€1)) = bo (P2 (g7)) = w:(ILs, (ILs; (€7))) - (4.94)
Indeed, denote by 0 < ki, k} < k. the layer numbers and by S} C S; and S; C S; the

PR
sides satisfying

be(Prx(60) = b o [w5: )25 Pra(ed) s be(Pra(ed) = s o [w§:1(25 Proa(ed) -
i j

(The sides S; and S7 are needed due to the fact that S; or S; may be contained in 9Q,
where b, is defined using the cubes which decompose the layer Ly,1; if, for instance, S; is
not contained in 9Qy, then kf = k and S} = S;.) Since by the dyadic construction S}
either agrees with \S; or is exactly one half of the side S, it follows that IIs, (Ils, (7)) is an
endpoint of S7. By the same reasoning it is also an endpoint of S} . Since g, (Ilg, (¢i)) =
Ilg, (IIs, (£5)), it then suffices to show that 2% P, . (i) and 2k Py, . (ej) are sufficiently close
to 2k T, (ITs, (¢i)) and 2k; s, (s, (7)), respectively, since by construction the boundary
datum is constant in a neighborhood of the endpoints of a side. The 1-Lipschitz continuity
of IIg, and Ils; combined with yields

| Pr,=(gi) — s, (ILg; (€4))| < |ei — g, (e1)| < |ei — ej] + |ej — ILs, ()] + [ILs, (i) — s, (€4)]
< 2 + (Cy +1)28 ke, (4.95)
Similarly we can derive the estimate
| P2 (e) — I, (ILs, (€5))| < 2e + (Co 4 1)2%Pe (4.96)
By , for ¢ small enough both terms can be bounded by 27%*+(Cy + 2)ef-!. Since
k < ki kf <k+ 1, multiplying by 2% and by 2% yields
max {|2ka,€,2(5¢) — 9k TIg, (1T, (2i))|, 1285 Pr 2 (e5) — 2% T, (0, (5j))|} < Cyeb1, (4.97)

where C3 = 4(C2 4+ 2) = 392 < ¢y, ¢y being the constant in the definition (4.27) (thus
explaining the choice ¢o = 393). The estimate (4.97)) thus implies (4.94).

Having in mind that %|dist(5i,8[) — dist(ej,01)| < 6., the 1-Lipschitz continuity of
Geo[w. (s, (I1s; (¢7))), uj ] and the formula for . then yield that |u.(ei) — uc(ejf)| < 0.
From the definition of the function . and the previous estimate we infer that

lue(g1) — ue(eg)] < 6. (4.98)
Case 3 It remains to treat the case of points ¢ and j such that Py ,(ei) = Ilg,(ei) and
Py, .(e5) = g, (ej). Here we use the Lipschitz-continuity of b, on S;. Note that b, might
be defined separately on two smaller sides contained in S;, but nevertheless the Lipschitz

property (4.86) holds on the whole S; due to convexity. Moreover, we want to apply the
stability estimate of Lemma To this end, observe that by (4.90)) and (4.76]) we have

b (P, - (e1)) — uf, .| < Co2keF=mPNg_ < 20,27m()
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and the right hand side can be made arbitrarily small (specifically, 20,2~ < ¢, where ¢
is the constant given in Lemma since m(A) > 1 for small A. The same estimate
holds with ¢ replaced by j. To reduce notation, we set d.; = 965_1dist(5i,8qz) and
de ;= 0.~ 1dist(ej,0q7). Then by the triangle inequality, 7 and Lemma we have

|- (1) — 1 (e7)] < [Geolbe (P z (1)), uf, o] (de,i) — Geolbe (Pr,z(£0)), uf, ] (de ;)|
+|Geo[be (Prz (1)), uf c](de ;) — Geolbe (Pr, (7)), uf ](dz )|
< |de;i — de j| + dst (be(Py,2(€1)), be (Pr,2 (€7)))
< 0 + 5 07", (ed) — ILs, (e5)| < (1 + §)0 .
Hence we deduce the weaker but still sufficient bound
|ue (e) — us(eg)] < 36- . (4.99)

Substep 2.2 (interactions between different cubes)
Now we consider lattice points €i € q;’ and ej € qzj with q;f # qZJJ and |i—j| = 1. In this
substep we assume that 0 < k;, k; < k. — 1, that means, we consider only the layers where
we interpolate. Assume without loss of generality that k; < k;. We also have to consider
the numbers k7 and k7 characterized by the property

Pki,,zq‘, (EZ) € Lk:‘ \anfv ij,zj (5]) € Lk;‘ \an; s

that means, those values which determine the rescaling of the boundary conditions. Note
that from the definition of Py . it follows that

ki <kf<ki+1, k<K <kj+1. (4.100)

Since all cubes g; are half-open and oriented along the coordinate axes, there exists a side
S;; of 8qZ such that the segment [e7, 5] intersects S;; orthogonally and additionally

Sij C day N ogy! (4.101)
where we used that k; > k; to ensure the inclusion. In particular,
dist(ei, Oy’ ) + dist(ej, dqp) ) < € (4.102)
which implies that
| Pr; 2 (€1) = Pr, 2, (€4)| < | Pr, 2 (1) — €i| + |ei — €j] + |ef — Py, 2;(€5)] < 2. (4.103)
Moreover, in analogy to the estimate we deduce the bound
2(64) — be (o (0] + [:(6) — be(Ph, ., (e)] < 6. (4.104)

Note that the above estimate does not give information on |4, (i) — 4. (e5)| since, a priori,
be (P, ,z; (1)) might differ from b, (P, .;(ej)). We will show that this is not the case. To

this end, we shall prove two alternatives:

(l) Pki,z,;(gi) € Sij and ij,zj(gj) € Sij;
. o . 4.105
(ii) dist(2" Py, ., (i), \Z*) < 283¢ and dist(2% Py, ., (e5), \Z?) < 282 ( )

Indeed, first assume that Py, .. (ej) ¢ Sij. Then there exists another facet S; of qZ7
Sj # Sij, such that Py, . (ej) € S;. Since dist(ej, S;;) < e and dist(ej, S;) < €, the sides
S;; and S; cannot be parallel since the distance between parallel sides of 8q;§_ is given by
27 ki \ > %05/\ > e. Hence Ilg, (Ils,, (e5)) € S; N S;; C 2-ki \Z? | so that
dist(Py, -, (e7), 27" AZ?) = dist(Ils, (e4), 2 " A\Z?) < |ej — g, (ef)| < €. (4.106)
In particular, applying (4.100) we deduce from the above estimate that
dist (2% Py, ., (e5), \Z?) = 285 dist(Py, -, (e5), 27" AZ?)

4.107
< 28t dist(Py, -, (), 27 AZ?) < 28t e, ( )
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where we used that 27%\Z?  27% \Z?. For the point Py, .. (ci) consider first the case
Py, -, (ei) € Si;. Due to what we aim to prove we then assume that Py, . (cj) € S; \ Si; as
above, so that (4.107)) holds. Hence (4.103)) and (4.106)) imply
dist(Py, -, (1), 27 % AZ?) < dist(Py, -, (e7), 27" AZ?) + 2¢ < 3 < 2%¢.
In order to conclude the claimed estimate, observe that the condition Py, ., (¢i) € S;; C
8qzj_ C Ly, forces kf > k; so that
dist (287 Py, ., (ei), \Z2) = 287 dist(Py, ., (ei), 275 \Z?)
< 2kt dist(Py, ., (e1), 27 NZ?) < 2kit3g, (4.108)
where we used that 27%\Z? C 27 \Z2. On the contrary, if Py, .,(ci) ¢ Si;, denote by
S; a facet of qz such Py, ., (ei) € S;, S; # S;j. Then S; and S;; do not lie on the same

straight line. To show this, we argue by contradiction. Assume that S; C span(S;;). Since
the segment [ei,ej] is orthogonal to S;;, this would imply the false statement

s, (ei) = Hsij (ei) = HSij (e4) € Sij )
where the last inclusion holds since €5 € qz and S;; is a side of the cube qz . Since S;
and S;; can neither be parallel for ¢ small enough, we conclude that IIg,(Ilg,;(ei)) €

span(S;) Nspan(S;;). Since, by (4.101), S;; C dq;’, we know that IIg, (Is,; (€)) € 2-kiNZ2.
Thus the defining property of S;; yields

dist(Py, -, (1), 27 % \Z?) = dist(I1g, (ei), 27" AZ?) < [Ig,, (e) — ei| < |ei —ej| = €.
Again in combination with (4.100) this inequality implies the estimate
dist (287 Py, ., (ei), \Z2) < 2K dist(Py, ., (e1), 27 AZ2) < 2Fitle (4.109)
It remains to establish an estimate for dist(2"% Py, ., (¢7), \Z*) when Py, .. (i) ¢ S;; and
Py, 2;(€j) € Sij. In this case we have
diSt(ij7Zj (5.j)7 27k AZZ) = diSt(HSij (5j)7 2 H )\ZQ) < |HSij (E.]) - HSU (]‘_‘[Si (EZ))|
<lej —ei| + |ei — g, (e1)] < 2¢,

where we used the inclusion 27%\Z? C 27% \Z? (recall the assumption k; < k; at the
beginning of Substep 2.2). From the above inequality we deduce the estimate

dist (2% Py, ., (e5), \Z?) < 28 dist(Py, ., (), 277 AZ?) < 2M+2e. (4.110)

Combining the estimates (4.107]), (4.108]), (4.109)), and (4.110) we proved the claimed alter-
natives (i) or (ii) in (4.105). We analyze them separately below.

Case 5 Assume dist(2% Py, ., (ci), \Z?) < 2Fi+3¢ and dist(2% Py, ., (e5), \Z?) < 2kit2e
(that means, alternative (ii)) and denote by Az;, Az; € A\Z? points realizing the minimal

distance. We start by observing that 2% \z; = 275 AZ;. Indeed, on the one hand we use
(4.103) to estimate

127K Nz — 27M N5y < 1278NE — Py, (60)] 4 | Pry oy (55) — 2759 0Z)] 4 26 < 14e.

On the other hand, since both points on the left hand side belong to 2~ max{ki.ki}\72
27M=INZ2 and 27K 71N > 20\ > ¢ by (4.76), we deduce that 27kiNz = 27% Nz We
set Pij = 27]0: A\Z; = 27k-7‘ )\fj .

Let now S; and S; be the sides of the cubes in Q-+ and Qk;, respectively, such that
Py, .z, (1) € Si, Py, ., (ej) € S, and

bE(Pki;Zi (EZ>) = b;k,*s [wglekr Pki,zi (52)) ’ bE(ij,Zj (El)) = b;k;‘S [ng](2k; Pkngj (E]>) :
K J

(4.111)
We claim that p;; € S; NS;. Indeed, since by assumption

|pij - Pki,zi (El)l < &g, |pij - ij»zj (5.7)| < e
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and for a given side S C 9q} with 0 < k < k. and z € Z? it holds that dist(S,27*A\Z?\S) >
27%\ > ¢, the claim follows by a triangle inequality argument. Moreover, recalling that
ki k; < ko—1, property (L.76) yields 2Fit3e < 4ef1 < coef ! and 2FiT2e < 26071 <
coef= 1, co being the constant used in the definition (4.27). Thus we conclude from ([4.111])
and the definition of the boundary condition that
bE(Pki,Zi (‘EZ)) = bE(pij) = bE(ij7Zj (6.7)) )
where we used that p;; must be an endpoint of S; and S;. Combined with (4.104]) we infer
‘ﬂs(gi) —te(eg)| < |ﬂ5(€i) - bE(Pki’Zi (E’L))| + |uc(ej) — bE(ij,Zj (ed))] < 0:,

which by the definition of B, allows to conclude that

lue (i) — ue(ej)| < 6. (4.112)

Case 6: Finally we analyze the case Py, ., (ci) € Si; and Py, . (ej) € Si; (that means,
alternative (i)). Since by assumption the line segment [e7,¢j] intersects S;; orthogonally
and S;; is a side of both cubes q;’and qz;7 we know that Py, . (i) = Py, ., (cj). In
combination with estimate (4.104)) we therefore obtain
|t (1) — tie(e)] = [te(€4) = be(Pr; 2, (€0))| + [be (Ph; 2 (€5)) — Ue(€d)] < bc,
which yields the estimate
lue(g1) — ue(eg)] < 0. (4.113)

Substep 2.3 (interactions between Q.1 and the layers)
In this step we consider the case where €i € £Z2 N Qk.—1 but ¢j € eZ? \ Qk.—1. Since
lei —ej| = e, it follows that i € Ly and ej € Li__1, that means, the last and the last but
one layers. Indeed, the thickness of the last layer is 2%\ > %95/\ > ¢, so that the claim
follows by a triangle inequality argument. Let z; € 72 be such that €5 € qz'ifl. From the

definition of wu. in (4.88) and (4.62)) we infer
[uc(e7) — ue(ef)| = |ve(ei) — Pe(Ue(eh))] < |ve(ed) — Ue(ef)] + 0Oc
< |ve(ei) — bs(PzJ',kg—l(ej)” + ‘bs(PzJ,kE—l(gj)) — Ue(ej)| + 0
< ve(ei) — bs(PZj,ksfl(gj)” + 20, ,

where the last inequality can be proven as the estimates (4.43) and (4.104). Using the
general estimate (4.90) with & = k. —1 we can further bound the last term to conclude that

|ue(e8) — ue(ef)| < |ve(ed) — uiifl,s| +C 0. = |ve(ei) —u(2 (2 + ze1+ ze2))| + C0..
(4.114)
Recall that 27 % *1X\(z; + $e1 + je2) is the midpoint of the cube q;’ _,, so that by (4.76)
|ei — 27 R T IN (25 + ler+ Se)| < ei —ej| + |ej — 2RI (25 + le1+ 3e2)
Se+27MTIN<e+ 200,
We insert this bound with the estimates (4.62)) and (4.78]) in (4.114) to obtain
uc(ed) — us(ej)] < u(ed) — u(7 TN (2; + Ler + 3e2))| + C 0.
L o—k. ! 1
|ei — 27Nz, Jlr €1 Jlr z¢2)| | Co. < 0520
|27kHIN (25 + €1 + 5e2)] (2m) —2)A

where for the last inequality we used the set inclusion (4.77)). Since ¢ < 0., for A > 0 fixed
we can assume that ¢ < 6.\, so that the last estimate turns into the bound

lue (1) — ue(ef)| < C6.. (4.115)

<2

+C0.,

Step 3 (energy estimates in Q(A))
Let us first summarize what we have proven so far. By our choice of m(\) at the beginning
of Step 2 we have Q(A\) C B, /2 and . Hence we can use the bound of Step 1 to
control the energy due to interactions with both points in Qx,—1, where u. = v., cf. .
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For the interactions with at least one point in Q(A) \ Qk.—1, we showed in Substeps 2.1-2.3
(cf. (4.98)), (4.99), (4.112)), (4.113), and (4.115)) that the bound

|us(5i) - us(5])| § Cas (4116)

holds with a uniform constant C' < 4o00. In order to obtain precise estimates on the energy
due to interactions with at least one point in Q(\) \ Qr.—1, we have to count the number
of lattice points ei,ej satisfying uc(ei) # uc(ej). For such points will suffice.

Fix such €i,ej. Then there exists a cube qf € Q; with 0 <k < k. and 2z € 72 with

dist (i, 0q7) < C 2k=—Fe. (4.117)

Indeed, if €i,ej € Q(A)\ Qk.—1 and they belong to the same cube of Qj (Substep 2.1), then

this is a consequence of . If ei,ej € Q(N) \ Qk.—1, but they belong to two different

cubes (Substep 2.2), then this follows from . Finally, if, for instance, i € Qi —1 and

ej € Q(N) \ Qr.—1 (Substep 2.3), then this is a consequence of the fact that i € Ly and

€j € Ly, —1 (see also ([4.102)). Therefore it suffices to count lattice points that satisfy ([4.117).
From a covering argument with cubes of volume £2 and we infer that

e2#{ei € eZ? : dist(ei, 0q7) < O2FFe} <4277\ + 2(C2F"Fe 1 ¢)) (2027 ~F¢ + 2¢)
<C@7"A+e@7 k07 )27 +1)e
<C27%k et

where in the last inequality we also used that €01 < A for € small enough. Next recall
that the number of cubes qj in the layer Lj can be roughly bounded by

#0Qy, < C2mNok,
Combining the previous two estimates with (4.116)) we can estimate the energy of wu. via

Lp (us; Q(N)) < Lg (ve; By) + C—ggw@uir’%o*
895 e\Ue, = 596 e\Yey Pn 596 — €

1
< —E.(ve; By) + Cc2mN )\
e,
Due to the choice of m(\) it holds that 2™(*) X < 5. Subtracting the term 27|log el and
inserting the upper bound (4.75)) we conclude that

1
limsup ( —— B (ue; QX)) — 27| loge|— ) < C'y. (4.118)
e—0 565 96

We emphasize that Q(\) implicitly depends on 1 through the quantity 2m(A) )

Step 4 (from local to global constructions)
We are now in a position to define u. globally. In this step we stress again the dependence
on n of \,. We start by repeating the construction presented in Step 2 around each
singularity x, of u, by defining u. as in (combined with a reflection if deg(u)(xp) =
—1) in the squares Q(A\n,zp) = Q(An) + .

To define wu. outside the squares Q(A,,xp), we first observe that the square xj +
[—2mn)tly, 2m(a) TN T s not contained in B, s(zy), since m(A,) has been chosen as
the maximal integer such that Q(\,,xp) = zp + [—2’"(%)/\m Qm()‘"))\n] C By/2(xn). This

yields n/4 < 2mO)+1)\ - and thus, by (@.77),
an (xp) =xh+ Qk D B(gm(xn),g))\(xh) D) Bn/IG(xh) . (4.119)

Note that here we stress the dependence of Qg" (zp) on A,, in contrast to the notation
adopted for @ in Step 2. We recall that Qi”l' (zn) = Q(An,xh).

Applying Lemma with O = Q\ Ufj:l B, j16(xs) and 0 =Q\ UhN:1 B,y 32(n)
to u € COO((NZ \ UhN:1 B, 32(x1);SY), we get a sequence of piecewise constant functions
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u, € PCy, (S') such that u, — u strongly in L*(Q\ U,]jzlﬁn/w(:ch);]l%z) and, by (4.119),

limsup/ dst (uy , ub) vy, |1 dH < /|Vu|2,1 dz. (4.120)
o400 1, N@\UNL, Q™ (2r)) Q
Notice that the squares Qy" (x5) have vertices on the lattice \,Z2.

Let us fix n large enough. For ei € eZ?\ Uthl Q)" (xn) we define ' (ei) as the recovery
sequence given in the proof of Proposition for the piecewise constant function u, €
PC,, (S') with the constant co = 393 in (4.27). Then we define u.(ei) := ul(ei) for €i €
eZ? \U;:le Q(An, ) = Z2\ U;IZ[=1 Q™1 (). This completes the definition of u. in eZ2.

We claim that

gi € eZ? N QM (xp,) and dist(ei, 0Q ) (z1,)) < & = ue(ei) = ul (i), (4.121)
that means, the two constructions given by Step 2 and Proposition[f.16]are identical. Indeed,
first note that the assumptions on ei above imply that i € Ly. Hence we find q3° € Qp
such that ei € q2°. We now consider the two cases Py, (gi) € 9q° \ Q™ (z;) and
Py (gi) € 0Q™ (xp). Tf Py, (ei) € 9gi \ Q™ (xn), let S; C dqi® be the side such
that Py ,, (i) € S;. By the assumption in , S; is not contained in 8Q8‘" (zp,) and thus
it intersects a side Sy of qZ° such that Sy C dQ™ (21). In particular, IIg, (ITs, (7)) € A, Z>
is an endpoint of S; and, by ,

. . . . . . £
|P0,Zo (57’) - Hsi (HSO (EZ))| = |HSz (EZ) - HS«; (HSO (57’))‘ < |€Z - HSO (El)| el 0097 )
€

where we used that Sy is the side such that dist(ei, So) = dist(ei, dQ™7 (1)) < e. Since
Py, (i) is close enough to the corner p; o := I, (Ilg, (¢7)) € A,Z?, the boundary condition
used for the definition of u. at Py ., (i) agrees with its value at the corner, cf. (4.27). Thus

ue(et) = Geo [bE (Pio), u(z)"’e} (Gssfldist(si, aqg°))
= Geo [u(pw +An(3er + %)), u(An(20 + 31 + %62)):| (0. "dist(gi, Dg5’)) -

The same holds true for u.. This concludes the proof of when Py, (gi) € 9q5° \
Q™ (). If, instead, Py, (gi) € dQM (x1), let S; be the side of qZ° such that Py ., (i) €
S;. Then the two 3-tuples of values vg, (u) and wg, defined in and , respectively,
coincide (note that, by definition, both cubes in Qy and Q_; have size \). Then
follows in this case too.

Taking into account on each Q(\,,zy), the function u. € PC.(S:) converges in
LY (;R?) to the function 4, € L*(Q;S!) defined by

{un(m) if 2. € Q\ UM, QO 2)

((1) deg(f)(xh) ) uy™(z —xp)  if 2 € Q(\y,xp) for some 1 <h < N,

Up(2) 1=

We remark that the precise structure for fixed A, is not important. Just note that due to

the fact that Q(\,, ) C By j2(zn) and (4.92), the layer in each Q(\,, x) where 1, differs

. )il

from (‘z_zh‘

, and thus from w, is of thickness 2),,. Consequently
tp —u in LY(Q;R?) asn — +oo. (4.122)

It remains to estimate the energy of u. in terms of A\, and 7. In particular, we need to
estimate the interactions between the square Q(\,,x) and the exterior. Thanks to (4.121))
we can split the energy as

N

]. £ ]. ’ A
- . J— . < - . n
g e(ue; 9) = 2N logel - < 596E5<u6,9\h|_1620 (mh))

N
1
+Z 7E5(UE;Q()‘n7xh)) _27-‘—|10g€‘i .
605 06

h=1
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By (4.118) and (4.49) we can pass to the limit in e and conclude that

1
lim sup <E5(us;Q) — 27N logee) < / dst (uy, ,u) v, 1 dH?
e—0 \ebe 0 Tun NQAUN_, Q)7 ()

+Cn. (4.123)

Before we can conclude, we have to identify the flat limit of the vorticity measures i,
associated with the sequence u.. Since the right hand side in is finite, Proposi-
tion implies that (up to a subsequence) p,_ i g for some i = ZkN:1 didy,, with
di € Z and |a|(Q) < N (we allow di = 0 in order to sum from 1 to N). We claim
that @ = p with p defined in the statement of the proposition. Here comes the argu-
ment. Fix zg € Q\ {z1,...,2n}. Since the singular part 2mN|loge|4- of the estimate

(4.123) is concentrated in the set U,JLI By, (zp) (cf. (4.73)) and r. — 0, we deduce that for
0 < p < A small enough limsup,_,, iEs(us; B,(z9)) < +00. Since we assume here that

0. < e|loge|, Remark yields that p, L B,(xo) L. Testing this convergence with a
Lipschitz-function ¢ € CO!(B,(x¢)) such that ¢(z¢) =1 we obtain that zo & {y1,...,yn}
(or @y = yi for some k with di = 0). Since z¢ € Q\ {x1,..., 2N} was arbitrary, we can
write i = ij:l dpdy, . It remains to prove that dj, = deg(u)(zy) for all 1 < h < N. Note
that for p < A it holds that u. = v. on each B,(xp), where v, is defined in . Due to

(4.75) we have for ¢ small enough

e%EE(’UE; B,(xp)) < Cn% + 27| loge| < Clloge]. (4.124)
Hence we can apply [7, Proposotion 5.2], which states that in dimension 2 the flat conver-
gence of 1, L B,(xp) is equivalent to the flat convergence of the (normalized) Jacobians of
the piecewise affine interpolation of v. on B,(xy). Denote this piecewise affine interpolation
and the one associated to the function u on B,(zy) by U and u(e), respectively. Inserting
the estimate in the definition of the piecewise affine interpolation one can show that

[Ue(z) — ule)(z)] < CO. for all x € B,(zp) . (4.125)
Taking into account one more time the estimate (4.124)), we conclude that

19 = B2, ey (19925, ey + VA 2205, o))

1

S Ces (;EE(UE; Bp(xh)) + 5i2E€(u, Bp(xh))) S 095| 10g5|% s (4126)

where the bound % E. (u; B,(z1,)) < C|loge| can be proven with similar arguments used to
show (4.71). The above right hand side vanishes when ¢ — 0. Thus [7, Lemma 3.1] implies
that the Jacobians fulfill Jo, — Ju(e) 5o. Recalling that u = (Z=2x )il on B,(xp), it

lz—zn]
follows from Step 1 of the proof of [4, Theorem 5.1 (ii)] that LJu(e) i deg(u)(zp)0z, -
Fixing again ¢ € C21(B,(x;,)) such that ¢(z) = 1, the above arguments imply

m (2 JU(e), ) = deg(u)(wn)

=1i
e—0

dn = (p, ) = lim (o, ) = lim (20, o)

as claimed.
Since the limit measure equals u for all X, we deduce from the L!(Q)-lower semicontinuity
of the I'-limsup, (4.122), and (4.120) that

1
I-limsup | —FE, — 27TN|10g5\i (u, p) < C’n—i—/ |Vulg,1 de.
el 0- Q 7

e—0 €

The claim then follows by the arbitrariness of 0 < n < 1y (recall that |u|(Q2) = N). O

Together with Propositions and[£.11]the next result finishes the proof of Theorem
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Proposition 4.24 (M vortices, Upper bound). Assume that ¢ < 0. < e|loge|. Let
= Z,{Ll dpbz, with |p|(Q) = M €N and let w € BV (;S). Then

e—0

1
I'-lim sup (—Es — 21w M|log 5|£>(u,p) < / |Vula1 dz + Dula 1 () + T (1, u; Q).
895 0& Q

Proof. Fix o > 0. By the definition (#.19) of J there exists a T € Dy(QxR?), with
T € cart(Q,xSY), 0T |qxre = —ux[S'], and ur = u such that

/ o(T)d|T| g/\VU|2,1dx+|D(c)u|2}1(Q)—|—j(u,u;Q)+a. (4.127)
QO xR2 Q

In the previous inequality we applied Lemma with Q, in place of Q (cf. Remark .
Due to Lemma [4.17| we find an open set Q 5> Q and a sequence of maps wup €

C'OO((NZ“;SI) N WHL(Q;SY) such that up — u in LY(QR?), |Gy, |[(2xR?) — |T|(QxR?),

and deg(ug)(zp) =dp for h=1,..., N. Reshetnyak’s Continuity Theorem implies that

/|Vuk\271dx:/ B(Gry ) d[G, | g/ &(T)d|T] + o, (4.128)
Q QO xR2 QO xR2

for k large enough. In the first equality we applied Lemma [£.6| & Remark £.7]to uy in Q.
Applying Lemmata [£.18] [£.20] and [£:21] we reduce to the assumptions in Proposition [£.22]
By the lower semicontinuity of the I'-limsup with respect to the strong L'-convergence
of u and the flat convergence of p, we conclude the proof. O
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