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Abstract

Given a uniformly elliptic second-order operator A on a (possibly unbounded) do-
main Q C RV, let (T'(t)):>0 be the semigroup generated by A in L' (), under homo-
geneous co-normal boundary conditions on 0Q2. We show that the limit as t — 0 of
the L'-norm of the spatial gradient D, T (t)uo tends to the total variation of the initial
datum wo, and in particular is finite if and only if uo belongs to BV (€2). This result is
true also for weighted BV spaces. A further characterisation of BV functions in terms
of the short-time behaviour of (T'(t)):>0 is also given.

Mathematics subject classification: 35K20,47D06, 49Q15
Keywords: linear parabolic equations, BV functions, semigroup theory

1 Introduction

The definition of functions with bounded variation in RY, N > 2, has been given by E.
De Giorgi in [9] using the convolution with the Gauss-Weierstrass kernel

1 _l=?
gt(‘x) = (47Tt>N/2€

4t

Given u € L'(RY), he defined the total variation of u by

|Du|(RY) = lim |D(u * g;)|dz,

t—0 RN

where it is easily seen that the integral on the right hand side is a monotone function in
t, and then the limit exists. Notice that g; is the heat kernel on RY, and then, using the
language of semigroup and setting T'(t)u = u * g, formula (1.1) can be written as

(1.1) |Du|(RY) = lim /RN |DT (t)u|dz.
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Moreover, the fact that |Du|(RY) is finite is equivalent to saying that the distributional
gradient of u is a (R"-valued) Radon measure, and this gives the equality

(12)  |Du|(RY) = sup{/

udiv do : ¢ € CHRN, RY), [|9]| ey < 1}.
RN

A formula analogous to (1.1) can also be used in more general contexts. The question then
arises if the connection between semigroups and total variation is more general; recently, in
[14], [6] this connection has been investigated in the setting of Riemannian manifolds with
a bound on the geometry.

Formula (1.2) can be localized in a subset 2 C RY by

(1.3) Dul() = sup { [ wdivo do +6 € CHORY), o]l m@ < 1)

and gives the definition of total variation of u € L().

In this paper we prove that (1.1) still holds in Q, when (T'(¢));>0 is the semigroup
generated by a second order uniformly elliptic operator with regular coefficients and suitable
boundary conditions. Concerning the monotonicity, in RN the inequality

/N |DT (t)u|dz < |Du|(RY), Vt >0,
R
holds, whereas in the Riemannian case the following is true:
/M \DT(#)uldp < | Dul(M), vt >0
where £k > 0 is a constant bounding the geometry of M. Here we consider the unifomly

elliptic operator with sufficiently smooth coefficients

N N
i,7=1 i=1

and the initial-boundary value problem

Ow —Aw =0 in (0,00) x Q
w(0) = ug in Q .
(ADw,v) =0 in (0,00) x OS2

Denoting again by
T(tus(o) = [ pit..9)uolo) dy
the semigroup which gives its solution, we prove that the inequality
/ DT (tyu|da < |Du|(Q) + c|lulwra@t’?,  te(0,1),
Q
holds for u € W11(Q), and deduce (1.1) by approximating in variation u € BV (2) by W11

functions, and taking the limit as ¢ — 0. We point out that equation (1.1) holds not only
for classical BV functions, but also for weighted BV functions, see Theorem 5.2.



A further characterisation of BV functions can be given considering in a different way
the short-time behaviour of (T'(t));>0, namely, we prove that

™
(14) Dula@) = Jig X5 [ [ pit o) = uto)l dy
where |Du| 4 denotes the (A;;)-weighted total variation of w. This characterisation is in the
spirit of [13], [15] and [4], [8], where kernels depending on |z — y| are considered.

The paper is organized as follows; after recalling some preliminary results in Section 2,
we discuss in Section 3 the main properties of the semigroup associated with second order
partial differential operator on unbounded domains. Using these results, and after giving
the definitions and main properties of weighted BV functions in Section 4, we prove in
Section 5 the limiting formula (1.1). Section 6 is devoted to the proof of (1.4)
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2 Notations and preliminary results

We denote by (-, -) the standard inner product on RY, by |-| its induced norm and by B, ()
the open ball centred at x and with radius 0. Moreover, given a symmetric positive definite
matrix P we introduce the norm

(2.1) €3 = |PY2¢)? = (PE€), VEERY;

we use the same notation even for variable matrices P. With C,(€2) we mean the set
of continuous and bounded functions on Q, by C.(2) the set of function w with support
strictly contained in €, that is suppu CC Q and by C.(9) the set of functions with support
a compact set contained in € (then not necessarily zero on 9€2). For functions u € C*((Q)
we define the norms

luloo = lullze@)y: I llkoe = D 1D lloc-
la| <k

Moreover, given a matrix (), we define
(2.2) Co(Q) = {ue C®(Q)NC'(Q); (QDu,v) =0 on 90} .

Given a subset £ C R, we denote by |E| its Lebesgue measure, and by HN~1(E) its
(N — 1)-dimensional Hausdorff measure. By L?(2) (p > 1) we denote the Lebesgue space
of p-integrable function with respect to the Lebesgue measure and by W*P?(Q) the space
of functions p-integrable together with their distributional derivatives up to the k-th order.
We recall that if the open set ) has regular boundary, then the trace operator is continuous
from W11(Q) onto L*(99, HN 1) (see for instance [1, Theorem 5.3.6]), that is there exists
cq > 0 such that for every u € W11(Q) the trace v = ujpq of u on 0N is well defined and

(2.3) [vllzro030v-1) < callullwra(q).

In the whole paper we denote by © an open subset of R™V, not necessarily bounded, and we al-
ways assume that € has uniformly C? boundary, that is, there are o, L > 0 such that for every
z € 09 the set 9NN B,(z) is the graph of a C? function ¥ with || D?|2,00, | D?*Y 2,00 < L.




We consider the second order differential operator in divergence form

(2.4) Au = div(ADu) + (B, Du) + Cu
N N
= Z Di(AijDju) + Z B;Dju+ Cu
ij=1 i=1

and the first order operator (co-normal derivative) on 0

N
(2.5) Bu = (ADu,v) = Z A;;Djuy;,

ij=1

where v is the outward unit normal vector to 92. We say that a symmetric positive definite
matrix A is A-elliptic if there exists A > 1 such that

L6 < (A28 < Mg, Ve B,

In general, we say that A is elliptic if it is A-elliptic for some A > 1. The operator A is said
to be elliptic or A-elliptic if the matrix A is so. Let us state our standing hypotheses:

(H1) Q C RY has uniformly C? boundary;

(H2) A is M-elliptic for some A > 1;

(H3) A;j € CL(Q), B,C € L*>(Q).

Under assumption (H3) it is then possible to define the finite quantity

My = H}%X{HAUHLOO, [ Billoos [Clloo} -

We are interested in the realization of the operator A with boundary condition B in L' (£2);
we denote by D(A) the domain of such a realization, which is defined as the closure, in the
graph norm, of {u € C2(Q) N LY(Q) : Au € LY(Q), Bu = 0}; we also have that C4(Q) is
a core. We recall in the next section that (A, D(A)) is sectorial and generates an analytic
semigroup in L!(£2) which we assume to be contractive, see Remark 3.3. After recalling
some known properties of the semigroup, we show further estimates needed in the sequel.
Finally, we use the notation ¢, = ¢(x,y, ...) with the meaning that the constant ¢,, depends
upon the quantities z,y, etc.

3 Analytic semigroups in L!(Q)) generated by elliptic op-
erators
In this section we recall the main properties of the operator (A, D(A)) and of the semigroup

generated in L1(2), and derive further estimates needed in the sequel. We collect the known
results in the following statement.

Theorem 3.1 Let Q, A, B, D(A) be as specified in Section 2. Then, (A, D(A)) is sectorial
and generates an analytic semigroup of contractions (T(t))i>o in L*(Q); for the kernel



p:(0,400) x AxQ — R of the semigroup (T(t))i>0 the following estimates hold; there exist
b,co > 0 such that for |al,|8] <2, z,y € Q and t >0

Co 7b\17yI2
Ntlaltll © :
t 2

(3.1) |DYDyp(t, @, y)| <
In addition, there are constants ¢; = ¢(Q, A\, Mp) > 0, i = 1,2,3 such that, since the operator
is sectorial, the following holds:

(3:2) ITO @@y < e, VEHIDT®llewi@y) < 20 HATE) o) < s,

for t > 0. Moreover, D(A) is continuously embedded in W(Q), i.c., there exists ¢4 =
c(2,\, My) > 0 such that v € D(A) implies v € WHH(Q) and

(3:3) [vllwrae) < callvllzi@) + [Av[L1@));
Finally,
(3.4) lim [ T(t)v — vllwiaie) =0

for every v € D(A).

PRrROOF. Estimates (3.1) are proved in [17, Theorem 5.7]; from these, estimates (3.2) and
(3.3) follow. To prove (3.4), if v € D(A), then T'(¢t)Av = AT (t)v and by the strong continuity
of T(t) in L'(Q) we get

IDT(t)o — Dofpi) < ea (IT(H)v = vlLr) + AT (v — Av]|£1(0))
= o (|IT)v = vl + |T(E)Av — Av| L1 (@)

and the statement is proved. O

Remark 3.2 [Neumann boundary conditions] We have stated Theorem 3.1 in the form
we most frequently use, but the estimates stated are known to hold under more general
assumptions. In particular, all non tangential boundary conditions are allowed. We denote
by ¢, a constant which can be used in the first two inequalities in (3.2), when Neumann
boundary conditions are associated with a general uniformly elliptic operator.

Remark 3.3 [Contractivity] We point out that the contractivity assumption on the semi-
group is not restrictive for our purposes, as we may replace A by A — w for a suitable
w, getting a contractive semigroup (T%(¢)):>o whose kernel is nothing but p,(t,z,y) =
e“!p(t, z,y). Since we are interested only in the behaviour of (T'(t)):>o for small ¢, it is not
restrictive to assume contractivity from the beginning.

In order to proceed, we also need a precise L'-estimate of the second (spatial) derivatives
of T(t)ug, for ug € W11(Q). This is proved in Proposition 3.4 below. The argument used
here is similar to the one used in [10, Theorem 2.4], where € is bounded and different
boundary conditions are imposed.

Proposition 3.4 Let Q,A, B be as in Section 2, but assume, in addition, A € W2°°(Q)
and B,C € W1°°(Q); then, there exists c5 depending on N, X, Q, [|Al|2.00, [|Bll1,005 [|C]l1,005
c1, ¢, c3 ¢, such that for every t € (0,1) and ug € WH(Q) we have

(35) \/?EHDQT(t)U,O”Ll(Q) < C5||’U,0||W1,1(Q).



PROOF. Set
My = max{[|Al|2,00 | Bll1,00: |Cl1,00 }-

From the regularity of the boundary 92 we can consider a partition of unity {(nn, Un)}hen
such that supp n, C Up, > ponn(z) =1 for every z € Q and 0 <, < 1 for every h € N,
Uop C Q, Uy, for h > 1 is a ball such that {Uj,},>1 is a covering of 9Q and {Up}ren is a
covering of  with bounded overlapping, that is there is k > 0 such that

(3.6) Z xu, () <k, Yz e

heN

Moreover we choose 7, in such a way (A(xz)Dny(x),v(z)) = 0 for every x € 9. By the
uniform C? regularity of 9, the 1, can be chosen in such a way that

M :=sup ||np]]2,00 < +00.
heN

Now consider ug € W11(Q2) and denote by u(t) = T(t)ug the solution of the problem

dw —Aw =0 in (0,00) x Q
(3.7) w(0) = ug in
(ADw,v) =0 in (0,00) x OS2

We want to estimate the L' norm of \/iDzu(t) by the Whl-norm of ug. The functions
vp(t) = u(t)ny, solve, for every h € N, the problem

Ow — Aw = Apu in (0,00) x
(3.8) w(0) = npug in
(ADw,v) =0 in (0,00) x 092

where
(3.9 Apu = —2(ADnyp,, Du) — udiv(ADny) — u (B, Dny,) .
Notice that the derivative Dyuvy, satisfies the equation
9 (Dyon) — A(Dyuy) = Afu
where

Aju =div ((DyA)D(unp)) + (DrB), D(unp)) + (DkCunp + Di(Apu)
(3.10) —div (DyA)D(unp)) + ((DrB), D(un)) + (DuCunp
+ Dy [—2(ADny, Du) — udiv(ADny) — u (B, D))

For Dyv;, we consider the problem

Oyw — Aw = A¥u  in (0,00) x Q
(3.11) w(0) = D (npup) in
(ADw,v) =0 in (0,00) x 02

whose solution is .
Vi) = T(t) Dy (nnuo) + / T(t — s)AYu(s)ds
0



Now we consider h = 0, i.e., we draw our attention to the inner part. Since vg = ngu = 0 in
Q\ Uy, it turns out that Dyvy is the solution of (3.11) with A = 0. Then

¢
(3.12) Dyvo(t) = T(t)Dr(nouo) + / T(t — s)Agu(s)ds,
0
where AE is the operator defined in (3.10). Then, differentiating, we obtain
t
D? vy = Dy[T(t) D (nouo)] +/ Dy[T(t — s)Akv(s)]ds.
0
by which, using (3.2),
¢
IDfivo ()l L1(0) < I DT (t) D (ouo) |21 o) +/ IDIT(t — s)Agu(s) || 1 () ds
0
¢
C2 C2 k
<= 1)+ | ——=|A ds.
< Lol + | =45 ey

Finally, estimating [|A§u(s)||11(q) by (3.10) we get

[AGu(s)l|z1 o) < clluls)]lw=10)
where ¢ = ¢(M, M) Summing on [ and k and using again (3.2), we get

1 t c
3.13 D2y (t <c-— , +/ D? d
(3.13) [ Do) 1 (0 _c\/zlluonwnm) ; \/t_—sll u(s)|[L1(o)ds

where ¢ = ¢(M, M7, cq,c2,c3). We now consider h > 1, i.e., we consider a ball intersecting
09Q. By the uniform C? regularity of 92, we can consider coordinate functions v, : Vj —
B1(0) such that ¢, (VN Q) = By (0) = {y = (v,yn) € B1(0) : yn < 0}, ¢ (V, NON) =
{y = (v,yn) € B1(0) : yny = 0} and d(¢n).(A(z)v(z)) = en for every x € 092 and that
there is a constant My, such that

sup {||D21/1h
h>1

2005 [ D?15, l2,00 } < Moy,

Notice also that there is no loss of generality assuming that for all h > 1 the inclusion
U, CC Vj, holds, and that we can choose a C% domain E such that ¢y, (U,NQ) C E C By (0).
Using the transformation (for a generic f defined in QN V)

F@) = fr ()

and since vy, is the solution of (3.8), we get that for every h > 1 the function 05(t,y) =
(P05, (y))v(t, vy, ' (y)) is the solution of the following initial-boundary value problem with
homogeneous Neumann boundary conditions

dyw — Aw = Apd in (0,+00) x E

(314) U}(O) = ﬁh’LAL() in £
a—w—O in (0, +00) x OE
o ’



where A is the operator defined on By (0) as follows
(3.15) Aw := div(A Dw) 4 (B, Dw) 4+ Cw

defined by the coefficients (here for A and its coefficients we omit the index h for simplify
the notations and by analogy with (3.8))

Aly) =(Dn) (' () - A )+ (Dvn) (v, ()
(Bly)) =Tr [ (D) (w7, >> ( <y>> "y < D (Dui) )]
+Te[(Dn) (07 () - G ()] (Do) (0 <y))—-aij[ ()]

+ [(Dvn) (@i () ~B<w,:1<y>>}
Cly) =C(¥;, ' ()

where H}, = D?,(¢y,); and Gii = Dy Aij(¢;, ' (y)) and (see (3.9))

l

Apte = —2(A(; " () (DYr)! Di, (Dpp)! Dy — a[ div(ADiy) + (B, Diy)] -

Now, as done before for h = 0, differentiating the equation (now Dy = %) we obtain that
Dy, vy, solves . A
Oi(Dyty) — A(Dyop) = A

where flﬁ@ can be obtained by taking the corresponding term in (3.10). Associated with
this operator, we can consider the problem

dw — Aw = flﬁﬁ in (0,00) x E
w(0) = Dy (into) in B
8—15:0 in (0,00) x OE

The function Dy, satisfies the equation and the initial condition. Notice that if k #£ N also
the boundary condition is satisfied since 9, = 0 in a neighbourhood of IE N {y € RY |yn <
0}, in the other part of OF the operator Dy, is a tangential derivative and 8”” is constant

for yny = 0. Denote by S the semigroup which gives the solution of this probl%m and notice
that the estimates (3.2) hold for S(t), see Remark 3.2. Then

(3.16) Dy op,(t) = S(t) Doy, (0 / S(t—s) .A (s)ds.

Differentiating (3.16) with respect to D; for any j, we have then proved that the following
holds

(3.17) Dy ;i (t) = D;jS(t) Dy (0 / D;S(t — s)AFa(s)ds

Thus, as for vg, we have for (k, j) # (N, N)

t
N C2 .

D200l 1 () < —=Antiollwrr (s +/

kj (E) Vi (E) 0



We now estimate D30 (t). Since

N
AnNDYnon(t) = Adu(t)— Y AyDiin(t) — D (Didij)Dson(t)
(,7)#(N,N) i,j=1

— Z B D;v Uh C’Uh( )
and since A\™! < Ayn < A, we can find a constant ¢ (depending only on N, Mj, \) such that

ID% N on ()l Loy = ]\A—(Avhm ST AyDEon(t) +
NN (.4)#(N,N)

_ Z (D) Dsin(t) = 3 BiDiwn (t) - C‘ﬁh(t))‘

4,j=1

L(B)

IN
o

Z D261, (t) | 1.y + [ADK (8| L2 5y +

(1) (N,N)
HIDow ()l L1 () + ||"A’h(t)”L1(E>}

Summing up, arguing as for h = 0, we have
[ %0 @l < /71 [ (] 1”% /t \/76 | QA( |
D=1y, 1 c Ug O 1L1(g) + D=u(s)|| 1 (g ds,
i LY(E) NG 0° Yy (E) o Vi—s LY(E)

where ¢ = ¢(M, My, My, N, c,). Coming back to Q N U, we obtain

(3.18)  [D*0n(t)llzr(env,) < ¢ \[IIUOHWHmUhﬁ/ FIIDQU(S)Hu(mUh)dS’

where ¢’ depends on M, My, My, N, ¢,. Now, since (3.6) holds, we have

I D*v(t)|| L) = | D?( th M@ = | ZD vn(t)lLr(0)
h=0 h=0

< e \/||u0||W11(Q)+/ ﬁHDu( s eds]

Then we can find a constant ¢ depending on ¢, k such that

1 to
(319) D%l < e ol + / S ID*u( @ds]

Now using Gronwall’s generalized inequality (see for instance [12, Lemma 7.1.1]), we get

1
D0 ()] 10y < C5%HU0HW1J(Q) for every ¢ € (0,1).



4 BV functions

Let us recall the definition and the basic properties of functions with (possibly weighted)
bounded variation on Q. For u € L(Q), given a symmetric positive definite matrix P =
(Pij)f-\fj:l, we can define the weighted total variation, following [3], by setting

(4.1) | Du|p(§2) = sup {/ udivipdz : ¢ € CHORY), P72 4 < 1}
Q

and say that u has finite total weighted variation, u € BVp(Q), if |Du|p(Q?) < +oo. A
set F is said to have finite weighted perimeter if |Dxg|p(Q) < +o0o. In this case, its total
variation measure is the perimeter of F and it is denoted also by Pp(E,Q) = |Dxg|p(Q).
Notice that if P has entries P;; € C'(Q), then the total variation can be equivalently defined
by

|Du|p(Q) = Sup{/ udiv(PY2¢)dz : ¢ € CHQLRY), [[¢]lo0 < 1}.
Q

Of course, if P is the identity matrix then | Du|p reduces to (1.2) and the weighted perimeter
reduces to the classical perimeter, and in this case we write u € BV () and drop the P
everywhere. The space BVp(2) turns out to be a Banach space with norm

lullBve = [lullr (@) + [Dulp(2).

The norm topology is in some respects too strong, since for instance smooth functions are
not dense with respect to it. Nevertheless, a classical weaker approximation result is given
by the Anzellotti-Giaquinta theorem, see e.g. [2, Theorem 3.9]. It states that for every
u € BV () there exists a sequence of functions (uy, ), C C*°(£2) such that

|lw — un”Ll(Q) — 0, / |Duy,|dz — | Du|(Q);
Q

such a sequence is said to converge in variation to u.
Let us recall a particular case of [7, Lemma 2.4], i.e., the following coarea formula:

(4.2) | Dulp(Q2) = /RPP({u > 11 Q)dr

which we use later.
Henceforth, we assume the following:

(H4) P is a symmetric strictly positive definite matrix with P;; € C,(€).

Under the above hypothesis, the seminorms |Du|(£2) and |Du|p(§2) are equivalent.
We also notice that if u is regular, then the equality

\Dulp() = /Q |\ Du(z)|pda,

holds, where |Du(z)|p is defined in (2.1). We notice that the weighted total variation is the
supremum of the L!(£2) continuous functionals

U / udiviypdr
Q

10



and therefore it is L(£2) lower semicontinuous, i.e.,

|Dulp(2) < lim+inf | Du, | p(£2)

for any sequence (uy), with u, — wu in L*(Q). In particular, if (T(t));>0 is a strongly
continuous semigroup on L(2), then

(4.3) |Dug|p(R2) < ligniglf/ |DT (t)uo| pdex.
-0 Ja

The Anzellotti-Giaquinta theorem can be adapted also to the case of weighted BV functions,
as is done in the following result.

Proposition 4.1 Let Q, P = (P;;)N,_, be as above, and let Q = (Qi;)1;—, be an elliptic
matriz with Q;; € C} (). Then, for every u € BVp(Q) there exists a sequence of functions
(Un)n C Cq(R2) such that

lim || —wv,|p1@) =0, lim / |Dvy, | pdx = |Du|p(Q).
n—oo n—oo Q

PrROOF. The proof goes as the classical one, except that we have to modify the usual
approximation sequence in a neighbourhood of the boundary of 2. The assumption on the
regularity on 0N is used to modify the approximating sequence to make it constant in the
direction Qu. O

Remark 4.2 A particular case of Proposition 4.1 is given when () = A; in this case we have
that C4(2) C D(A) (it is a core), and then the weighted BV functions can be approximated
in variation via functions in the domain of the operator A.

For the weighted total variation also the following continuity property under uniform
convergence holds.

Proposition 4.3 Let P = (Pz-j)?szl be a symmetric A-elliptic matriz valued function and
let (Pn))nen be a sequence of matrices valued functions uniformly convergent to P. Then,
for every u € L*(Q) the following holds:

(4.4) lim [Dulp,,, () = |Dulp(Q).

n—-+4oo

ProOF. We denote by ¢, = |[P~/2 — P(IJ/QHOO; by the uniform convergence, we have that
¢n — 0 as n — +00; moreover, we may assume that the P,y are (A + 1/n)-elliptic, that is

€17 < [PLFEP < (A + 1/m)[ef?,

A+1/n

or, simply defining w = P(ln/ )25 ,

1 ~1/2 N

11



Then, if ¢ € CH(Q,RY) with [P}/l < 1, we get

1P~ < [P lloe + (P72 = oY)l

—1/2
<P, 2o + nllll e

—1/2 —1/2
< 1P5Y 2l + ea /A 1/mll PN 0
<14+cepv/A+1/n.

By definition of weighted variation, we get

/ udivipdr < (14 ¢,/ A+ 1/n)|Du|p(Q)
Q

whence
|Du\p<n) () <1+ cenvVA+1/n)|Dulp().

With a similar computation, we also get
|DU‘P(Q) < (1 + Cnﬁ)\DMP(n) (Q)v
and then (4.4) follows by letting n — +oc. O

5 The first characterization of BV functions
In this section we prove that for ug € L'(2) the equality

(5.1) m/Q\DT(t)uo|pdx: | Dug|p(9),

li
t—0
holds, where (T'(t)):>0 is the semigroup generated by the operator (A, D(A)) in (2.4) and
|Du|p(R2) is defined in (4.1).

Notice that, by the result obtained in Section 4, equality (5.1) holds for uy € D(A), see
(3.3), and moreover by semicontinuity inequality (4.3) always holds.

In this section we require more regularity on the coefficients A;;, and replace hypothesis
(H3) with the following;:

(H3)/ Aij S WQ’OO(Q), B,C e LOO(Q)

We need the following result, which gives a localized version of (5.1). Here we state the
proposition for an operator A such as that defined in (2.4), even if we need the result only
for operators with B and C null, i.e. for operators of the type Au = div(ADu), in the proof
of Theorem 5.2.

Proposition 5.1 Let v € D(A), where A is as in (2.4), with coefficients A;; € W>(),
B;,C € Wh=(Q). Let P = (Py)N,_, be a non-negative \-elliptic matric with P;; €
Wtoo(Q) and P;; = A;j on 0. Then for every n € CL(Q), n non-negative, there exists a
constant

ce = c(Mi, N, HPHLOO’ H77||1,oo7 A)

such that
(5.2) /7]|DT(t)U|Pd$S/’l’]lDU|Pd$+C6\/'E||UI|W1,1(Q)
Q Q

holds for every t € (0,1).
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PROOF. For v € D(A) and n € C}(Q), n > 0, we define the function F,, : (0,1) — R by

Fn(t):/Q’I]|DT(t)U|pd.’IJ.

This function is differentiable since T'(¢)v is regular for every ¢ > 0 and the equality

1

9| DT (t)v|p = m

(PDT(t)v, DAT(t)v)
holds for a.e. z € Q. Moreover, T'(t)v € D(A) for every ¢t > 0 and then
AT(t)o = T(E)AT(E)U'
2 2/) 7
this implies also that AT (¢t)v € D(A). Then, thanks to (3.3) and from the fact that

(PDT(t)v, DAT(t)v)]
|DT(t)UQ | P

< [DAT(t)u],

we can differentiate under the integral sign. Denoting by u(t, ) the solution (T'(t)v)(z), we
obtain

d
Fit) = n|Dulp dz = / PDu, DAu) d
_ / Py DjuD;(Dy(AnkDyu)) i
ik, k=1 |DU|P
Pz D uD BhDhu / P”D UD Cu)
+ / ’ dx + W) R dx
Zgl ‘DU|P Z |D’UJ‘P
PwD w(D?, Apr D + Dy Api D3 u + D Apip D3 ju)
(h) = dx
,jhk 1 \DU|P
1 3
(12) +ij;_1/gn|D’u,|pPiijUAthihku d(g
al 1
(13) + Z / nipiiju(DiBhDhu + BhDiQhu> dx
ij,h,k 1/ |DU|P
(1a) + Z / UnmmE u(D .Cu+CD; u)
i,5,h k=1

Notice that there is a constant cg = ¢(IN, M1, |||loo, || P|lco) such that

|Il‘ + |I3| + |I4| S CS||UHW2,1(Q)

13



It remains to estimate I5; integrating by parts with respect to xj, we have that

N
n 3
> — P DjuApD}uds
o ‘D’U/|P ] hk

i,j,h,k*l
(I) = = Z / TDulE PijDju Ap D3, uDy Py DyuDyu dz
,jhklm 1
(I12) + \D |3 P;;D; u App D3 u Py DypyuD3u d
’,j7hklm—1
(I;) — Z / |DU‘P(DkPZ]DuAhk+P”D uDkAhk) D2 udzx
,Jhk 1
(I14) - Z i |D = —— P,; D} ju Ap D u dz
i,5,h,k=1
al 1
(115) - > /Q|Du\ PijDju Ap Dy u Dy dz
zj,h,k—l
(IIG) + Z / |Du| PZJD uAththdeg'fN 1
i,7,h,k=1

This implies the existence of a constant cg = ¢(Ma, || P||1,00, [|7]/1,00), such that
L] + [TTs| + |TT5] < c9/ \D2u| dx .
Q

Notice that for I1; we have

> PyDjuApkDjyu Py DyuDiyu = (D*u A D*u PDu, PDu)

i,7,k,l,m=1

- <P1/2D2u A D%y PY/2(P'/2Dy), P1/2Du>,

and for I, we can write

N N
1/2 51/2
S PyDiuAnDiu = Y PYEP/PDEuAnD3u
i,4,h k=1 i,4,h k=1

- Tr (P1/2D2u A D%y P1/2),

where Tr denotes the trace of a matrix. Then

1 PY2Dy PY2Dy
I+ 11, = / <<P1/2D2uAD2uP1/2 , >
2 ! o |Dulp |Dulp * |Dulp
5.3 —Tr ( PY2D?%u A D?u PY/? dr <0
( n
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since P/2D?u A D?u P'/? is positive definite because
<(P1/2D2uAD2uP1/2)§,§> _ <A1/2D2uP1/2§,A1/2D2uP1/2§>.

Finally, for the term IIs, we notice that

N N N N
Piiju Athihu V. = ( Athihu Vi EijU,)
Jhok=1 i=1 h,k=1 j=1

2

<
Il

] =
M=

N
(54) (Di (Athhu I/k) — DhuDi(Athk)) Z Piiju
1 h,k=1 7j=1
D{(ADu,v), PDu) — (D(Av)Du, PDu)

= —(D(Av)Du, PDu)

o
Il

o~ S

since P = A on 0f). Observe that the regularity of the boundary and the ellipticity of
A;; imply that there exists a constant c19 = ¢(L, M) such that |[D(Av)| < c19. As a
consequence, we obtain that

N
1

Z / 777-PiijUAthi2huykdg_CN_1’

ijh =109 | Dul| p

1 .
- )/{m [Duly" (D(AV)Du. PDu) dHN 1‘

S ClO/ n|Du\pd9{N_1
o0
< clo||77||oo\/X/ | DuldHN -1
o0
<

011/ [[Du| + | D?u|] d,
Q

where ¢11 = ¢(My, L, A, ||n]lo, ca), Where cq is introduced in (2.3).

Taking now into account that u(t,z) satisfies (3.2) and (3.5), we have proved there is a
constant ¢ depending only on the dimension N, on the geometry of Q, on the norms || P||1 00,
[Imll1,00 and on the constant Mji, ¢; such that for every ¢ > 0 the inequality

d 1 1
F’ t) = — D d < - . < o . .
o (t) at /977| ulpdr <c <|u0||L1(Q) + \/EHU()”Wl (Q)> < C\/EHUOHW Q)
holds. Then, by integration (5.2) follows. O

Theorem 5.2 Assume (H1), (H2), (H3)', (H4), and let (T'(t))i>0 be the semigroup gen-
erated by (A, D(A)) in L*(Q). Then, for every ug € L*(S2), the equality

liy [ [DT(O)uo(a)|p dz = [Dug|(9)
- Q

holds. In particular, uy belongs to BV () if and only if the above limit is finite.
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Proor. We start first assuming that P;; € Cg (©2) and considering the operator Au =
div(ADu), i.e., B;=C =0,i=1,... N, and the generated semigroup, denoted T. Thanks
to (4.3), we have only to prove that

(5.5) lim sup /Q \DT(#)uo (2)|p dz < | Dug| (),

t—0

which is trivially satified if ug € L*(Q2) \ BV (Q2). We then consider ug € BV (2). Fix € > 0
and consider two open neighbourhoods U C V' of 9§ with disjoint boundaries such that, if
we take S' =QNU and S =QNV, we get

(56) |DUO|p(S) < €.
Let then n € C%(Q) be a function such that
0<n<1l, n=1lonS, n=00nQ\S

and define the matrix
Py=n*A+(1—-n*)P.

By Proposition 4.1 there exists a sequence
(un)n C {v € CZ(Q) : (ADv,v) = 0 on 9Q}
={ve CX(Q): (PaDv,v) =0 on 8Q}
C D(A)

such that u,, — ug in L'(Q) and

lim /|Dun|pda::\Du0|p(Q).
Q

n—-+oo

Notice that since P and A are A-elliptic we get

/ | Duy, |dx < \5/ | Duy | pdx
Q Q

and then there exists M > 0 such that

Since Q \ S is an open set, by lower semicontinuity we have

[Duo|p(Q\ S) gliminf/ |Du,, | pdx
n— s

+oo
and also
/\Dun|pdx:/ ‘D’U,n|Pd£E*/ |Du,, | pdx
5 Q \5
whence
limsup/|Dun|pdﬂc§ lim /\Dun|pdx—liminf |Duy,|pdx
n—+oo Jg n—+ Jo n—=+o0 Jo\s

< [Duo|p(©2) = [Duolp(2\ §) = |Duo|p(S).
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This proves that

(5.3) iimsup [ [Duy|pde < | Duglp(S);
S

n—-+oo

by the A-ellipticity of A and P, the following holds:

n—-+o0o n—-+o0o

limsup/ |Dun\Ad3::hmsup/ (ADu,, Du,)" *dx
S S

:hmsup/ <AP*1PDun,Dun>1/2dw
s

n—-+o0o

< )\limsup/ |Duy,|pdz,
5

n—-+o0o

whence by (5.8) and (5.6)

(5.9) limsup/ |Dup|adx < Ae.
s

n—-+4oo

We also notice that

€13 = (PE,€) = (Pa&, &) + (P — Pa)&,€)
= (Pa&,&) + n*((P — A)¢, &)
= [¢]B, + 17 (P — A)E,€)

and, since P, A and A~! are M-elliptic,
(P = Pa)&, &) < 2XME* < 22%(A,€), VEeRY.
We have then obtained that |£|p < |€]p, + AV27|¢|4 and as a consequence

/ \DF (t)un | pda < / DT ()| pyda + A3 / 0| DT (£ | ada
Q Q Q

We can apply Proposition 5.1 to both terms in the right hand side in order to obtain, using
(5.7), that

/|DT(t)un\pdm§/ |Dun\pAd:r+)\\/§/ 1| Dup | adz + (1 + AV2)cog M/t
Q Q Q

By definition of P4, we have that

€15, =n?1Elh + (L—n?)[é3, VEEeRY,

and then

/|Dun\pAdx§/n\Dun|Adx+/ V1 —n2?|Duy|pdx
Q Q Q

g/\Dun|Adx+/ | Dy, | pd.
s Q
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We have then obtained the following estimate
/ DT ()| pdae g/ |\ Dup|pdz + (1 +)\\/§)/ | Dutp| adz + (14 \/2)eo MVA.
Q Q s
Using (5.9) and the fact that T'(t)u, — T'(t)uo in L'(Q) as n — +o0, we get

\DT(#)uo| pdz < liminf | [DT()un|pdz < limsup / DT (#)un | pda
Q Q Q

n—+00 n—-+oo

< | Duo|p(Q) + A1+ AV2)e + (1 + AV2)co MVt

and the result for P regular then follows by letting ¢ — 0, since € is arbitrary. The case

with P;; € Cy(Q) is a consequence of the approximation result given in Proposition 4.3.
Finally, we consider non zero coefficients B; and C and Au = div(ADu) + (B, Du) + Cu

with B;,C € L*(Q), i = 1,...N. Notice that the boundary operators associated with

A and A as in (2.5) coincide, and then the set C4(Q) defined in (2.2) is a core both for
(A, D(A)) and (A, D(A)). We denote by (T(t));>o the semigroup generated by A, D(A)).
Notice that if we define 4(t) := T'(t)up and v = T(t)ug the function w := @ — u is the
solution of the problem

Ow — Aw = &t := —(B,Di) — Ci in (0,00) X
w(0) =0 in Q
(ADw,v) =0 in (0,00) x 9.

¢
Thus, since w(t) = / T(t — s)&u(s)ds, we get
0

Duw(t) = D(t — u)(t) = /0 DT (t — s)Ea(s)ds

and then using (3.2)

t
1
Di(t) — Du(t)]| < &l 1 - 4
[ Da(t) u(t)z @ = callEal g, (Q)/O NG s
< 26 VE(IBlloollDi(t) | L1 (@) + €l ()1 () -

Since ||a(t)|| 21 (o) — |luollz1 (@) and by what seen before limsup, g || Da(t)[| 11 (q) is bounded
we can conclude that lim; o [[Di(t) — Du(t)|| 11 (o) = 0 and consequently, for v € C'4(9), it
follows

1imsup/ |DT (t)v|p dx <
Q

t—0

< limsup / (DT (t)ol p da + lim / \DT(t)o — DT(t)o]p da
Q - Q

t—0

< / |Dv|p dx.
Q
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The thesis then follows from the density of Cy(Q) in BVp(Q2) (see Proposition 4.1); given
ug € BVp (), we take a sequence (un) C C4(€) approximating ug in P-variation. Then

|Dug|p(2) < lign iélf | DT (t)ug|pdx < hm 1nf liminf | |DT(t)uy|pdx
-0 Jo

n—-4oo Q

< lim sup lim sup ( |Dun‘Pd$+CG\/iHunHWl‘1>
Q

t—0 n—+oo

< limsup (|Duo|p(Q) + CGM\/i> = |Duo|p(2).
t—0

O
We end with the discussion of the simplest application of Theorem 5.2.

Example 5.3 Of course, the simplest case is with A =P =1, B=C =0, i.e., (T(t))i>0
is the heat semigroup generated by the Neumann Laplacian and the total variation is the
classical (nonweighted) one. In this case, it is easily seen that F'(t) = ||[DT(t)uol/z1(q) is
decreasing (as is the case if Q = RY), provided that Q is conver. In fact, our computations
significantly simplify and go as follows, where as in the proof of Theorem 5.2 we set u(z,t) =

(T(t)uo)(x):

1
/ _ _ _ . N2
F'(t) = Q3t|Du| da:—/ Du ‘<Du , Do) dx /QM%IDWDJ)%U dx
D;u
= D;uD? dHN1 / Dy——D?ud
/m |Du|Z A nzk F[Dul
- DDDd}CNl/‘DQ ‘—TD22d<O
. 1o (PP D) [ R

where we have taken into account (5.3), (5.4) and the fact that if Q is convex then all the
curvatures (i.e., the eigenvalues of the matrix Dv) are non-negative.

Notice that it has been proved in [11, Theorem 2.16] that there is a (nonconvex) 2 such
that F/(0) >0

6 A second characterization of BV functions

In this section we give a characterization of BV functions using in a different way the
semigroup generated by the operator A, in the spirit of [15]; more precisely, we prove that
for every u € L*(Q) equality (1.4) holds. The right hand side there significantly simplifies
if u = y g is the characteristic function of a measurable set E C RY of finite perimeter, and
reads

im il T = "2(z)vg(z gz
(6.1 i[5 [ T = [ @)t @),

where FF is the reduced boundary of E. Indeed, we first prove (6.1), and then, using it in
connection with the coarea formula, we deduce (1.4). Let us recall some of the main notions
on sets of finite perimeter; for a detailed description see for instance [2]. We denote by FE
the reduced boundary of F, defined as the set

Dxp(B,(7))

FE = {m € supp |Dxg|: 3 hm e
DXL 3 0 (Dl (Bof)

=vg(z), and |vg(x)| = 1} .
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Moreover, we denote by E® the set of points of R with density a at z, that is

ENB
Ea:{xERN:HIime(x)':a};
0=0 | By(z)|

the essential boundary is then defined as 9*E = RY \ (E° U E'). The main properties of
sets of finite perimeter we need are that FE C E'/? and that HN-1(9*E \ FE) = 0.
For every ¢t > 0 and zg € (2, we set
Q- o
Vit

QbTo = :{yERN:xo—l—\/EyEQ}

and, given f:Q — R,
Fo(y) = flzo + Viy);

with this notation, we define the operator A% on Q%%0 by

AR (y)u(y) = diV(At"r“( )Du(y ))+\f<Bt’z“(y)7Dv(y)>+t0t’””°(y)v(y)

= Z Apk( Io+\[y)a "oy k()

h,k=1

N /N P
+\/£Z (Z Dy Apg(xo + ﬁy)) aiyk(y)

k=1 \h=1

N
HVEY Bulzo + Vin) ) +1C (oo + V(o)
h=1

and the operator A* on RY by

N 920
; ayhay £ ).

By setting © = g + \/ty, it is easily seen that A“®(y) = tA(x). We have the following
Lemma.

Lemma 6.1 Setting u(s,z) = T(s)ug(x), we can define the function v : (0,+00) x QH%0 —
R by v(s,y) = u(ts,xo + Vty); then v is the solution of the problem

Isw = Ao (y)w  in (0,+00) x QbTo
(6.2) w(0,y) = ug™(y) in Q"
(A Dw,v) =0 in (0,400) x QL.

PROOF. By definition, we have v(0,y) = u(0, zo+v1y) = uo(zo+v1y) = ui™ (y). Moreover,
if we set = xg + V/ty, we have that 9/0y" = /td/0z" and also that the unit outward
normal to 9Q5%° at y coincides with the unit outward normal to 92 at z; therefore,

(A4 (y)Dyo(s, y), v(y)) = VH{A(z) Dyults, z), v(x)) = 0,
In the same way, we have

Osv(s,y) = tu(ts,zo + Vity) = tu/(ts, x)
= tA(@)ults,z) = A" (y)v(s,y),
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where ¢’ denotes the derivative of u with respect to its first variable, and this concludes the
proof. O
We also denote by (T%%°(s))s>0 the semigroup associated with problem (6.2) and by
ph*o(s,y, z) its kernel. We also denote by (T7°(s))s>o the semigroup associated with the
problem
dsw(s,y) = A™(y)w(s,y) in (0, +00) x RV
{ w(0,y) = wo(y) in RY

and by p™(s,y, z) its kernel.
Lemma 6.2 For the kernels the following holds

6.3 s,a,y) = N/t (2,500 20,
(6.3) p(s,2,y) N Y A

PROOF. The proof of Lemma 6.1 gives that v(s,y) = T5% (s)ug™ (y) = T(ts)uo(zo + V1y);
using the kernels, we get that

/Qp(s,x,y)uo(y)dy = T(s)ug(x) = TH* (%) ug’xﬂ (x \_/;O>

tao (5 L T0 z)u xo + Vtz)dz
/Qt,wop (ta \/z ) 0( 0 )
t—N/2/ t,20 (SViU—xo’y—!Eo)u du.

P R 7 o(y)dy

The arbitrarity of ug gives the thesis. (]
We have the following result.

Proposition 6.3 For every f € L*(RY), let ut*(s,£) be the solution of the problem

Asw(s, &) = AY®(Ew(s, ) in (0,+00) x QbH*
(A(x + V&) Dw(s, &), vare(£)) =0 in (0,400) x 9QH*
w(0,£) = f(§) in Q7

and let u*(s, &) be the solution of the problem

{ Osw(s, &) = A%(&)w(s, &) in (0,+00) x RY

w(0,8) = f(£) in RN '

Then for every s > 0 we have that u®(s,-) converges to u*(s,-) in Ll (RN) ast — 0.

PROOF. We start by taking f € C.(R") and denote by u>*(s, &) the solution of the problem
)

Osw(s, &) = A% (&w(s, &) in (0, +00) x QB

(6.4) (A%(§) Dew(s, §), v(€ =0 in (0, +oc) x Q4
w(0,8) = f(§) in Q57
Since u!® is a classical solution, for every regular function ¢ : [0,s0] x RY — R with

(80, ) = 0, the following holds:

- [ s@eoode = [T ] {ues6 @t ) + 10 (0)
(6.5) +W[—A'§;i(§)a@;§h )+\f (s, )B“”(&)deds.
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Moreover, notice that tC** — 0, Az,f — Api(2), \/EBZQJ — 0 uniformly on compact sets as
t— 0.

As an auxiliary tool, let us use the L? theory, see e.g. [17, Section 5.4], recalling that
there is M > 0 such that

(6.6) [ ()] L2ty < M| fll2@eey < M| fllL2 @y,
(6.7) 1D’ (5)[| L2 ey < %Hf”m(m . ||f||L2 (RN);
Vs \f
and
z M M
(6~8) \|D2Ut’ (S)HL?(Qw) < ?HfHL?(Qf’w) < ?Hf”Lz(]RN)'

These conditions imply that for every bounded open set K C RV, s > 0 fixed and ¢y small,
the family (ub*(s,-))o<t<t, is bounded in W22(K), and then, up to subsequences, it is
strongly convergent in W1?(K) and also in W (K).

We can now fix a dense countable set D C [0, so] in such a way that u!»*(s,-) converges
to some g(s,-) in WH(K) for every s € D and some sequence ¢, — 0. By Theorem 3.1 we
get that

[u®(s2,-) = u"*(s1,) | L1y = H/ 8sut’x(5")d3‘

L1(Qt:*)

82
g/ A0 (5, )| 1 ey s
S1

521 S92
S CQHf”Ll(Qt,z)/ ;ds § CQ”f”Ll(RN) IOg ;,

51

that is, the function s — u®*(s, ) is continuous from (0, s¢) to L!(Q2%%); in particular, if we
consider s1,s2 € D, then the inequality

llg(s2,) — g(s1, ')||L1(K) <llg(s2,-) — Ut'“x(sm ')||L1(K) + ||Ut”’x(82, ) = u' " (sq, ')HLl(K)

+ ('™ (s1,-) — g(s1, )l Lr ()

holds and the convergence of u*® on D shows that we can extend g to a continuous map
from (0, sp) to Li (RY); we also notice that by (3.2) we deduce also that g(s, ) € WH1(K)
for every s € (0,s0). By continuity, and by the convergence of u'**(s,-) on D we deduce
that u!m(s,-) — g(s,-) in LL _(RN) for every s € (0, sp). In addition, conditions (3.2) allow
us to apply the dominated convergence theorem, and then, taking the limit in (6.5), we get

- [ s@e0.00 = [ [ (sts.0000(5.6) ~ (A0 De(s,). Degts, €0) deds

for all ¢ as above, and then (see e.g. [16, Prop. 2.1, Ch. III]) g(s,-) is the solution of the
problem

8Sw(87§) = Ahk( )83‘2651“( f) in (0,80) X RN
w(0,€) = f(§) in RY
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for every f € C.(R"). Then, it follows that

9(5,€) = u®(s,€) = / P (5,6,2)f(2)dz,

RN

where using the Fourier transform the kernel p® is given by

6.9)  ps.&,2) = 1 exp ( (A7 (@) (€ — 2), (€ - Z)>> |

(47s)N/2| det AY/2(x)] 4s

From the density of C. in L' we conclude. O
The following statement is an immediate consequence of Proposition 6.3.

Corollary 6.4 For every s > 0, £ € RN, the measures dut* = pt(s,&,-)dLN L QY are
weakly* convergent to the measure du® = p®(s,&,)dLYN as t — 0, that is, for every ¢ €
C.(RN) the following equality holds

im [ p(2)p (5,6, 2)dz = / D" (5,6, 2)dz.
t—0 Jot,z RN

Henceforth, given the function p(s, &, z), we shall denote by D1p(s, &, z) the gradient with
respect to the first spatial variables £ and by Dop(s, &, z) the gradient with respect to the
second spatial variables z.

Proposition 6.5 For every s > 0 and every £ € RY, the equality

(6.10) li [ (Do (5.6, 2) 02z = [ (Dap* (5.6, p(2))ds
Qt. RN

holds for every ¢ € C.(RY,RY).

PrOOF. We start by considering ¢ € CL(RY ,RY); we choose o > 0 in such a way that
supp i C Q5% for all ¢t < t¢; then

/ <D2ptﬁr(sa€72)7¢(z)>d’z = 7/ pt’m(s,@z)divcp(z)dz
Qt,z Qt,m
and then, by Corollary 6.4

lim <D2pt’z(5’€7z),s&(z)>d7; = lim — pt’z(S,€7Z)dngO(Z)dZ
t—0 Qt.x t—0 Qt.x

7/ pm(57§,z)d1V(p(z)dZ
RN

RN

For an arbitrary ¢ € C.(RY ,RY) we use an approximation procedure; we select . €
CHRYN,RY) such that ||¢ — ¢.||e < ¢ and then

[ Dwtseap@ids = [ D60
Qt,a: Qt,z
+/ (D2p""(5,€, 2), ((2) — pe(2)))dz
Qt,:c
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Taking into account that p**(s, €, z) = tN/2p(1fs7 x4+ V1€, x + /1z) and also that

Dop'™(s,&,2) = DN ?p(ts,x + Vi€, x + Vtz)
tWNFV2Dop(ts, @ + Vg, x + Viz)

by (3.1) we obtain

| /Q (Dap'(5,€,2), (1(2) = pe(2)))d2

< tNHD/2)| — %Hoo/ |Dop(ts,z + V&, @ + Vitz)|dz
Qt,:c
< (Ce

with C independent of ¢. Of course, the inequality

‘/RN (Dap®(s,&,2), (p(z) — @s(z)»dz’ < Ce

holds as well, and then

lim’ /Qm (Dop"*(s,€,2),0(2))dz — /RN <D2pm(8,€,2’)7%0(2)>dz‘

t—0

<lim| /Q D (5,620, (9(2) — ()

t—0

t—0

| [ Dah (g2 0@~ [ (Do (5,62, c)i3)
Qb RN

t—0

tim | [ (Dap(5.8.2),(012) = ()| <

and the thesis follows from the arbitrariness of ¢. O

The main step in the proof of (1.4) is the following result, where an asymptotic formula
relating two sets of finite perimeter is shown. In the statement, we assume that E has finite
measure in order to give a meaning to the left hand side in (6.11). But, notice that, since
FE has finite peimeter in 2, then by the relative isoperimetric inequality in 2

min{|ENQ,|Q\ E[} < cP(E, Q)N 1,

either |[EN Q| or |2\ E| is finite. Therefore, if |E N Q| is infinite, then |\ E| is finite and
(6.11) applies with Q \ E in place of E.

Theorem 6.6 Assume (H1), (H2), (H3), and let (T(t))i>0 be the semigroup generated
by (A, D(A)) in L1 (Q); then, if E,F C RN are sets of finite perimeter in Q, the following
holds

60 B T [ @) - TOxedr = [ (A @),
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Proor. We have

(6.12) / TOxe(@) ~ xe(@)ds

/QOF / (x)dsdx

= / AT (s)xp(x)duds
0 JQNF
/(/ div, (A(x)D,T(s)xp(x))dx
0 QNF
+/ (B(x), D,T(s)xe(x))dx
QNF

+ C’(ac)T(s)XE(ac)dx)ds.

QNF

(6.13)

For the last term we have that

C(x)T(s)xp(z)dz| < ||Cllee min{|Q2N E|,,|2N F|}

QNF
and then

1 _
}51(1) \ﬁ/o /QﬂF C(z)T(s)xe(z)dxds = 0.

For the second term in (6.12), we notice that

/ / Dyp(s,x,y))dydx
QNEF QﬂE

and using Gaussian estimates (3.1) we get

C
Dxp(s,x,y d;l? S =
/Q | o < =

for some constant ¢ depending only on the operator A and the dimension N. We introduce
now the kernel p,(s,z,y) of the semigroup generated by the adjoint operator A* of A; by
the symmetry of the matrix A, the second order part of A* is the same as A. In this way
we have that p(s,z,y) = p.«(s,y,x) (see for instance [17, Theorem 5.6]) and since

< || Bl|oo min{|2 N E, |QOF|}/ |Dyp(s,z,y)|dz

0 . p(5a33+h€uy) —p(8,$7y) . p*(Sayam+h6i) _p*(s7yaw)
57 P8 22 Y) lim ; Jim -
S,T y—x he;\ _ 5T y—x
_ o npygy P ) e (L 0)
h—0 h
_ . y—x
= s (N“)/QDépi’”(LW,O)

where D% denotes the i-th component of the gradient with respect to the second variables.
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Then D, p(s,z,y) = s~ NV+D/2Dyp2 (1, %,0); hence

/ (B,D,T(s)xg)dr = / dz/ D.p(s,z,y))dy
QNF QNF QNE
_ N+l)/2/ dm/ < ), Dop® (1,y_x,0> >dy
onF  JonE Vs

- | (B(x), Doy (1, 2,0))d=
\f QnF Qs wnEs®
= 7 . dz /]RN x), Dap3®(1, 2,0))dp*" (2).
where we have denoted by p*® the measure
pse = LN (5% 0 ESTY.
These measures verify the following properties:
L s —=*0ifz € E%
2. pust —=* LN if x € B,
3. p5* —* LN H,, () for & € FE, where H,, ;) = {z € RY : (z,vg(z)) < 0}.

These facts imply that, for 2 € E°,

[ (B @) D1 2,0 ) —

moreover, for z € E!

[ 1B D (120 (2) = Bla) - [ D100 = 0

Taking into account that |F\ (E° U E')| = 0 and the dominated convergence Theorem, we
have then obtained that

hm—// / D.p(s,x,y))dydxds =0
=0 \/t onrF JonE ( vy

It remains to study the first term of (6.12); with an integration by parts and recalling that
HN-L(O*E\ FE) =0, we get

LaniV(ADwT(S)XE(x))dxz/ (DT (s)xE(x), A(x)vp(2))dHN " (z)

B /szm'f /sz N+1)/2<D v ( y\;;g’()) ,A(x)yp(q;)>dydf}-€N_1(x)

(Dapi(1,2,0), A@)vi(2)) d=dH (@)

Dgpsx(l 2,0), A(z)vp(x))dp®® (2)dHN L ().
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With the same argument previously used, we can deduce that for € E° U E*, the limit of
the above integral as ¢ — 0 vanishes; then we can only consider points x € FF NJFFE; in this
case we obtain that

[ D100 A @)de () — [ (Dap (1,20, Al (o).
R Hyp (@)
Taking into account (6.9) and the symmetry of A, we get that

Dopi(1,2,0) = _2(47T)N/2| iet A2 ()] exp (—<A*1(x)z,z>/4) A Y2)z,

and then, since for z € FF N FE we have vp(z) = (vp(z), vr(x))ve(z)

[ Dapi(2,0) A@pe(a)ds =
H

v (z)

- (47555/(%@@41/2 |/ exp (—(A7H(2)z,2)/4) (=, v () dz

Hy g

st | efwzqz,A1/2<x>,,E<x>>dz.

A2 (z)vp ()

For the computation of this last integral, we consider an orthonormal basis {ej,...,en} of
RY with
A2 (@)vp(x)
EN = )
|AY2(z)vp(z)]

we then obtain

J,

(2 A @ pla) e dz = A2 ()] [ ave ' dz

Al 2@y (@) HA1/2(m)uE(z)

a(N= 1)/2\A1/2 |/ Z?VdZN

(N-1)/2

= T @@,

At the end, we have obtained that

. ™ _
lim \/>/ (T(t)xe — xg)dz = —/ (ve, 1/F>|A1/21/E|deN L
t=0V ¢ Jonr QNFFNFE

Specializing the above result for F = E° we get the following

O

Corollary 6.7 Assume (H1), (H2), (H3), and let (T(t))i>0 be the semigroup generated
by (A, D(A)) in LY (Q); then, if E C RY is a set with finite perimeter in €, the following
equality holds:

(6.14) lim \/;/ T(t)Xdez/ |AY2 (&) vp ()| dHY 2 ().
=0V 1 Jonge QNFE
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Remark 6.8 Using an argument similar to the one used in [15, Theorem 3.4], it is possible
to prove that if F/ is a set with finite measure such that

hmmf—/ T(t)xe(x)dr < +oo,
Ben®

t—0
then F has finite perimeter in Q, that is xg € BV(£2). In fact, denoting by
EA(E — v/t
Doxsl(2) = timinf PAE = VI
t—0 t
we get

" EA(E — vt
/ / |z|p*(1,0,z)|D‘f;xE|(z)dzdm < liminf/ / |z|pt’x(1,0,z)Mdzdx
Q JRN Qt.e Viz

= liminf —/ y)XEe(z)p(t, x, y)dedy < +00,
t—0 \[ Q><Q
and this implies that almost every directional derivative of x g is a finite measure, that is
|Dxel(Q) < +oo.

We are now in a position to prove the main result of this section, namely, the announced
characterization of BV functions (1.4). The strategy is the same as for RV see [15], and is
based on (4.2).

Theorem 6.9 Assume (H1), (H2), (H3), and let (T(t))i>0 be the semigroup generated
by (A, D(A)) in L1() and let u € LY(Q); then u € BV (Q) if and only if

hmmf—/ u(y)|p(t, z, y)dedy < 4o0;

t=0 QxQ

moreover, in this case the following equality holds

(6.15) Dula(@) = lim Y [ Ju(z) — u(y)lp(t, 2, y)dedy.
t—0 2\[ QxQ

PROOF. We start by considering u € L'(); for 7 € R we denote by E, = {u > 7} and,
since the semigroup is positive and contractive, we obtain that

0 < /hmmf—/ t)x g, dxdr
t—0 EenQ

< hmlnf—// t)x g, dxdr
=0 EenQ
< hmlnf—/ /|XE —xg, W)|p(t, z,y)dzdydr
QxQ

= hmlnf—/ lu(z) — u(y)|p(t, z, y)dxdy < +oo
QxQ

and then, thanks to Remark 6.8, almost every level E, has finite perimeter and equation
(6.14) holds. Then, using coarea formula (4.2), we get

/PA E. Q) dT—/hm \/?/ T(t)x g, dxdT
t—0 EcnQ

lim inf \/7/ W) p(t, z,y)dedy < 400
t=0 Q><Q
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that is u € BV4(2). The other implication follows from (6.15). To prove (6.15), we define

the function
T
g¢(1) = \[/ T(t)xE, (z)dx.
t JEeno

For this function we have the following estimate

T t
0o =5| [ [ aT)e.avas
0 JE:nQ

t
:\/ﬂ / ( / (ADT(s)xg,,ve, )dHN ™! + / (B, DT (s)xE, )dx
thJo \Jge,na B2nQ

—I—/ CT(S)XET)dx>ds‘
EenQ

T t
<5 [ (14l [ DT, lase
t Jo FE,
FIBl [ [ Dt pldedy
EcnQ JE.NQ

HICle [ [ ipls,zldody)ds
EcnQ J E.NQ

<cMo(P(B,, Q) + min{|E, N Q|, |[ES N Q[}) = h(r)

where the last inequality follows from the estimates (3.1) on the kernel p(s, z,y). We have
that h € L*(R) since

/RP(EﬂQ)dT — |Dul()

and, denoted by u™ = max{u,0} and v~ = max{—u, 0},

IA

“+00 0
/min{|ETﬁQ|,|E$ﬁQ|}dT / \Emde/ |ES N Qldr
R 0

“+o0 - 0
/ /XETdde—l—/ /XEgdZZ?dT
0 Q —oco J

+oo “+oo
// X{U>T}d7dx+// X{—u>r}drdz
aJo aJo
= /uﬂim—‘—/u*dx:/ |u|dex.

Q Q Q

Then we can apply Corollary 6.7 and Lebesgue dominated convergence to the functions g,

in order to obtain
/PA(ET,Q)de/hm,/ﬁ/ T(t)xp, dx
R r=0V 1 JEena

= lim ﬁ /R /Q XQ(XET(y)—><ET(y)XET(%));O(t,33711)019:0111617

[ Dul4(92)

t—0

~ i \/f [ o) = mingu(o). ) ot . )y

t—0
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since xg, (y)xe. () # 0 iff 7 < min{u(x), u(y)}; noticing that

min{u(y), u(z)} = %(U(w) +u(y) = |u(z) —u(y)]),

the assertion follows. O
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