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ABSTRACT. We study the atomistic-to-continuum limit of a class of energy functionals for crys-
talline materials via I'-convergence. We consider energy densities that may depend on interactions
between all points of the lattice and we give conditions that ensure compactness and integral-
representation of the continuum limit on the space of special functions of bounded variation. This
abstract result is complemented by a homogenization theorem, where we provide sufficient con-
ditions on the energy densities under which bulk- and surface contributions decouple in the limit.
The results are applied to long-range and multi-body interactions in the setting of weak-membrane
energies.

1. INTRODUCTION

The passage from atomistic to continuum models is of major interest in the description and
understanding of many physical phenomena and in models in applied sciences. Even for those
atomistic systems which are driven by simple lattice energies, the choice of the method to analyze
their asymptotic behavior as the interatomic distance tends to zero is nontrivial. Compare for
instance the results obtained by taking pointwise limits ([8, 9, 35]) to those obtained by variational
methods (see [18, 15] for an overview). There, the choice of the limit process underlines some
assumptions on the model, which are translated in the definition of convergence of discrete to
continuum functions, and may lead to different results.

In this paper we work within the variational framework, which amounts to allow for a very
general definition of convergence of discrete functions and is translated in analyzing the asymptotic
behavior of discrete systems in terms of I'-convergence. This has proven to be a powerful tool
in Materials Science to predict or better understand the macroscopic response of a material to
microscopic deformations, but has also been used in other applied fields such as Computer Vision to
provide discrete approximations of given continuum energies that might be used, e.g., for numerical
simulations, or in Data Science, to provide continuum minimal-cut approximations to problems in
Machine Learning. We will use the terminology of ‘atoms’ and keep the application to physical
problems in mind, even though in the frameworks just mentioned discrete domains can be thought
of as composed by pixels or labels of data. We restrict our description to the case when the
reference configuration of a material at the atomistic scale can be assumed to be a (Bravais) lattice
(crystallization); this assumption could be relaxed to considering non-Bravais or disordered lattices,
at the expense of a more complex notation. In our case it is not restrictive to assume the reference
configuration to be (a portion of) the cubic lattice Z™ in R™, scaled by a small parameter. More
precisely, fixing € > 0 one describes the atomistic deformation of a material occupying an open
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bounded domain © C R” through a map u : Z.(Q) — R?, where Z.(Q) := Q N eZ" denotes the
set of e-spaced material points (or simply atoms) of the system. In the most general case, one can
assume such a system to be driven by an energy of the form

Fou)= Y e"¢i({u"} ez i) (1.1)

1€Z-(Q)

Here for fixed 4 the function ¢f : (R%)%=(2=%) — [0, +00) should be thought of as the potential energy
at scale € describing the interaction between the atom at position ¢ and the whole configuration
{u'};ez. (). As a consequence, energies as in (1.1) can model systems which are (at the same time)
non-homogeneous, multi-body, non-local and multi-scale.

1.1. Aim of the paper. In this paper we are interested in the variational description (via I'-
convergence) of the limit of the F. above as the lattice spacing ¢ vanishes while the density of the
atoms is kept constant thanks to the scaling factor €. We refer to such a coarse-graining procedure
as discrete-to-continuum limit. As a matter of fact a fine description of the discrete-to-continuum
limit of physical systems driven by energies as those in (1.1) turns out to be a very challenging
task unless the potentials are explicitly known and take some very special form. Until now the
most general result in this direction has been obtained in [20], where the authors establish a set
of assumptions on the potential energies ¢; which ensure that up to subsequences the I'-limit of
energies as in (1.1) is an integral functional defined on a Sobolev space. The aim of the present paper
is the extension of such a general result to the setting of special functions of bounded variations,
that is to find sufficient conditions on ¢ under which the variational limit energy of the sequence
(F:) is of the form

F(u) = /Qf(x,Vu) dx —|—/S gz, ut —u=,v,) dH" ! (1.2)

defined on those u (here we use the same notation u for both microscopic and macroscopic fields) be-
longing to SBV (Q2; R?). Energies of this type are usually referred to as free-discontinuity functionals
and are widely used to model a number of phenomena in fracture mechanics, image reconstruction
or in the theory of liquid crystals, to make only a few examples ([7, 12, 11, 38]). The discrete-
to-continuum analysis performed in the present paper thus provides a very general framework on
the one hand for atomistic systems whose macroscopic behavior can be studied in the context of
fracture mechanics and on the other hand for possible discrete approximations of energies used in
image reconstruction, such as for instance the approximations studied in [28, 29, 19, 39]. We point
out that our analysis is also connected to some recent results in Data Science [37, 27, 41].

The assumptions on the potentials ¢ that are needed to restrict the class of possible discrete-
to-continuum limits to functionals of the form (1.2) are carefully listed in Section 2. Here we
limit ourselves to highlight the main ideas behind them in the case that u represents the elastic
deformation field of a physical system to be studied within the theory of fracture mechanics. In
this case the two energy terms in (1.2) can be interpreted as follows. The bulk integral represents
the (hyper-)elastic energy stored in the system due to the contribution of bounded microscopic
deformation gradients, that is of deformations with |u® — u/|/e of order one. The surface term
represents the energy the system needs to produce the fracture S, in 0 with opening u* — u™.
Such an energy is instead due to microscopic deformation gradients of order 1/e. In the simplest
possible case f(z, M) = |M|P and g = const the bulk and surface energies are proportional to the
p-th power of the LP norm of the macroscopic deformation gradient Vu and to the length of the
fracture, respectively.
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Within this framework the assumptions on the potentials ¢; read as follows.

(H1) invariance under translations in u: This ensures that the integrand f in (1.2) does not
depend explicitly on % and g depends on u+ and w~ only through their difference;

(H2) monotonicity in the strain: the potential energy is assumed to be a non-decreasing in the
finite differences |u® — u/| - in the simple case of pairwise interactions this translates to the
fact that the elastic energy increases as the modulus of the deformation gradient increases;

(H3) weak Cauchy-Born type upper bound: we only require that the potential energy of any
microscopic affine deformation is bounded from above by the p-th power (p > 1) of the
norm of its gradient;

(H4) lower bound that allows to deduce that the limit is defined on SBV(2): keeping in mind the
interpretation above, of finite differences as deformation gradients, ¢$({u**7}) is assumed to
be bounded from below by |(u’ —u?) /[P whenever this quantity is of order 1, and otherwise
by 1/¢;

(H5) mild non-locality: the potential energies ¢$ of different deformations that agree in a cube
of side length « centered at a point ¢ are comparable up to an error that vanishes for large
a as € — 0 uniformly in ¢. This ensures that the I'-limit is a local integral functional,;

(H6) controlled non-convexity: the energy stored by a convex combination of two deformations is
asymptotically controlled by the sum of the energies corresponding to each single deforma-
tion. This technical assumption allows us to use the abstract methods of I'-convergence (see
below) and is needed here to tame the effect of the possibly diverging number of multi-body
interactions.

We take the discrete-to-continuum limit of the energies in (1.1) under this set of assumptions. To
this end we regard a discrete field u as belonging to L!(Q;R?) by identifying it with its piecewise
constant interpolation on the cells of the ¢ lattice. Outside this set of functions we extend F; to
LY (;RY) by setting it equal to +0o. We then define the discrete-to-continuum limit of F. as its
I-limit as ¢ — 0 with respect to the strong L!-convergence. We remark that hypothesis (H2) is
quite restrictive in the framework of mechanics as it is not feasible for the modeling of materials
with resistance to compression. The variational analysis of such models in dimension higher than
one remains a major open problem, which has defied integral-representation techniques so far, and
we do not address it in the present paper. Some interesting results in that context can be found
for instance in [22] or [40] in the case of Lennard-Jones type potentials. Although (H2) rules out
the above mentioned models in the general setting, it is not a restrictive assumption in the case of
traction problems. Moreover, it is compatible with the assumptions on interaction potentials used
in the context of image reconstruction, and in recent applications to data science. Eventually, in
Section 5.1 we shall provide a relaxed version of (H2) in the case where the system is driven by a
two-body interaction, by essentially requiring the interaction potentials to be “almost” monotone
only in those difference quotients |u® — u?|/e that are of order 1/e.

1.2. Main results, methods of proof and comparison with existing results. In this paper
we prove compactness, integral-representation and homogenization results for energies of the form
(1.1). More precisely, in Theorem 3.1 we show that, up to subsequences, the discrete energies F.
I-converge to a free-discontinuity functional of the type (1.2). Using this integral representation
we then prove the homogenization Theorem 4.3. There we show that under additional assumptions
on ¢ which will be discussed at the end of this section the whole sequence (F;) I'-converges to

From(u) = / frhom(Vu) dzx +/ Ghom (U™ —u”, 1) dH" 1, (1.3)
Q

u
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where fhom and gpom are some homogenized bulk and surface-energy densities, respectively.

The proof of Theorem 3.1 relies on the so-called localization method of I'-convergence (see [33,
Chapters 14-20] and also [14, Chapter 16]). Following this method we consider energies F; as
functions defined both on w and on the open subsets of by defining for every pair (u, A) with
u: Z(Q) - R4 and A C Q open the localized energy E.(u,A) according to (1.1) where now
the sum is taken only over i € Z.(A). We then prove a general compactness result (Theorem
3.14) which ensures that for every sequence of positive numbers converging to zero there exist a
subsequence (g;) and a functional F' such that for every A C © open and with Lipschitz boundary
the localized energies I, (-, A) I'-converge to F'(-, A). Subsequently, thanks to assumptions (H1)-
(H6) we recover enough information on F' both as a function in u and as a set function to write
it as a free-discontinuity functional of the form (1.2) by using the general integral-representation
result in [10]. Before we comment on the homogenization result below we give a short overview on
the use of the localization method in the context of discrete systems.

The method was originally proposed by De Giorgi and has been successfully used in the context
of homogenization of multiple integrals in the continuum setting (see [17] and references therein).
It has been first adapted to study discrete-to-continuum limits in [1] in the context of pairwise-
interacting discrete systems modeling nonlinear hyper-elastic materials and giving rise to continuum
functionals finite on Sobolev spaces of the form fQ f(z,Vu)dz. After that the application of the
localization method to discrete systems at a bulk scaling has been extended into several directions
including stochastic lattices [4, 30], more general interaction potentials [25, 23, 20] and has also been
combined with dimension-reduction techniques [3]. The most general result for discrete systems on
deterministic lattices with limit energies on Sobolev spaces is by now contained in [20].

At the surface scaling the analysis of discrete systems has required the use of the abstract method
for the first time in [5]. That paper derives the continuum domain-wall theory in ferromagnetism
from pairwise interacting Ising-type spin systems on (possibly stochastic) lattices (see also [24] for
thin films). The extension of this result to more general magnetic interactions has been considered
in [2]. There the authors give examples of systems not satisfying (the analog of) assumption (H5)
whose discrete-to-continuum limit is a nonlocal functional (see also [13]). A first general result for
discrete systems with multi-body and long-range interactions at this scaling has been obtained in
[16] in the context of spin-like systems with spatially modulated phases.

We point out that in the above mentioned papers the discrete energies under consideration
involve either a pure bulk or a pure surface scaling. In order to obtain a I'-limit of the type (1.2)
one needs to consider discrete energies where both scalings are present at the same time. In this
case, however, it becomes more difficult to find the correct set of assumptions which makes the
localization method applicable. A first result in this direction has been obtained in [39], where
the author considers energies of the form (1.1) on a possibly stochastic lattice. The interaction
potentials ¢ however are independent of ¢ and ¢, have finite range and depend on finitely many
particles uniformly in e. Moreover, they depend on the configuration {u’}; through the set of
discrete differences {|u’ —u’|}; ;. This type of dependence is essential to decouple the contribution
of bulk and surface scalings in the continuum limit, which finally allows to prove the full I'-limit
result (without extraction of a subsequence) in the case of a stationary stochastic lattice. This
is done by exploiting for the first time in the discrete setting the theory of maximal functions
introduced in [36] and used in [21] in the context of homogenization. This technique turns out
to be useful also in the proof of the present homogenization result Theorem 4.3, which we finally
describe below.
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Theorem 4.3 falls into the framework of periodic homogenization and thus requires the restriction
to a special class of periodic interaction-energy densities. As our interaction-energy densities at a
point i may depend on the whole configuration {u’*’ }iez.(o—i) the meaning of periodicity needs
to be clarified. A proper definition of periodicity (at least in the interior of ) is possible when
restricting to finite-range interactions. This modeling assumption also helps to decouple the bulk
and the surface scaling in the I'-limit, which is central to characterize the homogenized integrands
fhom and gnom in (1.3). We highlight that even under the finite-range assumption this task still
requires a major effort due to the lack of a gradient structure in the interaction potentials. In fact, a
crucial step in proving the homogenization result consists in establishing sufficient conditions on the
potential ¢ (without enforcing an explicit gradient structure) which make it possible to distinguish
between the discretization of a macroscopic affine deformation of the form uy(x) = Max with
M € R¥™"™ and of a macroscopic jump, that is, a mapping of the form ue (15, ) = CX{an >0}
with ¢ € R%. More in detail, to derive formulas for the homogenized integrands fuom and gnom in
(1.3) it is essential that the potentials ¢; reflect the different scaling properties of uas and u, when
passing from the scaled lattice eZ™ to the integer lattice Z". Indeed, the affine function wp; satisfies
upm(j) = cunp(j/e) for every j € €Z", while for the jump function u¢ there holds u¢(j) = uc(j/e)
for every j € €Z™. It thus seems natural to require that for a given discrete function u : Z" — R?
and ¢ € Z™ asymptotically there holds

el ({ew/F}) ~ el ({uw?}),  e"gS({u/F}) ~ "y ({uf)),

for some discrete bulk and surface potentials ¥, ¥$. This heuristic argument is made rigorous in
Section 4.1, where we carefully state the correct hypotheses on the interaction potentials and we
refer the reader to this section for more details.

1.3. Plan of the paper. The paper is organized as follows. In Section 2 we recall some basic
notation and we introduce the discrete functionals under consideration together with the precise
assumptions on the potential ¢;. Section 3 is then devoted to the proof of the integral-representation
Theorem 3.1 and to the treatment of Dirichlet boundary problems. The latter allows us to obtain
asymptotic minimization formulas for the integrands f and g in (1.2) (see Remark 3.16), which are
a key ingredient to prove the homogenization result Theorem 4.3. This is done in Section 4, where
we also state precisely the periodicity- and the separation-of-scales assumptions. We conclude the
paper by giving some examples that fall into the framework of our discrete energies in Section 5.

2. SETTING OF THE PROBLEM

Notation. Let n > 1 be a fixed integer and {2 C R™ an open, bounded set with Lipschitz boundary.
We denote by A() the family of all open subsets of Q and by .A"9(Q) the family of all open subsets
of Q with Lipschitz boundary.

Let {e1,...,e,} denote the standard orthonormal basis in R™. If v, € R™ we use the notation
(v, &) for the scalar product between v and £ and by |v| := y/(v,v) and |[V]so 1= SUP <p<p |V, k)]
we denote the euclidian norm and the supremum norm of v, respectively. Moreover, we set S”~ ! :=
{v € R": |v| = 1} and for every v € S"~! we denote by II,, := {x € R": (z,v) = 0} the hyperplane
orthogonal to v and passing through the origin and p, : R® — II, is the orthogonal projection onto
II,. Further, Q" denotes a unit cube centered at the origin and with one face orthogonal to v, and
for every zgp € R™ and p > 0 we set Q) (zo) := 2o + pQ”. If v = e; for some k € {1,...,n} we
simply write @ and Q,(zo) in place of Q°* and Q% (o).
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For every A C R™ we write | A| for the n-dimensional Lebesgue measure of A, while H"~! denotes
the (n — 1)-dimensional Hausdorff measure in R”™. If p € [1,+o00] and d > 1 is a fixed integer we
use standard notation for Lebesgue spaces LP(Q;R?%) and Sobolev spaces WP (2; R%). Moreover,
SBV (£2;R?) denotes the space of R%valued special functions of bounded variation in Q (see, e.g.,
[6] for the general theory). If u € SBV (Q; R?) we write Vu for the approximate gradient of u, S,
for the approximate discontinuity set of v and v, is the generalized outer normal to S,. Moreover,
ut and u~ are the the traces of u on both sides of S, and we set [u] := vt —u~. We also
consider the larger space GSBV (£;R?) defined as the space of all functions u : Q@ — R such that
wou € SBWVue(;RY) for every o € CH(R%; RY) with supp(Ve) CcC Re. For p € (1,+00) it is also
convenient to consider the spaces

SBVP(Q;RY) := {u € SBV(Q;RY): Vu € LP(QRY™), H"1(S,) < +oo}

and
GSBVP(;RY) := {u € GSBV(Q;RY): Vu € LP(Q;RY™) H"1(S,) < +oo}.

Note that GSBVP(Q;R?) is a vector space and for every u € GSBVP(;R?) and ¢ € C'(R%;RY)
with supp(Ve) CC RY there holds ¢ o u € SBVP(Q; RY) N L2 (;R?) (see, e.g., [34, Section 2]).

For g € R*, v € 8" 1, ¢ € R? and M € R¥*™ we will frequently consider the jump function
uf ot RT — R? and the affine function upy4, : R” — R? defined by setting

u ¢ if (x —xg,v) >0,
ugf 4o () = {0 ¢ Ex B xz V; ~0 and UM,z (T) 1= M (z — 20), (2.1)

for every z € R™.

Setting. In all that follows € > 0 denotes a parameter varying in a strictly decreasing sequence
of positive real numbers converging to zero. For any € > 0, u: R® — R%, ¢ € Z"\ {0} and 2 € R”
we denote by

€l o U@+ EE) —u(z)
Deu(): 2l

the difference quotient of u at x in direction &. If £ = e;, for some k € {1,...,n} we write DFu(z)
in place of D¢ u(x).

We now introduce the discrete functionals considered in this paper. To this end, for every A C R"
let Z.(A) :== ANeZ" and set A (QR?) := {u: Z.(Q) — R9}. It is then convenient to identify
discrete functions u € A.(Q;R?) with their piecewise-constant counterpart belonging to L!(Q;R?)
defined by setting

u(z) :=u(i) = u' for every x € i+ [0,¢)", i € Z-(Q). (2.2)

If (u.) is a sequence in A, (€2; RY) we say that (u.) converges in L' (£2; R) to a function u € L'(Q;R?)
if the sequence of the piecewise-constant interpolations of u. defined as in (2.2) does so.

Finally, for every i € Z.(f) it is convenient to consider the translated set ; := Q —i. We
then consider functions ¢f : (R%)Z=(%) — [0,+00) and we define the discrete functionals F. :
LY(Q;RY) x A(Q) — [0, +00] as

Z e"¢;({u™}jez. ) ifu € A(RY),
F.(u, A) := { iez.(A) (2.3)
+o0 otherwise in L' (Q;R%).
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In the case A = ) we omit the dependence on the set and simply write F.(u) in place of F.(u, ).
With the identification as in (2.2) and the corresponding L' (£; R?)-convergence we aim to describe
the T-limit of the functionals F. in the strong L!()-topology under suitable conditions on the
energy densities ¢5. Namely, we assume that the functions ¢ : (Rd)zf(gi) — [0, 400) satisfy the
following hypotheses for every ¢ > 0 and i € Z. ().

(H1) (translational invariance) For all w € R? and 2 : Z.(;) — RY,
¢ ({27 + whjez (o) = 5 ({#' Yiez.00);

(H2) (monotonicity) for all z,w : Z.(Q;) — R? with |27 — 2!| < |w/ — w!| for every j,1 € Z.(5;)
we have

¢ ({7} jez.0) < 65 ({w'}jez 0
(H3) (upper bound for linear functions) there exist ¢; > 0 and p € (1, 400) such that for every
M € R¥™ we have
¢ ({(M2) }iez. () < al(MIP +1),

where by (Mx) we denote the linear function defined by (Mz)’ := Mj;
(H4) (lower bound) there exists ¢z > 0 such that

¢;({z'}jez.(0,)) = comin {Z |DE2(0)[7, i} ;

k=1
for all i € Z.(Q) with i + eej, € Z.(Q) for every k € {1,...,n} and every z : Z.(Q;) — R%
Moreover, we require that the following is satisfied.
(H5) (mild non-locality) For every € > 0, a € N, j € Z(R") and £ € Z" there exists ¢/'§, > 0 such

that for every i € Z.(Q) and for all z,w : Z.(€;) — R? with 27 = w’ for all j € Z.(eaQ)
there holds

o; ({2 Yjez. ) < 01 ({w ez )
DD Cz’,fxmin{|D§Z(j)|pa1+|Z(]+€§)w<J+€§)}7

3
JEZ () Een™
Jt+efed;

and the sequence (%)) satisfies that following:
lim su s, < 400 24
O MMM 2
a€eN jeZ. (Rm) E€Ln
and for every n > 0 there exists a sequence (M) with eM; — 0 as ¢ — 0 such that
lim sup Z c;i < (2.5)
0
Y maxf{a,l.lel} > Mg

(H6) (controlled non-convexity) there exists ¢ > 0 and for every ¢ > 0, j € Z.(R") and £ € Z"
there exists ¢Z'¢ > 0 with

lim sup Z Z e < +oo (2.6)

€20 ez (Rm) ez
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such that for all i € Z.(Q), every z,w : Z.(£;) — R? and every cut-off ¢ : R — [0,1] we

have
({2 + (1 — ) w'}jez. ) < s (65 ({27} ez ) + ¢F {w'}ez. )
+ R (z,w,¢),
where

Ri(zwp)= Y Y C§5< sup  |DE@(D)IP]2(j +€€) — w(j + €§)|p)
jeran fezn 1€2.(2)
jHece, ke{l,...,n}

. 1 1
+ D> D df <min{|D§z(j>|p, } + min{DEw(y‘ﬂ% } ) :
jeZ.() €€z el¢] elé|
Jj+e€e;
Remark 2.1. Hypotheses (H1) together with (H3) imply that for every e > 0, i € Z.(Q) and for
any constant function z : Z.(2;) — R%, 29 = w for all j € Z.(£2;) we have

¢ ({#' }iez. ) = ¢1({0) + whjez. @) = ¢ ({05} jez.00) < e + 1. (2.7)

Note that the condition on the decaying tail of the sequence (cZ%,) in (H5) is slightly more general
then the corresponding conditions in [1] and [20]. In fact, therein the authors choose for every n > 0
a constant M, > 0 uniformly in e such that the analog of (2.5) is satisfied. Here we show that this
assumption can be weakened by allowing M, to depend on ¢ as long as eM, — 0. This weaker
condition makes it possible to rephrase an example considered in [13] in our framework (see Section
5.3).

Remark 2.2 (comments on hypothesis (H2) and its relaxation). Hypotheses (H2) is a technical
requirement. It guarantees the possibility to pass from GSBV?(Q;R?) to SBVP(Q; RY)NL>(Q;RY)
using a suitable truncation procedure (see Remark 2.3 below). This is essential in many proofs in
Sections 3 and 4. It can, however, be avoided if the space of admissible functions is restricted to
u € A.(Q; R?) satisfying a uniform L>-bound |[u||p~ < cs for some fixed co > 0. In this case the
domain of the I'-limit in Theorem 3.1 would directly reduce to SBVP(Q;RY) N L>°(Q;RY).

We also observe that instead of requiring (H2) one could also require that the energies F. decrease
along the truncation operators considered in [26], i.e., Fr(¢g(u), A) < F.(u, A), where the functions
o1, € C°(R%;RY) are as in Remark 2.3 below. Nevertheless, we prefer to state (H2) as above, since
it allows us to express the required properties of F, on the level of the potentials ¢5.

Eventually, we notice that in the case of pairwise interactions the presence of a gradient structure
allows to replace (H2) by a weaker “almost monotonicity” assumption, which only has to be satisfied
for “large gradients”. This is discussed in more detail in Section 5.1.

Remark 2.3 (Smooth truncation). As mentioned above, we will apply (H2) to suitably truncated R?-
valued functions. To this end, following the approach in [26] we consider ¢ € C°(R) with ¢(t) =t
for all t € R with [t| < 1, () =0 for all t > 3 and [|¢||s < 1 and we define ¢ € C(R?; R?) by
setting

_ Jelehig if¢#o,
9(0) = {0 if ¢ =0.
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The function ¢ is 1-Lipschitz [26, Section 4] and for every k > 0 the function ¢, defined as
ox(€) == kgf)(%) is also 1-Lipschitz. In particular, since ¢ (0) = 0, we have

|pr(¢)] < [¢] for every ¢ € RY. (2.8)

For every u : R® — R? we now define the truncation Tju := ¢ (u) and we observe that thanks to
the 1-Lipschitzianity of ¢ (H2) yields

Fe(Tku7 A) < Fs(u» A)a (29

)
for every k > 0, e > 0, A € A(Q) and u € A.(Q;R?). Moreover, for every u € GSBVP(Q;R?)
and every k > 0 the truncation Tpu belongs to SBVP(;R?Y) N L>®(Q;RY). Finally, if u €
GSBVP(Q;RY) N LY(Q; R?) there holds (see [39, Lemma 2.1])

(i) Tyu — v a.e. and in L'(Q;R?) as k — +o0,
(ii) VTpu(z) = Vi (u(x))Vu(z) and in particular |VTiu(z)| < [Vu(z)| for a.e. € Q and
every k > 0,
(iii) St.u C Su and ([u],vy) = ([Thu], vry0) H* t-ace. on S, N {Ju®| < k} up to a simultaneous
change of sign of [Tyu] and vr,,,, and by Lipschitzianity |(Tu)* — (Txu) | < |u™ —u~| for
every k > 0. Moreover limy_, 1 oo H" 1 (S7,0) = H"1(S4).

Remark 2.4 (I-liminf and I'-limsup). In all that follows we use standard notation for the I'-liminf
and the T-limsup, i.e., for every pair (u, A) € L*(Q;R?) x A() we set

F'(u,A) :=T- limi(l)lf F.(u,A) = inf{limiélf Fo(ue, A): ue — u in Ll(Q;Rd)},
E—> E—>

F'"(u, A) := I-limsup F.(u, A) := inf{limsup F. (ue, A): ue — u in L*(Q;RY)}.
e—0 e—0
If A=Q we write F'(u) and F"(u) in place of F’'(u,) and F" (u, ).

The functional F” is superadditive as a set function [33, Proposition 16.12] and both the func-
tionals F’ and F" are increasing as set functions [33, Proposition 6.7] and L!(€2; R%)-lower semicon-
tinuous in u [33, Proposition 6.8]. Moreover, from (2.9) we deduce that F'(Tyu, A) < F'(u, A) and
F"(Tyu, A) < F"(u, A) for every (u, A) € L'(Q;R?) x A(Q) and k > 0. Hence, the L' (£2; R%)-lower
semicontinuity together with (i) in Remark 2.3 ensure that

lim F'(Tyu, A) = F'(u, A),

k——+oo

lim F"(Tyu, A) = F" (u, A). (2.10)

k— 400
Finally, we also consider the inner-regular envelopes of F’ and F” defined as
F’ (u, A) :=sup{F'(u,A"): A" € A(Q), A’ cC A},
F"(u, A) := sup{F"(u, A"): A" € A(Q), A’ cC A}, (2.11)

respectively. Then F’' and F” are inner regular by definition, increasing and L!(Q;R%)-lower
semicontinuous [33, Remark 15.10].

3. COMPACTNESS AND INTEGRAL REPRESENTATION

In this section we state and prove the first main result of the paper, which is the following
integral-representation result for the I'-limit of the functionals Fy.
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Theorem 3.1 (Integral representation). Let F. be as in (2.3) and suppose that ¢f : (R?)Z=(%) —
[0,4+00) satisfy (H1)-(HG6). For every sequence of positive numbers converging to 0 there exists a
subsequence (g;) such that (F.,) I'-converges to a functional F : L*(Q;R?) — [0, +00] of the form

n=l P((Q)- R4 1. Rd
Flu) = /Qf(:c,Vu)der/ g(x, [u], vy) dH if u € GSBVP(Q; RY) N LY(Q;RY),

u

(3.1)
+00 otherwise in L'(Q;R?).

Here, for every xg € R, v € "1, ¢ € R? and M € R¥*™ the integrands are given by the formulas

: 1 v . 1 v v

f(xo, M) = limsup —m(une,, @y (20)),  g(@o,(,v) = limsup ——m(uf ., Qp(70)), (3.2)
p—0 P p—0 P

where un gy, uf ., are given by (2.1) and for every u € SBVP(Q;RY) and every A € A™9(Q) we

have set

m(i, A) == inf{F(u, A): u € SBVP(A;R?), w =14 in a neighborhood of DA}. (3.3)

In particular, g(z,t,v) = g(x, —t,—v) for every (z,t,v) € Q x R? x S"~1. Moreover, for every
A€ A™9(Q) and every u € GSBVP(;RY) N LY(Q; R?) there holds

- lim st(u,A):/ f(z, Vu) d:L'+/ g(x, [u],v,) dH™ 1. (3.4)
A S.NA

Jj—+o0

Remark 3.2 (Choice of convergence). The convergence in measure would be a more general choice
with respect to the L!-convergence chosen in Theorem 3.1. In this case one could follow the
arguments in [26] to prove an integral representation as above. Here we prefer to work with the
latter convergence, as we are interested in Dirichlet boundary value problems (cf. Lemma 3.15), in
which case the L!-convergence becomes the natural choice thanks to the lower bound (H4) together
with the monotonicity assumption (H2) and Remark 2.3.

3.1. Proof of the integral-representation result. We will prove Theorem 3.1 gathering Propo-
sitions 3.3, 3.4, 3.6, 3.10 and 3.12 below which together with the general compactness result Theorem
3.14 ensure that the I'-limit F' exists up to subsequences and that a suitable perturbation of F' sat-
isfies all hypotheses of [10, Theorem 1]. As a first step we show that F"(-, A) is local for every
A e A™9(Q).
Proposition 3.3 (Locality). Let ¢5 : (R?)%(%) — [0, +00) satisfy hypotheses (H1)-(H6). Then
for any A € A79(Q) and u,v € GSBVP(Q;RY) N LY (Q;R?Y) with u = v a.e. in A we have
F"(u, A) = F" (v, A).
Proof. Let A,u,v be as in the statement. Thanks to (2.10) it suffices to consider the case u,v €
SBVP(Q;RY) N L>(Q;RY). We first show that F”(u, A) < F”(v, A). To this end, choose u.,v. €
A-(Q; R?) converging in L' (2;R?) to u,v, respectively and satisfying

lim F.(ue, A) = F"(u, A), lim F.(ve, A) = F" (v, A). (3.5)
e—0 e—0

Up to considering the truncated functions Tj, ), te, T
Bl[ullzo, vz~ < 3ullw-

For fixed n > 0 and every € > 0 let M7 > 0 be given by (2.5) and define w. € A (4 RY) by
setting

|Les Ve We can assume that [luc|lp~ <

_Jwlif disteo (4, A) < eMy,
~ |ul  otherwise in Z.(Q).
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Since the sequences (u.), (v:) are bounded in L>(€2;R?) uniformly in € and u = v a.e. in A we have
|we —ullL1@) < lve —vllpray + lue — ullLr@\a) + ce™##{i € Zc(Q): dist(i,0A) < eM,}.
Moreover, since 0A is Lipschitz, it admits an upper Minkowsky content, hence
(EMs)”*l#{i € Z:(Q): dist(i,0A) <eMy} < cH"HOA) + 0enrs (1)
Thus, the assumption on My ensures that w. — u in L'(Q;R?), which implies that

F"(u, A) < limsup F.(we, A). (3.6)
e—0

We now come to estimate Fr(we, A). For every i € Z.(A) we set
ac(i) :=sup{a € N: w! = v! for every j € Z.(i +caQ)},
so that condition (H5) yields

Fs(wst) < Z 5n¢f({vé+j}jezs(91))
1€2Z:(A)

. . ' L e it
S S S L

i€Z.(A) JEZ-(Q;) &eZ™
Jj+egeQ;

We observe that by construction a. (i) > My for every i € Z.(A). Estimating the minimum in (3.7)
with (1 + |witi+e — ¢i+i+¢]) /e and using the uniform bound on |jv.||z~ and |jw.|| L~ thus gives

Fe(we, A) < Fe(ve, A) + (L4 3llullz= +3[lvllz=) Y- D D elbe"'#{i € Zo(A): ac(i) = a}.
a>M; jeZ. (Rr) EEL™
Moreover, the Lipschitz regularity of A yields
" # i € Z(A): ac(i) = a} < cH"H(OA) +o.(1),
which in view of the choice of My and (2.5) gives

lim sup F; (we, A) < limsup Fe(ve, A) + en.

e—0 e—+4o00

Gathering (3.5) and (3.6) we thus obtain
F"(u,A) < F"(v, A) + en,
and the desired inequality follows by the arbitrariness of n > 0. (]

As a next step towards the proof of Theorem 3.1 the following two propositions show that F’
and F" satisfy suitable growth conditions.

Proposition 3.4 (Compactness and Lower bound). Let F. be given by (2.3) and suppose that the
functions ¢f = (RE)Z=(%) — [0, +00) satisfy (H4). Let A € A™9(Q) and suppose that u. € A.(Q;RY)
are such that sup, Fr(uc, A) < +oo. If in addition the sequence (ue) is equi-integrable on A, then u.
converge up to subsequences to a function u € GSBVP(A;R?) N LY (A;R?). Moreover, there holds

F'(u, A) > ¢ (/A |VulP doz +H" (S, N A)) (3.8)

for some ¢ > 0 independent of u and A.
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Proof. Let u. € A.(Q;R?) be as in the statement. In view of (H4) we have

RS L

Fo(ue,A)>cy Y  "min {Z |DFu(3)7, E} = Ge(ue, A), (3.9)
i€Z.(A) k=1

hence [39, Lemma 3.3] applied to £ = Z" and f(p) = min{||p[|1,1} together with the equi-

integrability assumption and the uniform bound on F(u., A) provide us with a subsequence (not

relabeled) and a function u € GSBVP?(A4;RY)NLY(A;RY) such that u. — uin L' (A4;R?). Moreover,
from [39, Lemma 3.3] and (3.9) we also deduce

F'(u, A) > oG (u, A) > ¢ (/ |VulP dz +H" (S, N A)>
A
for some ¢ > 0 independent of u and A. O

In order to prove an upper bound for F'(u) we need to restrict to a suitable dense class of func-
tions. To this end, it is convenient to introduce the following definition of a regular triangulation.

Definition 3.5. Let A C R" be open, bounded and with Lipschitz boundary. We say that a
family (U;);=1,... n of pairwise disjoint open n-simplices Uy, ..., Uy is a regular triangulation of A if
AC Ui\il U, and if for any (1,1') € {1,..., N}? the intersection S,y := U; N Uy is either the empty
set or an (n — k)-dimensional simplex for some k € {1,...,n}. The (n — 1)-dimensional simplices
Sy, are called the faces of the triangulation and by 6 € (0, 7) we denote the minimal angle between
two faces of such a triangulation.

Proposition 3.6 (Upper bound). Let A € A™9(Q2) and u € GSBVP(A;R?Y) N LY (Q;RY) and
suppose that the functions ¢5 satisfy (H1)—(H6). Then

Pl <e( [ enaes [ getm - cmhaete) 60
A SunA
for some ¢ > 0 independent of u and A.

Proof. Let Q C R™ be any open bounded set with Lipschitz boundary such that Q CC Q.
Step 1: As a preliminary step we prove the existence of some constant ¢ > 0 such that for any
u € SBVP(Q;R?) N L>®°(;RY) and any A € A™9(Q) there holds

F/'(u, A) < ¢ (/A (VulP + 1) do + /

Q) e DA ). e
S,NA
We first prove (3.11) for A polyhedral set.

Thanks to [32, Theorem 3.1] (see also [31, Theorem 3.9]), employing a standard density argument
it suffices to prove (3.11) for u € SBV?(€; R%) N L>°(€; R?) such that S, is essentially closed (i.e.,
H"1(S, \ Su) = 0), Sy is the intersection of £ with a finite union of (n — 1)-dimensional simplices
and u € Wh°(Q\ S,;R%). Moreover, since u € W-®(Q\ S,; R?), arguing again by density we
may assume that u is piecewise affine on € \ S.. More precisely, we may assume that there exist
a regular triangulation (U;);=1 .. n of Q and My,...,My € R¥>" b, ... by € R? such that u
satisfies the following.

(i) u(z) = Zz]i1 xUmQ(x)(Mlx + b;) for any x € an Ufil Up;
(i) S, = Qn Uszl Sty » where (Slk,l;c)kzl,‘.wK is a collection of faces of the triangulation;

yeeey
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(iii) for any face Sy with (1,1") # (I, 1},) for every k € {1,..., K} we have
u(z) = Mz + b = Mpx + by for every x € Sy .
Since A is a polyhedral set, up to refining the triangulation and renumbering the simplices we may

also assume that
L
-,
=1

for some L < N. Finally, we can assume that |J,,, Si,y N e€Z" = (), since otherwise we may
consider the shifted lattice eZ™ + £, for a suitable séquence & — 0. We then define a sequence
(ue) € A-(Q; R?) by setting

ul = (i) for every i € Z.(Q)

and we note that u. — u € L'(£;R%). Moreover, we write

L
Fa(usyA):ZFa(ua;Ul)a (3.12)
=1

and we estimate F.(ue,U;) for every [ € {1,...,L}. To this end, for | € {1,..., L} fixed and for
i€ Z.(Up) set
(i) == sup{a € N: ul = M;j + b, for every j € i + caQ}.

Thanks to (H1) and (H5) we deduce

F(ue,U) < Y e"oi({(Miz) (i + )} jezo )
ieZE(Ul)
D D D S ]

€
i€Z.(U)) jE€Z.(u) £€Z™

(07

J+e€eq;
=1L, + 1L, (3.13)
Moreover, (H3) gives
Iio<e S e(MP+1)= cl/ (Vul? + 1) dz + o(1), (3.14)
ieZs(Ul) Ui

so that it remains to estimate I§72. To do so, we need to introduce some notation. In what follows
fore >0,i€ Z.(U,), j € Z-(;) and £ € Z™ we use the abbreviation

1+ |u(i+J+e6) - (Mzw+bz)(i+j+€§)|}

mng(i) := min {|D§:u(i +3)I7, €

Further, by
N(@):={l'e{1,...,N}: S;p is an (n — 1)-dimensional simplex }

we denote the set of all indices which label the “neighboring” simplices of U;. Moreover, for n > 0
fixed and every € > 0 we choose M,, > 0 such that

lim sup Z CZ-i <,
e—0 1. ’
max{a,15],1§] }>M¢
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4M, cos 6
sin 6

and we find m. € N such that em, — 0 and m, > , where 6 € (0,7) is as in Definition 3.5.

Finally, for any I’ € N(1) set
IV = {i € Z.(U)): distoo(i,Up) < em.}
and
T = Z()\TL.
Setting Uy := {z € U;: distoo (2, R™ \ U;) > e} we get
N 7' =2
VeN(l)
For I” € N (1) we also set
ﬁlE/ — ﬂ j!//

1"eN @)
l”;ﬁl/

and we rewrite I! , as

Ié 2 Z Z Z €,al (z) j, u(z)

1€Z:(UF) JEZ () €€z

JjHefeqy;
LD DD DI DD DI 110
U1 eN (1) zelg/mnIg”m J€Z:(Q) gez”
VAL jHece

+ Z Z Z Z e, oal (1) m e,l U(Z) (315)

VeEN()iez! Ll  j€Z:(Q;) €ez”
J+egeQ;

In order to estimate the first term in (3.15) we note that
e i € Z.(UF): k(i) = a} < cH" 1 (0U)) + o0-(1)

for every o € N. Moreover, for every ¢ € Z.(U7) we have al(i) > 2m.. Thus, the estimate
m’5u(i) < (2||ul| L= + 1) ! yields

Z Z Z sa’() 7u(z)

1€Z:(UF)  jE€EZ(S) EeL™
J+efef2,;

S@42ullpe) Yo Y > die T # i€ Zo(UF): ok(i) = a}

a>2m jeZ, (R” {EZ"

< ¢(u) > cl%,. (3.16)

max{a,2]j],[¢]}> Mg

To bound the second term in (3.15) we observe that for every I',1” € N(I) with I’ # I” and every
a € N we have

e y{i e IV NT: al(i) = a} < emec (HVTH(S1p) + H TN (S1m) + 0.(1)) -
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Hence, as in (3.16) we obtain

Yoo > X X digmiiu()

U1"eN() iezV, NIl JEZ(Q) g™

e,m e,m

U Jteges

<4 2Qull=) Y DT ST > dien  w{ie T, NI, ali) = a)

I 1"eN () aeNjeZ (R") EeZm
l #l”

c(u,n)em Z Z Z cgi —0ase—0. (3.17)

aeNjeZ. (Rn) E€Zn

Finally, the last term in (3.15) can be estimated as follows. If j € ¢Z™ and £ € Z" are such that

max{2|jl, ¢} > mesinf then the choice of m. allows us to deduce that

Yoo € St mliul)

UJ"eN () ieZ! Ll max{L|j],|¢|}>mesing
ll¢l,/

<U+2ulim) XYY @S i#ieT nliali) =a)

U7 eN (1) «€Nmax{L|j|.|¢]}>M¢
l#l//

< c(u,n) Z cg’i, (3.18)

max{a, 2 |5],1€]}> Mg

where in the last step we have used that
eyl n Ll al(i) = o} < cH N (S1) + 0(1).

Otherwise, for every I' € N'(1), i € Z8' N LY and j € Z. (), € € Z™ with max{1[j],|{|} < mesint
we have [i + j,i + j + &£ C U UUp. We now distinguish between the case Where S;,;» does not
belong to S, (i.e., (1,I') # (I, 1},) for every k € {1,..., K}) and the case where (,1") = (Ix,1},) for
some k € {1,...,K}.

In the first case we have u € W% (U, U Uy; R%); hence, the inclusion [i + 5,7+ j +e€] € U U Uy
together with Jensen’s inequality yield

mu(i) < |Du(i+ )|

/ Vu(i+j +€t§)§dt

e
1 1
= |§|p/ (Vu(i+j + et&)[PIE1P dt < [|[Vull Lo w00, r)
0
so that
j»§ & .
Z Z Z Ci,alg(i)gnmé,lu(l)
i€V Ll JEZ: (%) cezn
eme sin 6 me sin 0

lil< 4 cos 6 l€1< 4 cos 6

<> N S IVl vy e diem #{i € IV N LY ol (i) = o}

a€eN jeZ. (Rm) EEZN

Secw)Y Y, D df —0ase—0. (3.19)

aeNjeZ. (Rn) E€Zn
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Suppose finally that S ;» = S, 1, for some k € {1,..., K}. Then we may estimate E"mifu(z) as
follows,
e"ml§ u(i) < e" (14 |(My @+ by ) (i + j +€) — (My, @ + by, ) (i + j +€€)])
<"1+ [(My @ + by ) (o, (i) + dist (4,11, ) + j + €€)
= My + bu ) (P, (0) + dist(i, ILy,) + j +£€)1)

. . sin 0
< 7 (L My i (8) + by = (M (6) + bu)| + 1My, = My | (Vi + T ) em )

< C/ (1 + | My pu, () + by, — (Mi,pu, (i) + bi, )| + eme | My — Mlk|) dH" ! (y)
Py, (1)+[0,6)" 1

< C/ (1 + My y + by, — (Miy + by, )| + e(me + 1)[ My, — Mzk|> dH" 1 (y).
Py (9)+[0,e)" 1

Note that My y + by = ut(y), My, y + by, = u=(y) for H* lae. y € Si.1;. - Hence, we obtain

2 X Y e mi)

sezthnclh  IEZ(90) cezn
€ € eme sin 6 I€|< me sin 0
li1< 4cos 4cos

<X ¥ yas X[ () - @) e a )

a€EN jeZ. (Rn) E€Zm v

IEI%ﬂﬁ
alsk(z)_a
<(ef Q) - w @D )+ e S )) S 3 3 e (320)
Syt a€N jeZ. (R") E€Ln

Eventually, summing up over [ and gathering (3.12)-(3.20), thanks to the choice of M and m. we
deduce that

s P, ) < e ([ (a4 1) dos [ 0t 0) - @) a7 ) + el

e—0
hence (3.11) follows by the arbitrariness of n > 0.

In the general case A € A™9(Q) we choose A’ polyhedral with A cc A’ cC Q. Since F” is
increasing in A we then obtain

Pt < Py < [ e dos [ gt o) - mhae ).

and (3.11) follows by letting A’ \, A.

Step 2: We now prove (3.10) for A € A™9(Q) and u € SBVP(A;R%) N L>®(A4;RY). Thanks
to the Lipschitz-regularity of A, using a local reflection argument we can extend u to a function
@ € SBVP(Q) N L*®(Q) in such a way that H"~1(Sz N dA) = 0. Thus Step 1 together with
Proposition 3.3 give

F(u, 4) = F" (i, A) < ¢ ( [ [ s —u-<y>|>dH"—1<y>)

WNA

—c([ v [ ar e - mhoe ).

u
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Step 3: We finally remove the assumption v € SBVP(A;R%) N L>(A;R?) by considering
the truncated functions introduced in Remark 2.3. More precisely, for any u € GSBVP(A;R?) N
LY(;RY) and any k > 0 consider the truncation Tyu € SBVP(A;R?) N L>(Q;R?). Combining
Step 2 with (2.10) we then obtain

F'(u,A) = lim F"(ug,A)
k——+oco

< climsup (/ (IVTyul? + 1) dx +/ A+ [(Tew) ™ (y) - (TkU)(y)l)dﬂnl(y)> :
A St unA

k—+oo
hence (3.10) follows by Properties (ii) and (iii) in Remark 2.3. O
As a next step we establish an almost subadditivity of the functional F” as a set function. As a

preliminary step we prove a version of [1, Lemma 3.6] and of a fundamental estimate (see Lemma
3.8) adapted to our setting.

Lemma 3.7. Let Bg C R™ be an open ball with @ CC Bgr and u : Z.(Br) — R?%. There exists
c > 0 depending only on n such that for any € € Z™ we have

1 . 1
> min{|D§u(i)|p,||} <c Y, min{Z|D§u(i)|p, }
1€Z:-(Q) €lg i€Z-(BRr) k=1 ©
i+e£€Q
Proof. Following the same procedure as in [1, Lemma 3.6] for £ € Z" and i € Z.(R"™) we set
TE(i) == {j € Z-(R™): (j + [e,e]") N [i, i + €] # 0},
and for i € Z.(Q) with ¢ + £ € Q we choose a sequence (z’h)‘}f‘zlo C Z5(i) satisfying
ig =1, g, =1+¢ef, in=1in_1+eey) for some i(h) € {1,...,n},

so that
€11

Euz mZD w(ip—1).

As in [1, Lemma 3.6], applying Jensen’s inequality we obtain

n €11
\D5 Z|Dz(h) u(in_1)|,

hence the fact that min is non-decreasing ylelds

p €l

- Euli ne i(h)
min {|D5u(z)| 7 } min T Z | DX u(ip—1)|P, ‘§|

h=1
n €11

7111111 Dl(h Z _1)7, |§|12D < nz min D?Uj P |£‘1p
I€]1 Z' 2l elé|nz [3ft Z Z' Gl 2

JEZE() k=1 eleln

|£|1 > min{Z|D§u(j)|P, 5|1p}, (3.21)
k=1

JETE(3) elein®

w\-c
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where in the last step we have used the subadditivity of min. Note that for £ € Z", i € Z.(Q) with
i+¢e& € Q and ¢ sufficiently small there holds Z¢ (i) C Z.(Bg). Thus, from (3.21) together with the

fact that r “5‘ 7 < 1 we deduce
1 ns " 1
Z {Dgu(i)p,dg} €l Z #T5(5) min{Z|Dfu(j)|p,€}, (3.22)
1€Z:(Q) j€Z.(BR) k=1
i+e€EN

where for any j € Z.(Bg) we have set

TEG) =i € Z.(Q): i+ €Q, jeTIEG)}
In [1, Lemma 3.6] it has been proved that #75(j) < c¢(n)|¢] for some ¢(n) > 0 independent of ¢, 5, €,
hence the result follows from (3.22) taking ¢ = ¢(n)n? upon noticing that |£| < |£];. O

Lemma 3.8 (Fundamental estimate). Let u € GSBVP(;RY) N LY (Q;RY) and A, B € A(Q) and
suppose that ¢5 satisfy (H1)—~(H6). Moreover, let (u.), (ve) C A:(Q;R?) be two sequences converging
both to u in L' (Q;R?). For everyn > 0 and for every A’, B' € A™9(Q) with A’ CC A and B' CC B
there eists a sequence (w?) C A (Q;R?) converging to u in L*(Q;R?) such that w! = u. on A’,
wl = v, on B'\ A for every e > 0 and satisfying

limsup F.(w?, A’ U B') < (14 n)(limsup F.(uc, A) + limsup F.(ve, B)) + c(u, A, B )n, (3.23)

e—=0 e—=0 e—0

for some constant c(u, A’, B") > 0 independent of n.
Remark 3.9. We will use Lemma 3.8 both to prove an almost subadditivity of the functional F”

and to modify boundary conditions of a recovery sequence in the proof of Lemma 3.15. For the
latter purpose it is convenient to notice that if the sequence (v:) in Lemma 3.8 satisfies

1
sup Z " min {Z |DEw_ (i), E} < +o0, (3.24)

>0 ez, (Br) k=1
where Br C R" is an open ball with 2 CC Bg, then the function w! can be chosen in such a way
that w? = v, on Q\ A.

Proof of Lemma 3.8. Tt suffices to prove the result for v € SBVP(Q;R?) N L>(Q;R?), then the
general case follows by arguing as in Step 3 of Proposition 3.6. Moreover, we can assume that the
sequences (u.), (v:) C A-(;RY) satisfy

lim sup F (ue, A) < +00, (3.25)
e—0

lim sup F (ve, B) < +00. (3.26)
e—0

Thanks to (H2), upon considering the truncated sequences (Tpruc), (Tarve) with M = ||| o (;ra)
we can always assume that [uc|| o qray, [[VellLoo(ire) < 3||ull o (uray for every e > 0, which
implies that u. — u, v. — u also in LP(Q; R?). Moreover, in view of (H4) we get

- 1
sup Z €" min {Z |DEu, (i) P, s} < 400, (3.27)

e>0 ez, (am)

- 1
sup Z € mm{ |DEv_(3)P, a} < 400, (3.28)
k=

€20 ez (B
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for every A” CcC A, B” cC B.

Step 1: We first replace (u.) and (ve) by sequences (@), (0e) satisfying (3.27) and (3.28) with
Bpg in place A” (respectively B”), where B C R™ is an open ball with Q CC Bg. To do so, we use
a local reflection argument as in Proposition 3.6 Step 2 to extend u € SBVP(Q;R?) N L>=(;RY)
to a function @ € SBVP?(Bg;R?) N L>(Bg;R?) with

F' (0, Q) < ¢ (/Q(|Vu|p +1)dx +/ 1+ |ut(y) — u_(y)|)d7-l"_1(y)> < +o0. (3.29)

Su
In view of (3.29) there exists a sequence (w.) C A-(Q2; R?) converging in L'(€;R?) to @) = u with
limsup F (we, Q) = F" ()0, Q) < 400.

e—0

Arguing again by truncation we can assume that |[we || (qra) < 3[[ul| oo (o;re) for every e > 0 and
thus w. — u in LP(Q; R%). Moreover, appealing once more to (H4), upon extending w. by 0 outside
of 2 we get

R o1
sip S Enmln{Z|D§w€(z)|p,€}<+oo. (3.30)
k=1

e>0 1€2Z, (BR)

We now choose A", A" B"” B" € A™9(Q) with A’ cc A” cc A” cCc Aand B’ cC B" CcC
B"" cc B and cut-off functions ¢4 between A” and A" and ¢ between B” and B"'. Set

Ue = QAU + (1 - @A)ws
Ue 1= ppve + (1 — pp)we,

so that @. = u. on A” and ¥, = v. on B”. We still have @, 9. — u in LP(Q;R?), hence
: nis s P —
31_13(1) Z et — 0P = 0. (3.31)

i€Z.(Q)
Further, for every i € Z.(Bg) and every k € {1,...,n} there holds
Dfuc(i) = pali + eer) DEuc(i) + (1 — pali + eey)) DEwe (i) + DE@a(i) (vl — wl).

Thus, (3.28) and (3.30) together with the equi-boundedness of ||vc|p»(q;rd), [|wellLr(o;re) and the
fact that {¢4 > 0} CC A yield

- 1
sup Z E”min{zwfﬂa(iﬂp,g < +o00. (3.32)

. 1
sup Z " min {Z |DEo ()P, E} < +o0. (3.33)

i€Z.(BR)

Step 2: For fixed n > 0 we now construct the required sequence (w?) C A.(€2;RY) converging
to u in L'(Q;R?) and satisfying (3.23). To this end, for every € > 0 let My > 0 be as in (2.5) in
(H5) with

lim sup Z cz.i <.
e—0
max{a,%\j|,\£\}>M;
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Moreover, set da := dist(A’,R™ \ A”), choose L € N and for every | € {1,...,L} set
ld
A= {x e A" dist(z, A") < LA },

and let Ag := A’. Note that up to choosing A” such that d4 is small enough the sets A; have
Lipschitz-boundary for every [ € {1,..., L} and satisfy H""1(04;) < H"1(0A") + 1.

For every [ € {1,...,L — 1} let ¢; be a cut-off function between A; and A;41, so that ¢; =1 on
A, or =00n Q\ Ajpy and [V peorn) < %

We also set dp := dist(B’,R™ \ B”) and we choose g9 > 0 such that ey/nM; < min{dp, %
for every e € (0,eg). For every I € {1,...,L — 3} and ¢ € (0,&9) we then define a function
we; € Ac(Q;RY) by setting

we = u()ag + (1= ¢u(i))oL
and we remark that w.; — u in L*(Q;RY) as e — 0, we; = @ = ue on A’, and w.; = 9. = v, on
B’ \ A. Moreover,

Fa(we,h AU B/) = Fe(we,h Al—l) + Fa(ws,lv (Al+2 \ Al—l) N B/) + FE(wE,lv B’ \ Al+2)- (334)
We estimate the three terms on the right-hand side of (3.34) separately. We start with the estimate
for F,(we;, A;—1). To this end, for every i € Z.(A;_1) we set

!

o (i) :=sup{a € N: i +ea@ C A;}.
Since e\/nM; < 94, we have al(i) > Mg for every i € Z.(A;_1). Further,
wg] = 4t = 4!t for every j € Z.(eal (1)Q),
and for every o € N we have
e i € Z (A1) (i) = a} < cH"H(OA) + 0. (1) < c(H™H(0A)) +1).
Hence, (H3) yields

Fe(we, Ai-1) < Z "¢ ({u}jez )
ieZs(Al—l)

. o L |we (G HE) —u (i + 5+ €
D S S S (e

e
i€Z(A1—1) JEZ(Q;) €™
Jjt+egeQ;

< Fe(ue, A) + (L46ulz=) Y D Y i #{i € Z(Aim): ol(i) = a}

a>M;g jeZ. (Rn) E€Z"

< Fe(ue, A) + (L4 6lfuf =) (M (0A) +1) D Y Y b (3.35)

a>M; jeZ.(Rn) E€Ln

Analogously, for every i € Z.(B'\ Aj12) we set

BL(i) :=sup{B € N:i+eBQ C B"\ A1},
and we observe that S5L(i) > Mg for every i € Z.(B'\ Ajy2) and

w7 = g+ = i for every j € Z.(eL(0)Q).

al

Thus, an analogous computation as in (3.35) leads to

Fe(ws,h B/ \ Al+2)
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S Fe(ve, B)+ (L4 6lullz) D D D e #{i € Zo(B'\ Apa): BL() = B)

B>Mg jeZ. (R™) (€2

< Fo(ve, B) + c(1 4 6l|ul| ) (H" 1 @A) + HHOB) +1) > >0 > S (3.36)

B>M¢ jeZ.(Rm) E€LT

Finally, in view of (H6) we have

Fe(we i, (Aig2 \ Ai-1) N B') < C3< > ei{a ez + Y €"¢f({5§+j}jezs(ﬂi))>

1€Z-(Sy) 1€Z.(S1)
+ Y "R (e, Uy 1), (3.37)
1€Z.(S1)
where S; := (Aj42 \ A;—1) N B’ and
o 2L\" =i | (o 7 P
RZ‘(U@UE,QOZ): o Z Z Cg ’ |U5(j+<€£)—’l)5(j+€£)|

da/ c7ia) éar
jt+e€eQ

+ Z Z cl=he (mm{|D5u€( [P ,m}+min{|pgge(j)|p7€|1§|})_

jE€Z.(Q) ez
jteceq
Note that the same computations as in (3.35) and (3.36) lead to
> oi{E ez ) S Felue, S) e(w A) Y0 D0 Db (339)

iEZE(SL) O¢>]\4E ]EZ R")EGZ“

and

Y il jez0n) S Felve, St) +e(w, A B D Y >, (3.39)

1€Z:(S)) a>Ms jeZ. (R™) EEL™

respectively. Moreover, Lemma 3.7 together with (3.32) and (3.33) give

1 1
supsup  » " <min {|D§ﬂ5(j)|p, } + min {|D§7}E(j)|p, }) <M (3.40)
>0 ceZn elé] el¢]
JEZ: ()
JHege
for some M > 0. For every [ we have #{I' # 1: S; NSy # 0} < 5. Thus, gathering (3.34)-(3.40),
summing up over ! and averaging we find I(g) € {1,..., L — 3} such that
| L3
Fe(we e, A'UB') < +—; ZZZI F.(wey, A"UB')
S¢ .
( 22 ) (e A) 4 Pl B) 4 . PSP

=161 MBS DI SIS R

1€Z.(ANB') j€Z(Q) €™
jH+egeq
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=T S0 D DI R (R [T IOE ) SR X

ieZg(A”ﬂB’) JEZ-(Q2) &ez™
J+ee

§< L5c3>( L(ue, A) + Fe(ve, B)) + c(u, A, B) Y- N N

a>M;g jeZ. (Rn) E€Zn

L . . -
BT T et ¥ mure-ngrer
€™ 2€ 7, (]R")

JEZ- ()
j+eged
~¥—L Z 2t Z " ( min { | DEa.(5)|P L + min { | D%, (4)|P L
L—4 ° el = el
EEL™ z€Z . (R™) JEZ: (D)
JHeleQ

< <1+ L5i34> (Fe(ue, A) + Fo(ve, B)) +c(u, A, B)) >0 Y Y ¥

a>M¢ jeZ. (Rr) E€Ln

1N PO SIES ID SRS TS S oY

EEL™ ze€Z (R™) i€Z:(Q) EEL™ zeZ - (R™)
hence (3.25),(3.26) and (3.31) together with the choice of M, yield

)
lim sup F(w, 5y, A’ UB') < (1 + LC?’4> (lim sup F_ (ug, A) + limsup F.(u., B))

e—0 e—0 e—0

A B —
el A B+
It remains to choose L € N sufficiently large such that L5334 <mnand 5 <, then w! := w, () is
the required sequence satisfying (3.23). |

As a direct consequence of Lemma 3.8 we obtain the almost subadditivity of F”'.

Proposition 3.10 (Almost subadditivity). Let u € GSBVP(Q;RY) N LY(;RY) and A, B € A(Q)
and suppose that ¢5 satisfy (H1)—(HG). For every A', B’ € A™9(Q) with A’ CC A and B’ CC B
we have

F'(u, AU B < F"(u,A) + F"(u, B). (3.41)
Proof. Let u € GSBVP(Q;RY) N LY(Q;RY), A, B € A(Q) and suppose that (u.), (ve) C A (2 RY)
are two sequences that both converge to u in L!(Q;R?) and satisfy

limsup F(ue, A) = F"(u, A) and limsup F.(v., B) = F"(u, B).
e—0

e—=0

Let n > 0 be arbitrary, then Lemma 3.8 provides us with a sequence (w?) converging to u in
LY (;RY) and satisfying (3.33). Thus, by the choice of (u.) and (v.) we obtain

F"(u, A"UB") <limsup F.(w?,A"UB") < (1 +n)(F"(u, A) + F"(u, B)) + c(u, A", B")n,
e—0

from which we deduce (3.41) thanks to the arbitrariness of n > 0. O

Remark 3.11 (Extension). As a last step we establish the inner regularity of F”(u,-) on Lipschitz
sets. To this end it is convenient to extend the functionals F.(-,-) to A.(Q; R?) x A(Q) — [0, +00) for
Q C R™ open bounded and with Lipschitz boundary such that Q CC 2 similar as in [20, Proposition
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3.6]. More precisely, for every e > 0 and i € Z.(Q) set €; := Q — i and define (,ng : (Rd)ZE(Qi) by
setting

s, (=) ez @) if i € Z.(Q),
o5 ({= }jeZE(Qi)) = {min {ZZ:1 |D§z(0)|p, %} ifi e ZE(Q \ Q).

Then, for every (u, A) € A(Q;R%) x A(Q) we set

Fo(u, A) = > "6 ({u} ey an)- (3.42)
i€Z.(Q)
Note that the functions (55 still satisfy (H1)-(H6) with © in place of  and ¢, ¢z, ¢3 replaced by
max{cy, v/n}, min{cs, 1} and max{cs, 37~ 1}. In particular, Propositions 3.6 and 3.10 hold true also
with Q and F in place of Q and F. Moreover, for every u € A.(Q:R%), @ € A.(Q;R?) with @ = u?
for every i € Z.(€2) and A € A(Q) the definition of ¢¢ implies that

F.(@i,A) = F.(u, A).
Thus, for every u € GSBVP(Q; RY) N LY (Q;RY), & € GSBV?(Q; RY) N L' (Q; RY) with @ = u a.e. in
0 and every A € A(Q) we obtain

F" (@, A) = F"(u, A). (3.43)

The extension described above allows us to prove the following result.

Proposition 3.12 (Inner regularity). Suppose that ¢5 : (R%)Z=(%) — [0, +00) satisfy (H1)-(H6).
Then for every (u, A) € GSBVP(Q;RY) N L (Q;RY) x A™9(Q) there holds

F//(ua A) = F/_,(U,A),
where F" (u, A) is as in (2.11).

Proof. Let (u, A) € GSBVP(:;RY) N LY (Q;R?) x A™9(Q). Since F" is increasing as a set function
it suffices to prove F"'(u, A) < sup{F"(u,A"): A’ CC A}. A standard way to prove this inequality
consists in using the subadditivity together with the upper bound. In order to apply the same
reasoning in our case we need to consider an open bounded set Q C R™ with Lipschitz boundary
such that Q cC Q and extend F. to a functional F; : A.(Q;R%) x A(Q) — [0, +00) as described in
Remark 3.11. Then we apply Proposition 3.6 and Proposition 3.10 to F'.

Let Q be as above; arguing as in Step 2 and Step 3 in the proof of Proposition 3.6 we can assume
that v € SBVP(A;RY) N L®(A;R?) and extend u to a function & € SBVP(Q;R%) N L>®(Q; RY)
satisfying H"~1(Sz N OA) = 0.

Let n > 0 be fixed; since A has Lipschitz boundary and H"~!(Sz N 0A) = 0 we can find open
bounded Lipschitz sets

UccU"ccV ccV'ccAccAcQ

such that A\ T” € A™9(Q), A\ U’ € A™9(Q) and
/~ (IValP + 1) dz + / (At jat ) - @) dH ) <
Aur San(A\T)

Note that A\ U” CcC A \ U’. Thus, appealing to Propositions 3.6 and 3.10 with F and Q in place
of F' and 2 we obtain

F"(a, Ay < F"(a, (A\T")UV') < F"(a, A\T") + F(a,V")
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<c (/ (IVal? 4+ 1) dx +/ I+ at(y) - ﬂ‘(y)|)d7{”‘1(y)> + F(a, V")
San(A\T7)

Avr
<sup{F"(@,A"): A’ cC A} + en.
Thanks to (3.43) we deduce that
F"(u, A) < sup{F"(u,A"): A" cC A} +¢en
and we conclude by the arbitrariness of n > 0. O

Remark 3.13. Note that Proposition 3.12 holds true also when F”(u, A) is replaced by
sup{F" (u, A'): A’ € A™9(Q), A’ CC A}.

On account of Propositions 3.3, 3.4, 3.6, 3.10 and 3.12 we can now prove the following compactness
result.

Theorem 3.14 (Compactness by I'-convergence). Let F. be as in (2.3) and suppose that ¢S :
(R%)Ze(2) — [0, 400) satisfy (H1)-(H6). For every sequence of positive numbers converging to 0
there exist a subsequence (g;) and a functional F : L*(Q;RY) x A(2) — [0, +00) with

F(,A)=F' (-, A)=F"(-,A) on GSBVP(Q;R%) N L' (Q;RY). (3.44)
Moreover, F satisfies the following properties:
(i) For every A € A(Q) the functional F(-, A) is lower semicontinuous in the strong L*(Q; R%)-

topology and local;
(ii) there exists ¢ > 0 such that for every (u, A) € GSBVP(Q;RY) N L1 (Q;R?) x A(Q) we have

% (/ |Vul|P de +H" (S, N A)) < F(u, A)
A

gc(/A(|Vu|p+1)d:v+/SmA(1+|[u}|)d’H”1>;

(iii) for every u € GSBVP(Q;RY) N LY (;R?) the set function F(u,-) is the restriction to A(S2)
of a Radon measure;
(iv) for every A € A™9(Q) there holds

F(-,A)=F'(,A) = F"(-,A) on GSBVP(Q;RY) N LY (4 RY).
(v) F is invariant under translations in u.

Proof. Thanks to the general compactness theorem [33, Theorem 16.9] we obtain a subsequence
(¢;) and a functional F satisfying (3.44). Moreover, Remark 2.4 yields the (L' (Q; R?)-lower semi-
continuity, while Proposition 3.3 combined with Remark 3.13 ensures that F(-, A) is local for every
A € A(Q). Further, for every u € GSBVP(Q; RY)NL(Q;RY) the estimates in (i) are a consequence
of the corresponding estimates for regular sets in Propositions 3.4 and 3.6 together with the inner
regularity of the set functions Fy(u,-), Fo(u,-) defined as Fi(u, A) := [, |Vu|P dz + H" (S, N A)
and Fy(u, A) := [,([VulP +1)dz + [y (1 +|[u]]) dH .

Since the set function F(u,-) is inner regular by construction, increasing and superadditive
(Remark 2.4), in order to obtain (iii) it suffices to prove that F(u,-) is also subadditive, then the
claim follows thanks to the De Giorgi and Letta measure criterion and the upper bound in (ii). Let
u € GSBVP(Q;RY) N LY (Q;RY) and A, B € A(Q) and U € A(Q) with U cC AU B. We now show
that F"'(u,U) < F(u,A) + F(u, B), then the subadditivity follows by passing to the supremum
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over U. To this end we remark that we can find A, A” B', B"” € A™9(Q) with A’ cC A” cC A
and B’ cC B"” cC B such that U cc A’ U B’. Thus, since F" is increasing as a set function from
Proposition 3.10 we deduce

F"(u,U) < F"(u, A"UB") < F"(u, A") + F"(u, B") < F(u, A) + F(u, B).

Finally, in view of Proposition 3.12 we have F” (u, A) = F(u, A) for every (u, A) € GSBVP(Q;R4)N
LY (;RY) x A™9(Q), hence (iv) follows by (3.44) together with the trivial inequality F” (u, A) <
F'(u, A) < F"(u, A). Tt remains to remark that (v) is a direct consequence of the fact that thanks
to (H2) the functionals F. are invariant under translation in wu. ]

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Let (¢;) and F' be as in Theorem 3.14. Then Propositions 3.4 and 3.6 ensure
that the domain of F coincides with GSBVP(Q; R?) x L (Q; R?). Moreover, in view of Theorem 3.14
the restriction of the functional F' to SBVP(Q;R?) x A(Q) satisfies all hypotheses of [10, Theorem
1] except for the lower bound. In order to recover the lower bound we use a standard perturbation
argument, that is, for every o > 0 we consider the functional F, : SBVP?(£; R%) x A(Q) — [0, +0c0)
defined as
Fy(u, A) = Fu, A) + o / Il A
S.NA
We observe that for every o > 0 F, satisfies all hypotheses of [10, Theorem 1] which thus provides
us with two functions f§ : Q x R? x R¥*™ — [0, +-00) and g : Q x R? x R% x §7~1 — [0, +00) such
that
F,(u,A) = / 1§ (x,u, Vu) dx —l—/ g5 (x,ut u™, vy) dH™
A 5.NA
for every u € SBVP(;R?) and A € A(Q). Moreover, since F and then also F, is invariant under
translation in u, formulas (2) and (3) in [10, Theorem 1] imply that f§ does not depend on u and g§
depends on the values u* and u~ only through their difference [u], i.e., f§(z,u,&) = f7(x,€) and
g8 (z,a,b,v) = g°(x,a — b,v) for some functions f7 : Q x R¥*" — [0, +00), g7 : Q x RY x §n~1 —
[0,400). Finally, formulas (2) and (3) in [10, Theorem 1] also imply that f° and g” decrease as
o decreases. Hence, setting f(z,&) := lim,_o+ f7(x,£), g(z,t,v) := lim,_,g+ ¢° (z,t,v), from the
pointwise convergence of F,; to F' and the Monotone Convergence Theorem we deduce

F(u,A) = / f(z, Vu) dz —|—/ g(x, [u],v,) dH™ 1,
A 5.NA
for every u € SBVP(Q;R?) and A € A(Q). In particular, thanks to Theorem 3.14 (iv) we deduce
that (3.4) holds for every u € SBVP(;RY) and A € A™9(Q), and choosing A = Q in the formula
above we obtain the desired integral representation on SBVP(Q;R?%). We finally observe that
formulas (2) and (3) in [10, Theorem 1] imply that the integrands f and g are given by (3.2).
Eventually, we show that the integral representation also extends to GSBVP(€;R%) N L(Q; RY).
To this end, for every u € GSBVP(;R?) N LY(;R?) and every k& > 0 we consider again the
truncation Tru as in Remark 2.3. Using (ii) and (iii) in Remark 2.3 together with (2.10) and
appealing to the Monotone Convergence Theorem we get

I~ lim F. (u) = lim F(Tpu)= lim (/ f(x,VTku)dw—i—/
Q 5

Jj—+oo k—4o00 k—4o00

9(, [Teu], v1,u) d?-ﬁ”)

Tju
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:/Qf(;v,Vu)dx—I—/ o, [u], ) dH" .

u

O

3.2. Treatment of Dirichlet problems. For further use in Section 4, we study here the asymp-
totic behavior of minimum problems for F. when suitable Dirichlet boundary conditions are taken
into account. More precisely, for every § > 0, every A € A™9(Q)) and every pointwise well-defined
function u € L*(Q;R?) we consider the minimization problem

mS (i, A) == inf{F.(u, A): u € A%(a, A)},
where
Al(@, A) := {u € A (U RY): w(i) = a(i) if dist(i, R™\ A) < 6},

and we study the asymptotic behavior of m? (@, A) when first ¢ — 0 and then § — 0. For our purpose
it is sufficient to consider boundary data @ € SBV?(£; RY)NL> (% Rd) satisfying H"~1(SzNOA) =
0 and such that the function . € A.(€2;RY) defined by setting u := (i) satisfies condition (3.24)
in Remark 3.9 and

. — 4 in LY(Q;RY), limsup F.(@., B) < ¢ (/ |ValP de 4+ H" (S ﬂB)) , (3.45)

e—0 B

where B € A™9(Q)). For 4 as above we can prove the following convergence result.

Lemma 3.15. Let ¢ : (R?)Z:(%) — [0,400) satisfy hypotheses (H1)-(H6) and let F., be the
subsequence provided by Theorem 3.1. Moreover, let A € A™9(Q) with A CC Q). For every pointwise
well-defined function @ € SBVP(Q; RY) N L2 (Q;RY) with H"~1(Sy NOA) = 0 and satisfying (3.24)
and (3.45) we have

lim lim inf m® (@, A) = lim lim sup m® (@, A) =m(u, 4),

5§50 jo4oc I 020 j 5400
where m(a, A) is as in (3.3).

Remark 3.16. Lemma 3.15 together with (3.2) provide us with asymptotic formulas for the inte-
grands f and g given by Theorem 3.1. Indeed, for 2o € Q, v € S~ ! and p > 0 sufficiently small
we have Q) (z9) CC Q. Moreover, for every ¢ € R?% and M € R the functions UM zg, U 4y @S 1D
(2.1) satisfy the hypotheses of Lemma 3.15. Thus, passing to the upper limit as p — 0 we obtain
the following formulas for f and g

1 1
zg, M) = lim sup — lim lim inf m U = limsup — lim lim su m U ,
f( 0 ) p—>0p PP 550 j oo ( Mwo) p—>0p P 550 ]H+o£) ( M,wo)

g(zo, ¢, v) = limsup lim lim inf m® (W 5y) = lim sup —

lim lim supm U
p—0 P 620 j—ooo p—0  pPr ( CIO)

6=0 j—+too
Proof of Lemma 3.15. Let A, u be as in the statement. Observe that due to monotonicity the limit
as d = 0 exists We show that m(@, A) is both an asymptotic lower and an asymptotic upper
bound for m? S(u, A).
Step 1: We first establish the inequality
m(@, A) < lim lim inf m? (@, A). (3.46)

6—0 j—+o0
To this end, let § > 0 be fixed and let u; € A.,(€;R?) be admissible for m? , (@, A) with

F. (uj,A) :maj(u,A).

J
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Thanks to Remark 2.3 we can assume that ||u;||z~ < 3|@||z~. In particular, the sequence (u;)
is equi-integrable, hence (H3) together with Proposition 3.4 yield the existence of a subsequence
(not relabeled) converging in L'(€;R?) to some u € GSBVP(A;R%) N L'(A;R?). Since u; = 1,
on 0A + Bs(0), (3.45) ensures that « = @ on A + Bs(0), hence u is admissible for m(@, A). Thus,
Theorem 3.1 yields
_ .. T 5 /-
m(%, A) < F(u, 4) < liminf ¢, (u), A) = liminf m;, (3, 4)
hence (3.46) follows by letting § — 0.
Step 2: We now prove that
lim limsupm? (@, A) < m(a, A).
5—0 j~>+00 7

To this end, for fixed 7 > 0 we choose u € SBVP(A;R?) with u = % in a neighborhood of 9A
and F(u,A) < m(@, A) +n. Thanks to Proposition 3.3 we can extend u to Q \ A by @ without
changing F'(u, A). Moreover, Theorem 3.1 provides us with a sequence of functions u; € A, (©; R%)
converging to u in L'(Q;R?) and satisfying

limsup F,, (uj, A) = F(u, A). (3.47)

j—+o0 ’
We now modify u; to fulfill the required discrete boundary condition. Since v = @ in a neighborhood
of A, we can find A’ € A™9(Q)), A’ CC A such that u =@ on A\ A’ (and by extension u = % on
Q\ A’). Since moreover ’H"‘l(ﬁﬁ NOA) =0 we can choose further sets A”, A" A € A™9(Q) with
Alcc A" cc A" ccAcCc Aand

/ \Va|P dz +H 1 (Sgn A\ A7) <.
A\A/

We are thus in a position to apply Lemma 3.8 to the sequence (u;) and the sequence (v;) defined
by setting v} = u} if i € Z (A'), v} = a(i) if i € Z,(2\ A’) and the sets A” cC A” and
A\ A7 cc A\ A'. In fact, Lemma 3.8 together with Remark 3.9 provide us with a sequence (wy)
with w} = u; on A", w] = v; =@ on Q\ A" and

limsup Fe, (w}, A) = limsup Fe, (w, AU AN\ A7)

Jj—+oo Jj—+oo

<(1+mn) (lim sup I, (uj, A) + limsup F¢, (vy, A\ A’)) + cn. (3.48)

Jj—+o0 Jj—+oo

In view of (3.45) and the choice of A’, A we have

lim sup F, (0, A\A) < c </ |Va|P dz +H " H(Sg N A\ A’)) < en.

j—+oo A\A!

Moreover, for ¢ sufficiently small w? is admissible for m‘gj (u,A). Thus, gathering (3.47)—(3.48)

thanks to the choice of © we deduce that

lim limsupm? (@, A) < lim sup F, (w;, A) < (1 +n)m(a, A) +cn

=0 j 400 J j—+oo

and we conclude by the arbitrariness of n > 0. |
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4. HOMOGENIZATION

In this section we consider a special class of periodic interaction-energy densities ¢ for which
we can show that the I'-limit provided by Theorem 3.1 does not depend on the I'-converging
subsequence, which in turn implies that the whole sequence (F.) I'-converges. We first need to
specify what periodicity means in the case of interaction-energy densities ¢f : (R%)%=(%) — [0, 4-00)
that may depend on the whole state {27} ;¢ (q,). This difficulty is also present in [20, Section 5].
To avoid the dependence of ¢ on §; in [20] the authors use a sequence of periodic finite-range
interactions ¢¥ defined on the entire lattice (R%)%" whose range increases as k increases and which
converge for every i € Z" to a long-range interaction-energy density ¢; : (R))%Z" — [0, +o0) as
k — 4o0. For i € Z.(Q) the functions ¢5 are then obtained by a rescaling of a suitably chosen

(b]z(s), where ek(e) is proportional to the distance of i to the boundary of . Since the energy

densities ¢S that we consider here contain both a bulk and a surface scaling the approach in [20]
cannot be adapted to our setting. Instead, here we consider functions %5 : (R9)Ze R [0, +00)
defined on the entire scaled lattice eZ™ which have only finite range. This finite-range assumption
will be crucial to decouple the bulk and the surface scaling in the I'-limit.

We now state our precise hypotheses. Let K € N, L € N and consider functions ¢ : (R?)Z=(®") —
[0,400) which are eK-periodic in i and satisfy hypotheses (H1)-(H6) with Z.(€2;) replaced by
Z-(R™); where in addition the sequences (c£,) and (¢Z¢) provided by (H5) and (H6), respectively,
satisfy
=0 if max{e, 22|, 2080, 21L + €|} 2 L, (1)

0 if max{2]4]e,2[€|00s 2|1 + €]} > L. '
In particular, whenever z,w : Z.(R") — R? are such that 27 = w? for all j € Z.(cLQ), we have

¢f({zj}jezg(aLQ)) = wz‘s({wj}jeZg(aLQ))' (4.2)
We also set
QL = {z € Q: disto(z,00) > Le}
and we define ¢ : (R%)%<(%%) — [0, +-00) by setting

wf({ZjXZLQ}jeZE(R")) if i € Z.(QF),

o;({#Yjez. () = (4.3)

R I
mm{ ]; IDR2(0)7, g} if i € Z.(Q\ Qb),
eekEQi

which is well-defined thanks to (4.2). By construction, ¢¢ : (R%)Z=(%) — [0, +00) satisfy hypotheses
(H1)-(H6). We now aim to prove that for ¢ : (R4)Z=(%) — [0, 400) defined as in (4.3) the
integrands f and ¢ provided by Theorem 3.1 are independent of the position z.

Proposition 4.1. Let F. be as in (2.3) with ¢5 : (R¥)% (%) — [0, +00) given by (4.3), where
Y5 - (R Z®") [0, 4-00) are e K -periodic in i, satisfy (H1)—(H6) with Z.(S%) replaced by Z.(R™),
and (4.1). Let (¢;) and F be the subsequence and the functional provided by Theorem 3.1. Then F
is of the form

F(u) = /Qf(Vu) dx—|—/s G([u], vy) dH™ 1, u € GSBVP(Q;RY), (4.4)

u
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for some functions f : RY*™ — [0,4+00) and g : R x S~ — [0, +00) possibly depending on the
I'-converging subsequence. Moreover, for every A € A™9(Q) and u € GSBVP(2;RY) there holds
- lim Fsi(u,A):/ f(Vu) d:EJr/ G([u], vy) dH™ L.
' A SuNA

Jj—+oo

We prove Proposition 4.1 by adapting a well-known argument (see, e.g., [21, Lemma 3.7]) to our
setting showing that the minimization problem m(a, A) defined in (3.3) is invariant under transla-
tion for a suitable class of functions @. We start by introducing some notation. For every A € A(Q)
and y € R"™ we set 7,4 := A+y. Moreover, for every u : 2 — R? and every A € A(f2) with 7,4 C Q
we define T,u : 7,A — R? by setting myu(z) := u(x — y) for every z € 7,A. For our purpose it is
sufficient to consider pointwise well-defined functions @ € SBV;" (R™; R?) which satisfy

loc
Tyt — 1,4 in L*(Q;R?)  for every y € R™, (4.5)

where for every y € R™ the function 7,i. € A-(€2;R?) is defined by setting 7,u’ := 7,(i) for every
i € Z:(R™). We now prove the following lemma.
Lemma 4.2. Suppose that ¢S : (R?)Z=(%) — [0, +00) are given by (4.3), where ¢5 : (R?)Z=R") —
[0,400) are e K -periodic in i, satisfy (H1)—(H6) with Z.(Q;) replaced by Z.(R™), and (4.1). Let A €
Ae9(Q) with A CC Q and let w € SBVE_(R™;R?) be a pointwise well-defined function satisfying
(4.5). For any y € R™ with 1,A CC Q there holds

m(u, A) = m(1,a, 7, A),
where m(a, A), m(r,a, 7,A) are defined according to (3.3).
Proof. Let A,w and y be as in the statement and let us prove that

m(7,a,7,A) < m(a,A). (4.6)

To this end let v € SBVP?(A;RY) be admissible for m(@, A) and A’ CC A with u = @ in A\ A’.
In view of Proposition 3.3 we can extend u to Q \ A by @ without changing F'(u, A). In order to
simplify notation we still denote the subsequence provided by Theorem 3.1 by € and we choose a
sequence (u.) C A (;R?) converging to u in L*(Q; R?) and satisfying

lim F;(u., A) = F(u, A).
e—0

We now construct a suitable sequence (v.) converging to 7,u in L*(Q;R?). We choose A”, A" €
A™9(Q) with A’ cc A” cc A” CC A and ¢ sufficiently small such that for all e € (0,&¢) the
following conditions are satisfied.
(i) AuTt,A C QL

(ii) 7, A" c 7, A" and 7, A" C 7, A, where y. := K| |;

(iii) eL < disto (A", DA™).
For ¢ € (0,2¢) we then define v, € A.(Q;R?) by setting
o {ug—ys if i € Z.(r, A"),

T u(i) ifie Z.(Q\ A",

e -

which is well-defined thanks to the second inclusion in (ii).
Since u = @ in Q\ 4/, thanks to (4.5) we have that v. — 7,u in L' (Q;R?). Moreover, for all
i€ Z(1yA") and j € Z.(eLQ) assumption (iii) yields i + j € 7,A"”, and hence

i+ g iveti
’UE = Ue € .



30 ANNIKA BACH, ANDREA BRAIDES, AND MARCO CICALESE

Thanks to the locality property (4.2) and the periodicity assumption we thus obtain

Fe(ve, 7y A”) = Z End};:({ui_y5+jngQ}j€Z5(R7’)) < Z Enwf({ué+jX£LQ}j€Zs(R"))
i€Z: (Ty A') i€Z.(A")

< Y nei({ult Y jezn) = Fluc, A),

i€Z.(A)

where in the second inequality we have used the first inclusion in (ii). Together with the fact that
F(-,7,A") =T-lim, F.(-,7,A") and v. — 7yu in L*(Q; R?) the above inequality allows us to deduce
that
F(ryu, 7, A") < limi(I)IfFE(’lJ€7TyA//> < lim F_ (uc, A) = F(u, A).
© e— €

In view of Proposition 3.12, Remark 3.13 and the arbitrariness of A” CC A we finally get
F(ryu,myA) < F(u, A). (4.7)

Hence, since 1yu is admissible for m(r,@, A) and v was arbitrarily chosen we obtain (4.6) by passing
to the infimum on both sides of (4.7). To deduce the result it then suffices to remark that the
opposite inequality follows by applying (4.6) with 7_,. |

On account of Lemma 4.2 we now prove Proposition 4.1.

Proof of Proposition j.1. Let F be as in Theorem 3.1. We claim that the integrands f and g as
in (3.2) are independent of the position g, then F' can be written in the form (4.4). To prove the
claim we fix xo,yo € 2 and choose p > 0 sufficiently small such that Q}(zo) U @} (yo) CC Q. For
every M € R™ and every ((,v) € R? x S"~1 the functions us ., and ug ,, defined as in (2.1)
satisfy the hypotheses of Lemma 4.2. Thus, we obtain

m(uz,ym QZ(Z/O)) = m(T?Jo*wouZ,mm TyO*JL’oQZ("EO)) = I’I’I(UZ,$O,QZ(SL‘()))
and
m(uMJJo’QZ(yO)) = m(Tyo—wouMyﬂCo? Tyo—IoQZ(xO)) - m(uM,xov QZ(J:O))

We conclude by letting p — 0. |

4.1. Separation of bulk and surface effects. In this subsection we give sufficient conditions on
the functions ¢{ under which a separation of energy contributions takes place in the limit. We state
the precise hypotheses after introducing some notation. For every ¢ > 0, every u : Z.(R") — R?
and every i € Z.(R™) set

n

Veul(@) := Y (ID¢u()| + D% ul@)]),  [Verul()):=

k=1 £€Z:1(LQ)

b — uites

We then assume that for every i € Z™ there exist ¥?, v : (R4)%" — [0, 400) such that the following
properties hold (see the Introduction for an explanation of their meaning).

(Hy1) For every n > 0 and every A > 0 there exists & = &(n, A) > 0 such that for every € € (0, &),
for every i € Z" and for every z : Z" — R? with |V 12/(0) < A we have

e, ({e2% Yiez ) — 0027 bezn)| < 1.
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(Hy2) For every n > 0 there exist A(n) > 0 and & = £(n) > 0 such that for every € € (0,€), for
every i € Z" and every z : Z" — R? with e |V1..2|(0) > A(n) or |V1,1,2](0) = 0 we have

i ,
eVt ({2 biezo @) — 97 ({# ezl <.
Moreover, we assume that the functions v satisfy the following continuity hypotheses.

(Hy3) There exists a constant ¢, > 0 such that for every z,w : Z" — R% with |V1,12/(0) > 0,
V1 Lw|(0) > 0 and for every i € Z™ there holds

Wi ({27} jezn) — i ({w' ez ) < ee > S AT it
J€Z1(QL(4)) £€€21(QL(4))
J+EEQL(4)

The main result of this section is the following theorem which states that under the additional
assumptions (H,1)—(Hy3) the bulk and surface interactions decouple in the I'-limit. As a conse-
quence we obtain asymptotic minimization formulas for the bulk and the surface energy density
that are independent of the I'-converging subsequence.

Theorem 4.3 (Homogenization). Assume that ¢5 : (RY)Z(%) — [0, +00) are given by (4.3),
where ¥ 1 (RY)Z<®") [0, +00) are eK -periodic in i, satisfy (H1)~(H6) with Z.(%;) replaced by
Z.(R™), and (4.1), and suppose that in addition (H,1)—(H,3) are satisfied. Then the functionals
F. : LY RY) — [0, +00] defined as in (2.3) T-converge in the strong L'(£2;R%)-topology to the
functional Fiom @ L' (S RY) — [0, +00] given by

Foom (1) = /thom(Vu) dx + /su Ghom ([U], 14,) dH™ ' ifue GSBVP(Q;RY),

+o0 otherwise in L'(Q; R?),

where fuom : RX™ — [0, +00) and gnom : R? x S"~1 — [0, +00) are given by

fhom(M) = lim L inf { Z w?({ui+j }jEZ") ‘uE Ai/ﬁL (U'Ma TQ)} (48)

T—+oo T
1€Z1(TQ)

and

inf{ Y wut ) ve A M, TQN ) (49)

1€Z1(TQV)

ghom(g7 V) = T1~1>rJIrloo Tn,1

The proof of Theorem 4.3 will be established in Sections 4.1.1 and 4.1.2 below in which we treat
separately the bulk and the surface energy density. As a preliminary step it is useful to compare
the two operators |V 1| and |V.|.

Lemma 4.4. There exist constants ¢1,¢e > 0 depending only on n,p and L such that for every
u: Z(R") — R and every i € Z.(R™) there holds

VerulP(i)<é Y [Veul(h), (4.10)
J€Z:(Qer (i)
and for every A C R™ we have
1 1
. peiy 11 < s . peny L
Z min {\Vs,Lu| (1), 5} < é Z min {|Vgu| (1), s}' (4.11)

i€Z.(A) i€Z.(A+eL[—1,1]")
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Proof. Let u: Z:(R") — R? and i € Z.(R"). By Jensen’s inequality we have
. 1 ut — yiteg|P

Verul’ () < #Z(LQY Y |———
£€Z1(LQ)
Moreover, for any { € Z;(LQ) there exists a sequence of lattice points i, . .., i, € Z:(Qcr (7)) with
the following properties: ig = 1, i¢|, = £ and for every h € {1,...,n} there exists i(h) € {1,...,n}

such that 4, € {in—1 + €;(n), -1 — €;n)}- Thus, using again Jensen’s inequality we obtain
1€]1 N 1€]1 N
S| oE Ot < S IDE P <6 9l

J€Z:(Qa1(3))

(4.12)

ui _ ui-i—e&

9

Summing the above estimate over £ € Z;(LQ) from (4.12) we deduce

N nPLP .
Verul’ () < GHZ(LQ)™™ D R Do IVaul’ () < - @Zi(ZQ)” > [Veul'(h),
E€Z1(LQ) j€Z(Qer (1)) J€Z:(Qer (1))

which gives (4.10) with & := 22 (#(Z1(LQ))P.
Now (4.11) is a direct consequence of (4.10). In fact, using (4.10) together with the subadditvity
of the min, for any A C R™ we obtain

Z m1n{|VsLU|p *} Z mln{cl Z |V5u|p(j),§}

i€Z:(A) i€Z.(A) JE€EZ:(Qer (7))

< Z Z mm{cl|v ulP(4), }<max{cl,1} Z Z m1n{|V ulP(i + £5), }

1€Z:(A) JEZ:(QeL (1)) JE€EZ1(LQ) i€Z.(A)

Smax{e, D#2(2Q) Y mn{var). 1},

i€Z.(A+eL[—1,1]7)
hence (4.11) follows by setting éo := max{éy, 1}#7(LQ). O

4.1.1. The bulk energy density. In this section we show that the bulk energy density f in (4.4)
coincides with fhom as in (4.8). This will be done by comparing our functionals with a class of
functionals that fall into the framework of [20]. More precisely, we introduce rescaled interaction-
energy densities ¢2” : (R%)Z=(2) 5 [0, +00) given by

¢2({1 E]X }]EZ") ifi e ZE(Qg’),

n

U ez0) = S DR ifie Z.(0)\ 9P),
e
and we consider the functionals G, : L' (;RY) x A(Q) — [0, +oc] defined by setting
Ge(u, A) = Y e ({u ™} ez (), for u € A(%RY), (4.13)
i€Z:(A)

and extended to +oo on L*(Q;RY) \ A.(Q;RY).
We show that the functions 1 have the same properties as the functions ¢¥ : (R?)%" — [0, +00)

defined in [20, Section 5] for k = L fixed. In addition, they satisfy a suitable upper bound (see
(H,7) below).
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Lemma 4.5 (Properties of ¢?). Suppose that 15 : (RY)Z<R") — [0,400) are eK-periodic in i,
satisfy (H1)—(H6) with Z-(S;) replaced by Z.(R™), and suppose that in addition (4.1) is satisfied.
Assume moreover that there exists 1 : (RY)%" — [0, +00) such that (H,1) holds true. Then the
functions ¢! are K-periodic in i and satisfy conditions (H1)—(H3) with Z.(Q;) replaced by Z™.
Moreover, the following holds true for every i € Z™.

(Hp4) (lower bound) For every z : Z" — R there holds
Wi({2 }jezn) 2 e2 ) IDY=(0);
k=1

(Hp5) (locality) for all z,w : Z™ — RY with 27 = w? for all j € Z1(LQ) we have
b} ({7} jezn) = 0P ({w' }jean);
(Hyp6) (controlled non-convexity) there exists ¢4 > 0 such that for all z,w : Z" — R? and every
cut-off ¢ : R™ — [0,1] we have
V{7 F + (L= @ )w'jezn) < es(¥7 ({27 }jezn + 97 ({w’}jezn)

to Yy, Y ( sup ID’fw(l)l”IZ(j+€)*w(j+€)\p+lDfZ(j)l”+\wa(j)l”);
jezi(LQ) cezi (L) Eh T

J+EELQ

(H,7) (upper bound) there exists c5 = cs(n, L,p) > 0 such that for all z : Z" — R there holds
O ({#}jezn) < es(|Vi,p2[P(0) + 1)

Proof. We first show that 1? is K-periodic in 7. Fix > 0 and let z : Z" — R? be arbitrary. We
find £ = &(z,m) > 0 corresponding to (Hy1) with A, = |V 12](0) < 400 such that for all € € (0, &)
and for all + € Z™ we have

¢§¢({52%}jezs(ﬂ§")) -n< (¢$({zj}jezn) < 1/@({52%}3‘625(11&")) +1. (4.14)
Thus, for all k& € {1,...,n} the K-periodicity of ¢Z; together with the fact that (4.14) holds
uniformly in 7 ensure that

’l/)f—&-Kek ({2"}jezn) < w:(i+K€k)({52%}jeZg(Rn)) +n= 7/’;‘({52%}3‘625(11%")) +n< ¢?({Zj}jezn) +2n.

Using the first inequality in (4.14) the same argument as above then leads to

%/Jf({zj}jezn) —2n< 1/J§)+Kek({zj}jezn) < ¢$({Zj}jezn) + 27,

and we conclude by the arbitrariness of n > 0.

An analogous argument shows that (H1)—(H3) transfer from ¢, to ¢? and that (Hy,5) follows
from (4.2). Moreover, for every nn > 0 and z : Z" — R? there exists £ = &(z,7) > 0 such that for all
e € (0,€) and every i € Z™ we have

] ; . n 1 n
Wi ern) > Vet ez i) =1 = caomin{ YO IDEO)F, 2} —n = e Y IDE(O)F =7,
k=1 k=1

hence (Hp4) follows again by the arbitrariness of 1 > 0.
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We continue proving (Hy,6). Let (cZ'¢) be the sequence provided by (H6). In view of (2.6) there
exists g > 0 such that

C4 1= sup Z Z C?g <o
56(0750)j€Z5(€LQ) £€Z1(LQ)
jtefeelQ

Fix > 0; for any z,w : Z" — R% and ¢ : Z" — [0,1] we find & = &(z,w, p,n) € (0,£¢) such that
for all € € (0,€) and for all 4 € Z™ there holds

V{2 + (1= ' fjezn) S UE({pFez® + (1 -9 )ew Yiez,@n) +1,

U5 ({2 ezo@m) + 05 ({ew ezo@n) < ({27} e ) + 7 ({w’ }jezn) + 1.
Then (H6) together with (4.1) yield

{2 + (1= '} jenn) < es (07 ({27 }jezn) + ) ({w'}jezn) + 1) + B (2,0, 0) + 1,

where

R(z,w,0) = > > ¥ S IDFo(1)IP|2(2 + &) —w(L +&)IP)
rezerQ) eem(te) SR
+ 4 (ID3 ()P + [ Diw(L)).
Since £ € (0,e0) we have ¢l < ¢4 for all € € (0,€), j € Z.(eLQ) and & € Z;(LQ). Hence

R (z,w,0) < ¢4 Z Z ( sup |le(p(l)|p|z(j—|—§)—w(j+€)|1’+|D§z(j)|p+‘D§w(j)|p)
JEZ1(LQ) EEZ1 (LQ) éE{Zf(L?}}

J+EELQ
and (Hy6) follows by the arbitrariness of n > 0.
Using a similar argument we eventually verify (H},7). We consider the sequence ( ¢ ) provided
by (H5) and we remark that thanks to (2.4) there exists 9 > 0 such that

Cs := sup Z Z ci% < +00. (4.15)
£€(0:20) je7.(cLQ) €21 (LQ)
Jjte€€elQ

For any z : Z™ — R? we choose & = £(z) € (0,g0) such that ¥ ({27} ;ezn) < wgi({EZj/E}jeZE(Rn))‘i’l
for every ¢ € (0,2). Moreover we define a constant function 2 : Z" — RY by setting 27 := 20 for
every j € Z". Since & < g9, (H5) and (2.7) in Remark 2.1 yield for any € € (0, ) the estimate

W{F Yez) < +2+ Y ST dSDid)P <2+ Y. > |Djz

JE€EZ:(eLQ) £€Z1(LQ) JEZ1(LRQ) £€Z1(LQ)
JjtegeelQ JHEELQ

Finally, the last term in the estimate above can be bounded via

> > DG <2771+ #21(1Q))|V1,L2[7(0),

JE€Z1(LQ) £€Z:1(LQ)
J+EeLQ

hence we obtain (H},7) by setting 5 := max{c; + 2,¢52P "1 (1 + #Z1(LQ))}. O
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Remark 4.6. The arguments used to verify (Hy,7) also show that for all € € (0,g9) with g9 as in
(4.15), for all i € Z.(R™) and for all z : Z.(R") — R9 there holds

Ui ({#'}jez.mmy) < e5(|Ve,L2[P(0) + 1).
Thanks to Lemma 4.5 the following is a consequence of [20, Theorem 5.1].
Theorem 4.7. Let G. : L*(Q;R?) x A(Q) — [0,+00] be given by (4.13) and suppose that the
functions 5 : (RY)Z=®") 5 [0, 400) are eK -periodic in i, satisfy (H1)~(H6) with Z.(S%) replaced
by Z.(R™), and the locality condition (4.1). Assume that in addition Hypotheses (Hy1) holds true.
Then G. T'-converges in the strong LP(Q2;R%)-topology to the functional G : LP(£;RY) — [0, +o0]
given by

G(u) = /thom(Vu) dz, u e WHP(Q;RY)

and extended by +oo in LP(Q;RY) \ WLP(Q;RY), where the integrand fuom is given by (4.8). In
particular, the limit defining funom exists and is independent of the I'-converging subsequence.

Remark 4.8. Note that Theorem 4.7 holds also locally, i.e., for every A € A(f2) and every u €
Whr(Q; R?) we have

I'- lim Ge(u, A) = / frhom(Vu) dz.
e—0 A
Moreover, thanks to the finite-range assumption (4.1) the width of the boundary layer in the
definition of fuom can be chosen as /nL (instead of v/T as in [20, Theorem 5.1]).

Thanks to (H 1) we can compare the two discrete energies F, and G, following a similar strategy
as in [39]. To this end it is convenient to recall the notion of discrete maximal function and some
of its properties that have been proved in [39] (see also [36]).

Givene > 0,v : Z:(R") — R and r > 0 we define the maximal function MLv : Z.(R"™) — [0, +00)
by setting

. 1 )
MZv(i) == sup [ Z '],
€O #2:(Bs () je g Bl iy

where El'll(i) is the closed ball of radius s around ¢ with respect to the |- [;-norm. The following
lemma is a consequence of [39, Lemma 5.16 and Remark 5.17].

Lemma 4.9. There exists a constant ¢ > 0 such that for all € > 0 and for every u : Z.(R") — R4
there holds

lu' —u’| < éli — (M?iij‘l |Veul(i) + MS'Hh |Vau\(j)) for every i,j € Z(R™).
Moreover, the following result has been established in [39, Lemma 5.18].
Lemma 4.10. Let 2o € R™, A\ > 0 and suppose that u. : Z.(R") — R? satisfy

sup Z |VeuelP(i) < 400,
e>0 i€ Ze (B (3462 m)A(T0))

where € is as in Lemma 4.9. Then there exist a subsequence (g5,) and functions wy, : Ze, (R™) — R?
such that |Ve, wp|P is equiintegrable on Bax(zo) and

i ef i € Ze, (Baa(w0)): e, # wi on By =o. (4.16)
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Remark 4.11. Let the sequences (uc), (€5) and (wp) be as in Lemma 4.10. Then we also have
i (i € 2, (Br(@0): e, # wn on Ze, (Qeyn ()} = 0. (417)

To verify (4.17) we denote by Uj, the set in (4.16) and by U} the set in (4.17) and we remark that for
every i € Ul there exists j; € Qc, (i) such that ufi # wy’. Since i € By(xo) we have j; € Bax (o)
for h sufficiently large, so that j; € Uy. Hence for h sufficiently large we get

ENHUL < £ Z #licUl:jeQ., (i)} <cL™el#U, — 0as h — +oo.
JEUR

We are now in a position to prove the following result.

Proposition 4.12. Let the sequence (F.) be defined according to (2.3) with ¢5 : (R%)%=() —
[0,+00) as in (4.3) and assume the functions ¢ : (RY)Z®") — [0, +00) are eK -periodic in 1,
satisfy (H1)—~(H6) with Z.(9;) replaced by Z.(R™), the locality condition (4.1), and (Hyl). Then
F(M) = from(M) for every M € R¥™ where f is as in (4.4).

Proof. The strategy used to derive the formula for f follows closely the one used in [39, Proposition
5.19]. A main difference with respect to the situation in [39] is the fact that the interaction-energy
densities ¢f are bounded from below only in terms of |V.u|, while they can be bounded from
above in terms of the finite-range gradient |V. pu|. To circumvent this additional difficulty we will
frequently use Lemma 4.4.

The proof is divided into two major steps establishing separately a lower and an upper bound of
f in terms of fuom.

Step 1: f > fhom
Fix M € R™" and let g €  and p > 0 with B,(xg) CC Q. Then

By F(M) = pinF(uM,m,Bp(xo».

We now estimate F(ups q,, By(20)) from below. Without loss of generality we assume zg = 0 and
for fixed pg > 0 with B,, CC Q we choose functions u. € A.(Q;R?) converging in L' (; R?) to up,
and satisfying

ii_%FE(UEvao) = F(unm, By, ).

Then (u.) is a recovery sequence for ups on B, for every p € (0, pg), since
F(UM7BP) = F(UM7BPO) _F(uMaBpo \E)

> gi_I}%FE(uE,BPO) — ligglfFE(us,Bpo \ B,) > lirsnj})lpFE(us,Bp)7

where in the first step we used that F(uas, B,) does not concentrate on the boundary of B,. In
particular, we have

- 1
|B1|f(M) > — limsup F.(u., B,) for every p € (0, po). (4.18)
P" e—0
We now introduce a constant k > 0 satisfying
k> 3+ 6ey/n+ | M|,
where  is as in Remark 4.9. Since |ups| < [M|p < kp on B,, the truncated functions T} ,u. converge

to up in L'(B,,R?). In particular, in view of Remark 2.3 they still provide a recovery sequence
for ups on B,,.
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Fix n > 0 and for every p € (0, (3k?)71pg) let £, = &(n, ‘FLk'A o#Z1(LQ)) be given by (Hy1)
with A, to be chosen later. We choose

2 diste(B,,, 00
EP < min {pzappilvgm%}

non-decreasing in p and satisfying
Fe, (Tg ue,, Bagz,) < c(|M]P +1)p", (4.19)

1
—_— Ty ue, —up|P dz < pPth. 4.20
|Bl|pn/;p|kp €p M| >p ( )
Here, the first estimate can be realized thanks to (4.18) and the fact that f(M) < c¢(|M|P + 1).

Observe that since p < (3k?)~1py our choice of ¢, implies that Bsj2, C By, C QELP and hence

T _ n 8p i+7 _ n,Ep i+j/e
F.,(Typue,, Bajz,) E ety ({ug XgpLQ}]Eng(]R" = E epheri({epv, /p}jEng(R"))7
zEng(ngz ) 1€Z1(Bgj2 2)
€p

(4.21)

where v, : Z" — R? is defined by setting

— Ty ,u Eﬂlxi{ , foreveryieZ".

i
Up = p

Substep 1la: Construction of Lipschitz-competitors -
We now aim to replace v, by a Lipschitz function ¥, with Lipschitz constant at most kA,. To this
end we introduce the sets of regular and singular points defined as

k2L o .
Ry :={i¢€ Zl(BE£)3 My 7| Vivy| <AL}, Spi={i € Z": [V1v,|(i) = A,/2},
respectively. Note that for every 4, j € R, thanks to Lemma 4.9 we have the Lipschitz estimate
o 2L R L ~
v, = vhl < ev/mli =1 (My 7 [V10,]() + My Vi, |()) < RAli = jl.

Using Kirszbraun’s extension theorem we thus find a function v, : Z" — R? coinciding with v, On
R, and satisfying |v, — v}| < kA,|i — j| for every 7, j € Z". In particular, we have

[V1.L0,](1) < @%Ap#zl(LQ) for every i € Z". (4.22)

In addition, by truncation with the operator Ty £ We can assume that [|U,]|ec < 9kL.

In the remaining part of this substep we bound the number of points in which v, and ¥, do not
coincide, that is the cardinality of Z;(Bj. )\ R,. We first observe that for every i € Z1(Br» )\ R,
€p €p

there exists s; € (0,k?£) such that
P

MAZBI ) < S Vi ll).

j€Z1(BL (i)
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Applying Vitali’s covering lemma we find Z, C Z;(Bj.) \ R, (finite) such that the family
(EL'Jl(i)),»eIp is disjoint and
Z1(Bi )\ R, € | Bialli)
i€Z,

hence

#21(Br o) \ Ry < #Zl( U Bhi( ) < 5HZ, ( U B ) (4.23)

i€Z, €L,

To estimate the cardinality of Z; (U, ELJI (i)) we distinguish between the lattice points in |, ELJI (7)

belonging to S, and those that belong to its complement. In fact, since the balls ELJI (i) are disjoint,
the definition of S, implies that

Mz (UBI0) < X Wwli) < Y IVawl)+ 242 (U B ),
i€l jez1(U, BL* () jeU, BL @)ns, i€l
hence
—| 1, 2 .
#Zl( U B (z)) < 3 Vi) (4.24)
i€z, Pieu, B" Iiiyns,

We aim to bound the term on the right-hand side of (4.24) via F. (T} ,uc,, Bagz,). To this end we
introduce the set of jump points

Jo={iez: [Viu,PG) 2 1/e, }
and we use Holder’s inequality to obtain the estimate
p—1 1
=k \1 A\ P
> IVile) < (#( U B0 s\ Jp)) (X mwlG) @)
jeU; BLIY ()ns,\7, i€l iel, BL ()NS,\T,
Then by definition for every j € |, B| ‘1( )NS, \ J, we have
1 . : 1
[V10,|P(j) = min {|V10,|P(j) —} < (2n)P~ 1<mm{Z|D ,;}+min{Z|va278’“|p,6—}>,
P k=1 P
where in the second step we used the subadditivity of min. Moreover, for every j € J, E‘S'ill (7) there

holds

j—ex € U BL‘;E (1) C B3,;2£ for every k € {1,...,n}. (4.26)
i€Z,

Thus, from (H4) together the energy bound (4.19) we infer

SVl <20t Y mm{Z\pr ply<el, (a2

jeU; BLM()ns,\7, J€Z1(Barz £)
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where the additional factor 2 comes from the fact that each term is counted at most twice. Finally,
. A .
since |V1v,| > = on S, (4.27) gives

A \P —I,. . v
(7’1) #JBrons g < Y IVinl() < C%. (4.28)
i€z, €U B )ns,\7, !
Gathering (4.25), (4.27) and (4.28) we eventually deduce that

2 . . p"
™ > |V1vp|(j)§cApp¥. (4.29)

" jeU, BL ()ns,\T,
To estimate the remaining contributions in (4.24) we observe that for every j € J, there exists
k(j) € {1,...,n} such that either |D’fv2|p > 1/e,(2n)? or \D’fvffeﬂp > 1/e,(2n)?. Using the
inclusion in (4.26) once more we then obtain

1 7”1 . ) n . - i ﬁ
Ep(Qn)p#(ingsi (z)me) <2y mm{k221|plvp(j)| ’s,,} gcgg,

JE€EZ1(Bsg2 ».)
€p

where the additional factor 2 results again from a possible double counting of interactions. Moreover,
the uniform bound on v, implies |D}v,(j)| < ck£ for every j € Z", so that the above estimate
I3

yields
2 . - iy "
T2 IVmlo)< CkAplgﬁ ( U B @n Jp) < cpApl’:—n. (4.30)
? jeU; BL*()ng, P e, P

Combining (4.23), (4.24), (4.29) and (4.30) and choosing A, = pﬁ we finally deduce that

_ _ p” Lpn
#(Z1(Brz) \Ry) < clph, ' + A7) o = cpm i (4.31)
P P

Substep 1b: From Lipschitz continuity to equiintegrable gradients
In this substep we show that the rescaled functions ¥, obtained by setting

) e, L
~i . Sp_ep . n
vy, 1= —0,"  for every i € Z%,D(R )

satisfy the hypotheses of Lemma 4.10 with A = 1 and zy = 0 along the vanishing sequence o, := %”.
We start by observing that 7, satisfy the following conditions.
(0) 9ol < 9
(ii) [0, — 0)| < kApli — j| for all 4,5 € Z, (R");
(ii)) 0}, = ;Tp,ul’ if Zi€R,.
Note that (ii) implies that |V, 0,[P(i) < cAb for every i € Z,, (R™). We thus obtain the estimate

~ . en n i en
Y. GBI < > Ly DTl P+ A LH#(Z1(Bre ) \ Ry).
i€Z,,(Bg) ieze (B, P k41 P
#eRp 7, Ter€Rp

(4.32)
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Thanks to (4.31) we can bound the second term on the right-hand side of (4.32) by a constant.
Moreover, the definition of the maximal function together with the choice of the set R, implies
that for all i € Z.,(By,) with i/e, € R, we have
- i . _r_ 1
Z |D§pTEpusp|p < |V6pTEpu€p|p(Z) - ‘vlvp|p < Ag =pt-r < 53
k=1

where in the last step we have used that ¢, < pp%l. Hence we can bound the first term on the
right-hand side of (4.32) by the energy and use (4.19) to deduce that

- . C
> opIVe, Bl () < EFEP (Tqpte,, Bg,) +c < c.
i€Z,,(Brg)

Thanks to our choice of k Lemma 4.10 then provides us with a subsequence (p) and functions
wh : Zg,, (R™) — R such that |V, wy|P is equiintegrable on By and

lim o} #{i € Z,,(B): ,, % wy on Bu' (i)} =0, (4.33)
h—+o0 v

where we have set 0y, := 7,,. Moreover, upon truncation we can assume that |[wp || < 27k.
Substep 1c: Conclusion of the lower-bound inequality

We continue by proving that the sequence (wp) obtained in Substep 1b converges to ups in

LP(By;RY). To simplify notation we set e, := €,,. We start by estimating

1 1
l|wn — um”LP(Bl;Rd) < [Jwn — ETi‘cphush(Ph')HLP(Bl;Rd) + HETEphUEh (pn-) — UMHLP(Bl;]Rd)-

By a change of variables and (4.20) we obtain

1 1
L A R
Ph ph Bph

Moreover, we denote by Uy, the set in (4.33) and we remark that for all i € Z,, (Bs) \ U}, with
i/on € R, we have wj, = 1/py Ty, uf**. Thus, the uniform bound on ||wp |« together with (4.31),
(4.33) yield

1 n n p%
1= =T e () ey < MR (U0 + (21 By ) \Ry)) < AMP (oo,

where the second inequality follows from (4.31). Thanks to (4.33) we conclude that w;, — ups in
LP(By;RY).

We finally show that up to a small error 1/p} Fy, (ue, , B,, ) is asymptotically bounded from below
by |B1|fhom- Then the required inequality follows from (4.18) by letting h — 400. We start by
introducing the sets

ui% = {Z € ZUh(Bl): 5ph ?é wWp, ON QUhL(i)}a
Vi i={ie Zl(B%): Z1(Qr(i)) C Ry, oni € Zy, (B1) \UF}.

and by observing that Remark 4.11 and (4.31) yield
on#(Z1(Bew ) \ Vi) < o (#UL + cL"#(Z1(Byen ) \ Rp,)) — 0 as h — +oc. (4.34)
€h €h
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Moreover, thanks to the locality property (4.2) we have

1 1 it
7F6h (uE;nBl)h) > TLFEh (TEphUEmBPh) = Z Uhqz[}ahz({ehvph " }jEZEh(R"))
ph ph 1€V
>y opt({uh 7Y jezn) — m,
i€V

where the last inequality follows from (4.22) and (H,1) together with the fact that ¢, < &,,. By

(+9) for every i € Vy, and every j € Z1(LQ), hence we obtain

1 " | 1 o (it
o Fy (e, Bp) > Y ofts ({—w Y jem) — Y o ({—wp Y jez) —
Pn, ) n  Oh Oh

i€Z4, (B1 1€Z1(B ey )\Vn
<h

ion gt = Th
construction v,/ = 1/opw,

> G, (wp, B1) — ¢ Z o (IVon,LwnlP(oni) +1) — 7
i€Zl(Bﬂk)\Vh
€h

> Go(wn B~ s Y oi(a Y IVouwlP()+1) =n  (435)
i€21(Bon \Vi  §€ 20, (0n Q1 (1))
€h

where ¢ is given by (4.10). In order to further estimate the second term in (4.35) we consider the
set

Wh :={j € Z,,(Bsj2): 3i € Zl(BZTh) \ Vi s.t. j € opLQ(i)}
and for every j € W, we define
’Yh( ) {’LGZl(Bﬂh)\Vh jGJhLQ( )}

Then for h sufficiently large we have
Yooah > VawnlPG) < Y o mi)IVe,wnlP(G) < e(n, L) Y op Vo, wal?(5),
1€Z1(Bpp )\Vh j€Zs, (0nQL (7)) JEWH JEWL
€h
(4.36)
where in the second step we used that v,(j) < #Z,(Qo,(j)) < cL™ for every j € Wy. We
eventually observe that #W,, < cL"#(Z; (B n )\ Vr) = 0 as h — 400. Hence the equiintegrability
of |V, wp|P on By yields the existence of some hy > 0 such that
cséic(n, L) Z o\ Ve,wrlP(j) <n for every h > h,,.
JEW
As a consequence, combining (4.35) and (4.36) we obtain

1

TFEh (ush’BPh) > Gﬂh (whv Bl) - 050}?#(21 (B%) \ Vh) - 2777 (4'37)
h g

for all h > h,,. Thus, since wy, — up in LP(By,RY), from (4.18), (4.34) and (4.37) together with

Theorem 4.7 and Remark 4.8 we deduce that

|B1|f(M) > %glingah(wh,Bl) — 21 > G(unr, Br) — 20 = | B1 fuom (M) — 21

and we conclude by letting n — 0.
Step 2: f < fhom
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In order to prove this inequality we choose a sequence (u.) converging to ups in LP(Q;R?) and
satisfying

i% Ge(ue, Byy) = G(unr, By,)-
Fix p € (0, (3k%)~1pp); then the truncated functions T} ,Ue still provide a recovery sequence for u
on B,. In particular, we obtain

1By from (M) = —G(unr, By) > — limsup G (Tyuz. B,). (4.38)
14 P e—0
In order to use (H,1) to pass from G. to F. we need replace Ty, by a sequence of functions
with equiintegrable discrete gradients. This can be done by using Lemma 4.10 along the vanishing
sequence € with A = p. We start by observing that thanks to (Hy4) the functions T} u. satisfy the
assumptions of Lemma 4.10. In fact,

C2

(2n)?

for some ¢ > 0 uniformly with respect to e. Thus, Lemma 4.10 ensures the existence of a subsequence
ep, and functions wy, : Ze, (R™) — R< (possibly depending on p) such that |V, wy,|P is equiintegrable
on Bgﬂ and such that

n
Z €"|V€Tlgpu5|p(i) S C2 Z en Z |D§chpuz|p S GE(“E? BPO) S Cpnv
i€Z-(Bg,) i€Z:(Byy,) k=1

Jim el ##{i € Ze, (Bay): Tiyue, # wi on By =o. (4.39)

Moreover, upon truncation we can assume that ||wy||.o < 9%k. Denoting by U, the set in (4.39) the
uniform bound on [Ty ue, [|oc and [Jwp || together with (4.39) give
lwn — unllor(B,re) < llwn — Trpte, o (B, Ry + 1 Thpte, — urllLe(B,ra)
1
< c|M|(ep#Us, )P + ||T,;pu5h - uMHLp(BP;Rd) — 0 as h — +oo.

Hence, Theorem 3.1 implies that

. 1 1. .
|B1|f(M) = p—nF(uM,Bp) < p—n liminf Fy, (wp, B,), (4.40)

h—+oo

and it remains to compare Fy, (wp, B,) and G, Ty ue,, , B,). We start by comparing G, (Tj ,ue,, , By)
and Ge, (wp, B,). To this end we introduce the sets

usLh i={i € Z.,(By): Tgpue, # wn on Qc, (i)},
Vi = {j € Ze,(Bsyp2): 3i €U st j € Qer(i)},
and we remark that as in Substep 1c one can show that

lim eP#UL =0 lim eP#Vl =o.
h—+oco h# €n ’ h—+oco h# Eh

Thus, arguing as in (4.36) and using the equiintegrability of |V, wx|? on By, we deduce that there
exists hqy = hi(n, p) > 0 such that for all h > h; we have

c . cs . n .
SN (Ve P () + 1) € Sere(n, L) 3 e (IVe,wnl? () + 1) <.
ieul, P ievh
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As a consequence, thanks to the upper bound (H},7) we obtain

1 1 1 e
—Ge, (Tl_cpusme) > —Ge, (wn, By) — ey Z EZQpr({iwlfsu}jEZ")
p p = o
€h
1
> —Ge, (wp, By) —n for all h > hy. (4.41)
p

We finally estimate from below G, (wp, B,) in terms of Fy, (wp, B,). For every A > 0 we set
(A) :={i € Z, (Bzy): [Ve,,Lwnl?(i) > A}.

For every i € S, (A) Lemma 4.4 gives

A<|VepuonfP(@) e Y IVownlP() S@#2i(LQ)  max Ve, wnl”(j)-

. J€Ze, (Qey (D)
Jezah(QshL(l))
In particular, for every i € S;, (A)NB, there exists j; € Z., (Ba,) with |V, wp, [P (ji) > A/ (é1#Z1(LQ)).
Setting ¢ := ¢1#2Z1(LQ) this gives
o IVeuwnlP() < Y Ve wnlP()#{i € 8o, (8): 5 € Qe (i)}

<, (MNB,, JESe, (A/2)

SHZ(LQ) Y. Vel ().

JES:, (A/2)

€S,

Thus, for fixed n > 0 the equiintegrability of |V, wy,|P on Bz, ensures the existence of A = A(n, p) >
0 and hy = ha(n, p) > 0 such that for every h > hy we have

c , c

S VeumlO+) S SHZCQ Y G(Vawl @) <n (142
i€Se, (MNB, JE€Se, (A/2)

In addition, since |V, rwy|(i) < A% for all i € Ze, (By) \ S, (M), in view of (H,1) there exists

hs = h3(n, p) > 0 such that for all h > h and for all i € Z., (B,) \ Se, (A) there holds

h ? 77
95" ({wy, Y jez., @) — ¥ ({51, wy, M Yiezn )| < B (4.43)
Combining (4.42) and (4.43) in view of Remark 4.6 we deduce that for all & > max{hsg, h3} we have
1 1 € i+j
pTLGEh (wh, Bp) > p7 Z 52(%h({whﬂ}jezsh(R")) )
i€2Zz;, (Bp)\Se,, (An.p)
1 c
> L E By —n—ole) - Y (Ve LwlP (@) + 1)
p i€S., (AM)NB
1
> Py (w0, By) =20 = o(e1). (1.44)

Eventually, gathering (4.40), (4.38), (4.41) and (4.44) we obtain

1
|B1‘fhom( ) > pihm_‘l_anEh(wh7 )737]> ‘Bl|f( )737]7

hence we may conclude letting n — 0. ]
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4.1.2. The surface energy density. In this section we finally characterize the surface-energy density
of the I'-limit. We start by proving some properties of the unscaled interaction-energy densities ;.
Since these properties can be obtained in a similar way as the corresponding properties of 1/}%’ in
Lemma 4.5 we only sketch the proof.

Lemma 4.13. Suppose that ¢5 : (RY)Z®") 5 [0, 400) are eK -periodic in i, satisfy (H1)—(THG6)
with Z:(Q;) replaced by Z.(R™), and suppose that in addition (4.1) is satisfied. Assume moreover
that there exists 5 : (RY)Z" — [0,400) such that (H,2) holds true. Then the functions ¢ are K-
periodic in i and satisfy Hypotheses (H1)—(H2) with Z.(€);) replaced by Z™. Moreover, the following
holds for every i € Z".

(Hs3) (upper bound for constant functions) For all z : Z" — RY with z = w for some w € RY we
have ({2’ }jezn) = 0;
(Hg4) (upper bound) there exists cg = c(n, L) > 0 such that for all z : Z" — R? there holds
U ({2 }jezn) < ezl L= () +1);
(Hg5) (locality) for all z,w : Z" — R% with 27 = w’ for all j € Z1(LQ) we have
Ui ({7 }jezn) = ¥ ({0’ }jezn).
In particular, f({z?}jezn) = 0 for all z : Z" — R? with z = w on Z1(LQ) for some
w € RY.
Proof. The periodicity of ¢7, (H1)-(H2) and (Hs5) follow from the corresponding properties of ¢
as in the case of 1?. Thus, we only prove (H.3) and (H.4) here. To this end, fix > 0 and suppose
that z : Z" — R? is such z = w for some w € RY. Then [V1,,2](0) = 0 and according to (H,2) we
find € = &(n) > 0 such that ({27 },ezn) < E¢§i({2%}jezs(Rn)) + n for every € € (0,¢) and every
i € Z"™. Thus, (2.7) gives
Ui ({# }jezn) <eler +1) +,
and we obtain (Hg3) by letting first ¢ — 0 and then n — 0.
We continue proving (H.4). Let €9 and ¢ be as in (4.15) and let z : Z" — R?. Note that either
.
|V1,22/(0) = 0 or we can find £(z) € (0,¢9) such that ETP|V1’LZ|(0) > A(1) for any € € (0,(2)).
Thanks to (H,2) there exists £ € (0,£(z)) such that ¥F({z7}jezn) < 51/13({2]2}]»625(]1@71)) + 1 for
every € € (0,¢) and every ¢ € Z". Arguing as in the proof of Lemma 4.5 to obtain (H},7) we deduce

. 1+ Z%-F&_ZO
G ) <cla+ D) 4ldee Sy AEET A

JEZ1(LQ) €€Z1(LQ)

JHEELQ
<e(er+1) + 1481+ 2]zl 1 (1orn) (#A(LQ))?,
hence (Hg4) follows by setting cg := 2 max{¢s(#21(LQ))?,1} and letting € — 0. O

Remark 4.14. Thanks to (Hs3) and (HJ5) the continuity assumption (H,3) reads as follows. For
every z,w : Z" — R? with |V 12|(0) > 0 there holds

wf({zj}jezn) > z/;f({wj}jezn) — ¢ Z Z |szrg — wItE| for every i € Z".
J€Z1(QL(4)) §€Z1(QL (7))
J+HEEQL(4)

On account of Lemma 4.13 we now prove the following proposition.
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Proposition 4.15. Let F. be given by (2.3) with ¢5 : (R?)Z=(%) — [0, +00) as in (4.3) and assume
that the functions ¢5 : (R)Z=®") [0, +00) are eK -periodic in i, satisfy (H1)—~(H6) with Z.(;)
replaced by Z.(R™), and the locality condition (4.1). Suppose in addition that there exist 7 :
(RHZ" — [0, 400) such that (H,2) and (H,3) are satisfied. Then for each pair (¢,v) € R x §7~1
there exists the limit defining gnom n (4.9) and gnom (¢, v) = g(¢,v), where g is as in (4.4).

Proof. Having Lemma 4.13 at hand the existence of the limit in (4.9) can be proved as in [16,
Proposition 4.5] and we thus omit its proof here.

Let (¢,v) € R% x "1 be fixed and let us show that §(¢,7) = gnhom(¢,v). To reduce notation
for every T' > 0 we set

gr(Cv)=inf{ 3 wi({u ) v e A (u, TQM

1€Z:1(TQY)

so that gnom (¢, v) = limp 1/T" Lgr (¢, v).

Step 1: (¢, V) > ghom(C,v)
Let g be as in (4.4); thanks to formula 3.2 in Theorem 3.1 together with Remark 3.16 and Proposition
4.1 there exists xg €  such that

g(¢,v) = limsup lim lim sup % inf{F.(u,Q}(w0): u € Aﬁ(ugmo, Q) (w0))}
p—0 020 c50 P

Note that to simplify notation we do not relabel the I'-converging subsequence. Moreover, from now

on we assume xg = 0. We fix a number « € (0, (p—1)/p) whose meaning will become clear later and

for every p > 0 we denote by N, := |p~°| the integer part of p~®. We further write ¢ = (¢1,..., (%)

and we choose p € (0,1) with @2, CC Q such that 2/N, < [("™] for every m € {1,...,d} with

¢™ #0. Let § € (0, p/2) and for every € > 0 with e\/nL < 6 let u. € Ag(uz, Q}) be such that

Fe(ue, QY) < Fe(uf,QY) < cp" . (4.45)

Since ey/nL < 6§ < p/2 and Q2, CC Q we can extend u. by 0 outside Q without modifying
the energy or changing the boundary conditions. Moreover, by truncation we can assume that
el = < 3[C]-

Let us fix > 0; in the remaining part of this step we construct functions w. : Z" — RY
which are admissible for the minimum problem defining g7 (¢, v) with T, = p/e and satisfying for
¢ sufficiently small (depending on 7)) the estimate

1 o
%Fe(uany) >y Y, Yi{wiYjezn) — Rie,p) — en, (4.46)

where the remainder R(e, p) is such that lim, lim. R(e, p) = 0 and the constant ¢ depends only on
n, L and (. Passing to the limit first in € then in ¢ and finally in p, thanks to the arbitrariness of

Ue € A‘g(uz, Q}) we may then deduce that

. 1
g(C7 V) > lim inf n—1 97T (Ca V) - = ghom(Ca V) —cn, (447)
e—=0 T/

which will eventually give the desired inequality by letting n — 0.
To obtain the required sequence (w.) we carefully combine the arguments used in [39, Proposition
5.21] in the discrete setting with those used in [21, Proposition 6.2] and [26, Theorem 5.2(d)] in the
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continuum setting. We start by introducing some notation. For every m € {1,...,d} we denote by
(ul)™ the m-th component of u. and for every ¢t € R we consider the superlevel set

SI(t) = {i € 2.(QY): (ul)™ > t}.
Further we introduce the set
RI(t) ={i € Z(Q): 3 € Z1(LQ) s.t. i+ e € Z(R") \ S['(t), 1 € S*(t) or vice versa}.

Finally, let N € N with 3|¢| + 1/N, < N; note that for any ¢t € [-N, N] and any m € {1,...,d} a
point i € Z.(QY) belongs to RY'(t) if and only if ¢ € [(ul)™, (ult<¢)™) or t € ((uit=¢)™, (ul)™] for
some § € Z1(LQ). Thus, for any i € Z.(Q}) we have

N
/ X (o (1) dt < €|V puc](0). (4.48)
-N

We choose A(7n) according to (H2) and denote by

A(n)P

~—

Je = {l € ZE(QZ): ‘VE,LUEV)(i) >

}

the set of jump points. Without restriction we assume that A(n) > 1. Summing up (4.48) over all
i € Z:(Q}) \ Je from Holder’s inequality we deduce that

™

N
o [ RREONT A Y V)

1€Z: (QY)\JTe

sg%(#(ZE(QD\JE))%( > EHWE’L“E'IJU))

1€Z:(Qp)\Je

< cA(n) n(p U( Z " min {|Ve puc[P(7) f}) (4.49)
ZEZE(Q )

=

=

Moreover, thanks to Estimate 4.11 in Lemma 4.4 and (H4) we have

Z € mm{|V€Lug|p }<202 Z € mln{Z\Dk }

1€2:(QY) 1€2:(Qy+eL[—1,1]7)
1 y o oy L
<on(Lroe@)s T zDsucw,g}), (450
2 €2, (QY+eL[-1,1]"N\QY k=1

where in the second step we used the boundary conditions satisfied by u.. Note that the last term
on the right-hand side of (4.50) can be bounded by

e" i € Z(Q) +eL[-1,1))\ Q)+ dist(i, IT,) < e} < ¢(L)e.

Inserting the above estimate and the energy bound (4.45) in (4.50), the estimate in (4.49) can be
continued to

: ! 5 np—1 np=1) 1
- / #REW\ T)dt < chm)p™ 7 (07 +2)7 <ehn)(p™5 +p" 5 7).

-N
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Hence for every integer [ with —NN, <1 < NN, there exists t;" € [[/N,, (I +1)/N,) such that

NNp—l N . A
et S THRIE\ T) <IN, / AR\ To)de < ) (075 e )
I=—NN, -

(4.51)

Note that « was chosen such that (np —1)/p — a > n — 1. Moreover, since |luc|/f~ < N —1/N,
the sets S (") \ S (¢} ,), m € {1,...,d}, l = =NN,,..., NN, — 1 form a partition of Z.(Q7).
Thus, we can define a discrete function v. componentwise by its restriction to S (/") \ SI"(tj% )
setting
| 0 iftr<o<tn,,
(V) Sm sy, = (€7 T <M <,
" otherwise.

Note that v, is well-defined since 2/N, < |¢(™] if ("™ # 0, so that in this case (" and 0 can not
belong to the same interval [t;", ]} ;).

We claim that the required sequence (w.) is obtained by setting w! := vg® for every i € Z".
First note that by construction the functions v. satisfy the required boundary conditions, i.e.,
ve € Ag(uz ,QZ). Thus, since eL < § the rescaled functions w, are admissible for the minimum
problem defining g7 (¢, v). We finally show that there exists € = £(n) > 0 such that for all € € (0, £)
the functions w, satisfy (4.46). To this end we show that ¢f ({w’"7},;czn) essentially only gives a
contribution to the energy when ei € J., in which case it will turn out to be comparable to
ep§ ({us"}jez (mny) thanks to (Hy2) and (Hy3). We start by introducing the rescaled functions
fie defined by setting @’ := uS for every i € Z" and we observe that for i € Z;(T.Q") with €i € J.
we have

£ 7 |V pie|(i) = 7 | Ve pug|(ed) > A(n). (4.52)

Hence, from (H,;2) we deduce the existence of € = £(n) > 0 such that for every e € (0,€) and every
i € Z™ with i € J. there holds

e; ({uz" Yjezon) = V5 ({ul ez @m) 2 7 ({H Yien) — (4.53)
We now compare ¢ ({a}jezn) and ¥F ({wit7}ezn). By construction we have

) 2v/d o
lwe = el zoe = |lve =tz < = < 4V dp~. (4.54)
P

For every i € Z™ with |Vy t.|(¢) > 0 (4.54) together with (H,3) and Remark 4.14 gives

U Yezn) = V3wl Yezn) — e Y > witE — @t > ({wit Y jezn) — p®,
JE€Z1(QL(4)) £€EZ1(QL (i)
JHEEQL (1)
(4.55)

where ¢ > 0 depends only on n, d and L. In particular, (4.55) holds for every i € Z"™ with e € J.
thanks to (4.52). Gathering (4.55) and (4.53) we thus obtain

n—1

1 . "
FFE(%’QF;)Z — Z edf ({ult} ez )

1€Z:(Qy)NTe
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1 s i+j (e gnil v
> —— Y Wi{wiYem) = (0 +n) S #(Z(Q) N TL). (4.56)
€ €2, (T-Q") P
gi€Je

Moreover, since 1/e < |V, pu|P(i) for every i € J., we can argue as in (4.50) to bound the
cardinality of the set Z.(Q)}, ) N J. via

gn1 c

pn—l

v ce
(Fs(u67Qp) +€) S c+ Fv

pn—l#(z (Q )ﬂjs = pn Th—1 Z 9 mln{lve Lu€| ) }
zEZE(Q aNA
(4.57)

where the last inequality follows from (4.45). It then remains to show that the contributions of
3 ({witi}ezn) for ei ¢ J. are negligible. First note that for every i € Z1(1.Q") with w. = w
on Z1(Qr(i)) Hypotheses (Hi5) gives ¥5({witi},ezn) = 0. On the other hand, if i € Z;(1.Q")
is such that w. # w’ on Z;(Qr(i)) then i belongs to R™(t") for some m € {1,...,d} and [ €
{-NN,,...,NN, —1}. Thus, we have

NN,—1
1 (2

= . G{wiY}em) < T" - Z 3 S i), (458)
€ 1€Z1(T-QY) m=11=—NN, eic R (t/")\J-

VE

We finally observe that (4.54) and our choice of p imply that |Jw.||z~ < 4[¢|, so that we can use
the upper bound in (H¢4) together with (4.51) to bound the sum on the right-hand side of (4.58).
In fact, we have

NN,—1 NN,—1

- IZ > X ) < af Z S #HREE\ )

m=11=—NN, eicR™ (t7")\ J- m=11=—NN,
<cA() ("7~ +evp T ). (4.59)
Gathering (4.56)-(4.59) we deduce that the sequence (w,.) satisfies (4.46) with

R(g,p) = cA(n)(p™ +ep' ™" + P T 4 65p7_") — 0 as first ¢ — 0 and then p — 0,

where the convergence of R(e,p) is guaranteed by the choice of a € (0,(p — 1)/p). Thus the
argument in (4.47) concludes this step providing us with the inequality § > ghom.

Step 2: g(Ca V) < ghom(Ca V)
In order to prove the inequality we construct a recovery sequence for uf 4, ON Qy (z9), where z( € Q
and p > 0 are such that QZ(J?()) CC Q. To simplify the exposition we only consider the case v = e,
here and we assume that g = 0 and p = 1. We fix > 0 and set

Q) = (—1/2,1/2)" " x (—n/2.1/2).

Moreover, we choose T' = T'(n) € N as a multiple of K with 1/T < n and ur € AE/HL(UZ",TQ)
satisfying

Z V7 {UT }JEZ") < Ghom (¢, €n) + 1. (4.60)

1€Z1(TQ)

Starting from ur we now construct a sequence (u.) converging in LI(Q Rd) to uC and satisfying

lim Sélp Fe (UEa Q(n)) < ghom(Cv en) + cn, (461)
e—
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where the constant ¢ > 0 depends only on L,n,(. Then Proposition 4.1 gives
9(Cren) = Fluem, Q(n) < liminf Fr (ue, Q1) < gnom (€, €n) + e,

and we obtain the required inequality thanks to the arbitrariness of > 0.
As a first step we define a function @y : Z" — R¢ which is T-periodic in the directions
(e1,...,en_1) inside the stripe {|(x,e,)| < T/2} by setting

~ uiT*Tj/ if i € Z1(T§' + TQ) for some j' € Z"1 x {0},
ur = e . . . n

u¢ (i) otherwise in Z".
For every ¢ > 0 and every i € Z.(R™) we then set ul := u;{E and we observe that as ¢ — 0 the
sequence (u.) converges in L'(;RY) to u¢". It remains to show that (u.) satisfies (4.61). To this
end, for every € > 0 we consider the stripe

S (T) :={z € R": [{x,e,)| < T/2}.

For ¢ < n/T we can rewrite the energy as

Fe(us,Q(n)) = Z e" ii({ﬁi;g}jezs(w))‘i‘ Z e"; ({ugm (i + J)}jez.rny).  (4.62)

i€Z1(1/eQ)NS1(T) 1€Z:(Q(n)\S:(T)

Thanks to the upper bound for constant functions (2.7) the second term on the right-hand side of
(4.62) is at most proportional to n. In fact we have

> e ({uin (i + 9)}ez.@m) < (e + De"#{i € Z:(Q)} < en (4.63)
1€Z:(Q(n)\Se(T)

with ¢ depending only on n. We continue estimating the first term on the right-hand side of (4.62).
Since T is fixed, the function @y takes only finitely many values. Thus, there exists g = €o(T,n) > 0

such that for every e € (0,e9) and every i € Z™ we either have EFTP|V17L12T\(1') > A(n/T) or
|V rar|(i) =0, where A(n/T) is given by (Hy2). As a consequence, setting €1 := min{eo, é(n/T")}
with €(n/T) again given by (H2), for every € € (0,¢1) and every i € Z™ we obtain

7 ({ar Yyezn — 05 ({ir Yez.@nl < 7

Combining the above estimate with (4.62) and (4.63) we deduce that for every e € (0,¢;1) there
holds

Rl Q) € 3 e {af hes) + 2 HACQNST) b (464)
1€21(1/eQ)NS1(T)

Note that there exists a constant ¢ > 0 depending only on n such that

6"*1#(Z1(§Q) NS1(T)) < T, for every € > 0.
Thus, setting

Z(T):={j €z2" ' x{0}: eTj' +eTQ N Q # 0}
the estimate in (4.64) can be continued to

Fe(ue, Q) <™t ) > wi{ar Yenn) + on. (4.65)

J'€Z(T) ic 2y (T§'+TQ)
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Note that for every j' € Z.(T) and for every i € Z,(Tj’ +TQ) we have
uit = uiT_leH for every j € Z1(LQ). (4.66)

In fact, the above equality holds true by definition of @y if i € Z1(Tj' + TQ) is such that Qr (i) C
T +TQ. Ifinstead i € Z1(T§’ +TQ) is such that Qr (i) N (R"\Tj' +TQ) # 0, then the boundary
conditions satisfied by ur together with the fact that (j',e,) = 0 ensure that

Gt = (i 4+ ) = w7
Moreover, in combination with the locality property and periodicity, (4.66) gives
> dilE e = Y0 diur T T hem) = YD wi(ur e,
i€Z1(T§'+TQ) i€Z1(T§'+TQ) i€21(TQ)
Thus, since #2.(T) < (| 2] +1)"7!, from (4.65) we deduce that
Flwe, Q) < (| ] +1) T i X0 v ) +en

i€Z1(TQ)

s@T)“*([;TJ+1)"’1(ghom<<,en>+n+T§1 S+ ) + en

1€21(0TQ)
where to establish the second inequality we also used (4.60) and the boundary conditions satisfied
by ur. We finally remark that for every i € Z1(07'Q) with [(i, ;)| > L/2 the function ug" (i + -)
coincides with the constant function sign(i,e,) on L@, so that ¢$({uit};czn) = 0. If instead
|(i,en)| < L/2 we use the upper bound in (H3) to deduce that ¥f({u"™},ezn) < cs([C] + 1).
Hence, we obtain

1 . c
Y GG ) er) < cAZOTQ N (Il en)] < L/2)) < % < e
1€Z1(0TQ)
where the constant ¢ depends only on n, L, (. Letting ¢ — 0 we eventually find
lim S(l)lp Fe(ue, QM) < ghom (¢, €n) + cn,
e—
that is, the sequence (u.) satisfies (4.61) and we may conclude. O

Proof of Theorem 4.3. The result follows combining Theorem 3.1, Proposition 4.1, Proposition 4.12
and Proposition 4.15. O

5. EXAMPLES

5.1. Pair interactions. In the special case of interaction-energy densities ¢ that take into account
only pairwise interactions of the point ¢ with the remaining lattice points Theorem 3.1 provides an
analogous result to [1, Theorem 3.1] in the GSBV -setting (see also [19] and [29] for the case of
interaction-energy densities that are independent of the position i). More in detail, our result can

be applied to energies of the form
dooem > AL DEuli), (5.1)

1€2Z: () cezn
i+e€N
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i.e., when ¢f : (R?)Z=(%) — [0, +00) are given by

61 ({7 jez.n) == Y fE(i, DE2(0)).
ern
i+e£€Q

Here we assume that there exist constants a$,aé > 0 and b8, Bg > 0 such that for every ¢ > 0 and
every £ € Z" we have

$ bé
min {a§|qp, b—g} < f5(i,¢) < min{d§|<|p, bf} for every (i,¢) € Z.() x R%, (5.2)

where the constants a$, a$, bs b5 satisfy the following hypotheses.

g1 ey Ve

(Hpwl) (upper bound) We have

M :=limsup » Y (af+bf) < +oo (5.3)
P
[€loc>%

and for every n > 0 there exists M,, > 0 such that

lim sup Z Z (a8 +bE) < n; (5.4)
20 eN cezn
a>My |f|oo>m1n{ bl 7M7\/g}

(Hpw2) (lower bound) there exist a,b > 0 such that at* > a, bS* > b for every € > 0 and every
ke{l,...,n}

(Hpw3) (relative control) there exists v > 0 such that for every ¢ > 0 and every ¢ € Z" with G # 0
there holds [£]b¢ < ~as.

Under the above assumptions ¢$ satisfy hypotheses (H1) and (H3)—(H6). In fact, (H1) is automat-

ically satisfied, since ¢$ depends on {27 }iez.(.) only through differences 2J — 2!, Moreover, for ¢

small enough the upper bound (H3) is satisfied with ¢; := limsup, } . a a& + 1, which is finite thanks

0 (5.3). The lower bound (H4) holds true in view of (Hpy2).

To verify the mild non-locality condition (H5) we observe that for any € > 0,7 € Z.(Q), « € N
and z,w : Z.();) — R with 2/ = w’ for all j € Z.(eaQ) we have

Si{z"Yjezn) = D JELDEw(0)+ Y fE(i, DE=(0))

EGZI(D‘Q) |§|(x>27
i+e£€Q
j in Laé DS b
<oi({w'hiez )+ Y, min{afD(O)F, =},
|§|0025
i+e£€Q

where the second inequality follows from the positiveness of the f& and (5.2). Thus, the required
sequence cg”g in (H5) is obtained by setting

e JaERE iflEe =5, j=0,
e, T .
’ 0 otherwise,

which satisfies (2.4) and (2.5) thanks to (5.3) and (5.4), respectively.
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It remains to establish (H6). To this end, let z,w : Z.(Q;) — R? and ¢ : Z.(£;) — [0, 1] a cut-off
and set v := @z + (1 — @)w. Let us show that ¢5({v7},cz.(0,)) < RS (2, w, @) with RS (z,w, ¢) as in
(H6). We start by observing that

DEv(0) = p(0)DE2(0) + (1 — (0))DEw(0) 4+ DE@(0) (255 — wse) for every & € Z". (5.5)

Thus, (5.2) together with the convexity of |- [P and the subadditivity of the min ensure that

; . b (. by
¢ (v} jezan < Y min {af[DE(O)", = | + min {a|DEw(O)", = } + @S| DER(O)F |27 — wEPP.
geZn
i+e£€EQ

Eventually, from (H,3) we deduce that for every & € Z" there holds

it it
min {a¢|DE=(O), | = af min {|DE=(0)1", - } < @€ min {|DE=(O)P, i}
€

and the same estimate holds with w in place of z. Since moreover
IDSp(0)P < sup | DFp(1)|P for every € € Z™ with i 4 € € Q, (5.6)
l £ i

ke{l,...,n}

we obtain @5 ({v7},ez.(a,)) < Ri (2, w, ) with

R (z,w,0) = Y aS(y + 1)(miﬂ {|D§Z(0)|p l} + min {\DEw(O)Ip, %}

= cle]
i+e£€N
+ sup | DEG("]2%€ — wE|P).
1€Z:(Q)
ke{l,....,n

It then suffices to remark that (2.6) is satisfied due to (5.3) to conclude.

Summarizing we find that the energy densities ¢$ satisfy all hypotheses of Theorem 3.1 but (H2).
We observe that (H2) would be immediately fulfilled if we required that for every & € Z", every
e >0, and every i € Z.(Q) the function f5(i,-) : R? — [0, +00) was increasing in the sense that

FE(i,C1) < fE(i, Go) for all (1, ¢ € R with [¢i] < |G- (5.7)

We conclude this section on pairwise interactions by showing that Condition (5.7) above can be
replaced by a weaker condition that requires (5.7) essentially only for “large gradients”. More in
detail, we assume that there exists cpon > 0 such that for every £ € Z", every ¢ > 0, and every
1 € Z-(Q) there holds

f§(27cl) < feg(ZvCQ) for all ClaC? S Rd with Cm0n|<1| < ‘<2| and |<2| > % (58)

Then, following the lines of [26, Lemma 4.1] one can show that the discrete energies F. almost
decrease along the truncation operators T defined in Section 2, which is enough to obtain Theo-
rem 4.3. This can be done using the following lemma

Lemma 5.1. Let F. be as in (5.1) and suppose that f& satisfy (5.2), Hypotheses (Hpy1)—(Hpy3)
and (5.8). Let n > 0 and let N € N be sufficiently large such that
2M max{y, 1} max{%Z,2}
N <n.

(5.9)
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Moreover, let 5 > 3 be such that 8 > ¢mon + 1, and given k > 0 let ki, ..., kns+1 > 0 be such that
k1 >k, kpi1 > Bk foralme{l,...,N}, (5.10)

so that in particular || Tk, u| L=~ < kn+1 and Ty, u = u a.e. on {|u| <k} for every u € L'(;RY).
Then, for every A € A™9(Q), every € > 0 sufficiently small (depending on A) and every u €
A (Q;RY) there exists m € {1,...,N} (possibly depending on A,e,u) and a constant ¢, > 0 such
that

FoThou, A) < (1+1)Fe(u, A) + n(|A] + co "1 (9A) + 1) (5.11)

Proof. Let n, N,k ki,...,kny1 be as in the statement, let A € A(Q), e > 0 and u € A.(Q;R?).
For every m € {1,...,N} we have DTy, u(i) = Dfu() if |u'| < ky, and |[u't*¢| < K, and
DETy., u(i) = 0 if [uf| > ka1, |08 > kyy1. Moreover, |DETy, u(i)| < |DEu(i)| for every i,&.
Thus, from (5.2) we deduce that

Fe(Tr,u, A) < ) > e fii, DEuli))
zeZa(A) EEL™ ji+eleQ
[u' | <km |t <k,

L Z Z g"min{d§|D§u(i)|p,§} + Z Z gnmin{&ﬂDgu(i)‘p’%}

i€Z.(A) cezn i€Z.(A)  EEL"iteteq
kg <[t} | <kpyq THEEEQ Fm <|u' T8 | <kmain
+ 0y S e DET u(i) + Y S 6, DETy, ui). (5.12)
i€Z(A) EEL™ iteteQ i€Z(A)  EEL™it+eteQ
|ui\§km \ui+5£|2km+1 |ui\2km+1 |ui+55\§k¢m

If i € Z.(A) and & € Z™ are such that |u?| < k,,, and |[u!T¢¢| > k,,, 41, then (5.10) and the choice of
(8 ensure that

k= (B Dk |
Dt +1
Deuldl 2 == = g o]

hence f&(i, D§Ty, u(i)) < f&(i, DEDu(i)), and a similar argument holds in the case |u| > k11
and |u'*%¢| < k,,. Moreover, summing up over m and using (H,.,3) we obtain

N - .
bs Be
> ( > Y emm{apGr i Y Y enmm{agwguw,e})
m=1 1€Z:(A) ez < i€Z(A)  E€Z™,i+eeQ <

K <|u?|<kmy1 TEEEQ km<\u”5§|<km+1

<2max{y,1} Y Y a£€”m1H{|D5 @), } (5.14)
i€Z.(A) €€L |€|
i+e£€2

(/87 ) > Cmon|D Tk U(Z)| (513)

and we estimate the term on the right-hand side of (5.14) by splitting the sum into four terms as
follows. For every 6 > 0 we set As := {x € A: dist(z,0A) > ¢}, and we choose §y > 0 such that
for all 6 € (0,80] there holds H"1(0As) < H"1(OA) + 1. We then estimate the sum in (5.14) via

> Saemn{pfr ghe 3 st {060l gg)

1€Zc(Agyme) EEL™ Ze(A\Ag /m.) EEZ™
MihefC Ay . iteten
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N . ) 1 R . , 1
Z Z ase™ mm{|D§u(z)\p, m} + Z Z aSe™ min {|D§u(z)|p, 21| }»
i€Z.(Asy) €€ i€Z:(Ag me\Asy)  E€Z”
i+e£EQ\ Ay /. 1+e£€Q\A, 7

and we estimate the terms above separately. The first sum can be bounded using a local version of
Lemma 3.7. In fact, the arguments in Lemma 3.7 (see also [1, Lemma 3.6]) show that

Z ZE rnln{\D5 (0)]7, |€|} Z as Ze mln{Z|Dk }

EEL™ i€ Z(As me) EeLr  ie€Z-(A)
i+ef€A, /me
n
<- > atFo(u, A). (5.15)
cezn

Moreover, for e sufficiently small we have

Z Z ase mln{|D5 (1|7, |§|} < Z &§€n_1#ZE(A\A2\/He)

1€Z: (A\Ag me) E€EZ™ gezn
i+e£EQ

< M(e, H" 1 (0A) +1). (5.16)

To estimate the third sum we observe that for i € Z.(As,) and € Z" the inclusion i+e€ € Q\ A, 7.
implies that &|€|cc > 5—0 for € small enough. In addition, according to (2.5) we can choose M, >0
such that for ¢ small we have both Z\&\ M,, at < 60 and 50 > f’ so that

> Zdis”min{wﬁu(i)\ |§|} *s“#z (As) 3 @l <Al (5.17)

i€Z.(As,) €€

1€loo> 22
i+e£EQ\ Ay e TV

Finally, for every i € Z.(A) we set a.(i) := sup{a € N: i + caQ C A}. Thanks to the choice of Jy,
for € small we can estimate the fourth term via

> S asetmin{|DSu(i)r, %}

i€2Z:(Ay e \Asg) gezn
i+e£€Q\Ay /7.
<Y T € Zo(Ag g \ Ayt ac(i) = o} Z E< (" HOA) + )M (5.18)
a€eN [€] oo

Eventually, gathering (5.12)—(5.18) and averaging over m € {1,...,N}, for ¢ sufficiently small
(depending on A) we find m € {1,..., N} such that

2M max{vy,1}

Fo(Thu, A) < F-(u, A) + = (ng(u,A) + A+ 2e, HP L (0A) + 2),

which thanks to (5.9) yields (5.11). O

As in [26, Lemma 4.2], under the assumptions of Lemma 5.1 one can show that for every A €
A"¢9(Q) and every u € GSBVP(Q; RYONLY(Q; RY) there exists m € {1,..., N} such that F"(u, A) <
(14 n)F" (u, A) + n(JA| + ¢, H" 1 (DA) + 1), which still allows us to obtain Theorem 3.1.

We also observe that the analysis carried out in Section 3 can be adapted with minor changes to
the case where in (5.2) a$|¢|P and a&|¢|P are replaced by a&(|¢|P — 1) and a(|¢[P + 1) (see e.g., [1]
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and [20] or [26]). Then the relaxed monotonicity assumption (5.8) would allow us to consider, e.g.,
energies of the form

Fw= Y &Y min{(Dku) 171 ),

i€Z.(Q) k=1

which are prototypical energies not satisfying (H2) and in particular with a set of non-trivial mini-
mizers.

5.2. Multibody weak-membrane energies. A prototypical example of functionals F; as in (2.3)
where the interaction-energy densities ¢ do not depend only on pairwise interactions of ¢ with i +&¢
but on multiple interactions of ¢ with i 4+ €&;,...,i + ey for some N € N are so-called generalized
weak-membrane energies, that have been studied in detail in [39]. In our setting a generalized
weak-membrane energy can be written as in (2.3) with ¢$ given by

s hen) =100 > S EDEGI), (5.19)
§€21(LQ) jE€Ze(cLQ)
jt+efeelQ
where L € N is the maximal range of interaction, ¢ > 0 for every ¢ € Z;(LQ), and for every £ > 0
and i € Z.(Q) the function f.(4,-) : [0, +00) — [0,400) is increasing and satisfies
bL . . b
;} AR mln{a £ } (5.20)
for some a®,al, bl bl > 0. By construction the functions ¢¢ satisfy (H1) and (H2). To ensure that

E’ gr e
Hypotheses (H3)—(H6) are fulfilled we assume that the following holds.
(Hym1) There exist a,a,b,b € (0, +00) such that a’ > a, b’ > b, 4 < a, b. < b for every € > 0 and
every i € Z.();

Hym?2) for every k € {1,...,n} there holds ¢ > 0.
( ) y

The uniform bounds on @t in (Hy,,1) together with the upper bound in (5.20) imply that (H3)
holds true with ¢; := amax{c¢: ¢ € Z1(LQ)}(#Z1(LQ))?, while thanks to the uniform bounds on
al, b in (Hyml), (Hym2), the lower bound in (5.20) and the monotonicity of f.(i,-) Hypotheses
(H4) is satisfied with ¢ := min{a, b} min{c®: 1 <k <n} > 0.

Moreover, the mild-nonlocality condition (H5) holds true by construction, since only finite-range
interactions are taken into account. More precisely, in view of (Hy,1) we can choose the sequence
cl, in (H5) as

min {aét,

fmax{a,b}et ifa <L, € Zi(LQ), j€ Z(cLQ),
"o otherwise,

which satisfies (2.4) and (2.5).
Eventually, for every z,w : Z.();) — R? and every cut-off ¢ : Z.(€;) — [0,1] we can combine
(5.5) and (5.6) with the upper bounds in (5.20) and (Hy,,1) to deduce that

({2 + (1 — '} jez. (o) < max{a,b} > C&( 3 wp Do) — wrEpp
€€ (LQ) \ jeZ.(cLQ) EZ=(%)
jteccerq RE{L-m}
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i e ip 1 i €ip L
+ min § |D:27| . + min § |Dzw? | 2y )

which gives (H6) by setting ¢/¢ := max{a,b}c* for £ € Z(LQ), j € Z.(cLQ) and /¢ := 0
otherwise.

Under the above assumptions the functionals F. defined according to (2.3) with ¢5 as in (5.19)
satisfy all the assumptions of Theorem 3.1 and thus I'-converge up to subsequences to a free-
discontinuity functional of the form (3.1). We eventually give sufficient conditions under which the
sequence (F;) satisfies the assumptions of Theorem 4.3. The first condition is e K-periodicity of f.
in 4, that is f.(i + eKey, ) = f(i,-) for every k € {1,...,n}, every ¢ > 0 and every i € Z.(2). We
then extend f. to Z.(R™) x [0, +oo) by periodicity and in the same way we extend ¢S to (R%)%<(R")
Moreover, we can assume that a?,a’, b’, b’ are e K-periodic in i. We finally show that (Hy1)—(Hy3)

€9 67 gr e

are satisfied if we assume that in addition for every i € Z;([0, K)™) there exist a’,b" > 0 such that
ast = a', aZt — d and b b, b b ase — 0, (5.21)

that is, the functions f.(i,-) approach a single truncated potential. By periodicity (5.21) extends
to i € Z™. We claim that the required functions ¢§)7 Vi (Rd)zn — [0, +00) are obtained by setting

Vi Yjezn) =a' Y Y IDSG)P,

£€21(LQ) j€Z1(LQ)

JHEELQ
0 if 27 =2 for every j € Z1(LQ),
b’ otherwise.

¢f({2j Yiezn) =

First note that (H,3) is automatically satisfied. We next establish (H,1). Let n > 0, A > 0 and
suppose that z : Z" — R? is such that |V 2|(0) < A. Set 2] := ez¢ for every j € Z.(R™). Arguing
as in Lemma 4.5 to establish (H},7) we deduce that

> Y EDtGr = Y Y IDR()P <277 max (14 #Z1(LQ))AT

. , £eZ:1(LQ)
€€Z1(LQ) jE€Z.(cLQ) €€Z1(LQ) j€Z1(LQ)
JjtegeelQ J+EeLQ
(5.22)
Let us choose € = &(n, A) > 0 sufficiently small such that
b , n
Ag :=2P71 1+ #Z(L AP<— it < L, 0t —al| < -, (5.23
o =27 max (14 #Z2(LQ) S I RV EL OCES)

for every e € (0,¢ and every i € Z1(]0, K)™). The first condition in (5.23) together with (5.22) and
(Hym1) ensure that

; bai

ag’ Z Z *|DEz(j)IP < ? for every i € Z".

€e21(LQ) jeZ:(cLQ)
jteéeelQ

Thus, (5.20) gives

> Y. EDE()P < 65 jez@y) <Al Y Y EIDE()I

£€Z1(LQ) j€Z(eLQ) £€Z1(LQ) jE€Z(eLQ)
j+eg€elQ jtef€eLQ
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which in view of the second and third estimate in (5.23) and (5.22) finally gives

W?({Zj}jezn) - zi({Zg}jGZs(R")” <71
It remains to show that 7 satisfies (H,2). We start by choosing A > 0 such that

Aplr<nki£1 et b

n

éinp—12p o a’ (5.24)

where ¢ is the constant provided by Lemma 4.4. Moreover, given n > 0 we choose € = £(n) small

enough such that [bS" — b| < n, |bS¢ — bf| < n for every e € (0,€) and every i € Z1([0, K)"). Let
i

£ € (0,¢) and suppose that z : Z" — R? satisfies €TP|V1’LZ|(0) > A. Then Lemma 4.4 together

with Jensen’s inequality yield

n
AP <PV L2fP(0) S e TPemP 2Py T YT D) P

k=1 j€Z1(LQ)
Jjt+er€LQ

In particular, the rescaled functions Z. obtained by setting Z. := 2% for every j € Z.(R™) satisfy
n n Ap11<1’}€i2 c* 1
€k ks (s\|P P m; €k E_(:\|P Sksn -
> e ‘ > IDEEG)F e min ¢y | > IDEz(G)P > A=
k=1 jeZ.(eLQ) k=1 jeZ:(LQ)
jteer€elQ jter€LQ

hence the choice of A in (5.24) and (Hy,, 1) ensure that

b:z . €1 - e ks (s 1 £ 57 Z):z
= = min {aZ Y e IDELGIP, 2 < 65 ez ) < =
k=1 j€Z.(cLQ)
Jjteer€elQ

for every i € Z.(R™). Eventually, since ¢ € (0,(n)), this gives
b =0 <O < g% (A} jez ) SBE < 4
If on the other hand z : Z" — R? is such that |V 12](0) = 0 we obtain
¢z ({2 }jez.n)) = 0 = ¥] ({#' }jez»)
for every i € Z", and we conclude that the functions ¢ satisty (H2).

5.3. Weak membrane with long-range small-tail interactions. In [13] the author studies the
asymptotic behavior of weak-membrane energies of the form

N 2 1

F.(u) = Z | Z epe(e€ — 1) mln{|D§u(z)\2, E}’ (5.25)

EET i€Z.(Q)

i+e£EQ
where €2 C R is an open, bounded interval. Assuming only a locally uniform summability condition
for the functions p. : eZ — [0, +00) it is shown that the I-limit is a non-local integral functional.
Moreover, the author provides examples of specific functions p. including very long-range interac-
tions with small tails, for which the I-limit is a (local) free-discontinuity functional. Among them
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are the discrete functionals as in (5.25) with p. : €Z — [0, 4+00) given by
1 ift=¢,
pe(t) = { VB ift=e| L],
0 otherwise,
which are shown to I'-converge to the functional

Flu) :/Q|u'|2dt+ S min{1 + fut (8) — - ()], 2).

tE€Sy

0

We observe that thanks to our very mild non-locality condition (H5) the above example can be
2 —z zelel = 20

recast in our framework by setting
21 21
77}+\£min{ ST ,f}.
3 g L%J 3

Indeed, note that ¢¢ satisfies (H1)—(H4) for every e > 0 and every i € Z.(Q2). Moreover, (H5) is
satisfied with the sequence (cgi) defined by setting

6:({'}sez.(0,) = min {

€

1 ifa<2 j=0,£=1,
cdh=qve ifa<2[], =0 &= 7],

0 otherwise.

The sequence (cZ4,) fulfills the required summability condition (2.4), since

2|
Z Z Zcﬁ’i:Q—&— Z Ve <4 for every € > 0.
aeNjeZ (R) E€EZ a=1

Moreover, the decaying-tail condition (2.5) is satisfied since cg’i = 0 for every a > 2 Lﬁj Thus, for
every 1 > 0 the sequence (M;) can be chosen independently of n as M, = 2 L%J, which satisfies the

constraint eM; — 0 as ¢ — 0. Eventually, (H6) can be verified by using expression (5.5) together
with the convexity of z — 2P and the subadditivity of the min.
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