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1 Introduction

The study carried on in this paper draws its motivation from the problem of
the asymptotic description of nonlinearly elastic thin films with a fast-oscillating
profile. The behaviour of such films is governed by an elastic energy, where two
parameters intervene: a first parameter € represents the thickness of the thin film
and a second one ¢ the scale of the oscillations. The analytic description of the
elastic energy is given by a functional of the form

E. (u) = /Q W de (1.1)

where the set (g, d) is of the form

Ty T2

Q(E,5)={$€R32 |3 <5f(7,7),(x1,x2) Ew}7 (1.2)

with f is a bounded 1-periodic function which parameterizes the boundary of the
thin film, which then has periodicity d. It is convenient to scale these energies by
a change of variables and consider the functionals

E(u) = / W(Dlw Dyu, ngu) de, (1.3)
Q(6) €
where now
O(8) = {xER?’: |25] <f(%,%),(x1,x2) Ew}. (1.4)

In this way we separate the effects of the two parameters € and 6.

In a recent paper by Braides, Fonseca and Francfort [8] a general compactness
result for functional of thin-film type has been proven which comprises energies
of the form (1.3), showing that, with fixed § = d(¢), upon possibly extracting a

(e)

subsequence, the family Eg converges in the sense of De Giorgi’s I'-convergence



as € — 0 to a 2-dimensional energy, which, if §(¢) — 0 as € — 0, can be identified
with a 2d-functional of the form

E(u) = / W(Dlu,Dgu) dz. (1.5)
w

In many cases it is possible to describe W explicitly in terms of W and f, and
as a consequence to prove that no passage to a subsequence is necessary. When
f = C is constant (i.e., the profile of the thin film is flat, and hence there is no
real dependence on §) the description of the energy density W has been given by
Le Dret and Raoult [20] who proved that W = 2C Q2W; here Qs denotes the
operation of 2d-quasiconvexification, and W is obtained from W by minimizing in
the third component. An equivalent formula, of ‘homogenization type’, is given in
[8] (see also [6]). If W # QoW (i.e., W is not quasiconvex) then both formulas
underline the formation of microstructures generated by the passage to the limit.
When f is not constant, then the function W depends on the behaviour of § with
respect to €. The case when § = € (or more in general when /e converges to a
constant) has been treated in [8], where it is shown that a homogenization type
formula for W can be given. The same method can be used when § >> ¢; in
this case the recipe to obtain W is the following: first, keep ¢ fixed and apply
the Le Dret and Raoult procedure, considering the thickness of the thin film as a
parameter. The output of this procedure is a 2-dimensional energy of the form

B (u) = / Qf(%, %)@W(Dlu,mu) dz. (1.6)
We can then let § tend to 0, and apply well-known homogenization procedures
(see [6]) obtaining a limit functional, which turns out to be the desired one. In the
case 0 << ¢ it is possible to make an ansatz in the same spirit, arguing that the
limit £ can be obtained in the following two steps:

(1) (Homogenization of sets with oscillating boundaries) First consider € as
fixed, and let 6 — 0, to obtain a limit functional of the form

1
E.(u) = / Whom (.733, Diu, Dou, ngu) dx
wx(—1,1) €

(we consider the normalized case sup f = 1).

Note that in this case an additional dependence on x3 is introduced, which
may underline a loss of coerciveness of the function Wiy, for certain values of x3.
The form of Wi, will depend on W and on the sublevel sets of f;

(2) (Thin film limit) Let e — 0 and generalize the method of [8] to non-
coercive functionals. In this way we obtain a limit energy density

. 1 _
Whom (F) = inf inf —/ Whom (23, Du + (F,0)) dx :
( ) keN {kQ (0,k)2x(0,1) ( 3 ( ))

loc

uwe WHP((0,1)%R%), u k-periodic in (z1, 332)} .



Note that the dependence on x3 implies that the simpler method of [20] cannot
be applied to this situation.

A partial result in this case has been obtained by Kohn and Vogelius [19]
who dealt with linear operators.

The purpose of this work is twofold. First, we give a general theory for the
homogenization of non-convex energies defined on sets with oscillating bound-
aries by generalizing the application of the direct methods of I'-convergence to
homogenization as described in [6]. We clarify and prove statement (1) above,
by showing that the functionals F. are defined on a ‘degenerate Sobolev Space’
that can be described by proving an auxiliary convex-homogenization result. The
formula for Wy, can be obtained by solving a possibly degenerate localized 3d-
homogenization problem. In the case of convex W the determination of Wiom (t, F)
for fixed t € (—1,1) essentially amount to solving a 2d-homogenization problem
with an energy which is coercive only on the set E; = {(z1,22) € R? : f(z1,72) >
[t|}, while in the general non-convex case the problem defining Wiom(t, F) is
genuinely three dimensional. We state and prove these results in a general n-
dimensional setting (for some related problems in the convex setting see e.g. [9]).

The second goal of the paper is to prove that by following steps (1) and (2)

above we indeed obtain the description of W. Even though this is an intrinsically
vectorial problem, and hence the ‘natural’ structural condition on W is quasicon-
vexity, we have been able to prove this result only with the additional hypothesis
that W is convex. The technical point where this assumption is needed is the sep-
aration of scales argument, which assures that, essentially, homogenization comes
first, followed by the thin film 3d—2d limit. In general problems where only qua-
siconvexity is assumed this point is usually proved by a compactness argument
which uses some equi-integrability properties of gradients of optimal sequences for
the homogenization derived from the growth conditions on the energy density (see
e.g. Fonseca Miiller Pedregal [17]; for the use of this argument in the framework
of iterated homogenization see [6] Chapter 22; for an application to heterogeneous
thin films with flat profile see Shu [23]). In the case of thin films with fast-oscillating
profiles, this technique cannot be used since we have a control on the gradients
of optimal sequences only on varying wildly oscillating domains. In the convex
case though, optimal sequences for the homogenization can be obtained simply
by scaling one single periodic function, and hence their gradients automatically
enjoy equi-integrability properties. Note that this difficulty is similar to those en-
countered when dealing with higher-order theories of thin films. In that case the
necessary compactness properties can be obtained by adding a small perturbation
with higher-order derivatives (as in the paper by Bhattacharya and James [3]).
We do not follow this type of argument since even a singular perturbation by
higher-order gradients might interact with the homogenization process, as shown
by Francfort and Miiller [18]. More applications of I'-convergence arguments to
thin films theory can be found in [2, 7].



2 Notation and Preliminaries

In the sequel, n,m € N with n > 2, m > 1. If z € R” then z, = (z1,...,2p-1) €

R™ ! is the vector of the first n — 1 components of z, and D, = 6—21, ceey W(?—l .

If Q is an open subset of R™ we denote by A(£2) the family of all open subsets of
Q.

The notation M™*" stands for the space of m x n matrices. Given a matrix
F € M™% and following the notation introduced in [20], we write F' = (F|F,),
where F; denotes the i-th column of F, 1 < i < n, and F = (Fy,...,F, 1) €
M"™*"=1 is the matrix of the first n — 1 columns of F. F denotes also (F,0) when
no confusion arises.

The characteristic function of a set £ C R™ is denoted by xg, and the
N-dimensional Lebesgue measure in RY is designated as £V. We use standard
notation for Lebesgue and Sobolev spaces. The letter ¢ will stand for an arbitrary
fixed strictly-positive constant.

We recall the definition of De Giorgi’s I'-convergence in LP spaces, 1 < p <
+o00. Given a family of functionals J; : LP(Q;R™) — [0,400), j € N, for u €
LP(Q;R™) we define

I- l_imjnf Ji(u) = inf{l_imjnf Ji(uj) © uj; —uin LP(Q;Rm)},
J—To0 Jj—-+oo
and
I-limsup J;(u) = inf{limsup Ji(uj) u; — uwin Lp(Q;Rm)}.
j—too j—too
If these two quantities coincide then their common value is called the I'-limit of
the sequence (J;) at u, and is denoted by I'-lim;_ o J;(u). It is easy to check
that [ = I-lim;_, ;o J;(u) if and only if
(a) for every sequence (u;) converging to u in L?(€; R™) we have
I < liminf J;(u;);

Jj—+o0
(b) there exists a sequence (u;) converging to u in L”(Q; R™) such that

I > limsup J;(u;).
Jj—+oo
We say that (J.) I'-converges to I at u as € — 0 if for every sequence of positive
numbers (;) converging to 0 there exists a subsequence (g5, ) for which

[=T- kEToo Je;, (w).

We recall that the I'-upper and lower limits defined above are LP-lower semicon-
tinuous functions.

For a comprehensive study of I'-convergence we refer to the book of Dal Maso
[13] (for a simplified introduction see [5]), while a detailed analysis of some of its
applications to homogenization theory can be found in [6].



3 The direct method of I'-convergence

In the sequel we will repeatedly apply some variants of the so-called direct method
of I'-convergence to homogenization problems, which consists in combining local-
ization and integral representation procedures to obtain compactness theorem for
classes of integral functional. This method in the version which follows is explained
in detail in the book by Braides and Defranceschi [6] (see also Dal Maso [13] and
Buttazzo [10]).

Let © be a bounded subset of R™, let p > 1 and let F, : LP(; R™) x A(Q) —
[0, 4+00] be a family of functionals of the form

ol = /Ufg(x, Du)dz ifue X (U) (3.1)

400 otherwise,

for suitable function spaces X_(U) and f. : R xM™*™ — [0, +00) Borel functions.
Suppose that there exist Borel functions g. : R” x R — [0, 4+00), convex and even
in the second variable, with

ge(z,|F]) < fe(z, F) < C(1+ ge(x, [F|)) < C(1L+|FP), (3.2)
ge(z,2t) < C(1+ go(a,t)) (3.3)

forall F € M™*" ¢ € Qand t € R. Growth conditions (3.2) and (3.3) are designed
to include functions of the type a.(x)|F|? with the only assumption a. > 0, thus
allowing for zones where a. = 0. In the next section a. will be the characteristic
function of a set with fast-oscillating boundary. Note that a general theory for
functions satisfying

0< fe(z, F) < C(1+ |F|P)

only has not be developed yet. The aim of the direct method of I'-convergence is to
prove a compactness result for the family (F;), giving a representation of the limit,
and, possibly, complete the description in terms of ‘homogenization formulas’.

Step 1 With fixed (e;) extract a subsequence (not relabeled) such that
F.(-,U) T-converges to a functional Fy(-,U) for all U in a dense family of open
sets U (see [6] Proposition 7.9);

Step 2 Thanks to (3.2) and (3.3), prove that Fy(u,-) is the restriction of a
finite Borel measure to U for all u € WHP(Q; R™), so that by inner regularity we
indeed have that F.(-,U) I-converges to a functional Fy(-,U) on WP (Q; R™) for
all U € A(2). In this step is crucial the so-called fundamental LP-estimate: for all
U)Y,Z € A(Q) with Y CcC U, and for all o > 0, there exists M > 0 such that for
all u,v € WHP(Q; R™) one may find a cut-off function ¢ € C§°(U;[0,1]), ¢ = 1 in
Y, such that

Flou+(1—p)v,YUZ) < (140)(F.(u,U)+ F.(v,2))

+M lu —v|Pdx+0o. (3.4)
(UNZ)\Y



Moreover, by again using the fundamental LP-estimate it can be proven that if
u € WEHP(Q; R™)N X, (U) for all € and Fy(u,U) < 400 then there exist a sequence
ue € X:(U) such that

gi_r%FE(uE, U) = Fy(u,U)

and u. = u on a neighbourhood of U (see [6] Chapter 11);

Step 3 By the locality and semicontinuity properties of I'-limits and by Step
2 we can find a function ¢ : Q x M™*"™ — [0,+00) such that 0 < @(z, F) <
C(1+ |F|P) and Fy(u,U) = F,(u,U) for all u € WHP(;R™) and U € A(Q),
where

F@(u):/ﬂgo(x,Du) dx.

In the proof of this step a crucial point is the passage from the identity Fy(u) =
F,(u) when u is piecewise affine to a general w by the continuity of F, with
respect to a convergence in which piecewise-affine functions are dense (e.g. the
strong W1P-convergence) (see [6] Chapter 9);

Step 4 1If f.(x, F) = f(%,F) with f 1-periodic in the first variable then by
the periodicity of f we deduce that ¢ = ¢(F) (see [6] Proposition 14.3);

Step 5 If g-(x, F) = g(Z, F) with g 1-periodic in the first variable then we
consider the auxiliary functionals

/ ge(x, Du)dx if u e X (Q)
U

Gs(uv U) = (35)

+00 otherwise.

By Step 1-4 we can assume that a function v exists such that G (-, U) I'-converges
to the functional Fy (-, U) on WHP(Q;R™) for all U € A(RQ);

Step 6 Note that v is convex. By an argument of approximation by con-
volution prove that indeed the functional G.(-,U) I'-converges to the functional
Fy(-,U) on WhL(Q;R™) for all U € A(RQ). Define the ‘domain’ of Fy(-,Q):
WLV (OQ;R™) = {u € WHHQ;R™) : Fy(u, Q) < +o0} (see [6] Theorem 14.8);

Step 7 Repeat Step 2 and 3 substituting the space W?(£2; R™) by the space
W% (Q; R™) thus obtaining the representation Fy = F, on WH1(Q;R™);

Step 8 Deduce that ¢ and ¢ do not depend on (g;) by proving a homoge-
nization formula (see [6] Proposition 21.12);

Step 9 Finally, the representation of Fj on the whole LP(2;R™), and not
only on WH1(Q; R™), can be obtained in some cases by a more accurate study of
the properties of .

We will have to modify Steps 1-9 above as to cover the case when the domain
of the limit is a ‘degenerate Sobolev Space’. In particular, since the function v
obtained as in Step 5 will be degenerate, a suitable weighted Sobolev Space will
have to be defined, which takes the place of W11(Q; R™) in Step 6 above. Moreover,
we will have to deal with the fact that our functions f., g. may be periodic only
in some variables, so that Step 8 will be harder to verify. We will include all the



details of the reasonings which do not fall directly in this scheme, while we will
feel free to refer to [6] for those procedures which have become customary.

It is worth mentioning that in some cases the arguments outlined above can
be simplified by using some techniques (as blow-up arguments or the theory of
Young measures) that avoid to use the complex localization procedure. As our
problem is concerned those methods seem harder to apply since the energies we
consider are coercive only on wildly oscillating sets.

4 Homogenization of media with oscillating pro-
file

Let f : R"! s [0,1] be a l-periodic lower semicontinuous function and 0 <
minf < supf = 1, let W : R*~! x M™*" - [0,+00) be a Borel function 1-
periodic in the first variable satisfying

VNEP < W(xa, F) < B(1+[F]?) (4.1)

for all z, € R*™! and F € M™*", for some 1 < p < 400, 0 < v < 3. The
set w will be a fixed bounded open subset of R»~! with Lipschitz boundary and
Q=wx(-1,1).
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Figure 1: the graph of a typical f in the unit cell

In this section we compute the I'-limit of functionals of the form

/ W(”i“,pu) dr if ug, € WHP(Q;R™)
Jo(u) = Q. €
400 otherwise,

where
Q. ={z € Q: |z, < flza/e)}. (4.3)



Figure 2: the upper profile of 2. with f as in Figure 1

The I'-limit theorem will be stated and proved at the end of the section after
some preliminary results, which are needed to define the domain of the I'-limit
and to explain the homogenization formula.

In orded to apply the method described in the previous section we introduce
the localized version of the functionals J.: for all U open subset of 2 we define

X
w 7&7 Du)dxr ifu c Wl,p QE N U,Rm
JE(ua U) = /QEQU ( £ ) [Q.NU ( )

(4.4)

400 otherwise,

so that J.(u) = J:(u, Q).

The first proposition contains the analog of Steps 1-4 of the direct method
of I'-convergence as outlined in the previous section.

Proposition 4.1 From every sequence (¢;) of positive numbers converging to 0
we can extract a subsequence (not relabeled) such that the T-limit

Jo(u,U) =T- ‘hrf Je; (u,U)
j—+oo

exists for all u € WHP(Q;R™) and U open subsets of ). Moreover, there exists a
Carathéodory function ¢ : (—1,1) x M™*™ — [0, 400) such that

Jo(u,U):/Ugo(xn,Du) dx

for all u € WHP(Q; R™).

PROOF. The functional J. can be rewritten on X .(U) = {u € LP(Q;R™) :
U|Q.NU S Wl’p(QE n U,Rm)} as

Lo

Je(u,U) = /UXQE(.’L‘)W(?,DU> dx .



We can then apply Steps 1-3 of Section 3 (see [6] Example 11.4 for the proof
of the LP-fundamental estimate). Finally, a translation argument in the x,-plane
(completely analogous, e.g., to the one in the proof of [6] Proposition 14.3) shows
that

w(y,F)dy=/ oy, F)dy

/Bp(xa)x(zn,z+n) B, (zl,)x(z—n,z+n)

for all p,n > 0, x4, ., z such that

(Bo(wa) x (= nz+m) U (Byal) x (z—m,2+m) € Q.

We then easily deduce that ¢(z, F) = o(xn, F). O

We will complete the proof of the homogenization theorem by characteriz-
ing the function ¢ above (showing in particular that it does not depend on the
sequence (e;)), proving the existence of the I'-limit Jy on the whole LP(2;R™)
and showing that the integral representation in the previous proposition holds
on the whole domain of Jy. In order to get to this result, we will have to define
a number of auxiliary energies; here we streamline the organization of the rest
of the section. First, in Section 4.1 we consider the case when W(F) = ||F|?.
We will denote by v the function given by Proposition 4.1 corresponding to this
particular choice of W. For fixed ¢ the function ¥(¢,-) is easily characterized by
solving a (n — 1)-dimensional (possibly, non coercive) homogenization problem.
It is possible then to define the ‘degenerate Sobolev Space’ W}b’p (;R™) of func-
tions such that [, ¢ (zy, Du)dr < +o0, which turns out to be the domain of the
I-limit when W (F') = | F||?, and hence also in the general case by (4.1). In Sec-
tion 4.2, in order to describe the function ¢ in the general case, with fixed ¢ we
consider the case when we replace the function f by the characteristic function
of By = {xq : f(za) > ||} (ie., we deal with cylindrical domains). The func-
tion ¢(t,-) will eventually be given by the energy density of the corresponding
I-limit. Finally, in Section 4.3 we are able to consider general W and f and obtain
the oscillating-boundary homogenization Theorem 4.15 as the consequence of the
previous sections.

4.1 An auxiliary problem. Definition of the limit domain

In general, the limit functional Jy exists and is finite also outside WHP(Q;R™).
We first deal with the case of Jy corresponding to

W (z, F) = ||F|]P, where |[F|[P = |Fj[P. (4.5)

j=1
By a careful description of the domain of the corresponding I'-limit we will iden-
tify the domain of Jy as a suitable ‘degenerate Sobolev Space’ (see Definition



4.5) which, in view of the growth condition (4.1), will also be the domain of Jy
corresponding to energy densities other than (4.5).
We recall a preliminary result.

Theorem 4.2 Let E be a 1-periodic set in RN ; i.e., such that xg is a 1-periodic
function, and let

Do||Pdx ifv e WhP(UNneE;R™
oy < d eI e < W )

+00 otherwise.

(4.6)

Then the T'-limit
JE (v, U) =T- 1ir% JE (v, 1)
e—

exists for all U bounded open subsets of RN and v € WP (U;R™). Moreover, we
have

To(0.0) = [ i (Dv)da
U

for allu € WEP(U; R™), where o, is a positively homogeneous function of degree
p, satisfying the formula

oP (F) = inf{ / |Dv + F|Pdzx : v € WLV (E;R™), l—periodic} .
EN(0,1)N

PROOF. This theorem is a particular case of [6] Theorem 14.8, the positive
homogeneity of pf  easily following from its definition. O

For all t € (—1,1) we define

P4 (taf) = wfotm (F) P

the latter function being that given by the previous theorem, with N =n — 1 and
E=FE;,={zs: f(za) > |t|}. We define also

Yt F) = put,F) + Lo_1(E; N (0,1)" 1| F,P. (4.7)
Theorem 4.3 If W = ||F||P and ¢ is given by Proposition 4.1 then we have
olt, F) = (1, F).
In particular ¢ does not depend on (&;).

PROOF. Let (z, F) be such that x,, is a Lebesgue point for ¢(-, F'). Then

plan, F) = lim (yn, F) dy (4.8)
p—0+ By (#0) X (€n—p,Tn)

— JO(Fvap(-Ta) X (T — p,7n))
= m .
p—0F |Bp(xoc) X (xn - P xn)'

10



We consider the case x,, > 0 only, the case z,, < 0 being dealt with using a
symmetric argument. Note that for 0 <t < s < 1 we have Ey; C E;. Let u; — 0

with u; € WoP (B,(a) X (2n — p,xn) N Q.,) be such that

Jo(Fy, Bp(xa) X (xn — p,2p)) = i e, (Fy +uj, Bp(za) X (xn = p, ¥n)) .
Then,

s, Fy+u]7 (ma (xn P, xn))

) X
_ /”” / (ya>
= XE,, \ —
Tn—p J Bp(za) E]
—|—/ / XE,, ( >|Fn—|—Dnuj‘pdyn dye,
By(za) Jan—p €j
Lo e ()
XE., \ —
Tp—p Bp(xoc) 5]

+p/ XE., (—a) |Fol? dya
Bp(za) €j

by Jensen’s inequality. By using the lower limit inequality for the I'-convergence
in Theorem 4.2 with E = E, , and by an application of Fatou’s Lemma, we get

HF +D allj ”pdyoc dyn

Y

HF +D alj ||pdya dyn

Jo(Fy, By(xa) X (& — prn)) > p /  ewlen T,
B,(ra

+pLr-1(Bp(xa)) | Fnl’ Lrn—1(Ez, N (0, 1)n_1) .
Letting p — 0% we obtain then by (4.8)

@(zna F) > ‘F’#(Invf) + ﬁn—l(Exn N (0, 1)n71)|Fn|p~

Vice versa, let v; — 0 be such that Fyo + vj(Ya) is a recovery sequence for
Jh “" (Fya, By(24)) along the sequence (g;), and set

u](y) = Fy + (Uj<yoc)a 0) = (Fya + Uj(yoz); Fnyn) .
‘We then have

/ e(yn, A) dy
B, (xa) X (Zn,xn+p)

< hmﬁan (uj, Bo(za) X (2, zn + p))

< hmmf/ XE,, (y—“)HDuijdy
J=400 J B (20) X (20, 2n+p) &j

~  lim p/ Xy (L) (I + Doy P + | Eul? )
By (za) €

Jj—+oo

11



= p/ 0y (20, F)dya
Bp(ma)
+PLr—1(Bp(2a)) | Fnl” Ln-1(Ez, N (0, Tt

which gives the missing inequality by (4.8). O

Remark 4.4 With fixed ¢, we define the ‘kernel’ of p4(¢,-) as
Ker oz = {px(t,-) = 0}.
Then Ker ¢4 is a linear space and its dimension is a multiple integer of m; i.e.,
dim Ker oy = km for some k=0,....,n—1
and there exist £gq1,...,&,-1 € R such that

Fl
F = €EKerpy < F&E=0
F’n’L

for each i = k+1,...,n — 1. (Note that k depends on ¢ fixed and F** denotes the
i-th row of F, 1 <i < m).

In fact, since F' — @4 (1, F') is positively homogeneous of degree p, convex and
even, Ker ¢ is a linear space and satisfies the following properties: if F € Kery
then

(i) for each (s1,...,5m) € R™

81F1
€ Ker py;

Sm ™

(ii) PF € Ker ¢y for each permutation matrix P € M™*™,
Properties (i) and (ii) imply that if we fix F'! we can construct m matrices
linearly independent

F! 0 0
0 F! 0

) . [ . EKGI‘()O#
0 0 F!

which span a subspace (F') of Ker ¢ of dimension m.
Now, if (F') # Ker o4, we can single out a non-zero matrix in Ker ¢y or-
thogonal to (F!), and, by using the same argument as above taking its first row

12



vector, find other m matrices which, together with the matrices constructed before,
form a linearly independent family.

By proceeding in this way, we end up with 7y,...,7 € R"~! such that for
all A € Kerpy

k
AZ:E SijMj i:1,...7m
j=1

with s;; € R, which means that the dim Ker ¢4 = km for some k € {1,...,n—1}.
The orthogonal subspace to (n,...,n;) is a vector subspace of R™(n=1)
(€k+1s---,&n—1) and the vectors of the two basis satisfy, by definition, the con-
ditions
& =0 i=1,...,k j=k+1,...,n—1.

Eence7 we can conclude tlﬁt there exist vectors &x41,...,&n—1 € R™! such that
F e Kerypy if and only if F§; =0 foreachi=k+1,...,n—1.

Since t — @ (t, F) is decreasing on (0, 1) and it is coercive on (0, min f), there
exist 0 <minf <t < ... <t <tggp1 < ... <tp—1 <1and &y1,...,&—1 €
R"~! such that

(i) p4(t, F) is coercive on (0,1);

(ii) for each k¥ = 1,....,n — 2 @u(t,F) = 0 if and only if F§ = 0

fori=k+1,...,n—1on (tk,trt+1);

(iii) px(t, F) =0 on (t,—1,1).

Definition 4.5 We define the ‘degenerate weighted Sobolev Space’ Wi’p(Q;Rm)
as the space of functions u € LP(Q;R™) such that
(i) Dpu e LY (Q;R™);
(ii) D, 0w € L (w X (=t3,t);R™) fori=1,...,n—1;
(iii) if @ : Q — M™*=D s any measurable function such that
O = Dig, oyu € Li (w x (—=t;,t;);R™) fori=1,...,n—1, then

loc

Q

Clearly, the last integral is independent of the choice of ®; hence, it will be
denoted by

/ Y(xyp, Du) dx
Q
with a slight abuse of notation.

Remark 4.6 Note that in dimension 3 (i.e., n = 3) the representation of the
space Wfb’p (©2; R™) is particularly simple as, up to a rotation, we can assume that
& = ey. In this case, Wi’p(Q;Rm) is the space of functions v € LP(£2;R™) such
that
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(i) Dyu € LT, (O R™);

loc
(11) Dsu € Lfoc(w X (—tQ,tQ);Rm);
(111) Dyu € Lﬁ)c(w X (—tl,tl ;Rm);
(iv) if @ : Q@ — M™*2 & = (P, Py) is any measurable function such that

(I>2 = Dgu inw X (—tg,tg) and ‘I)l = D1u inw X (—t1,t1), then

/ P(zg, P|Dsu) de < +o00.
Q
Example 4.7 If n = 3 and

1 1
flz1,22) = 5 + 3 sin?(z1) sin®(z2) ,
then 4 (t, F) = || F||? if |t| < 1/2 and 0 otherwise, so that t; =ty = 1/2, and £ is
any vector. If instead
1 1
fzy, ) = = + = sin?(21),

2 2
then t; =1/2, to =1 and £ = (0, 1).

AR
R :”::‘\\“\\\\\
SRR
2 Zave ‘
Q“‘\

77

R
Q‘Q“
N

Figure 3: the oscillating profiles in Example 4.7

By using a convolution argument, we can improve Proposition 4.1 to give a
characterization of the I'-limit on the whole W}l)’p (€;R™) and independent of the
sequence (g;). This result corresponds to Step 6 in Section 3, and its proof uses
the convexity of F'+— ||F||? in an essential way.

Proposition 4.8 Let W = ||F||P, and let U be a open subset of Q. Then
(i) if uw € LP(U;R™) \ Wllp’p(U;Rm) then there exists the T-limit

Jo(u,U) =T- 1in(1) J(u,U) = +00;
(ii) if u € W}L’p(Q;Rm) then there exists the I'-limit

Jo(u,U) =T'- hH(l) Je(u,U) = / Y(xy, Du) dz.
E— U

14



ProOF. We only outline the proof, as it closely follows that of [6] Theorem
14.8, and details can be found therein.

Fix v € LP(€;R™) and U an open subset of {2. In order to compute Jy(u,U)
it is sufficient to show that from every sequence (g;) we can extract a subsequence
(¢j,) such that the I'-limit along (g, ) exists and is independent of the subsequence.

We fix a sequence (g;). By Theorem 4.3 the thesis of Proposition 4.1 holds
with v in the place of ¢. Upon possibly extracting a further subsequence, we may
also assume that there exists the limit

Jo(u,U) =T- lim J. (u,U).

j—+4oo

Let (p;) be a sequence of mollifiers with sptp; C B(0, %) C R"1, and define

wiw) = [ p. ) dy

By the convexity of Jy and its translation-invariance properties, we have
Jo(uj,U") < Jo(u,U) for all U CC U such that U" C (y,0) 4+ U for all y € sptp;.
By the convexity of 1 the functional v — [, ¥(x,, Dv)dz (if v € LP(U;R™) \
whep (U’; R™) this integral is set equal to +00) is lower semicontinuous with respect
to the LP(U’; R™) convergence. Hence, we have

Y(xpn, Du)de <liminf | ¢(z,, Duj)de < Jo(u,U).
U’ J*)+OO U’

By the arbitrariness of U’ we get

/Uw(mn,Du) dz < Jo(u,U), (4.9)

and in particular that Jo(u,U) = +oo if u € LP(U; R™) \W}b’p(U; R™), so that (i)
is proved.

Let now u € Wi’p(Q;Rm). We first assume that U CC U’ CC Q. By using
the lower semicontinuity of Jy and Jensen’s inequality, we have

Jo(u,U) < hmlanO(uJ, —hminf/ (2, Duy) d

J—too J—too

< hmlnf// Y(xy, Du(z — (y,0))) dx dy
j—+oo B(0,%

= hmlnf/ pj(y)/ Y(zp, Du) dx dy
J=+oe Jp(0,1) U+(y,0)

< liminf/ piy)dy | Y(x,, Du)de = (2, Du) dz.
J—+oo B(0,4) U’ g

15



By the arbitrariness of U’ we then get

Jo(u, U)g/Ulb(xn,Du) dz, (4.10)

so that (ii) follows by taking (4.9) into account.

Finally, for arbitrary U, note that if u € W}l}’p (€; R™) then it can be approx-
imated by a sequence (v;) of functions in W#(Q; R™) such that [, ¢(2zy, Dv;) d
are equi-bounded (we may use e.g. the argument in the proof of [15] Section 4.2
Theorem 3); hence, by the lower semicontinuity of J” = I'-limsup; J.,, we have
J"(u) < 400. This fact implies (as in e.g. [6] Section 11.2) that J” is inner-regular;
ie.,

J"(u,U) = Sup{J"(u, V):Vcc U} .
Since (ii) holds with V in the place of U we easily get the thesis. O

The following proposition clarifies the structure of Wllb"p , and implies that
the restrictions of functions u € Wllp’p (;R™) to relatively compact subsets of

w X (tg,tr41) are characterized as those functions having directional derivatives
Dy41,..., D, p-summable.

Proposition 4.9 Letk=1,...,n—2 and s € (tk,trx+1). There exist two positive
constants ay(s) and By such that

ak<s>(nzl Feip + | Fal?) gwu,F)gﬂk(nZl Pl +|F7)  (4.11)

i=k+1 i=k+1
for all F e M™*"™ and t € (tx, 5] .

PROOF. Since F +— @4 (t, F) is positively homogeneous of degree p and con-
vex, if t € (tx, tr+1) we easily deduce that

n—1
@#(t,?) S Cc Z (p#(taE’L)|F§’L|p
i=k+1
where
&i
_ 0
= = :
0
If we denote
By = max sup cpx(t,E;)

i=k+1,..., n—1 te[O,l)

16



then

n—1
eu(t,F) < B > [F&P. (4.12)
i=k+1

On the other hand we have that

M > ¢ @#(ﬁ (F§k+la 77F£n71))
S | Falr = [(Fés . Féun)|?
cinf{o4(t,G) : G € S" ' NKerpy™}

Y

by p-homogeneity. Note that t — ¢ inf{p4(t,G) : G € S" ' NKerpy} = c(t) is
decreasing on (0, 1) and
inf c(t) = a(s) >0,

t€(ty,s]

so that we get

o4t F) > afls) 3 [Fel”. (4.13)

i=k+1
Let
ax(s) = min{a}(s), inf L, 1(FE;N(0,1)" 1)}
te(tk,s)
and
Br = max{f;, 1},

then (4.11) follows by Theorem 4.3, (4.12) and (4.13). O

Proposition 4.10 Fixt € (tg,tgy1), fork=0,....,n—1 (tc =0,t, =1). If ¢ is
given by (4.7) then

Wt F) = min{/ | Dwl|? dz -
(0,1)»N(E¢x(0,1))

we Wllo)zc)(Et x (0,1);R™), w— Fz l—periodic} .

PROOF. Let w be a test function for the minimum problem above, then

/ [[Dw]P dx
0,1)"N(ELx(0,1))

/ ||Daw||pdx+/ Dywl? da
(0,1)"N(E; x(0,1)) (0,1)"N(E;x(0,1))

1
/ min{/ IDv||? dzq, :
0 Eyn(0,1)7~1

17
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ve WP (E;R™), v— Fa, l—periodic} dz,

C

1
—|—/ (/ |Dpwl|P dxn) dx,
E.n(0,1)n=1 \Jo

> u(t,F) + Lo1 (BN (0,1)" )| FolP = (¢, F)

by Jensen’s inequality and the description of ¢y (see Theorem 4.2); hence,

bt F) < min{/ | Dwl|? dz -

(0,1)"NE, x (0,1)
we WLP(Et x (0,1);R™), w— Fx 1-periodic}

loc

by Theorem 4.3. -
Conversely, given a function v such that v — Fz, is 1-periodic, we can con-

struct a test function w, such that w — Fx 1-periodic, as
w(z) =v(xa) — Fptny .
We then have

/ | Dw||? dx
(0,1)"N(E¢ x(0,1))

B ~/(0,1)"H(Et><(0,1))
_ / 1Dav|l? dia + Lo1(Ey 01 (0,1)" 1) Fyl?
E,n(0,1)n—1

> min{/ || Dwl|P dz :
(0,1)"N(E¢%x(0,1))

1 € WEL(E: X 0,11 R"), w— Fr Lpesiodic)

loc

(I Davl[” + [Fnl?) da

and hence the converse inequality

Gt F) = min{/ 1Dv[|” dzo :
E¢:n(0,1)n—1
ve Wl’p(Et;Rm), v— Fx, l-periodic}

loc

+Ly 1 (B0 (0, 1) H|F, [P

> min{/ | Dwl|P dz :
(0,1)"N(E¢%x(0,1))

we Wl’p(Et x (0,1);R™), w— Fa 1-periodic}

loc

is obtained as desired.
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Now we can turn our attention to the case with a general W. Now that a
natural domain for the limit functional is defined, we can easily state and prove a
compactness result that partly improves Proposition 4.1.

Theorem 4.11 Let J. be given by (4.4). Then for every sequence (g;) of positive
numbers converging to 0 there exists a subsequence (not relabeled) such that the
I-limit
Jo(u,U) =T- ‘liril Je, (u,U)
J—T 00

exists for all u € Wi’p(Q;Rm) and U open subsets of Q). Moreover Jy(u,-) is the
restriction of a Borel measure to A(SQQ).

PROOF. By (4.1) and Proposition 4.8 we deduce the condition

I-limsup J.(u,U) < ﬂ/ (14 ¢(xpn, Du)) dz (4.14)
U

e—0
if u e W}b’p (U;R™) and U is an open subset of Q. Then, we can follow the Steps

1-3 in Section 3 to prove the compactness of (J;) and that Jo(u, -) is the restriction
of a Borel measure to A(f2). O

4.2 Homogenization of cylindrical domains

It remains now to extend the integral representation of Proposition 4.1 and char-
acterize its integrand. We first deal with the case of ‘cylindrical’ domains; i.e., we
consider g in place of f, with E a 1-periodic open subset of R?~!.

Let t1,...,t,—1 be the points in (0,1) introduced to characterize the ‘de-
generate weighted Sobolev Space’ in Definition 4.5. Since in the following we will
choose E = E; (E; defined as {x, : f(za) > [|t|}) we introduce the following
notation: with fixed t € (0,1), t # tx for k =1,...,n — 1, consider the set E; and
the functional

x
W=, Du)ds ifue WhP(Q.NU.;R™
JHu,U) = /QEOUE (6 ) (e N U R7)

(4.15)

400 otherwise,

where U, = UN(eE; x (—1,1)). Note that the integrand of J! satisfies the following
growth conditions

Y9(7, A) < XE,x(—1,)W (%0, A) < B(1 + g(z, A)) (4.16)

where g(x, A) = X g, x(~1,1)(2)||A][? is obviously 1-periodic in z, convex in A and
satisfying
0<g(z,A) <1+ [|A]” and g(z,24) < (1 + g(z, A))

for all A € M™*™,
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Remark 4.12 Note that if we fix ¢t € (tx—1,tx) and consider x g, in place of f
then W}b’p(ﬂ; R™) turns out to be the space

WP (R™) = {u€LP(QR™) : Dyu € LP(Q;R™), Die, oyu € LP(Q; R™)
i=k,...,n—1}
ifk=1,...,n—1, and
WLP(QR™) = {u € LP(Q;R™) : Dyu € LP(Q;R™)}
if k=n.

LRI

SR RLRER IR LI L

IR
R
O

Figure 4: cylindrical domains F; x (—1,1) related to the function f in Figure 1 for
different values of ¢

Theorem 4.13 Let t € (ty_1,tx) and let JL(-,U) be defined by (4.15). Then the
I'-limit

T, U) = / W (Du) di
U

exists for each u € W,lc’p(Q; R™) and U open subset of Q, where Wi is given by

1
t _ . . .
Whom(4) = TEeroo 1nf{*Tn /(O’T)n XE, (Ta)W (20, A+ Du(x)) dx :

ue ngp((o,T)”;Rm)}

20



for all A € M"™*™,

Proor. By taking Theorem 4.11 into account with xg, in the place of f,
and repeating word for word the proof of the integral representation theorem
[6] Theorem 9.1, replacing WP (£; R™) by Wi’p(Q;Rm), we obtain an integral
representation on the whole W,lﬂ’p (€;R™). The integrand of this representation
must coincide with the function ¢ = ¢(z,, F') provided by Proposition 4.1 with
XE, in the place of f. Since the functionals are clearly invariant by translations in
the direction z,, we have indeed ¢ = @(F). To prove the asymptotic formula we
can repeat the proof of Proposition 21.12 in [6]. O

4.3 The general case

We can eventually proceed to dealing with the general case.

Proposition 4.14 Let J. be given by (4.4). Then the T-limit
Jo(u,U) = F‘iiﬂ% Je(u, U)

exists for all u € Wi’p(Q;Rm) and U open subsets of Q. Moreover, for such u we
have

Jo(u,U) = / o(pn, Du) dz,
U
where @ is given by Proposition 4.1.

PRrROOF. We have to extend the representation of Jy given by Proposition
4.1 to Wllp’p(Q; R™). Note that ¢ is a Carathéodory function (see [6] Theorem 9.1,
Step 3). As explained in Step 3 of Section 3, a crucial argument used to obtain an
integral representation result is the continuity in qup’p (©2; R™) of the functional

u»—>/ ©(2p, Du) dx
U

along some strongly converging sequences of piecewise-affine functions. We only
prove this property, as the rest of the proof follows exactly that of [6] Theorem 9.1
(Steps 1-3, 5 and 6; the proof below replaces Step 4).

Let U = UZ;S U where U, CC w X (tg,tg+1), (to = 0,t, = 1); we can
find functions u; € Wllp’p (€;R™) such that their restrictions to U are piecewise
affine and u;, Dyu; converge strongly to u, Dyu in LP(U; R™), respectively, while
D¢, 0yu; converge strongly to D¢, oyu in LP(U; R™).

We will use some estimates deriving from the inequality ¢(t, F) < B(1 +
¥(t, F)), which follows trivially from (4.1). By Proposition 4.9 we have that

n—1

(xn, Du) < 5k( Z |D(5i)0)u|p+\Dnu|p)

i=k+1
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n—1

W(zn, Du;) < ﬁk(z |D(5i,0)uj\p+|pnuj|p)
i=k+1

on w X (tg,tg+1). Note that by (4.14)

n—2 N
/s@(wn,Dua‘)dw < Z/ B(1+ > 5k|D<gi,o>ug‘|”) dx
U k=0 UpNwX (t,tk+1) i=k+1
—|—ﬂ/ Br|Dpuj;|P dx.
U

If we use the continuity of ¢ in the second variable and apply Fatou’s lemma to
the sequences

n—2
5 [ wpaspar + Y [
U k=0 U,

+ / o(xp, Duj) dz
U

n—1
5(1+ Z 5k|D(si,0)uj|”> dx

kﬁwX(tk,tk+1) i=k+1

we get that

/(p(a:n,Du) dxr = lim o(z, Du;) da.
U Jj—+oo Juy

Hence, we have proved the integral representation for sets of the type U = UZ;Ol U
where Uy CC w X (tg,tg+1). A symmetric argument applies to the case where
U= UZ;S Uk, with U, CC w X (—tgy1, —tg). Since Jo(u,-) is a measure abso-
lutely continuous with respect to Lebesgue measure, we conclude that the integral
representation holds for all open subsets U of €. O

Finally, the oscillating-boundary homogenization theorem reads as follows.
Theorem 4.15 Let J. be given by (4.2). Then the T'-limit
Jo(u) =T- lir% Je(u)
E—

exists for all uw € LP(;R™), and we have

Whom (|2n|, Du) dz if u € WLP(; R™)
Jo(u) = /Q ’ v
+o00 otherwise,
where Whom (t, A) = Wi, (A) for a.e. t € (0,1), and W}, is given by Theorem

4.13. Moreover, if u € WHP(Q; R™) there exists a family (u.) converging to u in
LP(;R™), such that w —u. has compact support in Q and Jo(u) = lim._o J(ue).
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ProOOF. It is sufficient to compute the I'-limit for v € W}l;p(Q;Rm), since
by comparison with Proposition 4.8(i) we immediately have Jy(u) = +o00 if u ¢
qup’p (©2; R™). Let ¢ be given by Proposition 4.1; it remains to prove that ¢ satisfies
an asymptotic formula.

Let z,, > 0,let 0 < p < z,, and consider the functionals (4.15) with ¢t = z,,—p
and t = xz,, so that

T (Aw, (0,1)" 7 X (20 — pan))

O e
(0,1)" =t X(Zn—p,Tn) € €

JIn(Az, (0, 1)"_1 X (g, — pyxy)) .

Y

By Theorem 4.13

PWESHTP(A) > I- 1ir% J-(Ax, (0, 1)n71 X (Tn = p,Tn))
Z P Wign(A).

Taking into account that
I-lim J.(Az, (0, )" ! x (z, — p,z,)) = / o(yn, A) dy
e—0 (Ovl)nilx(l‘n_pvxn)

we get
o 1 ,
Wh(?m p(A) < 7/ ¢(ynaA) dyn < W}f:m(A)
P J(zn—p,zn)
Since t — W (A) and ¢t — ¢(t, A) are decreasing functions on (0,1), there exists
a subset M of (0,1), |[M| = 0, such that they are continuous on (0, 1) \ M; hence,
by passing to the limit as p — 0 we get
P(xn, A) = Wi, (A)

for every z,, € (0,1)\ M. For z,, < 0 it suffices to apply a symmetric argument.

The last statement follows by a well-known argument of stability of I'-con-
vergence by compatible boundary data due to De Giorgi (see [6] Section 11.3).
O

5 Thin films with fast-oscillating profile

In this section we establish the second goal of the paper; that is, to prove that the
I-limit of functionals E, s as in (1.1) when ¢ — 0 and 6 << ¢, is given by first
applying the theory constructed in the previous section with € as a parameter and
letting 6 — 0, and subsequently letting ¢ — 0. The final result can be summarized
as follows, in a n-dimensional setting.
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Theorem 5.1 Let f : R*™! — [0, 1] be a 1-periodic lower semicontinuous function
with 0 < minf < supf =1, let W : M™*"™ — [0,+00) be a convexr function
satisfying
YIEP <W(F) < B(1+ |F|P)

for all F € M™*™ and for some 1 < p < +o00, 0 < v < . Let § : (0,400) —
(0,4+00) be such that

lim @

e—0 &€
Let w be a bounded open subset of R*™1 and let Q. C w x (—1,1) be defined by

=0.

ng{xeR": || <f(%),xa€w}. (5.1)
Define E. : LP(w x (—1,1)) — [0, +o0] by

1 . 1 .Tom
B /QEW(DQU7€Dnu) dr if uj, € WH(QR™)

(5.2)
+00 otherwise.
Then the T'-limit as ¢ — 0 of E. is given by

/ Whom (Do) dz if u € WHP(w x (=1,1); R™) and Dyu =0
E(u) = wx(=1,1)

400 otherwise,
_ (5.3)
where Wiom : M™* (=1 [0, +00) is given by
1
Waom (F) = / inf Wi (1. F|F,) di. (5.4)
0 n
and Wyom by
Waom(t, F) = int / o, (@) W(F + Du(z)) da :
(0,1)n
u e WLP(R"; R™) 1—peri0dic} (5.5)

for allt € (0,1) and F € M™*™ where Ey = {f > t}.

5.1 Proof of the result

In order to simplify the proof without losing sight of the main intricacies of the
argument, we deal only with the case where e = 1/j and § = 2. The general case
can be dealt with similarly, by introducing some error terms. We define, with a
slight abuse of notation,

Q. ={re€Q: |z,| < f(kza)}
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and for k = j2,j €N
E;(uw,U) = / W(Dqu|jDyu) dz
szﬁU

for all U ,nu € WP (Q NU;R™).

By the compactness result Theorem 2.5 in [8] we can suppose that there
exists Wy : M™*("=1) [0, 4-00) such that E;(u,U) T-converge for all sets of the
form U =U" x (=1,1) or U = U’ x (0,1) to the functional given by

/ Wo(Dou)dx  if u € WHP(U;R™) and Dyu = 0
U

Eo(u,U) = (5.6)
400 otherwise.
Proposition 5.2 For all F € M"™*("=1 define
Whom(F) = inf{ Whom (Zn, Du+ F) dz : (5.7)
(O)l)n
u € Wllo’fj(R"; R™), u 1-periodic in a:a} )
Then L
Whon(F) = | Wi (t.F) (5.8)
0
where . - o
Whom(t, F) = ilgf Whom (L, F|Ey) (5.9)

and F +— Whom(t,F) is convex.
PROOF. It can be easily proved that F — Whom(t,F) is convex.

With fixed n > 0, by the Measurable Selection Criterion (see e.g [12]), we
can find G, (t) a measurable function such that

Whom(t7F|Gn) < i},lf Whom(tvf“?n) +n.

We can consider

W(T oy Tny) :/ h Gn(s)ds
0

as test function in (5.7). We then get

1
Whom(F) < / Whom(xnaflGn(xn))dxn
0
and so

1 1
Whom (F) < / 1};}£ Whom (t, F‘Fn) dt + n= / Whom (t; F) dt + UE
0 n 0
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Conversely,
Whom(F) > inf{ Whom(xn, Dou+ F)dx
(0,1)"

uwe WiP((0,1)™;R™), u 1-periodic inxa}

loc

1 — —
/ (mf{ / Whom (t, Dot + F) dz -
0 (0,1)n—1

uj,1yn-1 € W LP((0,1)" 1 R™), u 1-periodic inma}) dt

loc

Y

> / Whom(t, F) dt
0
by Jensen’s inequality. O

Theorem 5.3 For all F € M™ =D we have Wo(F) = Whom(F).

ProOOF. With fixed 1 > 0 let v be a test function for (5.7) such that
Whom (xny Dv + F) dx < Whorn (F) +n.
(0,1
By Theorem 4.15 there exists a sequence v; converging to v such that v; = v on
0(0,1)™ (and, hence, in particular v; is 1-periodic in z,) and
Whom (Tn, Dv + F)dz = lim W(Dv; + F)dz. (5.10)
(0,1)7 i=+ee Jan(o,1)n
If we define u;(zq, z,) = %vj(jxa,xn) then w; — 0 in L”((0,1)";R™) and
— 1 —
/ W(Dv; + F)dz = W(Dv; + F)dx
Q;N(0,1)n " N((0,5)"~1x(0,1))

= / va(jyouyn) +F) dy
Q,2n(0,1)"

= / W (Dyuj + F|jDyu;) dy
Q,2N(0,1)"
= Ej(u; + Fx,,(0,1)"); (5.11)
hence, we can conclude that

Wo(F) < liminf Ej(u; + Fza,(0,1)")

J—too

J—too

= lim 1nf/ W(Dvj + F)dx
Q,n(0,1)

IN

Whom(F) + n
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by (5.6), (5.11), (5.10) and (5.7).

Now we prove the converse inequality. Let u; — 0 be such that

W()(F) = ]ETOO EJ(U,] + F.’Eoﬁ (0, 1)n)

By [8] Lemma 2.6 we can choose u; 1-periodic in z4; let v; be defined by v;(z) =
juj(@a/j,en). With fixed j,N €N, (0,1)" = Up, (0,1)"" x ((m — 1) /N, m/N);
we can define a function v; ,,, by setting

vj(xa,zn+%) if—mﬁl—%<xn<%—%

Vjm(Tas Tn) =

Uj(xa,%” — T, — —2'3\'}’2) if —m]\_,l — —213\4,'1 <Tp < F - —2’3\4{1
for k € Z, which is 1-periodic in z, and 2/N-periodic in x,. Hence, we can
construct

W)k (0,11 x (m—1) /N /) = Vi (%)

where vj () = %Uj7m(§x), such that w;;, is Z-periodic in 2, and
Dnvj)mdx)xn) =w™

Wjk|(0,1)n =1 x ((m=1)/N,m/N) (0, (/(0 1y

as k — 400, in LP((0,1)"; R™). In this case the functions w;; defined as above
belong to W1P(Q, N (0,1)"; R™).
Finally, we define w such that

W)(0,1)m 1% ((m—1)/N,m/N) = W™
which is 1-periodic in x,. Let

AN = ;0 {2, =m/N}

and
AN — Q0 {x, = m/N},
we define
N
m/N
EN = | A7 x ((m —1)/N,m/N)
m=1

and

N
EY = |J AN x ((m —1)/N,m/N).

We restrict our analysis to the case where k/j odd, the other case being dealt with
by introducing a small error term. Hence, if we use the notation

L(u, (0, 1)") = / W (Du) dz
ENA(0,1)"
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(I = j or k) we have that
Ij(vj + Fxqa, (0,1)") = Iy(wj x + Fxq, (0,1)"). (5.12)
Reasoning as in Theorems 4.11 and 4.13 we get that

Lom(w + Fxo, (0,1)") =T- lim Ij(w + Fxy, (0,1)™)
k—+oo

N
-y Whom(m/N, Dw + F) d
m=1 (0,1)»=1x((m—1)/N,m/N)

N
N+ 1 —
_ Z/ Whom(&,pwﬂf) dx
= J0,1)m =1 % (m-1) /Nm/N)
NI+ 1 _
- Whom(i[x ]\1+ ,Dw+F> da

(0’1)71

Y

/01 Whom<%,F> dxy,

by (5.9). Taking the limit as N — +o00, we obtain
Ihom<w + Fxcw (Oa l)n) Z Whom(F) (513)

by Proposition 5.2. Hence,

Ej(uj + Fx,,(0,1)") = / W(Dv; + F) dx
Q,M(0,1)7
> lkim+inf Iy(wj g, + Fxq, (0,1)™)
Z Whom(F)
by (5.11)-(5.13). By the choice of (u;) we get the desired inequality. O

The proof of Theorem 5.1 will be complete once we observe that in the convex
case formula (5.5) simplifies that in Theorem 4.13 (see e.g. [6] Section 14.3).

5.2 Convergence of minimum problems

As an application of the I'-convergence result of the previous section, we describe
the asymptotic behaviour of problems of the form

mes = min{/ W (Du)dz : uw € LP(w x (—¢,¢); R™),
Q(e,0)
Uj(e,s5) € WP (Q(e,6); R™), u = ¢ on (Qw) x (—5,5)}, (5.14)

where ¢ = ¢(z,) € WHP(w; R™), Q(g,6) is given by (1.2) and f and W satisfy the
hypotheses of Theorem 5.1. By using Poincaré’s inequality it can immediately be
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checked that problem (5.14) admits at least one solution for each choice of €, > 0.
The asymptotic behaviour of these solutions when ¢ — 0 and § << € is given by
the following result.

Proposition 5.4 Let ¢ and 6 = §(¢) satisfy the hypotheses of Theorem 5.1, and
for each € let ue be a solution of (5.14). Then, upon extracting a subsequence, there
exist a sequence (ve) in LP(w x (—1,1); R™) and a function w € WP (w; R™) such
that

(i) ve = ue on Q(e,8(e)),

(ii) of we(xa,Tn) = Ve(Ta,exy), then w. converges (with the identification
w(z) = w(zys)) to w in LP((w x (=1,1); R™),

(iil) w is a solution of the minimum problem

o = min{/

w

2Whom (Do) dzo : u € LP(w; R™), u = ¢ on 8w}, (5.15)

where Whom is defined by (5.4) and (5.5),
(iv) me 5(c)/€ converges to my.

PROOF. Note that, in the notation of Theorem 5.1, u. defined by @, (2q, xy) =
Ue(Tq,€xy,) is a solution of

1 1
e = Mo = min{/ W(Dau, gDnu) dr:u e LP(w x (—1,1);R™),
Q.

g, € WHP(QuR™), u=¢ on (dw) x (1, 1)}. (5.16)

By [8] Remark 2.3, upon extracting a subsequence, there exist w. € LP((w X
(—1,1); R™) converging to some w in L?((w x (=1,1); R™), D,,w = 0 and w, = «,
on ().. By the well-known property of the convergence of minima and minimizers
of I'-converging functionals (see e.g. [6] Theorem 7.2), (iii) and (iv) follow from
Theorem 5.1, since the I'-limit is not influenced by the boundary value ¢ (see [8]
Lemma 2.6). O
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