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ABSTRACT. By elementary geometric arguments, correlation inequalities for radially symmetric
probability measures are proved in the plane. Precisely, it is shown that the correlation ratio for
pairs of width-decreasing sets is minimized within the class of infinite strips. Since open convex
sets which are symmetric with respect to the origin turn out to be width-decreasing sets, Pitt’s
Gaussian correlation inequality (the two-dimensional case of the long-standing Gaussian corre-
lation conjecture) is derived as a corollary, and it is in fact extended to a wide class of radially
symmetric measures.

RESUME. En utilisant des arguments géométriques élémentaires, on démontre des inégalités de
corrélation pour des mesures de probabilité & symétrie radiale. Plus précisément on montre
que, parmi la famille des ensembles width-decreasing, le ratio de corrélation est minimisé par
des bandes. Comme les ouverts convexes symétriques appartiennent a cette famille, on retrouve
comme corollaire le résultat de Pitt sur la validité de la conjecture de corrélation gaussiennne
en dimension 2, qui est étendue dans ce papier a une large classe de mesures a symétrie radiale.
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1. INTRODUCTION

We address the minimization of the correlation ratio of a radially symmetric probability
measure p on R?, providing in particular a new and elementary proof of Pitt’s correlation
inequality for the planar Gaussian measure. Let us say that a set S C R? is a strip (symmetric
with respect to the origin) if there exist v € S! and h > 0 such that

S={xeR?:|z-v|<h}.

Two strips S and S’ are orthogonal if they are associated to orthogonal vectors v and v/ in S'.
Next we introduce the family of width-decreasing sets as the class of those planar, open sets,
which are symmetric with respect to the origin, which contain the origin, and whose angular-
length (roughly speaking) decreases at least as the angular-length of a strip. Precisely, if we set
B, = {z € R? : |z| < r}, then an open set E is a width-decreasing set if 0 € E, x € E implies
—x € E, and, for every r > 0 such that 0 < ' (E N dB,) < 27 we have

HHENOB,) < AYSNIB,), Vs>,

provided S is a strip with (S NdB,) = #(E N JB,). We are thus in the position to state
our main result.

Theorem 1. Let  be a radially symmetric probability measure on R?. If E and F are two
width-decreasing sets in R?, then there exist two orthogonal strips Sk and Sp such that
pENF) _ p(SeNSk)
w(E)u(F) — p(Se)u(Sr)

(1.1)
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In other words, the correlation ratio of p is minimized, among pairs of width-decreasing sets,
over pairs of orthogonal strips.

Remark 1. Let K, denote the family of open, convex sets in R, n > 2, which are symmetric
with respect to the origin. In Theorem 2, Appendix A, it is shown that every set in Ko is a
width-decreasing set. Conversely, non-convex width decreasing sets are easily constructed: for
example, if R,/ denotes the counter-clockwise rotation by ninety degrees around the origin,
E € Ky is an ellipse of axes b > a > 0, and if ¢ = (a + ) /2, then E' = (EN B.) U R 5(E \ Be)
is a width-decreasing set (since E is a width-decreasing set and ' (E' N0B,) = #*(ENdB,)
for every r # ¢) which, clearly, is not convex.

Let now ~y,, = (27)~"™/? e~ 171*/2 4z denote the standard Gaussian measure on R”. In the case
[t = 72, Fubini’s theorem implies that the right-hand side of (1.1) is equal to 1. By combining
these two facts with Theorem 1, we provide a new justification of the planar Gaussian correlation
inequality (see (1.4) below), that is completely alternative to Pitt’s semi-group approach [6], and
it is based only on elementary geometric considerations. In fact, the tensorization property of
the Gaussian measure is not necessary to obtain non-trivial correlation inequalities in the plane.
For example, we can deduce from Theorem 1 the following class of correlation inequalities, which
extend Pitt’s inequality to a wide class of radially symmetric probability measures.

Corollary 2. Let V : [0,00) — R be a Lipschitz function, such that
V'(r)
r

is decreasing on (0,00), (1.2)

and that p = e=V(2D dz is a probability measure on R%. Then
W(ENF) > y(E)u(F), (1.3)
for every pair of width-decreasing sets E and F in R?.

Observe that, by choosing F = F = R?, we immediately check the sharpness of (1.3).

The paper is divided in three sections. In Section 2 we define the class of width-decreasing
sets, prove Theorem 1, and discuss the equality cases in (1.1) under some additional assumption
on p (cf. Remark 3). In Section 3 we prove Corollary 2, and also address the case when V'(r)/r is
increasing on (0,00), see Corollary 7 (in particular, we obtain non-trivial correlation inequalities
for all probability measures p on R? of the form p = cpe_|z|p dz, p > 0). Finally, in Appendix A
we show that every set in Ky is a width-decreasing set (Theorem 2).

We finally recall that the Gaussian correlation conjecture postulates the validity of the
inequality
(B O F) 2 3 (E)in(F). (1.4)
for every pair of sets E, F € K,,, n > 2. As pointed out to us by Michael Loss, in [2, Theorem
3.2] Christer Borell proves the n-dimensional Gaussian correlation inequality (1.4) for every pair
of sets E, I’ € B,,, where, by definition, F € B, if F is open, 0 € E, x € F implies —x € F, and,
for every r > 0 such that 0 < #""(ENJB,) < nw,r" !, we have

HAHENOB,) < A" HCNOB,), Vs>,

provided C = {z € R" : |z — (z - v)v| < h} (v € S""1, h > 0) is such that " 1 (ENJB,) =
A" HC NOB,). If n > 3, the classes B, and K,, do not coincide (nor are contained one into
the other), although, in some sense, they have a considerably large intersection. Concerning the
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planar case, it is easily seen that the class By coincides with the class of width-decreasing sets
in R?, so that, in particular, Theorem 2 in Appendix A implies Ko C Bo. In fact, the inclusion
IKCo C By is also proved by Borell in Section 4 of his paper. However, for the sake of clarity, we
have opted to include an elementary geometric proof of this result in our appendix. We also
remark that the argument used by Borell in order to prove (1.4) in the class B, makes essential
use of the tensorization property of 7,, and thus, in the planar case, it does not seem suitable
to recover the more general Theorem 1.

It is to be noticed that there are many other interesting results about correlation inequalities
in various settings, see for instance Khatri [4], Sydak [8], Schechtman, Schlumprecht, Zinn [7],
Harge [3], Kolesnikov [5], and the lecture notes [1].
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and Frank Morgan for stimulating at various stages the writing of this paper. The authors
acknowledge the hospitality at the Mathematisches Forschungsinstitut Oberwolfach during the
2010 workshop “Calculus of Variations”, where the present work was conceived. This work has
been partially supported by the NSF Grant DMS-0969962, the ERC Starting Grant n. 258685
ANOPTSETCON, and the ERC Advanced Grant n. 226234 ANTEGEFI.

2. WIDTH DECREASING SETS AND PLANAR CORRELATION INEQUALITIES

In this section we prove Theorem 1. We begin with some definitions and terminology. A
probability measure p on R? is radially symmetric if for every Borel set E C R? and 6 € (0,27)
we have

n(E) = n(Ro(E)),
where Ry : R? — R? denotes the counter-clockwise rotation around the origin by the angle #. By

a standard disintegration argument, we see that if p is a radially symmetric probability measure
and E, I are Borel sets in R?, then

AN ENIB,) <A FNOB,) Yr>0 =  puE)<uF). (2.1)

(Here and in the sequel, /' denotes the 1-dimensional Hausdorff measure of a set.)
Given an open set £ C R? which contains the origin, the (normalized) angular-length
function of E, 0 : (0,00) — [0,7/2], is defined as
1 #YENdB,)
Op(r) = ———=
E( ) 4 r )
Since F is open and contains the origin, the function 0 is always lower semicontinuous on

(0,00), and constantly equal to 7/2 in a neighborhood of 0.
We now reformulate the notion of width-decreasing set defined in the introduction in terms

r>0.

of angular-length functions: we say that E is a width-decreasing set, if I/ is open, symmetric
with respect to the origin, contains the origin, and, for every r > 0 such that Og(r) < 7/2, the
angular-length function of F is bounded from above on (r, 00) by the angular-length function of
a strip S such that 0z (r) = 6g(r), see Figure 1. More concisely, we ask that, for any r € (0, c0),

Op(r) < g = 0 < 6s on (r,00), (2.2)

for every strip S with 0g(r) = 0s(r). It is easily seen that if E is a width-decreasing set, then
its angular-length functions 0 is decreasing.
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. 0B,

h =7 sin(0g(r))

S(v,h)

FIGURE 1. Width decreasing sets. If £ N dB, is a proper subset of 0B, and S is any
strip with ' (ENOB,) = " (SNIB,), then for every s > r we have A (ENJB,) <
A (SN OBy).

Proof of Theorem 1. Without loss of generality we can assume that both £ and F' are different
from R? (otherwise the result is trivial). Recalling that by assumption £ and F are open, we can
immediately check that 6g + 0 : (0,00) — [0, 7] is a decreasing, lower semicontinuous function
satisfying g (07) + 0p(07) = m and Og(+00) + 0p(+00) = 0. Hence, if we set

ro = inf {r >0:0r(r)+0p(r) < g} ;

then 9 € (0,00) and 0g(rg) 4+ 0 (ro) < w/2. If Op(ro) = /2 then 6p(r9) =0, and so F C E. In
this case, we set Sg to be any strip such that £ C Sg, and we set Sg to be any strip orthogonal

to Sg, so to find

pENF) _ 1 1 p(SenSk)
p(E)u(F) — p(E) - 1(SE) = 1(Sp)(Sp) (2.3)

The case Og(rg) = 0, Op(rg) = m/2 is settled by symmetry. Hence we are left to consider the

case that

O5(ro) +6r(ro) < 5, 0<bp(ro) <3,  0<bp(ro) <. (2.4)

In this case we are going to replace E by its vertical double-cap symmetrization E*, defined as
(see Figure 2)

oYl bl b3

r>0

< HE(T)} ,
and, simultaneously, to replace I’ by its horizontal double-cap symmetrization F,, defined as
F, = U {rew RS Gp(r)} U {rew 20 —7| < HF(T)} ,
r>0

where we write r e = (rcos@,rsinf). By construction, it is clear that g = 0p+ and 6p = 0p,.
Moreover, by (2.1),

W(E) = u(E),  p(F) = p(F.). (2.5)
Since
HNE* N F,NOB,) = 4max {o, Op(r) + Op(r) — g} < AN ENFNOB,),  (2.6)

again by (2.1) we have
W(E* ) < p(ENF), (27)
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FIGURE 2. A square E and a (qualitative picture) of its vertical double-cap symmetriza-
tion E*. E* is obtained by rearranging the connected components of N JB, into pairs
of opposite circular arcs, with center on the vertical axis. The horizontal double-cap

symmetrization F, of E is obtained by a 7/2-rotation of E*.

so that
WENF) _ p(E*NF)

p(E)u(F) = p(E*)u(Fy)
We now observe the crucial fact that the notion of width-decreasing set is invariant under both

(2.8)

our symmetrizations, being a property only of the angular-length function. Hence, both E* and
F, are width-decreasing.

Since the circular slices of E* are pairs of opposite vertical caps, the fact that E* is a
width-decreasing set and the property 0 < 0g(rg) < m/2 force the inclusions

E*\ B,, C g, (2.9)
SpN B, C E*NB,,, (2.10)

where Sg is the vertical strip such that 0g,(ro) = 0g(ro) (see Figure 3). More precisely,
Sg = S(v,h) for

v=e, h = rosin(0g(ro)) .
On the other hand, for F' we find

F.\ B, C Sp, (2.11)
SEN By, CF.NB,,, (2.12)

where Sp is the horizontal strip such that g, (ro) = 7/2 — 6 (rg) (observe that for general
width-decreasing sets it can happen that 7/2 — 0 (rg) > 0p(ro), see Figure 3). If we now set

E= (E n BT()) U (SE \ BTO) . F= (F N Bro) u (SF \ Bm) :

then by construction E* N F, = E N F (recall that 0 (ro) + 0p(ro) < 7/2, so E* N 0B,, and
F, N 0By, are disjoint). Moreover, by (2.9) and (2.11), E* C E and F, C F. Thus,

u(E*ﬂF*) M(Eﬂﬁ’)

- > —r. (2.13)
w(E*)p(Fy) — w(E)u(F)
Let us now notice the trivial inequality
bobze  yoce<h<a. (2.14)
a  a—c



6 A. FIGALLI, F. MAGGI, AND A. PRATELLI

Sk

SE

FIGURE 3. A pair of sets F and F such that E = E*, F = F, and 0g(ro) + 0p(ro) <
7/2. On the right, the set E = (E*N By,) U (Sg \ Bry,).

Since 0(ro)+0r (ro) < 7/2 we have B,,\Sg C SpNB,,. Hence, recalling that E\ B, = Sg\ By,

and Sp N B,, C F,
E\Sg=(ENB,)\SeC ENSpNB, CENF.
Therefore we may apply (2.14) to obtain
,u(Eﬁﬁ) S u(Eﬁﬁ)—u(E\SE) - ,u(ﬁﬂSE)

> — = 24 (2.15)
w(E)u(F) <,u(E)—,u(E\SE)>,u(F) p(Sp)u(F)

Similarly, from the inclusion F \ Sr C F NSk and by applying again (2.14), we conclude

,U(FVQS{;V) > ,u(ﬁﬁSE) —,u(ﬁ\SF) B ,LL(SEOSF)

pSENE) ~ pu(Sp) ((F) — p(F\ Sp)) - #Sp)(Sk)-

(2.16)

Combining together (2.8), (2.13), (2.15) and (2.16), we finally get (1.1), so the proof is completed.
U

Remark 3 (A necessary condition for equality in (1.1)). Let us now discuss the sharpness
of (1.1) under the assumption that

u(A) > 0 for every open set A C R2.
We claim that, in this case, the inequality sign in (1.1) is strict unless
E* and F, are orthogonal strips.

To verify this, let us recall that in proving (1.1) we have considered three separate cases: F' C F,
E C F, or else. In the first case, F' C E, we denoted by Sg any strip containing F, by Sp any
strip orthogonal to S, and then we deduced (1.1) from the chain of inequalities (2.3),

EOF) 1 1 (S50 Se)

w(E)u(F) — w(E) ~ u(Se) = n(Se)u(Sr)
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The first inequality sign is strict unless u(Sg \ E) = 0; the second inequality is then necessarily
strict (unless we are in the trivial case E = Sg = R?). Therefore, in the case FF C E, (1.1) is
always a strict inequality, and the same holds true in the symmetric case £ C F. Let us now
assume that FAF # (). In this case, if (1.1) holds as an equality, we deduce from (2.13) that

w(E*) = p(E) and p(Fy) = p(F). By (2.9), (2.11) and by our assumptions on g, this implies
that

E*\ By, =S5\ B,  F.\ By =Sr\By,.

At the same time, thanks to (2.15) and (2.16), the equality sign in (1.1) implies w(E\ Sg) =
w(F\ Sp) =0, that finally gives

E* = Sg, F,=5p,

using (2.10) and (2.12).

3. EXTENSIONS OF PITT’S CORRELATION INEQUALITY

In this section we present some classes of radially symmetric measures such that the right-
hand side of (1.1) admits an explicit, non-trivial lower bound, and, in particular, we prove
Corollary 2. Precisely, we consider a Borel function V : [0,00) — R, we set

flz) = e VA zeR?, (3.1)
so that f > 0 on R?, and we work with the measure
w=f(z)dz. (3.2)

We shall assume as usual that 4 is a probability measure on R?, that is, we shall assume that

27 /OO eV rdr = f(z)dz = p(R?) =1. (3.3)
0 R2

We begin with the following lemma, that, in combination with Theorem 1, will readily imply
Corollary 2. In the following, we will denote the generic point of R? as z = (z,y).

Lemma 4. Let f,V,p be as in (3.1), (3.2), and (3.3). Assume that

fl@,y)f(a,b) > fla,y)f(z,b), V0<z<a,0<y<b. (3.4)
Then
' mmn) x () _
inf {M((—x,az) xR) u(R x (—y,y)) T,y > 0} =1. (3.5)

Proof. The fact that the infimum is less than or equal to 1 is easily seen by letting =,y — oo.
Let us now prove the converse inequality.
We define the function

F(a,b) = p((0,a) x (0,b)) = %,u((—a,a) X (=b,b)), a,b>0.
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Since F' > 0, if we set H(a,b) = log(F(a,b)), a,b > 0, thanks to (3.4) we get

OH f fla,y)d
%(C% b) D= (CL, b) )
82H( ) = fla,b)F fo fla,y) dyfo b) dx
daob " T F(a,b)?
_ i de [y i@ D) (y) ~ @y by
B F(a,b)? ‘

In particular, for every y > 0, (0H/0b)(-,y) is increasing on (0,00), so that
H(a,b) — H(a,y) > H(z,b) — H(z,y), Vo<z<a,0<y<b,

that is,
F(a,b)F(z,y)
F(a,y)F(z,b)
Notice now that F' is separately increasing in both its variables and

>1, Vo<z<a,0<y<h. (3.6)

1
F(ac,y):z,u((—w,a:)X(—y,y)), V,OSJUSOO,OS?JSOO
Therefore, by letting a,b — oo in (3.6), we get (3.5). O

Proof of Corollary 2: By Lemma 4 we have only to check that f (defined from V by (3.1))
satisfies (3.4), which amounts in proving that

V(\/ a’+ b2> - V<\/ x? + b2> < V(\/a2 + y2> - V(\/:E2 + y2> (3.7)
for every 0 < x <a <oocand 0 <y <b < oo. In fact, by (1.2) we have that
1 )72 4 a2
B 5 5\ %4 ( x4 +y ) ) .
Y E V(\/x +y > = Wm is decreasing on (0, 00),
from which we easily deduce (3.7). O

Lemma 5. Let f,V,pu be as in (3.1), (3.2), and (3.3), and assume that V is continuous at 0
and that

f(@,y)f(a,b) < fla,y)f(x,b),  VO<z<a,0<y<b. (3.8)
Then
. p(=z,2) x (~y,y)) } eV
inf r,y>0p = —m———. 3.9
e sy (L0 )’ 39
Remark 6. Notice that, thanks to (3.3), the continuity of V' at 0 ensures that fR Y dt < oco.

Proof. The lower bound for the infimum in (3.9) is easily seen by letting x, y — 0%.
To prove the converse inequality, let us define F' and H as in the proof of Lemma 4. Having
assumed (3.8) in place of (3.4), instead of (3.6) we now get that

Fa,b)F(z,y)

V7 ] < <b. Nl
Fla g Fb) = Vo<or<a,0<y<b (3.10)
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In particular we find that, whenever 0 <z <a, 0 <y < b,
F(x,b) - F(a,b)F(x,y)
F(x,00)F(00,b) — F(x,00)F(00,b)F(a,y)
F(a,b) (y [y f(t,0)dt+ o(y))
F(z,00)F(c0,b) (y [ f(t,0)dt +o(y))

that is, letting y — 0T,
F(z,b) - F(a,b) [y f(t,0) dt
F(z,00)F(00,b) — F(x,00)F(0c0,b) fo t,0)dt’
We now let @ — oo to find that
F(z,b) - Jo f(t,0)dt
F(x,00)F(00,b) ~ F(x,00) fo f(t,0)dt’
We finally notice that, again by (3.8),
d [3 f(t0)dt f(@,0) [ dt [7° f(t,s)ds— [y f(t,0)dt [° f(z,s)ds
dx F(x 0) F(x,00)?
Jo at Jo" [f (@, 0)f(t,s) = f(t,0)f(z,5)]ds

— >0
F(z,00)2 =

Vo<z<a,b>0.

Va,b>0. (3.11)

so that, in particular,
. Jo f(t0)dt _ - Jo f(0)dt _ £(0,0)
a>0 F(x,00) -0t  F(z,00) IS f(0,s)ds

Combining (3.11) with
£(0,0) = e—v(o)7 / f(t,0)dt :/ £(0,5)ds :/ V(D) dt |

we conclude the proof of (3.9). O
Corollary 7. Let V : [0,00) — R be a Lipschitz function such that
!
Vﬁr) is increasing on (0,00), (3.12)

and p = e~V dz is a probability measure on R%. Then
e—V(O)
WENF) > —— u(B)u(F), (3.13)

eV 0 )

for every pair of width-decreasing sets E and F in R?.

Proof. Arguing as in the proof of Corollary 2, we now see that (3.12) implies the validity of (3.8).
In particular, combining Lemma 5 with Theorem 1, we immediately deduce (3.13). ]

APPENDIX A. PLANAR SYMMETRIC CONVEX SETS ARE WIDTH-DECREASING SETS

In this section we prove that Ky is a subset of the family of width-decreasing sets. This
result was first proved by Borell [2]. For the sake of clarity, we include here a new elementary
geometric proof of this fact.

Theorem 2. A planar convex set, symmetric with respect to the origin, is a width-decreasing
set.
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We first present two simple lemmas, that shall be used in the proof of the theorem. Let us
first note that any strip S of width h (i.e., S = {z € R? : |z - v| < h} for some v € S!), satisfies

%@):{7d1 if s € (0,n),

arcsin(h/s), if s> h,
where arcsin : [0, 1] — [0,7/2] is the inverse function of the sinus on [0,7/2]. In particular (2.2)
is equivalent to check that, if Og(r) < m/2, then

r sin(fg(r))

(A1)

0p(s) < arcsin < ) , Vs>, (A.2)

since any strip S with 0g(r) = 6g(r) has width h = r sin(fg(r)). From these remarks we easily
obtain the following criterion for a set to be width-decreasing.

Lemma 8. Let E be an open set in R?, symmetric with respect to the origin, containing the
origin, and such that

Op(r) < g = there exists 6 > 0 such that Oy < 0g on [r,r +9), (A.3)

for every strip S with 0g(r) = 0s(r). Then E is a width-decreasing set.

Proof. Tt is clear from (A.3) that 0 is a decreasing function. In fact, with the help of (A.2), we
easily deduce from (A.3) that, if we set,

GE(T + 6) — HE(T‘)

DY0p(r) = limsup , (A.4)
e—0t €
then, for every r > 0 such that 0z(r) < 7/2, we have
tan(0
D*op(r) < —2208() TE(T)) <0. (A.5)

Let now r > 0 be such that 0g(r) < w/2, let S be a strip such that 0g(r) = s(r), and set
ro=sup{s >r:0p <60gon (r:s)}.
We have to prove that rg = co. Assume on the contrary that ro < co. Since 0 is decreasing,
0r(ro) < 0r(r) < /2. By (A.3) (applied with ry in place of r), there exists ¢ > 0 such that
0p <0g, on (rg,ro+9), (A.6)

where S’ is any strip such that 0g/(rg) = 0g(ro). The strip S has width h = rsin(6g(r)), while
the strip S” has width ' = rosin(0g(ro)). By (A.5), the map s — ssin(fg(s)) is decreasing,
therefore

Osr <60s, on (0,00). (A7)
By (A.6) and (A.7) we conclude that 6 < 6g on (r,ro + J), against the maximality of ro. Thus
ro = oo and the lemma is proved. ]

Given three points P, @, R in the plane, we denote by (PQR) the angle at @) defined by the
points P and R.

Lemma 9. Givenr >0, € (0,7/2) and a € (0,7/2—0), let P =7r¢e?, Q = re'™ 0= The
angle 3 between the lines Lpg and Lop depicted in Figure 4, satisfies

6:6+%. (A.8)
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FIGURE 4. The situation in Lemma 9.

Proof. Since |P| = |Q|, the angles (OPQ) and (OQP) are both equal to 3. This implies that
26+ (QOP) =,
from which the formula for 3 follows immediately observing that
(QOP)=7m—0—(a+0),
see Figure 4. O
We are now in position to show Theorem 2.

Proof of Theorem 2. Let E € Kg, let > 0 be such that 0g(r) < 7/2, and let S = S(h,v) be
any strip of width h = r sin(6g(r)), so that Og(r) = Og(r). We consider two cases.

Case 1. If EN OB, consists of a pair of disjoint open circular arcs.

In this case, by convexity, we easily find that, for a suitable v € S', the strip S = S(h,v)
satisfies
SNB,CENB,.

Then, again by convexity, £\ B, C S\ B,, and thus
AV ENOB,) < A (SNOB,), Ys>r.

In particular, 0g(s) < 0s(s) for every s > r, as required.
Case II. If EN 0B, consists of N > 2 pairs of disjoint open circular arcs.

Thanks to Lemma 8 (see (A.5)), we are left to prove that

tan(0
__tan(Bs(0)

T
where DT0g(r) is defined as in (A.4) (note that we need the strict sign in (A.9) to obtain the
validity of (A.3) for some ¢ > 0). By assumption, we know that

DY0p(r) , (A.9)

N
ENoB, =) LuJ,, N=2,
h=1
where Ij, and Jj, are open circular arcs in dB,., opposite to each other (i.e. J, = {—z:x € I}}).
Since F is open, convex, and symmetric with respect to the origin, we find that, for every € > 0
sufficiently small

N
ENdBy.= ] I UJi, (A.10)
h=1
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where I; and J; are opposite open circular arcs in 0B, 4., with

7‘—1—5[}“ JﬁQT+E

If C Jh .

We are going to prove (A.9) from the following upper bound for /' (I) in terms of " (Iy):
whenever 1 < h < N,

ALY < AV (Iy) + ;(%1(Ih) —or tan(@E(T))> +o(e), (A.11)

as ¢ — 0. Before coming to the proof of (A.11), let us see why it does imply (A.9). From (A.10)
we find that

Op(r+ &) — Op(r) = i (

AN ENOBy.) A (ENIB,)
r+e r

_ 1 f: (7 i) (1~ ;) — HMDy)) + ofe)
h=

N
Z ( - 2€tan(6E(r))> +o(e) = —; N tan(0g(r)) + o(e) .

Dividing by € and letting ¢ — 0, we immediately find (A.9) (note that we can achieve the strict
sign thanks to the fact that N > 2).

We are thus left with proving (A.11). Without loss of generality, we can argue on I; and
I7. Up to a rotation we can assume that

I ={re't:|t| <6}, J={-ret:|t| <6},
where 0 satisfies
0<60<0p(r), (A.12)
(in particular, § < 7/2, and the point P = re'? belongs to the relative boundary of I in 0B,).
Let now ¢ € (0,7) be such that the point @ = r e’ satisfies
Qe (ENIBI\ (L1 U ).

where OB, = 0B, N{xy > 0}. It is clear that ¢ cannot be too close to 0 or to . More precisely,
if we define « so that
p=m1m—0—q«,
the fact that
AH(ENOB)\ (11U ) = r(205(r) - 26),

gives us the estimate

a>20g(r) — 26, (A.13)
see Figure 5. Now, let Lpg denote the line passing through P and @, and let
P. = (r+¢) 9 (A.14)
be the point satisfying
P. € LpgNodB, ., El_i)%l+ P.=P,

(see Figure 5). Since E is convex and open, we have the inclusion

IEc{(r+e)et: |t <)},
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FIGURE 5. To prove (A.11) we use the bound J#" (I) < 2(r + £)6(c, ¢), and we show
that 0(e, ) = 0 — ey + O(e?), with v > tan (6g(r)) /7.

from which we derive the following upper bound for ! (I5):
HNIT) < 2(r +€)f(e, ).

Let us now estimate 6(e, ¢).
Set v = €, w = €07/ and define the points P! = P+¢cv, P! = P/ +evyrw, where y > 0
is such that P! € Lpg. Let us observe that |P. — P/| < Ce?, or equivalently

(r+e)e?e?) = P = P+ ecv+eyrw+ O(e?),
from which we get
(r+e)tan(d — 0(c, @) = eyr + O(e?),
see Figure 5. Hence, using that tan(d) = § + O(82) for § small, we easily obtain
(e, p) =0 — ey + O(£%).
Now, if we define 3 = (P/PP!), then we have yr = tan(3), and by Lemma 9

a
=0+ —.
p=0+7

By (A.13), this implies the crucial estimate

v > w (A.15)
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Collecting all together and recalling that 7 (I;) = 2rf, we finally obtain
HOHIE) < 2(r +e)b(e, ) = 2(r +¢)(0 — ) + O(?)
= 2rf + (20 — 2ry) + O(£?)
= A1) += (A (L) = 2%) + O,
which combined with (A.15) leads to (A.11), and hence to the proof of the theorem. O

REFERENCES

[1] Barthe F., Transportation techniques and Gaussian inequalities, in Optimal Transportation, Geometry, and
Functional Inequalities, edited by L. Ambrosio, Edizioni della Scuola Normale Superiore di Pisa, 2010.

[2] Borell C., A Gaussian correlation inequality for certain bodies in R™. Math. Ann. 256 (1981), no. 4, 569-573.

[3] Harge G., A particular case of correlation inequality for the Gaussian measure. Ann. Probab. 27 (1999), no.
4, 1939-1951.

[4] Khatri C. G., On certain inequalities for normal distributions and their applications to simultaneous confi-
dence bounds. Ann. Math. Statist. 38 (1967), 1853-1867.

[5] A.V.Kolesnikov, Geometrical Properties of the diffusion semigroups and convex inequalities, preprint (2006).
Available at http://www.math.uni-bielefeld.de/~bibos/preprints/06-03-208.pdf

[6] Pitt L. D. A Gaussian correlation inequality for symmetric convex sets, Ann. Probability 5 (1977), no. 3,
470-474.

[7] Schechtman, G., Schlumprecht, T. and Zinn, J., On the Gaussian measure of the intersection, Ann. Probab.
26 (1998), no. 1, 346-357.

[8] Sidak, Z. Rectangular confidence regions for the means of multivariate normal distributions. J. Amer. Statist.
Assoc. 62 (1967), 626-633.

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF TEXAS AT AUSTIN, 1 UNIVERSITY STATION C1200,
AusTiN TX 78712 USA
E-mail address: figalli@math.utexas.edu

DIPARTIMENTO DI MATEMATICA “U. DINI”, UNIVERSITA DI FIRENZE, VIALE MORGAGNI 67/A, 50134
FirReNzE, ITALY
E-mail address: maggi@math.unifi.it

DIPARTIMENTO DI MATEMATICA “F. CASORATI”, UNIVERSITA DI PAVIA, VIA FERRATA 1, 27100 PAVIA,
ITALY
E-mail address: aldo.pratelli@unipv.it



