AN OVERVIEW ON CONSTRAINED CRITICAL POINTS
OF DIRICHLET INTEGRALS

LORENZO BRASCO AND GIOVANNI FRANZINA

ABSTRACT. We consider a natural generalization of the eigenvalue problem for the Lapla-
cian with homogeneous Dirichlet boundary conditions. This corresponds to look for the
critical values of the Dirichlet integral, constrained to the unit L? sphere. We collect some
results, present some counter-examples and compile a list of open problems.
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1. INTRODUCTION

1.1. The spectrum of the Laplacian. Let us consider an open and bounded set  C RY,
with N > 2. By means of the Spectral Theorem for positive, compact and self-adjoint
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operators (see for example [21, Theorem 1.2.1]), it is a classical fact that the Helmholtz
equation

(1.1) —Au=Au, inQ, u=20, on 01,

admits nontrivial solutions only for a discrete set of values A > 0, called eigenvalues of
the Dirichlet-Laplacian on €. A corresponding nontrivial solution w is called eigenfunction
and the pair (u, \) is usually referred to as eigenpair.

Here solutions are always intended in weak sense, i.e. the eigenfunctions v must belong
to the homogeneous Sobolev space D(l)’z(Q). The latter is defined as the completion of
C5°(§2) with respect to the norm

1
2
o [Vellza@ = ( / rw%) .

Observe that the space D(l)’z(Q) can be defined for general open sets, not necessarily
bounded. Moreover, when the set {2 supports the Poincaré inequality

Co / p|? do < / \Vo|? de, for every ¢ € C§°(92),
Q Q

we have that Dé’Q(Q) coincides with the more familiar space Hg (), defined as the closure
of C§°(£2) in the standard Sobolev space H'().

By the Lagrange’s Multipliers Rule, it is easily shown that each eigenvalue can be seen
as a critical value of the Dirichlet integral

@ — / V|? dz,
Q
constrained to the “manifold”
5:(2) = {e € D@ ¢ lllize) = 1}-

The associated eigenfunctions are then the corresponding critical points.
By using the well-known spectral properties of the Dirichlet-Laplacian (see [21, Chapter
1]), we can single out the following remarkable properties of these critical values:

(€1) the Dirichlet integral
/ Vel da,
Q

constrained to S2(£2), only admits a discrete sequence of positive critical values,
accumulating to +00. We indicate it with

Spec(Q) = {A1(2), X2(Q2), ... };

(&2) the corresponding critical points give an orthonormal basis of L2();

(€3) the constrained minimization problem admits a global minimum, which coincides
with the first eigenvalue A;(Q);
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(&) if Q2 is connected, then A;(£2) is simple, i.e. global minimizers on S3(€2) are unique,
up to the choice of the sign. Morever, A1 (2) is the only critical value with constant-
sign eigenfunctions;

(&s) if © has a number # of connected components {€2;};, then

#
| Spec() = Spec(9),
7=1

and

(1.2) A1(6) = min A (€2;);

(&) each critical value has a variational characterization, given for example by the
Courant-Fischer- Weyl min-maz principle

(1.3) \e(Q) =  min {maX/Q\w\?dx}, ke N\ {0},

Fexn(Q) | per

where

Yr(Q) = {.7-" = FNS2(N) : F m—dimensional subspace of Dé’2(Q) im > k}

1.2. The g—spectrum of the Laplacian. We now try to revert the point of view and
adopt directly the one of Critical Point Theory. Then we ask the following simple question:

what can be said about the critical values of the Dirichlet integral, constrained to the unit
sphere

Sq(Q) — {u c D(l)’2(ﬂ) : HUHLQ(Q) = 1}7
with q # 2%

Remark 1.1. In this paper, we always consider the case ¢ > 1 and ¢ < 2%, where the
latter is the critical Sobolev exponent. The cases ¢ = 1 and ¢ > 2* are certainly interesting
(in the first case, the notion of critical value should be carefully adapted), but they present
additional difficulties and they will not be considered here.

We point out that switching from L? to L? completely destroys the Hilbertian structure
of the problem. Thus, we can not expect to obtain a linear eigenvalue-type equation, nor
to apply the standard tools of Spectral Theory to answer the question above.

More precisely, by the Lagrange’s Multipliers Rule, we see that in this new setting the
critical values A\ are those numbers for which the Lane-Emden equation

(1.4) — Au=\|u|""?u, in Q, u=20, on 09,

admits nontrivial solutions. We point out that equation (1.4) has to be coupled with the
normalization u € §;(£2). If one wants to get rid of this normalization, the correct version
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of this eigenvalue equation is'

(1.5) —Au=\ HuHLq lu[72u, in Q, u=20, on J.

Observe that the right-hand side is mlldly nonlocal, due to the presence of the L? norm.
We can define the g—spectrum of the Dirichlet-Laplacian on §) as

Spec(€;q) = {)\ € R : equation (1.5) admits a solution in Dé’Z(Q) \ {0}}

Accordingly, we call any element of this set a g—eigenvalue of 2. A corresponding solution
u will be called g—eigenfunction and the pair (u, \) will be referred to as q—eigenpair.

Remark 1.2 (Unconstrained critical points). It is useful to keep in mind that the eigen-
value problem considered in this paper is equivalent to the problem of finding critical points
of the “free” functional

1 1
¢)=2/\V@!2dw—/lsﬁ\qdw7 ¢ € Dy2(9).
Q q Jo

Thus the study performed in this paper is connected to the problem of studying and
classifying solutions of the Lane-Emden equation

—Au=|ul"%u, inQ, u=0, on JN.
We refer to Proposition 2.8 below, for more details.

Very little is known on the precise structure of Spec(2;¢). A basic result assures that
this is a closed set, see [17, Theorem 5.1]. Moreover, it is unbounded, as it contains a
sequence of g—eigenvalues diverging to +00. Such a sequence is constructed by mimicking
the variational characterization (1.3). Namely, for every k € N\ {0} one can define

(16) Masa) =t [ 9g2ar).

FeXi(2q) pEF

where
Yk(Q9) = {.7: C §4;(9) : F compact and symmetric with v(F) > k},
and -y is the Krasnosel’skii genus, defined by
~(F) = inf {k € N\ {0} : 3 a continuous odd map ¢ : F — Skil}.
Then one has (see [17, Theorem 5.2])
Specys(2;q) := {Mk,L5(2; ) brem {0y C Spec(£2;q) and Hm Ay, 1s(8;q) = +oo.

IThis corresponds to look at nontrivial critical points of the Rayleigh—type quotient

/ vl ds
( / de)
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The set Specy ¢(; q) is called Lusternik-Schnirelman q— spectrum of the Dirichlet-Laplacian
on Q.

1.3. So similar, yet so different! By anticipating some of the conclusions of the paper,
we now summarize some peculiar properties of the g—spectrum of the Dirichlet-Laplacian
of an open set. In particular, we analyze to which extent properties (1) — (&) are still
valid for ¢ # 2:

(&1,4) in general, property (£1) fails to be true for 1 < ¢ < 2, i.e. we can construct an open
set €2 such that Spec(£2;¢) is not discrete and has countably many accumulation
points (see Example 3.5). On the contrary, for 2 < ¢ < 2*, this is an open problem;

(&2,4) essentially nothing is known on the counterpart of (£2);

(&s,4) property (&3) is still true for ¢ # 2 (see Subsection 2.3). However, differently from
the case ¢ = 2, for 1 < ¢ < 2 it may happen that the first g—eigenvalue is not
isolated in the spectrum, i.e. it is an accumulation point of elements of Spec(£2; q)
(see Example 3.6). For 2 < ¢ < 2*, it is not known whether the first ¢g—eigenvalue
is isolated or not;

(E4,4) property (&) is still true for 1 < ¢ < 2 (see Theorem 3.1), but it may fail for
2 < g < 2* (see Example 4.7). It is interesting to notice that the set of Example
4.7 has a trivial topology (actually, it is starshaped);

(&s,4) property (&) fails for ¢ # 2 (see Remark 2.7). However, for 2 < ¢ < 2* the identity
(1.2) is still true. On the contrary, the latter is false for 1 < ¢ < 2 (see Example

3.6);
(&6,4) property (&) fails for 1 < ¢ < 2, in the sense that one can exhibit a set for which

Specys(§2; q) # Spec(2; q),

(see Example 3.5). Here the role of the Krasnosel’skii genus is immaterial, in the
sense that the same counter-example still works if we replace the Krasnosel’skii
genus with any other index (i.e. Zo—cohomological index or Lusternik-Schnirelman
category, just to name a few). We refer the reader to [30, Chapter II, Section 5] for
index theories.

For 2 < ¢ < 2%, this is an open problem.

Remark 1.3 (Back to ¢ = 2). It is useful to keep in mind that for ¢ = 2, it can be
shown that the Lusternik-Schnirelman spectrum coincides with the whole spectrum of the
Dirichlet-Laplacian, see for example [6, Theorem A.2].

Remark 1.4 (One-dimensional case). Up to now, the whole discussion has concerned the
case of dimension N > 2. In the one-dimensional case, if we take Q = (a,b) C R, then all
the interesting phenomena highlighted above disappear. In particular, by [29, Theorem II]
we have that Spec((a,b); q) is discrete and by [14, Theorem 4.1]

Spec((a, b); q) = Specs((a,b); q),



6 BRASCO AND FRANZINA

see also [17, Theorem 5.3]. However, even in the one-dimensional case disconnected sets
may give weird phenomena, see Remark 3.7 below.

1.4. Style of the paper. Where possible, we tried to present proofs which are based on
variational principles, rather than on the linearity of the Laplace operator. Also, we tried
to keep at a minimal level the regularity assumptions on the sets and the use of regularity
for eigenfunctions. For these reasons, many of the results and techniques presented in this
paper can be easily generalized to the case of the p—Laplacian. This corresponds to replace
the Dirichlet integral with the p— Dirichlet integral, i.e.

go»—>/|V<p|pda:, for 1 < p < oc.
Q

In this case, the equation (1.4) must be replaced by its quasilinear version
—Apu = Au|??u, inQ, where — Ayu = —div(|VulP~2 Vu).

This eigenvalue-type equation has been introduced in [29]. However, in this case, all
the proofs that use a linearization of the equation (see for example Proposition 4.3 and
Theorem 4.5) should be handled with care and the extension of the relevant results to the
p—Laplacian are not so straightforward. Some results can be found in [17].

In this paper, we preferred to stick to the case of the Laplacian, which is already rich of
weird and interesting phenomena... and of open problems, as well.

Finally, ca va sans dire, we do not claim that the present work is complete or exhaus-
tive. This paper only reflects the authors’ mathematical taste and their knowledge on the
problem under consideration.

1.5. Plan of the paper. In Section 2 we collect some definitions and basic facts. The
core of the paper is represented by Sections 3 and 4, where we separately present our
eigenvalue problem, for 1 < ¢ < 2 and ¢ > 2. Both sections have the same structure: we
first present the known results, discuss a handful of counter-examples which highlight the
main differences with the case ¢ = 2 and list some open problems. A pair of appendices
complement the paper and contribute to make it self-contained.

Acknowledgments. We thank an anonymous referee for his careful reading and his com-
ments. This paper evolved from a set of notes for a talk delivered by the first author
at the workshop “Nonlinear Meeting in Turin 2019”. The organizers Alberto Boscaggin,
Francesca Colasuonno and Guglielmo Feltrin are kindly acknowledged.

2. PRELIMINARIES

2.1. Notation. We indicate by Bg(z¢) the N—dimensional open ball with radius R > 0,
centered at zy € RY. When the center is the origin, we simply write Bg. We use the
standard notation

WN = |31’,

for the N —dimensional measure of the ball of radius 1.



CONSTRAINED CRITICAL POINTS OF DIRICHLET INTEGRALS 7

We define the critical Sobolev exponent
400, if N =2,
2% =
2N
—, if N>3.
N_9 i >3

Occasionally, we will use the celebrated Sobolev inequality for ¢ € Dé’z(Q), ie.

2
. i
(2.1) TN (/ || dw) §/ \Vo|? de, for N > 3.
Q Q

In dimension N = 2, the previous inequality does not hold. In this case, we will use the
Gagliardo-Nirenberg interpolation inequality

XY—4q
vy

22) T, (/ |<p|7d:c>w < (/ |w\2dg;> (/ |¢|qu>”, for v > g > 1.
Q Q Q

2.2. Sets, monotonicity and scalings.

Definition 2.1. Let Q € RY be an open set and 1 < g < 2*. We say that Q is ¢— admissible
if the embedding D(l)’2(Q) — L1(Q) is compact.

Under the condition of g—admissibility, one can still produce the Lusternik-Schnirelman
g—spectrum of the Dirichlet-Laplacian on 2. Indeed, the existence of this sequence is
based on the validity of the so-called Palais-Smale condition (see [30, Chapter II, Section
2]), which is assured by the compactness of the embedding Dé’z(Q) — L9(9).

Remark 2.2. It is well-known that if Q has finite N —dimensional Lebesgue measure, then
it is g—admissible for every 1 < ¢ < 2*. However, a set may be g—admissible for some
¢, even if its measure is infinite (see [26, Example 15.5.3] and [7, Example 5.2] for some
examples).

More generally, it is useful to keep in mind the following facts:

o for 1 <q<2
D(l)’2(Q) — L9(Q) is continuous = Dé’Z(Q) — L1(Q) is compact,
see [26, Theorem 15.6.2] and [7, Theorem 1.2[;
e for 2 < q<2*
D(l]’Q(Q) — L9(§2) is compact = Dé’Q(Q) < L*(Q) is compact,
see [26, Theorem 15.6.1].

By using that for ' C Q we have Dé’Z(Q’) C Dé’Z(Q), it is easily seen that
(2.3) AkLs(49) < Aps(59), for 1 <¢q<2"and k € N\ {0}.
Moreover, by the scaling properties of the equation (1.5), if A € Spec(£2;¢) then

tN_z_g N)e Spec(t Q; q),
for every ¢t > 0.
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2.3. The first g—eigenvalue. By using the definitions of A1 1,5(£2; ¢) and of Krasnosel’skii
genus, it is easy to see that

M,Ls(Q;q) = min{/ |Vg0]2d$ D p € Sq(Q)}.
0

Thus A1 15(€2; q) is the sharp constant for the Poincaré-Sobolev inequality

2
(2.4) Ms(©:q) ( / \s@lqdfﬂ) < [ (9ol da.
Q Q

On the other hand, if (u, A) is a g—eigenpair, by testing the weak formulation of (1.5) with

u itself, one obtains
2
/ \Vul|? dz = A (/ |u]qd:c> .
Q Q

By recalling (2.4), one then gets
M,Ls(59) < A, for every A € Spec(Q;q).

Thus A; 15(€;q) is really the first eigenvalue of our eigenvalue problem (1.5). For this
reason, from now on, when referring to this value we will drop the uncomfortable subscript
LS and simply write \1(2;q).

Proposition 2.3. Let 1 < q < 2* and let @ C RN be a gq—admissible open connected set.
Then any first q—eigenfunction of the Dirichlet-Laplacian must have constant sign.

Proof. Let us suppose that u € D(l]’z(Q) is a first g—eigenfunction, such that both u, and
u_ are nontrivial. Here uy and u_ are the positive and negative parts, respectively. By
observing that |u| € Dé’Q(Q) and that

/!V\uﬂzd:ﬁ—/ V|2 da, /’yu\‘qu_/ ul? dz,
Q Q Q Q

we get that |u| is still a first g—eigenfunction. We suppose for simplicity that

/ lu|?dx =1,
Q

/(Vu, V) de = A(Q;q) / |u|2 u o de, for every ¢ € Dé’Q(Q),
Q Q

thus by minimality, v and |u| solve

and

/<V|u], V) dr = A (9Q;q) / lu|?t ¢ de, for every o € Dy ().
Q Q
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We now observe that uy = (Ju| + u)/2, thus by summing the previous equations we get

w972 u - |u|7!
/Q<Vu+,Vso>dx=A1<9;q>/Q(' e >sod$

o Ul +u
= A(29) /Q Jul72 ||2 pdx
= M1(2;9) / |u|972 uy pdz, for every ¢ € Dé’Q(Q).
Q
By observing that |u[9™2u, = u‘fl, we get from the previous computation that uy is a
non-negative weak solution of
—Auy =M (Qq)ul in Q.

In particular, it is a weakly superharmonic function in 2. On the other hand, the function
u4 has to vanish on a set of positive measure, since we are assuming that both u; and u_
are nontrivial. We now get a contradiction with the minimum principle. ]

Remark 2.4. For the case 2 < g < 2%, there is an even simpler proof of the previous fact.
Let us suppose that u € D(l)’Q(Q) is a first g—eigenfunction, such that both u, and u_ are
nontrivial. Again, we can assume without loss of generality that

|ull ey = 1.
By testing the equation with u., we obtain

[V de = n@50) [ w)rd
Q Q

Thanks to the normalization taken, we observe that for ¢ > 2 we have

(/Q(“”qu)i > /Q(“”qu'

Here we used that t < t%, for 0 <t <1 and 0 < a < 1. This in turn implies that

This violates the minimality of the value A1(€2; ¢). This proof does not work for 1 < ¢ < 2.

2.4. Miscellaneous stuff. The following mild regularity result is certainly well-known,
this can be found for example in [17, Theorem 2.2]. Here, the main focus is on the precise
scale-invariant estimate. Observe that the constant entering in the estimate does not
depend on the measure |2 of the set. For this reason, we can consider open sets with
minimal assumptions. We provide a proof based on the Moser’s iteration technique.
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Proposition 2.5. Let 1 < ¢ < 2* and let Q@ C RN be a q—admissible open set. If
U e Dé’2(Q) is a q—eigenfunction with eigenvalue A, then U € L (). Moreover, we have
the estimate:

o if N >3
2*
1020y < Covg (VA) 71U o
e if N=2
Cq\[\HUHLq(Q), if 2 <q<2%,
Ul o) <

A )
Cq \/m\/XHUHLq(Q), ifl<qg<2.

Proof. We can assume without loss of generality that U is positive. For simplicity, we set
92—
(2.5) A=A HUHLq(qQ).

Since this result is quite standard, we assume to know that U is already in L>°(Q2) and just
focus on obtaining the claimed a priori estimate. The complete result would follow just
by replacing the test function U? below, with min{U, M}? for M > 0 and then letting M
goes to +0o0. We leave the details to the reader.

We find it useful to distinguish the cases ¢ > 2 and 1 < ¢ < 2. Indeed, even if the idea
of the proof is the same, some computations are different. Moreover, the cases N > 3 and
N = 2 will need a different treatment, as usual.

Case 2 < ¢ < 2*. We test the equation (1.5) with ¢ = UP, for some § > 1. This gives

q

—2 2
) P >
452/‘VU62+1 dm:A/U'l—lUﬁdmgA (/ U%) ' (/U‘*ﬁlqu>q.
(B+1)* Jo Q 0 Q

If N > 3, we can now use Sobolev inequality (2.1) in the left-hand side, so to get

2 2
Btlge o\ 2 (B+1)> _ g1 a
Q Q
We observe that (recall that 5 > 1)
(B+1)?* _B+1
i3 = 2
then, if we set ¥ = (5 + 1)/2, from (2.6) we get

_1 1 1
(/ U dx)” < <A>” 929 (/ U‘qux>§q.
Q Tn Q

where we used the definition (2.5) of A. We introduce the sequence of exponents

9 9% i+1
Yo =1, 79i+1:79i:<> , 1€N.
q q
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We start with ¢ = 0 and iterate the previous scheme infinitely many times. By observing

that - )
> % - and Hﬂ’? Crgs

*

we end up with

_2*
1012y < € (VA) ™7 Ul ooy

If N =2, we need to use (2.2) in place of (2.1). More precisely, if we take v = 2¢ in (2.2)

and use the equation (1.5) as above, then we get
1 1
dl’>2 </ Uﬁglqdm>
Q

2
C </ U‘T?qu> ! (/ ‘VUBH
Q
(B +1)2 b1 @
S\/A 48 HU|Lq (Q) /QU tdx ’

which replaces (2.6), where C' = C(q) > 0. We can now repeat the same iterative scheme
as above, by replacing 2* with 2 q. We leave the details to the reader.

Case 1 < ¢ < 2. We test again the equation (1.5) with ¢ = U?, for some 8 > 1. As before,

we get
48 /‘VUBH daz—A/UM U da.
(B+1)2

If N > 3, we use Sobolev inequality in the left-hand side, so to get

2
1ow bra 2
(2.7) Tn (/ Uﬁ%2 dx>2 SAM/Uﬂ+q—1dx_
0 43 Q

If we define the sequence of exponents

*

Bo =1 and 5i+1:(5i+1)%—(q—1), i €N,

we can obtain from (2.7)

®

Bitrta—1 g, < (Bi+1)* > </ Bi+q—1 )2.
/QU dr <TN 15 QU dx

We observe that (s )2 8
i+ 1 i+ 1
< < 2(B; —1),
15 S 2 < (Bi+q—1)

and further define ¥; = 8; + ¢ — 1, with ¢¥g = ¢q. Then we get

1

19-11 A %19- 1 % ﬂiH%
(/ U’9i+1d:n> " < 219) " ((/ U’%‘dx> ) .
Q TN Q

We introduce the notation

Y = ||UHL191'(Q)7 i €N,
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then the previous scheme rewrites as

1

A % 19.1 9 2%
Yita < (219z‘> Tyt
TN

We start with ¢ = 0 and iterate this scheme: after n steps we get

1 O (20T ; *
aay e B 5y e
Vo< ()77 Mg () o
Tn i=0
We now observe that by construction?
2%\' 2% .
191-N<2> [q+(2—q)2*_2], for ¢ — oo,
thus we get
n %\ t+1 *
(2 i 2 (%) 2N\ s B 7
im | — == ,
and
) (2)714—1 ﬁ
lim Yoﬂnﬂ 2 _ YE)LH@ 9) 3% —5
n—o0

Moreover, we have

n #<£>n7i+l 1 2* nt+tl n 2* —1
: N\, p) 1 il il .
T 007 —,}zﬁ.zexp< (2) 2(5) wer)<re

9
i=0 el i=0

again thanks to the asymptotic behaviour of 9;. In conclusion, we get
1
Yoo <C (Az*ﬁz Y0q> e 3
for a constant C' = C'(N, q) > 0. By recalling the definition of A and Yj, this is the same as

_2*
1Ullz(0) < € (VA) T IUlIgaqo.

This concludes the proof.

2Indeed7 by construction we have

*

2
do = q, Vip1 = (5) (% +2—q),

thus it is not difficult to see that

2% i+1 2% 4 2% k ]
ig1 = <5) Yo+ (2—4q) 5 2 <?> , for 1 € N.
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The case N = 2 needs the following modification. We first observe that by coupling
(2.2) with

2
A1(92;9) </ \go]qu> ’ < / |Vel|? d, for every ¢ € Dé’2((2),
Q Q
we get for v > ¢

2
4 2
Tay /\1 Q; q W (/ lo|” clac)7 S/ \Ve|? d, for every o € Dy2().

We use this estimate with v = 2 ¢, thus in place of (2.7) we now get

C<>‘1(Q;Q))% </K;U/32+12qu> /)VUBH

(B+1)? / B4q—1
<AIT— UPTI=" dx,
43 Q

with C' > 0. We can repeat the iterative scheme as above, again with 2 ¢ in place of 2*. [

dx

The following result is important in order to study the set Spec(£2; q) for a disconnected
set Q. It is contained in [4, Corollary 2.2]: the result in [4] is stated for 1 < ¢ < 2 only,
but a closer inspection of the proof reveals that it still works for ¢ > 2.

Proposition 2.6 (The “spin formula” for disconnected sets). Let 1 < ¢ < 2* with q # 2
and let Q C RN be a q—admissible open set. Let # € NU {+o0} and suppose that

#
0=Jo,
i=1
with Q; C RY being an open set, such that dist(€2, ) > 0, for i # j. Then X is a

q—eigenvalue of Q if and only if it is of the form

q—2

# 9.7 «q
d; \ >~ .
(2.8) A= [Z <) q] for some q—eigenvalue \; of €,
i=1 A
where the spin coefficients 0; are such that

#
i €{0,1} and > 6 #0.
=1

1
_ A\ 24
foul = (/\z> ’

each corresponding q—eigenfunction U of ) has the form

#
i=1

Moreover, if we set
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where C € R and u; € Dé’Q(Q) is q—eigenfunction of Q; with unit LY norm corresponding
to )\z

Remark 2.7. By fixing j and choosing
5 — 1, ifi=y,
iT0, iti#
we get from the Proposition 2.6 that
#

# #
Spec(€2;q) C Spec (U Qi q) and thus U Spec(Q2;;q) C Spec <U Qi q> )
j=1

i=1 =1
However, differently from the case ¢ = 2, the collection of all these spectra does not exhaust
the whole spectrum of
#
Q:Um.
i=1

This will be clear from Examples 3.5 and 3.6 below.
The following result is straightforward, the details are left to the reader.

Proposition 2.8. Let 1 < q < 2* with q # 2, we define the free functional

1 1
Sue) =3 [ 1Veltdo—2 [ felta. jor e DJ(@)

Then we have:
(1) if (u, \) is a q—eigenpair, the function
U=z %
|l o)

is a critical point of §q, with critical value

1 1 _q_
—_ —2 -
(2 q) AT

(2) if U e Dé’Q(Q) is a critical point of §4, then
U U0

1S a4 q— e1genpair.

Finally, we will use the following classical result. For the proof, we refer for example
to [30, Lemma 1.4, Chapter III]. We recall that this is based on testing the equation with
the function (z, Vu) and then using some integrations by parts. We indicate by H¥~! the
(N — 1)—dimensional Hausdorff measure.

Proposition 2.9 (Rellich-Pohozaev identity). Let Q@ C RN be a bounded open set, satis-
fying (at least) one of the following two conditions:

e O is of class C-';



CONSTRAINED CRITICAL POINTS OF DIRICHLET INTEGRALS 15

e () is conver.
Let 1 < q < 2%, if (u, \) is a q—eigenpair, then we have

2

Co A </ |u|qda:>q :/ Vul? (@, o) dHN 1,
Q o0

where
4 .
] ZfN = 2)
q
ConN =
1 1 .
2N (—), if N > 3.
q 2
3. THE SUB-HOMOGENEOUS CASE 1 < ¢ < 2
3.1. Results.

Theorem 3.1 (Simplicity). Let 1 < ¢ < 2 and let Q@ C RN be a q—admissible open
connected set. Then A\1(Q;q) is simple.

Proof. There are different proofs of this fact. We could for example exploit the so-called
hidden convexity, i.e. the fact that the Dirichlet integral is convex along curves of the form

or(x) = (1 — ) uo(x)? + tus ()5,  fort € [0,1],

whenever 1 < ¢ < 2 and wug,u; are nonnegative, see [22, Proposition 4] and also [5,

Proposition 2.6] for a more general statement. Moreover, convexity is strict on functions
satisfying the minimum principle.

Here we prefer to use a trick introduced by Brezis and Oswald in [8], which is based on
the® Picone’s inequality. The latter assures that

(3.1) <w,v (‘f;>> < |Vl

for every pair of differentiable functions 1, ¢, with ¢ > 0 and ¥ > 0. Let us suppose
that u,v € Dé’z(Q) are first g—eigenfunctions. By Proposition 2.3, we know that u, v have
constant sign, we can suppose them to be positive. For simplicity, we further assume that
they both have unit L(€2) norm. If we test the equation (1.5) for u with

U2

u—+e’

%) for £ > 0,

we get

2 2
AL(; q—lvz/ v d</ 2dz = M (s q).
@) [wrt o= [ (va vt de< [ VeP o= n@ig

3As explained in [5, Section 3], this proof and the one based on the hidden convexity are essentially the
same.
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Observe that we used (3.1) above, together with the fact that Vu = V(u + ¢). By taking
the limit as € goes to 0 and using Fatou’s Lemma, we get

(3.2) / ul?v? dr < 1.

Q
We can repeat the above computations, by exchanging the roles of v and v. This also gives
(3.3) / v 2w dx < 1.

Q

We now observe that for 1 < ¢ < 2 and for every a,b > 0
(a9 = b172) (a® — b*) <0,
and the inequality sign is strict, whenever a # b. By taking a = u(x) and b = v(z) and

integrating, we get

0> /(uq_2 —v772) (u? —v?) dx
Q

:/uqd$+/qufc— </uq_2v2dﬂc+/vq_2u2d:ﬁ>
Q Q Q 9]
z/uqda:+/qum—220.

Q Q

In the last inequality, we used (3.2) and (3.3). Thus we get

/ (w2 —v772) (u? — v?) dx = 0,
Q
which in turn implies that u = v in €. ]

Theorem 3.2 (Positive eigenfunctions). Let 1 < ¢ < 2 and let @ C RY be a g—admissible
open connected set. If X € Spec(€);q) admits a constant sign eigenfunction, then A =

A (€5 9)-

Proof. Here as well, there are various proofs of this fact. The quickest one is probably the
one based on the following generalized Picone’s inequality (see [5, Proposition 2.9])

q
(3.4 (ve.v (25 )) < 9l 19u
which holds for 1 < ¢ < 2 and for every pair of differentiable functions %, ¢, with ¢ > 0
and ¥ > 0.
We first observe that we only need to prove that A < A1(€2;¢). Then we take u to be a
positive g—eigenfunction corresponding to A and U to be a first positive g—eigenfunction.
As usual, we take the normalization

/uqdac:/qule.
Q Q
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By testing the equation (1.5) with the function

U4
Y= rur

U1 U1
q—1 —_
A /Qu (g—l—u)q_l dzx /Q<VU,V(6+U)(1_1> dzx

< / |VU|? |Vul?>~9 d,
Q

we have

thanks to (3.4). We used again that Vu = V(u + ¢). If we use Hélder’s inequality in the
last integral and recall that

[ Ivords =@, [ VaPde =
Q Q

we thus obtain .
2 q

U4 2
a1 < . 29
A /Qu (e +u)a1 do < <)\1(Q’Q)) AT

2
e a
q—1 < .
A </Qu (e +uyat dx) < Ml a).

If we now take the limit as € goes to 0, use Fatou’s Lemma and the fact that « > 0 by the
minimum principle, we finally get the desired result. O

that is

The next result assures that there exists a gap in Spec(€2; ¢) after the first g—eigenvalue,
provided the set € is sufficiently “nice”. As we will show in the next subsection, the
assumptions are optimal, in a sense. This is taken from [3], which actually contains a
slightly more general result.

Theorem 3.3 (Isolation). Let Q C RY be an open bounded set, having a finite number of
connected components. Let us suppose that each connected component has a C* boundary.
Then for every 1 < q < 2, the first eigenvalue \1(£2;q) is isolated. In other words, if we
define
inf{\ € Spec(Q2;q) : A > A1 (Q2;9)},

then this is a q—eigenvalue, larger than \1(2;q).

Remark 3.4. Observe that the infimum above is actually a minimum, due to the closedness
of the g—spectrum.

3.2. Counter-examples. In general, for 1 < g < 2 the set Spec(£2; ¢) is not discrete. This
is the content of the next example, taken from [4].

Example 3.5 (The spectrum may not be discrete). Let 1 < ¢ <2 and 0 <r < R. We
take two disjoint balls Br(xo) and B, (yo) and set

B = Bg(z0) U By (yo)-
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Then
(3.5) Specps(B; q) # Spec(B; q).

Moreover, the set Spec(B;q) has (at least) countably many accumulation points.
Proof. This is based on the “spin formula” (2.8). By using this, we can show that every

variational g—eigenvalue of Br(xo) or B,(yo) is actually an accumulation point for the
g—spectrum of B. Indeed, take for example the k—th variational ¢—eigenvalue

Me,Ls(Br(20); q),

defined in (1.6). By Remark 2.7, we know that Ay 1s(Br(z0);q) € Spec(B;q). We now
take the sequence

q—2

<)‘k,LS(B;(930)§Q)) T <An,Ls(Blr(?/0)§Q)>2q] |

By formula (2.8), we know that this is a g—eigenvalue of B. Moreover, by using that
An.Ls(Br(Y0); q) diverges to +00 as n goes to oo and that?

Ank:

)

q g\ L2 1
lim (tﬁ -i-sﬂ) ==

s—0 t ’
we get
Jim Ay = Ar,Ls(Br(20); 9),
as desired. ]

We have seen in Theorem 3.3 that the first g—eigenvalue is isolated for 1 < ¢ < 2,
provided that the set has a finite number of smooth connected components. If we drop
the restriction on the number of connected components, the isolation fails. This example
is taken from [4], as well.

Example 3.6 (The first eigenvalue may not be isolated). Let 1 < ¢ < 2 and let {r;};eny C R
be a sequence of strictly positive numbers, such that

24q

00 i 2q
(3.6) Zri T e,
i=0

We take a sequence of points {x;}ien C RY such that the balls B,,(x;) are pairwise disjoint.

Accordingly, we set
oo

T = B ().

1=0

4Here we use that 1 < q < 2. For 2 < g < 2*. we would have
q—2

lim (tz%q + sﬁ>T = 4o00.

s—0
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Then

Specrs(T5q) # Spec(T5 q).
and the set Spec(T;q) has (at least) countably many accumulation points. Moreover, the
first eigenvalue A\1(T;q) is not isolated.

Proof. The hypothesis (3.6) assures that T is ¢g—admissible, i.e. the embedding D(l)’Q(T) —
L%(T) is compact, see [7, Example 5.2]. The first part of the statement is exactly as in
the previous example. Let us prove that the first eigenvalue is not isolated. By the “spin
formula” (2.8), we know that

o] (52 o Tq
(3.7) M(T;q) = [Z <> ] for some g—eigenvalue \; of B, (x;),

i=1

and some J; such that
6; € {0,1} and > 6 #0.
i=1

We now observe that for every n € N\ {0} the function

2—gq

q

1
(38) (tl,...,tn)'—> 7 7 R t1,.. o ty >0,

tr ety

is monotone decreasing with respect to each variable. Since A1(T;q) has to be the smallest
eigenvalue, this means that we must take

;=1 and Ai = M (Br, (2:);9), for every i € N,

in order to make (3.7) as small as possible®. Thus we have

M(T;q) = [i <W> 2qq] N

i=1
In other words, any first g—eigenfunction of 7" must be supported on the whole set 7. On
the other hand, still by the “spin formula” we have that

i q 12
1 2| !
(3.9) A = <> > MN(T5q)
; M (Bri(xi); 9) o
SHere we crucially use that 1 < ¢ < 2. For 2 < ¢ < 2%, the function (3.8) can be written as
9=2
1 1) ]
(e, tn) = | —/— + -+ — , t1, ..., tn >0,
thf2 t7%72

thus in order to make (3.7) as small as possible, we have to take all §; = 0 except one (this corresponds to
let all ¢; goes to +o00, except one). For this reason, this example does not work for 2 < ¢ < 2*.
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is a g—eigenvalue of 7. By observing that
lim Ay = \i(T59),
k—o0
we get the desired conclusion. O

Remark 3.7. In the previous examples, we took for simplicity disjoint unions of balls. Of
course, the very same examples work by taking disjoint unions of generic open bounded
sets. Also observe that the previous examples work for dimension N = 1, as well. This
implies that [29, Theorem II| and [14, Theorems 3.1 and 4.1] fail to be true if @ C Ris a
disjoint union of intervals. Thus, even in dimension N = 1, we have examples of sets such
that

Spec(€2; q) is not discrete and Spec(€2; q) # Specr,5(£;q),
for 1 < g < 2.

3.3. Open problems. We list here some questions for the case 1 < ¢ < 2 which, to the
best of our knowledge, are open.

Open problem 1. On a “good” open set Q C RV, the g—spectrum is discrete and
Spec(£2; q) = Specg(£2; q).

Open problem 2. Whenever A\1(£2;¢q) is isolated, find a variational characterization of
the second eigenvalue

inf{\ € Spec(Q2;q) : A > A1 (Q;9)}.
Does this coincide with Ay 1,5(€2;¢) defined in (1.6)?

4. THE SUPER-HOMOGENEOUS CASE 2 < g < 2*

4.1. Results. In this case, the situation for the first g—eigenvalue abruptly changes. As
we will see, Theorems 3.1 and 3.2 do not hold anymore. However, let us start with a
positive result.

Theorem 4.1 (Simplicity in a ball). Let R > 0, then for every 2 < q < 2* the first
eigenvalue A\1(BRr;q) is simple.

Proof. We take U a first g—eigenfunction, with unit L? norm. Thanks to Proposition 2.3,
we can suppose that U > 0. We now divide the proof into three steps.

Step 1: reduction to radial functions. Here we use the same argument of [22, Theorem
3, point a)]. We consider the radially symmetric decreasing rearrangement U* of U. This
is the unique radially symmetric decreasing function such that

{x € Br : U(x) > t}| = |{z € Bgr : U*(x) > t}|.

This in particular implies that

1:/ qua::/ (U*)dx.
Br B
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By using the celebrated Pdlya-Szegd principle, we know that U* € Dé’Q(Q) and that
M (Br;q) = / |VU|? dz > / |VU*|? de.
Br Br

The last two displays show that U* is still a first g—eigenfunction, thus actually

/ |VU|2d:c:/ IVU*|? d.
Br Br

We now want to appeal to the characterization of equality cases in the Pdlya-Szegé prin-
ciple. For this, we observe that by Hopf’s boundary Lemma, there exists 0 < r < R such
that

|IVU| > ¢ >0, for r < |z| < R.
This shows that
{z € Br : |VU(x)| =0} € Bg.

Moreover, by Lemma B.1, we have that |VU| # 0 almost everywhere in Bg. In conclusion,
we obtain that

o € By : [VU(z)| = 0}| = 0.

We can now use [9, Theorem 1.1] to infer that U = U*. Thus, any positive first ¢g—eigenfunction
must be radially simmetric decreasing.

Step 2: reduction to a Cauchy problem. We now know that any first g—eigenfunction
U with unit L? norm has the form U(x) = u(|z|). By using spherical coordinates, the
function v must solve the ODE

— (VY = M (Bg;q) o™ Tt ui, in (0, R).
Moreover, by using the Rellich-Pohozaev identity (Lemma 2.9), we have
M(Bg;q) = Cyn R / IVU|? dHN
OBRr

Since U(z) = u(|z|) is radially symmetric and decreasing, this implies that

| \M(Br;q)
—U/(R) = W Cq7N = C

Observe that the last is a universal constant, in the sense that it does not depend on w.
Thus u must be a positive solution of the following “backward” Cauchy problem

—(oN 'Y = M(Br;q) o™V 'wi™l, in (0, R)
(4.1) u(R) = 0
u'(R) = —C.

We are thus lead to show that (4.1) has a unique positive solution.
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Step 3: uniqueness for the Cauchy problem. We claim that (4.1) has a unique
positive solution. In order to prove this, we adapt the argument of [17, Lemma 3.3]. Thus,
we first observe that w is a solution of (4.1) if and only if

o) = [ LA / e (/ " (uBr) P ir)

Let us now suppose that u; and ug are two distinct positive solutions of (4.1). We thus
get

R . R
42l -l < [ MEED ([Tt o) - i o)) ar

e

By using that for ¢ > 2
la? " — b7 < (g —1) (@72 +b972) |a — b, for every a,b > 0,

and recalling the uniform L estimate for g—eigenfunctions (i.e. Proposition 2.5), for every
0 < r < R we get from the previous estimate

R 1 R 3
(4.3) lur — w2l Loo i, m)) < C'llur — w2l Lo, m)) / NI (/ N dT) dt,
T t

where C' > 0 is a uniform constant. We now observe that

R 1 R N1
74151}1% v </t T dT) dt =0,

thus, by choosing r sufficiently close to R, we can have

R 1 R N1 1
_ <
C/r N1 (/t T d7'> dt_2

By using this in (4.3), we get that u; = ug in [r, R], for R — r small enough. We now set

ro = inf {7“ € (0,R) : up =ug on [T,R]}.

By the previous argument, we know that rg < R. We assume by contradiction that rg > 0.
Thus from (4.2) we get for every 0 < o <1y

nte) = uatoll < [ AULED ([N g ) - g o) ar )

e

where we used that u;(7) = ua(7) for 7 € [rg, R]. By choosing r < rg, taking the supremum
over the interval [r,ro] and proceeding as before, we get

[t =zl oo (frop) < C lluar — w2l Loo (o)) / N1 </t ™ 1dT> dt.

By taking r — rg sufficiently small, we can then claim that there exists r < rg such that
u1 = ug on [r, R]. This violates the definition of ry, thus we get rog = 0, as desired. This
finally proves that (4.1) has a unique solution.

Thus the proof of the theorem is complete. O
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Remark 4.2. One could also use the classical symmetry result [18, Theorem 1] by Gidas,
Ni and Nirenberg, to achieve Step 1 of the previous proof. Here we preferred to stick to
a more variational argument.

The previous result can be found in [23, Theorem 2 and Corollary 1]. However, the proof
there is slightly different: namely, in order to show uniqueness for the relevant ODE, the
authors in [23] use a Kelvin—type transform.

The following result is due to Lin, see [24, Lemma 3]. For completeness, we provide a
proof, slightly amended with respect to the original one.

Proposition 4.3 (Simplicity for general sets). Let Q C RY be a 2—admissible open con-
nected set. Then there exists 2 < qo < 2* such that \1(€2; q) is simple for every 2 < q < qo.

Proof. The proof exploits a contradiction argument. We assume that for every 2 < ¢ < 2%,
the first g—eigenvalue is not simple. Thus the problem

(4.4) A1(Q2;¢) = min {/ |V|? da :/\90|qu:1},
eeDy? () LJQ Q

always admits (at least) two linearly independent solutions, which can be taken to be
positive by Proposition 2.3. We take a decreasing sequence {q, }nen C (2,4+00) such that

lim ¢, = 2.

n—o0
Correspondingly, there exist two distinct positive solutions of (4.4) with ¢ = ¢,. We call
them u,, and v, and we set

Agn = M (2 Gn)-
We recall that (see for example [2, Lemma 2.1])

lim / |V, |? dr = lim / |Vup|? dz = lim /\qn—)\l(Q)—/ |Vul|* de,

n—oo

where u € Dé’Z(Q) is the unique first positive eigenfunction of the Dirichlet-Laplacian, with
unit L2(Q) norm. Then it is not difficult to see that

(4.5) Vun — V|l r20) = nh_)rrolo Von — V| 12(0) = 0.

lim
n—oo
We also observe that, thanks to Proposition 2.5, we can assume

(4.6) unllzoo @) + lvnll o) < C; for every n € N.

This entails that for every 2 < v < 400
1-2 2 2
[|wn — UHLV(Q) < Jun — UHLOOW [un — UHZQ(Q) < Clun — uH£2(Q)7

and, similarly
1-2 2 2
|vn — UHLW(Q) < |Jvn — “HLOOV [ UHZ2(Q) < Cllvy, - uH£2(Q)-
Thus from (4.5) and Poincaré inequality, we also get

lim |luy, — ul|pv@) = Hm |[vy — ullpv) =0, for every 2 <y < 4o00.
n—o0 n—oo
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By subtracting the two equations
/<Vun, V) = Aq, / ulrt pde,
Q Q
and
/<va Vi) = Aq, / vt g da,
Q Q
we get
[ =0, 99) = d, @7 o gdn, for o€ DQ)
Q Q

We now observe that for every a,b > 0 we have

1
d
a1 pn :/ Ditar (1 —typymar
0

dt
(4.7) )
=(gn — 1) (/0 (ta+ (1 —t)b)in2 dt) (a—0).
We thus get
(4.8) /Q<V(un —vy), Vo)de = Ay, /an (Up, — vp) pdx
where

For every n € N we set
Up — Up

bn € Dy*(Q),

a [[un — UnHL?(Q)

then from (4.8) we get that ¢, solves the following weighted linear eigenvalue problem
(4.9) / (Vou, V) dr = Ny, | wp dn @ da, for ¢ € Dy (Q).
Q Q

Observe that, since both u, and v, have unit L9({2) norm, we can not have u, > v, or
Up < Uy, in Q. Thus we must have

Q= {r € Q : up(z) >vp(z)} >0 and |Q,]:=|{x € Q : up(x) <vy(x)}] > 0.
This entails that the function ¢, must change sign. We now claim that
(4.10) |wnll oo ) < C, for every n € N,
and

(4.11) wy, converges (up to a subequence) in L2

(Q) to 1.
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The first fact follows from (4.6). To prove the second fact, we take Q' € € and observe
that

/ |wn—1|2d$:/
Q/ /

< /01 / (g — 1) (Fun) + (1 1) ()2 1)2dxdt

§2(qn2)2/01//

+2 /01/ )|tun(x) (1= t) vp(a)]®2 — 1‘2dazdt

2

1
/0 [(q” — 1) (tup(z) + (1 — ) va (@))% — 1} dt| dx

2
lun () + (1 — £) vn(x)|q"_2‘ dz di

<O (gn—2)%+2 /01 / ‘\tun(x) F (1= ) vn(z)|n2 = 1‘2da:dt.
In the last estimate we used the uniform L estimate (4.6). We now observe that
() + (1= (@) ~1[ < €190 € LA x [0,1]),
still by (4.6). In addition, by possibly passing to a subsequence, we have

2
lim ’\tun(a:) (1 —t) vp(a)]®2 — 1‘ —0, forae (ta)el0,1]x Q.

n—oo

Thus (4.11) now follows by using the Dominated Convergence Theorem.
By choosing ¢ = ¢, in (4.9) and using (4.10), we get

/ Von|? dz = Ng, | wn|pn>dz < C / || da = C.
Q Q Q

This shows that {¢n, }nen is bounded in Dé’z(Q). Then there exists ¢ € Dé’Q(Q) such that

¢n, converges (up to a subsequence) to ¢, weakly in Dé’Q(Q) and strongly in L?(€2) (thanks
to the fact that €2 is 2—admissible). In particular, we have

9l z2(0) = 1,

thus the limit ¢ is not trivial. If we take ¢ € C§°(€2) and use (4.11), we can now pass to
the limit in (4.9) and obtain that ¢ satisfies

a0 dr=n@) [ opdn

ie. ¢ is a first eigenfunction for the Dirichlet-Laplacian on Q. By recalling that A;(Q2) is
simple and that ¢ € D(l)’2(Q) has unit L?(Q)) norm, we must have ¢ = u or ¢ = —u. In
particular, ¢ has constant sign.

On the other hand, by recalling that ¢, is sign-changing, we can test (4.9) with ¢} and
¢,, - This gives

/ Vot dr = A, / w |§E 2 dz < C / 65 da,
Q Q Q
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again thanks to the uniform L*° estimate (4.10) on w,. By using Poincaré inequality, we
get

2 1
k1% [ verpdez & [ 1ok ds,

which in turn implies

1 + 2
CC’S|Q”|N’ for n € N.
This contradicts the fact that ¢, converges to the constant sign function ¢. ]

An abstract sufficient condition in order to infer simplicity of A1(£2;¢) is contained in
the following result, which is due to Damascelli, Grossi and Pacella.

Theorem 4.4 (Non-degeneracy implies simplicity). Let Q@ C RN be an open bounded set
such that, for every 2 < q < 2%, the following condition is satisfied:

e for every first positive q— eigenfunction U with unit LY norm, we have
4.12 = min <{ max Vol?dr — (g — 1) M\ (8 / U2 2 dx) } >0,
@12) = i s ([ 9pP o (0= Dnea) [ 00t

where
Yo (Q) = {.7-" = FN&(N) : F m—dimensional subspace of Dé’Q(Q) tm > 2}.
Then \1(£2;q) is simple for every 2 < q < 2*.
Proof. Tt is not difficult to see that uo is the second eigenvalue of the linearized operator
o —Ap—(g—1) M\ (Qq)UT 2.

Then our assumption ps > 0 and Lemma A.1 entail that U is non-degenerate, i.e. 0 is not
an eigenvalue of such an operator, for every 2 < ¢ < 2*. We thus conclude by applying [11,
Theorem 4.4]. O

With the aid of the previous result, Proposition 4.3 can be considerably improved for
two dimensional convex sets. This is still due to Lin, see [24, Theorem 1].

Theorem 4.5 (Simplicity for convex planar sets). Let Q C R? be an open bounded conver
set. Then A\1(€;q) is simple for every 2 < q < 2*.

Proof. We take U to be a first positive g—eigenfunction of €2, with unit L? norm. In view of
Theorem 4.4, it is sufficient to prove that condition (4.12) is satisfied. By Lemma A.1, we
already know that 0 < ps. Thus in order to conclude, we only need to show that pg # 0.
The proof of this fact is quite sophisticated, we reproduce Lin’s argument contained in®
[24, Lemma 2]. We still indicate by HV ! the (N — 1)—dimensional Hausdorff measure.
We argue by contradiction and assume that ps = 0. Thus there exists a nontrivial
function ¢ such that

(4.13) —Ap—(q—1D)M(Qq)UT™2¢p=0, inQ, $=0, ondN.

6The proof in [24] tacitly assumes € to be smooth and strictly convex. Here we avoid smoothness and
strict convexity assumptions.
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We first observe that since U € L>(f2) and  is convex, we have that ¢,U € H%(Q) by
[19, Theorem 3.2.1.2]. This in turn implies that V¢, VU € H'(£;R?) and thus they have
a trace in H'/2(9Q) < L?(9Q). Moreover, by Hopf’s boundary Lemma, it holds

(4.14) 0> o = —|VU|, HN"1—a.e. on 09,
ovq

where vq is the exterior normal versor, which is well-defined HV~!—almost everywhere”.
Then we define the new function

(4.15) w(x) = (x — 29, VU (2)), x € Q,

where zg € R? is a point that will be suitably chosen. Observe that w € W12(Q). By using
the equation for U, the function w weakly solves

(4.16) —Aw— (=DM (% UI2w =21 (¢ UL
By using the equations for U and ¢, we get

0= /Q (VU V) dz — /Q Vo, VU) dz

“ Mg [ U ods— (g - ) a(@ia) [ U ods,
Q Q
which implies that
(4.17) / Ui pdx =0,
Q
thanks to the fact that ¢ # 2. By using (4.13) and (4.16), we get®

0

o Ovg
that is, by further using (4.17)

0
(4.18) / w20 N1
o Ovg
The idea now is to exploit this identity and the convexity of €2, in order to contradict
Hopf’s boundary Lemma.

It is sufficient to reproduce the standard proof of Hopf’s boundary Lemma, by further using the following
fact: if @ C RY is an open bounded convez set, then for HY ~'—almost every yo € 0K there exists Br(zo) C
Q such that

OBRr(z0) N 02 = {yo}.
The proof of this “almost everywhere internal ball condition” can be achieved by using that 0 is locally
the graph of a convex function and that convex functions admits a second order Taylor expansion almost

everywhere (the so-called Alezandrov’s Theorem, see [16, Chapter 6, Section 4, Theorem 1]).
8The boundary integral is well-defined, thanks to the fact that w € H'(R), V¢ € H'(Q;R?).
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Since ¢ is a second eigenfunction of the linearized problem, we can apply Courant’s
Nodal Domains Theorem®, to deduce that the nodal set

{z e o(z) =0},

divides {2 in exactly two sets. We thus have three cases:

(i) the nodal set hits 02 at one point, at most;

(ii) the nodal set hits 02 at two points z¢ # x1 and there exist two directions wp,w; €
S! such that

Li={zx €R? : (x — x4,w;) = 0}, for i = 0,1,
are supporting lines'” for , which are not parallel (see Figure 1);

(iii) the nodal line set hits 9 at two points z¢ # x1 and the supporting lines Lo, L1 at
these points are parallel (see Figure 2).

FIGURE 1. Proof of Theorem 4.4, case (ii).

Case (i) is the simplest one: by taking zy to be any interior point of £, by convexity we
have
w(z) = (x — 29, VU(2)) <0, for HN"1—a.e. z € O9.

9We recall that the proof of this result is based on the Courant-Fischer-Weyl min-mazx formula and the
unique continuation principle for eigenfunctions. Both facts hold for the linearized operator

“A—(g- DM U,
thus one can easily adapt the classical proof of [10, page 452]. For the unique continuation principle, we
refer to [27, Theorem II].

10This means that
Qc{zeQ: (x—zw) <0}, for i =0,1.
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FIGURE 2. Proof of Theorem 4.4, case (iii).

Here we used (4.14). Moreover, thanks to the assumption on the nodal set, the normal
derivative 0¢/0vq must have constant sign on 02. The last two informations, inserted in
(4.18), entail that

@ =0, HN-1_a.e. on ON.
ovq
This contradict Hopf’s boundary Lemma.

In case (ii), we choose zg € R?\ € to be the intersection of the two supporting lines
Ly and Ly, see Figure 1. Observe that it may happen that zy € 9. We now divide 0f2
has follows: E_ is the curve on 0f) connecting xg to x1, in counter-clockwise sense; then
E. =0Q\ E_. By construction, we have

(4.19) / wa‘ﬁdHNl—/ w‘%dHNlJr/ w28 -1
o Ovg B, Ovg B. Ovo

The function ¢ has constant sign on the domain enclosed by E_ and the nodal set, assume
for simplicity that we have ¢ < 0. Then by Hopf’s boundary Lemma

99

> 0, for HN-1—a.e. x € E_.
15,29

Similary, by using that ¢ < 0 on the domain enclosed by F, and the nodal set, we get

2

<0, for HN"1—a.e. z € E,.
Oovg
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On the other hand, by recalling the definition of w and using convexity of {2, we have that
w has constant sign on both E_ and E_. Without loss of generality, we can assume that'!

w >0, on F_ and w <0, on E;.

By using these sign informations in (4.19), we get

/ w 99 dHN1 > 0.
oq Ovg

By recalling (4.18), this in turn implies that
w(z) =0, for HN"1—a.e. x € OQ.

By recalling the definition of w, this would be possible only for €2 coinciding with an infinite
convex cone. Since this is not the case, we get the desired contradiction.

Finally, in case (iii), by assuming for simplicity that Lo and Ly are parallel to the 1
axis, we change the choice (4.15) of w and replace it with the following one

ou
w= .
8:131
It is not difficult to see that (4.18) still holds'®. Then one can proceed as in case (ii) and
get the conclusion in this case, as well. ([l

Remark 4.6. A result analogous to Theorem 4.5 was previously proved by Dancer for
smooth bounded planar sets Q C R? such that (see Figure 3):

e () is convex in the directions x; and xs;

e ) is symmetric with respect to the hyperplanes {z; = 0} and {z2 = 0},

see [13, Theorem 5]. Later on, Dancer’s result was obtained again by Damascelli, Grossi
and Pacella in [11, Theorem 4.1], by using a different proof based on minimum principles.

4.2. Counter-examples. A well-known counter-example due to Nazarov shows that for
q>2:
(1) A1(£2;¢) may not be simple;

(2) there may exist a g—eigenvalue A > A1(€; ¢) with positive eigenfunctions.

The set €2 considered by Nazarov is a spherical shell, i.e. a set with nontrivial topology,
see [28, Proposition 1.2].

The following example shows that the same phenomena can appear even if the set has
a trivial topology. Indeed, observe that the sets (). below are contractible. More precisely,
they are starshaped. This shows that the simplicity of A;(€2;q) for 2 < ¢ < 2* is linked to
the geometry of the underlying set €2 and not simply to its topology.

U1y the case Q is strictly convex, one could infer the stronger informations
w>0, on EF_ and w <0, onEy,

which would immediately lead to a contradiction.
1211 this part, the paper [24] contains a misprint. The term d¢/0z1 there must be replaced by d¢/dvq.
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FIGURE 4. The set ). of Example 4.7.

Example 4.7. Let 2 < ¢ < 2* and 0 < € < 1, we indicate by Q1 the cube

N
le{xERN : Z’xz‘<1}

=1

31
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We set
Of = (Q1 +(1—¢) e1> N {(xl,x’) eRY 1z > 0},
and
Q- = (Q1 - (1 —5)e1> N {(3:1,:13’) eRN ;< 0}.
Then we consider the open set
Q. =07 uQ,

consisting of two overlapping cubes centered at (—1+¢) ey and (1 —¢) ey, both having side
1. There exists eg = €o(N, q) > 0 such that for every 0 < € < &g, we have:
(1) A\ (Qe;q) is not simple;

(2) there exists a q—eigenvalue X > \1(§z; q) with positive eigenfunctions.

Proof. Tt is sufficient to prove that, at least for ¢ > 0 small enough, any first g—eigenfunction
U, does not inherit the symmetry about the hyperplane 1 = 0 from the set €).. Indeed, if
this were the case, then the two functions

Us(z1,2") and U.(—x1,2),

would give a pair of linearly independent first g—eigenfunctions. In other words, we just
need to prove that for ¢ <« 1, we have

(4.20)
/ |Vul|® de
A™(Qesq) = min 2L

u€Dy*(Q:)\{0} ( / [ dw)
Qe

It is easy to see that the quantity AP (Q;¢q) defines a g—eigenvalue for Q..
We then take u. optimal for the variational problem which defines A7 (Q.; ¢). Without
loss of generality, we can assume that u. > 0 and that

/ |u5|qd:v:/ lue|?dz = 1.
QF Q

€ €

cu(zy, 7)) = u(—z1,2") p > M (Qe; ).

SR
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In order to prove (4.20), we first observe that by symmetry

2/ |Vue|? da
of
2
q
(2/ ]uglqu)
of
2/ \Vu|? dx
. Qf
= min

weHI(QD)\{0
GENY (2/ ‘u|qu>
Qf

1—2
=:2" « Mq(Q:>-
On the other hand, by using that Q; + (1 — ) e; C €, by (2.3) we immediately get

Aiym(Qd Q) =

:u=0on o0 N{x; >0}

QN

(4.21) A(Q:59) < M(Q1;9)-

We now claim that

(4.22) lim 11q(QF) = M (Q159).
e—0t

Observe that once we prove (4.22), the claimed estimate (4.20) easily follows from (4.21),
since

v _2
A (Qesq) = 2170 g (),

and the factor 2172/4 ig strictly larger than 1, thanks to the fact that ¢ > 2.
In order to prove (4.22), we first observe that the first g—eigenfunction of the rescaled
cube

(-a)@)+(1-2)er,

is admissible in the variational problem which defines 1,(21). This entails

9.2
(4.23) () < M((L—2) Qusq) = (1— ) 22V M (Qus0)
In turn, we immediately get

lim sup 4 (2F) < A\(Q1;q).

e—0t
We have to show that
liminf,uq(Qj) > M (Q1;9).

e—0t
For this, recall that u. € Dé’Q(QE) is optimal for the variational problem which defines
AP (Qe;q) and consider its restriction to QF. Also recall that we are assuming that u.
has unit L? norm on Q. We take

ne(z1) =1 (ﬂ) :

3
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where n € C§°(R) is a non-negative and non-decreasing function, such that 7(t) = 1 for
t > 2 and n(0) =0 for ¢ < 1. We then use the test function 7. u., so to get

A(Q139) = M(@1+ (1 —¢)ersq)

Lo [P el 90l i 4200
1+(1—¢)er

q
( / - \ua\qdaz>
Qi1+(1—¢)er

We start by estimating the denominator. We have

/ 717 |7 dr — / 72 |7 da
Q1+(1—¢)ex of

-1 (1~ 1) el da
{z€eQi1+(1—¢)e1:0<z1<2¢e}

>1— JJuel|? @) Hre@Qi+(1—¢)e; : 0 <z <2¢}

> 1-C HUEHLOQ(Q+ EN

21—06

where we used Proposition 2.5 and (4.23) to bound the L® norm of the g—eigenfunction
ue, independently of e. By taking € > 0 small enough, raising to the power —2/q and using
the elementary inequality

2
q

(1—t) 7 <1+2(2%7-1)t, for 0 <t <

N =

we get,

q
/ [ne|? |ue|? dx <14+CeN
Q1+(1—¢€)er

for a constant C' > 0 independent of €. Up to now, we obtained

(4.24) M(Q1;9) < (1+C€N)/

ey, LVl el P e+ 20w e
1 —€)el

In order to estimate the last integral, we separately estimate each integrand as follows: for
the first one, we simply have

/ Val P < [ [Vl do = pg(2)
Qi+(l—¢) ey Qr
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For the second integral, we observe that

/ L ? e ? de
QR1+(1—¢€) ey

1
(425) < 5 I e e gy @1 + (1= 2) 1 1 e < 1 < 22
C
< —QEN =CeN2,
€

The third integral can be treated similarly, by observing that

3 1
! 2 9 2 112 2 2
2 Oy Ue Ny Ue Ne dx < 2 |Vue|* nZ de |n2|* uZ dx
Qit(1—¢)ex {e<zi<2¢}
1
2
<2yua(@0) ([t ar)”.

By recalling the uniform estimate (4.23), from (4.24) we finally get for every 0 < e < g9
M(Qu;q) < (1+CeN) (uq(Qj) + 0N 240y 5%) ’

for some constants C, C'1,Cy independent of €. This estimate is sufficient to conclude in
the case N > 3. Indeed, in this case we get

.. _ N-2 ..
M(Qr5q) < liminf (14 Ce™) (uq(QZF)JerN 24 Che 2 ):hgl_gglfﬂq(ﬂi),

and this, in turn, concludes the proof of (4.22).

The case N = 2 is slightly more complicate, since now the estimate (4.25) is a bit
too rough. We need a more precise Holder—type estimate of u. near the junction part
between QF and Q. Tt is sufficient to construct a suitable barrier function: we take polar
coordinates (p,v) centered at (0, —¢). Here p stands for the distance from the “center”
(0, —¢) and ¥ is the angle measuring the deviation from the semiaxis of negative x2. Then
we consider the function

b(0,9) = C [\/g sin (Z) - g sin (g)] ,

for C > 0, see Figure 5. Observe that by construction we have

1
»>00nd0  and —A¢:CA(§ sin(%))z%sin(%) -
Thus, up to choose C' > 0 large enough (uniformly in €), we get

—AY > —Au,, in Q..
By the comparison principle, we obtain

0<u. < in (e,
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F1GURE 5. The graph of the barrier function 1, neeeded to handle Example
4.7 in the case N = 2. In black, the boundary of the set ..

which in turn implies that

/ P e de < / P []2 da
Q1+(1—6) el QR1+(1—¢€)er

12 /
€2 Q1+(1—¢)ern{e<z1<2¢}
It is only left to observe that |i)| < C'y/e on the set Q1 + (1 —¢)e; N{e < x1 < 2¢}. This

permits to infer that
/ L2 Jue | dz < Ce.
Q1+(1—¢)er

We can now conclude the proof as in the case N > 3. |

<

|2 da.

Remark 4.8. The previous example is inspired by an inspection of the papers [13] and
[12].

4.3. Open problems. We list here some questions for the case 2 < ¢ < 2* which, to the

best of our knowledge, are open.

Open problem 3. On a “good” open set Q C RV, the g—spectrum is discrete and
Spec(£2; q) = Specy,g(; q).

Open problem 4. The first g—eigenvalue is isolated.

Remark 4.9. We point out that, as observed in [15], the isolation of A\;(;¢) holds true
whenever there is only a finite number of g—eigenvalues with positive eigenfunctions. How-
ever, it is not clear whether this condition is necessary, as well.

Open problem 5. If  is connected, there exists only a finite number of g—eigenvalues
with constant sign eigenfunctions.

Open problem 6. Lin’s Theorem 4.5 is valid for open bounded convex sets in any dimen-
sion N > 2.
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APPENDIX A. SPECTRUM OF THE LINEARIZED OPERATOR

The next result can be found in Lin’s paper [24], see Lemma 1 there.

Lemma A.1. Let 2 < ¢ < 2* and let @ C RY be a q—admissible open set. Let U €
Dé’Q(Q) be a first positive g— eigenfunction, with unit LY norm. We consider the spectrum
{p1, 2, ...} of the linearized operator

(A.1) 0 —Ap—(qg—1) M\ (Qq)UT 2,
with homogeneous Dirichlet boundary conditions on 0. Then
1 <0< po <pz<....

Proof. By Proposition 2.5, the potential U972 is bounded. Moreover, the embedding
Dé’2(Q) < L?(Q) is compact by assumption (recall Remark 2.2). This implies that the
resolvent operat0r13 of

o —Dp+ Ve, withV = (g—1) M(Qq) ([U]F20 - U2 20,

is compact, positive and self-adjoint. By applying the Spectral Theorem, we grant the
existence of an infinite sequence of eigenvalues diverging to oo for the last operator. We
call them 0 < <mp < --- <M < --+- 7 400 and notice that for them we still have the
Courant-Fischer-Weyl min-max principle.

If we now set

=1k — (@ — 1) M(59) U] oo () for every k € N,
we get the spectrum of (A.1). It is not difficult to see that the first eigenvalue

wo=  inf { / Vol de — (g — 1) M (Q:q) / U2 |2 da - / de:l},
Q Q Q

v€D;* ()

is strictly negative. It is sufficient to use the test function ¢ = U/||U||12(q), so to get
VU2 dz — (g — 1) M\ (% /qux
Uk - @-nsa [wra oo

p1 < =
/yUde /\U|2dx
Q Q

For the second eigenvalue pg, we first observe that the minimality of U entails that the
function

< 0.

/ VU +tVy|? dx
_ JO

</QU—|—tgo|qd:r>

13We recall that this is the operator R : L?(€2) — L?(£2) such that R(y) is the unique solution in D}?(2)
of —Au+Vu=p.

ft) . teR,

QN
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is minimal at ¢ = 0, for every ¢ € Dy (€2). We thus must have f”(0) > 0, which implies
after a routine computation

/ Vol dz — (g — 1) \(Q:q) / U2 o de
(A.2) “ “

2
+ (¢ —2) Ai($29) (/ vt wdl“) > 0.
Q
We now take F C Dé’Q(Q) a vector subspace with dimension m > 2, we claim that
(A.3) there exists o € F \ {0} such that / Ut prdr =0.
Q

Indeed, let us take two linearly independent functions 1, 0o € F. If one of these two
functions has property (A.3) we are done. Otherwise, it results

/Uq_ltpldx:oz#() and /Uq_lwgdx:ﬁ#o.
Q Q

By defining ¢ = 81 — a p2, we would get that ¢ € F \ {0} has property (A.3). We can
exploit this fact and the Courant-Fischer-Weyl min-max principle, to get

[vetar—a-nn@a [ vrlep i
fio = min { max 2 Q2

F | peF /’90|2d95
Q

/IVw!zdw—(q—l)Al(Q;Q)/UqQlcpf!de
in ££2 Q >0

/ loF|? da
Q

thanks to (A.2) and (A.3). O

> m

Remark A.2. The previous result can also be rephrased by saying that for 2 < ¢ < 2*, a
first g—eigenfunction has always Morse index equal to 1, see for example [1, Section 2].

APPENDIX B. CRITICAL SET OF A FIRST q—EIGENFUNCTION

The following simple result is useful in order to give a rough estimate on the critical set
of a first g—eigenfunction. The result should be quite well-known, but we have not been
able to trace it back in the literature. We thus give a proof.

Lemma B.1. Let 2 < g < 2* and let Q C RY be a ¢g—admissible open set. Let U € Dé’z(Q)
be a positive first g—eigenfunction. Then for every —1 < a < 0 we have

U, |2 Uy, € WE2(Q),  j=1,...,N.

loc

Moreover, for every 0 < 8 < 1/2 we also have
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Proof. We know that U weakly solves
—AU =\ (Q;q) U, in Q.

Since we have U € L*(£2) by Proposition 2.5, the right-hand side is in particular in L?(Q).
Thus, we get U € HI%C(Q) by the classical Nirenberg’s method of incremental quotients.
By using a test function of the form ¢, , with ¢ € C§°(€2), and then integrating by parts,
we can obtain

/<Vij, Vo)ds = (q—1) M\i(2q) / U U,, ¢dx.
Q Q

By density, the same equation still holds if ¢ € W12(Q), with compact support contained
in Q. In particular, we can take'*

Y= 772 (5+ |U$]|2)% Uivjv

where e > 0 and —1 < a < 0. Here n € C§°(Bp) is a standard nonnegative cut-off function,
with Bgr € Q, n =1 on B, C Bgr and such that

|Vl < %a
for a dimensional constant C' > 0. We thus obtain
/Q VU, % (e + Uy, |*) 2 9* dz + /Q VU, |? (e + |Uy, 2)%z Uy, |? 0 da
gz/Q\vw\Vnran$jr<s+\Uzj\2>3 da
Ha= DN [ U UL e+ |0, ) o do.
By recalling that a < 0, we get
o /Q VU, |* (e + |ij|2)°%2 Uy, 1?0 d > o /Q VU, |? (e + |Us, [2) 2 ? da.
By further using Young’s inequality, the L> estimate on U and the properties of 1, we get
(1+0) [ VU P+ U8 de < = [ V02U, 6 + U )F da
+7 /Q VU, 1 ( + U, ) 2 9? da

_ at2
+la- )M () HU||‘1§002(Q)/ (e + [Us,12)°F do.

Br

1Observe that the function f.(t) = t(c + t>)% is C' and has bounded derivative. Thus fe(Us;) €
W.22(Q) and the test function is admissible.

loc
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By observing that 1 + « > 0, we can take 7 = (1 + «)/2 and absorb the term with the
Hessian of U on the right-hand side. This gives

a 2 \* 2 a
ot Pians (0] o [, 0P 0

2(¢—1)
+?)\1(Q Q) ||UHLOO(Q) Br (5+|U | ) dl’

By introducing the function

F.(t) = /Ot(s +72)% dr,

from the previous estimate we have that for 0 < e < 1

/ FE(ij)de—F/ \VF.(Uy,)|?dz < C,
B, B,

with C' > 0 independent of £, which blows-up as a N\, —1 or r / R. This shows that
F.(Uy,) converges to

Fo(Uy,) = Uy, |2 Uy,

24+«
weakly in W12(B,.), as € goes to 0. Thus in particular, we have
Us,|2 Uy, € WH(B,).

Thanks to the arbitrariness of the ball B, we get the desired property of Uy;.
In order to prove that a negative power of |VU]| is locally summable, we first observe
that from the previous property, we also get

a2 1,2
(B.1) VUt e whA@).
Then we test the equation (1.5) for U with
_ 1
RN CENIEE
where 7 is as before and 0 < 5 < 1/2. We get
Uit VU]
A (2 q / dacg/ Vn| — === dx
WD) Jo, e @ = Jp, VM e e
VU]
VIVU||d
0 o G v VIVl
C
< / \VU|' P dz+ 8 \VU| =P |V|VU|| dx
R—r Br BR
C
- |VUy1 5da:+ / ‘V|VU|1 B‘daz.
R - T Br
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We now observe that since 5 < 1/2, then 1 — 3 > 1/2 and thus the last integral is finite,
thanks to (B.1) with a = —2 5. By taking the limit as ¢ goes to 0, this shows that

Uit J
Irp—— < .
/B ! VU 7 4% +o00
The claimed integrability of |[VU|™? now follows by observing that U > ¢ > 0 on B, by
the minimum principle. O

Remark B.2. The previous result permits to infer that for every K & (), the critical
set {x € K : |VU(x)| = 0} has N—dimensional measure equal to 0. This is quite a poor
information, which is however enough in order to accomplish Step 1 in Theorem 4.1 above.

There is a vast literature on the problem of estimating the critical set for solutions of
linear elliptic PDEs of the form

div(A(x) Vu) + (b(z), Vu) = 0,

see for example the by now classical reference [20]. We point out that a first positive
g—eigenfunction U can be regarded as a solution of the linear equation

—AU =cU, in(Q, where c(x) = M\ (Q;¢) UT%(x).

However, this observation does not seem very useful, since well-known counter-examples
show that for these equations an estimate of the critical set is not possible, see [25, page
133].
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