EXISTENCE OF MINIMIZERS FOR POLYCONVEX AND
NONPOLYCONVEX PROBLEMS
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Abstract. We study the existence of Lipschitz minimizers of integral functionals
Z(u) = / p(z,det Du(zx)) dz
Q

where Q is an open subset of RY with Lipschitz boundary, ¢ : Q x (0, +00) — [0, +00) is a continuous
function and u € WHN(Q,RY), u(z) = = on 9Q. We consider both the cases of ¢ convex and
nonconvex with respect to the last variable. The attainment results are obtained passing through
the minimization of an auxiliary functional and the solution of a prescribed jacobian equation.
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1. Introduction. In this paper we consider integral functionals
(1.1) I(u) = / o(x,det Du(x)) dz,
Q

where € is a bounded open subset of RY with a Lipschitz boundary, N > 2, ¢ :
Q2 x (0,+00) — [0,+00) is a continuous function and u € WHV(Q,RY).
We aim at proving the existence of Lipschitz solutions to the variational problem

(1.2) min {Z(u) : v € WHN(Q,RY), det Du > 0 a.e., u(z) = z on 092} .

Notice that even if a growth condition from below of the type t# < o(z,t) (which
is common in the theory of Calculus of Variations) is assumed, no coercivity of Z
follows in any Sobolev space, preventing from establishing the existence of minimizers
via the Direct Method. Nevertheless many problems of this type have a solution
and the question of fixing which conditions on ¢ ensure the existence of solutions is
worth of interest, also for its applications in physics, mainly in elasticity theory and
in the problem of the equilibrium of gases (see [17], [5], [6] and [12]). For instance,
(1.2) is the variational problem corresponding to a non homogeneous elastic material
with reference configuration 2 whose stored energy ¢ is a nonnegative, continuous
function depending on the position z in the reference configuration and the size of
the deformation of the volume element det Du(x) > 0.

It is well known that an important role is played by the convexity of ¢ with
respect to the last variable: when ¢ is convex then 7 is said to be a polyconvex
functional, if not then Z is nonpolyconvex. The polyconvex case ¢ = ¢(t) has been
studied by Dacorogna [5] and the nonpolyconvex case by Mascolo-Schianchi [14] and
Cellina-Zagatti [4].

In order to solve (1.2) our strategy is the following: the first step is to look for
solutions to the following variational problem (from now referred to as the auziliary
problem)

(1.3) min {j(v) - /Q oz, 0(x)) da : ve LNQ), v> 0 ac., /Qv(x) do = |Q|} ,
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2 G. CUPINI AND E. MASCOLO

where |Q)| stands for the N-dimensional Lebesgue measure of 2. Then, if v is a solution
to (1.3), the second step is to solve in W1V (Q) the boundary value problem

(1.4) { det Du(z) = v(z) for a.e. zin Q,

u(z) =z on ON.

A solution u to (1.4) is a solution to (1.2), too. In fact, if w € WHN(Q), w(x) = =,
on 9%, then det Dw € L*(2) and [, det Dw(z) dz = |Q]; therefore if det Dw > 0 a.e.
then

Z(u) = J(v) < J(det Dw) = I(w).

Following the above scheme, Mascolo in [13] proves the existence of minimizers of (1.2)
for smooth domains Q and ¢ € C?(Q x (0, 4+00)) strictly convex in the last variable.

As far as problem (1.3) is concerned, Ekeland and Temam in [8] prove a relax-
ation result and Ball and Knowles in [1] obtain an attainment result with the tool of
the Young measures, see also Friesecke [10] for related results. The boundary value
problem (1.4) may have no solution unless v is sufficiently regular. For instance, the
simple continuity of v is not a sufficient condition to get Lipschitz solutions, see the
counterexamples independently given by Burago and Kleiner [2] and by McMullen
[15]. Thus, also the regularity properties of minimizers of the auxiliary problem have
to be studied. The pioneering papers on (1.4) are due to Moser [16] and Dacorogna-
Moser [7]. In particular in [7] the authors prove that if v is in C**(Q), k > 0, and
00 € C*+3.2 then there exists a diffemorphism of class C*+1:2(Q)) solution to (1.4).
Later results are due to Riviere and Ye, who prove in [18], Theorem 4, the existence of
a bi-Lipschitz homeomorphism u solution to (1.4) under less restrictive assumptions
on ), with v satisfying a Dini-type continuity property. In [19] Ye proves existence
results in the framework of the Sobolev spaces.

The plan of the paper is the following. In section 2 we introduce a class of open
sets, invariant under bi-Lipschitz homeomorphisms, which is slightly larger than that
of open sets with Lipschitz boundaries, see Definition 2.1. In Theorem 2.4 we state
the existence of Lipschitz solutions to (1.4) with € in this class of open sets and
Holder continuous datum v. It is a variant of the above cited Theorem 4 in [18] and
in Appendix we give the details of the proof. In section 3 we deal with polyconvex
functionals. We consider the class of functions ¢ strictly convex in the last variable
satisfying, as a substitute for the growth conditions,

(1.5) li%1+ Dyp(z,t) = Ao with Ay € RU {—o0}, , ligrn Dyp(z,t) = +00,
t—s t——+00

uniformly with respect to x. In Proposition 3.1 we prove that a unique solution v
to (1.3) exists and that v is in L*°(€2). In Proposition 3.5, under more regularity
assumptions on ¢, we prove that v is Holder continuous. Therefore, the Lipschitz
solution u to (1.4), which exists by Theorem 2.4, is a minimizer of (1.2), see Theorem
3.6. In section 4 we deal with a function ¢ nonconvex with respect to ¢, satisfying
(1.5). Denoting ¢** the convex envelope of ¢ with respect to ¢, we assume that there
exist o, B € L (), B(x) > a(x), inf o > 0, such that for every x € Q

t— @™ (z,t) is affine in [a(z), 5(z)]

olx,) =™ (x,-) and @(z,-) is strictly convex in (0, a(x)] and [B(x), +00).
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Under these assumptions in Theorem 4.1 we prove the existence of a bounded so-
lution v to the auxiliary problem (1.3). In section 5 under regularity assumptions
on ¢ we get that v is piecewise Holder continuous, see Theorem 5.2. In section 6
first we prove that if in (1.4) the datum v is piecewise Holder continuous there exists
a Lipschitz solution, see Proposition 6.2. Then, solving (1.4) with v the piecewise
Holder continuous solution to the auxiliary problem, in Theorems 6.3 and 6.4 we get
a Lipschitz continuous minimizer of functional (1.1). In section 7 we consider special
classes of nonpolyconvex functionals. First we consider the class of functionals with
a nonconvex ¢ satisfying p(z, a(x)) = ¢(x, B(x)) = 0. This class has been considered
by Zagatti [20] (see also Celada-Perrotta [3] for the case ¢(z,u,t)) with the assump-
tion [, a(z)dr < |Q < [, 8(x)dr. In [20] and [3] the attainment result is proved
using different arguments, as the Baire category method and the convex integration
method, respectively. Theorems 7.1 and 7.2 are attainment results including the cases
Joadz > Q| and [, 8(x)dx < |Q|. Theorem 7.4 deals with a perturbation of these
functionals, see problem (7.2). We conclude the section considering functionals with
¢ satisfying the structure condition ¢(z,t) = @¢(|z|,t). In this case the existence of
bounded radial solutions to (1.3) directly implies the existence of Lipschitz solutions
to (1.4).

2. Notations and preliminary results. In the following if €) is a measurable
subset of RY then |Q| stands for its N-dimensional Lebesgue measure. We write Q
in place of (0,1)" and B,(x) denotes the ball in RY with center at x and radius
r. If ¢ : Q x (0,+00) — [0,400) then ¢** is the convex envelope of ¢ with respect
to the second variable, i.e. ¢t +— ¢**(z,t) is the greatest convex function lower than
t — o(x,t). For the sake of simplicity we write ¢(z, ) instead of ¢t — p(z, ),

_ . plz,t) —plx,s . plx,t) —plx,s
D <p(ac7s):=t1ir£1_ ( 35—3( )7 D;rap(x,s)::tlirg ( i—s( :

and Op(z,s) ;== {d € R : p(z,t) > p(x,s) + d(t — s) for every t € (0,400)}.

We define a class of bounded open subsets of RY.

DEFINITION 2.1. We say that a bounded open set Q of RN is of class (L) if
Q has a covering of finitely many open sets Q; such that for every j there exists a
bi-Lipschitz homeomorphism v; : ;N Q — Q, satisfying

(a) 1;(Q; N Q) = {0} x [0, 1]V, whenever Q; N ON is not empty,

(b) det Dvp; is Lipschitz continuous and there exists A > 1 such that % < det D

A.

The above definition describes a larger class than that of open sets with Lipschitz
boundary, i.e. with the boundary which locally is the graph of a Lipschitz function.
This result can be proved in a similar way as Proposition A.1 in [7].

LEMMA 2.2. If a bounded open set Q of RN has a Lipschitz boundary then it is
of class (L).

An easy consequence of the chain rule for Lipschitz functions is that Definition
2.1 is invariant under bi-Lipschitz homeomorphisms.

LEMMA 2.3. Let ug : RN — R be a bi-Lipschitz homeomorphism, with det Dug

Lipschitz continuous, & < det Dug < A for some A. If Q is of class (L) then uo(f2)
is of class (L), too.
On the contrary, there are examples of bounded open sets of RY with Lipschitz
boundary which are mapped by a bi-Lipschitz homeomorphism « : RV — R¥ onto
sets with a not (Lipschitz) continuous boundary, see e.g. [11], p.8-9. Therefore, the
converse of Lemma 2.2 is not true.

IN



4 G. CUPINI AND E. MASCOLO

Now, we state an existence result of Lipschitz solutions to

det Du=f in Q,
(2.1) { u(z) == on 01,

with f Holder continuous.

THEOREM 2.4. Let Q C RN be a bounded connected open set of class (L). Let
f be a Holder continuous function, inf f >0, [, f(x)dx = |Q|. Then there exists a
bi-Lipschitz homeomorphism u : Q — Q solution to (2.1).

A similar result is proved in [18], Theorem 4, with a weaker assumption on v,
which is assumed to satisfy a Dini-type continuity property, and a regular domain €.
In [18] the proof is given for cubes only. The proof of Theorem 2.4, based upon the
application to open sets of class (L) of the partition method due to Moser [16], is in
the Appendix.

3. Polyconvex problems: an attainment result. In this section we consider
the variational problem

min {/ Y(z,det Du(z)) dz : v € WHY(Q,RY), det Du > 0 a.e., u(z) = = on 89}
Q

(3.1)
where Q is a bounded open subset of RV with a Lipschitz boundary and 9 : § x
(0,400) — [0, +00) is a continuous function.

To get solutions to (3.1), we first consider the following variational problem

(3.2)  min {/Qw(x,v(:r)) de :ve L' (Q),v>0ae., /Qv(x) dr = a} , a>0.

As far as the problem (3.2) is concerned, the Lipschitz regularity of the boundary of
Q can be dropped.
We prove that there exists a (unique) bounded solution to (3.2) if

(H1) t +— 9(z,t) is strictly convex for all z € Q,

(H2) there exists A\g € RU {—o0} such that

lim D/ (z,t) = o, lim D; ¢(x,t) = +oo, uniformly in z.
t—0t t—+o00

PROPOSITION 3.1. Assume that ¥ : Q x (0,400) — [0,+00) is a continuous
function satisfying (H1) and (H2). Then for every X > Ao there exists a unique
uy € L>(Q), infuy > 0, such that

(3.3) A € 0Y(z, uxr(x)) Ve

Moreover, there exists A, > Ao such that uyx, is the unique solution to (3.2).

Proof. We proceed as follows: at first we prove that for every A > g there exists
a function uy such that (3.3) holds. Then, we prove that uy is in L>°(Q), inf uy > 0,
and there exists )\, such that fQ uy, dr = a. Thus, it turns out that wuy, is a solution
to (3.2) and it is unique, because of the strict convexity of the functional.

Step 1. The definition of uy. Fixed x € €, we define the sets
C) i= {5 € (0,4+50) Dy Y(w,5) < Df vl 5)}, Qo i={z€Q: Cla) £ 0},

Notice that d(x, s) = [D; 9 (x, s), D; (z, s)] for all (z,s) € Q x (0, +00).
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Suppose that z € Q\Q¢. From (H1) and the definition of Q¢, the function Dy(z,-) :
(0, +00) — (Mg, +00) is well defined, continuous and strictly increasing. Moreover,
it is a surjective function, because of (H2). Let wu(z,-) be its inverse function, i.e.
u(z,-) : (Mg, +00) — (0,400) is such that u(x,A) (from now on denoted by wuy(z))
is the unique positive number such that A = Dyp(z, ux(x)). u(x,-) is a well defined,
strictly increasing and continuous function.

Now let us consider z € Q¢. From (H1), C(z) is (at most) a countable set, so
that we denote C(x) = {t,(%)}nes(x), Where J(z) € N. As in the above case, if
A & Upeg(a)0¢(,t,(x)) we define uy(z) as the unique positive number such that
Dyy(z,ux(z)) = A If instead A € OY(x,t,(x)) for some n € J(x), then we set
ux(xz) = ty(x). Notice that if uy(x) is chosen greater (less) than ¢,(z) then A <
Dy (x,ux(x)) (A > Dfp(x,ux())). It is easy to prove that for each x € Q¢ the
function u(z,-) : (Ao, +00) — (0, +00) is well defined, increasing and continuous.
Thus, uy : @ — (0,400) is the unique function satisfying (3.3) and it is measurable,
since

{zr e :un(z)<t}={zeQ: Dy(x,t) >}

and D ¢(z,t) = supy,o(¥(z, t+h)—1(x,t))/h. By the second limit in (H2) for every
A > Ag there exists R > 0 such that D, ¢(x, R) > X for every x € Q, which implies
ux(z) < R for every x € Q. In fact, if ux(z) > R for some z, then by the convexity of
1 with respect to the second variable it would be D; ¢(z, R) < D; (x,uy(x)) and
by (3.3) we would obtain D; ¢ (x, R) < A, which is a contradiction. Thus, uy is in
L*>°(Q). The first limit in (H2) implies that for each A > Ag there exists ¢(A) > 0 such
that sup,cq Dy ¥ (y,t) < A for every ¢t < ¢()). Therefore it cannot be ux(z) < ¢(X),
because A < D;Fy)(x, ux(x)), so that infuy > 0.

Step 2. The definition of Aq. Define W : (Ao, +00) — (0,+00), U(A) := [, ur(z) dz,
where uy(z) = u(z, \) is defined as in step 1. By the monotonicity of u with respect
to A, U is increasing. It holds true that limA_>Ao+ ux(z) = 0. In fact, suppose that

lim, _\+ ux(z) = §(x) > 0. By (H1), the first limit in (H2) and (3.3) we get
Ao < Dy ip(x,6(x)) < Dy ip(a, ua(@)) < A

Therefore, letting A go to /\3' we get a contradiction. Analogously it can be proved
that limy_, 4o up(z) = +o00. Hence,

(3.4) Alig\lg T(N) =0, AEI:‘,I}OO U(A) = +oo.

From the previous step A — uy(z) is continuous and increasing for all x and uy €
L>(Q) for all A, therefore ¥ is a continuous function. Thus, there exists A\, > Ao
such that U(A,) = a. We claim that uy, is a bolution to (3.2). In fact, from (H1) and
(3.3) for every w € L'(£2) such that w > 0 and [, w(z)dz = a, we have that

Yz, w(x)) = Yz, un, (7)) + Aa(w(z) —up, () Voel
Thus,

[t w@yde> [ v @) derr, [ @@-n@)de= [ o @)d
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REMARK 3.2. The growth conditions

o e P t)
1 f t) = 1 f
A g = e B T

= —"—OO,

imply (H2). If the first limit in (H2) is not uniform with respect to x, then may
be infuy = 0. Moreover, the proof of Proposition 3.1 works also if we replace
lim;—, oo Dy 9(x,t) = +00 with the more general

lim Dy 9(x,t) = Moo, Aoo € RU {+00}.

t——+oo

It is easy to prove the following refinement of Proposition 3.1.

PROPOSITION 3.3. Let ¢ : Q x (0,400) — [0,+00) be a continuous function,
differentiable with respect to the last variable, Dyp € C(Q x (0,400)). If (H1) and
(H2) hold then the functions uy in Proposition 3.1 are continuous for every A > X.

Proof. For every A > Xg let uy € L*°(Q2) be as in Proposition 3.1. uy is lower
semicontinuous. In fact, if
(3.5) 1immixnfu,\(x) < a < ux(zo),

—To
then (H1) and (3.3) imply D1p(zg, @) < A. By continuity of Dyt there exists 6 > 0
such that Dyp(z,a) < A for every x € (g — 0,29 + ). Then, from (3.3) again we
have that Dy(z, ) < Dyp(x,ux(z)) for every x € (x9 — 0,29 + J), which implies
a < uy(z), in contradiction with (3.5). Analogously the upper semicontinuity of wy
can be proved. O
To get Holder continuous solutions to (3.2) we require more regularity on 1):
(H3) there exists 0 < o < 1 such that for every compact K C (0,+00) and for every
t € K the function z — Dyt (x,t) is of class C%7(Q), with [Dy) (-, 1)]o.0 < ki,
(H4) for every m > 0 there exists ¢,, > 0 such that

Y(x,t) > P(x,8) + Db, 8)(t — ) + |t — 52T

for every t > s > m, for every x € ) and some € > 0.
REMARK 3.4. Assumption (H4) is equivalent to assume that for every m > 0
there exists ¢,, > 0 such that

(3.6) Dyp(x,t) — Dytp(z,8) > G|t — s|* € Vt>s>m, Vazel

Roughly speaking, if 1 € C? satisfies (H4), then D) may vanish provided that a
suitable growth near the zeros is satisfied, see (3.a) below.

Notice that if vg satisfies (H4) and 1 = ¥1(x,t) is such that ¥y (x,-) is conver and
CY, then ¢ = 1o + 1y satisfies (H4), too. Ezamples of functions 1o satisfying (H4)
are the following:

(1) Yo(t) := (1 +t2)P/2, p > 2. See [9] for details.

(2) Yo(z,t) = |t —a(z)]P, witha: Q2 — R and p > 2,

(3) o + Q x (0,400) — [0,+00) of class C?, strictly convex with respect to t, such
that for every x there exists at most finitely many positive numbers {s;(x)}, such that
Dypo(z, si(x)) = 0 and the following two hold:

(a) there exist ;¢ > 0 such that Dytpo(x,t) > c|t — si(z)|¢, for every t in a
neighborhood of s;(x),
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(b) there exists M > 0 such that inf { Dyibo(z,t) @ (z,t) € Q x [M,+00)} > 0.

PROPOSITION 3.5. Let ¢ : Q x (0,400) — [0,+00) be a continuous function,
differentiable with respect to the last variable, satisfying (H1)-(Hj). Then for each
A > Ao, the function uy in Proposition 3.1 is in C*¢/(+)(Q). In particular, for
every a > 0 the unique solution uy, to (3.2) is Holder continuous.

Proof. Fix X\ and let u), from now on referred to as w, be the correspondent
function as described in Proposition 3.1. From the strict convexity of 1) with respect
to the last variable and since A = Dy(z, u(x)) for every z € 2 it is easy to check
that v is y-Hélder continuous with Hélder constant [u], if and only if

(37) th(ya u(w) + [u]0,7|x - ZUP) - Dt'(/)(x?u(l‘)) Z Oa Vﬂ?ay S Q
Fix z,y € Q. By (H4) and (3.6) there exist € > 0 and ¢ > 0 such that
(3.8)  Dyb(x,t) — Dytp(z,8) > &t — s)'+e Vt>s>infu>0, VzeQ.

Consider the compact interval K = [inf u, |u||»] and let s and ¢ be equal to u(x) and

u(z) + (%fz — y|”)1/(1+6), respectively, with o and kx as in (H3). Using (3.8) and
(H3) to estimate Dyip(y,t) — Dyt (y, s) and Dy (y, s) — Dyb(z, s), respectively, we get

Dy, t) — Dip(x, s) = Deap(y,t) — Diap(y, s) + Detp(y, s) — Dyp(x, 5) > 0.

Then w is y-Holder continuous, with v = 13

Thus, fixed a > 0, the solution uy, to (3.2),8that exists by Proposition 3.1, is Holder
continuous. O

Now we are ready to state an existence result of Lipschitz solutions to the poly-
convex problem (3.1).

THEOREM 3.6. Suppose that Q is a bounded open subset of R with Lipschitz
boundary and let ¢ : Q x (0, +00) — [0,4+00) be a continuous function, differentiable
with respect to the last variable, satisfying (H1)-(H/4). Then there exists a Lipschitz
continuous solution to (3.1).

Proof. Set a = || and consider the variational problem (3.2). From Propositions
3.1 and 3.5 such a problem has a (unique) solution uy, € C%7(Q), v > 0, and
infuy, > 0. Hence, from Theorem 2.4 there exists a bi-Lipschitz homeomorphism u
solving

det Du = uy, in £,
u(z) =x on 01,
and w is a solution to (3.1), too. O

4. Nonpolyconvex problems: attainment result for the auxiliary prob-
lem. In this section we consider the variational problem

(4.1) min{/Q(p(x,v(x))dx v e YD), v>0ae., /

v(a:)dx—a}, a>0
Q

where © is a bounded open subset of RY, ¢ : © x (0, 4+00) — [0, +00) is a continuous
function, nonconvex with respect to the last variable ¢.
Let ¢*™* be the convex envelope of ¢ with respect to the second variable and define

Qa:={ze€Q :t— p(z1t)is not strictly convex}.

We assume that the following assumptions hold:
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(K1) Q4 is a (not empty) measurable set and there exist «, 8 € L>®(Q4), 8(z) >
a(x) for all z, inf o > 0, such that ¢(x,-) and ¢**(x,-) both coincide and are
strictly convex in (0, a(x)] and [8(z), +00), for every z € Qq,

(K2) ¢**(x,-) is affine in [a(z), B(z)] for all € Q 4, i.e. for every a(z) <t < G(x)

. . p(x, B(z)) — p(z, a(z))
xz,t) = h(z)t + q(x), with h(z) = ,
o™ (1) = h()t + g(2) (@) = AL
(K3) there exists A\g € RU {—o0} such that
lim+ D o(z,t) = Mo, , ligl D; o(x,t) = +o0, uniformly in z.
t—0 —To0

THEOREM 4.1. Assume (K1), (K2) and (K3). Then there exist A, > Ao and
vy, € L®(2), inf vy, > 0, such that
(1) va, (x) ¢ (a(x), B(x)) for every x € Qa,

(i1) A € O™ (x, vy, (2)) for every x € §,

(ii) [o, v, (z)de = a.
In particular, vy, is a solution to (4.1). Moreover, if Q@ = B1(0) and p(z,t) = ¢(|z|, t)
then vy, s a radial function.

We postpone the proof of Theorem 4.1 to the following lemma.

LEMMA 4.2. Let O be a bounded measurable subset of R™. Let o, 3 € L'(O) be
such that a(x) < B(x) for a.e. x and suppose

(4.2) /Ooz(x) dr < Kk < /Oﬁ(ac) dx .

Then there exists v > 0 such that © : O — R, ©(x) := a(z) if x € ON B.(0) and
O(x) := B(x) else, satisfying [, O(x)dz = k.

Proof. Let R be such that O C Bpg(0). Consider the functions 6, : O — R,
0 < p < R, defined as follows: 0 := 3 and if p # 0 then 0,(z) := a(x) if € ONB,.(0)
and 6,(z) := B(z) else. The continuity of p — [, 0,(x) dz and (4.2) imply that there
exists 0 < r < R such that [, 0,(z)dz = k. O

We are now ready to prove Theorem 4.1.

Proof. [Proof of Theorem 4.1.] We divide the proof into three steps. In step 1 we
define a family of functions vy : Q@ — (0,4+00), A > Ag, such that

(4.3) vy (z) & (a(z),B(x)) Vo eQa, VA> A,
and
(4.4) A€ 0™ (x,v) ()) Ve e Q, VYA> .

In step 2 we define a function v, satisfying (i), (ii) and (iii). Finally, in step 3 we
consider the case p(z,t) = ¢(|z], t).

Step 1. The definition of vy . Let us define the function 1 : Q x (0, 400) — [0, +00),
such that ¥ = in (2\ Q4) X (0, 400) and

o(x,t) ifxea,0<t<alx),
(45)  (x,t) =4 pla,t+p(x) - a(r))-
—p(z,B(x)) + p(z,ax)) f z € Qq, t > a(z).
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(K1) and (K2) imply that for every z € Q4

plz, B(x)) — p(z, a(z))
pz) - alz)

and that ¢ satisfies (H1). Moreover, for every © ¢ Q4 and every ¢ > 0 we have
0P (x,t) = Op(x,t) = Op™ (x,t). If instead = € Q4 then

< Df ¢(x, B(x))

(4.6) Dy ¢(z,a(z)) < h(z) =

dp(z,t) it 0<t<a(z),
(4.7) Op(x,t) = § 09 (x, (@) U™ (z, B(x)) if ¢ = afx),
op(x,t+ B(x) — afx)) it t> ax).

We claim that (K3) implies that ¢ satisfies (H2).

The first limit in (K3) and the assumption inf o > 0 imply lim,_o+ D; 9 (x,t) = Ao,
uniformly. Let us prove that 1 satisfies the property on the second limit in (H2).
Since «, f € L>(Q4) then for every 2 € Q and t > ||| (0.,)

PR e e -
inf Dy e(y,t) < min{ f Dy p(y.t+5(y) —aly)), inf Die(y.t)} =

= ;gth_w(:%t) < Dt_w(xat) < Dt_@(l‘vt'i_ ||/6 - O‘”L“’(QA))a

so that by (K3) as t goes to +0o we get

lim 1nf Dy ¢(y,t) = lUm Dy ¢(x,t) = +o0, Vo € .
t—+oco ye t—-+o0

Since 1 satisfies the assumptions of Proposition 3.1 then for every A > Ay there exists

uy € L*(Q), inf uy > 0, satisfying (3.3). Moreover, for every x € Q4

ur(z) < afz) if A< Dy oz, azx)),
(4.8) ux(@) = a(z) if A€ [Dyp(z,a(2), Df (w, B(x))],
ur(z) > a(z) if X > Dfp(z, ().

Let us define vy : @ — (0, +00),
oy (@) 7= un(@) + (B(z) — (@)X {yeas : nw) <} (2)-

Since uy € L*(Q2) and «a, 3 € L>®(24), then v, € L>(Q2). From (3.3), (4.6), (4.7)
and (4.8) if x € Q4 the following implications hold:
o if \ < Dy ¢(z,a(x)) then vy () = ur(r) < a(zr) and A € 0Y(x,ur(x)) =
Oz, vy (x)),
o if X\ € [D; ¢(z,a(x)), h(z)] then v} (z) = ur(z) = a(z) and A € 0™ (z, a(x)),
o if A e (h(x ) D p(x, B(z))] then vy (z) = B(z) and A € dp**(z, B(x)),
o if \ > D p(z,B(x)) then vy (z) = ur(z) + B(z) — a(z) > B(x) and X €
O (x, ux(x)) = dp(z, vy (2)).
Thus (4.3) holds and

(4.9) A € 0™ (z, vy (2)),

for every x € Q4 and A > X\g. When = ¢ Q4, the equality vy (z) = ux(z) and (3.3)
imply (4.9). Therefore (4.4) holds true.
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Step 2. The definition of Ay and vy, . Let us define ® : (Ao, +00) — (0, +00),

B()) = / vy (&) di = / (ur(@) + (B(@) — a(@))X(yenre : nturen (2)) d.

As in the proof of (3.4) we have that lim, ¢ ®(A) =0 and limy_, o0 P(N) = +00.
For each A > \g define v : Q — (0, +00),

vy (2) = ua(x) + (B(z) — (@)X {yenq : ny < (@).

For every > Ao

lim ®(\) = P(u), lim ®(\) = / vi(z)da.
A—p— A—pt Q

Thus, ® is discontinuous at p if and only if | {y € Q4 : h(y) = u}| > 0.
Only one of the following cases is possible:

1. there exists A\, > Ao such that ®(\,) = a,

2. there exists A, > Ao such that ®()\;) < a =lim,  ,+ ®(N),

3. there exists A\, > Ao such that ®(\,) <a <lim, ,+ ®()).
Case 1. As proved in step 1, vy satisfies (i), (ii) and inf vy > infuy, > 0. Moreover,
by definition of A, (iii) holds. Thus, define vy, = vy .

Case 2. As above, vy satisfies (i), (ii) and infvy > infuy, > 0. It is easy to check
that a property analogous to (i) is satisfied by vj{a’ and that inf vj{a > infvy > 0. By
the very definition of v;“a we have also fQ v;\ra dx = a.

Let us prove that A, € Bgo**(a:,vj{a (z)) for every x. If © ¢ Q4 or if x € Q4 and
h(z) # Ao then vy (x) = vja (z) and the above inclusion follows. Suppose that
z € Qq and h(z) = As. Then vy (z) = a(z) < B(z) = vy (x) and (K2) implies
No € 0™ (2, B(z)) = D™ (2, (2).

We have so proved that A, € d¢**(z, v} (z)) for every x € Q. Thus, define vy, := v} .

Case 3. Define O := {& € Q4 : A\, = h(x)} and k 1= a — fQ\O vy (x)dz. The
assumption ®(A,) <a <lim, ,+ ®()) implies

/Oa(x)dx:/ov)\a(x)dx<n</Qv;\ra(x)dx—/ﬂ\ov)\a(x)dm:/Oﬁ(x)dx.

From Lemma 4.2 there exists © : O — R, ©(z) € {a(z), f(x)} such that [, O(z)dz =
k. Define vy, : @ = R, vy, (z) = v, (z) if # ¢ O and v, (z) = O(x) else.

It is easy to prove that vy, satisfies (i), (ii), (iii) and infwvy, > 0.

Since ¢ > ¢**, then for every v € L'(Q), such that v > 0 a.e. and [,vdz = a, we
have that

(4.10) /ng(x,v(x))de/go**(a:,v(x))darz

Q

Z/an**(x,v)\a(x))dx—k)\a Q(U(x)—UAa(x))dx=/Q<p(m,v>\a(x))da:.

Thus, vy, is a solution to (4.1).



EXISTENCE OF MINIMIZERS FOR POLYCONVEX... 11

Step 3. The case p(z,t) = @¢(|x|,t). Assume that € is the unit ball By(0) and that
¢ has the radial structure ¢(x,t) = @(|z|,t). It is easy to prove that ¢**(z,t) =
(@)**(|=|,t) and that a, 8, h are radial functions. Moreover, the sets Q4, {y € Q4 :
h(y) < A} and {y € Q4 : h(y) = A} are symmetric sets with respect to the origin.
If ¢ is defined as in step 1 above, then it immediately follows that ¢ (z,t) = ¥(|z]|, t).
Looking at the first step of the proof of Proposition 3.1, it turns out that ), satisfying
0Y(x,ux(x)) = A, is aradial function for all A. All these facts allow us to conclude that
whenever the cases 1 or 2 in step 2 hold, i.e. ®(Aq) = aor ®(A\,) < a=lim, ,+ P(}),
respectively, then vy, is a radial function. To prove that vy, is radial in the third case
it is sufficient to notice that the sets O, O N B,.(0) and O \ B,.(0) are symmetric with
respect to the origin and consequently the function © is radial. O

5. Nonpolyconvex problems: regularity result for the auxiliary prob-
lem. In this section we prove a regularity result for solutions to the nonconvex varia-
tional problem (4.1). Let Q be a bounded open subset of RY and let ¢ : 2x (0, +00) —
[0,+00) be a continuous function, differentiable with respect to the last variable,
Dyp € C%9(Q x K), 0 < § < 1, for every compact K in (0,+0oc), such that

(A1) there exist o, 3 € C%9(Q), B(z) > a(z) for every x, inf a > 0, such that
o(x,-) and ¢**(x,-) both coincide and are strictly convex in (0, «(x)] and
[B(x), +00), for every x € Q,

(A2) t — @**(x,t) is affine in [a(z), B(z)] for every z € Q, i.e. for every a(z) <
t < pB(x)

o (2,8) = h(z)t +qa),  with h(z) = 2&PW) —el@,a@)

Moreover,
|0{z : h(z) = A} =0, YA ER,
(A3) there exists Ay € RU {—o0} such that

lim Dip(x,t) = Ao, lim Dip(x,t) = 400, uniformly in x.
t—0+ t——+oo

(A4) for every m > 0 there exists ¢, > 0 such that
o(x,t) > @(x,8) + Dyp(w,s)(t — 8) + et — s*T¢

for every s,t > m, such that s < ¢t < a(z) or 8(x) < s < t, for every x € Q
and some ¢ > 0.
The following result is in the same spirit of Lemma 4.2.
LEMMA 5.1. Let O be an open set in RN. Let a, 3 € L'(O) be such that a(x) <
B(x) for a.e. x and suppose that

(5.1) /Oa(x) d < K < /Oﬁ(x) da.

Then there exists a finite number of balls B, (y;), j = 1,...,m, satisfying
(‘Z) BPj(yj) cc O} J = 17"'7m;
(2) By, (yi) N By, (y;) =0 for every i # j,
(3) Jo©(x)dx =&,
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where ©(x) := a(x) if x € Ui<j<m By, (y;) and ©(x) := B(x) else.

Proof. Since O is open, there exist (at most) countably many pairwise disjoint
balls { Bg, (yj)}jEJ in O, and a negligible set N such that O = N'U (UjeJ Br, (y])>
Without loss of generality we assume J = {1,2,...,m} if cardJ =m € Nand J =N
if J is countable. For every n € J, let us define the function 6, : O — R,

a(z), ifze () Br (),
Hn(x) = 1<j<n

B(x), else.

If J is finite then (5.1) implies / Om(x)de < k. If J =N, it is easy to check that
o

lim 0, (x) dx < K, thus, there exists m € N such that

n—-+o0o o

/ Gm(a:)dx:/ a(x)der/ B(x)dr < k.
o Ui<j<mBr; (y5) O\Ui<j<mBr; (y5)

Aiming at (1) and (2), we slightly reduce the radius of the previously selected balls
{BR]. (yj)}1<j<m. This can easily be done by noticing that

lim (B(x) — afx)) dz = 0.
e=0" Jur | Br; (y)\Brj —<(y;)

Thus there exists 0 < e < min{R; : 1 < j < m} such that

CON| a)ds+ [ Ble)de <.
U1§j§mBR]-—e(yj) O\UlﬁjSmBRj_s(yj)

Set R :=max{R; —¢ : 1 < j < m} and define 6 : O x [0, R] — R, 6(z,0) := B(x)
and

a(z) ifx Br.—(y;) N B,(y;)).
0(z, p) = (z) Glngng( £, —<(;) N By(y;))

B(z) else,

for every p > 0. From (5.2) we have that

/09(.%',R)d.’1?<:‘€</()0($,0)d$=/oﬁ<$)d$.

Since p — [, 6(x, p) dx is a continuous function, there exists p such that / O(xz,p)dx =

k. The claim of the theorem follows by defining ©(x) := 6(x,p) and p; := min{R; —
g,ph 1<j<m.0O
Let h be as in (A2). For every A > Ao we define

(5.3) Qf :=={z : h(z) > A}, Qy:={z: h(x) <A}, QF:={z: h(z)=2A}

Under (A1)—(A4) there exists a piecewise Holder continuous solution to (4.1).

THEOREM 5.2. Let ¢ : Q x (0,4+00) — [0,+00) be a continuous function, differ-
entiable with respect to the last variable, Dyp(z,t) in C%9(Q x K) for every compact
K C (0,+00). Suppose that (A1)-(A4) hold. Then, fixed a > 0 there exist Ay > Ao
and vy, € L>®(Q), infvy, > 0, satisfying the following properties:
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(i) Dio**(z, vz, (x)) = Ag for every x € Q,

(i) [qva,(x)de=a
(iii) vy, s Holder continuous in QL Uy,

(v) vy, (z) < a(x) for all x € QL, and vy, (z) > B(x) for allz € Q, ,
(v) in Q3 either vy, = a or vy, =3 or
az) if € Uicicm Bo, (45),
5.4 vy, (z) = ; =T

(5.4) x (@) { B(z) ifx € Qy \U1gjgm By, (yj),

with By, (y;) CC mtQy , j = 1,...,m, such that B, (y;) N By, (y;) = 0, if
i # .
Moreover, vy, is a solution to (4.1).
Proof. Let 1 : Q x (0,+00) — [0, +00) be defined as

o(x,t) if 0<t<a(z), ze€Q,

(5.5)  (a,t) = el t+B(x) - a(z)—
—p(z, B(z)) + p(z,ax)) if t>az), zel

It holds true that 1 is a continuous function, differentiable with respect to the last
variable, satisfying (H1)—(H4) in section 3, with possibly different constants. By
Proposition 3.5 for every A > g, there exists uy such that uy € C%7(Q) for some
0<~v<1,infuy >0 and

(5.6) Dyp(z,up(z)) = A\ Ve
Moreover, see (4.6) and (4.8)
(5.7) uy < o in Qj\', uy = a in QF, uy > a in Q).

Let @ : (Mg, +00) — R be the left-continuous function defined as

D(N) = /Q <u>\(x) + (B(z) — oz(sr:))XQ;(x)) dx, A > Ao.

We have three different cases:
1. there exists A, > Ao such that ®(\,)
2. there exists A\, > Ag such that ®()\,)
3. there exists Ay > Ag such that ®(\,)

< limy \+ ©(N),
<
Let us consider the first two cases: since (Al)-
el
= uy

a,

a=

a < hmAH)\Jr O(N).

(A3) imply (K1)—(K3) then by pro-

(), infvy, > 0, which satisfies (i)
.+ (B —a)Xinary, Le

ceeding as in Theorem 4.1 there exists vy,
and (ii). Moreover if case 1 holds then vy,
U

'=uy, in Qi’a, vy, = in QF | Uy, = Uy, + 0 —a in

a a

if instead case 2 holds then vy, := ux, + (8 — @)X{n<r}, i-€.
Uy, = Uy, In Q:\:, Uy, 1= in QF , Uy, ‘=ux, + 8 —a in Q)_\a,

Therefore, from the Holder continuity of a and 3, (5.6) and (5.7) it follows that vy,
satisfies (iii), (iv) and (v). Moreover, reasoning as in (4.10) we get that vy, is a
solution to (4.1).
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Suppose the third case holds. We define vy, as in the proof of Theorem 4.1, but using
Lemma 5.1 instead of Lemma 4.2. Precisely, since

/ alz)de < k < B(x) dz,

Xa 3,

with

K:=a— /Q\QM <u>\a (x) + (B(x) — a(a:))XQ;a (x)) dx,

then from Lemma 5.1 there exist m balls B, (y;) CC intQy , j=1,...,m, By, (y:) N
B, (yj) = 0 for every i # j, such that © : int Oy — R,

O:=a in U1§j§m B, (yj), ©:=p inint Q3 \Ulgjgm B, (y5),
satisfies [; ¢ os, O(z)dr = k.
Define v, as follows:

uy, () ifx e QL’
or, () : a(x) ifx e Ulﬁjgm By, (y;),
“ B(z) if 2 € O \Ui<j<m Bo; (45)
uy, (z) + B(x) —a(z) ifzeQy .
We have that vy, € L>®(Q), infvy, > 0, and it satisfies (i)—(v). Moreover vy, is a

solution to (4.1). O

6. Nonpolyconvex problems: attainment result in a general setting. In
this section we consider the variational problem

min {/ o(x,det Du(x))dx : uw € WHN(Q,RY), det Du > 0 a.e., u(z) = x on 39} )
Q

(6.1)
where  is a bounded open subset of RY with Lipschitz boundary and ¢ : Q x
(0, +00) — [0, +00) is a nonconvex function with respect to the second variable.
Before stating an attainment result for (6.1), we need some preliminary results.
LEMMA 6.1. Let Q be a bounded open set with Lipschitz boundary and let Q =
U, Q,, with {Q;} pairwise disjoint open connected sets with Lipschitz boundary.
Consider o; > 0, i = 1,...,m, with Y ;-  a; = |Q|. Then there exists a bi-Lipschitz
homeomorphism ug :  — Q such that det Dug € C*°(2), infdet Dug > 0 and

(6.2) ug(xz) = on 99, luo(Q)] =y i=1,...,m.

Moreover, ug(£2;) is an open set of class (L) for every i.
Proof. Fix 0 < § < min{a;/|Q] : i=1,..,m}. Forevery 1 <i <mletn €
C2°(€%) be such that [, n;(x)dz = 1. Define

m

f@) =04 (o = 8|umi(x), ze

i=1
Hence, f € C*(Q), inf f > 0, [y f(z)dz = a; for every i, and [, f(z)dz = |9Q].

From Theorem 2.4 there exists a bi-Lipschitz homeomorphism ug : Q — Q such that

det Dug = f in Q, uo(x) = x on IN.
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Therefore

|uo ()] = / det Dug(x) dx = / f(z)dx = oy, i=1,..,m;
; Q;

i

moreover Lemma 2.3 implies that ug(€2;) is an open set of class (L) for each 4. O
PROPOSITION 6.2. Let 2 and Q;, i = 1,...,m, be as in Lemma 6.1. Suppose

that g; : §; — [co, +00), with ¢g > 0, i = 1,...,m, are Hélder continuous functions
satisfying

i/ gi(w) dr = |0,

Then there exists a Lipschitz continuous function u : Q — €, such that

(6.3) u(z) =z on 09, detDu(x) = g;(z) VYx € Q,;, Vi=1,..,m.

Proof. By Lemma 6.1 there exists a bi-Lipschitz homeomorphism uy : Q — Q
such that

up(x) =z on 99, luo(92;)] = / gi(x) dz,
and uo(€2;) is of class (L), for each i = 1,...,m. Moreover f := det Duy is of class

C> () and inf f > 0. Since gTi oug ! is Holder continuous in u(Q;) and it satisfies

/ &ou(;l(y)dy:/ gi(a) d = Juo ()],
g (€2;) f Q;

then from Theorem 2.4 there exists a bi-Lipschitz homeomorphism z; : uo(€2;) —
uo(€;) such that

{ det Dz; = % ougt in ug(9),
zi(y) =y on Juo(£2:),
Thus, u; = z; o ug is a Lipschitz homeomorphism such that

det Du; = g; in §;,
U; = Ug on 0f);.

Hence, the Lipschitz continuous function u : Q — Q such that u(x) = u;(x) for every
x €Qy,i=1,...,m, satisfies (6.3). O

We are in position to state an existence result for the nonpolyconvex problem
(6.1). The sets Q, Q) and Q3 are defined in (5.3).

THEOREM 6.3. Let Q be a bounded open subset of RN with Lipschitz boundary
and let ¢ : Qx (0, +00) — [0, +00) be a continuous function, differentiable with respect
to the last variable, Dyp € CO9(Q x K), 0 < § < 1, for every compact K C (0,400).
Suppose that (A1)—(A4) hold and assume that, for every A > Ao, Qj\', Q) and int QF
are either empty or connected open sets with Lipschitz boundary. Then the variational
problem (6.1) has a Lipschitz continuous solution.
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Proof. From Theorem 5.2, applied with a = ||, there exist A, > A¢ and a solution
vy, to (4.1), with inf vy, > 0. Throughout we write v instead of vy, .
From Theorem 5.2 v is Holder continuous in Q}\: Uy . If int QY is empty we get
the thesis applying Proposition 6.2 with €; = Qj\a, 5 = Q) and replacing g1 and
g2 with the continuous extension of v to Q;\"a and to (1} , respectively.
If int QF is not empty, correspondingly to (v) of Theorem 5.2 we have to consider
three cases.
If v = a in QF  the thesis follows by applying Proposition 6.2 with m = 3, choosing
0 Q+ , Qo = Q;\ , Q3 = int Qf and replacing, as above, g and g» with the
contmuous extension of v to QF x, and €2y, respectively, and g3 with a. Analogously,
we proceed if v = 3 in Q3 , but deﬁmng gz = 0.
Now suppose that (5.4) holds. In this case the thesis follows by Proposition 6.2
choosing Q; = Qj\'a, Q2 = Q) , Q3 = intQy \ Ui<j<nBp; (y5), Qi = By, (y:) for
everyi=1,...,nand g1 =v, g =v, g3 =3, g3+; = «, for every i = 1,...,n. O

With obvious changes in the proof above, it follows:

THEOREM 6.4. Let Q and ¢ be as in Theorem 6.3. Suppose that (A1)-(A4) hold
and assume that for every A > )Xo

h k l
(6.4) of =4, o= 4 mox= 4.
i=1 i=h+1 i=k+1

with A; either empty or pairwise disjoint open connected sets with Lipschitz boundary.
Then the variational problem (6.1) has a Lipschitz continuous solution.

REMARK 6.5. Ezamples of sets Q and functions h : Q — R such that for every
X € R (6.4) holds with either empty or disjoint open sets { A;} with Lipschitz boundary
are the following:

(a) Q2 is a bounded and convex set and h is strictly convez in Q and constant on 0%,

(b) Q@ = B1(0) and h is a radial function, h(x) = B(\qj), with h piecewise monotone,
i.e. there exists 0 = 5o < 81 < ... < sy, = 1 such that h|, s, ) is monotone for all i.

7. Nonpolyconvex problems: some special cases. In this section we con-
sider particular classes of the variational problem (6.1), where Q is a bounded open
subset of RV with Lipschitz boundary and ¢ : © x (0, +00) — [0, +00) is a continuous
function satisfying (A1) and (A2). We begin considering the case of functions ¢ such
that h in (A2) is a constant. See [20] and [3] for related results.

THEOREM 7.1. Let ¢ : 2% (0, +00) — [0 +00) be a contmuous function satisfying
(A1) and (A2), with h constant. If [, a(x)dx < |Q| < [, B(x)dx, then (6.1) has a
Lipschitz continuous solution.

Proof. Consider the auxiliary problem (4.1) with a = |Q|. If [, a(x)dx is equal
to || then « solves (4.1). Then from Theorem 2.4 there exists a L1psch1tz homeomor-
phism u solution to (2. 1) with f = a. Moreover, u is a solution of (6.1). The same
argument works if fQ x) dz is equal to [2|. Of course in this case choose f = 3.

Suppose [, a(z) dz < Q] < [, B8(xz)dr. Then using Lemma 5.1 with O = Q,
we get that a LlprhltZ continuous solutlon u to (4.1) exists, with « = « on pairwise
disjoint balls B, (y;) CC €, j = 1,...,n, and with u = 8 outside these balls. The
thesis follows by Proposition 6.2 with m = n + 1, Q; = B,,(y;) and g; = a if
j=1,..,m—1, and with Q,, = Q\ U?Zl B, (yj), gm = 6.0 '
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THEOREM 7.2. Let ¢ : Q x (0,400) — [0,+00) be a continuous function, differ-
entiable with respect to the last variable, Dyp € CO°(Q x K), 0 < § < 1, for every
compact K C (0,+00). Suppose that (A1), (A2) with h constant, (A3) and (A4) hold.
If [qolx)de > |Q] or [, B(x)dx < |Q then (6.1) has a Lipschitz continuous solu-
tion.

Proof. Let a = |Q|. From Theorem 5.2 there exist A, > Ag and vy, € L>®(Q)
satisfying

(1) s, (@) ¢ (@), B@)),  Dip™ (2,00, (@) = A, / o, (z) dz = |0

(A1), (A2) and (A3) imply h = Dip(z,a(x)) = Dip(z,5(z)) and the definition
of {va} (see the proofs of Theorems 4.1 and 5.2) gives that A < h if and only if
ua(z) < a(z) for all z, A > h if and only if vy(z) > B(z) for all z. Therefore, if
Jo a(x) dz > |9, then A\, < h and vy, (z) < a(x). Thus, using the notations in (5.3),
QL = Q. Analogously, if [, 8(x)dz < |Q| then X\, > h and vy, (z) > (), so that
2y, = Q. Therefore Theorem 5.2 implies that vy, is Holder continuous in €. A
Lipschitz continuous solution u to

det Du =wv,, in €,
u(z) =x on 09,

solution also to (6.1), exists because of Theorem 2.4. O
In Propositions 7.3 and 7.4 we deal with a variant of functionals considered above,
precisely

min {/ ®(z,det Du(z))dz : u e WHN(Q,RY), det Du > Oa.e., u(z) = zon 002} .
Q

(7.2)
with ®(z,t) = ¢(z,t) + f(2)t.

PROPOSITION 7.3. Let Q be a bounded open convex set in RN and let ¢ : Q x
(0, +00) — [0, +00) satisfy the assumptions of Theorem 7.2, with Ag = —o0 in (A3).
Suppose that f : RN — (0,400) is a strictly convex function, constant on 9. Then
there exists a Lipschitz solution to (7.2).

Proof. 1t is easy to see that ® satisfies the assumptions of Theorem 6.3. Since
O**(z,t) = ¢*™*(x,t) + f(x)t for every x € Q, then in (0, a(z)] and in [G(x),+o0)
we have that ®(z,-) = ®**(z,-). Moreover, for every ¢t € [a(z), 5(z)] it holds true
that ®**(x,t) = H(x)t + q(z), with H(z) := p + f(z) and the super-level, sub-
level and level sets of H satisfy the assumptions in Theorem 6.3. (A3) implies that
D®(x,t) = Dyp(x,t) + f(x) goes to —oo as t — —oo and goes to 400 as t — +oo,
uniformly with respect to . The thesis easily follows from Theorem 6.3. O

From now on, € is the unit ball B in RY centered at the origin.

PROPOSITION 7.4. Let ¢ : B x (0,4+00) — [0,+00) satisfy the assumptions of
Theorem 7.2, with \g = —oo in (A3). Let f € C%7([0,1]), 0 <~ <1, f(s) > 0 for
every s, f piecewise monotone. Then there exists a Lipschitz continuous solution to
(7.2), with ®(z,t) = p(x,t) + f(|z|)t.

Proof. Proceeding as in the proof of Proposition 7.3, the thesis easily follows from
Remark 6.5 (b) and from Theorem 6.4 applied to ®(z,t) = p(z,t) + f(|=|)t. O

Now, we deal with one more class of nonpolyconvex functionals, characterized by
an integrand ¢ with radial structure p(z,t) = @(|z|,t). Precisely, we deal with the
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variational problem

min {/ @(|x|, det Du(x)) dz : v € WHN(B,RY), det Du > 0 a.e., u(z) =  on aB} ,
B

(7.3)
and ¢ : [0,1) x (0,4+00) — [0, +00) is a continuous function.
THEOREM 7.5. Let ¢ : [0,1) x (0,400) — [0,+00) be a continuous function
satisfying the following assumptions:
(1) there exist a,b € L*(0,1), b(s) > a(s) > 0 for every s, infa > 0, such
that @(s,-) and $**(s,-) both concide and are strictly convez in (0, a(s)] and
[b(s), +00), for all s € [0,1),
(ii) o**(x,-) is affine in [a(s),b(s)] for all s € [0,1),
(i) there exists Ao € RU{—00} such that

lim+ D @(s,t) = Ao, , ligl D; ¢(s,t) = 400, uniformly in s.
t—0 —+0o0o

Then there exists a Lipschitz solution to (7.3).

Proof. Let us define p(x,t) := @(|x|,t) for every x € B. Notice that ¢**(x,t) =
@**(Jz|,t) and that assumptions (K1), (K2) and (K3) of Theorem 4.1 holds, with
Q= Q4 = B, a(z) = a(|z]) and B(z) = b(|z|). Let v € L>(B), infv > 0, be the
radial solution of (4.1). It is a known fact (see e.g. [15]) that there exists a bi-Lipschitz
solution u to (2.1) with f = v and Q = B. Thus, w is a solution to (7.3), too. O

Appendix A. Proof of Theorem 2.4. In the following we use the arguments
of the proof of Lemma 1 in [16] and the fact, proved in [18], that if Q = (0,1)" and
f is Holder continuous then there exists a bi-Lipschitz homeomorphism solution to
(2.1). We divide the proof into steps.

Step 1.

Let © be a bounded open connected subset of R of class (L). Thus, there exist m
open sets €; such that Q@ C U;Q; and m bi-Lipschitz homeomorphisms 1, : ¥; — @Q,
with £; = QN€Q; and @ = (0, 1)V, such that det Dy; € Lip(X;) and & < det Dy; < A
for some A > 1. Consider a partition of unity {¢;}7", subordinate to such a covering
of Q: {¢;}72, is a family of smooth and nonnegative functions, > 0j(x) =1 for

every x € () and
(A1) supp ¢; CC Q;, Vi=1,..,m.

Since @ = UJL;%; and (2 is connected, we can assume that for every k£ = 2,....,m
there exists p(k) < k such that X N3, is not empty. Define the matrix (o),
1<h<m,2<k<m,

1 ifh =k,
apk = —1 ifh = p(k),
0 else.

Each of the m — 1 columns contains exactly one pair +1, —1 so that > ,—, apr = 0
for every h.

Define gy, € C° (3, N,k ), such that [, ne(z) do = 1. Let g € C%*(Q) be such that
fQ g(z) dr = 0. Define the Holder continuous functions g, : @ — R, 1 < h < m,

m

= 9nlg — D MknkTk,
k=2
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where Ag, ..., A;, are real numbers solutions of the following system of m equations

(AQ) Z )\kozhk = / ggf)h dx, h = 1, ey T
k=2 @

Since the rank of (apx) is m —1 and both Y 7," | S ) Aoy and 20" [, gop dr are
equal to 0, then system (A.2) is uniquely solvable.

We claim that supp g, C . In fact supp ¢plg € 3y and, since apy, # 0 if and only
if h=kor h=pk),

supp Aganknie C X N Xpy € X,
for every k = 2,...,m. Moreover, from (A.2) there exists M > 0 depending on €,
{¢,},; and {n;}; only, such that sup|g,| < M sup |g|.

Step 2.
Let Q, {2;};, {¢;};, {&};, {nj};, m and M be as above. Let f in (2.1) be such
that sup |f — 1| < m~*M~1. Define m Holder continuous functions g, reasoning as
in the previous step, with g replaced by f — 1. For every j = 1,...,m + 1 define
fi 2 — (0, +00),
1 if j =1,
i\r) ‘= j— p -

1i(@) { 1+Zi:igh(a:) if j > 1.
In particular f,,+1 = f. Notice that each f; is a Holder continuous function and,
since sup |f — 1| <m~'M~!, then inf f; > 0. Fixed j = 1,...,m we have that

(AS) fj+1_fj =0 in ﬁ\ij, ‘/ij(x) dx = |Q‘, - fj+1(x) dxr = /z': fj(.’E) dzx.

Define f7, 71 : Q@ — (0, +00),
fr=fiy det DYt = fia (i det Dipy Y,

so that [, fii1 € C**(Q) and [, f} dx = [, [} da.
As proved in [18] there exist two bi-Lipschitz homeomorphisms v;, w; : Q — Q@ solu-
tions to

— fif 1 — f;+1 .
{ det Dv; = T @ in @, and { det Dw; = T, 7 & in @,
vi(y) =y on 0Q, w;(y) =y on 0Q,

respectively. Let us consider ; : Q@ — Q, ¢;(y) := (v;l ow;)(y). Then

det Dip;(y) = det Do (w; (y)) det Duw; (y) = J% :

VyeQ@

so that

Fi(@5 o) (y) det DY (05(y)) det Dopj(y) = fipa (¥ ' (y)) det DY M (y), Yy € Q.
Using the the invertibility of v; the equality above implies that

(A.4) fi(uj(z))det Duj(x) = fj41(x), Vo ey,
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where u; : 3; — % is the Lipschitz continuous function defined as u;(z) := (¢; ' o
©j 0 P;)(@).

Since ;(¢;(w)) = ;(z) for all x € 9%;, we have that u;(z) = z, for every z € 9%;.
Then @; : Q@ =R, j=1,...,m,

- ui(z) ifxeX;,
ij(z) :z{ :cj( ) else, J

is Lipschitz continuous and from (A.3) and (A.4)
fj(ﬁj(.%')) det Da](a:) = fj+1($), Vo eQ.

Iterating this argument on j and recalling that fi = 1 and f,,,4+1 = f, we get that
Uy 0+« - 0 Uy, is a Lipschitz solution to (2.1).

Step 3.

Now we suppose that f in (2.1) satisfies sup |f — 1| > m~ 1M 1. There exists ¢; > 0
and 0 < ¢1 < 1 such that [,c1f"(z)de = |Q] and suplerf™ —1] < m™ M1
Applying the same arguments described in step 2 to ¢ := c1f* — 1, we obtain a
Lipschitz function u; satisfying (2.1) with f replaced by c; f'*. Applying again this
procedure to g := co ft2 — ¢y f*, with a suitable choice of ¢; and t5 in such a way that
t <ty <1, [cafdr =|Q] and sup e f*? — e f''] <m~'M ™!, we get uy Lipschitz
solution to

c1 fi1 (ug)det Dug = cof2  in Q,
ug(z) = on Of.

Hence, u; o us solves (2.1) with f replaced by cof?2. It can be proved that the
exponents {t;} can be chosen such that in finitely many steps, say n, we get t,, = 1.
The existence of a Lipschitz continuous solution to (2.1) follows.
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