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ABSTRACT. We show the existence of quasistatic evolutions in a fracture model for brittle materials by a
vanishing viscosity approach, in the setting of planar linearized elasticity. Differently from previous works,
the crack is not prescribed a priori and is selected in a class of (unions of) regular curves. To prove the result,
it is crucial to analyze the properties of the energy release rate showing that it is independent of the crack
extension.
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INTRODUCTION

In many applications of engineering, it is crucial to predict the propagation of fracture in structures and
to understand whether cracks are stable. When the external loading is very slow if compared with the time
scale of internal oscillations (such as in a building in standard conditions), it is possible to ignore inertia and
to assume that the system is always at equilibrium: the resulting model is called quasistatic. Quasistatic
(or rate-independent) processes have been extensively analyzed in the mathematical literature both in the
context of fracture and of other models (see [43] and references therein).

The first difficulties in modeling fracture are related to identifying equilibrium configurations. In fact, in
order to state that a configuration is stable, one would have to use a derivative of the mechanical energy
with respect to the crack set, which is not well defined. Thus one may prefer a derivative-free formulation
where equilibria are restricted to global minimizers (of the sum of the mechanical energy and of the dissipated
energy due to crack growth), in the context of energetic solutions to rate-independent systems, see, e.g.,
[25], (19, [7, 24), [15], 16 [26].

A second approach allows one to take into account of more equilibria by restricting the set of the admissible
cracks. In fact, the problem is to select a class of regular curves and to prove the existence of a derivative of
the mechanical energy with respect to the elongation of a crack in that class. The opposite of this derivative
is called energy release rate and represents the gain in stored elastic energy due to an infinitesimal crack
growth. Griffith’s criterion [27] allows crack growth only when the energy release rate reaches the toughness
of the material (i.e., the energy spent to produce an infinitesimal crack).

In this context, some existence results for crack evolution were first given in the case of a prescribed crack,
i.e., before the evolution starts one already knows the set which is going to crack, see [47, [33] in linear elasticity
and [36] for a nonlinear model. An algorithm for predicting a stable crack path (chosen from a class of regular
curves) was proposed in [39] in the case of antiplane linear elasticity, where the deformation is represented
by a scalar function (that is the vertical displacement, depending on the two horizontal components, while
the horizontal displacement is zero). This was extended in [12] to a class of curves with branches and kinks.

In this paper we prove an existence result for crack evolution based on Griffith’s criterion, in the context
of planar linear elasticity, in dimension two, as in [33]. In this case the displacement is a vector (with two
components). Differently from [33], in our model the path followed by the crack is not a priori known. In
fact, the crack is assumed to be the union of a fixed number of C*! curves and is selected among a class of
(unions of) curves with bounded curvature, with no self-intersections, and with at most one point meeting
the boundary of the domain (in the reference configuration). Some geometric constraints guarantee that this
class is compact with respect to the Hausdorff convergence of sets. The same class of admissible cracks was
employed in [39].

In order to write the flow rule for crack propagation, we need the expression of the energy release rate.
The first step is by now standard and requires to prove that, when the crack is a prescribed curve, then the
mechanical energy (i.e., the sum of the stored elastic energy and of the work of external volume and surface
forces) is differentiable with respect to the arc length of the curve, and its derivative can be written as a
surface integral depending on the deformation gradient. This is done in Proposition [3.1] by adapting to our
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framework (C! crack, nonconstant elasticity tensor, volume forces) the classical techniques of 21, 28], as
done e.g. in [30} 32, 33] B8]. Since we want a model predicting the crack path (not prescribed a priori), we
need to prove that the energy release rate is independent of the extension of the crack (in the class of C1:!
curves). This is a crucial result in our analysis, shown in Theorem Moreover, the energy release rate
is continuous with respect to the Hausdorff convergence of cracks (see Remark . When there are more
curves, there is an energy release rate for each crack tip.

Proving such properties of the energy release rate(s) is fundamental to study quasistatic crack evolution
and is the major technical difficulty of this work. In fact, the strategy of the proof differs from the method
used in the corresponding results in the antiplane case, cf. [38, [39]. In planar elasticity, assuming that the
crack is C'°°, that there are no external forces, and that the elasticity tensor is constant, it was proven in [3]
(see also [I1l 20]) that each energy release rate can be expressed in terms of two stress intensity factors,
which characterize the singularities of the elastic equilibrium; since the stress intensity factors only depend
on the current crack, it turns out that the energy release rate is independent of the crack’s extension. In
this paper we need a corresponding property for C1:! cracks (in the class where we have compactness with
respect to Hausdorff convergence) and for energies with external forces and nonconstant elasticity tensor.
The same strategy of the antiplane case does not apply to the nonsmooth case, in particular we do not prove
the existence of the stress intensity factors; nonetheless, we prove that the energy release rate is stable under
Hausdorff convergence in the class of C! cracks, so we can employ the results of [3] via some approximation
arguments (see Section . For this reason we need a version of Korn’s inequality in cracked domains, where
a sequence of converging crack paths is given and the constant of Korn’s inequality is uniform with respect
to the cracked domains (Section .

We remark that a recent paper [29], extending [6], shows the independence of the energy release rates from
the crack’s extension with different methods and under stronger regularity assumptions on the cracks (which
are required to be H? curves). For an account on the wide literature regarding energy release rates and stress
intensity factors we mention e.g. [4} [I8], [30L [44] 45 1] and the references therein. Moreover, we point out that
an energy release rate associated with a crack tip does exist also under much weaker regularity conditions on
the crack set. For instance, the results of [5] apply to cracks that are merely closed and connected. However,
in this setting energy release rates can be characterized just up to subsequences through a blow-up limit, thus
uniqueness is not guaranteed and, ultimately, the independence on extensions may not hold. On the other
hand, the results of [8] do not have this limitation, but the initial crack needs to be straight, which makes
it impossible to use such characterization in the context of an evolution problem. (We also refer to [10] for
related results in antiplane elasticity.) For these reasons in this paper we resort to the class of (unions of)
C%1 cracks where, as mentioned, better properties can be proven.

This allows us to employ the well known vanishing viscosity method for finding balanced viscosity solu-
tions to rate-independent systems, see [33] [39] [12] for brittle fracture in linear elasticity and [43] for further
references. We fix a time discretization and solve some incremental problems where we minimize the sum
of the mechanical energy and of the dissipated energy in the class of non prescribed C*! cracks. Notice
that in the present work the dissipated energy density is nonconstant and depends on the position of the
crack tip in the reference configuration. In the minimum problems, the total energy is perturbed with a term
penalizing brutal propagations between energy wells, multiplied by a parameter €. Passing to the continuous
time, we obtain a viscous version of Griffith’s criterion, with a regularizing term multiplied by €; a second
passage to the limit as € — 0 leads to rate-independent solutions. It is also possible to characterize the time
discontinuities of the resulting evolution using the reparametrization technique first proposed in [22] and then
refined in [40, [41] [42] [46]: thanks to these methods we can also treat multiple non interacting cracks.

In our paper we extend the results of [39] to planar elasticity and the results of [33] to C!*!, non prescribed
cracks. Our main outcome is the existence of a quasistatic evolution (more precisely, a balanced viscosity
evolution) fulfilling Griffith’s criterion: the length of each component of the crack is a nondecreasing function
of time; at all continuity points of these functions, the energy release rate at each tip is less than or equal to
the material’s toughness at that tip (which is a stability condition); the length is increasing only if the energy
release rate reaches the toughness. Moreover, time discontinuities (corresponding to brutal propagation) can
be interpolated by a transition, characterized by a viscous flow rule, where the energy release rates are larger
than or equal to the toughness (see e.g. [13] [14] [34] 5] for corresponding results in damage and plasticity).

Notation. Given two vectors a,b € RY, their scalar product is denoted by a -b. We set M? the space of
d x d square matrices, and we denote by ngm and Mgkw the subsets of symmetric and skew-symmetric ones,

respectively. We set I the identity matrix in M?. Given A and B in M?, we write A : B to denote their
Euclidean scalar product, namely A : B = A;;B;;. Here and in the rest of the paper we adopt the convention of
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summation over repeated indices. For every p > 1 we define the p-norm in R? as |z|, := (Z?:l |mi|p)1/p. The
2-norm will be simply denoted by |-|. The latter induces the distance dist(C, D) := inf{|z—y| : z € C, y € D}
between two sets C' and D. The maximal distance between two points of a set E, namely its diameter, is
denoted by diam(C).

The symbol B,(x) denotes the open ball of radius p in R2, centred at x. The support of a function f,
namely the closure of {f # 0}, is denoted by spt(f). For a tensor field V € C1(R%; M%), by divV we mean
its divergence with respect to lines, namely (divV’); := 0;Vj;. The symmetric gradient of a vector field
u € C1(R%RY) is denoted by Eu, namely (Eu);; := (O;u; + 0ju;)/2.

We adopt standard notations for Lebesgue and Sobolev spaces on a bounded open set of R¢. The boundary
values of a Sobolev function are always intended in the sense of traces. Boundary integrals on Lipschitz curves
are done with respect to the 1-dimensional Hausdorff measure H!'. Given an interval I C R and a Banach
space X, LP(I; X) is the space of LP functions from I to X. Similarly, the sets of continuous and absolutely
continuous functions from I to X are denoted by C°(I; X) and AC(I; X), respectively. Derivatives of functions
depending on one variable are denoted by a prime or, when the variable is time, by a dot.

The identity map in a vector space is denoted by id. Given a normed vector space X the norm in X is
denoted by || - ||x. We adopt the same notation also for vector valued functions in X. For brevity, the norm
in LP over an open set  of R is denoted by || - ||,.o or, when no ambiguity may arise, simply by || - ||,-

1. DESCRIPTION OF THE MODEL AND EXISTENCE RESULTS

We describe a crack model in planar elasticity for a brittle body. The body is represented in its reference
configuration by an infinite cylinder Q x R, where Q C R? is a bounded connected open set, with Lipschitz
boundary. By assumption, the displacement u produced by the external loading is horizontal and depends
only on the two horizontal components: the deformation is then given by

QX R>3 (x1,29,23) = (21 +ur(x1,22), 22 + u2(x1,22),23), where u= (ug,uz): Q — RZ.

1.1. Admissible cracks. The set of possible discontinuity points of u (the crack) is assumed to lie in a class
of admissible regular cracks. We now define such class following [38] [39]. It depends on a parameter > 0
that is thought as small, but is fixed throughout the paper.

Definition 1.1. Fixed n > 0, the set ’Rg contains all closed subsets I' C €2 such that

(a) T is a union of a finite number of arcs of C1'! curves, each of them intersecting 9 in at most one
endpoint,

(b) HY(T' NQ) >0 and 2\ T is a connected open set, union of a finite number of Lipschitz domains,

(c) for every x € T" there exist two open balls B}77 B% C R? of radius 7 such that

(1.1) B, NB. = {«} and (BLUB2)NT = .

Furthermore, we denote with Rg’l the class of curves I' € Rg such that T is one arc of curve of class C1!
intersecting 02 in exactly one endpoint.

Notice that Rg C Rg/ if n > n’. The role of is twofold: on the one hand it gives a uniform bound
(depending on 1/n) on the curvature of each connected component of any set I" € Rg, on the other hand
it ensures that each of these components is an arc of a simple curve, i.e., a curve with no self-intersections.
Because of (a), each of the arcs has one or two endpoints contained in ; we say that these points are the
crack tips.

Since quasistatic models are in general unable to predict crack initiation [9], i.e., nucleation of a new crack
from sound material, we assume that there is an initial crack Ty € Rg. Each connected component of an
admissible crack I' will be the extension of a connected component of I'g, starting from its crack tips. Let M
be the number of crack tips of I'g; notice that M may be larger than the number of connected components
of Ty. We parametrize Iy by introducing M injective functions 4™ of class C1!, for m = 1,..., M, in the
following way:

o If a connected component I'(* of I'y intersects 0f) in a single endpoint z(, we consider its arc-length
parametrization y™: [0, H}(T7)] — T§ such that v™(0) € 9Q and y™(HY(T'T")) is the crack tip
of I'f’. In particular, a crack in ’Rg’l has exactly one tip.

e If a connected component of I'g is contained in 2, we see it as the union of two curves
intersecting at a single point Z (that is not a tip of I'g); then we consider two arc-length parametriza-
tions y™: [0, HY(TF)] — T, y™FL: [0, HY TP )] — Tytt, such that 4™(0) = y™+1(0) = z
and Y™ (H(TF)) and 4™ (HY(TFH)) are the two crack tips.

m m—+1
0> I‘0 ’
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We then have I'g = U%zl I's’. Analogous parametrizations will be used for the extensions of I'g. In the next
definition, M is the number fixed above.

Definition 1.2. The set R,, contains all subsets I' € R% such that

(d) T is the union of M connected subsets I', ..., '™ such that any two of them intersect in up to a
point,

(e) T™ DT for every m=1,..., M,

(f) for every m =1,..., M and for every z € I'""\T'}"

T B =0.
Bgn()ﬂ<3QUlgTF) 0

Given a set I' = Ui\le I' € Ry, we extend the functions v, m = 1,..., M, defined above, to arc-length
parametrizations v : [0, H}(I'™)] — T'™; it turns out that they are injective and of class C1'1. Properties
(a)—(f) ensure that the class R, is sequentially compact with respect to Hausdorff convergence (see the next
section for details), induced by the following distance.

Definition 1.3. Given two compact subsets I,V C Q, their Hausdorff distance is given by

dy(T";T) := max { sup dist(z,T), supdist(z, F’)} ,
zel’ zel
with the conventions dg (x;0) = diam Q and sup ) = 0. A sequence (I';,),en of compact subsets of  converges
to T in the Hausdorff metric if dy(Ty;T) — 0 as n — oo.

Remark 1.4. There are choices of I'g such that R,, contains no elements different from I'y: we mention a few
examples with Q = [—1,1]%. Let Ty = [-1,0] x {0, 1}: then I'q € R only if n < 1/8, thus R, =  if and only
if n > 1/8. If instead I'y = [—1,0] x {0}, we have R,, = {I'g} if and only if » > 1/2. However, given I'y such
that R, is trivial, one can find ' < 1 such that R,  contains nontrivial extensions of I'y. Starting from an
initial crack with nontrivial extensions, the model described in this paper is reliable as long as our algorithm
finds a current configuration I'(¢) such that there are nontrivial extensions. If, during the evolution, some tip
becomes (2n)-close to O or to other connected components of the crack, the results should not be regarded
as meaningful.

1.2. The mechanical energy and the incremental scheme. Since the body is brittle, the uncracked
part Q\ T is elastic; we assume that the displacements are small (so we adopt the setting of linear elasticity)
and the crack is traction-free. We look for evolutions in the time interval [0,7], produced by the time-
dependent external loading:
(H1) a boundary condition w € AC([0,T]; H'(2\I'p; R?)), to be satisfied on a relatively open subset 9p{2
of 09, with a finite number of connected components,
(H2) a volume force f € AC([0,T]; L2(Q\I';R?)) and a surface force g € AC([0,7T]; L?(0sQ;R?)),
where 052 is a relatively open subset of 9 such that s € 9Q\Ip.
Without loss of generality, we assume that spt(w) C {z € Q : dist(z,dQ) < n}, so w = 0 around any crack
tip.
At each point x € €, the stress tensor is C(z): MZ,,, — M2,
(H3) C(z)A = A(z)tr(A)I + 2u(x)A7f0r every A € M2, with X\, € C%!(Q) such that p(z) > 0 and
A(z) + p(x) > 0 for every x € €.
Notice that the standard conditions p(z) > 0 and A(z) + pu(z) > 0 ensure the positive definiteness of C(z),
uniformly in z.
Given t € [0,T] and " € R,;, the minimum problem

where

1
(1.2) min¢ = [ CEv:Evdx — f(t)-vda:—/ g(t)-vdH': v e HY(Q\I';R?), v = w(t) on IpN
2 Jor o\r )
has a unique solution, denoted by u(t;T'): Q\I' — R?, with elastic energy
1
gt:T) =L [ CRut:T): ButT)de — [ F(t) - u(t: ) da — / g(t) - u(t;T) dH .
O\ O\ 9sQ

According to the assumption of brittle behavior, in order to produce a crack the system employs an energy
depending (only) on the geometry of the crack itself, in the context of Griffith’s theory [27]. The total energy
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of the configuration corresponding to a crack I' at time ¢ is
F;I) =)+ K£T), KT):= / kdH!,
r

where the surface energy density satisfies

(H4) r € C°(Q; [k, K2)),
where 0 < k1 < Ko.

Starting from the initial condition I'y fixed above, we define a discrete-time evolution of stable states by
solving some incremental minimum problems. For every k € N we consider a subdivision of the time interval
[0,T] in nodes {tx;}o<i<k such that
(13) 0=tro < tk71 <0< tk,k =T and lim max (tk,i — tk’ifl) =0.

’ k—o0 1<i<k
Fixed € > 0, we define by recursion the sets I'c . ;, 2 = 0, ..., k, as follows. Weset I'; . o :=T'g; for i > 1, I'c 1. ;
is a solution to the minimum problem

. 1 9 M Hl(l“m\rgnk i71)2
(1.4) min { €(tpT) + H' (D) + = L ‘T€eRy, PDTepi1y,
2 = ki ki
where the role of the term multiplied by ¢ is to penalize transitions between energy wells. The existence of
solutions to (|1.4) is proven in Corollary exploiting the compactness properties of R, with respect to the
Hausdorff convergence, see Section [2] for details.

We define a piecewise constant interpolation on [0, 7] by
(1.5) Fg,k(()) =1y, F57k(t) = F‘g’k’i for t € (tk,i—17tk7i] .

The wunilateral constraint I' O T'; ;1 in (1.4) enforces irreversibility of the crack growth, indeed the set
function ¢ — I'c ;(t) is nondecreasing with respect to the inclusion.

1.3. Existence results. Passing to the limit as £ — oo and exploiting again the compactness of R,, we
obtain a time-continuous evolution ¢ — I'.(¢). In order to understand its properties, we need to define the
energy release rate associated to a crack.

For simplicity, let us first consider the case of a prescribed curve with only one tip. Given an increasing
family of cracks T'y € R;)! parametrized by their arc length o € [0, S], we will prove that the map o — £(t;T5)
is differentiable for every fixed t. Moreover, we will show that the derivative only depends on the current
configuration 'y, and not on its possible extensions, i.e., if I', = I', for o < s, then

dE(t;T,) _deT,)
dU oO=S8 B da o=S8
In particular, we are allowed to write —%L:S =: G(¢;Ts) with no ambiguity. The quantity G(¢;T') is

the energy release rate corresponding to the crack I's and represents the (partial) derivative of the energy &
with respect to variations of crack in the set of all admissible curves Rg’l larger than I'y. For the details of
these results, we refer to Section [3| below.

In the case of a curve with several connected components I' € R, for every tip indexed by m we define
the m-th energy release rate G™(¢;T') as above, with respect to variations of the sole component I'"™ of T.
The energy release rate will be in this case a vector G(¢;T') == (G1(t;T),...,GM(¢;T)).

The properties of the evolution ¢ — T'c(t) are summarized in the next proposition, whose proof is postponed
to Section [4l

Proposition 1.5. Fizn > 0, Tg € R}, and ¢ > 0. Assume (H1)-(H4). Let Iy be as in (LE). Then
there are a subsequence (not relabeled) of T'c, and a set function t — T'(t) € Ry, such that T'c ;(t) converges
to T'c(t) in the Hausdorff metric for every t € [0,T].
SetT.(t) = U%zl '™ (¢), with the conventions of Deﬁnition and I™(t) :== H(T™(t)). Then for every
m=1,...,M and for a.e. t € [0, T
(Gl)a l;n(t) 2> 0;
(G2)- K(PI(t) = G() + el (1) > 0;
(G3)e 12(t) [(P(t)) — G2 (t) + e 12 ()] = 0,
where G (t) is the energy release rate corresponding to T (t).
Moreover, along a suitable e-subsequence, 5Hl;"||§ is bounded uniformly w.r.t. €.
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Properties (G1).—(G3). show that the term multiplied by e in has a regularizing effect. Indeed, the
flow rule for the evolution of I := (I1,...,IM) features a time derivative of the unknown. For this reason the
corresponding solutions are called viscous.

In the passage to the limit as ¢ — 0, such viscous regularizing term vanishes, so the system follows an
evolution of stable states. We thus obtain a balanced viscosity evolution. The next result is proven in Section [

Theorem 1.6. Fiz 1 >0 and Ty € RY. Assume (H1)-(H4). For every e > 0, let T be the evolution found

in Proposition[1.5, Then there are a subsequence (not relabeled) of T and a set function t — I'(t) € R, such
that T'.(t) converges to I'(t) in the Hausdorff metric for every t € [0,T).

Set I'(t) = Um 1 T (t), with the conventions of Deﬁnition and I™(t) := HY(T™(t)). Then for every
m=1,...,.M

(G1) for a.e. t €[0,T), I™(t) > 0;

(G2) for everyt € [0,T] of continuity for I"™, k(P™(t)) —G™(t) >0

(G3) for a.e. t € [0,T), I™(t) [x(P™(t)) — G™(t)] = 0,
where G™(t) is the energy release rate corresponding to I'™(t).

Properties (G1)—(G3) are a formulation of Griffith’s criterion for crack growth and show the stability of
the evolution ¢ ~ I(t) := (I*(t),...,I™(t)) in its continuity points. However, the function ¢ +— [(¢) may have
discontinuities and Theorem [I.6] does not provide a characterization of jumps in time. The existence result is
refined in the following theorem, where we show that there are a reparametrization of the time interval and a
parametrized evolution, continuous in time, that interpolates I and follows a viscous flow rule in the intervals
corresponding to the discontinuities of [. The next theorem is proven in Section
Theorem 1.7 (Griffith’s criterion). Fiz n > 0 and Ty € R). Assume (H1)-(H4). There are absolutely
continuous functions t: [0,S] — [0,T] and T™: [0,S] = R,, m € {1,..., M}, such that for a.e. o € [0, 5],
setting I'(0) = UM I (o), with the conventions of Deﬁmtzon and lm(cr) = H{(T™(0)),

(pG1) ¥(c) >0 and (I ") (0) =2 0 for everym =1,...,M;

(pG2) if t'(c) > 0, then gm( ) < k(P™(0)) for everym =1,...,M;

(pG3) if () >0 and (I™) (c) > 0 for some m € {1,..., M}, then G™(c) = k(P™(0));

(pG4) if #(0) = 0, then there is m € {1,..., M} such that (™) (c) > 0; moreover, for every m with this
property, we have G™(0) > k(P™(c)),

where G™(0) is the energy release rate corresponding to I™(c). Moreover, denoting with @(c) the solution

of at time (o) with a crack T(c), for every s € [0, 5] it holds

F(i(s);T(s)) = F(0;To) / /CEu Bi(i(0)) /(o) dz do

B / (6™(0) — w(P™(0)))(I"Y (o) do

(1.6) : 0
_ ; Qf(t( o)) (o ) dxdaf/ /f ))t(d)dxda
7/0 /agg({( o)) -u(o)t' (o dH da—/ /{)Q W(H(0) T (o) dH do .
Finally,

if'(6) >0, thenT(o) =T ((0)),
where T is the balanced viscosity evolution found in Theorem 1.6

2. PRELIMINARY RESULTS

In this section we collect some properties of the class of admissible cracks R, and of the associated
displacements. We recall that, given a crack, the associated displacement is the unique solution to the
corresponding minimum problem .

As already mentioned in the previous section, the elements of R, have no self-intersections, and, during the
evolution, their crack tips stay uniformly far from the boundary and from the other connected components
of the crack set. Moreover, it is easy to show that the curvature and the #' measure of the elements of R,
are controlled from above by n~! and by some constant C(£2, T, 7), respectively. Finally, as proven in [38]
Proposition 2.9 and Remark 2.10], the class of admissible cracks R, is sequentially compact with respect to
the Hausdorff convergence introduced in Definition
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Theorem 2.1. Every sequence (I'y)nen C R,y admits (up to a subsequence) a limit T's € Ry, in the Hausdorff
metric. Moreover, along the subsequence (not relabeled), we have HY(T,,) — HY(T) as n — <.

In what follows we show the continuity of the elastic energy £ w.r.t. Hausdorff convergence of the crack
set I' € R,. This will in particular imply the existence of solutions for the incremental minimum prob-
lems .

We start with recalling in Proposition a Korn inequality for Q\T'. In Proposition instead, we show
that, along sequences of cracks I';, € R,, converging in the Hausdorff metric, such an inequality is independent
of n. The study is carried out disregarding the time variable, which for brevity is omitted. Accordingly, the
elastic energy associated to a fracture I writes £(T").

Proposition 2.2. Let I' € R,. Then, there exists a positive constant C = C(Q,T) such that for every
u€ HY(Q\T;R?)

IVullz < C(llullz + [[Eull2) .
Proof. Being Q\T connected by arcs (see Deﬁnition, it is possible to fix ' O T such that Q\f is the union

of N disjoint open sets Q; with Lipschitz boundaries 9§2; such that H'(0pQ N oQ;) > 0 for i € {1,...,N},
and apply the usual Korn inequality to u restricted to €;. O

Proposition 2.3. Let I',,,I'sc € Ry, be such that I'y, converges to I'ss in the Hausdorff metric as n — oo.
Then, there exists a positive constant C = C(Q2) (independent of n) such that for n sufficiently large

(2.1) IVull2 < C(JJullz + || Eull2) for every u € H'(Q\ T,,; R?).
Moreover, for uw € HY(Q\ T,; R?) with u = 0 H-a.e. on OpQ we have
(2.2) [Vullzg < ClEullz  and lullz < C|[Eu]|2 .

Proof. At least for n sufficiently large, we may assume that there exists an extension fn of T';, such that Q\
fn = vazl QF, where QF (i = 1,...,N) are open bounded disjoint sets with Lipschitz boundaries and
Lipschitz constant L independent of n. Moreover, we can assume that H(dpQNoNe) > 0 fori € {1,..., N}
and every n. The same construction can be repeated for n = oo in such a way that 7' converges to 27° in
the Hausdorff metric as n — oo.

Let us now fix 2’ € Q3°. For n large enough (including the case n = 00), we have that Q' € QF. Hence,

applying Proposition in " we deduce that there exists a positive constant C’ independent of n such that
(2.3) (Vul2.0 < C'(Jull2.0 + |Eul2,0/) for every u € H'(Q\ T',; R?).

Since Qf and Qf° share the same Lipschitz constant L, applying locally, close to the boundary of QFf

(resp. 95°), the results of |23, Theorem 4.2], we also obtain that there exists a positive constant C' such
that

(2.4) I9ully g\ < Cllully gy + [Bully gner) o every ue HY(Q\ T B2).

The same inequality can be proven for QF, ¢ > 2. Therefore, combining (2.3]) and (2.4]) we get (2.1) for some
positive constant C' independent of n € NU {oo}, n large enough.
To prove (2.2)) it is enough to show that

(2.5) lulz < ClEu||2 for every u € H'(Q\ I',;; R?) with u = 0 H'-a.e. on pQ, n large enough .

We proceed with the usual contradiction argument. Assume that is false. Then, for every k € N there
exist ng > np_1 and ux, € HY(Q\ Ty, ; R?) such that ||ugll2 > k||Euk|2. Without loss of generality, we may
assume that |Jugll2 = 1. By we deduce that ||Vug||2 is bounded. Hence, up to a subsequence, Vuy — ¢
weakly in L?(€;M?) and uy, — w in L7 (2 \ I's; R?), which implies that u € H} (2 \ ['e; R?) with Vu = ¢.
Since ¢ € L?(£2;M?), applying [I7, Proposition 7.1] we deduce that u € H*(Q\ T's; R?). Since Euy converges
to 0 in L2(£2;M?), we get that Eu = 0 in Q. Thus, u is a rigid movement in €, i.e., there exist A € M?, ~and
b € R? such that u = Az + b for = € Q. Moreover, setting 2, := {z € Q: dist(z, Q) < n}, by Definition
we have (T',,, NQ,;) \To = 0 and ux, — u in H' (2, \ To; R?). Therefore, u = 0 H!'-a.e. on 9pf, which implies
that u = 0. We claim that |lug|l2 = ||ull2. Indeed, ||ugll2.0 — ||ul2,o for every Q' € Q\ I'ss. By a simple
reflection argument applied on both sides of the crack set I'y, , we instead obtain that [|u ([, o\ = [[ully o\

Thus, 1 = |Jug|l2 — |lul|l2 = 0, which is a contradiction. This concludes the proof of ([2.2]). O

We are now ready to prove the continuity of the energy £ with respect to the crack set. The following
lemma is actually stated in a more general setting. Indeed, we show the continuity of the displacement
solution of (1.2) not only w.r.t. the Hausdorff convergence of sets in R,, but also w.r.t. the data of the
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problem, i.e., the applied forces, the boundary datum, and the elasticity tensor. Such a continuity result will
be useful in the next section, where we prove the differentiability of £ w.r.t. crack elongations by using some
approximations. From now on, when explicitly needed, we highlight the dependence on the data by writing

E(f,9,w,C;T) for E(T).

Lemma 2.4. Let fn, foo € L?*(Q;R?), gn,goo € L2(0s%R?), wy, wee € HY (05 R?), C,,Cop € COL(Q),
Iy, Do € Ry, and n € N be such that f,, — fso strongly in L*(Q;R?), w, = wee in HY(Q\T;R?), g — goo
weakly in L?(0sQ;R?), C,, — Co uniformly in Q, and T, — I, in the Hausdorff metric, as n — .

Then, the energies E(fn, Gn, Wn, Cp; Th) converge to E(foos Goos Woo, Coo; T'ao) in the limit asn — co. More-
over, the corresponding displacements u, and us., solutions to the associated minimum problems , satisfy
Vu, — Ve, strongly in L?(Q; M?).

Proof. The proof is carried out following the steps of [48, Lemma 3.7] and of [2| Lemma 5.5]. The letter C'
will denote a positive constant, which can possibly change from line to line.

For the sake of clarity, we consider cracks in R%l. The proof can be easily generalized to the whole
class R,. For brevity, we set &, = E(fn,gn, wn,Cp;Ty) and oo = E(foo, Joos Woo, Coo; ['no); further-
more, along the proof we denote with F,, and E., the functionals appearing in the minimization with
data {fn, gn, Wn,Cpn, Tn} and {foo, goos Woos Coos I'ao }, Tespectively. Clearly, we have

En,:En(un)zl/CEun:Eundx—/fn~undmf/ Gn - Up dH? for n € NU {00},
2 Jo Q 959

where Eu,, are interpreted as functions defined a.e. in Q.

Let v, € CH([0,4,];R?) and oo € CL1([0,45];R?) be the arc-length parametrizations of T',, and T,
respectively, where £,, and /., denote the H! measures of the crack sets. By a simple rescaling of 7, we
construct a C*! parametrization 4, of I',,, defined in [0, /5,]. The new parametrization, by definition of R%l,
belongs to W2([0, £.]; R?) and its norm is bounded by a constant independent of n. From the Hausdorff
convergence of T',, to I's,, we deduce that 4, converges to v, weakly® in W?2°°°([0, /5]; R?) and strongly
in W1oo([0, £ ]; R?).

Let us fix p > 0 sufficiently small, so that the projection IIr_ over I'c is well defined in Z,(I's) := {z €
Q: d(z,Tw) < p)}. For n large enough we have I', C Z,(I's). We want to construct a Lipschitz function A,
such that A,(Ps) =Ty, and A, (z) = 2 for € R?2\ Z,(I's). For every x € Z,(T's) we define s(z) € [0, £oo]

in such a way that v (s(z)) = IIr__ (z). We notice that the map x — s(z) is locally Lipschitz, while IIr__ is
_ It

Lipschitz on Z,(I's). Moreover, we set d,, := |9, — %OH‘%%N and A, (t) == (1 -

the positive part. With this notation at hand, we define
Ap(z) ==z + A (|l — T (2)]) (An(s(2)) — Yoo (s(2))) for z € R?.

In particular, A, is Lipschitz, ||A, — id||y1.~ < Cd,, — 0 as n — oo, and, for n large enough, A, (Fs) =T,
and A, = id out of Z;, (I'ss). Applying the Hadamard Theorem [37, Theorem 6.2.3], we deduce that A, is
globally invertible with ||A,;! — id||y1.« — 0 as n — oo.

Given v € HY(Q\ T's; R?) with v = ws, on dpQ \ T'g, we have that the function v, 1= vo A, ! +w, — we
belongs to H'(Q \ T',,;; R?) and satisfies v,, = w,, on pQ \ T'g. Moreover, Vv, — Vo in L?(Q;M?), v,, — v
in L2(Q;R?), and, by the continuity of the trace operator, v, — v strongly in L?(9s2;R?). This asymptotic
analysis implies that the sequence (E,(v,)) is bounded and converges to Fo(v) as n — oo.

By the minimality of u, for E,, we have

(2.6) Ep(un) < Ep(vy) < C.

It is easy to see that the functionals E,, are equi-coercive in H(Q2\ T',; R?), so that inequality , together
with Proposition provides a uniform bound on the L? norm of u,, of its gradient, and of its trace.
Therefore, up to a subsequence (not relabeled), we have u,, — ¢ weakly in L?(2;R?) for some ¢ € L?(Q;R?).
Moreover, in a suitably small neighborhood U of the boundary, this convergence is stronger, since (Q\I',, )N =
(Q\ To) NU for every n. More precisely, we have u,, — ¢ weakly in H*((Q\ Tp) NU;R?) and, therefore,
un — @ strongly in L2(9Q; R?) and ¢ = we on dp). The above convergences imply that

)+a where ()4 stands for

neN

(2.7) lim fn-undz+/ gn~und’H1:/foo~g0dx+/ Goo - pdH!.
Q s Q 952

n—oo
Hence, passing to the liminf in (2.6 we get
Ex(p) < Ex(v) for every v € H'(Q \ T'oo; R?) with v = ws, H'-a.e. on dpQ.
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Thus, ¢ is a minimizer of Ey, in H}(Q \ I'sw; R?) with boundary condition ws, and, by uniqueness of the
minimizer, ¢ = u,. The strong convergence of the gradients follows by considering (2.6 for v = us. Indeed,
we have
Foo (o) < liminf B, (uy,) < limsup B, (u,) < 1im B, (e 0 A 4w, — Weo) = Foo(too)
n n

n

which implies, together with (2.7)), that £, — £ and Eu,, — Eus in L*(Q;M2,,,,). Applying Proposition
and recalling that w, — ws in HY(Q\ Ip;R?), we also obtain the strong convergence of Vu, to Vi

in L2(Q;M?). This concludes the proof of the lemma. O

As a corollary of Lemma we deduce the existence of solutions of the incremental minimum prob-

lems (|1.4).
Corollary 2.5. Fize >0, k€N, andi € {1,...,k}. Then the minimum problem (1.4) admits a solution.

Proof. Tt is sufficient to apply the direct method. Let (I'y)nen € R,y be a minimizing sequence for . By
Theorem I',, converges in the Hausdorff metric, up to a subsequence (not relabeled), to some I'oc € R,,
such that the constraint 'y D T'c ;1 is preserved; moreover we have H!'(I',) — H'(I's). Applying
Lemmawith Cp=Cx =C, frn=foo = f(tki)s Gn = goo = g(t1i), and w,, = Weo = w(ty;), we obtain the
convergence of the corresponding energies €(ty,i; T'n) — E(tr,i; o). Hence, I's is a solution to the minimum
problem. O

3. THE ENERGY RELEASE RATE

This section is devoted to the definition of the energy release rate, i.e., the opposite of the derivative of
the energy E(t;-) with respect to the crack elongation. The problem is clearly time-independent, therefore we
omit the variable ¢, which is kept fixed. As in the previous section, the energy in simply writes £(T).

We aim at generalizing the results of [3], where the energy release rate has been computed only in presence
of smooth cracks I', in the absence of forces, and with a spatially constant elasticity tensor. Here we extend
its definition to the case I' € R,;, non-zero volume and boundary forces f € L*(Q;R?) and g € L?(9s; R?),
boundary datum w € H'(2\ T'p; R?), and nonconstant tensor C € C%1(Q).

As in [3], the fundamental steps are the following:

(1) Given an increasing family of cracks ', € Rg’l parametrized by their arc length o € [0, S], we prove
that the map o — £(T,) is differentiable, thus

dé(Ts)

do

(i4) We show that the above derivative only depends on the current configuration I's, and not on its

— lim E(FU) B E(Fs) )

o—s o— S8

O=S8

possible extensions, i.e., if 'y, = I', for o < s, then

dE(T,)|  dE(Ty)
do _. do s
In particular, we are allowed to write f% =: G(['s) with no ambiguity.

We point out a difference of our strategy with respect to the proof of [38] for the antiplane case. In that
case, the energy release rate is first characterized via the stress intensity factor assuming that the volume
force is null in a neighborhood of the crack tip; then, one treats general forces by approximation, using the
property that the stress intensity factor is continuous with respect to the force. In this paper, in the planar
case we do not prove the existence of stress intensity factors for nonsmooth curves. Hence, when expressing
the energy release rate via integral forms, we have to deal carefully with the terms containing the external
force. Once the existence of the energy release rate is guaranteed, we will reduce to the case of forces that
are null close to the tip via some approximation arguments, see Lemma [3.8] below.

In order to rigorously proceed with (i), we follow the classical techniques of [21], 28], refined e.g. in [30} 32}
33, [38]. We first restrict our attention to cracks I's € R%’l. We write 'y as

(3.1) Iy ={v(0): 0< o <s},

where v € C%?! is the arc-length parametrization of I'y. We will discuss in Remark how to tackle the
general case I' € R,;. For brevity, we denote with us € H'(Q\I's; R?) the minimizer of (1.2)). Asin the previous

section, when explicitly needed, we will highlight the dependence on the data by writing £(f, g,w,C;T)
for £(T).
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In order to make explicit computations, for every s € (0,5) and § € R with || small we need to employ
a Cb! diffeomorphism Fj s, borrowed from [30} 33], which transforms I's5 in 'y and maps € into itself.
Precisely, for > 0 small enough we may assume that the curve I', N B,.(y(s)), for |s — o] small, is the graph
of a C1! function ¢, with ¢’(v1(s)) = 0, where we have denoted with 7; the first component of the arc-length
parametrization . We define the function Fys5: B,./2(7(s)) — R? by

(r1(s+6) —71(8))e(x)
C(x1 + (s +0) = m(s)p(x) = ¢(xr) )’

where ¢ € C°(B,/2(7(s))) is a suitable cut-off function equal to 1 close to ¥(s). Notice that, for  small
enough, spt(y) Nspt(w) = 0. We extend Fy 5 to the identity in R? \ B,./2(7(s)).

By the regularity of ¢, Fss is a C1!' diffeomorphism of R? such that F;s(I's) = Isi5 and Fyo = id.
Moreover, the following equalities hold:

(32) ps(@) = 05(Fu5(2))ls=0 = 71 (s) () ( C/(icl) )
05(det VFy 5)s—0 = divps,  05(VFss)|s=0 = —05(VFss) s=0 = Vps.

Fs5(z) =z + <

Notice that ps(z) only depends on s through the term +}(s), where v; € C!; when we come to derive in z,
it turns out that s — Vp4(x) is continuous for a.e. . On the other hand, for the continuity of the energy
release rate we will need a bound on ||Vps| L, uniform in s: for this reason we need the assumption that
the crack is C11.

With this notation at hand, we can write the derivative of s — E(T's) as a surface integral depending on
the deformation gradient. Such formula follows arguing as in [33], where it is stated for C? cracks and with
elastic energy independent of the position in the reference configuration. For the reader’s convenience, we
include a proof adapted to our framework (C1! cracks, nonconstant elasticity tensor, volume forces).

Proposition 3.1. Let {Ts}o>0 C R be parametrized as in B.1). Let f € L*(€R?), g € L*(9s%;R?),
w e HY(Q\ To;R?), and C € C*1(Q). Then, the map o — E(T,) is differentiable and
dE(T,) 1

= 7/ (DC ps)Vus : Vugdz — [ CVusVps : Vusde
do 2 Jar, O\

o=S8

(3.3)

1
+ - (CVuS:Vusdivpsdm—i—/f-VuSpsdx,
2 Jar, Q

where DC denotes the fourth order tensor
2

0Cjm
Oz,

(D(C ps)ijkl = Ps,m » Ps = (ps,la ps,2) .

m=1
Proof. The proof follows the lines of [21] 28] [30, B3]. To prove (3.3]), we compute explicitly the limits
5(FU) —5(F5) 5<Fs+§) _E(Fs)

(3.4) lim = lim ,
oN\s g— S N0 1)

(35) lim 5(Fa) — S(Fs) — lim S(Fs-‘ré) — g(rb) ,
o s o—5 5,0 0

and show that the two limits coincide.
Let us start with (3.4). For every § > 0, the function usoF; belongs to H*(Q\I's14;R?) and uso F§ = u,
on 0f2. Hence,

EQaes) ~ E(LL) < 1(/ CV(uso F, ) : V(ugo F})dx — /
) 20 O\Fays ’ ’ O\l

%/Qf(uSOFS_,;fus)dm.

By a change of coordinate in the first integral in (3.6) we deduce that
5(Fs+6) _g(Fs) 1 (

CEuy : Eug dx)
(3.6)

5 < 55 C(Fs5)Vus(VEs5) ' Vus(VFy5) ' det VF, sdr — | CEuy : Eug dm)

(3.7) AL O\T,

1
—g/Qf~(uSOF8_,51—us)dx.
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By a simple computation, we can rewrite as

M < 1/ MVUS(VFs#;)*l . VUS(VF375)71 det VF, 5 dz
O\T

) -2 0
1 F,s) ' -1
+ = / CVuSM :Vus(VFs5) tdet VF, 5 da
3.8 1 F,s) ' -1
(38) + */ CVuy : VUSM det VF, s dx
2 Jo\r 4
1 det VF,
+7/ CVug : Vug ———— etV Fss — /f usoFsél— ug) dz
=Is1+ 1504+ Is3+Isa+ Is5.
Since C(Fssﬂ converges to DCp, weakly™® in L>°(Q) and
. (VF5) ™t =1 71‘ _
lim S22 (VR Y = -V,
detVF, s —1 .
lim 9 VFss =1 ds(det VF, 5)’ = div ps,
§—0 4 ’ =
where the limits are uniform in §, we obtain
1
3.9 lim Is1 = = DCps)Vu, : Vusde,
(3.9 il =y [ Co)
. . 1
(3.10) %1{1(1) Is0 = %1&1} Iss = —3 /Q\FS CVusVps : Vugde ,
1
(3.11) lim I54 = / CVuyg : Vugdiv ps de .
N0 2 Jor

Applying e.g. [1, Lemma 3.8] (see also [32, Lemma 4.1]), we see that § 1 (us o st(;l —us) = —Vug ps in L2(Q)
as § — 0. Thus,

1 lm Iss = | -V, p,dz.
(3.12) lim, I, /Qf Vus ps dz

Combining (3.8)-(3.12) we get
Tr - &
lim sup Esrs) — €(T)
50 d

1
(3.13) — / CVusVps : Vugda + f/ CVuy : Vugdiv pg dx
T, 2 Jar,

1
< f/ (DCps)Vus : Vus dx
2 Jor

+/f-Vuspsdx.
Q

In order to obtain the opposite inequality, we consider the function us 50 Fss € HY(Q\ I's;R?). By the
minimality of us we have
E(Tsys) — ETs 1
M > — (/ CEusys : Bugysdr — CV(usts 0 Fs5): V(usys o Fss) dx)
(3.14) 0 20\ Jar. s AL

1
_5/ f'(us+§_us+5oFs,5)dx-
Q

For simplicity of notation, we denote with U, 5 := us45 o Fs 5. By a change of variable in the first integral

in (3.14) we deduce that
5(Fs+5) — E(I‘S)
0
1
> — ( (C( s 5)VU5 5(VF6 5) : VU&(;(VFs’(;)*l det VF&(S dz — (CVUS,(; : VU&(; dx)
20 Q\T', O\l

— g/ f (Us+§ — Us7§)d$.
Q



12 STEFANO ALMI, GIULTANO LAZZARONI, AND ILARIA LUCARDESI

Repeating the computations of (3.8)-(3.12) and taking into account that § = (usys — Us s) — —Vu ps weakly
in L?(Q;R?) (see, e.g., [T, Lemma 3.8]), we infer that

I, — &I 1
lim inf M > f/ (DCps)Vus : Vus dx
6\0 (5 2 Q\Fs

1
— / CVusVps : Vugdx + 7/ CVus : Vug div pg dx
O\l 2 O\l

—i—/f-Vusdex,
Q

which, together with (3.13]) implies that

Iy — &I 1
lim M = f/ (DCps)Vus : Vug dx
6N\0 1) 2 O\T',

1
— / CVusVps : Vugdx + f/ CVus : Vug div pg dx
OQ\I' 2 O\

+/ [ Vuspsde.
Q

Adapting the above argument to the case 6 < 0, cf. (3.5), it is also possible to prove that

5(F5+6) B E(I‘S) 1

L A /Q \FS(DCpS)Vus : Vg dz

1
— / CVusVps : Vugdx + 7/ CVug : Vug div pg dx
O\T', 2 OQ\I's

+/ f-Vuspsde.
Q
This concludes the proof of ([3.3)). O

The following corollary states the continuity of the derivative (3.3)) w.r.t. the data f, g, w, C, and ;.

Corollary 3.2. Let f,, f € L>(Q;R?), gn,g € L*(9sR?), wy,, w € HY(Q\ To; R?), and C,,,C € C®1(Q) be
such that f, — f strongly in L?(Q;R?), g, — g weakly in L?(0s;R?), w, — w weakly in H'(Q\ To; R?),
and C,, — C weakly* in WH>°(Q). Moreover, let S > 0, let {Ts}sepo,s) € R%*l be as in , and assume
that there exists a sequence {I'} }sep0,5) C Rg’l such that I'? converges to I's in the Hausdorff metric of sets
for every s € [0,S]. Then, for every s € (0,5) we have

(3.15) iy 9EUn: gnywn, CusTg) | dE(f, g, w, G5 To)
n do do

O=S8 O=S§

Proof. Let us denote with wu, and wu the displacements associated to &(fn,gn,wn,Cpn;I'?) and
to £(f, g, w,C;T), respectively. By Lemma and by the hypotheses, it follows that Vu,, converges to Vu
strongly in L?(Q; M?). Let us denote by p? the quantity defined in and corresponding to I'?. Since I'}
converges to I'y in the Hausdorff metric of sets for every s € [0, S], we have that p? — p, uniformly in 2 and
weakly* in W1°°(Q; R?) for every s € (0,5). Thus follows by (3.3). O

We notice that the dependence of %L:S on {T's},¢[0,5] is encoded by the quantity p, introduced
in . The rest of this section is devoted to step (i), namely at proving that the above derivative only de-
pends on the current fracture I'y, and not on its possible extensions, i.e., on the choice of the family {I's },¢[o,s1-
We start by recalling a result of [3] (cf. also [I1], 20]) stating that this very same property holds for C*° cracks
in absence of external forces and with constant elasticity tensor.

Theorem 3.3 ([3, Theorem 4.1]). Let f = g = 0 and let C be constant in Q. Let {T's}oejo,5) € R be as
in (3.1) and assume that there exists 5 € (0,5) such that Ty is of class C* for every o € (0,8]. Then, for
every s € (0, 3] there exist two constants Q1(T's) and Q2(Ts) (independent of T, for o > s) such that

dE(r,)
do

(3.16) = C(\ ) (QF(Ts) +Q3(Ty)),

=S8

where C(\, i) s a constant which depends only on the Lamé coefficients X and p.
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Remark 3.4. The constants Q1(T's) and Q2(T's) are the so called stress intensity factors. Indeed, it has been
proven in [3, Theorem 2.5] that, in the condition of Theorem the displacement u, can be written as
(3.17) us = up + Q1(Is)P1 + Qo(T5) P2,

for suitable functions up € H?(Q\ T's; R?) and &1, Py € H1(Q\ T5; R?) \ H2(Q\ I's; R?). Moreover, the proof
of formula (3.16]) follows from the above decomposition.

The next proposition is a simple localization of Theorem [3.3

Proposition 3.5. Let {T'c},¢cp0,9 € Rg’l be as in (B.1). Let s € (0,5), f € L?>(Q;R?), g € L?(05Q;R?),
w € HY(Q\ To;R?), and C € C%1(Q) be such that Ty is C°, f =0, and C is constant in a neighborhood of
the tip v(s) of T's. Then, there exist two constants Q1(T's) and Q2(Ts) (independent of Ty for o > s) such
that

W) | o, ) QAT + QA(T))

do |, _,

where C (g, us) coincides with the constant appearing in (3.16)) and \g, s denote the Lamé coefficients of C
in y(s).

Proof. As mentioned in Remark the proof of formula (3.18)) follows directly from a splitting of the
form (3.17) for the displacement u, solution of

(3.18)

1
min ¢ = [ CEu:Eudz — f-uda:—/g-ud?—[lzuEHl(Q\Fs;Rz),u:won&jQ .
2 Jor, \L, 859

close to the tip (s) of I's. Indeed, given (3.17)), we can simply repeat step by step the proof of [3, Theorem 4.1]
and get (3.18]). In order to obtain such a decomposition in a neighborhood of (s), we note that us is also
solution of

min {1 CEu : Budz : u € H'(Be(7(s)) \ I's; R?), u = us on 9B,(y(s)) }

Be(v(s)\Is
with £ chosen in such a way that T's is smooth, f = 0, and C is constant in By(v(s)). This enables us to
apply [3, Theorem 2.5] in the domain B(~y(s)) and to deduce the decomposition (3.18)) in B(v(s)). O

We are now in a position to state and prove the main result of this section.
Theorem 3.6. Let {FU}UG[O’S],{I}}JG[O,S] C Ry be as in B.1). Let f € L?(Q;R?), g € L?(05Q;R?),
w € HY(Q\ To;R?), and C € C%1(Q). Let s € (0,5) and assume that T, =, for o < s. Then,
dE(T,) dg(f,)

“do |,_, do

(3.19) -

O=S§ O=S§

Remark 3.7. The previous theorem states that the derivative %| __computed in Proposition ﬂ does
g =S8

not depend on the possible extension of I'; in the class ’Rgvl. Hence, it represents the slope of the energy &
with respect to variations of crack in the set of admissible curves Rg’l.

The proof of Theorem is a corollary of the following lemma, where we use an approximation argument
to reduce ourselves to the case of smooth cracks, constant elasticity tensor, and forces that are null close to
the crack tip. In the latter case, the relation between the energy release rate and the stress intensity factors

shows (3.19)), cf. [3].

Lemma 3.8. Let {I's}oc0,5), [, and C be as in the statement of Theorem |5.6, and let s € (0,S). Then,
there exist & > 0, f, € L*(4R?), C, € C¥'(Q), and {T}}oco,s45) © RY' such that f, — [ strongly
in L?(Q;R?), C,, — C weakly* in W1>°(Q), I'* — T, in the Hausdorff metric of sets for every o € [0, s+ ],
and, close to the tip of I'Y, 'Y is smooth, f, =0, and C,, is constant.

Moreover, if {f‘g}ae[oﬁ] is another family of curves in Rg’l with Ty = Ty for o < s, then the se-
quences {I'0} (0,546 {f‘g}ge[07s+5], Cn, Cp, fn, and f, can be chosen in such a way that fg =17

foro<s, C, = @n, and fn = fn-
Proof. We start with the construction of an approximating sequence for I',. Let § > 0 be such that s+6 < S.
Let us fix a sequence s, / s. By definition of the class R{', for every n there exist two open balls B} ,

and B ,, of radius 7 such that E,lm ﬂgfm = {y(sn)} and (B}, UB? ) NT, = 0. Up to a redefinition of 4,
for n large enough we may assume that the portion of curve {y(c) : s, —d < o0 < s+ 6} C I'sy5 can be
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represented, in a suitable coordinate system (x1,x2) possibly dependent on n, as graph of a function ), of
class CY! with 4/, (27") = 0, where the point (23", 1, (x]")) coincides with v(s,). A similar notation is used
for v(s) = (23, 9¥n(xf)). Without loss of generality, we assume that ], (z§) > 0.

The idea of our construction is to extend the curve I'y  with the arc of circumference of equation

(3.20) xo = Pp(xi™) +n—/n? — (21 — 27")? for x1 € [z, %1),

where Z; is the smallest z7 > " such that ¥/, (Z1) = ¢} (z5). We notice that is the equation of the
boundary of one of the two open balls B} ,, and that #; = 2" whenever ¢/, (z5) = 0. We denote with A"
the extension of I'y with the arc and its tip with P,. We also use the symbol A%, o € [0, H*(A™)], to
indicate the piece of curve contained in A™ of length o.

A direct computation gives H!(A™) = s,, + narctan(¢), (z5)), which can also be written as follows:
)

1

129

¥ (@]
(3.21) HYA™) = s, + n/
0
On the other hand, exploiting the upper bound 7~! on the curvature of the crack set, which reads || [1 +
(¢!)?]73/2 <~ in terms of the graph parametrization, we get

Lr " 2(z)d N [V d e L d
29 $) = sn V14 @)% (z)de > s, e 42 = sa :
(322) H(I's) = s+ on + (W) @) de > s +”/gcin1+(wg)2(a:) v=s +77/0 1+a2 "

Comparing (3.21) and (3.22)), we conclude that H!(A") < HY(Ty) = s.
If H'(A™) < s, we denote with o} the segment of length ¢, initial point P, and parallel to 7/(s), and we
define {I'} } 5¢[0,s+6] as follows:

An if o € 0,1 (A")],
Iy=q A"Uay suan if o € [HY(A™), 5],
A UG g1 gy U ((Pa (5 = HI A (5) — 1(5)) 4 To \TL)  if o € (HI(A™) 5+ 6],

where we have used the notation v + E == {v+e: e € E} for v € R? and E C R?.
If H1(A™) = s, we simply set

{ A" if o € [0, H (A™)],

To = AU ((Po—7(s)) + o \Ty) if o € (H'(A™),s+4].

In both cases, we have that {FQ}JG[O’H(;] - Rgvl, I'? — I'; in the Hausdorff metric of sets for every o €
[0,s 4 4], and T'? is of class C'™ close to its tip.

The construction of f,, is trivial, since the set of functions in L?(£2;R?) that vanish close to v(s) is dense
in L?(Q;R?) w.r.t. the L2-norm. We only have to ensure that f,, is also null close to the tip of I'?, which is
still possible because of the Hausdorff convergence.

As for the elasticity tensor C, for every r > 0 we consider a cut off function ¢, in B,(y(s)) with ¢, (z) =
or(lz —7(s)]), or = 1in B, 2(7(s)), and |V, | < C/r for some positive constant C' independent of 7. Let us
set Cy := C(v(s)) and C, == ,C + (1 — ,)C,. It is easy to see that C, € C%(Q) with Lipschitz constant
bounded by C(Lip(C) + 1). Hence, C,, — C weakly* in W1°°(Q) as r \, 0. To conclude, it is enough to
choose a suitable sequence 7, N\, 0 in such a way that C,, := C,, is constant close to the tip of I'}. This is
possible thanks to the Hausdorff convergence of I'} to I's.

The last part of the lemma is a trivial consequence of the above construction. O

Proof of Theorem [3.6, To prove (3.19), we apply Lemma [3.8|to both T, and T',. Fixed s € (0,5) and § > 0
small, let {I'}}oe(0,5+4), {f‘a}{oe[o7s+5], C,, and f, be as in Lemma By Corollaryﬁwe have that

iy EUn g0, CuiT9) | dE(f,g,w, G Ty)

n dU =S8 dU (o=} ’
_ dE(fn, g, w,Cp; T2 dE(f,g,w,C;Ty)

lim —

n do s do s

Taking into account Proposition we have that
d&(fn, 9, w,Cp; T7) _ dS(fn,g,w,(Cn;fZ)

do s do

and we deduce (3.19). O

for every n € N

=S8
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We are now in a position to give the precise definition of energy release rate for a crack of the form (3.1]).
We stress that this is now possible thanks to Theorem [3.6

Definition 3.9. Let I' € R%!, s = HY(T]), f € L?(4R?), g € L2(0sR?), w € HY(Q\ Tp;R?), and

n

CeC%(Q). Let S > s and let {T'5}sco,5) € RY' be such 'y = I'. We define the energy release G(I') as
déTs)
r)=-
g(r) o |

Remark 3.10. Definition stated for a curve I' € RO 'L can be further generalized in order to consider
general cracks in the class R,,. Indeed, given I' € R, 1t is enough to represent it as union of arcs of C1:!
curves ', m = 1,..., M. In particular, each component belongs to ’Rg’l and can be written as in .
Hence, for every m we define the m-th energy release rate G"™(I") as in Definition w.r.t. variations of the
sole component I' of I'. The energy release rate will be in this case the vector

G(I) = (G"(T),...,¢"(T)).
Remark 3.11. We collect here the main properties of the energy release rate G.

(a) G is continuous w.r.t. the Hausdorff convergence of cracks I' € R,, strong convergence of volume
forces f € L?(2;R?), weak convergence of surface forces g € L?(95Q;R?), and convergence of Dirichlet
boundary data w € H*(Q\ Tp; R?).

(b) There exists a positive constant C' = C(C,n) such that for every I' € R,, every f € L*(;R?),
every g € L*(0s§2;R?), and every w € H(Q\ T'o; R?),

0 < g(I) < Cllullfn + I fll2llullm

where u € H'(Q\ I'; R?) is the solution of (1.2) with data I, f, g, w, and C.
We will make use of these two properties in the proofs of Proposition and Theorems [I.6] and [1.7]

4. VANISHING VISCOSITY EVOLUTIONS

In this section we focus on the proofs of existence of a viscous evolution I'. (see Proposition and of a
balanced viscosity evolution I' (Theorem , the latter obtained as limit of I'. as the viscosity parameter ¢
tends to 0. To this end, we follow the method employed in a wide literature on rate-independent processes [43].
However, we point out that the abstract results of [40] 41l [42] do not directly apply to our setting.

Since the problem we analyze depends explicitly on time ¢ through the applied loads f, g, and w, from now
on we denote with G(¢; I') the energy release rate defined in Definition [3.9|and Remark foracrackI' € R,
at time t € [0, T7.

As anticipated in Section [I} the proofs of Proposition [I.5] and of Theorem [I.6] are based on a time-
discretization procedure. Let the initial crack 'y € Rg and the viscosity parameter € > 0 be fixed, and

let us set " = ’Hl(I‘m), where I'g = UM ry, according to Definition For every k € N we fix a

partition {t;C i}i_o of the time interval [0,7] as in . For i = 0 we set I'c 0 .= T'g. Fori e {1,...,k}
we denote Wlth Fa,k,z a minimizer of the 1ncremental minimum problem (|1.4]), whose existence is provided

by Corollary Recalling the conventions of Definition we write I'c ; = Un]\le Il we set 17, =
HL(T™ e Z) and we denote with P ; the tip of Il ;- Furthermore, we define the interpolation functions

@) =10+ (W — i) t::—tﬁ .
Gl (t) =G (this De ki) s Ger(t) = G(this Tepi) s
Pop(t) =Tk, PI(t) =P, ucr(t)=uj,,
th(t) = thi, fr(t ) fQtri),  ge(t) = g(tr) for t € (tg,i1,tri],
L) =Tcri-1, u. i (t) = uy,; fort € [tri—1,tki),

where we denoted with uj, ; the function u(tg i Te ki) € H' (2 \ T ps)-
In the following proposition we state a time discrete version of the Griffith’s criterion (G1).—(G3)..
Proposition 4.1. For every e > 0, every k € N, every m € {1,..., M}, and a.e. t € (0,T) it holds:
(G1)y 1m,(t) > 0;
(G2)r K(PI(1) — G (1) + El.?,lk(t) > 0;
(G3)i 125, (O (R(PZ(8) — G (1) + el i(t)) = 0.



16 STEFANO ALMI, GIULTANO LAZZARONI, AND ILARIA LUCARDESI

Proof. By construction, [, is a nondecreasing function, so that (G1)x is clearly satisfied. In order to
show (G2),—(G3); we take into account the minimality of I'c ;. Let us fix ¢ € {1,... k}. For ev-
ery m € {1,...,M}, let 'z € Ry be such that I'm = U, [T%; U A™ with A D I‘E,”, and let us
set A = HY(A™) > [™, .. Then,

e,k,i*

H Tm 2
Iﬂ?d?‘[l Z ( e,k,i \ e,k,i— 1)
2 tk:,z - tk,zfl

E(trisTe k) +/

Teki m=1

)

€ Hl(F’”k ) \ka ._1)2 e Hl(Am . ._1)2
< Etpi:Twm dH! + = § : &kt e,kyi < e,k,i
< &l ) /H 2 = thi—thi-1 2 thi — thi-1
m#m ’ ’ ’ >

which implies

1 E(lamlm‘ *lsmk i—1)2 1 (A*lsmk i—1)2
(4.1) S(tk)i; Fs,k,i) + kdH + ——= = < g(tk’i; Fm) + kdH" + 7é .
;nk ; 2 tk,i — tk,i—l m 2 tk N tk,i—l
We divide (4.1] by A — 1T ; and pass to the limit as A — 17", ;, obtaining (G2) as a consequence of (H4) and
of Deﬁgl‘mon If, moreover, Fg’k?iil C I we can consider as a competitor a set I'z € R,, as above,
with I'? ;4 C A™ C F;”k i» S0 that 7% ;| < A <7 ;. Repeating the above computation we obtain

T ™ T lf’m’ — l?’m’—l -0
H( E,k,i) - g (tk7i1 s,k,i) +e thi — thi1 - Y-
N Ji—

This concludes the proof of (G3)y. O
We now show an a priori bound on . ;, and on u .

Proposition 4.2. The following facts hold:

(a) there exist two positive constants ¢ and C independent of e, k, and i such that for every e > 0,
every k € N, and every t € [0,T],

t(t) 2 )
72/ () dr 4+ ¢ ([Buea O = e (]l m)

t(t) k
F(0;T0) / / CEu, 1 (7) : Eu(7) dzdr + CZ wk.i — wri—1 |3

=1

tr(t) tr(t
/ /f dl’dT—/ /fk 7)dzdr
ti(t) tr(t)
—/ / 9(7) - ue i (T 7)dH? dT—/ / gx (T (1) dH dr;
0 o) 9sQ

(b) for every e >0, along a suitable (not relabeled) subsequence, ||ue k(t)|l2 and ||Vue i (t)||2 are bounded
uniformly w.r.t. t € [0,T] and k € N;

(¢c) for everye > 0, along a suitable (not relabeled) subsequence, £||i™ |13 is bounded uniformly w.r.t. k € N
andme{l,...,M}. /

Proof. For the sake of simplicity, let us denote with wy, ;, fi, and gy ; the functions w(ts;), f(tk,:), and g(tx,:),
respectively.

By definition of uj ;, by hypothesis (H3), and by the regularity of the data of the problem f, g, and w, we
have that

Cr(IIBuf ;13 — llufill ) < E(tris Teoni)

1
< */ CEwy; : BEwy ; da —/ fri-wisde —/ Gri - wii dH' < Oy,
2 Jo Q 950

(4.2)

(4.3)

for some positive constants C; and Cy depending only on f, g, w, and C.
Since, for every ¢ and k, the set function I'c x: [0,7] — R, is nondecreasing, we have that uf , € H'(2\

I'. x(T); R?). By definition of the class R, the curves I'c x(T') have bounded length uniformly w.r.t. € and k.
Hence, we may assume that, up to a not relabeled subsequence, I'c 1 (T') — IA} € R, in the Hausdorff metric
of sets as k — oo. We are therefore in a position to apply Proposition to I'e 1 (T), fs, and ug ;, which,
together with (4.3)), implies (b).
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By definition of I'; x; and of the energy (¢ ;') we have that

M 1(Tm m 2
£ H (FE Ji \FE i— )
g(tk,i§re,k,i)+/ /{dH1—|—§ 3 ki \Lekio1

Te ki oo} tki — thi-1

< E(trsiTemior) + / A

Tekic1

1
< 5/ CE(u i1 + Wiy — whi-1) « B(ug ; + wei — w,io1) da
Q

- / Sri - (Ugimq +wri — wg 1) de — / i+ (Uf i1 + Wiy — Wyi—1) AH + / kdH
Q 950

Peki—1

1
= E(tk,i—13Te k1) +/ CEug;_y : E(wg,i — wgi—1)do + 5/ CE(wg,; — wii—1) : E(wg,; — wgi—1) da
Q Q
— / fri- (W — wgi—1) de — / (fri = fri-1) - up,—q dz — / Gri+ (Wg i — wyi—1) dH!
Q Q 950

- / (Gryi = Gryi—1) " Ug i1 d? —|—/ rdH!.
95 Peki
Iterating the above chain of inequalities for ¢ € {1,...,k} and using (H2) we deduce (4.2), which, together
with (b), implies (c). O

In the following proposition we discuss the properties of the limit of the sequence I'; , as k — oo.

Proposition 4.3. For every € > 0 there exists a subsequence (not relabeled) of T'c and a set function
t = Te(t) € Ry such that T (t) converges to T'T'(t) in the Hausdorff metric for every t € [0,T] and
everym € {1,..., M}, and

(a) T. is nondecreasing in time;

(b) 17 — 17" weakly in H'(0,T) and I, (t) — I2%(t) for every t € [0,T] and every m, where I7*(t) =

(T (1)

(€) Vuer(t) — Vu.(t) strongly in L*(Q;M?) for every t € [0,T], where u.(t) == u(t;Te(t));

(d) Ger(t) = Ge(t) for every t € [0,T], where Gc(t) == G(¢t; T (t));

(€) G — G in L*(0,T).
Moreover, along a suitable (not relabeled) subsequence, we have

(f) elli™||3 is uniformly bounded in e for every m € {1,..., M};

(9) IVue(t)|l2 is uniformly bounded in & and t.

Proof. For brevity, in the following we will not relabel subsequences. For ¢ > 0 let us consider the subse-
quence I'; ;, detected in (b) and (c) of Proposition Since I';  is a sequence of increasing set functions
with uniformly bounded length, there exists a nondecreasing set function I'c: [0,T] — R, such that, up to a
further subsequence, I 1 (t) converges to I'c(t) in the Hausdorff metric of sets for every ¢ € [0,T]. Hence, for
every m € {1,..., M} and every t € [0,T] it holds I'?", (t) — T'7*(¢).

For € > 0 fixed, by Proposition we have that [ € H'(0,T) is bounded w.r.t. k and m. Therefore, for
every m € {1,..., M} the sequence [, converges weakly in H'(0,T) to a nondecreasing function /™. Up to
a further subsequence, we may assume that [, (t) — I2*(t) for every ¢ € [0,T] and every m. In particular,
[™(t) = HY(I'™(t)), so that (b) is proven. We also notice that, because of the continuity of I™, we have
that ', , (t) — T'c(t) in the Hausdorff metric as k — oo.

The L?-convergence of Vu, ;(t) to Vu(t) is a consequence of the convergence of I'c (t) to T'(t) and of
Lemma In a similar way, since I, ;. (t) converges to T.(t), Vu, ,(t) = Vuc(t) in L*(Q;M?). Moreover,
by Remark we have that G ;(t) — G(t;Te(t)) =: Gc(t) for every ¢t € [0,T], so that (d) holds. Be-
ing ||Vue i (t)]|2 and ||ue k(t)||2 bounded uniformly w.r.t. ¢ and k, again by Remark we infer that G, x(t)
is bounded, so that G.  — G. in L?(0,7T) and (e) is concluded.

In order to prove (f) and (g), we employ Proposition obtaining

(4.4) |Bue ()12 — ||ue(t)]| 1 < C for every € > 0 and every t € [0,7],

where C' > 0 is independent of ¢ and €. Arguing as in the proof of Proposition 4.2 we have that u.(t) €
HY(Q\T'.(T); R?) for every t € [0,T)]. Since I'.(T) € R, has a uniformly bounded length, we may assume that,
up to a subsequence, I'.(T)) — I' € R,, in the Hausdorff metric of sets. Thus, we can apply Proposition

to T'e(T), I', and u.(t), to deduce from (4.4) that ||Vu(t)||2 is bounded uniformly w.r.t. € and ¢, so that (g)
holds.
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Finally, we pass to the liminf in (4.2) for ¢ = T, obtaining

e L T
53 [P GBI - (D))

55(0;r0)+/F nd?—l1+/T/(CEuE(t):Eu';(t)dxdt/T/f(t)mg(t)dxdt
/ /f dxdt—/ /M Cu(t d’Hldt—/ /89 t)ydH  dt.

By the boundedness of ||Vue(t)||2 and of |Ju.(t)||2 we immediately get (f), and the proof is thus concluded. O
We are now in a position to prove Proposition [I.5]

Proof of Proposition[I.5 Let T'c, I, and G™ be the functions determined in Proposition Since 1™ is
nondecreasing, (G1). is satisfied. In order to prove (G2). let us consider ¢ € L%(0,T) with 1 > 0. By (G2);
we have

T .
(4.5) /O (R(PZ(8)) = G (1) + el (8)(¢) dt > 0.

From the Hausdorff convergence of I'% (¢) to I'l*(¢) it follows that P (t) — PI"(t) for every ¢ € [0,7] and
every m, where P"(t) stands for the tip of I'*(t). By hypothesis (H4) we have that x(P) — w(P")

in L2(0,T). Hence, passing to the limit in (4.5) as k — oo and taking into account (e) of Proposition [4.3| we
get

/0 (P (1)) — G (8) + 2™ (1)) (t) dt > 0.

By the arbitrariness of ¢ € L2(0,T), 1 > 0, we infer (G2)..
As for (G3)., we integrate (G3)y over [0,7] and pass to the liminf as k¥ — co. By (b) and (e) of Proposi-
tion and by the convergence of x(P"}) to r(P") we obtain

/ I (t)(R(PI(t) — G2 (t) + €l () dt < 0.
Combining the previous inequality with (G1). and (G2). we deduce (G3).. Finally, the uniform boundedness
of £||l7||3 has been stated in (f) of Proposition O

Remark 4.4. Let I'c be as in Proposition Then, for every ¢ € [0, 7] it holds

M t t
F(t;T(t)) = F(0;Tg) — Z/ (g;"(T)—n(Pgn))Z;n(T)dH/ /Q(CEUE(T):EU')(T)dxdT

(4.6) A/f (T dxdr—/o/f 7)dxdr
//BSQ 7)dH? dT—//BSQ 7)dH  dT.

Indeed, being I. € H'([0,T]; RM), the function t — F(¢,T.(t)) = E(t;T-(t)) + K(T(t)) belongs to H'(0,T)

with
M

gf(t T.(1)) = BEHTL(8) — 3 [GI () — k(PP ()] I7(t)  for ae. t € [0,T].

m=1

We conclude with the proof of Theorem [I.6]

Proof of Theorem[I.6. For e > 0 and m € {1,...,M} let ', T'™, and I be the viscous evolutions deter-
mined in Proposition Let us consider, without relabeling, the e-subsequence satisfying (f) and (g) of
Proposition Since T'. is a sequence of nondecreasing set functions and H!(I'.(t)) is uniformly bounded
w.r.t. t € [0,T] and € > 0, there exists a nondecreasing set function I': [0, T] — R,, such that I'-(t) — I'(¢)
in the Hausdorfl metric of sets for every t € [0,7]. In particular, I'7*(t) — I'™(t) for every ¢t and ev-
ery m € {1,..., M}, where I'(t) = U%Zl I'™(t). Moreover, being I a sequence of bounded nondecreasing
functions, we may assume that, up to a further subsequence, {I*(t) — " (t) for every ¢ € [0,T] and IJ* — I™
in L2(0,T). In particular, I (t) = H'(T"™(t)) and (G1) is proven.
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In order to show (G2), let us consider v € L?(0,T) with ¢ > 0. In view of (G2). we have

T .
(47) | ey = oz +ir)uar = o.

Since I'T*(t) — I'™(t), we have that P(t) — P™(t) for every t and every m, where P™(t) is the tip
of T™(t). Thus, by hypothesis (H4) we get that k(P™) — x(P™) in L?(0,T) for every m. From (e) and (f)
of Proposition we deduce that el — 0 and g™ — G™ in L?(0,T). Hence, passing to the limit in (4.7)
we get

/ (k(P™(t)) — G™(1))w(t)dt >0 for every ¢ € L*(0,T), 1 > 0.
0

As a consequence, x(P™(t)) — G™(t) > 0 for a.e. t € [0,T]. By continuity, this inequality holds in all the
continuity points of I'(¢). Hence, (G2) is proven.
As for (G3), we integrate (G3). over the interval [0, T] and notice that the term e(I7*)? is positive, so that

/0 ™ (t) (R(P™ () — G (1)) dt < 0.

Passing to the limit in the previous inequality we get

(4.8) /0 ™) (k(P™(t)) — G™(t))dt < 0.
Combining with (G1) and (G2) we deduce (G3). O

5. PARAMETRIZED EVOLUTIONS

This section is devoted to the proof of Theorem [I.7] The strategy is to perform a change of variables which
transforms the lengths [I* obtained in Proposition in absolutely continuous functions. Loosely speaking,
this is done by a reparametrization of time which continuously interpolates the time discontinuities of the
solution {".

Let us fix the sequence € — 0 determined in Proposition [4.3| and Theorem For t € [0,T] we set

(5.1) —t+z I (t) — 17

Thanks to the properties of I (see Proposition [1.5]), o, is strictly increasing, continuous, and &.(¢) > 1 for
every ¢ > 0 and a.e. t € [0,7]. Therefore, o, is invertible and we denote its inverse with Z.: [0, 0. (T)] — [0, T].
We deduce that f. is strictly increasing, continuous, and 0 < #.(¢) < 1 for every e > 0 and a.e. o € [0,0.(T)],
where the symbol ’ stands for the derivative with respect to o.

Form=1,...,M and o € [0,0.(T)], we set

l}”(a) =1 (t:(0)) f:e(ff) = (52(0),-~-,l~?4(0))i IL(0) = ((12)'(0),..., (1) (o))
(o) =T.(i(0)), T™(0) =T"(i(c)), P"(o)=P"(i.(0)).

By (5.1) we have o = i.(0) 4 |I.(0)|1 — |lo|1. Differentiating this relation we get

(5.2) t(0) + |iL(o)l1 =1
for every e > 0 and a.e. 0 € [0,0.(T)]. By (5.2) and the monotonicity of I™ we have 0 < (I”)'(¢) < 1 for
every ¢ >0, every m = 1,..., M, and a.e. o € [0,0.(T)]. Moreover, t. and l. are Lipschitz continuous.

We define G7(0) == G"(i.(0);T(0)) for o € [0,0.(T)] and § := sup_..,0c(T), which is bounded by a
constant dependlng on T" and on the class R,. In order to deal with functions defined on the same interval,
we extend t67 I.,T.,T™ # . and IL on (0.(T), S] by te(0) == t.(0.(T)), I.(0) = l.(0(T)), Tc(0) == T(0(T)),
(o) :=I™(0.(T)), I.(0) = 0, and 5.(c) := 0.

Recalling that (o) > 0 on [0,0.(T)], the Griffith’s criterion stated in Proposition reads in the new
variables as

( 2"
(5-3) r(P =
() (o) (K(P(0))iL(0) = G2 (0) iL(0) + (") (0)) = 0,

(o
for every m, every ¢, and a.e. o € [0, S].

)'(0) 20,

€
=
s
|
Q
3
S
o &
S
+
o
Z
S
\Y
o
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Finally, we observe that by (f) of Proposition
Tt 2 7 2071\2
[N @B =< [ )@ ) do
o (T) . B 5 T . )
<c [ lirEe)B Lo dr =< [ lirmBdr<c
0 0

uniformly in € and m € {1,..., M}. Therefore, e(I™) — 0 in L?(0, S).
Passing to the limit as ¢ — 0, we are now able to prove Theorem [1.7} showing that the parametrized
solution I satisfies a generalized Griffith’s criterion.

Proof of Theorem|[1.7. Since I.: [0,5] — R, is a nondecreasing set function with uniformly bounded length,
there exists I': [0, S] — R, such that, up to a not relabeled subsequence, I.(0) = I'(0) and IT™(5) — I™(0)
in the Hausdorff metric of sets for every o € [0, 5] and every m € {1,..., M}. We denote with P™ () the tip
of I (o) and we notice that P™(c) — P™ (o) for every o € [0, 5] and every m € {1,...,M}.

Being ., l?”” bounded in W1>°(0, S), up to a further subsequence we have that . and Z;” converge weakly*
in Wt >(0, S) to some functions # and [™, respectively, As a consequence, we have that I (o) = HY(I™(0)),
so that T™: [0, 5] — R, is continuous in the Hausdorff metric of sets. We can also assume that o.(T) — S
and ¢, Imewh '2°(0, S). Moreover, writing (5.2)) in an integral form and passing to the limit, we deduce that
for a.e. 0 € [0, 5]

(5.4) (o) +1I(0) =7(o)+ >_ (™

m=1

where we have set [(0) := (I'(0),...,I™(0)). Form =1...,M and o € [0, 5] we define,
gm(a) =G"({(0):T(0)),  Glo) =(G"(0),...,GY(0)).

We notice that, by Remark |3 G.(0) converges to G(o) for every o € [0,5] and G. — G in L2(0,5), as
e —0.

By the monotonicity of ¢ and "™, we have #(s) > 0 and (I"™)'(c) > 0 for every m and a.e. o € [0, 5].
Moreover, by (5.4) they can not be simultaneously zero.

Let us fix m € {1,..., M} and ¥ € L?(0,5) with ¢ > 0. Thanks to (5.3)), for every & we have

S
(5:5) /0 (k(PL"(0))EL(0) = GI"(0)iL(0) +(Il") () (o) do = 0.

Since #. converges to # weakly* in L>(0, 5), e(I™) — 0 in L2(0,S), P™(c) — P™(0) for o € [0, 5],
and G™ — G™ in L%(0,S), passing to the limit in (5.5) as ¢ — 0 we get

S
/0 (KB (0))T'(0) — G (0)F (0)) () do >0,

which implies (pG2).
We notice that if (pGl), (pG2) and (5.4)) hold, then (pG3) and (pG4) are equivalent to the following
property:
if G™(3) < K(P™ (7)) for some m and some & € (0,5), then I'™ is locally constant around &.

Let us therefore assume that G™(5) < k(P™(5)). We first claim that there exist £ > 0 and § > 0 such
that G™ () < k(P™(0)) for every o € (5 — 0,6 + 6) and every e < &. By contradiction, suppose that this
is not the case. Then, there exist o, — & and e, — 0 such that g "(ok) > K(Pm(a'k)). By continuity and
monotonicity of I, we have that fgi (ox) = I'"™(0) in the Hausdorff metric of sets and ﬁgg (o8) = P™(0)
as k — oo. Hence, the continuity of the energy release rate and the hypothesis (H4) lead us to the contradiction
G (5) = w(P™(3). )

Let ¢ and £ be as above. We deduce from the Griffith’s criterion that [ is constant in (6 — 6,5 +9)
for every e < . Since [ converges to I™ weakly* in W1°°(0, S), we get that I™ is locally constant around &,
and this concludes the proof of (pG3) and (pG4).

In order to show that I'({(c)) = I'(0) for every o € [0, S] such that # (o) > 0, we define

s(t) == min{s € [0,5] : (s) = t} for every t € [0,T].
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If #(6) > 0, then we have s(f(c)) = o and s(#(5)) # s(t(c)) for & # o. Let us prove that (o) is a
continuity point for T', where the map ¢ — T'(¢) has been determined in Theorem By contradiction,
assume that (o) is a discontinuity point of I'. Then, there exist ¢! < t2 such that t1,#2 — #(0) and T (¢!) —
'~ ({(0)) and T.(t?) — I't({(0)) in the Hausdorff metric of sets, where we have denoted with T'*(#(c))
the left and right limits of T'(¢) in #(0). As a consequence, s(£(7)) = s(t(0)) for 7 € (0 — H} (T (i(0)) \
'~ (£(0))), 0 +HY(TF(£(0))\I'~(£(0)))), which is a contradiction. Hence, £(c) is a continuity point of ¢ ~ T'(t).
Therefore, I'. (o) = T'e(i.(c')) converges to I'({(c)) in the Hausdorff metric of sets. This implies that T'({(c)) =
(o).

We conclude with the energy balance . Starting from equality and using the change of variable t =
te(o), for € > 0 and for s € [0, 5] we get

F(u(s):To(s)) = F(0:To) + / ) [ CBi(0) : BiGu(o) (o) do do

-3 [[@ o) - ME @Y ()0

(5.6)
_/Ov/ﬂf(ts(a))-ﬂg(a)t’s(a)dxda—/o /Qf(ts(d))'w(T)tlg(U)dxda
- j({e(0) - al0) Telo tdo — t(0)) - w(te (o)) to(o Ldo
| [ son-aoiantas - [ | oGt i) i) antao,
where we have set u.(0) = uc(fc(0)). Since f. and I™ converge weakly* in Wh=2(0,9) to # and ", re.

spectively, G converges to G™ in L*(0,5), and Ea.(c) converges to Ea(o) = Eu(t(o), (o)) in L*(Q; M?)
(cf. Lemma , passing to the limit as ¢ — 0 in (5.6) we get (1.6). This concludes the proof of the
theorem. O

Acknowledgments. The authors would like to acknowledge the kind hospitality of the Erwin Schrodinger
International Institute for Mathematics and Physics (ESI), where part of this research was developed dur-
ing the workshop New trends in the variational modeling of failure phenomena. All authors would like to
acknowledge the kind hospitality of the University of Naples Federico II, to which GL was affiliated when
this research was initiated. SA wishes to thank the Technical University of Munich, where he worked during
the preparation of this paper, with partial support from the SFB project TRR109 Shearlet approzimation
of brittle fracture evolutions. GL and IL are members of the Gruppo Nazionale per I’Analisi Matematica,
la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INAAM).
IL acknowledges the partial support of the PEPS-JCJC project 2019 Evolution quasi-statique de la Tupture
cohésive a travers une approche de champ de phase. GL received support from the INAAM-GNAMPA 2019
Project Modellazione e studio di proprieta asintotiche per problemi variazionali in fenomeni anelastici.

REFERENCES

[1] S. ALM1, Energy release rate and quasi-static evolution via vanishing viscosity in a fracture model depending on the crack
opening, ESAIM Control Optim. Calc. Var., 23 (2017), pp. 791-826.
[2] S. ALMmI, Quasi-static hydraulic crack growth driven by Darcy’s law, Adv. Calc. Var., 11 (2018), pp. 161-191.
[3] S. ALm1 AND I. LUCARDESI, Energy release rate and stress intensity factors in planar elasticity in presence of smooth cracks,
NoDEA Nonlinear Differential Equations Appl., 25 (2018), pp. Art. 28,.
[4] I. I. ARGATOV AND S. A. NAZAROV, Energy release in the kinking of a crack in a plane anisotropic body, Prikl. Mat. Mekh.,
66 (2002), pp. 502-514.
[5] J.-F. BABADJIAN, A. CHAMBOLLE, AND A. LEMENANT, Energy release rate for non-smooth cracks in planar elasticity, J.
Ec. polytech. Math., 2 (2015), pp. 117-152.
[6] M. BROKATE AND A. KHLUDNEV, On crack propagation shapes in elastic bodies, Z. Angew. Math. Phys., 55 (2004), pp. 318—
329.
[7] A. CHAMBOLLE, A density result in two-dimensional linearized elasticity, and applications, Arch. Ration. Mech. Anal., 167
(2003), pp. 211-233.
[8] A. CHAMBOLLE, G. A. FRANCFORT, AND J.-J. MARIGO, Reuvisiting energy release rates in brittle fracture, J. Nonlinear Sci.,
20 (2010), pp. 395-424.
[9] A. CHAMBOLLE, A. GIACOMINI, AND M. PONSIGLIONE, Crack initiation in brittle materials, Arch. Ration. Mech. Anal., 188
(2008), pp. 309-349.
[10] A. CHAMBOLLE AND A. LEMENANT, The stress intensity factor for non-smooth fractures in antiplane elasticity, Calc. Var.
Partial Differential Equations, 47 (2013), pp. 589-610.
[11] M. CosTABEL AND M. DAUGE, Crack singularities for general elliptic systems, Math. Nachr., 235 (2002), pp. 29-49.
[12] V. CriSMALE AND G. LAZZARONI, Quasistatic crack growth based on viscous approximation: a model with branching and
kinking, NoDEA Nonlinear Differential Equations Appl., 24 (2017), pp. Art. 7, 33.



22

(13]
[14]
[15]
[16]
(17]
18]
[19]
[20]
(21]
(22]
(23]
24]
[25]
[26]

[27)
(28]

29]
(30]

(31]

(32]
(33]
(34]

(35]

STEFANO ALMI, GIULTANO LAZZARONI, AND ILARIA LUCARDESI

G. DAL MAso, A. DESIMONE, AND F. SOLOMBRINO, Quasistatic evolution for Cam-Clay plasticity: a weak formulation via
viscoplastic regularization and time rescaling, Calc. Var. Partial Differential Equations, 40 (2011), pp. 125-181.

G. DAL MAso, A. DESIMONE, AND F. SOLOMBRINO, Quasistatic evolution for Cam-Clay plasticity: properties of the viscosity
solution, Calc. Var. Partial Differential Equations, 44 (2012), pp. 495-541.

G. DAL Maso, G. A. FRANCFORT, AND R. TOADER, Quasistatic crack growth in nonlinear elasticity, Arch. Ration. Mech.
Anal., 176 (2005), pp. 165-225.

G. DAL MASO AND G. LAZZARONI, Quasistatic crack growth in finite elasticity with non-interpenetration, Ann. Inst. H.
Poincaré Anal. Non Linéaire, 27 (2010), pp. 257-290.

G. DAL MAsO AND M. MORANDOTTI, A model for the quasistatic growth of cracks with fractional dimension, Nonlinear
Anal., 154 (2017), pp. 43-58.

G. DAL MAsoO, G. ORLANDO, AND R. TOADER, Laplace equation in a domain with a rectilinear crack: higher order derivatives
of the energy with respect to the crack length, NoDEA Nonlinear Differential Equations Appl., 22 (2015), pp. 449-476.

G. DAL MAso AND R. TOADER, A model for the quasi-static growth of brittle fractures: existence and approximation results,
Arch. Ration. Mech. Anal., 162 (2002), pp. 101-135.

M. DAUGE, Elliptic boundary value problems on corner domains, vol. 1341 of Lecture Notes in Mathematics, Springer-Verlag,
Berlin, 1988. Smoothness and asymptotics of solutions.

P. DESTUYNDER AND M. DJAOUA, Sur une interprétation mathématique de l’intégrale de Rice en théorie de la rupture
fragile, Math. Methods Appl. Sci., 3 (1981), pp. 70-87.

M. A. EFENDIEV AND A. MIELKE, On the rate-independent limit of systems with dry friction and small viscosity, J. Convex
Anal., 13 (2006), pp. 151-167.

I. FonsecA, N. Fusco, G. LEONI, AND M. MORINI, Equilibrium configurations of epitaxially strained crystalline films:
ezistence and regularity results, Arch. Ration. Mech. Anal., 186 (2007), pp. 477-537.

G. A. FRANCFORT AND C. J. LARSEN, Existence and convergence for quasi-static evolution in brittle fracture, Comm. Pure
Appl. Math., 56 (2003), pp. 1465-1500.

G. A. FRANCFORT AND J.-J. MARIGO, Reuvisiting brittle fracture as an energy minimization problem, J. Mech. Phys. Solids,
46 (1998), pp. 1319-1342.

M. FRIEDRICH AND F. SOLOMBRINO, Quasistatic crack growth in 2d-linearized elasticity, Ann. Inst. H. Poincaré Anal. Non
Linéaire, 35 (2018), pp. 27-64.

A. A. GRIFFITH, The phenomena of rupture and flow in solids, Philos. Trans. Royal Soc. A, 221 (1921), pp. 163-198.

P. GRISVARD, Elliptic problems in nonsmooth domains, vol. 24 of Monographs and Studies in Mathematics, Pitman (Ad-
vanced Publishing Program), Boston, MA, 1985.

A. M. KHLUDNEV AND V. V. SHCHERBAKOV, A note on crack propagation paths inside elastic bodies, Appl. Math. Lett., 79
(2018), pp. 80-84.

A. M. KHLUDNEV AND J. SOKOLOWSKI, Griffith formulae for elasticity systems with unilateral conditions in domains with
cracks, Eur. J. Mech. A Solids, 19 (2000), pp. 105-119.

D. KNEES, A short survey on energy release rates, Oberwolfach Reports, Abstracts from the Mini-Workshop: Mathematical
Models, Analysis, and Numerical Methods for Dynamic Fracture, organized by Gianni Dal Maso, Christopher J. Larsen and
Christoph Ortner, 8 (2011), pp. 1216-1219.

D. KNEES AND A. MIELKE, Energy release rate for cracks in finite-strain elasticity, Math. Methods Appl. Sci., 31 (2008),
pp. 501-528.

D. KNEES, A. MIELKE, AND C. ZANINI, On the inviscid limit of a model for crack propagation, Math. Models Methods
Appl. Sci., 18 (2008), pp. 1529-1569.

D. KNEES, R. Rossi, AND C. ZANINI, A vanishing viscosity approach to a rate-independent damage model, Math. Models
Methods Appl. Sci., 23 (2013), pp. 565—616.

D. KNEES, R. Rossi, AND C. ZANINI, A quasilinear differential inclusion for viscous and rate-independent damage systems
in non-smooth domains, Nonlinear Anal. Real World Appl., 24 (2015), pp. 126-162.

D. KNEES, C. ZANINI, AND A. MIELKE, Crack growth in polyconvex materials, Phys. D, 239 (2010), pp. 1470-1484.

S. G. KranTz AND H. R. PARKS, The implicit function theorem, Birkhduser Boston, Inc., Boston, MA, 2002. History,
theory, and applications.

G. LAZZARONI AND R. TOADER, Energy release rate and stress intensity factor in antiplane elasticity, J. Math. Pures Appl.
(9), 95 (2011), pp. 565-584.

G. LAzzARONI AND R. TOADER, A model for crack propagation based on viscous approzrimation, Math. Models Methods
Appl. Sci., 21 (2011), pp. 2019-2047.

A. MIELKE, R. RossI, AND G. SAVARE, Modeling solutions with jumps for rate-independent systems on metric spaces,
Discrete Contin. Dyn. Syst., 25 (2009), pp. 585-615.

A. MIELKE, R. Rossi, AND G. SAVARE, BV solutions and viscosity approzimations of rate-independent systems, ESAIM
Control Optim. Calc. Var., 18 (2012), pp. 36-80.

A. MIELKE, R. RossI, AND G. SAVARE, Balanced viscosity (BV) solutions to infinite-dimensional rate-independent systems,
J. Eur. Math. Soc. (JEMS), 18 (2016), pp. 2107-2165.

A. MIELKE AND T. ROUBICEK, Rate-independent systems, vol. 193 of Applied Mathematical Sciences, Springer, New York,
2015. Theory and application.

S. A. NAazAROV, M. SPECOVIUS-NEUGEBAUER, AND M. STEIGEMANN, Crack propagation in anisotropic composite structures,
Asymptot. Anal., 86 (2014), pp. 123-153.

M. NEGRI, Energy release rate along a kinked path, Math. Methods Appl. Sci., 34 (2011), pp. 384-396.

M. NEGRI, Quasi-static rate-independent evolutions: characterization, existence, approximation and application to fracture
mechanics, ESAIM Control Optim. Calc. Var., 20 (2014), pp. 983-1008.

M. NEGRI AND C. ORTNER, Quasi-static crack propagation by Griffith’s criterion, Math. Models Methods Appl. Sci., 18
(2008), pp. 1895-1925.



CRACK GROWTH BY VANISHING VISCOSITY IN PLANAR ELASTICITY 23

[48] M. NEGRI AND R. TOADER, Scaling in fracture mechanics by BaZant law: from finite to linearized elasticity, Math. Models
Methods Appl. Sci., 25 (2015), pp. 1389-1420.

(Stefano Almi) UNIVERSITAT WIEN, OSKAR-MORGENSTERN-PLATZ 1, 1090 VIENNA, AUSTRIA
E-mail address: stefano.almi@univie.ac.at

(Giuliano Lazzaroni) DIPARTIMENTO DI MATEMATICA E INFORMATICA “ULISSE DINI”, UNIVERSITA DEGLI STUDI DI FIRENZE,
VIALE MORGAGNI 67/A, 50134 FIRENZE, ITALY
E-mail address: giuliano.lazzaroni@unifi.it

(Tlaria Lucardesi) INSTITUT ELIE CARTAN DE LORRAINE, BP 70239, 54506 VANDOEUVRE-LES-NANCY, FRANCE
E-mail address: ilaria.lucardesi@univ-lorraine.fr



	Introduction
	Notation

	1. Description of the model and existence results
	1.1. Admissible cracks
	1.2. The mechanical energy and the incremental scheme
	1.3. Existence results

	2. Preliminary results
	3. The energy release rate
	4. Vanishing viscosity evolutions
	5. Parametrized evolutions
	Acknowledgments

	References

