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Abstract

We study a family of non-convex functionals {€} on the space of measurable
functions u : 21 x Q29 € R™ x R™ — R. These functionals vanish on the non-
convex subset S(€; x Q9) formed by functions of the form w(z1,x2) = ui(z1) or
u(x1,x2) = uz(x2). We investigate under which conditions the converse implication
“Clu) =0 = u e (1 x Q2)” holds. In particular, we show that the answer
depends strongly on the smoothness of u. We also obtain quantitative versions of
this implication by proving that (at least for some parameters) £(u) controls in a
strong sense the distance of u to S(€; x Q2).

1 Introduction

Given two bounded non-empty connected and open sets 2 C R, 25 C R™, we consider
the non-convezr set S(£2) of measurable functions u defined on = Q; x Qy C R™M*"2
which only depend on the first n; coordinates or on the last ny coordinates, that is
u(z) = uy(z1) or u(x) = ug(xe). We present and study a family of non-convex functionals
that detect whether a measurable function u defined on €2 belongs to S(€2). As a first
guess, we could expect that for u with Sobolev regularity the relation

|Viu||[Vau| =0 a.e. in Q (1.1)

would imply u € S(€2). As we will see later on, this is not the case even for u € Lip(2)
and therefore (1.1) cannot be the starting point for defining our functionals. However,
our construction relies on a discrete version of (1.1). If u € S(€2) then at any point
x = (z1,29) € Q, and any z = (z1, 22) € R™™2 with |z| small enough, the product

lu(zy + 21, x2) — u(x)| |u(zy, 22 + 22) — u(x)| (1.2)

is well defined and vanishes. The functionals that we consider are based on the integration
of (1.2) in x and z with a weight depending on z and a limiting process that localizes the
integration around z = 0.
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1.1 Definitions and context

Let us introduce some notation. For convenience, we write the Cartesian product as a
sum: we decompose the n-dimensional Euclidean space X = R" as,

R"=X,¢X,, with n;:=dimX;>1forl=1,2.

We will assume for simplicity that X; 1L X5. The domain 2 C R" is 2 := 2y + )5 where,
for I = 1,2, € is a non-empty bounded domain (i.e. open and connected) of the subspace
X;. We note L(U) the space of Lebesgue-measurable functions defined on a measurable
set U and for x € R", we note x = x1 + x5 its decomposition in X; + Xs. With this
notation we define the set

S(Q):={ue L(Q):u(x) =w(x) in Qwithl=1orl=2and w € L()}.

(This set depends on €4, Qs but as no ambiguity arises we choose this short notation.)
We also fix a radial non-negative kernel

pec L'(R",R;) with /p: 1, and suppp C B;i.

As usual, for € > 0 we introduce the rescaled kernel p. := e "p(e™!) so that {p.}cs0
forms a family of radial mollifiers. We introduce three real parameters p, 61, 65 > 0 and
define for any measurable function u : 2 — R and any ¢ > 0, the quantity

_ 61 _ 02
) = €y = [ o) [ MRl et ) SuE g,
(1.3)

with
0F = QF + (X, and Q) = ﬂ (Q—z) forl=12.

2€Xy,|z|<e

Eventually, we send ¢ to 0 and define the functional

521,92 (U, Q) — ggl,GZ (u) = hIEL(l)nf 859’1592 (U)

Most of the time, we omit the dependency on the parameters #;, 6y and note
Eoplu) = EL2(u),  E(u) = & (u).

We are interested in the qualitative and quantitative properties of functions with finite
energy &£,(u). We first observe that u, 6 and 6, being fixed, there exists at most one
value of p for which 0 < &,(u) < oo.

Remark A. From the properties of the kernel p, we have for p < ¢,
Ep(u) <eTPE  (u).

Sending € to 0, we see that [£,(u) > 0] = [£,(u) = oo] and we deduce that there exists
p*(u) € [0, 00] such that

& (u) = {O for p < p*(u),

oo for p > p*(u).



By construction, & ,(u) = &E,(u) = 0 for every u € S(£2). A first natural question is:
“Does &y(u) = 0 implies u € S(£2)?” (1.4)

We will see that the answer is “yes” for p large enough depending on 61, 65. This ques-
tion initially appeared (with u being a characteristic function and ny = 1) in the study
of pattern formation in some variational models involving competition between a local
attractive term and a non-local repulsive one. Indeed, in [GR19, DR19]), energies related
to &, are used to show that some sets S C R™ are union of stripes. The functionals &,
extend this setting to general functions and to general dimensions (nq,ns).

Our second main result may be seen as an answer to a quantitative version of Ques-
tion (1.4). Indeed, we prove (at least for some values of #; and 6,), that the non-convex
energy &,(u) controls the distance from u to the non-convex set S(€2) in a strong norm.
Of course, as seen from Remark A, this is an interesting question only for the borderline
exponent p for Question (1.4).

Remark B. Let us point out that when investigating Question (1.4), there is no loss of
generality in assuming that u € L. Indeed, arctanu € S(Q) if and only if u € S(€Q) and
Ey(arctanu) < &,(u).

Remark C. Notice that the functionals 851’92 can be seen as variants of the non-local
functionals used by Brezis et al to characterize Sobolev spaces [BBMO01, Bre02, DMMS08S,
Ign05, Pon04]. It turns out that the present non-convex setting is rather different but we
do use their results in our analyses at some point: when u(x) splits as u;(z1) + ua(x2).

1.2 The vanishing energy case: Question (1.4)

To get some insight into the behavior of the functional &, let us first consider the simple
situation u € C*(Q2). Within this setting, the problem is rigid as soon as p > 6, + 6-.

Proposition D (Proposition 2.1). Let us note 6 := 01 + 0s.
(1) For every u € Lip(Q2), E(u) < oo (and therefore E,(u) =0 for p < 0);
(i) If u € CY(RY), then [Ey(u) = 0] = u € S(Q).

To obtain the point (i) we simply plug the inequality |u(z + 2;) — u(z)| < [|Vul|so| 2]
in the definition of €. y. This first point shows that the parameter p = 6 is sharp in (ii).
The proof of (ii) runs as follows. Using the relation u(z+ z;) —u(x) = Vu(z)-z,+0(]z]) in
the definition of & p(u), we obtain that & (u) = 0 implies that Vu satisfies the differential
inclusion (equivalent to (1.1))

Vu(z) € X; U Xy almost everywhere in €. (1.5)

This differential inclusion is rigid for u € C1(Q2): it yields u € S(€2). On the contrary, since
the convex hull of X; U X5 is R”, the differential inclusion (1.5) is not rigid in the class
of Lipschitz continuous functions. Indeed, the set of Lipschitz functions satisfying (1.5) is
dense in W1(Q) (see [Dac08, Theorem 10.18]). As a consequence we cannot substitute
Lipschitz continuity to the C'-regularity assumption in Proposition D (ii). More precisely,
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at least in the range min(fy,6,) < 1, when we pass from Cl-regularity to Lipschitz
continuity, the threshold jumps from p = 6 to p = 1 + 6 as shown by the two following
propositions. The first one follows from Theorem I (with 6,6, in the range (b) of (1.6)
below).

Proposition E (Proposition 3.9). Assume min(6y,6,) < 1 then foru € Lip(2), [E140(u) =
0] = u € S(9).

Proposition F (Proposition 2.2 (i)). There exists u € Lip(2)\S(2) with 0 < &49(u) <
0.

The typical example of a function u € Lip(2)\S(Q) with & 9(u) < oo is the “roof”
function u(x) := min(zy,2,) defined on Q = (0,1) x (0,1) with n; = ny = 1. This
function is locally independent of x; or of x5 away from the diagonal {z; = 23}, so that
the integrand in (1.3) vanishes outside {(x, z) : |x1 — 25| < |z| < e}. With this remark, it
is not difficult to guess that £ ,9(u) is finite and positive.

In this work we consider lower regularities than Lipschitz continuity, like merely mea-
surable functions or L}, or L* functions for the finest results (recall however Remark B).
In this setting, a second important example of a function which “almost” belongs to S(€2)
is given by the characteristic function of a “corner”, u := 1(g)2 defined in Q = (-1, 1)2.
Here, the integrand of (1.3) vanishes outside {(z,2) : |z| < ¢,|z| < €} and it is easy to
check that &(u) < oo.

Proposition G (Proposition 2.2 (ii)). There ezists u € L>®(Q2)\S(Q2) with 0 < E(u) <
0.

Propositions F and G show that the implication
Vue L(Q), &Eu)=0=ueS(Q)

could only hold under the condition p > max(1 + 6,2). Our first main result shows that
in many cases, this bound is sharp.

Definition H. For 6,65 > 0, using the notation 6 := 6, + 05, we define

2 ith <1, (a)
P(61,0,) = 1+46 if # > 1 and min(6,,6) <1, (b) (1.6)
min(@l, 92) +6 if 917 92 > 1. (C)

To lighten notation, from now on, #;, 6, > 0 being given, we note
E(u) = 5P(01,92)(“) = 8;0:'1(2»912,92)(“)‘
Theorem I (Theorem 3.7). For every u € L(S2), there holds E(u) =0 = u € S(2).

Remark J. The counter-examples of Propositions F, G show that the exponent P (6, 6s)
cannot be improved in the cases (a) and (b) of (1.6). On the contrary, in case (c) we
believe that the sharp exponent should still be 1 + 8 although we only succeed to prove
that the optimal exponent was not larger than P(6;,60;) = min(6;,6,) +60 > 1+ 6.



Since €(u) < oo implies £,(u) = 0 for every p < P(6;,0,) (see Remark A), we obtain
as direct corollary of Theorem I:

Corollary K. If u € L(2) satisfies £,(u) < oo for some p > P(64,602), then u € S(Q).

Another consequence of the theorem is the following generalization of [GR19, Propo-
sition 4.3].

Corollary L (Corollary 3.8). For every p > P(01,05), r > 0, and every u € L(Q), if

/ / u(z + 21) — u(@)|" Ju(z + 2) — u(x)|™

|Z|n+p

drdz < 00,

then u € S(X").

This is indeed a far reaching generalization of [GR19, Proposition 4.3] since the same
conclusion was obtained there under the assumptions that no = 1, u = 1g for some set
E of finite perimeter satisfying an extra technical assumption and p > n (see also [DR19]
where the condition p > n was independently relaxed to p > 2). As opposed to [GR19]
and [DR19] where the proofs are somewhat geometrical and based on slicing, our proof is
purely analytical.

The main insight in the proof of Theorem I is that if £(u) does not control first order
differential quotients it does control second order ones. Very roughly speaking (at least
for < 1), the main observation is that!

- lu(z + 21 + 22) — w(z + 21) — u(w + 29) + u(z)|’
hrgénf/nps(z)/s B drdz < E(u).

This yields a quantitative control on the distribution?
plu] == V1Vau.

Proposition M (Proposition 3.3). Let u € L, (). For every p € C°(Q, R™*"2),

loc

/

=1 or

£ - ' holds with
(U)HQDH Zf (a) ovas un {Q <1 and HuHoo S 17

‘9(16)1/0HVHOH%*leSOHc{éO if (b) holds and 6, < 1,
L E@)YO Vil PNl if (¢) holds and 6, < 6s.

(1.7)

Remark N. For some estimates (as the first one above), u is required to be bounded. In
these situations, we avoid complex formulas involving ||u|| by assuming ||ul|s < 1. The
general case can be recovered by scaling.

!By convention a < b means that there exists a non-negative constant C' which may only depend on
01,02, n, Q2 or on the kernel p such that a < Cb.
2For u € L}, (Q) we note V, the distributional gradient with respect to the variables in X;.



Remark O. If ny =ny =1 and £(u) =0, (1.7) implies that u satisfies the wave equation
010u = 0. As noticed in the context of linearized elasticity by Kohn (see [DM95]), this
equation is rigid when coupled with the constraint u € {0,1} i.e. if u € {0, 1} solves the
wave equation then u € S(2) (see also [GM20]).

The proof of Theorem I continues as follows. Proposition M implies that if £(u) =0
then pfu] = 0. Obviously, the space of functions u € L},.(Q) with p[u] = 0 is

loc
Li,.(Q) Nspan S(Q) = {z € Q> uy(z1) + ua(w2) 1wy € Ly, () for 1 =1,2} .

Plugging the decomposition u(x) = wui(z1) + uz(zs) into the definition of & ,(u), the
integrations over €2; and 5 decouple. Using again £(u) = 0, we deduce that for [ = 1 or
[ = 2, we have a control of the form

- w(xy) —u 0 10
/ / ps(ilfl - yl)| l( |ClL’)l _ yll|<9?lﬂ)| dz; dy, =500,
! 1

We then use ideas from [BBMO1] in either §2; or €y to obtain Theorem I.

Before developing further the consequences of Proposition M let us comment about
its optimality. In the cases (a) and (b) of Proposition M, the estimates are optimal in
the sense that for p < P(6y,65), (1.7) does not hold in general. Indeed, we can precise
Propositions F, G as follows.

Proposition P (Proposition 2.2).

(i) There exists u € Lip(Q2)\S(Q) with 0 < E149(u) < 00 and ufu] # 0 (typically, u is
a “roof” function);

(ii) There ezists u € L®(Q)\S(Q) with 0 < E(u) < oo and plu] # 0 (typically, u is
a“corner” function,).

Let us make the important observation that Proposition M gives more information
than £(u) = 0 implies u € S(£2). Indeed, it shows that if 0 < £(u) < oo, then pfu| lies
in some Sobolev space with null or negative regularity exponent. In particular, in case
(@) (@=1orf <1andue L)), if E(u) = E(u) is finite then pfu] is a finite Radon
measure. By construction, we prove that it is not necessarily true in the other cases.

Proposition Q (Proposition 2.3). For every 0 > 1, there erists u € Lip(R?), compactly
supported, with E119(u) < 0o and for which p[u] = 0102w is not a finite Radon measure.

1.3 Control of the distance of u to S(£2)

We then focus on case (a) of (1.6) with the assumption u € L>°(2). We prove that the
energy gives a quantitative control on the distance of u to S(€2). We obtain the strongest
result in this direction for n = 2.

Theorem R (Theorem 4.1). Assume that ny = ny = 1 and 8 < 1. Then, for every
u € L>(Q) with ||ulloc < 1 and E(u) < oo, there exists u € S(2) such that v — u €
BV (Q2) N L*>(Q) with the estimate

=

lu = tlloe + [V]u = al[(2) S E(u) + E(u)z.
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The idea of the proof is to first decompose u as u(x) = uy(z1) +us(z2) +w(x) where w
satisfies 010w = pfu] = 0102w and ||wl|o +|Vw|(Q) < E(u). Using this (and in particular
the L* bound on w), we can quantify how much the integration with respect to x; and x-
in the definition (1.3) of & 2(u) decouples. In higher dimension, the failure of the Sobolev
embedding BV (€;) C L*°(€);) makes the situation more complex (and in particular the
energy does not control the corresponding w in L) and we were not able to obtain a BV
estimate. Nevertheless, we have,

Theorem S (Theorem 4.5). Assume that n := max(ny,ny) > 2, that Q; and Qs are
bounded extension domains and that < 1. Letu € L>®(Q2) with ||ul| < 1 and E(u) < oco.
Then, there ezists u € L>®(2) N S(2) such that

=

—u ; <
fu=all, 1, ) S EW+EWE.

Notice that the L#-T norm (which comes from the embedding of BV (£2;) into Lt ()
is stronger than the L»-T norm which would come from the embedding of BV ().

1.4 Further results

In a second paper [GM20], we will focus on the case § < 1 with u € L>(2) and £(u) < oo
and study the structure of the defect measure p = pfu] (which is then a Radon measure).

In dimension 2 (i.e. n; = ny = 1) we show that if § = 1, then p concentrates on
a set with Hausdorff dimension at most 1. Moreover, if u is Lipschitz continuous, then
 is absolutely continuous with respect to the Hausdorff measure H! (and satisfies the
differential inclusion (1.5)). On the contrary, if § < 1, we show that p concentrates
on a countable set: there exist sequences (zx)r>1 C 2 and (mg)r>1 C R such that
Sompl? < E(u) and p = Y myd,,. Moreover, if u is a characteristic function, then
my € +£{1,2} for every k > 1. As a consequence of the estimate >_ |m;|? < Ey(u) there
exists some 7 > 0 such that &(u) < n implies ¢ = 0, which in turn leads to u € S(Q).
This improves Theorem I and Theorem R in this particular case.

In higher dimensions, we assume 6 < 1. Using tools from Geometric Measure Theory
(mainly the rectifiability criterion for flat chains of White [Whi99]), we prove that pu is
a (n — 2)-rectifiable measure with a tensor structure: for [ = 1,2, there exist ¥, C X|
(n; — 1)—rectifiable and a Borel function m : ¥; + ¥5 — R such that p = miy ®
vyH" 2L (31 + Xy), where for [ = 1,2, 1 € X is a normal to ¥;. This gives a relatively
good understanding of the case where the typical function u with £(u) < oo is a “corner”
(recall Proposition P).

In the case 6 = 1, in order to distinguish between “corners” and “roofs” (see Proposi-
tion P), one needs to impose more regularity on u. To understand this better, we plan to
investigate in a future work, the set of Lipschitz continuous functions which satisfy the
differential inclusion (1.5) and are such that ufu] = V1Vyu is a Radon measure.

1.5 Conventions and notation

In all the paper, we consider 6,05 > 0 and note 6§ = 0; + 65 their sum. For z,z € R",
and u : 2 — R we note
Du(z, z) := u(x + 2) — u(x).
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In particular, the expression (1.3) of £2,%2(u) simplifies to

91 62
550’1?592 (U) —_ / pg(z) / |DU(£L’, Zl)| |DU(.Z‘, Z2)’ dr dz.

2P

As already said, except at two points (case (c) in the proofs of Proposition M and
Theorem I), we omit the superscript 6,6, by writing &, for 5597;;92 and &, for 551792.
When p = P(6,,6) as defined in (1.6), we simply write £ for &,.

Ifve L(Q) and U = Uy + Uy with U; C € a subdomain of €, for [ = 1,2, we note,

Ep(v;U), fore >0, and &,(v;U)

the energies of the restriction vy

In the sequel (ey, - - -, ep,) (respectively (fi, -+, fn,)) denotes an orthonormal basis of
X (respectively of X5).
Given x € R"™, we note x; its orthogonal projection on X;, for [ = 1,2, so that

T = 1+ 2. Similarly, given a function ¢ € C2°(Q) and x € 2, we note Vip(x) + Vap(z)
the decomposition of Vip(z) in X; + X,. By duality, the distributional derivative of a
function u € L}, (Q) decomposes as Vu = Viu + Vau, where Vu is a distribution on (2
with values into Xj.

For r > 0 and x € R", B,(z) denotes the open ball in R" with center z and radius
r. If z = 0, we simply write B,. For | = 1,2, we note BX!(x;) the open ball in X; with
center x; and radius r.

We use standard notation for the function spaces (L,
BV (Q)).

For a € R, we note a, := max(a,0) its non-negative part.

If A C R" is a measurable subset, we note | A its volume and H*(A) its k—dimensional
Hausdorff measure.

We note f, u(z)dz =|Q|™" [, u the mean value of a function u over .

Eventually, by convention, a < b means that there exists a non-negative constant C
which may only depend on 6,65, n, 2 or on the kernel p such that a < Cb.

(2), LUQ), L=(), Lip(Y),

1.6 Outline of the paper

In the first section, we prove Proposition D and we build all the examples and counter-
examples introduced above. In Section 3, we consider the zero-energy case and prove
Theorem I (and all the results from Proposition E to Q). Section 4 is dedicated to the
quantitative control of the distance of u to S(£2) in terms of £(u).

2 The case of C''-functions and counter-examples
We first settle Question (1.4) in the setting of C'-functions.
Proposition 2.1 (Proposition D).

(i) For every u € Lip(€2), &(u) < oo (and therefore E,(u) =0 forp < 0);

(ii) For u € CY(Q), we have E(u) = 0= u € S(Q).



Proof. (i) Let u € Lip(?) with Lipschitz constant A\. We have

01 02
£ o(u) < X / l / %pe(z) dz] da.
5 n z

Using the change of variable z = £Z and sending ¢ to 0, we get

z 01 z 02
E(u) < N0 < / %p@ dz) |

which proves (i).

(ii) Let u € C*(Q). Plugging the relation u(x + 2) — u(x) = Viu(x) - 2 + o(]z|) into
the definition of 559,19’92 (u), we observe that

et = [ | (Feekal T sl oap) ey ]

Sending € to 0, we have

0102/ \ _ 01 - 21| Jvg - 2] 0, 0
Ey' P (u) = 27 p(z)dz i |Viu(x)| | Vou(x)|” de, (2.1)
where v; € X are (arbitrary) unit vectors.
Hence, if £7%(u) = 0, (2.1) implies that |Vyu(z)||Vaou(z)| = 0 in Q.

Next, suppose that at some point z° € Q, w; := Viu(z?) # 0. Let Cy be the connected
component of the set

{y2 € Qo : Viu(a) + yo) = w1}

which contains 9. By continuity of Viu, Cy is closed in €. Let us show that it is

also open. Let yo € (s, by continuity of Viu we have Viu # 0 in some neighborhood
N_(29 + o) = BX1(29) + BX2(yp). Since |Vyu||Vau| vanishes, we have Vyu = 0 in
N. (29 +yo). In particular, Viu(a? +44) = Viu(z? +y2) = w; for every yh € BX2(y,). We
conclude that B§2 (y2) € Cy which proves that Cy is relatively open in Q. Finally, the
open set €y being connected, we have Cy = Qy and we conclude that Viu(z + y2) # 0
for every yo € €2s.

Assuming by contradiction that there exists also some point % €  with Vyu(z°) # 0
we obtain similarly that Vou(y, + 29) # 0 for every y; € €. Choosing y; = 2 and

Yo = T3 we obtain at the point x = 2 4+ &9, the contradiction

Viu(xz) # 0 and Vou(z) # 0.
We conclude that V,ju =0 for [ = 1 or [ = 2: in short, u € S(€2). This proves (ii). O

We now, give lower-bounds for p in Question (1.4) in the setting of Lipschitz continuous
and of bounded functions.

Proposition 2.2 (Proposition P).
(i) There exists w € Lip(Q)\S(Q) with 0 < E149(u) < 0o and ulu] # 0;
(i1) There exists u € L>®(Q)\S(Q) with 0 < E(u) < oo and plu] # 0.
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Proof. (i) Let us assume that ny = ny = 1 and let us introduce the “roof” function
defined on R? by v(x1, ) := min(zy, z5). We have 910,v = (1/v2)H'L {x; = z,}. We
now consider Q = (0,1)? and u(x) := v(x) in Q. We have u[u] = (1/v2)H'LJ, with
J={(t,t): t € (0,1)} and pfu] is a Radon measure with

0 < [p[u]|(€2) < oo.

Next, using the changes of variable x = e/, z = £z’ and the 1-homogeneity of u, we
obtain for € > 0,

1
Eqvou) =e&1 140 (U; EQ> :
Let us set w(s) := min(s,0). We have
v(xy + 21, 22) —v(x) = Dw(z) — 29, 21), v(xy, 9+ 29) — v(x) = Dw(xy — 21, 22)

and thus

1 _ 01 _ 02
s (020) = [ | [ Pz allButre 2R o] g o
€ [20]" L/re |21+

We claim that &; 149 (v; %Q) = 1/ — ¢y for some ¢y, ¢ > 0. The idea is that since w is
constant in R, the integrand vanishes when |z| < |x; — 22| and since supp p C By, the
integrand vanishes away from the v/2/2-neighborhood of the diagonal segment (1/¢).J.
Since this segment has length v/2/e, we expect & 144 (v;19Q) to be of order 1/ and
therefore, & 1,9(u) to be of order 1.

Let us note f(z; — x2) the integral inside the brackets in (2.2). The function f takes
values in [0, o], is measurable and even. We first show that f is integrable on (—1,1).
For s > 0 and z € R?, we have

|5+ 21]% 2] if 2 < 8 < —2y,
|Dw(s, 21)|” |Dw(—s, 22)|% = { |s + 2,|" 5% if 0 < s < min(zq, —21), (2.3)

0 in the other cases.

Integrating in s over (0, 1), we deduce
1
| 1Dwts, 2l D5,z ds 5 Jo
0
Using Fubini and the symmetries of the problem and the above estimate, we get,

/_11 f(s)ds = Z/R2 |';(—1Z+)9 {/01 |Dw(s, 20)| | Dw(—s, z3)|% ds} dz < /RQ p(z)dz = 1.

Therefore, f € L'(—1,1). We also observe from (2.3) that the integral is strictly positive.
In summary,

¢ m /_1 F(s)ds € (0,00). (2.4)
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Let us return to (2.2). Since supp p C B, the identity (2.3) shows that we can reduce
the integration with respect to x to the set

A = {(lL‘l,ZEQ) eR?: 1 <xy,20 < 1/e =1, |x1 —xo] < 1}.
Let us introduce the following rectangle which contains A.,
R, = {x ceR%E0<z; +15 < 2/e, |x1 — xo| < 1}

We also set C. := R.\A., see Figure 1.

1
€

1

£

Figure 1: The sets A, and C. = R\ A..

We decompose,
1
Eivo (v; —Q) = f(xy — xo) dx — f(xy — xo) d.
€ R Ce

Obviously the second integral does not depend on ¢ and is positive, we note ¢, its value.
For the first integral, we perform the change of variable s = z1 — x9, t = (1/2)(z1 + x2)
to obtain

1
flzy — x9) dx = 5_1/ f(s)ds =cy/e.
R. 1
This gives 149 (v; %Q) = ¢1/e — o, which leads to

Ecnro(u) =1 — eca.

Sending ¢ to 0, we get E119(u) = ¢1 € (0,00) (recall (2.4)) and conclude the proof of
(i) in the case n; = ny = 1 and Q2 = (0,1)2. We obtain counter-examples for any non

11



empty and bounded two dimensional domain by translation and scaling of this example
and in higher dimensions by extending the constructions trivially in the complementary
directions.

(ii) Again, we only treat the two-dimensional case n; = ny = 1, since higher dimen-
sional cases may be obtained by tensorisation. Let = (—1,1)? and set u := 1, with
w = (0,1)%. Obviously, p = 910,u = dy is a non-trivial finite Radon measure. Let us
compute & (u). First, we have

1 ifx; >0, 29 >0, 21+ 21 <0 and x5 + 20 <0.

Du(z, )" | Du(z, 2)|% =
|Du(z, 21)|" | Du(z, )| {0 in the other cases.

We compute for 0 < e < 1,

B I 1 B 1
Eon(u) = / P (z) {/ / dxy d$2:| dz = —/ Mdz = .
R xr_ |?| 0 0 4 Jre 2| dm

For the last identity, we have used the radial symmetry of p. and fR2 p. = 1. We conclude
that &(u) = 1/(4m) € (0, 00) as required. O

In Proposition 3.3 below, we will prove that in the case § < 1, if £(u) is finite then
wlu] is a Radon measure. We show that this is no longer true when 6 > 1.

Proposition 2.3 (Proposition Q). For every 0,05 > 0 with 0 = 6, 4+ 0y > 1, there ezists
u € L*(R?) compactly supported, with E 49(u) < oo but for which plu] = 10xu is not a
finite Radon measure.

Proof. We will build on the example of Proposition 2.2 (i) and consider the “hat” function
defined on (0,1)? as w(xy, z2) := min(zy, 22,1 — z1,1 — 25) and extended by zero outside
(0,1)2. Arguing as in the proof of Proposition 2.2, we have 0 < & ,9(u) < oo. For h, £ > 0,
let wy ¢(z) := hw(¢~'z) be defined on R*. We then have

0102w | ((0,0)%) = h|010w]|((0,1)?) = 2k and  Erpp(wny) = KO E p(w). (2.5)
Let (hr)r>1, (Ux)k>1 C (0,00) be two decreasing sequences such that
Y s d i h—zZﬂ’”—“;o S onlet < but Y fy = oco. (2.6)
0 is decreasing, T+ ; , Wl 00 u = 00. (2.
ko >k k k
We also require that there exists some constant ¢ > 0 such that
Uy > cly for k>1, (2.7)

and that

ly < 1/2. (2.8)
For instance, the sequences defined by hy, := k=“0F0/G0) and ¢, .= k=3/% /2 satisfy (2.6), (2.7)
and (2.8). Next, we build a bounded sequence (*);>o C R? such that

122 |27 — 2| > 20, for every k > 0. (2.9)
J
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For this, we observe that > ¢, > (¢1/h1)> hx = co. We set ky = 1 and we define

recursively k,, 11 for m =0,1,2,--- | as the unique integer to be such that
]Cerl—l
1—26,,,, < Z 2 < 1.
k=K,

Notice that by (2.8), the sequence (ky,)m>0 is not stationary (and thus converges towards
+00). We then define Ly := 0 and for ¢ > 1, L, := 3.9 24, . The sequence (L,),>0 is
increasing and bounded, indeed

o0 o0 km+1_1
Lo, = %glo Ly=20+ Y 20, <26+ 2, ( > 2£k>

m2>1 m>0 k=km
oo (kmi1-1 (2.6)
<2 4+4) ( > eg) =20 +4) 6 < o
m2>0 k=km k>0

Now, we set for m > 0 and k,,, < k < k41,
Em<j<k

By construction the sequence (z¥) satisfies (2.9) and (z*) C (0, L) x (0, 1). Eventually,
we define our candidate (see Figure 2),

u(z) = thk,gk (x —2*) for x € R2

k>1

‘ |
|
|

xki’r)D 3
|
|
:

: xk2+1 :

| |
|

m
5 _ .k 6 7 ‘
r =2 ‘ X X ;L‘kQ*l :

l l

| |

| |

| |
|
|
|
|
|

e e X

T :(an) 332 33’3 $4 (LO)

Figure 2: The (blue) closed square with bottom left corners z* and side length ¢, is the
support of wy, ¢, (- — 2%).
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Let us show that u has the desired properties. First, by construction suppu C [0, 1] x
[0, L] so that u is compactly supported. Next, from the first identity of (2.5),

|p[u][(€2) = [0102ul(2 —4th(2=6 . (2.10)

k>1

Let us now establish that £ 4(u) is finite. We emphasize that
supp w, ¢, (- — o) = [2%, 2% 4+ 0] x [2h, 25 + 44).
so that, from (2.9), the functions wy, 4, (-, 2%) have disjoint supports and for j # k,
d (supp wy, ¢, (- — 27), supp wp, ¢, (- — 2*)) > (2 — V2)l. (2.11)
By (2.7) for € > 0 small enough, there exists an integer k. such that
(2= V2)cly, < (2= V211 < e < (2—V2)ly.. (2.12)

Using supp p- C B. and (2.11), we can write

E1tro(u Z Eonrolwn,e;) + Ecrvo (ue), (2.13)

where we note
) = Z w0, (T — 7).
J>ke
Let us first bound the remaining term & 149(u.) in (2.13). We notice that wy, g, (-, 27) is
Lipschitz continuous with Lipschitz constant ||[Vwp, e, |loec = hj/l; < by /ly, for j > k..
Since these functions have disjoint supports, we conclude that their sum wu. is Lipschitz
continuous with

||VU'5||OO S hk’a/gk’a'

Using |Du.(x, z)| < (hg./lk.)|z| and |Duc(z, 21)||Due(z, 29)| = 0 if the three points z,
T+ z1, T + 2o lie in the complement of supp u., we compute,

p€(2) 1 2
Ee1ro(ue) :/ |z!1+9/ | Du, (2, 21)|" | Du.(x, 20)|% dx dz
B. R?

(), 2w

where A.(z) is the set of points z € R? such that at least one of the three points {x,z +
21, & + 22} belongs to supp u.. We have

z)|§32€§.

j>ke
This leads to the estimate
hY ( )
Enrolu:) S W £ Z < 1+9 Z l: *; 0 aselO. (2.14)
ke J>ke ke >k
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We now pass to the limit in the terms 85’1+9(whj7gj) for j < k.. We have

Eearo(wn,e;) = hIT0E 1, 110(w).
As in the proof of Proposition 2.2 (i), we have

5s/ej,1+9(w) T Erpp(w) ase 0.
Summing over 1 < j < k., and sending ¢ | 0, we get by monotone convergence theorem,

ke

. 6 )1—6
hﬁ)l 55,1+9(wh]-€ 51+9 E h 5 .
3
j=1 j>1

Combining this together with (2.13) and (2.14), we obtain & g(u) = E1g(w) S, R0

Jj v
and by (2.6) we conclude that & 4(u) is finite whereas from (2.10), pfu] is not a finite

measure. O

3 The zero energy case

In order to present the main ideas of the proof of Theorem I, we start by considering the
simplest possible setting. We restrict ourselves to ny = ny =1, 61 + 6y = 1 and work on
the torus Q = T = (R/Z)? to avoid boundary effects (in particular, T¢ = T). In this
periodic setting, we need to distinguish the ambient manifold T from the space of tangent
vectors X = R?, we define:

O =R/Zx {0}, Q={0} xR/Z, X;=Rx{0}, Xo={0} xR,
With this notation, the definitions of S(T) and of the energy are unchanged.
Proposition 3.1. Let 0, 65 > 0 be such that 6, + 0 =1 and let u € L(T) be such that

91 92
liminf/ pe(z / | Du(z, )| | Dufz, )| drdz =0, (3.1)
R2

el0 |Z|2

then u € S(T).

Proof. Asnoticed in Remark B, we may assume without loss of generality that u € L*°(€2).
Step 1. In this first step we prove that (3.1) allows us to find a sequence z* = ¢;,(0 + 09)
with o1 € X;\{0}, 02 € X5\{0} and ¢, | 0 such that

k
lim/ Q(w’f ) i = 0, (3.2)

ktoo Jp €L

where we have set
q(z, 2) = (|Du(z + 22, 21)|" + |Du(z, 21)|”") (|Du(z + 21, 22)|” + [Du(z, 2)|) . (3.3)
Let us digress slightly and first derive a consequence of (3.2). For this, first notice that

Du(z + z1,20) — Du(w,29) = u(x+ 21+ 22) —u(x + 22) —u(x + 21) + u(x)
= Du(z + 2z9,21) — Du(z, z1),
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so that by the triangle inequality we have

|Du(z + 21, 29) — Du(w, 20)| < |Du(w,z1)| + |Du(x + 22, 21)|
|Du(x + 21, 29) — Du(x, z0)| < |Du(z, 2)| + |Du(x + 21, 22)|.
Hence,
|Du(z + 21, 20) — Du(z, 25)|” < |Du(z, 20)|” + |Dulz + 22, 21)|%, (3.4)

and similarly for 65 so that since ¢, + 0y =1,

|D[Du(-, 2z2)(z, 21)| = |Du(x + 21, 20) — Du(x, z3)|
< (JDu(x + 22, 21)|" + |Du(, 21)|™) (|Du(z + 21, 22)|” + |Du(z, 5)|") . (3.5)

Therefore, a consequence of (3.2) would be the maybe more suggestive

lim/ | D[Du(: (x 4l dzx = 0. (3.6)

kToo

Observe that if u were smooth , the integrand would converge to |o1||o2|[010:u(x)]
and (3.6) would directly imply 0;0,u = 0.

We now prove (3.2). Making the change of variable & = x + 21, Z = —2; + 25 in (3.1),

we have . o

D 1D

liminf [ p.(z / | D, 20) | Dul@ + 21, )| dzdz = 0.
0 JR2 |22

Similarly we get

D 1D 02
lim inf/ pe(z)/ Dt t 2, 2V Dul =) drdz =0
0 Jr2 T 2]

and

D %D 62
liminf/ pe(z / R e drdz = 0.
0 JR2 |2|?

Summing these limits and (3.1) we obtain,

lim inf / p(2) / q(x’? drdz ) o, (3.7)
R2 e

el0

with ¢ given by (3.3). Using polar coordinates and the change of variables r = es, we

obtain o5,550)
o q(x, seo 1\
hrg%)nf /8B1/ {/ 22 d:c] sp(s) dsdH (o) =

Applying Fatou Lemma and then Markov inequality, we may find for l = 1,2, 6; € X;\{0}
with 1 < 16;> < 2 and s € (0,1) such that setting o := s(dy + 62),

liminf/ q(x,—;a) dz = 0.
el0 T 12

Passing to a subsequence and noting z* := g0, we get (3.2).
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Step 2. Let us show that (3.2) implies 010,u = 0 in D'(T). Let ¢ € C*°(T). For every
r e T,

010: +——05,04, + lim
O] = T O O l) = 210 i

Y

with uniform convergence in T. Multiplying by w, using the dominated convergence
theorem and two discrete integration by parts, we compute

1
/618290uda: = lim — /D[D@(-,—zf)](x,—z’;)u(m) dx
T 01| |0 ktoo €2 | )
1 1
= Jolfoa] H% D[Du(-, 2)](x, ;) da 3.8
lo1| || koo 5% TSD [Du(-, 27)](z, 23) (3.8)

el [ 1DIUC b g 0

- |O'1‘ |0'2| ktoo Jp
Therefore, 0;0,u = 0 in the sense of distributions in T.

Step 3. Integrating the relation 0;0,u = 0 we find that u(x) = uy(x1) + uz(x2) with
uy and us periodic functions on R. Moreover, since u is bounded, so are u; and us. Let
us finally prove that dyu; = 0 or dyus = 0. From (3.2), we have for some oy € X;\{0},
oy € X5\{0} and a sequence ¢ | 0,

-

D D
| Duy (7, €401)|" | Dus(, €,09) di

0 = lim 5
k1Too T &Tk

T ’DU1 T1,E,01) ’91 |DU1 5U2,€k<72)| A
koo 1 20>

so that up to extraction for [ =1 or [ = 2, there holds

1 0
D € !
lim/ Do eko)|® ).
koo Jo €k

In particular, since u; is bounded and 0 < 6; < 1,

1 1 0
D D !
hm/ Mdl‘l < ||Ul||<1x?01 hm/ | Ul(xlagkal)‘ dlL‘l — 0.
koo Jo n koo Jo Ex

Arguing as in (3.8), we obtain that u; = 0 in the sense of distributions in R/Z. We
conclude that u € S(T) which ends the proof of the proposition. m

We turn to the proof of Theorem I, which extends Proposition 3.1 in several directions
by considering general space dimensions and powers 6, 6s.

Let us recall some notation. For 2 = Q; + Q5 with Q; € X; and Qs C X5 and a
function u € L},.(2), the matrix valued distribution u[u] is defined as

p= plu] == ViVou = (azgﬁxgu)gigm,gjgny

where dim X; = n; and dim Xy = ny. For 6, §; > 0, we also recall that the critical
exponent P(f1,0,) has been introduced in Definition H and that when p = P(6y,65), we
simply write €(u) for &,(u).
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Remark 3.2. We will use the following inequality to reduce the case # < 1 to the case
0 = 1. Assume that § < 1 and let us note ¢, := 6, + (1 — 6)/2 for | € {1,2}. We have
0 :=0]+ 6, =1 and for u € L*>*(Q2) and x, z such that z,x + z € €, we have

| Duz, 21)|" [Du(x, 22)|* < 2'77||u|| 5°| Du(x, 21)|"* | Du(z, 22)|™,

so that o
E51% (u) < 2170 ||ul| L0 €5 (u).

We now prove that the energy £(u) controls the cross derivatives p[u] = V1 Vau.

Proposition 3.3 (Proposition M). Let u € L},.(Q). We have the following estimates,
for every ¢ € CF(Q,R™*"2),

E(u)ell if0=10r[0 <1 and ||Jul|o < 1],
(ulul, ) < EW)V| Vgl |l % if 0> 1 with 6, < 1,
Eu)VO | Vrpll7 ]| % if1<6, <0,
(3.9)

Because of the applications we have in mind in the last part of the paper (and in
[GM20]), it will actually be more convenient to derive Proposition 3.3 as a consequence
of Lemma 3.4 and Lemma 3.6 below.

We may now state a first lemma which is the extension of Step 1 in the proof of
Proposition 3.1 to the more general setting. We recall that we defined ¢(z, z) in (3.3) as

Q(Iaz) = (|DU(ZL‘ + 29, Zl)|61 + |Du($7zl)|91) (|DU,(?L’ + ZI7ZQ)|02 + |DU({E,22)|02) :

We also recall that (e, - ,e,,) and (fi, -, fn,) denote orthonormal bases of X; and
Xo.

Lemma 3.4. If u is such that E,(u) < oo, then there exist sequences 0 < ry, < ¢ tending
to 0, two numbers A\, Ay € (1/2,4/3/2) and two rotations R; € SO(X;) such that

lim sup Z / gz, re(MBei + Ao fy)) de S Ey(u). (3.10)
O%k

k rh
1o 1<i<ng 1<)<ns k

Proof. For | = 1,2, let v, denotes the normalized Haar measure on SO(X;) and let S(X)
denote the unit sphere of X;. We also set v := v; ® 1. We first claim that for every
g € L'(R™), there holds

/n g(z)dz

1 / /
E: g(|z1|Rie; + |z2|Raf;) | dzdv(Ryi, Ry). (3.11
nin2 Jso(x1)xso(xz) JRn [ (2117 22| R ) (Ri, Ra). ( )

1<i<ni, 1<j<ns
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To prove (3.11), let us notice first that for every function v € L'(S(X1)), the integral
fso v(Rye)dv(Ry) does not depend on the choice of e € S(X;) and therefore

! n1—1
/SO(Xn o)) = Jris ) /sm) /soom Vo)) ()
: m=(g)dy
= TS oo /S(Xl)vwm)dw (o) ()

1

= TGO Jyn O

For g; € L'(X;), we deduce from the above formula and of a decomposition in polar
coordinates that

/ 9 =/ H™H(S(X1)) {/ 91(rRye) dVl(Rl)}Tm_ldT
Xl 0 SO(XI)
rﬁl/ {/ 91(|z1|Rie) dVl(Rl)} dz
X1 SO(X1)
| ( / g1<|sz1e>dzl) dn(Ry).
SO(X1) X1

Combining this with the analog formula for f € S(X5), go € L'(X5) and using Fubini, we
have for g € L'(R"),

/ g(z)dz :/ [/ 9(|z1|Rie + |z2| Ra f) dz} dv(Ry, Rs).
n SO(X1)xSO(Xa2) n

Taking e = ¢; and f = f; in the above identity and summing over 1 <¢ < n;, 1 < j < ny,
we obtain (3.11).

Define

mw:””LJm@m

2|7

so that arguing as for (3.7) we have

| a2z 5 £l

Using (3.11), polar coordinates z = ro, with r > 0, ¢ € 9B, and the change of
variables r = €s, we obtain

/ / / Qa S, 0, Rl,Rg) n—1 ( )deHn 1( )dl/(Rl,Rg) 5 (U),
SO(X1)xSO(Xz2) J9B;

where we note

Rye; Rof:
QE(‘S?Ua R17R2) = Z / x 8€|O-1‘ 1€ +58|02’ 2f]> d

sP eP
1<i<ng, 1<j<ny
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Passing to the infimum limit in €, using Fatou Lemma and then Markov inequality, we
find that there exist B, € SO(X1), Ry € SO(X,), 0 € 9B, with 1/2 < |o1|,|02| < v/3/2
and s € [¢,1), where ¢ > 0 only depends on the kernel p, such that

lim inf Z / alw, selon|Faci + seloa|Ra ) de S Ey(u).

el0 SP gpb
¥ 1<i<ng, 1<j<ny

Extracting a subsequence ¢}, realizing the liminf we find

lim sup Z / ,(sep)lon|Rie; + |o2| Ra f;]) dz < &,(u).

koo jcicng, 1<j<ns (8€k> -
Noting A, := |oy| for | = 1,2, ¢} := 2¢), and ry := se, we conclude the proof of (3.10). O

Remark 3.5. With the notation of the lemma, we define the map A € GL(R") by
Az = M Ryz1 + AaRsze. Making the change of variables © = A% and u(z) = u(Az)
n (3.10), defining &5, := max(\;*, \;')ex and observing that [A~1(Q)]* C A~1(Q%*), we

find
lim sup Z / a(, Tk(e]f 1) dr S Ey(u) ~ Ey(u),

koo cicny 1<j<ng Y [ATHQ)%* T

with the definition of ¢ modeled on the definition of ¢:
q(z,z) = (|Dﬁ(x + 29, 21)|"* + | Di(x, z1)|91) (\Dzl(:rj + 21, 29)|% + |D11(a:,22)|92) .

Since, X; and X, are stable by A, we have u € S(Q) <= 1 € S(A7'Q). Therefore, up
to this change of variables, we may always assume that (3.10) holds true with \,R; = Idy,
forl =1,2.

Lemma 3.6. Let u € L}, () and let (e1,), (1) be two sequences with 0 < ry < & | 0.
Forie{l,--- ;mi} and j € {1,--- ,ns}, we define

Fij(u) = liminf/ q(x,rﬁ(:i: fi)) .
koo Qck 7,k( 1,02)

(i) If 0 = 1 or [0 < 1 and ||u|loe < 1] (in both cases, P(61,05) = 2), we have for
iE{].,"' ,nl},jE{l,"' ,ng},

Gyt = i [ PRI g1 < 7). (312)
Q%k

kToo 7’]% ~

(i1) Noting p = ulu], we have fori € {1,--- n1}, j € {1,--+ ,na} and every p € C>(Q),

Gii(w)]lelleo in any cases, (a)
(igre) S & (Fs)YO Vel el f0>1and6 <1, (b)  (3.13)
(Fig @)V 202 if 1< 6, <6, (c)
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Proof. Part (i). Let us first consider the case § = 1, so that P(0;,0;) = 2. Let i €
{1,---,m}, j€{l,--- ,no} and let k > 1 and x € Q%. We note 2% = ri(e; + f;). As
in (3.5) we have

S (1Du(z + 25, )" + [Due, 20)|") (|Dulz + 21, 25)|™ + [Du(w, 25)|) = q(x, 2").
Integrating in x over Q% we get (3.12).
In the case # < 1 and u € L*>(2), noting 0, = 6,/0 for | = 1,2, by triangle inequality, we
have for every x € Q¢, z € B, and [ € {1,2},

[Du(a, 2)|" = [u(e + z) = u(@)’ = |u(z + z) = u(@)| """ | Du(z, 2)|"
< 2000w S ON) Du(z, )|

Since 0] + 05 = 1, the case [0 < 1 and ||ul|o < 1] follows form this inequality and from
the case § = 1 applied to the pair (0], 6,).

Part (i). Let u € L, (Q), 7 € {1,---,n1}, 7 € {1,--- ,na} and p € C*(Q). For

loc

k > 1, we note 2* = ry.(e; + f;). We treat the three cases (a), (b), (c) of (3.13) separately.
Case (a). We proceed exactly as in (3.8). Using discrete integration by parts, we
compute

. 1

<:ui,j7 90> = / aeiaijDde = llﬂlm ) / D[DQO(, —Zﬁ)](ﬁ, —Z§)U(.CC) dx

0 100 Tk Q

1
—lim | [ @DIDuC, 2w, %) d
kToo Tk Q
. D[Du(-, 2)](x, 2%

< ol tiint [ PPN gy gy, ),

TOO st Tk

This proves the claim.

Case (c). Let us show that this case follows from case (b). Let us assume that
1 <6, < 6,. By Holder inequality,

dx

(IDu(x + 25, 27)| + | Du(z, 21)]) (|[Dula + 21, 25)|%/* + | Du(z, 25)|%/*)
0k 2+92/91
Tk

5 |Q| ¢ 2601 +05

- </ <‘Du($ 4 257 Zf)’el + |Du(z, lec)’91> (‘Du(x + Z]f, 25)’6’2 + | Du(z, 25)192> ; )91
1 . .
Qfk Tk

Applying (3.13.b) with 0] = 1, 65 = 05/60; and P(0],0,) = 1+ 607 + 0, = 2+ 0,/6,
yields (3.13.c).

Case (b). From now on we assume 6; < 1,0 > 1 and p = P(01,03) =1+6. Let x € Q)
and z € R” be such that 2 € Q*l. Arguing as in (3.4), we obtain by triangle inequality,

[D[Du(, 22))(, 21)|" S [Du(x + 22, 20)|" + |Duw, 21)|™,

and3
ID[Du(-, 25)](z, 21)[" S (|Dule + 21, 25)[* + | Du(x, ) |%) "

3Remark that this is where we used the hypothesis #; < 1 : in case (c) (61,602 > 1), this inequality
fails and the present method breaks down.
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Taking the product of the last two inequalities with (| Du(x+21, 22)|%2+|Du(z, 25)|%)0—1)/02,
we get

(IDu( + 21, 22)|% + [Du(z, 22)|*) % |D[Du(-, 2)](x, 21)| S alz, 2).
We use this estimate in the form
(I1Du( + 21, 22)"™" + | Du(w, 22)|"~") [ D[Du(, z2))(x, 21)| < a(x, 2). (3.14)
We now set ¢(s) := |s|°"1s for s € R. Using the estimate
[Is171s = 1t1"71e] S Js =t (1”7 + 1e1°71)
and (3.14), we have

ID[¢(Du(-, 2))](z, z1)| < |D[Dul-, 22))(x, 21)| (| Dul@ + 21, 22)| + | Du(z, 22)])"
S q(w, 2).

Applying this estimate with z = z*, integrating in x € Q% and sending k to oo, we have:

) ) D D . k , k

Forv:Q — R, e € S(X;)US(Xs), r > 0and z € ", we introduce the discrete derivative,

Du(z,re)  v(x+re) — v(:v)

Dr 5 = e
v(z,e) . .
With this notation, (3.15) rewrites as
h;ginf/ | Dr[o(Drue, [i)](, €3)| de S Fij(u). (3.16)
[ee] st

For smooth functions u, this inequality would provide a control on the L'-norm of the
function 0., ¢(0y,u). Here, we only assume u € L; () and it is difficult to give a meaning
to the nonlinear term ¢(9y,u). For this reason, we linearize ¢ away from 0. For n > 0, we
introduce the function ¢, given by

i Js| <
— |5 =7,
s) =4 7!
20 { .

so that ¢, is an odd, Lipschitz continuous function satisfying 0 < ¢; < n' %% on R,. As
a consequence,

| Dr [9(0)](z, €)] < 7' ~| Dy [(v)] (2, €3)].
Thus, from (3.16) we have,

fiint |10 [0y Dr - )€l dn S 'y () (3.7

k—o0
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For ¢ € C(Q, R), using the dominated convergence theorem and a discrete integration
by parts, we compute

2
g0 = i | ugede = Y | u(@)D (Dol —e)(a.—fy) do
iVJj

k‘TOO Qfk k’TOO Ofk
= lim D, u(zx, f;)D,, p(z, —e;) dz. (3.18)
ktoo Joer

We introduce the decomposition D, u(z, f;) = ¢,(Dy,u(z, f;)) — Xy(Dy,u(z, f;)) where

Xn(8) == ¢,(s) — s satisfies
|S|0—1
o (1 - o1 <.

For k large enough (so that supp ¢ C Q°), we have

[Xnloo = sup
Is|<n

D, u(z, f;) Dy p(x, —e;) dz
Qck

< +

Ok gbn(DrkU([E, f])) DTk90<x> —Gi) dx

/st Xn(DrkU(:E, f])) Drkgp(;p? _ei) dx

< ||<p||oo/mk | D [fn (Dl £5))1(, €)| d + 1] 0c, ]l 1,

where we used a discrete integration by parts to treat the first term and the bound
| xnlle < for the second term. Using (3.18) and (3.17), we obtain,

(135, ©) S Nlloon' " Fig () + 0l Vgl
Eventually, optimizing in n by choosing n° = F; ;(u) |||/ V1|1, we get (3.13.b). O

Proof of Proposition 3.3. For § > 1 the proposition corresponds to (3.13.b) and (3.13.c).
For 6 < 1, the proposition follows from (3.12) and (3.13.a). O

We can now show that if £(u) = 0 then u depends only on the variables in X or only
on the variables in X5.

Theorem 3.7 (Theorem I). If u € L(Q2) is such that E(u) =0, then u € S(Q).

Proof. Let uw € L(Q) with £(u) = 0. As in the proof of Proposition 3.1, we may assume
that u is bounded. Applying Lemma 3.4 (see also Remark 3.5) we find sequences 0 <
e < € 4 0 such that up to a change of coordinates,

: q(x,rilei + f5))
lim 3 /Q AR e o, (3.19)

kToo
T ij Tk

By Lemma 3.6, we get
po=plu] = ViVou =0 in D'(Q).

Integrating twice this identity, since €2; and €2, are connected, there exist two distributions
w € D'(Y), 1 € {1,2} such that u = u; ® 1g, + 1o, @ uy in D'(2). Let vy € C°(Qs, Ry)
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with [ o = 1. Using test functions of the form ¢(z) = ¢ (21)p2(x2), we have, since u is
bounded,

(ur, 1) < (ulloo + [(uz, p2)]) llnllr - for every o1 € CZ(€h).

We deduce that u; € L*°() and similarly us € L*(€2). In conclusion, we have two
functions u; € L*(€Y), [ € {1,2} with u(z) = ui(x1) + ua(x2) for x € Q.
Since q(z,r(e; + f;)) > |Du(x, rre;)|" | Du(z, mi f;)]%2, (3.19) implies that

3 [ P a0,
Qfk

P(61,02)
kToo T,

It is easy to check from the formula of P(6;,6;) of Definition H that max(1,6;) +
max(1,6;) < P(0y,0,) for 6,0, > 0. Moreover, for [ = 1,2, we have |Du|m®(1L0) <
| Du| ||u||<(;>_01)+. These inequalities lead to

: |Duy (1, ryes) [0 | Dug (2, 71 f; ) rax(1.82)
Ilcﬁ‘roré (Z /Ek max (1,61) Z Ek max(l 02) d!lﬁ'g = 0.

Therefore, up to a subsequence, either

D ; max(1,01)
nmzf Do, roe "0
Ck

ktoo max (1,61)

D max(1,02)
or lim E / | Dua(w2, et dxy = 0.
€k

ktoo max(l 02)

Let us assume without loss of generality that the former holds. Using Hélder inequality,
this yields, for ¢ € {1,--+ ,n1},

| Duy (21, 765) |

dCL’l = 0.
ktoo Qik Tk

We deduce that the distributions J,,u; vanish for ¢ € {1,--- n;} and thus (since ; is
connected) w; is constant in ;. This concludes the proof of the theorem. O

Corollary 3.8 (Corollary L). For every p > P(61,02), r > 0, and every measurable
function u, if

/ / u(w +21) —u(@)| " u(e + 2) —u(@)* 00, (3.20)

ERE
then v € S(Q").

Proof of Corollary 3.8. Let p : WBMXBT\BT/2 Then, letting &5, := 27%r, it is readily
seen that (3.20) implies that

2P
k>0

In particular, &,(u; Q") = 0 and we get v € S(Q2") from Theorem 3.7. O
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In the space of Lipschitz continuous functions, we know from Proposition 2.2 (i) that
the critical exponent p is larger than 1 + 6. We deduce from Theorem 3.7 that, as soon
as 01 <1 or 6y < 1, this critical exponent is indeed 1 + 6.

Proposition 3.9 (Proposition E). Assume that min(6y,0y) < 1. Then, for u € Lip(Q)),
[E10(u) = 0] = u € S(Q).

Proof. Let us assume without loss of generality that ¢; < 1. Let u € Lip(Q2) with
Ervo(u) = 0. If 6 > 1 then P(#1,62) = 1 + 6 and by Theorem 3.7, we have u € S(Q).
If & < 1, by Lipschitz continuity of u, we have, for z € Q and z € R"\{0} such that
x4z €Q,

|Du(w, 1)| | Du(w, 22)|*
‘Z|2+92

|Du(z, 21)|" [Du(, 22)|*
|Z|2+92

|Du(z, 21)|" | Du(z, 22)|*

|Z’1+0 ’

< IVullig” |z

< IVwllig”

This yields EQIf;Q (u) < ||V1u||<1>5915{9}%’32 (u) = 0. We notice that P(1,602) = 2+ 65, so that
applying Theorem 3.7 with 0] = 1, 0, = 0, we get again u € S(f). O

4 Quantitative control of the distance to S((2) in terms
of £

The aim of this section is to give a quantitative version of Theorem 3.7 by proving that
for u € L>*(Q), £(u) controls the distance to S(€2) in a strong sense. In order to obtain
such a strong control, we use the fact that u = V;Vsu is a measure and thus restrict
ourselves to the case (a) of (1.6), i.e. 6; + 02 < 1. We start by investigating the two
dimensional case where the proof is simpler and the result stronger.

Theorem 4.1 (Theorem R). Assume that ny = ny = 1 and 0 = 6, + 02 < 1. Then,
for every u € L>®(Q) with ||ulloc < 1 and E(u) < oo, there exists u € S(Q) such that
u—u € BV(Q)N LX(Q) with the estimate

lu — @l + [V[u— a]] () S E(u) + E(u)?. (4.1)

Proof. To set notation, we assume that 2 = (0, ¢1) x (0, £2), so that (0, 0) is the bottom left
corner of Q. By Proposition 3.3, y := 0,02u is a finite Radon measure with |u|(€2) < E(u).
For z € Q, we set w(z) := p((0,21] x (0, x2]) and notice that

[w]lso + [Vw|(€2) <3[ul(Q) < E(u). (4.2)

Since 0105(u — w) = 0, arguing as in the proof of Theorem 3.7, we find two functions
w € L*((0,4)), I € {1,2} such that

u(z) = uy(z1) + ug(z2) + w(x) for x € Q.

Thanks to (4.2), we only need to control u; or us. Let x; and z; > 0 be such that
O<zri <21+ < fl, we have for To € (0,62),

Du(z,z1) = Duy(z1,21) + Dw(x, z1) = Duy(xy, 21) + p((z1, 21 + 21] % (0, 22]).
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In particular, for z5 € (0,¢5),

[Du(e,20)| 2 ||Duren,2)] = lul((@n,@r+ 2] < (0,6)] | = (o). (43)

Similarly, for z; € (0,¢;) and xg, 2o > 0 such that 0 < xe < 9 + 25 < {3,
|Du(x, z5)| > []Dug(xQ,ZQ)\ — ] ((0,€1) X (22,29 + 22]}+ =: Po(x9, 22). (4.4)
Notice for later use that for [ € {1, 2},

|hi(xp, 2)| < | Dulz, z1)| < 2)|uf|eo <2, forevery x,z € X with z,z+2€ Q. (4.5)

Plugging inequalities (4.3) and (4.4) in the definition (1.3) of &.(u), we get,

0, 0
liminf/ pa(z)/ W, 21" [Pa(e, 20)] dedz < E(u).
R? (e,1—€)X (e la—¢)

10 B

Arguing as in the proof of Lemma 3.4, we may select o1 + 0 = 0 € 9By, with 1/2 <
loy| < V/3/2 for I = 1,2 and two sequences sequence (), (g) with 0 < 7, < ) | 0 such
that letting 2% := ryo,

lim (/Zl_ak Mdazl> (/62_% dez) < E(u).
oo \ /- : ~

& Tk A Tk
Extracting a further subsequence, there exists [ € {1,2} such that

el—c“k k 91 1
limsup/ Mdm; S E(u)z. (4.6)

ktoo % Tk

Without loss of generality, we assume [ = 1. Using the definition of v¢; and Fubini, we
write

él—Ek

01 —ey, l1—ey
/ Dus (1, 28| dy < / (21,21 + 2] x (0, 60)) day + / b (a1, 28 day

€k €k €k

1-61 l—zp
<t (o o)) [ o) an

(ek,l1—€k) €k

(4.5)

01 —¢eg
S re€(u) +/ [wl (wlazf)]el dry.

€k
Dividing by 74 and letting k 1 oo, we deduce from (4.6),

l1—ep k L
limsup/ Mdm S E(u) + E(u)2.

ktoo % Tk

We conclude that u; € BV(0, ;) with [9yu1](0, £1) < E(u)+E(u)z. This implies osc(u; )

<
E(u) + E(u)2, which together with (4.2) concludes the proof of the theorem. O
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We now turn to the higher dimensional case n > 2. In order to obtain the analog
of (4.1), we must define the higher dimensional counterpart of w. As will be clear from
the proofs, the main requirements are that V;Vow = plu] and that for almost every
T =1+ T2 € Q,

/ w(z1 + y2)dys =0 and / w(yy + x2)dy; = 0. (4.7)
QQ Q1

The unique function which satisfies these conditions is given by the formula:

Q

w(x) := u(x) —fgz w(x1 + ya) dyo —fgl u(yr + x2) dyy —l—f u(y) dy. (4.8)

For = 21 + x5 € 2, we have the decomposition u(z) = uy(x1) + uz(xs) + w(x) where u;
and ug are explicitly given by:

1 1
uy(xy) ::/ u(zy + yo) dys — —f udy, ug () ::/ u(yy + x2) dyy — —f udy. (4.9)
Qs 2]q o 27q

We start by establishing some bounds on uy, us and w.

Proposition 4.2. We assume that 1 and s are bounded extension domains. Let u €
L>(Q) and w, uy, uy be given by (4.8)(4.9). Then, w € L*(Q), u; € L®(SY) forl=1,2
with w(z) = uy(z1) + uz(xe) + w(zx) and we have the estimates

[wlloo < 4llufloc,  Mlwlloe < (3/2)l|ullec  forl=1,2. (4.10)
Moreover, if 6 <1 and £(u) < oo then w € BV (Q) and denoting n := max(ny, ng) > 2,
lwll pasa-n@) + [Vwl(Q) < ullg” € (). (4.11)

Proof. The estimates of (4.10) follow from the definitions (4.8), (4.9) and the triangle
inequality.

We turn to (4.11). By (3.9) and the definition of w, V1Vow = p with |p[(Q2) <
E(u)||ul|L5Y. Tt is thus enough to prove

[w]l s (@) + [Vwl(©2) < |1l (€2). (4.12)

By density (2 is a bounded extension domain) we may assume that v € C>(Q). For
every z1 € €y, we have W, := Viw(z; + -) € WhH(y,) with,

VoW, || 1) d2y Z/ / (VoViw| = |p|(£2).
Q1 Q1 J Qo

By (4.7), we have fQQ W,, =0 for every x; € ; and by Poincaré-Wirtinger inequality in
Wh1(Qy), this yields

[ 1walds = [ Wl den S [ 1920 luxon dor = @)
Q 951 2

The analog bound on Vyw shows that

IVwli@) S [1l(€). (4.13)
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We finally establish the L7 bound. Assume without loss of generality that n = ny; > no.
We then have by (4.7) and Poincaré-Wirtinger inequality in W1 (€;) that

ny—1

| . < Vaiw|dz ) dws —
L”l*l(ﬂ) Q2 Ql

By Minkowski inequality, this leads to

/ |V1w(x1 + )| de’l
Q1

ni

LT (0y)

. < Mow
loll 210y % [ 19306000,

We now apply the Poincaré-Wirtinger inequality to Viw(z; + -) in Wh1(Qy) to obtain
(since ny < ny),

Jwl]| _m : S /Q [VoViw(zr + )| 1, dor = [ViVau|(Q) = [p|(Q2).

L™M1-1(Q
Together with (4.13) this proves (4.12). O

Remark 4.3. We point out that the Poincaré-Wirtinger inequality gives a slightly stronger
result than (4.11), namely that Viw € M(Qy, BV (§22)) (and similarly for Vow).

We turn to the higher dimensional analog of Theorem 4.1.

Proposition 4.4. Assume that 21 and )y are bounded extension domains and that 0 < 1.
Let uw € L>®(Q) with ||ul|l < 1 and E(u) < oco. Using the notation u = uy + us + w of
Proposition 4.2, there exist | € {1,2} and ¢ € R such that,

1
||, — C”an"il(g) < E(u)z. (4.14)

ny and
()

Combining this estimate, Hélder inequality |ju; — c||L% < g — c||L

(©)
Proposition 4.2, we deduce the following result.

Theorem 4.5 (Theorem S). Let €y and Qy be bounded extension domains and 6 < 1.
Let uw € L*(Q) with ||ull < 1 and E(u) < co. Noting i := max(ny,ng), there exists
u € L>®(Q2)NS(Q) such that,

Nl

—al . <
il S EG) +EG)
Proof of Proposition 4.4. Since ||ul|s < 1, by (4.10) it is enough to establish (4.14) under

the additional assumption that
E(u) <, (4.15)

for some n > 0 only depending on €2, n;, ny and p.

Step 1. Let w, u; and wup be given by (4.8) and (4.9) so that u(z) = ui(xy) +
ug(xg) + w(x). Let us first recall that by (3.9), ViVow = V1Vou = pu is a mea-
sure with |V;Vow|(Q) = [u[(Q) < E(u). Let (wy) be a sequence of mollifications of
w with wy — w in L'Y(Q) and almost everywhere, Vwy — Vw weakly star in M(S),
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Vw210 = |Vw|(2) and ||V Vawg|| L1y — |#](£2) (which is possible since €2; and €,
are extension domains). For £ > 0 and z; € €, we set

Vi (z) = (Vowg| (21 + y2)dys.
Qo

We have ||} 1)) = [|[Vowk|| 1) and || V1d§ || 1) < [[ViVaws|| 11 (). Hence, by (4.11)

lir]?Tsup ||1Df||L1(Ql) + Hvﬂ/mel(Ql) S E(u).

Therefore, ¥¥ is bounded in W11(£2;) and up to extraction, ¥} converges in L*(Q;) to
some function 1; € BV () with

[Vl + Vi |($h) S E(u).
Let then for A > 0,

(4.16)
QL)\ = {1‘1 € 7,01(1’1) < )\}

In the sequel we use that for a.e. z1 € ;) and every z; € X, such that [(Qy—29)N Q| > 0,

/ | Dw|(z, 22)
(2—22)NQ

dry — lim [Duil(z,22) 5
|Z2| kToo (QQ—ZQ)mQQ |Z2|

1
\Y tzg) -
< limsup/ / [Vin(z + ¢2) Z2|dtdx2
ktoo  J(Qa—22)nQs JO |22

< lim/ |Vowg(x)| dzy = 1 (1) < A
kToo Qs

(4.17)
Now, by co-area formula [AFP00, Theorem 3.40] for almost every A > 0 the set §2; , is of

finite perimeter in {}; and denoting by 0€2; ) the measure-theoretic boundary of €2, j,

/ H™ (000 N Q) dN = [V ()
0

(4.16)
S E(u)
We thus pick A\; > 0 such that

5 and H" 00N Q) S 5(“)%

) (4.18)
We set €0, 1= Q1 , and define w; = 4 \ﬁl (so that H™ (92, ANQ) = H™ 1 (Jw1Ny)).
We notice for later use that

(4.16)
Mol < [ Jrlden < Willoey 5 E),
Therefore, since A\; > £(u)2 /4, choosing i small enough in (4.15), we have,
fwr] S E()® < []/2. (4.19)
We define 15, Mg, QQ and wy similarly.
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Step 2. Let (1), (e) with 0 < r, < e | 0 be given by Lemma 3.4 (recall Remark 3.5)
and such that for every 1 <17 <nj and 1 < j < no,

D )% D ) |62
lim sup/ [Dufw, riei) |2 w(z, ;) de S E(u). (4.20)
kToo Qfk T

Fix for the moment k > 1,1 < i <ny and 1 < j < ny and let 2% := ri(e; + f;). We define
1
AV = {x € Q% : |Dul(x, 2F) > §|Du1|(x1,zf)}

and similarly for A5. Now we write

(/ | Duy (21, 27) dxl) </ | Dus| (22, 25) dwg)
Q1NQ=k Tk QanQk Tk

:/ ]Dulf(ﬂﬁhzf)LDu?‘(x?’Zéc) dr, (4.21)
(1 xQ2)NQ%k "

and we split the domain of integration as
(O x Q) N Q% C [AF N AF] U H(Ql x () N Q] \A’f] U H(f’zl x 25) N Q} \Ag] .

In the first subdomain, we use the inequalities | Duy (21, 2¥) < 2|Dul(z, 2¥) and | Dusg (x5, 25) <
2| Dul(x, 25) valid by definition for x € AY N A5. Then, since |lull < 1, we get

[ DD ),
AbnAL

2
T

lim sup
k1Too

Dulfr NNE k (4.20)
< 4limsup/ Dyl (x’zl)L u(2,2) de S E(u). (4.22)
koo Qk T

In the second subdomain, we use the triangle inequality to get for x ¢ A%,

»ZAY | Dy (xq, 2F
Dus(e1, )] = |Dufa ) — Du(e, ) < PACEN L py e )

so that for x & A%, there holds |Duy(z1, 2¥)| < 2|Dw|(x, 2F). This leads to

| Duy |(1, 27)| Dus| (22, 25)

/((91 xQ2)NQk)\ A TI%

cof Dulend)([ e, ),
GanQck Tk o'k Tk

1

dz

N (4.18) )
By definition of Q5 and (4.17), the inner integral is bounded by Ay < &(u)2 /2. Hence,

lim sup ‘Du1|(x1,zlf)]Du2](m2,z§)

/ 5 dx
ktoo  J (91 xQ2)nQek)\ AF Tk

D k
< &(u)? lim Sup/f2 - [Dusl(2, 25) dxg. (4.23)
2N 2 ’

koo Tk
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The third term is bounded similarly and we deduce from (4.21),(4.22) and (4.23),

D k
lim Sup/ |Dus (21, 27) dzy — E(u)
Q1NOSk Tk N

k1Too

[SIE

k
llim sup/ [Duzl(x2, 2) dxe — E(U)% < E(u).
ﬁgﬁﬂgk

kToo Tk n
Recalling the notation z§f = rpe;, 25 = rpf; and summing over ¢ € {1,---,n;} and
Jj€{l,--- ,ny}, we see that up to extraction, we have
D .
Forie {l,--- ni}, limsup/ [Dur(zs, ries) dry S E(u)%, (4.24)
ktoo  JOunask Tk
Dug|(z2, 11 f;
or for j € {1,--+ ;na}, limsup/ | Dta| (2, kfj)dxg SS(U)%.
kTOO Qgﬂggk rk

Step 3. Let us assume without loss of generality that the first possibility occurs and
let us define the function

”ELl = U in Ql ’27,1 =0 1in Ww1.
We fix again i € {1,--- ,n;} and use the short-hand notation z¥ := rpe;. we may now
estimate, [oer [Ds|(z1, 27)/rp dzy. For this we use |Day(zy, 2F)| = [Dus (1, 2F)| when
1

x, 1 +2F € Q, Dy (21, 2) = 0 when 1, x14-2 € wy and Dy (21, 2§)| < ||ulloo < 1 when
x1 or m1 + 2F belongs to Q1 but not both. In the later case we thus have |Day (1, 2¥)| <
|D1,,, (z1, 2¥)|. This leads to

D~ k
N / [Di|(21,24)
kToo Qck Tk

D k D1, k
S hmsup/ Mdﬂh—i—hmsup/ | 1(x1721>| dxl
kfoo Q:1NO5k Tk ktoo  Jo

By (4.18), we have |V11,, (1) = H™ (8w, N;) < £(u)? and we obtain that e;- Vi is a
measure in €, which satisfies |e;- Vi |(€1) < €(u)2. Summing over i we get @, € BV (€;)
with

[Vi|() < Eu)*. (4.25)

Let us note ¢ the mean value of @; (in particular |¢| < ||u;||«). Using the Sobolev injection
of BV () into L™/(m~=Y(Q;), we compute

||U1 - CHL%(QD = ||U1 B C”L%(Ql) * I|U1 B CHL%(M)
N o1 (425)k(410) -
S VU |[(921) + 2||us oo jwi ] ™ S () A+ fw]
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By (4.19), we have |w;| < |€21|/2 and thus by the relative isoperimetric inequality in 4
(see for instance [Fed69, Lemma 4.5.2]),

o1 (4.18)
|w1\ "1 SH"lfl(ﬁwlﬂﬁl) S g(U)

N[

so that our final estimate is

1
— n < E(u)z.
s =l sy ) S E@)
This concludes the proof of the proposition. O
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