Existence and Regularity of Spheres Minimising the
Canham-Helfrich Energy

Andrea Mondino* Christian Scharrer’

February 10, 2020

Abstract

We prove existence and regularity of minimisers for the Canham-Helfrich energy
in the class of weak (possibly branched and bubbled) immersions of the 2-sphere.
This solves (the spherical case) of the minimisation problem proposed by Helfrich
in 1973, modelling lipid bilayer membranes. On the way to prove the main results
we establish the lower semicontinuity of the Canham-Helfrich energy under weak
convergence of (possibly branched and bubbled) weak immersions.

1 Introduction

The basic structural and functional unit of all known living organisms is the cell. The
interior material of a cell, the cytoplasm, is enclosed by biological membranes. Most of
the cell membranes of living organisms are made of a lipid bilayer, which is a thin polar
membrane consisting of two opposite oriented layers of lipid molecules.

In 1970, in order to explain the biconcave shape of red blood cells, Canham [Can70]
proposed a bending energy density dependent on the squared mean curvature.

Three years later Helfrich proposed the following curvature elastic energy per unit
area of a closed lipid bilayer [Hel73, Equation (12)]

1 _
o Fe(H — c0)? + k.K, (1.1)

where H is the mean curvature, K is the Gauss curvature, ¢ is the so-called spontaneous
curvature, and ke, k. are the curvature elastic moduli. The values of the parameters
can be measured experimentally (e.g. see [EEF72], [DHT76] for ¢y, and [MH90] for k.).
The constant k. is not important for the purpose of this paper as by the Gauss-Bonnet
Theorem, the integrated Gauss curvature is a topological constant.

Lipid bilayers are very thin compared to their lateral dimensions, thus are usually
modelled as surfaces. Suppose the surface and hence the membrane is represented by a
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smooth isometric embedding $ : S% — R3 of the 2-sphere S?. We will be concerned with
the following integrated version of (/1.1

HEO(D) 1= /SQ(H —co)2dp = /S2 (H2 — 2coH + 1) dp (1.2)

where again, H is the mean curvature, ¢y is a constant, and p is the Radon measure
corresponding to the pull back of the Euclidean metric along &. The integral in
is known as Canham-Helfrich energy. It is also referred to as Canham-FEvans-Helfrich
or just Helfrich energy. Its most important reduction is the Willmore energy, where
co = 0. Due to its simplicity and fundamental nature, the Willmore energy appears in
many areas of science and technology, and has been studied a lot in the past. Its first
appearances were found in the works of Poisson [Poil4] in 1814 and Germain |Ger21]
in 1821. It was finally brought onto physical grounds by Kirchhoff [Kir50] in 1850 as
the free energy of an elastic membrane. In the early 20th century, Blaschke considered
the Willmore energy in the context of differential geometry and proved its conformal
invariance, see for instance [Bla55].

The difference between the Willmore energy and the Canham-Helfrich energy comes
from the constant ¢g, known as spontaneous curvature. According to Seifert [Sei97], it is
mainly caused by asymmetry between the two layers of the membrane. Geometrically, the
asymmetric area difference between the two layers is given by the total mean curvature,
i.e. the integrated mean curvature. This is due to the fact that the infinitesimal variation
of the area, i.e. the area difference between two nearby surfaces, is the total mean
curvature. Dobereiner et al. [DSL99] observed that spontaneous curvature may also arise
from differences in the chemical properties of the aqueous solution on the two sides of
the lipid bilayer. Many approaches about how to derive the Canham-Helfrich energy
density as the energy density of a lipid bilayer have appeared in the literature. We refer
to Seifert [Sei97] for more details.

Our goal is to minimise the Canham-Helfrich energy as well as to study the regularity
of minimisers (and more generally of critical points). In the language of the calculus of
variations we are concerned with the following Problem[I.2]stated in Bernard, Wheeler and
Wheeler [BWWT17, Introduction, Problem (P1)]. Given a smooth embedding @ : S2 — R3
denote by Arca® = Js2 dp the area of the surface &(S?) and by Vol ® the enclosed
volume.

1.1 Remark. A candidate embedding & which achieves the global minimum is called a
minimiser. In general it is not unique and, more dramatically, it may not exist: later in
the introduction we show that for a suitable choice of parameters the minimum is achieved
by a singular immersion and it cannot be achieved by a smooth one. The constraints
and the functional H are invariant under reparametrisation as well as rigid motions in
R3. Of course, in order to have a non-empty class of competitors, the constraints have to
satisfy the Euclidean isoperimetric inequality A3 > 367V

1.2 Problem. Let ¢y, Ag, and Vj be given constants. Minimise H (5) in the class of
smooth embeddings ® : S> — R? subject to the constraints

Area® = Ay and Vol ® = Vj. (1.3)



That is, find an embedding 50 : S — R?3 such that Area 50 = Ay, Vol 50 = V4, and
HO (D) < HO(P)
for any other smooth embedding ® : S? — R3 satisfying the constraints (1.3)).

Problem is the classical formulation suggested in [Hel73] and [DHT76]. According
to Bernard, Wheeler and Wheeler [ BWW17], many issues for the Canham-Helfrich energy,
including Problem [I.2] remain open and form important questions that future research
should address. A similar problem in the 2-dimensional case (i.e. closed curves in
the Euclidean plane) was formulated and solved by Bellettini, Dal Maso, and Paolini
[IBDMP93] by a relaxation procedure.

While there was essentially no work on the variational theory of the Willmore energy
after Blaschke’s seminal work, in 1965 Willmore [Wil65] reintroduced this Lagrangian
which is now named after him. He showed that the round sphere is a minimiser of Problem
in the special case ¢ = 0 without constraints (1.3)), see [Wil82]. Simon [Sim8&6] proved
existence of higher genus minimisers for the Willmore energy (see also Kusner [Kus96]
and Bauer-Kuwert [BKO03]), using the so-called ambient approach, i.e. convergence of
surfaces is considered in the measure-theoretic sense. Riviere [Riv08), Riv14] proved the
analogous result with the so called parametric approach, i.e. based on PDE theory and
functional analysis as opposed to geometric measure theory. In the present paper we shall
adapt the parametric approach. The case ¢y = 0 with constraints was solved by
Schygulla [Sch12| using the ambient approach, and generalised to higher genus surfaces
by Keller, the first author, and Riviere [KMR14] using the parametric approach.

From the mathematical point of view, the spontaneous curvature ¢y causes a couple of
differences between the Willmore energy and the Canham-Helfrich energy. Most obviously,
the Canham-Helfrich energy cannot be bounded below by a strictly positive constant,
whereas the Willmore energy is bounded below by 47, see . Secondly, while the
Willmore functional is invariant under conformal transformations, the Canham-Helfrich
energy is not conformally invariant. We will be concerned with yet another property
that fails for the Canham-Helfrich energy due to non-negative spontaneous curvature.
Namely lower semi-continuity with respect to varifold convergence: while it is well known
that the Willmore functional is lower semi-continuous under varifold convergence, the
Canham-Helfrich energy in general is not. Indeed, Grole-Brauckmann [GB93, Remark
(ii) on page 550] constructed a sequence of non-compact infinite genus surfaces X, Yo, . . .
with constant mean curvature equal to 1 which converges in the varifold sense to a double
plane Y. Hence, the mean curvature H, of the limit ¥, is zero and

0= / (Hp — 1)2nda? <2 [ (Ho —1)*nd " = 2/ nd A’
Sk Yoo

Yoo

for any continuous non-negative, non-zero function 7 on R? of compact support, where #2
is the 2-dimensional Hausdorff measure. Hence, the general Canham-Helfrich energy is not
lower semi-continuous under varifold convergence. However, in order to solve Problem
by the so-called direct method of calculus of variations, lower semi continuity is required.



According to Roger [MR208], it was an open question under which conditions/in which
natural weak topology on the space of immersions one obtains lower semi continuity
of the Canham-Helfrich energy. This is presumably the reason why Problem [I.2] was
only partially solved for non-zero spontaneous curvature c¢g. The axisymmetric case was
solved in 2013 by Choksi and Veneroni [CV13], who proved the existence of a minimiser
of the Canham-Helfrich energy among a suitable class of axisymmetric (possibly singular)
surfaces under fixed surface area and enclosed volume constraints. Five years later,
Dalphin [Dall8] showed existence of minimisers in a class of C*! surfaces whose principal
curvatures are bounded by a given constant 1/¢. Though, in his setting, it is still unclear
how to get compactness and lower semi-continuity as € tends to zero.

As already alluded to, we tackle Problem by the direct method of calculus of
variations. The issue is of course to find a suitable class Fa, 1, of admissible maps
(endowed with a suitable topology) having area Ay and enclosed volume Vjy such that the
Canham-Helfrich energy is lower semi-continuous and has (pre-)compact sub-levels. A
natural choice is the class of weak (Sobolev) immersions in W?22(S?,R3), already employed
in the context of the Willmore energy for instance by Riviére [RivI4] or Kuwert and Li
IKL12]. We will use the space of bubble trees of weak possibly branched immersions. It
will shortly become clear why we have to allow branched points and multiple bubbles.

In the following, we denote by -« (resp. x) the Euclidean scalar (resp. vector) product
on R3.

1.3 Definition. A mapﬁq_ﬁ : S — R3 is called weak (possibly branched) immersion with
finite total curvature if ® € W1°(S2 R3) and the following holds:

1. There exists C' > 1 such that, for a.e. p € S,
CdB(p) < [dB x dB|(p) < ClaB|(p), (1.4)

where the norms are taken with respect to the standard metric on S? and with
respect to the Euclidean metric of R?, and where d® x d® is the tensor given in
local coordinates on S? by

d® x d® :=20,1D x 9,2P da' A da? € N2T*S? @ R?;

2. There exist a positive integer N and finitely many points b1, ...,by € S? such that
log |d®| € Li5,(S*\ {b1,- - ,bn});

loc

3. The Gauss map 72, defined by

7= 8901(1_5 X 85525
' |6x1<i5 X (912(1_)"

in any local chart = of S?, satisfies

i € Wh2(S% R3).



The space of weak (possibly branched) immersions with finite total curvature is denoted
by F.

Since by assumption disa Lipschitz map, it induces an L°°-metric g given by
9(X,Y) = dB(X) - dB(Y)

for elements X,Y of the tangent bundle T'S?. In the usual way (see for instance [Heb99,
1.2]), the L>®-metric g induces a Radon measure x on S? which is mutually absolutely
continuous to the 2-dimensional Hausdorff measure on S2.

Using Miiller-Svérak theory of weak isothermic charts [MS95] and Hélein’s moving
frame technique [HéI02] one can prove the following proposition (see for instance [Riv16])

1.4 Proposition. Let $ € F be a weak (possibly branched) immersion of S* into R3.
Then there exists a bilipschitz homeomorphism U of S? such that ®oV is weakly conformal:
it satisfies almost everywhere on S?

{\8( V) = |0, <<1>o\11>|2
0,1 (B0 W) - 9,2(B o0 W) =

where = is a local arbitrary conformal chart on S? for the standard metric. Moreover
B oW is in WHo(S2,RY) NW22(S?\ {by,...,bx}, R3).

1.5 Remark. In view of Proposition [1.4] a careful reader could wonder why we do not
work with conformal W22 weak, possibly branched, immersions only and why we do not
impose for the membership in F, ® to be conformal from the beginning. The reason
why it is technically convenient not to impose conformality from the beginning is to
allow general perturbations in the variational problem, which do not have to respect
infinitesimally the conformal condition.

The reason why we chose the class F as above is the following theorem of the first
author and Riviere [MR14, Theorem 1.5] (see also [CL14]).

1.6 Theorem. Suppose 51,52,... is a sequence in F of conformal weak (possibly
branched) immersions such that

lim sup /2 1+ |diig|? duy < oo, lim inf diam ®[S?] > 0
S

k—o0 k—o0

where T are the G_quss maps, pg are the corresponding Radon measures, and diam q_;k[S2] :
Sup pess [B(a) — B(b)].

Then, after passing to a subsequence, there exist a family Wy of bilipschitz home-
omorphisms of S?, a positive integer N, sequences f,%, .. .,f,ﬁv of positive conformal
diffeomorphisms of S?, f}o, e ,@O € F, non-negative integers N1, ..., Ny, and finitely
many points on the sphere

{b%]y:lijZ,Z:1,,N}CSQ



such that
DoV — foo as k — oo strongly in C°(S?,R?) (1.5)

for some foo € WL0(S2 R?) and
Bp o fi — & as k — oo weakly in VVloc 2(S2\ b, ... b RY)

fori=1,... N. Moreover,

ldupg lnn 1 dpg.
52 %o

The theorem already gives (pre-)compactness, a notion of convergence, and lower
semi-continuity (actually, continuity) of the third summand in of the Canham-
Helfrich energy, i.e. of the area functional. Indeed, T := ( foo,f o OO) forms a bubble
tree, see Definition E In particular, the limit 7' is not in the class JF anymore. At an
informal level, a non expert reader can think of a bubble tree T := = ( f 5_1 .. ,{W ) a
a “pearl necklace” where each “pearl” corresponds to the image of a possibly branched
weak immersion g%(SQ) and f is a Lipschitz map from S? to R? “parametrising” the whole
pearl necklace, in particular f(S?) = N, £/(S?).

To get a better understanding of why we obtain a bubble tree in the limit, we will look
at an example of Problem Let

co =1, Ay = 2 Area S?, Vo = 2 Vol S2.

Then, the infimum in Problem is achieved by the bubble tree T = (f,Idgz,Idgz2)
of twice the unit sphere. Indeed, H®(T) = 0 and H®(®) > 0 for any other smooth
immersion @ of S? into R3, so T achieves the infimum. A minimising sequence <I_5k(82) of
smoothly embedded spheres converging to such a bubble tree can be achieved by glueig
(14 1/k)S? to (1 — l/k‘)82 via a small catenoidal neck of size 2/k.

Notice also that if @ satisfies 2 (®) = 0, then the image ®[S? is the unit sphere by a
classical theorem of Hopf [Hop83].

Getting a bubble tree in the limit is in accordance with the earlier result on existence
of minimisers by Choksi and Veneroni [CV13] in the axisymmetric case: indeed the
minimiser in [CV13] Theorem 1] is made by a finite union of axisymmetric surfaces.
Moreover, the bubbling phenomenon is also known as budding transition in biology
and has been recorded with video microscopy, see Seifert [Sei97] or Seifert, Berndl, and
Lipowsky [SBLI1].

In Chapter [3| we sharpen Theorem in a way that we get lower semi-continuity
for the Canham-Helfrich functional. This can be seen as a possible answer to the
aforementioned open question raised by Roger [MR208]. In Chapter 4| we compute the
Euler-Lagrange equation for the Canham-Helfrich energy in divergence form. Moreover,
we prove that all the weak branched conformal immersions of a minimising bubble tree
(actually more generally for a critical bubble tree) are smooth away from their branch
points. Our proof is based on the regularity theory for Willmore surfaces developed by



Riviere [Riv08|. It relies on conservation laws discovered by Riviere [Riv08] in the context
of the Willmore energy and adjusted by Bernard [Berl6] for the Canham-Helfrich energy.
We get the following final result.

1.7 Theorem. Suppose ¢y € R, Ay, Vo > 0, and A3 > 367VE.
Then, there exist a positive integer N and weak branched conformal immersions of
finite total curvature &y, ..., By € F such that UN ®;(S?) is connected,

N

inf  HO(B) = > HO(T) (1.6)
= i=1
Area d=Ag
Vol 8=Vp
and
N . N R
> Area ®; = Ay, > Vol ®; = V.
i=1 i=1
Moreover, for each i € {1,...,N} th,ere exist a non-negative integer N* and finitely
many points b1, ... b € §? such that ®; is a C* immersion of S2A\ {pL, ... o8N}
into R® and b™',. bZ N are branch points for 3,

Furthermore, there exists a constant agz(Ao, Vo) > 0 such that if |co| < ega(Ao, Vo),
then N =1 and ® := ®; is a smooth embedding of S® into R3.

Proof. Let 51, 52, ... be a minimising sequence of ([1.6)). There holds
dpg, = / 2UHg, —co)’ — (Hg —2c0)> + 2 dug, < 2HO () + 2340 (L)

where H, &, is the mean curvature corresponding to <I_5k, see (2.3). By the Gauss-Bonnet
theorem (see (2.6) for the precise statement in case of weak branched immersions and
(2.8]) for the estimate below),

= 2 2
i P g, <4 [ 13 du,

and thus
/82 L+ [diig, | dug, < SHO(8y) + (1+863) Ao

which means the first inequality of (3.17) is satisfied. Moreover, ([2.10|) implies the second

inequality of (3.17). Hence, we can apply Theorem Theorem @L Lemma (2.13)
and ([2.12)) to conclude the proof. O

1.8 Remark. The arguments in the proof of Theorem yield also that the minimum of
H is achieved in the class of bubble trees of possibly branched weak immersions, by a
bubble tree of possibly branched immersions which are smooth out of the branch points.



A more general form of the Canham-Helfrich energy is given by

Hgﬁp(cﬁ) = _/SQ(H5 —¢p)? dpg + a Area d + pVol(Ig,

for & € F where the parameter a > 0 is referred to as tensile stress, and p > 0 as
osmotic pressure. We get the following solution of Problem (P2) from the introduction in
[BWW17].

1.9 Theorem. Suppose co € R, a > 0, and p > 0. Then, there holds

inf HE ,(B) < 4r.
PeF

Moreover, if the inequality is strict, then there exist (fo € F, a positive integer Ng, and
points b, ...,bn, € S? such that

inf HE, (D) = HEL (Do),
deF

®y is a O immersion of SP\{b"!, ..., bi’Ni} into R® and b®1, ... ,bi’Ni are branch points.
Furthermore, if |co| < v/a, then ®g is a smooth embedding.

Proof. Taking Py = %SQ for each integer k leads to

inf HEL (®) < liminf HE (D) = / HZ, duge = 4,
I k—o0 ’ $?

which proves the first statement. Now assume (1_51, 52, ... is a sequence in F such that

lim HO (By) = inf HEO,(B) < 4r.
k—oo der

As «a > 0, we have sup;, Area CI;k < oo and thus, using (1.7)), also supy, Jq2 H% du(f,k < 0.
k
A simple contradiction argument using (2.10)) now leads to

lim inf diam ®,[S?] > 0,

k—o0

as otherwise we had

. 2 . c = S 2 .
kl;nolo Area @, =0, kli)nolo He o (Pr) = kl;rgo " H<I3k dpg, = 4m.
Therefore, analogously to the proof of Theorem [I.7, we can apply Theorem [3.3] to obtain
an integer N and ®4,..., Py € F such that

N

inf Hgo,p(q)) - ZH(‘;O,;J((I)Z)
deF i=1



Obviously,
N

Hgo,p(q_)’l) < Z ,Hgo,p(q_)’l)

i=1

and since there are no constraints, we simply get N = 1. Letting By = 51, we infer from

(1.7) that in case |co| < Vo

HZ dug, < 2H®(By) + 25 Area Bo[s?] < 2HED,(Bo) < 8.
S

The conclusion follows from Theorem and (2.12). O
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2 Preliminaries

2.1 Notation

We adopt the conventions of [Riv16]. To avoid indices and to get clearly arranged
equations, we will employ the following suggestive notation. For R? valued maps € and f
defined on the unit disk D?, we write

(0@ L. (0,8
= (@Czé')’ v e"( a,cle*)

o [€:0af - 7 [e€X0af
e,V f):= (5'3952]? , eExVf:= <_, -

\%

®y

as well as

VEX Vf = 0,18 X Oy f + 0p28 X Oy f,
E-Vfi=C-0uf+¢E-0p2f, N&-Vfi=0,E 0pf+ 0,26 0,f,

where - denotes the Euclidean inner product and x denotes the usual vector product on
R3. Similarly, for A : D? — R we write

Moreover, for a vector field



with components X L X2:D? R3, we define the divergence
diVX: = 8351}?1 + 6x2)?2.

The m-dimensional Lebesgue measure is denoted by Z™.

2.2 Weak (possibly branched) conformal immersions

We adapt the notion of weak immersions which was independently formalized by Riviere
[Riv14] and Kuwert and Li [KL12].

Let (X, cp) be a smooth closed Riemann surface (in the rest of the paper we will
take (X,¢p) to be the 2-sphere endowed with the standard round metric). Without
loss of generality we can assume that (3, ¢p) is endowed with a metric g., of constant
curvature and area 47 (see for instance [Jos06]). For the definition of the Sobolev spaces
WHP(2 R?) on ¥ see for instance Hebey [Heb99]. A map $: % — R3is called a weak
branched conformal immersion with finite total curvature if and only if there exists a
positive integer N, finitely many points by, ...,by € X such that

d e WHe(2, R N W22\ {by, - ,bn}, R?),
there holds . .
|ax1(1)| = |8x2(1)|
;1P - 0,20 =0
almost everywhere for any conformal chart z of X,
log |d®| € Lis.(S\ {b1, .-, bn}),
and its Gauss map 7 defined by
L 0.P X 9,2P
n.—=-———-
|81,1(I) X 8902(1)’
in any local positive chart z of ¥ satisfies
i € WH2(2,R3). (2.2)

The space of weak branched conformal immersions with finite total curvature is denoted
by Fx. or just F in case ¥ = S%. We define the L®-metric g pointwise for almost every
p € X by . .

gp(X,Y) := dPp(X) - dPp(Y)

for elements X,Y of the tangent space T,,%. In the usual way, the L*>°-metric g induces
a Radon measure p1y on X. The conformality condition implies that g = e”gco for
some A € L3S (X \ {b1,...,bn}) called conformal factor. Moreover, we define the second
fundamental form ]Tpointwise for almost every p € ¥ by

L:T,2xT,% =R,  L(X,Y):= —[dit,(X) - d®,(Y)].
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The mean curvature vector H and the scalar mean curvature H are given by
L1 - -
H = 3 tracel, H:=n-H. (2.3)

Note that condition (2.2)) ensures
H e L*(%). (2.4)

2.2.1 Singular points and Gauss-Bonnet Theorem of weak branched immer-
sions

First of all let us recall the following result first proved by Miiller-Svérak [MS95]. For a
different proof using Hélein’s moving frames technique [Hél02], see [Rivi4, Lemma A.5];
see also [KL12, Theorem 3.1]) and [MR14) Section 2.1].

2.1 Proposition. Let $: % — R3 be a weak branched conformal immersion with finite
total curvature with singular points by,...,by € X. Let A € LyS (3 \ {b1,...,bn}) be the
conformal factor, i.e. g = Cf;*gRs = ePge,.

Then ® € W22() and the conformal factor X is an element of L*(2).

Moreover, for each singular point b;j,j = 1,..., N, there exists a strictly positive integer

n; € N such that the following holds:

e For every b; there exists a local conformal chart z centred at {b;} = {z = 0} such
that
A(z) = (nj — 1) log 2| + w(2)

for some w € CON W2,

o The multiplicity of the immersion d at <I_5(bj) is nj. Moreover, if nj = 1, then d is
a conformal immersion of a neighbourhood of b;.

e The conformal factor \ satisfies the following singular Liouville equation in distri-
butional sense

—A

eo

N
A= Kge? — Ko— 21y [(n; = 1)y, , (2.5)
j=1

where oy, is the Dirac delta centred at bj, Kg is the Gaussian curvature of <13, and
Ky € R is the (constant) curvature of (X, ge,)-

By integrating the singular Liouville equation (2.5, we obtain the Gauss-Bonnet
Theorem for weak branched immersions:

N
/E K gdpig = 2nx(%) + 20y (nj — 1), (2.6)
j=1

11



where x(X) is the Euler Characteristic of X.
Note in particular that, once the topology of ¥ is fixed, the number of branch points
counted with multiplicity is bounded by the Willmore energy:

N
27 Z(nﬂ —-1)= / Kgduy —2mx(¥) < 2/ H?dpy — 2mx(%), (2.7)
o > )

Moreover, the Willmore energy controls the L? norm squared of the second fundamental
form:

/Zdeug :4/EH2dug—2/2Kq;d,ug < 4/EH2dug —4dmx(2). (2.8)

2.2.2 Simon’s monotonicity formula and Li-Yau inequality for weak branched
immersions

Let ® € F, be any weak branched conformal immersion with finite total curvature and
branch points {b1,...,bx}. In the usual way (by splitting the vector field in its tangential
and normal parts and using integration by parts) one shows

whenever X € W1H2(Z,R3) has compact support in X\ {b1,..., by}, where in a local
chart z,
divg X = gijawi)_f . 8xj<5.

A simple cut-off argument together with shows that the first variation formula
is true for all X € W2(3,R3). In the following we will gather a couple of facts
that are well known for weak unbranched immersions and, due to , are also valid
for weak branched conformal immersions with finite total curvature. Firstly, letting
X (p) := B(p) — B(ag) for p € ¥ and some fixed ag € ¥, one has divg X =2 and hence,
see Simon [Sim86, Lemma 1.1]

\/ Area ® < diam 5[2]1 // Hé dpg- (2.10)
%

The push forward measure p := q;#,u(f) of ug defines a 2-dimensional integral varifold
in R? with multiplicity function 2(p,z) = #°(® '{z}) (here s#° denotes the 0-
dimensional Hausdorff measure, i.e. the counting measure) and approximate tangent
space Tpp = d®[T, »2] almost everywhere when x = &(p). See Simon [Sim83, Chapter 4]
for an introduction on varifolds and Kuwert and Li [KL12, Section 2.2] for the context
of weak unbranched immersions. From and the co-area formula (see for instance
[Sim83, Equation 12.7]), the first variation formula for the varifold p becomes

/divmdu = —2/¢ -H,dy  for ¢ € CHR? R?) (2.11)

12



where the weak mean curvature is almost everywhere given by

1 o .
Ho(x) = ) Zpeiﬁfl(x) Hg(p) if 62 (p, ) > 0
0 else.
The first variation formula (2.11)) leads to Simon’s monotonicity formula [Sim83], 17.4]

which implies (see for instance Riviere [Riv16, Section 5.3] or Kuwert and Schétzle [KS04,
Appendix]) the Li-Yau inequality [LY82, Theorem 6]

1
2 2
6%(u,z) < E/ZH@. di. (2.12)
Consequently,
inf / HZdpg > 4. (2.13)
ders /T

Moreover, if de Fx. with [, H(% dpg < 8w, then d is an embedding (compare also with

Proposition [2.1]).

2.3 Canham-Helfrich energy

Given real numbers ¢y € R and «, p > 0 as well as a weak branched conformal immersion

with finite total curvature ® : ¥ — R3, we define the Canham-Helfrich energy HL,(P) in
its most general form by

HE (D) = /E(Hq; —CO)Qduq;+a/21duq; —i—p/zﬁ(f)-(f)d,uq;. (2.14)

Note that, in case $: % — R3 is a smooth (actually Lipschitz is enough) embedding, by
the Divergence Theorem the last integral equals the volume enclosed by <I_5(Z)

The parameter « is referred to as tensile stress, p as osmotic pressure. Compare this
definition for instance with [Berl6, Equation (3.6)] or [BWW17].

3 Existence of minimisers

In this chapter we will prove compactness of sequences with uniformly bounded Willmore
energy and area as well as lower semi-continuity of the Canham-Helfrich energy under
this convergence, see Theorem The proof of Theorem 3.3 will build on top of [MRI14]
and the next Lemma [3.] which establishes the convergence of the constraints and the
lower semi-continuity of the Willmore energy away from the branch points (Lemma
should be compared with [Riv16, Lemma 5.2]).

3.1 Lemma (Convergence outside the branch points). Suppose fi,f;, .. € F2 is a
sequence of weak branched conformal immersions with finite total curvature of the 2-
sphere S into R3, p1, pa, . .. are the corresponding Radon measures on S?, i1, g, ... are
the corresponding Gauss maps,

Sup/ \diiy|* dpg < oo, (3.1)
keN J§2
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there exists 500 € Fs2, a positive integer N, and by, ... by € S? such that

sup | log |d€k\HLfgC(sz’\{bl,...,bN}) < 00, (3.2)
& — Eno as k — oo weakly in VV%CQ(S2 \ {b1,...,b5},R?). (3.3)
Then, there exists a sequence of positive numbers si1, So, ... converging to zero such that
lduse = lim 1d 3.4
[, L = Jim Loy L (3.4)

Hodus = i Hyd .
/Sz o0 Ghoo = s2\ULY, By (b0) kO (35)
/ Moo * foo diiso = lim iy, - Ek dpug (3.6)

S2 k—o0 Sz\U L B, (bi)

where the balls are taken with respect to the geodesic distance on the standard S?,
oo and 7Moo are the Radon measure and the Gauss map corresponding to 5_;0, and
the Hy’s and Ho, are the mean curvatures corresponding to the gk’s and Eoo. Fqua-
tions f remain valid for si replaced by any sequence ty converging to zero and
satisfying ty > sy, for all k € N,

Moreover, for any sequence 1, Sa, ... of positive numbers converging to zero, there
exists a sequence ty = s converging to zero such that

H2 dpso < lim inf H,f dpig. (3.7)

s2 k—o0 SQ\U | Bi, (b

Proof. Suppose U is an open subset of S?\ {b1,...,by}, K is a compact subset of U,
and z : U — R? is a conformal chart for S?. Denote by

A = log |8$15k\, Ao = log ]8m1500|

the conformal factors. Notice that the volume element corresponding to & is given by

e? e In a first step we will show that
ey Moo as k — oo in LP(z[K]),
iy - Spe? M = fog » Enpe®> as k — oo in LP(z][K)) (3.9)

for any 1 < p < 00, as well as

/Hood,uoo: lim / Hy, dpuy, (3.10)
K k—oo JK
/Hgod,uoogliminf/ HE dyy. (3.11)
K k—oo JK

A simple argument by contradiction shows that it is enough to prove the statement after
passing to a subsequence of k. Since the &’s and &, are conformal and x is a conformal
chart, we can write the mean curvature vector as

2ﬁk = 672)"6A§]’€, Qﬁoo = ¢ 2o Agoo
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where A is the flat Laplacian with respect to z. By Hypothesis (3.3)), we have that
72\ Lz Lz 7 2A
Hype ™ = §Afk - iAgoo = Hoo€™™

as k — oo weakly in L?(z[K],R?), which implies (3.10).
By the Rellich-Kondrachov Compactness Theorem, after passing to a subsequence,
there holds
016 — Oy as k — oo in LY (2[U],R?) (3.12)

for any 1 < p < co. Therefore, using Hypothesis (3.2]) and passing to a further subse-
quence, it follows

e M =108 = [0péac P =M as k — oo in L (z[K]).

It follows . .
HiVe2 r = ie_AkAg;g — 58_’\°°Agoo = HoVe2n

as k — oo weakly in L?(z[K],R?), which implies (3.11]) by lower semi-continuity of the
L?-norm under weak convergence.

Similarly, from Hypothesis (3.2) and the strong convergence (3.12)), we infer (3.8]).
Again by the strong convergence (3.12)) and Hypothesis (3.2)), we can extract a
subsequence such that by dominated convergence,

g = € M (0,1 & X 0p28i) = € (01 €0 X Dy2€0) = Tino

as k — oo in LP(z[K],R?) for any 1 < p < oo. Using this and the fact that by the
Rellich-Kondrachov Compactness Theorem

& — Eoo as k — oo in LP(z[K],R?)
for any 1 < p < oo, one verifies (3.9).
Next, let 7, be any sequence of positive numbers converging to zero and abbreviate
N
fk:ez)\k7 foo:e”\ooa Krk :SQ\ UBTk(bl)
i=1

First, notice that for any Borel function f on S with [e | f| dus < 00, there holds

lim/ fdum:/ fdpeo (3.13)
k—o00 Ky, S2

which is a consequence of the dominated convergence theorem and the fact that finite
sets have o, measure zero. Let ng = 1. For each positive integer j, we use (3.8 to
inductively choose n; > n;j_1 such that

| =

/ |fx — fool dL% < = for all k > n;.
1’[ 7‘]

J

<
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Moreover, define [, = j for all integers k with n;_1 < k < n; and define s, = 7, . Then,
we have that s; — 0 as k — oo as well as

/ ]fk—foo\dD?Q%O as k — oo (3.14)
z[Ks

k

which in particular remains valid for sj replaced by any t; > si. Hence, by (3.13) we can

deduce (3.4). Using the convergence on compact sets (3.9)—(3.11]), Equations (3.5)—(3.7))

follow similarly. It only remains to show that Equation (3.5)) is still valid after replacing
s, by any sequence ty > s; converging to zero. Hence, we only have to show that

/ deuk—>0 as k — oo.
Ksp \Kty

This follows as by Holder’s inequality

1/2 1/2
‘/ s Hy, dﬂk‘ < </§2 Hj; dlik) (/I<sk\Ktk 1duk) :

The first factor on the right hand side is bounded by (3.1)). To see that the second factor
goes to zero as k tends to infinity, we apply (3.14)) and the fact that pq (Ufil By, (b;)) — 0
as k — oo. O

In the following we will define the notion of a bubble tree. The idea is that the
different bubbles can be parametrised by decomposing a single 2-sphere. The bubbles
can then be attached to each other by a Lipschitz map, see (3.15) and (3.16]).

3.2 Definition (Bubble tree of weak immersions, see [MR14, Definition 7.1]). An N + 1
tuple T = (f, <f;1, ceey 5N) is called a bubble tree of weak immersions if and only if IV is a
positive integer, f € WHo(S2,R?), and 51, e N € Fs2 are weak branched conformal
immersions with finite total curvature such that the following holds.

There exist open geodesic balls B, ..., BN ¢ S? such that

e Bl =52 and for all i # ' either B' ¢ B” or BY C B.

For all i € {1,..., N} there exists a positive integer N ¢ and disjoint open geodesic balls
Bbl .. B"N' ¢ S? whose closures are included in B such that

e for all i’ # i either Bi C BY or BY C B" for some j € {1,..., N'}.

For all i € {1,...,N} there exist distinct points b>!, ... ,bi’Ni € S? and a Lipschitz
diffeomorphism
‘ - N'-1 ) o
= B'\ U B %SZ\{b“l,...,b”’N }

j=1
which extends to a Lipschitz map

Z:B\ |J BY = §

j=1
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such that
Z;[0B%] = b whenever j € {1,...,N* -1}, E,[0B1 = b

Moreover, for all i € {1,..., N},

Ni-1
flz) = (' 0 2% () whenever z € B"\ U BiJ (3.15)
j=1
and for all j € {1,..., N’} there exists p*/ € R3 such that
fla) =p™i whenever z € B\ U BY (3.16)
i'eJii
where Ji = {i’ : Bi' C B},
Finally, we define
. N B N
W(T) = Z . HZ, digs, Area(T) := Z o Ldug,,
i=1 i=1

N
Vol(T') == /82 g+ dug,.
i=1

The next theorem establishes the weak closure of bubble trees, as well as the con-
vergence of the constraints in the Helfrich problem and the lower semi-continuity of the
Willmore energy. The proof builds on top of [MR14].

3.3 Theorem (Weak closure and lower semi-continuity of bubble trees). Suppose Ty =

(ﬁ, 5,1“ el q;iv") s a sequence of bubble trees of weak immersions and
Ny, N
lim sup / 1+ |ditz | dpg, < oo, liminf ) diam ®%[S?] > 0. 3.17
mow 3 [ 1+ i i, inf Y diam 357 (317)

Then, there exists a subsequence of T, which we again denote by T, such that N, = N
for some positive integer N and there exists a sequence of diffeomorphisms Uy, of S* such
that

fre o Ug — oo as k — oo uniformly in C°(S?,R3),

Area fi[S?] — Area fio[S?] as k — 0o

for some s € WH®(S?,R3). Moreover, for all i € {1,...,N} there exists a positive
integer Q' and sequences f,i’l, ceey ;’Qz of positive conformal diffeomorphisms of S? such
that for each j € {1,...,Q"} there exist finitely many points b3, .. bb3Q" ¢ §2 with

b o f]ij — g as k — oo weakly in V[/'E)CQ(S2 \ {57 .bi’j’Qi’j}, R3) (3.18)
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for some branched Lipschitz conformal immersion €4 € Fg2. Furthermore,

R . - N i
Tw == (uoo,( oéf)j:L...,Ql,---a(foo’])j:L...,QN)

1s a bubble tree of weak immersions and

W(Ts) < ngnian(:Fk), Area(Th,) = Jim Area(Ty), Vol(Th) = lim Vol(T},)
—00 —

k—o0
as well as
N Q'
ZZ/ melu€ g = hm Z/ H@ duq)z.
i=1j=1

Proof. We first consider the special case where N = 1 for all positive integers k. By
IMR14, Theorem 1.5], it then only remains to show the convergence properties of the
Willmore energy W, the volume, and the 1ntegral of the mean curvature. In view of
Lemma we can add Equations (3.5 . 3.7) for {k replaced by <I>k o fk to the conclusion
of the Domain Decomposition Lemma [MR14, Theorem 6.1]. Therefore, adapting the
proof of [MR14, Theorem 1.5], we get the following statement.

After passing to a subsequence and denoting 5k = 5,1@ there exists a positive
integer IV, sequences fkl;, e f,ﬁv of positive conformal diffeomorphisms of S?, and for
each i € {1,..., N} there exist points b*! ... b"N" € S% such that and hold.
Moreover, there exists a sequence of positive numbers s, converging to zero such that for
i=1,...,N Equations f are satisfied for 5_;; replaced by (ﬁk o f,ﬁ. Furthermore,

defining
Ni

Sj. =8\ | B, (b"),

j=1
and for j = 1,..., N’ the sets of indices
Tl = {i vk € N: ((f) " o f)[SK] C By ()},
and
JH =it € T vk € N (£ o S)[SK] € Conv ()~ o ) ISK T},
and the necks

S¢ = Ba )\ U (D70 )8\ By (0",

ireJini
there holds

lim [ ldug . =0, hrn diam(®y, o S, "] = 0. (3.19)
k

k—o0 s;cd k—o0

Finally, for any 1, integrable Borel function ¢ on S?, we get

N N Ni-1
/2 <Pdlhf>k = Z/Q N, @Ofk d/J’q)ksz —|—Z Z / gpofk d'ucbkofl' (3.20)
S =1 S \Uj:I Bsk(bz =1 j=1
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We notice that by the strong convergence (|1.5)),

supsup|(i>’;C ofl| <C < o0
keN S}i,j

for some finite number C' > 0. Hence, by Holder’s inequality

1/2 1/2
e dy- < L 2 du- .
‘/SIQJ H‘bkofzi dM‘PkOffC = (/S;CJ 1 d’uq’kOJ%) (/82 Hq’kof,i dﬂ@wfi) ’

o . 1/2 1/2
2. . ( . < . 24,
‘/Slij n‘PkOf;Z (e o fi) d’u‘PkOf;i A </SZ] 1 d“‘PkOf;i) </SZJ c d’“%@fﬁ) ’

By (3.17) and (3.19)), the right hand side of each line goes to zero as k tends to infinity.
That means the last term of Equation goes to zero as k tends to infinity when ¢ is
replaced by H, §, 8 well as when ¢ is replaced by ﬁ‘fk E)k Therefore, using and ,
we can conclude the convergence of the integrated mean curvature and the convergence
of the volume from . Similarly, we can conclude the lower semi-continuity of the
Willmore energy W from by replacing ¢ with H(%k, using super linearity of the
limit inferior and by ignoring the non-negative second term in .

Now, the general case follows analogously to the proof of [MR14, Theorem 7.2]. [

4 Regularity of minimisers

Throughout this section, ¥ denotes a smooth, oriented, and closed 2-dimensional manifold.
Moreover, c¢g, a, and p are the parameters of the Canham-Helfrich energy, i.e. ¢y € R
and «a,p > 0, see (2.14). A (possibly branched) weak immersion ® € Fx, with branch

points {by,...,by} is called weak Canham-Helfrich immersion if
d -
— O (D+1t5)=0 4.1
4, @@ (11)

for all @ € C*(X\ {b1,...,bn},R3).

In the following, we will first compute the Canham-Helfrich equation in divergence
form, see Lemma [£.I] Then, we will prove that a weak immersion satisfying the Canham-
Helfrich equation is smooth away from its branch points, see Theorem [£.3] The proof
is based on the regularity theory for weak Willmore immersions developed by Riviere
[Riv08| Riv16]. An important step in Riviere’s regularity theory is the discovery of hidden
conservation laws for weak Willmore immersions. In the framework of Canham-Helfich

immersions, the corresponding hidden conservation laws were discovered by Bernard
[Ber16).

4.1 Lemma (Canham-Helfrich Euler-Lagrange equation in divergence form). Suppose
d € F, is a weak Canham-Helfrich immersion with branch points {by,...,bn}. Then,
away from its branch points, i.e. in conformal parametrisations from the open unit disk
D? into a subset of ¥\ N, Bo(b;) for any € > 0, there holds

W = —div |coVii + (2c0H — ¢2 — a)VP — gé x Vi3 (4.2)
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in D'(D?,R3), where
- 1 _, _,
W= div 2VH - 3HV# + H x Vi (4.3)

corresponds to the first variation of the Willmore energy.

Proof. After composing with a conformal chart away from the branch points, we may
assume that @ is a map D? — R3. Let w € C°°(D R3) and define &, := B +13 for t € R.
The conformal factor \ is given by 2e?* ]V¢|2 and the metric coefficients (g;)i; by
(9t)ij = 9P, - 8j<13t. Standard computations (see for instance [Riv16, (7.8)—(7.10)]) give

d . B _ B .
%‘t:o(gt)w = — N0 - 0;® + 0;® - 0;0)

.. d . . - o o
g (aia’t:ont ' 8jq>) = —e 201 (ND + ) 4 Oo(0ai - 1))

d b - = —
%‘tzo\/(m =01P - 01D+ 82D - Boid.

Therefore, using

%‘t:ﬂ ¢ = —%L:O%(gt)ij (&'ﬁt . 8]"1_)'1‘/)
- _%(%‘tzo( ) )8n d; - g 1(8 %‘ T -8j5+3iﬁ-8j5>7
we obtain

o Jpa

-

e 2 Z (8@ - ;@ + ;B - 0;3)(9ift - D;B)
i,j=1

1 ..
+ %(81 (816 . ﬁ) + 82(82(Ij . ﬁ)) — 59”81‘77 . 8jc362’\
+ H (01D - 013 + 829 - 8:3) d.L2. (4.4)

/ ( det 9@] + Hj ‘t_ \/det(g¢)sj d.L?
1
= o2t

Using that & has compact support in D?,

g0 - 9;5e* = e7 Z 5 8@ 0;@),

1,7=1

and using the symmetry of the second fundamental form, i.e. 9;7 - 6j<:l'; = 0;n - 9;®, we
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compute further

d _ - —2N((9. 7. 5 &N & S 0 e &
%‘t:o /D2 H,du, = /D2 ——W- 0 [e ((81n-81<1>)81<1>+ (81n '82(1))82(13))]

- _/ &0y (17TT(alﬁ) +H01<f>>
D? 2
430 (;WT(azﬁ) 4 Hagciﬁ) % (4.5)

which gives
d

dt
From |[Riv16, Corollary 7.3] we know

1 -
‘ / Hydpy = —/ @ - div {W+HV¢>} <. (4.6)
t=0 Jp2 D2 2

d 2 _ Lo 7 ST 1= 2
%‘t:o/m H: dut—/Dzw-d1V§ 2VH — 3HV# + H x V'ii| dZ (4.7)

see also |[Riv08]. Moreover (see for instance [Berl6l Chapter 3.3])

d - . = 2
%‘t:o/mld'ut__/mw.dqu)dg (4.8)
and p .
el > . H _ - o2& 1z 2
dt‘tzo/lﬂ Tig » D¢ dpy /DQw div {2<I> x V @} dL”. (4.9)

Putting (.6) - (9) into (1) yields ([@2). O

4.2 Remark. Usually in the literature (see for instance [Berl6l, Chapter 3.3]) one finds
the expression of the first variation for [ Hdpu, written as

d = = =y (Lo 2
%‘f:o /D2 Hydpy = /D2(w-n) <2ﬂjﬂz‘ —2H )dﬂg- (4.10)

It is not hard to check the equivalence of with proved above. The advantage
of the expression is two fold: first it invokes less regularity of the immersion map 5,
second it is already in divergence form. Both advantages will be useful in establishing the
regularity of weak Canham-Helfrich immersions: indeed, would correspond to an
L' term in the Euler-Lagrange equation (which is usually a problematic right hand side
for elliptic regularity theory) while corresponds to the divergence of an L? term
(which is a much better right hand side in elliptic regularity).

4.3 Theorem (Smoothness of weak Canham-Helfrich immersions). Suppose d e Fy is
a weak Canham-Helfrich immersion. Then ® is a C°° immersion away from the branch
points.
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Proof. After composing with a conformal chart of ¥ away from the branch points onto
the unit disk D?, we may assume that disa map D? — R? without branch points and o
satisfies the Canham—Helfrlch equation (4.2)). It is enough to show that d e C=(B; 12(0)).
The proof splits into three parts.

Step 1: Conservation laws. In view of the Canham-Helfrich equation (4.2)), we define
7 e r2(D?, (R3)2) by letting

= oVt + (2c0H — ¢ — a)V® — 7<I> x V.

Then, divT = —W where W is as in (4.3). Hence W e H~1(D? R3) and there exists a
solution V' of

AV = —W
V e H} (D2 R?).
Therefore, we can find
X e W*2(D%R%), Y eW?*(D%R) (4.11)
such that . . .
{AXzVVxV(I) in D2
X=0 on OD?
and . .
{AY:VV-V(I) in D2
Y =0 on &D?.

After the breakthrough of Riviere |[Riv08], Bernard [Berl6l Chapter 2.2] showed that
by invariance of the Willmore functional under conformal transformation and the weak
Poincaré Lemma, one can find potentials L, B € WY2(D2 R3), and S € W'2(D2 R)
such that

Vil =T -VV
VIR=LxV®_-HxVd_VX
Vs = (L, V+d) - VY.

Indeed, from [Berl6l Chapter 3.3] we find that R.S,X,Y, and ® satisfy the following
system of conservation laws

AR = (V477,V8) + V4 x VR + div[(iT, VY) + §|<f>|2v<f>} (4.12)
AS =Vti-VR (4.13)
AY = VO (— (2 +a) + coH + =0 - i) (4.14)
Ad = —(V+S, V) — VIR x Vd + (VB,VY) + —]5\2]V5]Zﬁ. (4.15)

'Note that here, T is not a bubble tree.
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Step 2: Morrey decrease. We will show that for some number a > 0, there holds

sup 7‘_0‘/ IVE|? +|VS|?dL? < 0. (4.16)
r<1/4,a€B/5(0) Br(a)

We let g9 > 0 and fix its value later. Choose 0 < 9 < 1/4 such that

sup / |Vii|2 d.ZL? < «o. (4.17)
a€By2(0) / Brg(a)

Let a be any point in B /5(0). Denote by Ry the solution of
{Afio = div[(7, vY) + g\iﬂ?véﬁ} in D?
Ro =0 on 8D?.
Then, from (&.11)) we obtain Ry € W22(B;(0),R3) and hence VRy € LP(B;(0), (R3)2)
for any 1 < p < co. Therefore, by Holder’s inequality

. . 1/2
/ VB> dL? < ra(2)/? (/ VR de?) =irey (4.18)
By(a) B1(0)

1

whenever 0 < 7 < ro where a(2) is the area of the unit disk. Let 0 < r < 79 and let U i
and Vg be the solutions of

AV 5 = (V*7,VS) + Vi x VR in B,(a)
\ffé =0 on 0B (a)
and .
AVg =V4ii.-VR in B,(a)
Vg =0 on 0B, (a).
Then, the maps
_’R'I:R—Ro—\lfﬁ, V51:S—\I15

are harmonic and satisfy
/p=R— Ry, vUs=S on 0B, (a).

Therefore, by monotonicity (see for instance [Riv16, Lemma 7.10]), the Dirichlet principle,

and (4.18)

1 — -
/ V72 + [Vus|? d2? < 7/ V(B — Bo)? + |VS|? d.L
B'r/3 a 9 Br(a

) , (4.19)
< f/ VE? + [VS|2dL? + 2rC).
9 /B, (a) 9
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By Wente’s theorem (see for instance [Rivl6, Theorem 3.7]) and the definition of rg

(4.17) we find
/ VT A2 + VU2 d.g?
By(a)
< 02/ |Vﬁ|2d.§f2/ VAP + VS d2?
Bro(a) Br(a)

< 0250/ VAP + |VS|? d.L?
Br(a)

(4.20)

for some constant 0 < C < oo independent of r,rg, 7 7 ¥s. Using the inequalities
(#.18)~(4.20) we compute

/ VA2 + |VS|? dg?
Br/3 a
< 3/ \V\ffﬁﬁ +|VUg|? dgL?
r/3 a

+3/ V7 + \VZ/5|2d.$2+3/ IV Bo? 4.2
7‘/5 (l

'r/d a
< (3Cae0 + 6/9) / IVE|? 4+ |VS|?dL? + ngl +rCy.
By (a)
Therefore, taking eg = (3C29)~! yields
ﬁ 7 ,
/ VAP + VS de? < f/ VAP + |VS]2d2? + 20 (4.21)
B, /3(a) 9 JBr(0)
for all 0 < r < rg. We next show by induction that
/ IVA? + VS| d.2?
B3,,LT0 a)
" , (4.22)
< (7)"/ IVR|? + [VS]2d.L? + r2C) 23—”1(3)"71
97 JByy(a) i=1 9

for all n € N. Indeed, letting
As) = / VAP +|VS2de?  for0<s<rg
Bs(a)

we have from (£2I) that A(ro/3') < (£)'A(ro) + 10201 314 3_”1(%)1_

’ Assuming
(4.22)) to be true for some integer n, we get from (4.21]) that

\]

A(ro/3" ) < ~A(rg/3") + 1037 "2C

g [( ) (ro) + 102C1 ; 37t (g)n_l} + 193720,

n+1

(g)n+ A 7’0 +7‘02C1 ;3 l+1(;)n+1_i.
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Thus, by induction, (4.22) holds true for all n € N. Since

i (TN (T\" 9 _(Ty\"
201;3 5) <) 2013;3i7i < (3) 1201,

J,

for v = logs(9/7) and

it follows that

IVE]? + |VS[2dL? < <;2> Co

37 Mrg a

Co = r® (/ VR + |VS|2dL” + 1201)
B1(0)

which implies (4 as Cp and « are independent of a. From - the definition
of Ry, and Holder s inequality it follows

wp ol [ A By 41681427 <
r<1/4,a€B; 2(0) r(a)

and hence, by a classical estimate on Riesz potentials [AdaT75],
V(R - Fo) € I (Bia(0), (R)?), VS € LD, (B12(0), R
for some p > 2. Since VR € L(B12(0), (R*)?) for all 1 < ¢ < oo, we obtain
VR e I} (B /2(0), (R3)2), VS e L{’OC(B1 12(0),R?). (4.23)
Step 3: Bootstrapping. Putting (4.11]) and (| into , we infer
Vii € Lloc(B1/2(0)7 (RS)Q),

for some p > 2 given in the previous step. By Holder’s inequality and (4.12)), (4.13)) we
first get
|A(R RO)‘ € Lloc(Bl/Q(O))7 |AS| € Lloc(Bl/Q(O))

for ¢ := p/2 > 1 and then, by Sobolev embedding,
V(ﬁ - FEO) S L?;C(B1/2(0)7 (R3)2)7 VS e Lloc(Bl/Q(O)vRQ)

where ¢* := 2q/(2 — q) = 2p/(4 — p) satisfies ¢* >2¢=pas p > 2.
Since VRO € L .(B1/2(0) for all 1 < ¢ < oo, we infer

VE € L?SC(BI/Q(O)’ (R3)2)a VS e L?SC(BI/2(0))R2)'

Notice that ¢* as above induces a recursively defined sequence of real numbers. Given a
starting point gg > 1, this sequence is unbounded as ¢* > 2¢q. Hence, we can repeat this
procedure to obtain

VR € L (B 5(0),(R*)?), VSe€LL (B(0),R?)  foralll<q< oc.
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Therefore, from the system of conservation laws (4.12)—(4.15)) we get step by step for all
1<g<

loc

B e Wol(B1p(0),R?), Vi € L{, (Bi2(0), (R®)?), Y € W2i(By5(0), R),
R e Wal(By(0),R%), S € Wid(By(0),R).

Iteration gives
& € WEP(Byp(0),R%)  forallk €N, 1< p< oo

and hence,
® € C™(By2(0))

which finishes the proof. O

Let Ag, Vo > 0 satisfy the isoperimetric inequality: A% > 367er2 and let
Fag vy i=FN {‘5 : Area d = Ay, Vol & = Vot

be the family of weak (possibly branched) immersions with area Ay and enclosed volume
Vo. Using the scaling invariance of the Willmore energy (which implies the equivalence
between a scale invariant isoperimetric-ratio constraint versus a double constraint on
enclosed volume and area), from [Sch12, Lemma 2.1] we get that

inf / H? dpg < 8.
S2

PEF 4,y

Define

V8T — infg - Jo2 H? dpg
oy = Y ST e (0. (V2= )VEVA]. (421)

where the upper bound is given by the Willmore Theorem [Wil93, Theorem 7.2.2], see
also (2.13). Notice that gzz(Ao, Vo) depends continuously on Ay and Vj. Indeed, from
[Sch12, Theorem 1.1}, infz_ Fagviy Js2 H? dpug is a continuous function of the isoperimetric
ratio.

4.4 Lemma. Let Ay > 0,V > 0 satisfy the isoperimetric inequality: A3 > 367VE and let

aga = aza(Ao, Vo) be defined as in (4.24). Then, for any co € (—agm, aga), the following
holds.

Any minimizing sequence 519 of inf‘ﬁe}—AO,VO Jso (H — co)? dpg satisfies

. 2
lim sup /S2 Hciik d,uq)k < 8.

k—4o00
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Proof. From the Cauchy-Schwartz inequality, we have | foo H dug| < y/ Js2 H? dpugy/ Area(®).
Thus:

2 2
(”/SQ H2dpg — |co|\/Area(q_5)> < /SQ(H_CO)Z dpg < (1//§2 H2% dpg + |co|\/Area(<I_5)>

which yields
|\//S2 H2dp \//SQ(H — c0)2dpg| < |eoly/Arca(®). (4.25)

In particular, we deduce that

_ inf 1// H%dpg —  inf \// (H —co)? dpg
(PG‘FAO»VO NG (PG‘FAO»VO S2?

Let ¢o € (—ega(Ao, Vo), ama(Ao, Vo)) and let &, be a minimizing sequence of infg r  Je(H—
0:Y0

co)? dpig.

For k large enough it holds

< ’Co’\/ Ao. (4.26)

\/éQ(Hk o) dug, < \/ in /SQ(H— c0)? dpig + (aa( Ao, Vo) — |col)v/Ap. (4.27)

PeF Ay, vy

Combining (4.25)), (4.27), and (4.26]), we get

“/§2 H,?d,u(i;k < \//SZ(Hk—Co)2dquk + ’00’\/140
<

M it [ o) dug + (a0, Vo) — leo) /Ao + leolv/ Ao

(I;G}—AO»VO

<, [.inf [ HZ%dpg + 2qza(Ao, Vo) Ao = V8,
PEF Ay, vy Y P

where in the last identity we plugged in the definition of ggz( Ao, V) as in (4.24). O
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