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ABSTRACT. In this work, we study the effective behavior of a two-dimensional variational model within
finite crystal plasticity for high-contrast bilayered composites. Precisely, we consider materials arranged
into periodically alternating thin horizontal strips of an elastically rigid component and a softer one
with one active slip system. The energies arising from these modeling assumptions are of integral
form, featuring linear growth and non-convex differential constraints. We approach this non-standard
homogenization problem via Gamma-convergence. A crucial first step in the asymptotic analysis is the
characterization of rigidity properties of limits of admissible deformations in the space BV of functions
of bounded variation. In particular, we prove that, under suitable assumptions, the two-dimensional
body may split horizontally into finitely many pieces, each of which undergoes shear deformation and
global rotation. This allows us to identify a potential candidate for the homogenized limit energy, which
we show to be a lower bound on the Gamma-limit. In the framework of non-simple materials, we present
a complete Gamma-convergence result, including an explicit homogenization formula, for a regularized
model with an anisotropic penalization in layer direction.
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1. INTRODUCTION

Metamaterials are artificially engineered composites whose heterogeneities are optimized to improve
structural performances. Due to their special mechanical properties, arising as a result of complex
microstructures, metamaterials play a key role in industrial applications and are an increasingly active
field of research. Two natural questions when dealing with composite materials are how the effective
material response is influenced by the geometric distribution of its components, and how the mechanical
properties of the components impact the overall macroscopic behavior of the metamaterial.

In what follows, we investigate these questions for a special class of metamaterials with two character-
istic features that are of relevance in a number of applications: (i) the material consists of two components
arranged in a highly anisotropic way into periodically alternating layers, and (ii) the (elasto)plastic prop-
erties of the two components exhibit strong differences, in the sense that one is rigid, while the other one
is considerably softer, allowing for large (elasto)plastic deformations. The analysis of variational models
for such layered high-contrast materials was initiated in [13]. There, the authors derive a macroscopic
description for a two-dimensional model in the context of geometrically nonlinear but rigid elasticity,
assuming that the softer component can be deformed along a single active slip system with linear self-
hardening.

These results have been extended to general dimensions, to energy densities with p-growth for 1 < p <
+00, and to the case with non-trivial elastic energies, which allows treating very stiff (but not necessarily
rigid) layers, see [14, 12].

In this paper, we carry the ideas of [13] forward to a model for plastic composites without linear
hardening, in the spirit of [18]. This change turns the variational problem in [13], having quadratic
growth (cf. also [15, 16]), into one with energy densities that grow merely linearly.

The main novelty lies in the fact that the homogenization analysis must be performed in the class BV
of functions of bounded variation (see [2]) to account for concentration phenomena. This gives rise to
conceptual mathematical difficulties: on the one hand, the standard convolution techniques commonly
used for density arguments in BV or SBV cannot be directly applied because they do not preserve
the intrinsic constraints of the problem; on the other hand, constraint-preserving approximations in this
weaker setting of BV are rather challenging, as one needs to simultaneously regularize the absolutely
continuous part of the distributional derivative of the functions and accommodate their jump sets.
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To state our results precisely, we first introduce the relevant model with its main modeling hypotheses.
Throughout the article, we analyze two versions of the model, namely with and without regularization.

Let e; and e; be the standard unit vectors in R?, and let « = (z1,x2) denote a generic point in R2.
Unless specified otherwise,  C R? is an x;-connected, bounded domain with Lipschitz boundary, that
is, an open set whose slices in the zi-direction are (possibly empty) open intervals (see Subsection 2.4
for the precise definition). For such a domain Q, we set

aq = inf x and bo := sup xa, (1.1)
zEQ €N
as well as
cq = inf 1 and dq := sup 1. (1.2)
zeQ z€Q

Assume that Q is the reference configuration of a body with heterogeneities in the form of periodically
alternating thin horizontal layers. To describe the bilayered structure mathematically, consider the peri-
odicity cell Y := [0,1)?, which we subdivide into ¥ = Yo U Y3ig with Yaoge := [0,1) x [0, A) for A € (0,1)
and Yiig :=Y \ Yiore. All sets are extended by periodicity to R%. The (small) parameter ¢ > 0 describes
the thickness of a pair (one rigid, one softer) of fine layers, and can be viewed as the intrinsic length scale
of the system. The collections of all rigid and soft layers in {2 can be expressed as €Y}i; N2 and €Yoz N €2,
respectively. For an illustration of the geometrical assumptions, see Figure 1.

O c R2 i€
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FIGURE 1. A bilayered x1-connected domain 2

Following the classical theory of elastoplasticity at finite strains (see, e.g., [31] for an overview), we
assume that the gradient of any deformation u :  — R? decomposes into the product of an elastic strain,
Fy, and a plastic one, Fy,;. In the literature, different models of finite plasticity have been proposed (see,
e.g., [3, 22, 29, 30, 37]), as well as alternative descriptions via the theory of structured deformations (see
[10, 11, 24, 6] and the references therein). Here, we adopt the classical model by Lee on finite crystal
plasticity introduced in [33, 35, 34], according to which the deformation gradients satisfy

Vu = FgFp. (1.3)
In addition, we suppose that the elastic behavior of the body is purely rigid, meaning that
Fe € SO(2) almost everywhere in €2, (1.4)
and that the plastic part satisfies
Foo=1+vys®@m, (1.5)

where s € R? with |s| = 1 is the slip direction of the slip system, m = s* is the normal to the slip plane,
and the map v measures the amount of slip. Denoting by M the set

M :={F €R?**?:det F =1 and |Fs| = 1},
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the multiplicative decomposition (1.3) (under assumptions (1.4) and (1.5)) is equivalent to Vu € M
almost everywhere in 2. Whereas the material is free to glide along the slip system in the softer phase,
it is required that « vanishes on the layers consisting of a rigid material, i.e., v = 0 in €Yz N €2

Collecting the previous modeling assumptions, we define, for € > 0, the class A, of admissible layered
deformations by

Ac = {u e WHHQR?) : Vu € My ae. in Q, Vu € SO(2) a.e. in eYyi, N Q}
={uec WHH (4 R?) : Vu = R(I+vs®@m) ae. in Q, (1.6)
R € L™(Q;S0(2)) and v € L*(Q) with v = 0 a.e. in Y, N Q}.
The elastoplastic energy of a deformation u € L§(€;R?) := {u € L' (;R?) : [, u do = 0}, given by

vl dx for u € A,
E.(u) = /Q| | ) (1.7)
00 otherwise in L§(Q;R?),

represents the internal energy contribution of the system during a single incremental step in a time-
discrete variational description. This way of modeling excludes preexistent plastic distortions, and can
be considered a reasonable assumption for the first time step of a deformation process. The elastoplastic
energy can be complemented with terms modeling the work done by external body or surface forces.

The limit behavior of sequences (u:). of low energy states for (FE.). gives information about the
macroscopic material response of the layered composites. In the following, we focus the analysis of this
asymptotic behavior on the s = e; case, when the slip direction is parallel to the orientation of the
layers, cf. also Figure 1. Note that different slip directions can be treated similarly, but the arguments
are technically more involved. In fact, for s ¢ {e1, ea}, small-scale laminate microstructures on the softer
layers need to be taken into account, which requires an extra relaxation step. We refer to [18] for the
relaxation mechanism and to [13] for the strategy of how to apply it to layered structures.

An important first step towards identifying the limit behavior of the energies (E.). (in the sense of
I'-convergence) is the proof of a general statement of asymptotic rigidity for layered structures in the
context of functions of bounded variation. The following result characterizes the weak™ limits in BV of
deformations whose gradients coincide pointwise with rotations on the rigid layers of the material. Note
that no additional constraints are imposed on the softer components at this point.

Theorem 1.1 (Asymptotic rigidity of layered structures in BV). Let Q C R? be an z1-connected
domain. Assume that (u.). C WH1(Q;R?) is a sequence satisfying

Vue € SO(2) a.e. in €Yy NQ for all e, (1.8)

and that u. = u in BV (Q;R?) for some u € BV (Q;R?) as € — 0. Then,
u(z) = R(xo)x +Y(x2) for L*- ae. €9, (1.9)

where R € BV (ag,bq; SO(2)) and ¢ € BV (ag, ba; R?) (cf. (1.1)).
Conversely, any function u € BV (;R?) as in (1.9) can be attained as weak*-limit in BV (2;R?) of a
sequence (uz)e C WHL(Q;R?) satisfying (1.8).

To prove the first part of Theorem 1.1, we adapt the arguments in [13] to the BV-setting. The
second assertion follows from a tailored one-dimensional density result in BV, which involves approxi-
mating functions that are constant on the rigid layers (see Lemma 3.3 below). Up to minor adaptations,
analogous statements hold in higher dimensions. We refer to Remark 3.4 for the specific assumptions
on the geometry of the set Q2 under which a higher-dimensional counterpart of Theorem 1.1 can be proved.

A natural potential candidate for the limiting behavior of (E.). in the sense of I'-convergence (see
[8, 20] for an introduction, as well as the references therein ) is the functional E : L}(Q;R?) — [0, 0],
given by

Blu) = /Q [ - Rey| do + |D%u|(R2) if u € A,

00 otherwise,

(1.10)
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where
A= {u € BV(Q;R?): u(z) = R(xa)x + ¥(x9) for a.e. z € Q with

1.11
R € BV (agq, ba; SO(2)), ¥ € BV (ag, ba;R?), and det Vu = 1 a.e. in Q}. (L11)

We refer to Remark 5.1 for an alternative representation of the functional E.
The next theorem states that E provides indeed a lower bound for our homogenization problem.

Theorem 1.2 (Lower bound on the I'-limit of (E.).). Let Q C R? be an x1-connected domain,
and let E. and E be the functionals introduced in (1.7) and (1.10), respectively. Then, every sequence
(ue)e C L§(1R?) with uniformly bounded energies, sup, E.(u:) < 0o, has a subsequence that converges
weakly* in BV (Q;R?) to some u € AN L§(Q;R?). Additionally,

L(LY-liminf E. > E. (1.12)
e—0

The proof of the first assertion is given in Proposition 4.3. It relies on Theorem 1.1 in combination with
a technical argument about the weak continuity properties of Jacobian determinants (see Lemma 4.2).
In Section 5, we exhibit two different proofs of (1.12): A first one relying on a Reshetnyak’s lower
semicontinuity theorem (see, e.g., [2, Theorem 2.38]), and an alternative one exploiting the properties of
the admissible layered deformations. The identification of F as the T'-limit of the sequence (E.)., though,
remains an open problem. Indeed, verifying the optimality of the lower bound in Theorem 1.2 is rather
challenging, as it requires to approximate elements of A by means of sequences in A, at least in the sense
of the strict convergence in BV. We refer to Remark 5.2 for a detailed discussion of the main difficulties.
Even if the requirement on the convergence of the energies is dropped, recovering the jumps of maps in
the effective domain of F under consideration of the non-standard differential inclusions in A, is by itself
another challenging problem. Solving this problem requires delicate geometrical constructions, which are
currently not available for all elements in \A.

Yet, there are two subclasses of physically relevant deformations in A for which we can find suitable
approximations by sequences of admissible layered deformations. The precise statement is given in
Theorem 1.3 below.

The first of these two subclasses is A N SBV4(Q;R?) (we refer to Subsection 2.3 for the definition of
the set SBV,,) whose jump sets are given by a union of finitely many lines. Heuristically, this subclass
describes deformations that break €2 horizontally into a finite number of pieces, which may get sheared
and rotated individually.

The second subclass is

Al .= {ue BV(Q;R?): u(x) = Rz +J(x2)Re1 + ¢ for a.e. x € Q with

(1.13)
R e SO(Q), ES BV(aQ,bQ), and c € RQ}

In comparison with A, functions in Al satisfy two additional constraints, namely the fact that the
rotation R is constant and that the jumps of functions in All are parallel to Re;. With the notation Al
we intend to highlight the second feature. The intuition behind maps in All are non-trivial macroscopic
deformations that (up to a global rotation) may make the material break along finite or infinitely many
horizontal lines, induce sliding of the pieces relative to each other, and cause horizontal shearing within
each individual piece. For an illustration of the two subclasses, see Figure 2.

Theorem 1.3 (Approximation of maps in (AN SBV,) U All). Let Q C R? be an x1-connected
domain and u € (AN SBV,o(Q;R?)) U Al Then, there exists a sequence (uc). C WH(Q;R?) such that
ue € Ac for every e, and u. = u in BV (Q;R?).

As a first step towards proving Theorem 1.3, we establish an admissible piecewise affine approximation
for limiting deformations with a single jump line (see Lemma 4.5). The construction relies on the char-
acterization of rank-one connections in M., proved in [13, Lemma 3.1], with transition lines stretching
over the full width of  to avoid triple junctions (see Remark 4.6). In Propositions 4.7 and 4.9, we extend
the arguments to A N SBV4 (€ R?) and All, respectively.
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N &9
(a) uoo € AN SBVoo(QR?) | 0, | (b) ull € Al
A 1
Tl al(Qy)- -~ f

FIGURE 2. A typical deformation of a reference configuration Q2 = 7 U U Q3 through
maps in (a) AN SBV4 (2 R?) and (b) Al

Problems in finite crystal plasticity without additional regularizations are generally known to be chal-
lenging because of the oscillations of minimizing sequences arising as a byproduct of relaxation mecha-
nisms in the slip systems. This phenomenon is one of the main reasons why a full relaxation theory in
finite crystal plasticity is still missing (see [17, Remark 3.2]). In our setting, it hampers the full character-
ization of weak limits of sequences with uniformly bounded energies. The observation that regularizations
can help overcome the above compensated-compactness issue (see also Remark 6.2) motivates the intro-
duction of a penalized version of our problem. After a higher-order penalization of the energy in the layer
directio”n, we obtain the following I'-convergence result. The attained limit deformations are given by the
class Al

Theorem 1.4 (I'-convergence of the regularized energies). Let Q C R? be an x1-connected domain
and Ac the set introduced in (1.6). Fizp > 2 and § > 0. For each ¢ > 0, let E2 : L} (Q;R?) — [0, 00] be
the functional defined by

p
iy = { Sy 1905 1Oy for e e (1.14)

00 otherwise.

Then, the family (E?). T-converges with respect to the strong L'-topology to the functional E? : L} (€; R?) —
[0, 0] given by

ES(u) = /Q |0 (z2)| dz + |D*u|(Q) + 8|Q|  foru e Al

00 otherwise,

where 9" denotes the approzimate differential of ¥ (cf. Section 2.2).

The penalization in (1.14) can be viewed in the spirit of non-simple materials [39, 40]. Working with
stored energy densities that depend on the Hessian of the deformations has proved successful in overcom-
ing lack of compactness in a variety of applications; see, e.g., [5, 21, 27, 36, 38]. Very recently, there has
been an effort towards weakening higher-order regularizations: It is shown in [7] that the full norm of
the Hessian can be replaced by a control of its minors (gradient polyconvexity) in the context of locking
materials; for solid-solid phase transitions, an anisotropic second-order penalization is considered in [23].
Along these lines, we introduce the regularized energies in (1.13) that penalize the variation of deforma-
tions only in the layer direction. This is enough to deduce that the limiting rotation (as e — 0) is global
and that it determines the direction of the limiting jump. In Section 6, we provide two alternative proofs

of this result: A first one relying on Alberti’s rank one theorem (see Section 2.1) in combination with the
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approximation result in Theorem 1.3, and a second one based on separate regularizations of the regular
and the singular part of the limiting maps, and inspired by [19, Lemma 3.2].

This paper is organized as follows. In Section 2.1, we collect a few preliminaries, including some
background on (special) functions of bounded variation. Section 3 is devoted to the analysis of asymptotic
rigidity for layered structures in the setting of BV -functions. A characterization of limits of admissible
layered deformations is provided in Section 4. Eventually, Sections 5 and 6 contain the proof of a lower
bound for the homogenization problem without regularization (Theorem 1.2) and the full I'-convergence
analysis of the regularized problem (Theorem 1.4), respectively.

2. PRELIMINARIES

2.1. Notation. In this section, unless mentioned otherwise, Q is a bounded domain in RY with N € N.
Throughout the rest of the paper, we assume mostly that N = 2.

We represent by £V the N-dimensional Lebesgue measure and by H¥~! the (N — 1)-dimensional
Hausdorff measure. Whenever we write “a.e. in 7, we mean “almost everywhere in 27 with respect
to LN |Q. To simplify the notation, we often omit the expression “a.e. in ” in mathematical relations
involving Lebesgue measurable functions. Given a Lebesgue measurable set B C RY, we also use the
shorter notation |B| = LV (B) for the Lebesgue measure of B, while the characteristic function of B in
RY is denoted by 1z and takes values 0 and 1.

The set SO(N) := {R € RN : RRT =1, det R = 1}, where I is the identity matrix in RV*V,
consists of all proper rotations. We recall that for N = 2, R € SO(2) if and only if there is 6 € [—7,7)
such that

cosf) —sind
R_[sinﬁ cos@}

For two vectors a,b € R%, a ® b := ab” stands for their tensor product. If a = (a1, a2)? € R?, we set
at = (—az,a1)7T.

We use the standard notation for spaces of vector-valued functions; namely, L (€2; RY) with p € [1, oq]
and a positive measure u for LP-spaces, WP (Q;R?) with p € [1,00] for Sobolev spaces, C(£2;R?) for
the space of continuous functions, C>(£; R?) and C°(€2; R?) for the spaces of smooth functions without
and with compact support, and C%(Q; R?) with « € [0, 1] for Holder spaces. We denote by Cy(€2; R%)
the space of continuous functions that vanish on the boundary of Q2. Moreover, M(£2;R9) is the space of
finite vector-valued Radon measures. In the case of scalar-valued functions and measures, we omit the
codomain; for instance, we write L'(£2) instead of L'(Q;R).

The duality pairing between Co(€2;R?) and M (§; R?) is represented by (u, ) := fQ ¢du, and p @ v
denotes the product measure of two measures p and v.

Throughout this manuscript, € stands for a small (positive) parameter, and is usually thought of as
taking values on a positive sequence converging to zero.

2.2. Functions of bounded variation. We adopt the standard notations for the space BV (Q;R?) of
vector-valued functions of bounded variation, and refer the reader to [2] for a thorough treatment of this
space. Here, we only recall some of its basic properties.

A function v € L'(;RY) is called a function of bounded variation, written u € BV (Q;R?), if its
distributional derivative Du satisfies Du € M(;R4*YN). The space BV (Q;R?) is a Banach space when
endowed with the norm [|ul| gy (o;re) := [|ull L1 (Q;re) + [Dul(Q), where |Du| € M() is the total variation
of Du.

Let D% and D®u denote the absolutely continuous and the singular part of the Radon—Nikodym
decomposition of Du with respect to £V |2, and let D’u and D°u be the jump and Cantor parts of Du.
The following chain of equalities holds:

Du = D% + D*u = Vul™ |Q + D*u = Vul™ |Q + Diu + D
=VulM|Q+ (vt —uT) @ v, HN T, + Du, (2.1)
where Vu is the approximate differential of u (that is, the density of D%u), u* and u~ are the approximate
one-sided limits at the jump points, J,, is the jump set of u, and v, is the normal to J,, (cf. [2, Chapter 3]).

Following [2, p. 186], we can exploit the polar decomposition of a measure and the fact that all parts of
the derivative of w in (2.1) are mutually singular to write Du = g,,|Du| with a map g,, € L|1Du\ (Q; RIXN)
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satisfying |g,| = 1 for |Dul-a.e. x € Q and

D% = gy|D%|, D*u= gy|D?ul, Diy = gu|Dju\7 Du = g,|Dul.

Note that
Vu(z) N
gu(T for L% -a.e. x € Q such that |Vu(z)| # 0,
)= Wute) Ve
w(z™) —u(z™)

gu(x) = |UEI+;()| @ vy (z) for HY tae. x € J,, (2.2)
Gu(z) ®

9u () = Gu(x) @ ny(z) for |[DCul-a.e. € Q with suitable Borel maps g, : @ — R%, n, : Q@ — RY. (2.3)

The last equality relies on Alberti’s rank-one theorem (see [1]).

Let u € BV (;R?) and (u;)jen C BV (€2;R?) be a sequence. One says that (u;);en weakly™ converges
to w in BV (Q; R?), written u; = win BV (Q;RY), if u; — w in L'(Q; R?) and Duj = Du in M(Q; R&N).
The sequence (u;);ey is said to converge strictly to u in BV (Q;R?), written u; - u in BV (Q;R?), if
u; — w in LY RY) and |Du;|(Q) — [Du|(£2). We recall that strict convergence in BV (€2; R?) implies
weak* convergence in BV (€; R?). Moreover, from every bounded sequence in BV (Q; R?) one can extract
a weakly* convergent subsequence (see [2, Theorem 3.23]).

In the one-dimensional setting, i.e., for ¢ € BV(a,b;R?%) with Q = (a,b) C RY and N = 1, we
write ¢’ in place of Vi to denote the approximate differential of ¢. Accordingly, we use the notation
Du = ¢/ L'+ D% for the decomposition of the distributional derivative of ¢ with respect to the Lebesgue
measure.

A function ¢ € BV(a,b;R?) is called a jump or Cantor function if Dy = Dip or Dy = DCp,
respectively. We denote the sets of all jump and Cantor functions by BV7(a,b;R?) and BV¢(a,b; R%),
respectively. As shown in [2, Corollary 3.33], it is a special property of the one-dimensional setting that

V(a,b;RY) = Whi(a, b; R?) + BV (a, b; R?) + BV¢(a, b; RY). (2.4)

Throughout this paper, two-dimensional functions of the form
u(@) = R(za)x + (22) (2.5)
with = (z1,22) € Q = Q := (¢,d) x (a,b) C R? where R € BV (a,b; SO(2)) and v € BV (a,b;R?),

play a fundamental role. Maps u as in (2.5) satisfy u € BV (£2;R?). Denoting by Dyu := Du ® e; and
Dou := Du ® eg, the first and second columns of Du, respectively, we have for all { € Cy(Q2) that

Dlu C /C .’L‘2 €1 d.’l?ld.’lﬁg,
(Dou, ¢) = /Q (C(z)R(z2)es + R (z2)x + ¥/ (22)) daidas
—l—/ C(x)zy dxldDSR(xg)el+/ ¢(z)xs dxldDSR(xg)ez—F/ ¢(z) dz1d D9 (x2).
Q Q Q

Hence, Du = D%u + D*u with

D'u= (R+ (R'z+1) ®es)L?| 2,

D3y = ((xTﬁl L(c, d)@DSRT) + ot (e, d)®DS¢) ® e, (2.6)

where £1[(c,d)@D*RT and L!|(c,d)®@D?* denote the restrictions to the Borel o-algebra on Q = Q of
the product measures between £!|(c,d) and D*RT and D%, respectively.
We observe further that there exists § € BV (a, b; [—m, 7]) such that

cos —sinf sinf —cosf

_ I | T
k= {sin@ COSG:| and R =0 |:COSQ —sin9}’ (2.7)

where the representation of R’ follows from the chain rule in BV; see, e.g., [2, Theorem 3.96].
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2.3. Special functions of bounded variation. A function v € BV (£;R?) is said to be a special
function of bounded variation, written u € SBV (Q; R?), if the Cantor part of its distributional derivative
satisfies
Du = 0.
In particular, it holds for every u € SBV (2;R?) that
Du=Vul|Q+ ut —u ) Qv ,H ..

The space SBV (€2;RY) is a proper subspace of BV (Q;R?)(c.f. [2, Corollary 4.3]).
Next, we recall the definition of the space S BV, (£2; R?) of special functions of bounded variation with
bounded gradient and jump length, which is given by

SBVao (Q;RY) := {u € SBV (4 RY): Vu € L®(QRN) and HY~1(J,) < 4o0}.

It is shown in [9] that the distributional curl of Vu for u € SBV4(€2;R?) is a measure concentrated on
Ju.-
Finally, we introduce the space

PC(a,b;RY) = SBV,.(a,b;RY) N {u € BV (a,b;RY): D = 0}, (2.8)
which contains piecewise constant one-dimensional functions with values in RZ.

2.4. Geometry of the domain. In this section, we specify our main assumptions on the geometry of
Q, which, as mentioned in the Introduction, will mostly be a bounded Lipschitz domain in R2. Let us
first recall from [14, Section 3] the definitions of locally one-dimensional and one-dimensional functions.

Definition 2.1 (Locally one-dimensional functions in the ex-direction). Let  C R? be open.
A function f : Q — R? is locally one-dimensional in the es-direction if for every x € Q, there exists an
open cuboid Q. C 2, containing x and with sides parallel to the standard coordinate axes, such that for

all Y= (y1,y2),2 = (21722) S Qam
fy)=f)  ify2=2. (2.9)
We say that f is (globally) one-dimensional in the eg-direction if (2.9) holds for every y,z € Q.

Analogous arguments to those in [14, Section 3] show that a function f € BV (€2;RY) satisfying Dy f = 0
is locally one-dimensional in the es-direction. The following geometrical requirement is the counterpart
of [14, Definitions 3.6 and 3.7] in our setting.

Definition 2.2 (z;-connectedness). We say that an open set Q C R? is xi-connected if for every
t € R, the set {xg =t} NQ is a (possibly empty) interval.

In what follows, we always assume that the set  C R? is an z;-connected domain. Under this
geometrical assumption, the notions of locally and globally one-dimensional functions in the es-direction
coincide. We refer to [14, Section 3] for an extended discussion on the topic, as well as for some explicit
geometrical examples.

3. ASYMPTOTIC RIGIDITY OF LAYERED STRUCTURES IN BV

In this section, we prove Theorem 1.1, which characterizes the asymptotic behavior of deformations of
bilayered materials that correspond to rigid body motions on the stiff layers, but do not experience any
further structural constraints on the softer layers. This qualitative result is not just limited to applications
in crystal plasticity, but can be useful for a larger class of layered composites where fracture may occur.

We start by introducing some notation. Assume that 2 C R? is an x;-connected domain. For € > 0,
let

B. := {u € WH(Q;R?) : Vu € SO(2) in Yy, N Q} (3.1)
represent the class of layered deformations with rigid components, and let
By := {u € BV(;R?) : there exists (uc). C WHH(Q;R?) with u. € B, for all ¢ (3.2)

such that u. = u in BV (;R?)}

be the associated set of asymptotically attainable deformations.
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We aim at proving that By coincides with the set of asymptotically rigid deformations given by
B:={u € BV(%R?): u(z) = R(za)z + ¢(z2) for ae. z € Q
with R € BV (aq, bo; SO(2)) and v € BV (aq, ba; R*)}, (3.3)

cf. (1.1). This identity will be a consequence of Propositions 3.1 and 3.2 below.
Proposition 3.1 (Limiting behavior of maps in B.). Let Q= (0,1) x (—=1,1). Then,

By C B, (3.4)
where By and B are the sets introduced in (3.2) and (3.3), respectively.

Proof. The proof is inspired by and generalizes ideas from [13, Proposition 2.1]. Let u € By. Then, there
exists a sequence (uc). C W1 (Q;R?) satisfying Vu. € SO(2) a.e. in €Yy, N Q for all €, and ue = u in
BV ($;R?).
FixO0<e<l,andlet I. :={i € Z: (R x &(i — 1,4)) N Q # 0}. For each i € I., we define a strip, P,
by setting
Pli= R xeli—1,4)NQ.

Note that if ¢ € Z is such that |i| > 1+ fﬂ, then i ¢ I.. Moreover, defining i := max I, and i_ := min I,
then

i) for iy < i < if, P! is the union of two neighboring connected components of €Yz N and

e¥s0tt M €Y
i~ i+

ii) we may have eYsop N P2 = or eYyig N Ps = 0.

From Reshetnyak’s theorem, we infer that on each nonempty rigid layer €Yy, N P! with i € I, the

gradient Vu. is constant and coincides with a rotation R: € SO(2). Moreover, there exists b2 € R? such

that u.(x) = Riz + bl in €Yy N PL
Using these rotations R%, we define a piecewise constant function, 3. : (—1,1) — R?*2, by setting
) + i+ it .
Ye(t) = > ier. Relepioa,1)(t) for t € (—1,1), where Rl = Rl ' if eYsig NP5 = (). We claim that there
exist a subsequence of (X.)¢, which we do not relabel, and a function R € BV (—1,1; SO(2)) such that
Y. = R in LY(—1,1;R?*?). (3.5)

To prove (3.5), we first observe that the total variation of the one-dimensional function ¥, coincides
with its pointwise variation, and can be calculated to be

IDEC|(-1,1) = > |RL-RI'=v2 Y |Rlei—RIel. (3.6)
i€l \{ic } i€l \{ic }
Next, we show that the right-hand side of (3.6) is uniformly bounded. By linear interpolation in the
xo-direction on the softer layers, it follows for all i € I.\{is } if €Yz N PEZ';r # (0 and i € I\{i} if
£Yiig NP =0 that

/s

s

1 pe(i—142)
|[Vuces| dz = / / |O2ue (21, 22)| do dzq
NP 0 Je@i-1)

1

> / e (21,200 — 14+ A)) — ue(w, 2 — 1) das

-~ Jo
1

- / (Rley — R er)ay ) — b7 Y day > 4| Rle — Rler|. (37)
0

The first estimate is a consequence of Jensen’s inequality, and optimization over translations yields the
second one. To be more precise, the last estimate in (3.7) is based on the observation that for any given
a € R?\{0},

1 1 1
min/ [ta + b| dt = min / \(t+a)a+ﬁal|dt:|a|min/ |t+0z|dt:@.
beR? J o, BER J a€R J 4
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From (3.6) and (3.7), since (uc). C WH(Q;R?) as a weakly* converging sequence is uniformly bounded
it it—1 . it
in BV (£;R?), and recalling that R = R Lif eYyig NP5 = (), we conclude that

DEJ(-1,D) <4V [ [Vude < (3.8)
Q

The convergence in (3.5) follows now from the weak* relative compactness of bounded sequences in
BV (—1,1;R?%X2) (see Section 2.2), together with the fact that strong L!-convergence is length and angle
preserving. The latter guarantees that the limit function R € BV(—1,1;R?*2) takes values only in
SO(2).
Next, we show that there is ¢ € BV (—1,1;R?) such that
u(z) = R(zg)z + 1 (x2) (3.9)

for a.e. x € , which implies that © € B and concludes the proof. To this end, we define auxiliary
functions o., b. € L>®(2;R?) for € > 0 by setting
oe(x) = Z(Réx)llpgi (z) and bo(x) = Z belpi(z)
icl. icl.
it if—1 it if—1. it
for x € Q, where R := RS and b = bs if eYyg NP = (0. Further, let w, := 0. + b..
By Poincaré’s inequality applied in the xo-direction, we obtain

1 prmin{e(i—1+X),1}
/ |ue — we| dz = Z / |ue — we| dzg day
Q

i€, €Yaore NPIAD 0 Jmax{e(i—1),—1}

<el Z/ |Ooute — Ries| dz < eA([Jucllwiume) + Q) < Ce.
iel. Y €YeortNP:

Consequently,

we — u in L'(Q;R?). (3.10)
Moreover, for x € 2,

|o=(2) = R(z2)z| < ’ Y (RL— R(z2))1p: () |l2] < V2|Eo(ws) — R(x2)],
i€l

which, together with (3.5), proves that

0. — 0 in L' (Q;R?), (3.11)
where o(z) := R(z2)x € BV (Q;R?).

Finally, exploiting (3.10) and (3.11), we conclude that there exists b € BV (£2;R?) such that b. — b in
L'(Q;R?). In view of the one-dimensional character of the stripes P!, we infer that 9;b = 0. Eventually,
identifying b with a function ¢ € BV (-1, 1;R?) yields (3.9).

O

Next, we prove that the converse inclusion of (3.4) holds. In the following, let Iz be the projection
of Yiig onto the second component; that is, iz corresponds to the 1-periodic extension of the interval
[A,1). Analogously, we write Lyog, for the 1-periodic extension of [0, \).

Proposition 3.2 (Approximation of maps in B). Let Q= (0,1) x (—=1,1). Then,
By D B. (3.12)

Here, By and B are the sets from (3.2) and (3.3), respectively.

Proof. Let u € B, and let R € BV (—1,1; SO(2)) and v € BV (—1,1;R?) be such that
u(@) = R(z2)z + P(22)

for a.e. x € Q. Using Lemma 3.3 below, as well as the fact that strict convergence implies weak*
convergence in BV, we construct sequences (R.). C W1 (—1,1;50(2)) and (¢.). C Wh*>(—1,1;R?)
such that

R.=0 and ¢.=0 onelijN(-1,1), (3.13)
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R. 5 Rin BV(—1,1;R?**?) and 4. > in BV(—1,1;R?). (3.14)
Define u. () := Re(x2)x + e (12) for z € Q. Then, u. € WH°(;R?) for every e, with
Vue(z) = Re(w2) + RL(22)r ® e2 + YL (22) @ ea

for a.e. x € Q. In particular, Vu, = R, € SO(2) a.e. in €Y,z N Q by (3.13); hence, u. € B.. Moreover,

sup, || Vel g1 (orex2) < 00 and ue — u in L'(Q;R?) by (3.14), from which we conclude that u. = u in
BV (Q;R?). This completes the proof. O

The next lemma states a one-dimensional approximation result of BV-maps by Lipschitz functions
that are constant on €1y, which was an important ingredient in the previous proof.

Lemma 3.3 (1D-approximation by maps constant on el.g). Let I = (a,b) C R and w €
BV (I;R?). Then, there exists a sequence (w.). C W12 (I;RY) with the following three properties:

(1) we — w in LY(I;RY);

(i) [ lutldt = |Dul(1);
I
(193) w. =0 onelyg N1I.
Moreover, if w takes values in SO(2) and w € BV (I; SO(2)), then each w. may be taken in W1>°(I; SO(2)).

Proof. Let w € BV (I;R%). By_[‘Z7 Theorem 3.9, Remark 3.22], w can be approximated by a sequence of
smooth functions (vs)s C C°°(I;RY) in the sense of strict convergence in BV; that is,

vs — w in L'(I;RY) and /|v(’;\ dt — |Dw|(I) (3.15)
I

as 6 — 0. To obtain property (ii¢), we will reparametrize vs so that it is stopped on the set el,;; and
accelerated otherwise, and eventually apply a diagonalization argument.
We start by introducing for every € > 0 a Lipschitz function ¢, : R — R defined by

0o(t) = {i(t—iﬁ)—i-ie if ie <t <ie+ e,
e =

i+ 1) if ie + de <t <e(i+1),
for each i € Z and ¢ € eli,i+1). For all t € R, we have t < .(t) < ¢t +e(1 — A) and @L(t) = (L),
where 1 is the 1-periodic function such that 1(t) = + if 0 < ¢ < X, and ¢(t) = 0if A < ¢ < 1. By
the Riemann-Lebesgue lemma on weak convergence of periodically oscillating sequences, it follows that
»(2) 5 1in L®(R). Thus, p. — ¢ in VVllocOo (R), where ¢(t) := t. In particular, ¢, converges uniformly
to ¢ on every compact set K C R.

Next, we define for € > 0 a Lipschitz function @, : I — I by setting

. @(t) ifa<t<be,
c(t) =
Pet) {b be <t<b,

where b. € (a,b] is such that ¢.(b.) = b. Note that by definition of ¢., there exists at least one such b..
We claim that b. — b as € — 0. In fact, extracting a subsequence if necessary, we have b. — ¢ for some
¢ € la,b]. Then,

b — | = | (be) — @(c)| < = (be) — @=(e)] + |@e(e) — @(e)] < §1b= — ¢ + |we(c) — @(c)],

from which we infer that b = ¢ by letting € — 0. Because the limit does not depend on the subsequence,
the whole sequence (b.). converges to b. Consequently, @-(t) — ¢(t) =t for all t € I, and since also
|@ellwr.(ry = O(1) as € = 0, we deduce that

e = pin WI’OO(I) and  |[|@e — @[l g1y = 0. (3.16)

Finally, we set we 5 := v5 0 ¢ € Who(I; R?), and observe that

lwe s — wlp1rrey < |lvs 0 e — vsllpr(rray + lvs — w1 (rrey  and / lw 5| dt = / |vs o el pr dt.
I I
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Hence, by (3.15), (3.16), the boundedness of each vs and vj, and a weak-strong convergence argument,
it follows that

lim lim [jwe,s — wl| 1 (1;re) = 0, (3.17)
. . 7 T / / 1 / _
tim timy [ st =t [ 15061t = tim [ Jug] at = D). (3.18)

In view of (3.17) and (3.18), we apply Attouch’s diagonalization lemma [4] to find a sequence (w.). C
W R?) with w. := w, 5. satisfying (i) and (ii). We observe further that each w. satisfies (iii) by
construction.

To conclude, we address the issue of constraint-preserving approximations for w € BV (I; SO(2)). In
this case, we argue as above, but replace the density argument leading to (3.15) by its analogue for
BV functions with values on manifolds, see [28, Theorem 1.2]. This allows us to assume that vs €
C>(I;SO(2)), and eventually yields w. € W (I; SO(2)). O

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. In view of the discussion on locally and globally one-dimensional functions in
Section 2.4, it suffices to prove the statement on rectangles with sides parallel to the axes. A simple
modification of the proofs of Propositions 3.1 and 3.2 shows that these results hold for any such rectangle.
Then, Theorem 1.1 follows by extension and exhaustion arguments in the spirit of [14, Lemma A.2]. O

Remark 3.4 (The higher dimensional setting). We point out that the results of Theorem 1.1
continue to hold for domains Q € R, N € N, satisfying the flatness and cross-connectedness assumptions
in [14, Definitions 3.6 and 3.7]. We omit the proof here as it follows from that of Theorem 1.1 up to minor
adaptations. Notice in particular that [13, Lemma Al] provides a higher-dimensional version of (3.7).

We conclude this section by characterizing two special subsets of B (see (3.3)), which will be useful in
the following. Using (2.6), it can be checked that
BAWHHQR?) = {u e WH (4 R?): u(z) = R(za)z + ¥(x2) for ae. z € Q, (3.19)
with R € W' (aq, bo; SO(2)) and ¢ € W' (aq, bo; R?)}
and
BN SBV (4 R?) = {u € SBV(4R?): u(x) = R(z2)x + p(x2) for ae. z € €, (3.20)
with R € SBV (aq,bo; SO(2)) and ¢ € SBV (aq, bo; R?)}.

By definition, and accounting for the fact that R takes values in SO(2), the jump set of u € BN
SBV (Q;R?) is related to the jump sets of R and v via

Ju = [(ca,da) X (JrRU Jy)] NQ,
cf. (1.2).

4. ASYMPTOTIC BEHAVIOR OF ADMISSIBLE LAYERED DEFORMATIONS

In this section, we prove Theorem 1.3, which characterizes the asymptotic behavior of deformations
of bilayered materials that coincide with rigid body rotations on the stiffer layers, and are subject to a
single slip constraint on the softer layers. The latter is described with the help of the set

M, ={F eR?**?: det F =1 and |Fe;| =1}
={F e R*?: F = R(I + ve; ® ey) with R € SO(2) and v € R}.

As in the previous section, we consider 2 = (0,1) x (—1,1) for simplicity. The results for general x;-
connected domains follow as in the proof of Theorem 1.1.

Using the representations of M., in (4.1) and recalling the sets B introduced in (3.1), the sets of
admissible layered deformations defined in (1.6) admit the equivalent representations

A =B.n{uec WHH(Q;R?) : Vu € M, ae. in Q}
= {uec WHY(QR?) : Vu = R(I + ye; ® e3) with R € L*(Q; SO(2)) and
v € L'(Q) such that v = 0 in £Y;i, N Q}. (4.2)

(4.1)
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In the sequel, according to the context, we will always adopt the most convenient representation.
In analogy with By defined in (3.2), we introduce the set

Ao := {u € BV(Q;R?) : there exists (u.). C W"(Q;R?) with u. € A. for all & (4.3)
such that u. = u in BV (;R?)}

of asymptotically admissible deformations. We aim at characterizing Ag, or suitable subclasses thereof,
in terms of the set A4 introduced in (1.11). Note that

A=Bn{uc BV(Q;R?) :det Vu =1 a.e. in Q}, (4.4)

where B is given by (3.3). Moreover, recalling the notation for the distributional derivative of one-
dimensional BV -functions discussed in Section 2.2, we can equivalently express A as follows.

Proposition 4.1. Let Q = (0,1) x (=1,1). Then, A from (1.11) admits these two alternative represen-
tations:
A ={u e BV(Q;R?): Vu(z) = R(z2)(I + v(x2)e1 ® ez) for a.e. x € Q, with
R € BV(~1,1;80(2)), v € L*(~1,1), and (D*u)e; = 0} (4.5)
and

A= {u € BV(R?): u(x) = R(xs)x + b(x2) for a.e. x € Q, with R € BV (—1,1;S0(2))
and 1 € BV (—1,1;R?) such that ¢’ - Res = 0 and R’ = 0 a.e.in (—1,1)}. (4.6)

Proof. Let A and A denote the sets on the right-hand side of (4.5) and (4.6), respectively. We will show
that AC ANA, AC A, and A C A, from which (4.5) and (4.6) follow.
We start by proving that A C AN A. Fix u € A. Due to (2.6), we have (D%u)e; = 0 and

Vu=R+ (Rz+1)@e = RI+RT(Rz+)@ey). (4.7)

We first observe that the condition det Vu = 1 becomes 1 + RT(R'z + ¢') - ea = 1 or, equivalently,
(R'z + ') - Res = 0. This condition, together with the independence of R, R’, and ¢’ on z1, yields

R'ei-Res =0 and (roR'eq + ') - Rea = 0. (4.8)

Let § € BV (—1,1;[—m,x]) be as in (2.7). Then, the first condition in (4.8) gives 8’ = 0; consequently,
also R’ = 0. Thus, the second equation in (4.8) becomes 9’ - Res = 0, which shows that u € A. Moreover,
¥’ - Res = 0 is equivalent to RT%) - e5 = 0; hence, u € A with v := Re; - ¢'. Thus, A C AN A.

Next, we observe that if u € A, then, using (4.7), we have

detVu=1+RT'(Rz+1')-ea=1+R") -ea =1+ Rey = 1.

Hence, u € A, which shows thatAA cCA

Finally, we prove that A C A. Let u € A. Then, (Du)e; = (Vu)e1 £L2|Q + (D%u)e; = Re1L?|). By
this identity and the Du Bois-Reymond lemma (see [32], for instance), we can find ¢ € BV (—1,1;R?)
such that

u(z) = R(z2)z1e1 + ¢(2).

In particular, Vu(z) = R(xz2)e; ® e1 + (R (z2)z1€1 + ¢'(22)) ® e2. Consequently, using the expression
for Vu given by the definition of A, together with the independence of R, R', v, and ¢’ on x1, we conclude
that

R =0 and ¢ = Rey + vRe;.
Finally, set ¢(z2) := ¢(x2) — R(x2)w2es for x5 € (—1,1). Then, we have ¢» € BV (—1,1;R?), which
satisfies 1’ - Rea = yRe; - Rea = 0, because R € SO(2) in (—1,1), and also u(z) = R(z2)x + ¢ (x2). Thus,
u € A, which implies A C A. O

The following lemma on weak continuity of Jacobian determinants for gradients in W11(Q; R?) with
suitable additional properties will be instrumental in the proof of the inclusion Ay C A.
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Lemma 4.2 (Weak continuity properties of Jacobian determinants). Let Q C R? be a bounded
Lipschitz domain, and let (u:). C WH(Q;R?) be a uniformly bounded sequence satisfying det Vu. = 1
a.e. in Q for all € and

01ue || Lo (m2) < C, (4.9)

where C' is a positive constant independent of €. If uc — u in L*(;R?) for some u € BV (;R?), then
det Vu =1 a.e.in €.

Proof. The claim in Lemma 4.2 would be an immediate consequence of [26, Theorem 2] if in place of
(1.9), we required

(adj Vue). C L*(Q;R?**?), (4.10)
which, because of the structure of the adjoint matrix in this two-dimensional setting, is equivalent to
Vu. € L*(2;R?*2) for all . Even though we are not assuming this here, it is still possible to validate
the arguments of [26, Proof of Theorem 2] in our context, as we detail next.

Since |adj Vu.| = |Vu.|, it can be checked that in order to mimic the proof of [26, Theorem 2] with
N = 2, we are only left to prove the following: If (¢;),en is a sequence of standard mollifiers and € is
an arbitrary open set compactly contained in €, then (det Vu. ;)jen converges to det Vu. in L'(€') as
Jj — oo for all €, where u. ; 1= ; * u..

In Step 4 of the proof of [26, Theorem 2], this convergence is a consequence of the Vitali-Lebesgue
lemma using (4.10), the bound |det A] < |adjA|? for all A € R?**2 (see [26, (7)]), and well-known
properties of mollifiers.

Here, similar arguments can be invoked, but instead of the estimate |det A| < |adj AJ? for A € R?*2
we use the fact that (4.9) yields

|det Vum-| = |(81u57j)1‘ . 82u5,j| S C|82’U,5’j| S C|Vu5,j|

a.e. in . Hence, since u.; — u. in WH(Q;R?) and pointwise a.e.in © as j — oo, we conclude that
(det Vue ;) jen converges to det Vu, in L'(Q') as j — oo for all £ by the Vitali-Lebesgue lemma. O

We obtain from the following proposition that weak* limits of sequences in A, belong to A.

Proposition 4.3 (Asymptotic behavior of sequences in A.). Let Q= (0,1) x (—1,1). Then,
Ag C A, (4.11)
where Ay and A are the sets introduced in (4.3) and (1.11), respectively.

Proof. The statement follows from the inclusion A, C B. (see (4.2)) and the identity (4.4) in conjunction
with Proposition 3.1 and Lemma 4.2, observing that the condition Vu. € M., a.e. in Q guarantees
|01u:| = |Vucer| = 1 a.e. in ©, and hence ||01uc|| Lo (o;r2) = 1 for any e. O

The question whether the set A4 can be further identified as limiting set for sequences in A., namely,
whether the equality Ag = A is true, cannot be answered at this point. However, as stated in Theorem 1.3,
the inclusions Ag D AN SBV,(2;R?) and Ay D Al hold. Before proving these inclusions, we discuss a
further characterization of some special subsets of A.

Remark 4.4 (Structure of subsets of A). Similarly to (3.19) and (3.20), using fine properties of
one-dimensional BV functions, the sets AN WH1(Q;R?), AN SBV(;R?), and A N SBV,.(£;R?) can
be characterized as follows.

(a) In view of (2.6) and (4.6), one observes that
ANWEHOQ;R?) = {u € WHY(Q;R?): u(x) = Rr + 0(x2)Rey + ¢ for ae. x € Q,
with R € SO(2), 6 € Wh1(=1,1), c € R?}
= {u e WHH (4 R?): Vu(z) = R(I+ y(22)e1 ® ez) for ae. x € Q,
with R € SO(2), v € L*(—1,1)}.

Additionally, as a consequence of the construction of the recovery sequence in the I'-convergence
homogenisation result [13, Theorem 1.1], we also know that

ANWEHQ;R?) = {u € WHH(Q;R?): there exists (u:). € WH(Q;R?) with u. € A, for all ¢
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such that u. — u in W1 (Q;R?)}.

(b) Using (2.6) and (4.6) once more, we have

ANSBV(Q;R?) = {u € SBV(;R?): u(x) = R(xs)x + 1h(x3) for ae. x € Q,
with R € SBV(—1,1;S0(2)) and v € SBV(—1,1;R?)
such that R’ =0 and ¢’ - Res = 0 a.e. in (—1,1)}.

Note that both Jr and Jy, are given by an at most countable union of points in (—1,1), which implies
that J, consists of at most countably many segments parallel to e;. It is not possible to conclude that
the functions R are piecewise constant according to [2, Definition 4.21], as we have, a priori, no control
on H°(Jg) (cf. [2, Example 4.24]).

(c) With (b) and [2, Theorem 4.23], and recalling (2.8), it follows that

AN SBV,(R?) = {u € SBV,. (% R?): u(x) = R(w2)z + 1(x2) for ae. x € Q,
with R € PC(—1,1;50(2)) and ¢ € SBV(—1,1;R?)
such that ¢’ - Res = 0 a.e. in (—1,1)}.

Here, both Jgr and Jy, are finite sets of points in (—1,1), and J, is given by a finite union of segments
parallel to e;. Alternatively, one can express A N SBV,,(£;R?) with the help of a Caccioppoli partition
of €1 into finitely many horizontal strips; precisely,

AN SBV,(R?) = {u € SBV, (% R?): Vulg, = Ri(T+ vie1 ® ea), with {E;}7, a partition of
such that E; = (R x [;) N Q with [; C (—1,1) fori=1,...,n,
R; € SO(2) and ; € L*(E;) with 817 =0 for i = 1,...,n}.

In the following lemma, we construct an admissible piecewise affine approximation for basic limit
deformations in AN SBV,,(Q; R?) with a non-trivial jump along the horizontal line at x5 = 0. Based on
this construction, we will then establish the inclusion Ay D AN SBV(2;R?) in Proposition 4.7 below.

Lemma 4.5 (Approximation of maps in ANSBV,, with a single jump). LetQ = (0,1)x(-1,1),
and let u € AN SBVy (2 R?) be such that u(z) = R(xs)x + ¥ (x2) for a.e. x € Q, where

Rt ifteo,n) _ Jot o ftelo ) rte(—
R(t) := {R_ ift e (~1.0) and P(t) = {1/1_ ift e (~1.0) forte (—1,1),

with some R* € SO(2) and * € R?. Then, there exists a sequence (uc). C W (4 R?) with [, u. dz =
fQ uwdz and u. € A, for all €, and such that ue — u in BV ($;R?).

Proof. We start by observing that for v as in the statement of the lemma, there holds
Du=RL*[Q+ [(RT — R )erzy + (T — ¢ )] ®@eaH'[((0,1) x {0}). (4.12)

Let S € SO(2) be such that (i) S # R*; (i) Se; and RTe; are linearly independent; (iii) 6% €
(—m,m) \ {0} is the rotation angle of ST R*, cf. (2.7). Due to (i), there exist o, 3 € R such that

Yt —9Y~ = aRTe; + BSe;. (4.13)

For each € > 0, set

+

4o 4 4 9 4 o+
+ ._ - . +._ 4= b nE o= L= i 4.14
Ve o= o Y. - o J15a :l:E/\—ktan( 5 >7 bz :l:g)\ tan( 5 ), ( )
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and let V. € L*(£;R?*2) be the function defined by

R* ifz € (0,1) x (eA 1),

RT(I+~tei®ey) ifz€(0,1) x (32,eN),
1

RT(I+ ptfe;r®ez) if zp €(0,1) and g € (— Sy + 32, 322,
V(o) = SO+ ffer®es) if z1 € (0,1) and x5 € (5, —Lay + 32, (4.15)
SI+q-e1®es) ifze(0,1) x (2,2),
S+ fzer®es) if 21 € (0,1) and 25 € (x4, ),
R (I+p-e1®ez) if z €(0,1) and x5 € (0, S xy),
R~ if x € (0,1) x (—1,0),
see Figure 3.

| R* i

E)\i :
l RT(I++te1 ® e2) i

e L o __________u1

4 T + :
3 S(]I+,L~L;r€1 ® eg) - «1?; (H——;i—:ue e1@ ) :

EQA b o o o o e LR S

Ficure 3. Construction of V..

By construction, each function V; takes values only in M., , and its piecewise definition is chosen such
that neighboring matrices in Figure 3 are rank-one-connected along their separating lines according to
[13, Lemma 3.1]. Hence, there exists a Lipschitz function u. € W1°°(£2;R?) such that Vu. = V.. By
adding a suitable constant, we may assume that fQ u. do = fQ u dz. In view of the Poincaré~Wirtinger
inequality and (4.15), (u.). is a uniformly bounded sequence in W11(Q; R?) satisfying u. € A. for all
(cf. (4.2)).

To prove that u. — u in BV (€;R?), it suffices to show that

Du. = Du in M(Q;R?**?), (4.16)
or, equivalently, in view of (4.12), that for every ¢ € Co(Q;R?),
g%/ Vue(x)p(x) de = /QR(xg)ga(x) dz + /01[(R+ — R))eywy + (v —¢7)] @ eap(w1,0) dzy. (4.17)
Clearly,
lim Vue(z)p(z) de = lim R(z2)p(x) dz
£70./(0,1)x[(~1,0)U(eA,1)] £70./(0,1)x[(~1,0)U(eA,1)]

:/R(xQ)cp(x) dz. (4.18)
Q

Moreover, using (4.14), a change of variables, and Lebegue’s dominated convergence theorem together
with the continuity and boundedness of ¢, we have

lim Vue(z)p(x) dz
e—0 (0,1))((0 5)‘%1)
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TN _
= lim/ / R~ (]I + tan (%)61 ® eg — %61 ® eg)go(x) dzodz;

e—0

= lim// 5/\H—|—6>‘ tan (%)el®eg—el®eg)gp(x1,— ) dzday

e—0

1
—/ / R™e1 ® eap(x1,0) dzday = f/ x1R”e1 ® eap(x1,0) day.
0Jo 0

Similarly,
5 Joapecspany R
_gl_I)%/ / 8)‘117 T tan (977)61@)62761 ®eg)<p(x1,—z) dzdz;
= /0 (z1 —1)Se1 ® eap(21,0) day,
lim Vue(z)p(z) de
=0 J(0,1)x(22,22)
— &11_%/ / EA]H_ Ber ® 62) (xl, £22)dzday = / BSe; ® eap(x1,0) daq,
lim Vue(z)p(z) do
€20 J(0,1)x (2, — Sy 4252
—g%//g " EA]I— + tan (%)61®e2+61®62)gp(x1, £t z) dzdry
= /0 (1 —z1)Se1 ® eap(21,0) day,
lim Vue(z)p(x) dz
£0./(0,1)x (— Sz, 4 322 322
= gl_rg(l)/ /3 N R+ E)‘]I—i— E)‘ tan (%)el Res+e; R eg)go(xl, £22) dzday
:/0 1R e; ® eap(x1,0) day,
and
lim Vue(x)p(x) dz

e—0 (0 1)><(3£)\ E)\)

1
= 1im// RT (21 + aer ® e2)p(x1, £2) dzday = / aRTe; ® eap(w1,0) doy.
0

e—0

Combining (4.18)—(4.24) and (4.13), we finally obtain (4.17).

17

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

O

Remark 4.6 (On the construction in Lemma 4.5). Notice that the main idea of the construction
in the proof of Lemma 4.5 for dealing with jumps is to use piecewise affine functions that are as simple
as possible to accommodate them. Since triple junctions where two of the three angles add up to w are
not compatible (compare with [13, Lemma 3.1]), we work with inclined interfaces that stretch over the

full width of Q.

Let u € AN SBV, (9 R?) be as in Lemma 4.5, and assume that either Rt # +R~ or RT = R~. In
these cases, we can simplify the construction of (u.). in the previous proof. We focus here on stating the
counterparts of Figure 3 and (4.14), and omit the detailed calculations, which are very similar to (4.18)—
(4.24). Note further that these constructions are not just simpler, but also energetically more favorable,

see Remark 5.2 below for more details.

(i) If RT # +R~, we may replace the construction depicted in Figure 3 by:
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5)\1 i : YT -y~ =aR%ei + R e
R+ ooA 3 ] 1? t(f[ :"j}i@ilj@iefi) 7777777 ji 0 € (—m,m) \ {0} rotation angle of (R™)"R"
i \\\\‘\\\\ . RTI+~Fe1 ®e2) | p € (0,1), h(;::%
Rt e 3t = gy btan(8), 5 = gk — tan(3)

A satisfies o = lime—0 78 (€A — h2 — ped)

. . satisfies f — 1 = lim.—0 9. h?

FIGURE 4. Alternative construction of V. if R # +R™.

(ii) If R is constant, i.e., R = R™, and 9" — ™ is not parallel to Rey, the construction in Figure 3
can be replaced by:

s)\; R ! S € SO(2): Re1 and Se; are linearly independent
Y : R(H+ Ye1 ® 62) : 1[}+ — Y~ =«aRe; + BSer, BF#0, v:= SIgn(f)’)
EA — Ng : TSI T T T T T TS ST T T T s s s A
! T~ RI+~ter ®es) | 0 € (—m,m) \ {0} rotation angle of R* S
T-- |
X -~ Tl ! —_ p . EA=ped
P SQ4te ) T, Pi= mn €O b=
| Tl 1 b, 1 0y - . 1 0
! - ‘ Ve =t +tan(s), 7. =t —tan(g)
L R(I+~fe1®e2) -l ! per : per ?
0! e, e satisfies a — ¢ = lime_,0 Ych?
| R |
0 1

FIGURE 5. Alternative construction of V, if R is constant and @™ — 1)~ is not parallel to Re;.

(iii) If R is constant, i.e., RT = R™, and ¢ — ¢~ is parallel to Re;, then we can use the following
construction in place of Figure 3:

i R 1
5/\3 :

i i YT — ™ = aRe;

| R(I+ &e1 ®e) ! L . L

| | a=pT —¢7|, v:=sign((¢T —¥7) - Rer)
0] :

| R |

0 1

FIGURE 6. Alternative construction of V. if R is constant and ™ — 1)~ is parallel to Re;.

Note that in case (i), the slope p of the interfaces can attain any value between 0 and 1, while in (ii), p is
determined by the value of 8. In terms of the energies, the construction in case (iii) provides an optimal
approximation, which will be detailed in Section 6.

We proceed by extending Lemma 4.5 to arbitrary functions u € AN SBV,,(£;R?).
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Proposition 4.7. Let Q = (0,1) x (—1,1). Then, for every u € AN SBV,(;R?), there erists a
sequence (u:). C WHH(Q;R?) with fQ ue dr = fQu dz and u. € A for all €, and such that ue = u in
BV (;R?) or, in other words,

AN SBV, (4 R?) C Ay,

cf. (4.3).
Proof. In view of Remark 4.4 (c), it holds that J, = Ule((), 1) x {a;} for some ¢ € N and a; € (—1,1)
with a1 < as < --- < ag, and setting ag := —1 and apy1 =1, gives
‘
Du = Z RZ(H +ve1 ® 62)£2 I_((O, 1) X (ai, CLH_l))
i=0
‘
+ Z[(Rz — Ri_1)ziey + (Riazes + ) — Ri_yazea — ;)] @ ea®'[((0,1) x {a;}), (4.25)
i=1

where v € L'(—1,1), and R; € SO(2) and v; € R? for i =0, ..., .

We now perform a similar construction as in Lemma 4.5 in a convenient softer layer near each a;,
accounting for the possibility that one or more of the jump lines may not intersect Yo N 2, and
replacing R* by R;, R~ by R,_1, ¥+ by Riaies + 1], and ¥~ by R;_ja,es + ;.

To be precise, fix € > 0 and 7 € {1,...,¢}. Let S; € SO(2) be such that (i) S; &€ {R;_1, R;}; (i) S;e1
and Rje; are linearly independent; (iii) 0;, 0] € (—m,m) \ {0} are the rotation angles of ST R;_; and
ST R;, respectively. By (ii), there exist o, 3; € R such that

Ria;es + 1,[};'_ — R;_1a,e9 — 1/}1_ =o;R;e; + BiSiel. (426)
Moreover, we set
4o 45; 4 o+ 4 0F
+ i i + i ~+ )
ot e (%) st (%)
e o e e Hei e +tan 2 He,i S )
and let k. € Z be the unique integer such that a; € [k%, k.L+1). Observing that a; # a; fori,j € {1,..., ¢}

with i # j and a; € (—1,1) for all i € {1,...,¢}, we may assume that the sets {e[x%, . + 1)};,—1 . ¢ are
pairwise disjoint, and that Ule e[kl kt +1] € (—1,1) (this is true for sufficiently small £ > 0). Finally,
with k0 := =X — L and k7 := 1, let V. € L' (Q; R?*?) be the function defined by

Ri(I+ F1loy, 61 ®e2) if € (0,1) x (eX+ ekl exlt) for some i € {0, .., £},
Ri(I+~F,e1 @ e3) if 2 € (0,1) x (32 + ekl, e +ekl) for some i € {1,..,0},
Ri(I+ pfe1 ® eg) if 21 € (0,1) and @5 € (—Say + 322 + e, 322 +exl)
for some i € {1, .., ¢},
V() := § Si(I+ il je1 @ e3) if 71 € (0,1) and x5 € (5 +erl, —Dzy + 32 4 ekl)
for some ¢ € {1, .., ¢},
Si(I+ 7z e1 ® e2) if 2 € (0,1) x (5 +erl, 2 +exl) for some i € {1,..,0},
Si(I+ fi_e1 ® ez) if 21 € (0,1) and @5 € (a1 +ekl, £ +ekl) for some i € {1,..,0},
Ri_1(IT+ e €1 ® €2) if 21 € (0,1) and x5 € (ekl, %xl + ¢ekt) for some i € {1,..,(}.

As in the proof of Lemma 4.5, invoking [13, Lemma 3.1] on rank-one connections in M., , we find that
V. is a gradient field, meaning that there is u. € W1°°(;R?) such that Vu. = V.. Adding a suitable
constant allows us to assume that fQ U do = fQ u dz. By construction, (u.). is a uniformly bounded
sequence in W11 (Q;R?) such that u. € A, for all £ (see (4.2)). To prove that u. — u in BV (Q;R?), it
suffices to show that

Du, = Du in M(
The proof of (4.27) follows along the lines of (4.16)

differences. First, note that the conditions sng =—eA—1=—eX+ag, €K
e(kL +1) yield

Q; R?¥2), (4.27)
. For this reason, we only highlight the main

1 =1 =aqp 1, and exl < a; <

lim ex’ = a; for all i € {0,...,0+1}.

e—0
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HGHCG, ]]‘(0,1)><(5)\+E/<;§,6/{2+1) - ]]-(0,1)><(ai,ai+1) and PY]]'(O,I)X(E)\+€H2,EH2+1) - 71(071)X(ai1ai+1) in LI(Q) for
i €{0,...,4 4+ 1}. On the other hand, by the Riemann-Lebesgue lemma, we have 1.y, , — A in L>=(R?);
thus,

oft
lim Vue(x)p(x) de = lim | R;(I+ T1.y, 61 Qe2)l i ity () da
=0 0.1y x(eAbent enith) ( =0 Jq ATt (O] (eXterd ema™)
= / Ri(I+y(z2)e1 ® e2)p(x) da
(0,1)><(a1,,a1,+1)
fordall i €{0,....,0} and ¢ € Co(). Arguing as in (41.19) with the change of variables z = 2 (3 — ex?),
eads to

lim Vue(x)p(x) de

€20 J(0,1)x (en? , L2 w1 +eni)

1 %a:ﬁ»ani o=
= lim / / Ri_l(]l + tan( 5 )el ® eg — ;%\el ® eg)go(x) dzodz;
0 Jerl

e—0

e—0

1 rx1 _ .
— lim/ / Ri,l(%]l—&— %tan (%)61 Reqy — e ®62)(p($1,%2+8/€2) dzdx,
0Jo

1 Xy 1
= 7/ / Ri_lel ® 6290(171, CLZ') dZdIL'l = 7/ Ri_lmlel ® 62@(171, ai) dl’l
0J0 0

for all i € {1,...,£} and ¢ € Cy(©2). Similarly, one can calculate the counterparts to (4.20)—(4.24) in the
7

present setting. In view of (4.25) and (4.26), we deduce (4.27), which ends the proof. O

Remark 4.8 (On the construction in Proposition 4.7). 'We observe that the sequence of Lipschitz
functions (u.). constructed in Proposition 4.7 to approximate a given u € AN SBV4 (;R?) is such that

1im/ [Vue| dz ~ |Du|(£2) + 2¢.
e—0 Jo

In other words, the asymptotic behavior of the total variation of (u.). incorporates a positive term that
is proportional to the number of jumps of the limit function. This fact prevents us from bootstrapping
the argument in Proposition 4.7 to generalize it to an arbitrary function in AN SBV (Q;R?).

An analogous statement to Proposition 4.7 holds in Al

Proposition 4.9. Let Q = (0,1) x (=1,1). Ifu € Al, then there exists a sequence (u.). C WH(Q; R?)
such that u. € A. for all e and ue = u in BV (Q;R?); that is,

A” C .Ao.

Proof. Let u € Al. Based on (1.13) and (2.4), we can split « into u = v + w, where
v(x) := Rr 4+ 94(z2)Rer + ¢ and  w(x) := V4(x2)Rey for z € Q, (4.28)

with R € SO(2), c € R?, 9, € Wh1(-1,1), and 95 € BV (—1,1) such that ¥, = 0. By construction, we
have that v € WH1(Q; R?) with Vou(z) = R(I + 9, (22)e1 ® ez).
For every £ > 0, let v. € W1(Q;R?) be the function satisfying [, v- dz = [, v dz and

19/
Vo (z) = R(]I + “()\xZ) Loy, (z)e1 ® 62). (4.29)
By the Riemann-Lebesgue lemma,
ve = v in WHH(Q;R?*?), (4.30)

On the other hand, applying Lemma 3.3 to 95, we can find a sequence (9.). C W1>(—1,1) such
that J. = 9, in BV(—1,1) and 9. = 0 on el,;; N (—1,1). Then, setting w.(z) := J-(z2)Re1 + [, (w —
Je(x2)Rer) da yields

Vw.(z) = 9. (z2)Re; ® ea = I.(22)1ey,,, Re1 @ es (4.31)
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and
w. = w in BV(Q;R?). (4.32)

We define the maps u. := v, +w. in WH(Q; R?) for every e,
and infer from (4.29) and (4.31) that

Vue = R(I+ vee1 ® 62);

where v.(z) = (M + U.(22)) Loy, (%) is a function in L'(Q) satisfying 7. = 0 in €Yy, N Q. In
particular, u. € A, for all .
Combining (4.30) and (4.32) shows that u. — v +w = u in BV(Q;R?), which finishes the proof. [

Finally, we prove Theorem 1.3.

Proof of Theorem 1.3. In view of the discussion in Section 2.4, it suffices to prove the statement on a
rectangle of the form (cq,dq) X (aq,bq), where we recall (1.1) and (1.2). A simple modification of the
proofs of Propositions 4.3, 4.7, and 4.9 shows that these results hold for any such rectangles, from which
Theorem 1.3 follows. (]

5. A LOWER BOUND ON THE HOMOGENIZED ENERGY

In this section, we present partial results for the homogenization problem for layered composites with
rigid components discussed in the Introduction. More precisely, we establish a lower bound estimate on
the asymptotic behavior of the sequence of energies (E;). (see (1.7)), and highlight the main difficulties
in the construction of matching upper bounds. Note that the following analysis is restricted to the case
S=e1.

As a start, we first give alternative representations for the involved energies, which will be useful in
the sequel.

Remark 5.1 (Equivalent formulations for E. and E). In view of the definition of A, (see (1.6)),
it is straightforward to check that the functional E. in (1.7) satisfies

/ V0|dul2 —1dx ifue A, / VIVu2 —2det Vu dz  if u € A,
E.(u) =4 Jo =4Ja

o0 otherwise, (%) otherwise,

for u € LE(Q;R?). Similarly, according to Proposition 4.1, the functional E from (1.10) can be expressed
as

/ |v| dz + |D%u|(Q2) if u € A,
u) = [¢)

o0 otherwise,

E(

for u € L§(Q;R?).
We can now provide a bound from below on I'-liminf._,q F. and prove Theorem 1.2.

Proof of Theorem 1.2. For clarity, we subdivide the proof into two steps. In the first one, we establish the
compactness property. In the second step, we provide two alternative proofs of (1.12). The first proof is
based on a Reshetnyak’s lower semicontinuity result, while the second version is more elementary, relying
on the weak* lower semicontinuity of the total variation of a measure. Either of the arguments highlights
a different feature of the representation of A.

Step 1: Compactness. Assume that (u.). C L(€2;R?) is such that sup, E.(u.) < co. Then, u. € A, and
sup, || Vue|| Li(o;r2x2) < oo. Hence, using the Poincaré-Wirtinger inequality, there exist a subsequence
(uc,)jen and u € L§(R?) N BV (4 R?) such that u., = u in BV(Q;R?). By Proposition 4.3, we
conclude that u € L} (2;R?) N A.

Step 2: Lower bound. Let (u.)e C L{(;R?) and u € L§(;R?) be such that u. — u in L'(Q;R?). We
want to show that
liminf E. (u:) > E(u). (5.1)

e—0
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To prove (5.1), one may assume without loss of generality that the limit inferior on the right-hand side
of (5.1) is actually a limit and that this limit is finite. Then, u. € A. and E.(u.) < C for all ¢, where
C > 0 is a constant independent of £. Hence, by Step 1, us — u in BV (;R?) and u € A.

Step 2a: Version I. We observe that the map R?*2 5 F s /|F|2 — 2det F is convex (see [18]) and one-
homogeneous. Consequently, it follows from Remark 5.1 and Reshetnyak’s lower semicontinuity theorem
(see [2, Theorem 2.38]), under consideration of our notation for the polar decomposition Du = g, |Dul|
introduced in Section 2.2, that

lim inf F. (u.) = liminf/ VIVuc|? — 2det Vu, dz > / V]gu|? — 2det g, d|Dul. (5.2)
e—0 e—0 Q Q

Since Vu = R(I+ ve1 ® e2) with R € BV (£;SO(2)) and (D*u)e; = 0 (see (4.5)), we have |Vu|? —
2det Vu = |y|? for L£%-a.e. in Q and det g, = 0 for |D*ul-a.e. in 2. Thus,

/ vV |gu|? — 2det g, d| D
Q
= / VIVul2 —2det Vu da —l—/ vV |gu]? — 2det g, d|D%u| (5.3)
Q Q

= [ 1l do+1D%) = E(w.
where we also used that the relation |g,| = 1 holds |D?ul-a.e. in Q.
From (5.2) and (5.3), we deduce (5.1).
Step 2b: Version II. By the definition of A, and (4.1),
V’U/g - RE + ’YEREel ® eg

with R. € L>(£;S0(2)) and 7. € L'(Q). Since |y.R.e1 ® ea] = |ve| due to |R.e1| = 1, the estimate
E.(uc) = [, 7| dz < C implies that (y:R.e1 @ ez). is uniformly bounded in L'(€; R?*2). Hence, after
extracting a subsequence if necessary (not relabeled),

(veRee1 ®e2) L2|Q = v in M(Q;R?*?)

for some v € M(;R?*?). Note further that the convergence Vu.£?|Q = Du in M(Q;R?*2) along
with (4.5) yields also R. — R in L®(Q;R?>*?), where R € L>°(Q;SO(2)) satisfies in particular that
(Vu)e; = Rey. Hence, we have

v=Du— RL*|Q = (yRe, ® e3)L?|Q + Du,

where the last equality follows again from (4.5), and by the lower semicontinuity of the total variation,
liminf E, (u.;) = liminf/ Ve | dz = liminf/ [7eReer @ ea] dx
e—0 e—0 Q e—0 Q
> |v|(Q) = / |YRe1 ® ea] dz + | D u|(Q2) = / |v] dz + | D%u|(R2) = E(u). O
Q Q

Remark 5.2 (Discussion regarding optimality of the lower bound). (a) The lower bound (1.12)
is optimal in A N WH1(Q;R?) N L(;R?) and, more generally (cf. also Remark 4.4), in the set Al N
L (Q;R?) introduced in (1.13). Precisely, we have
L(LY)-lim E.(u) = E(u) (5.4)
e—0
for all u € Al N Ly R?). In view of (1.12), the proof of (5.4) is directly related to the ability to
construct a recovery sequence. We detail two alternative constructions for u € Al in Section 6 below.
For illustration, we treat here the simpler special case where u € AN WH(Q;R?) N L(Q; R?).

If u € ANWEHQ;R?) N L{(Q;R?), then Vu = R(I + ve1 ® e3) for some R € SO(2) and v € L(Q)
such that 9,y = 0 (see Remark 4.4 (a)). As in the proof of Proposition 4.9, we take (u.). C Wh(;R?)N
L§(%;R?) such that Vue = R(I + I 1.y, €1 ® e2) for all e. Then, by the Riemann-Lebesgue lemma,
U = uin BV (;R?) and lim._,¢ E.(u:) = E(u).

(b) The question whether (5.4) holds for a larger class than Al is open at this point. We observe
that the gradient-based constructions in Lemma 4.5, Remark 4.6 (i)—(ii), and Proposition 4.7 yield upper
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bounds on the I'-1lim sup, which, however, do not match the lower bound of Theorem 1.2. This indicates
that, in general, a more tailored approach will be necessary.

(¢) The upper bounds on the I'-limsup of (E.). resulting from Lemma 4.5, Remark 4.6 (i)—(ii),
and Proposition 4.7 can be quantified. As previously mentioned, the constructions in Remark 4.6 (iii)
and Proposition 4.9 are even recovery sequences. This is not the case for the general construction in
Lemma 4.5 and for those highlighted in Remark 4.6 (i)—(ii). In the following, we suppose that u €
AN SBV4(;R?) N L{(Q; R?) has a single jump as in the statement of Lemma 4.5; i.e.,

w() = Lo,1)x(0,1) (@) (BT (2)2 + 97 (22)) + L(0,1)x(~1,0) () (R (x2)x + ¢~ (22))

with R* € SO(2) and 1* € R2. Then,
1
B = [ (R = R )ewn + (" —47)| dav
0
which can be estimated from above by
1
E(u) < |Rte; — R_el\/ xyday + [t — | < T+t =), (5.5)
0

For the sequence (u.). constructed in Lemma 4.5 (and Lemma 4.7), we obtain, recalling (4.13), that
lim B (u2) = |o] + 18] +2 > o] + |8] + 1> E(u)
€

Regarding the construction of (u.). in Remark 4.6 (i), it follows that
lim E.(us) = o + |8 — 1] + 1.
e—0

This limit is strictly greater than E(u) as we will show next. If |3 — 1| > || (i.e., if 8 < 3), this is an
immediate consequence of (5.5). For % < B <1, we use that T — ¢~ = aRte; + SR e; yields
1

1 B
E(u)g/o |x1+a\d:r1+/0 (5—x1)dx1—|—/ﬁ(ml—ﬁ)dxl<1+|a|—|—ﬂ(ﬁ—l)<1+|a|+|ﬁ—1|.

If B > 1, we note that lim. o F-(us) = |a| + 8, and subdivide the estimate of E(u) into three cases.
Recalling the assumption RT # +R~, we set ¢ := RTe; - R7e; € (—1,1) to obtain

E(u):/O \/(331 +a)2+ (8 —m21)2+2c(z1 + a)(B — 1) dr;.

Then, we have for @ > 0 that

1
E(u) < / V(@ +a)?+ (B —21)>+2(x1 + o) (B — 21) doy = |+ 8] < |af + 5,
0
for « < —1 that
1 1
E(u) < / \/(zl +a)Pl+B—-—21)2-2@1+a)(f—x1)dx, = / (—2z1 — a+ B) dzy
0 0

=—-l-a+f<—-a+p=|a+8,
and for —1 < o < 0 that

—o 1
E(u)</0 (—2x1—a+ﬁ)dx1+/ o+ Bl dzy =a+ B+ < —a+pB=]|a|l+ B

—Q
Summing up, we have shown that in the context of Remark 4.6 (i),
lim F.(u:) > E(u).
e—0

Finally, we consider the sequence (uc). constructed in Remark 4.6 (ii). Then,
li =|a— 1
S Ee(ue) = la =1 + 8] +1,

and since R* = R~ in this case,

E(u) = v/a? + 2 + 2afRe, - Se,.
Using the fact that Re; - Se; € (—1,1), it can be checked that, also here, we have
ilE)I%) E.(uc) > E(u).
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6. HOMOGENIZATION OF THE REGULARIZED PROBLEM

This section is devoted to the proof of our main I'-convergence result, Theorem 1.4. We first provide an
alternative characterization of the class Al of restricted asymptotically admissible deformations introduced
in (1.13).

Lemma 6.1. Let Q = (0,1) x (=1,1). Then, Al as in (1.13) admits the representation
Al = {u e BV(Q;R?): Vu = R(I + ve; ® e3) with R € SO(2), v € L'(Q) such that 8y = 0,
Déu = (o ® eq)|D*u| with p € L‘leul(Q;RQ) such that (6.1)
lo| =1 and g||Rey for |D%ul-a.e. in Q}.
Proof. Let Al denote the set on the right-hand side of (6.1). Arguing as in the beginning of the proof
of Proposition 4.9 (precisely, with the notation of (1.13), we set y(x) = ¢, (x2) for € Q, and observe
that (Du)es = £1](0,1) ® D*J,Re;) and exploiting the polar decomposition of measures (cf. (2.2) and

(2.3)) gives rise to All ¢ Al Conversely, the inclusion Al c A, which follows from (4.5), along with (4.6)
yields that Al c Al |

We are now in a position to prove the I'-convergence of the energies (E5). in (1.14) as ¢ — 0.

Proof of Theorem 1./. As before in the proofs of Theorems 1.1 and 1.3, one may assume without loss of
generality that Q = (0,1) x (—1,1). We proceed in three steps.

Step 1: Compactness. Let (u.). C WHH(Q;R?) N L{(Q;R?) be a sequence such that ES(u.) < C for all
€ > 0. Then, because u. € A, for all ¢,

Vue = R.(I+ .61 ® eg) € L (Q; R**?), (6.2)

and [[ve||z1(q) < C for every € > 0. Additionally, since each map R. takes value in the set of proper
rotations, it holds that ||RE||2LOQ(Q,R2X2) = 2 for all ¢ > 0. Consequently, along with the Poincaré-Wirtinger

inequality,
[uellwiire) < C.
We further know that \\81u5|\€{,1,p(9;R2) = ||R561||€V1,p(Q;R2) < C/§ for any e. Thus, after extracting
subsequences if necessary, one can find u € BV (;R?), v € M(2), and R € W1P(Q; R?*2) such that
u. —u in BV(Q;R?), (6.3)
VL 2y in M(Q),
R. ~ R in WHP(Q;R>*?). (6.4)

Recalling the compact embedding WP (Q) < C%%(Q) for some 0 < a < 1 — %, it follows even that
R € WhP(Q; S0(2)) N €O (0 R?*2) and
R. — R in L*(Q;R**?), (6.5)

As a consequence of Proposition 4.3, it holds that u € A. From Proposition 4.1 and Alberti’s rank
one theorem (cf. Section 2.1), we can further infer that R € SO(2), v € L'(Q) with 81y = 0, and that
Du satisfies

Vu=RI+ve; ®ez) and Du= (0®e3)|D’ul, (6.6)

where ¢ € Ljpey (2 R?) with |g| = 1 for |[D*ul-a.e. in Q. To conclude that u € All, in view of Lemma 6.1,
it remains to show that

o||Re1 |D?ul-a.e. in Q. (6.7)

To prove (6.7), we first observe that for every e, the identity (Vu.)es = Rees + v-Rce1, which follows
from u. € A., yields

/Q[(Vus)ez “Reeg —1]pdz =0 (6.8)
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for all ¢ € C°(Q2). Thus, by (6.3) and (6.5) in combination with a weak-strong convergence argument,
taking the limit ¢ — 0 in (6.8) leads to

/ng do = /ngReg- d((Du)es) = /QapReg (Vu)eg dw+/ﬂ<pReg- d((D?u)ea)

for every ¢ € C°(9). Next, we plug in the identities (Vu)es = Res + yRe; and (D%u)ey = g|Dul (see
(6.6)) to derive that

0= / wRes - d((D%u)eq) = / wRes - 0 d|D%u|
Q Q
for every ¢ € C'°(£2), which completes the proof of (6.7).

Step 2: Lower bound. Let (u.) C L{(4;R?) and u € Ly(Q;R?) be such that u. — u in L*(;R?). We
want to show that s s
E°(u) < hgi)lélf E?(ue). (6.9)
To prove (6.9), we proceed as in the proof of (5.1), observing in addition that
hgn_)iglf6“8111‘8"%/1@(52;]1{2) = hgn_)iélf(;HRselH%/l,p(g;ngz) 2 5||R61||€V1~P(Q;]R2) = 4|9
due to (6.2) and (6.4) with R € SO(2).
Step 3: Upper bound. Let u € L§(Q; R?)NAll. We want to show that there is a sequence (u.) C L§(Q; R?)

such that u. — u in L'(Q;R?), and
E(u) > limsup E° (u.). (6.10)

e—0
Let (uc)e € WHL(Q;R?) N LE(Q;R?) be the sequence constructed in the proof of Proposition 4.9, that
is, u. € A, for every £ with
Ve (x2)
A

Vue(x) = R(H + (

where (9.). C Wh°(—1,1) satisfies
1

lim [9.] dzg = |D*94|(—1,1) = |D*u|(Q),
1

e—0 [

+ ﬁ;(xz))ngym (z)e1 ® eg),

and u. = u in BV (Q;R?). Recalling that ¢ = ¥/, + 9, = 9", we have

. : W (z !
lim sup E° (ue) < lim (/ LACH] (>\ 2)l Loy, (7) do +/ 9L (22)| daa + 5||R€1|€V1,p(Q;R2)>
Q 1

e—0 =0

- / [0/ (x2)] do + [ D*u () + 62| = E°(u),
Q
which proves (6.10) and completes the proof of the theorem. ]

Remark 6.2 (On compensated compacteness). We point out that if u. € A., with Vu, = R.(I+
Yeer @ eg) for R. € L=(Q;80(2)) and 7. € LY(Q) with 7. = 0 on €Yy N, is such that ue = u in
BV(Q;R?), and if in addition,
R. = R in C(;R**?),
then a weak-strong convergence argument implies that
LA = [(Vua)eg . Rgel]ﬁz kY X (Du)es - Rey in M(Q).

However, if continuity and uniform convergence of R, fail, the limit representation above may no
longer be true in general, even if R € C(Q; SO(2)). To see this, let us consider the basic construction in
Remark 4.6 (ii). In this case,

L2 (a+ B)H[((0,1) x {0})  in M(Q), (6.11)
whereas
(Du)es - Rey = [(¢pF —¢7) - ReJH | ((0,1) x {0}). (6.12)

Recalling that ¢+ — ¢~ = aRe; + $Se;, the quantities in (6.11) and (6.12) can only match if Req||Seq,
which contradicts the assumption that Re; and Se; are linearly independent.
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The role of the higher-order regularization in (1.14) is exactly that it helps overcome the issue discussed
above. In fact, it guarantees the desired compactness properties for sequences of deformations with
equibounded energies.

To conclude, we present an alternative construction for the recovery sequence in Step 3 of the proof
of Theorem 1.4.

Alternative proof of Theorem 1./. As before, we may assume without loss of generality that Q = (0,1) x
(—1,1). Moreover, the compactness property and lower bound can be studied exactly as in the proof of
Theorem 1.4 above.

We are then left to show that given u € L{(€;R?) N Al there exists a sequence (u.). C L}(£;R?)
satisfying u. — u in L'(Q;R?) and (6.10). We will proceed in three steps, building up complexity.
Step 1. We assume first that u € L3(;R?) N Al is an SBV-function with a single, constant jump line
at o = 0.

This case can be treated as highlighted in Remark 4.6 (iii). Let R € SO(2), v € L*(Q2) with ;v = 0,
and ¢+, 9~ € R? with (p* —+7)||Re; be such that

Du=R(I+ve; ® e2)L2|Q + (v — ) @ eaH'[((0,1) x {0}).
Note that setting ¢ := sign((¢»T —1¢7) - Req) € {£1}, we have ¢+ — ¢~ = |y — )~ |Re; and

|Du| () = [Dul(Q)] + [D*u|(2)] = [Dul(2) + [ D?u|(2 / [R(I+7e1 @ ez)| da + [ — o7
For each € > 0, set 7. := LIDj"i(Q) = quﬁ)\_fi‘
we can find u. € L{(Q;R?*) N A such that

i, = J B+ Tee1 ®e2) if z € (0,1) x (0, \e),
o R(I+ 1.y, ,noe1 ®ez) otherwise,

. Arguing as, for instance, in the proof of Lemma 4.5,

and u. — u in BV (Q;R?). Next, we show that this construction yields convergence of energies. Indeed,
we have

lim E°(u.) = lim (/ |7.| d +/
=0 =0\ J(0,1)x (0,)¢) Q\(0,1)x (0,\e)

=10 =+ [l do+a10] = 1D7ul@) + [ 1l de+al0] = B (w.

7
A

Levi 4o+ 81 Rer s

Step 2. We assume next that u € L(Q;R?) N Al is an SBV-function with a finite number of horizontal
jump lines and with constant upper and lower approximate limits on each jump line.

In this setting, Vu = R(I+ve, @ e2) with R € SO(2) and v € L'(Q) with 8,y = 0, J, = J;_,(0,1) x
{a;} with/ € Nand -1 <a; <az < -+ <ap <1, Diu= Zle(1ﬁi+ — 7 ) ®@eaMH[((0,1) x {a;}) with
z/}ii € R? satisfying (] — ;)||Re; for all i € {1,...,£}, and D°u = 0. Hence,

L
Du = R(I+ve1 @ e2)L?[Q+ ) (&7 — 1) @ eaH'[((0,1) x {a;}) (6.13)

i=1
and

| D*ul (92 Z [k

As in the proof of Proposition 4.7, the idea is to perform a construction similar to that in Step 1
around each jump line but accounting for the possibility that one or more of the jump lines may not
intersect eYgor N €.

Fix i € {1,...,} and € > 0, and let k! € Z be the integer such that a; € e[xl, . + 1). Since a; # a; if

i # j, we may assume that the sets {6[/16, k% +1)}; are pairwise disjoint for all € > 0 (this is true for all

¢ > 0 sufficiently small). Then, we take u. € L}(Q;R?) N A. such that

Ty — 4 BRI+ ier @ es) in (0,1) x e(kt, KL + A),
) R(I+ 31y, n0€1 ®e2) otherwise,
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. + g
where 7¢ = Li% with ¢; := sign(();" — ;) - Re1) € {£1}. As in the proof of Proposition 4.7, we
obtain that

£ 1
gi_% Vuep de = Z/ Li|’(/}i+ — 7 [(Re1 ® ea2)p(z1,a;) day +/ R(I+ ve1 ® ez)p dx (6.14)
Q =10 Q

for all ¢ € Cp(£2). Recalling (6.13) and the equalities ;" — ;= ;|1 — 7 |Rey for i € {1,..., ¢}, (6.14)
shows that Du. = Du in M(£;R?>*2). Hence, u. — u in BV (Q;R?).

Finally, proceeding exactly as in Step 1, we conclude that this construction also yields convergence of
the energies. This ends Step 2.

Step 3. We consider now the general case u € L§(Q;R?) N Al

Similarly to the beginning of the proof of Proposition 4.9 (see (4.28)), we can write

u(xz) = x1Rey + ¢o(x2) + ps(x2), =€,

where ¢q(22) := z2Reg + V4(x2)Rer + ¢ and ¢4(w2) := J4(x2) Rer. Note that ¢, € Wh(—1,1;R?) and
¢s € BV (—1,1;R?) is the sum of a jump function and a Cantor function; in particular, ¥ = 9/, and
D¢s = D3¢ (see (2.4)). Moreover,

Vu=Re; ®e1+ Vo, @ex = R+ e1 @ex) = R(I+9e1 ® ea),
D*u = L£'](0,1)®D¢s,, (6.15)
|D*ul| 2 = Lt [(0,1)®|Ds.

By Lemma, 6.1, there exists o € L|1Ds (—1,1;R?) with |g| = 1 such that

ul

D*u=(¢®e2)|D°ul and o= (0- Re1)Res. (6.16)
Let g, € C*°([—1,1]) be such that
lim / lon(z2) — o(z2)| d|D%u|(z) = 0. (6.17)
h—o0 Q

Since |g| = 1, we can choose such a sequence so that |gp| < 1.
Due to the properties of good representatives (see [2, (3.24)]) and [19, Lemma 3.2], for each n € N,
there exists a piecewise constant function ¢,, € BV (—1,1;R?), of the form

2%
On = Z b?XA;H
=0

where £,, € N, (b)), C R2, and (A7)~ is a partition of (—1,1) into intervals with sup A? = inf APy,
satisfying
L
Jp, = U{a?} with a}' :=sup A} 4,

=1
nll_{go ||¢n - ¢S||L1(71,1;]R2) =0, (6'18)
lim [Dénl(—1,1) = lim |D7¢n|(—1,1) = |Dés|(~1,1) = |D*u|(%). (6.19)
n— oo n—00

Indeed, (6.18) and (6.19) mean that (¢,)nen converges strictly to ¢s in BV (—1,1;R?), which implies
that

[Dén| = |Dgs|  in M(~1,1), (6.20)
see [2, Proposition 3.5].
Finally, for n € N, we define
Uun(x) := 1 Rey + ¢da(2) + dn(x2) + ¢, x € Q,

where ¢, € R? are constants chosen so that fQ u, dz = 0. Note that ¢, — 0 as n — oo by (6.18).
Moreover, for each n € N, the map u,, € L}(€2;R?) has the same structure as in Step 2 apart from the
condition (u;} — u,,)||Re1 on J,, , which a priori is not satisfied. Choosing (' := gp(al') - Re1, we can

n?
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invoke Step 2 up to, and including, (6.14) to construct a sequence (u™"). C L3(;R?)NWH1(Q;R?) that
satisfies for all ¢ € Cy(£2),

lim Vu" hp dae = Z/ on(al) - Rey)|b} — bi 1|(Re1 ® ea)p(x1,al) day
e—0
(6.21)
+ / R(I+ ¥, (z2)e1 @ e3)p dx.
Q

We conclude from (6.15), (6.16), (6.17), (6.18), (6.20), and the Lebesgue dominated convergence theorem
that

hll}ngonli)ngoz:/ on(al) - Rey)[bl — b7 |(Rey @ e2)o(wr, a?) day

= lim lim / / (on(s) - Rex)(Rer @ ea)p(a1, 22) d| Db () dy
h—oon—o0 Jq _1

(6.22)
1
= lim / / (onla2) - Rea)(Res © ea)io(o,2) 4| Do ()

h—o0 Jo

- /Q(Q(Jiz)'Rel)(Rel®€2)<Pd|Dsu| - / (0(x2) ® e2)p d|DPu| = / oD%,

Recalling that |gp(al") - Re1| < 1, we can further argue as in Steps 1 and 2 regarding the convergence
of the energies to get

e—0

lim sup ES (") < B (u,) /w’ 22)| dz + | D6, (~1,1) + 3]0 (6.23)

:/ 10/ (2)] A + [ D7 | (1, 1) + 5]92. (6.24)

Letting n — oo and h — oo in (6.21) and (6.23), from (6.22), (6.19), and (6.15), we conclude that for
all S CO( )7

lim lim lim [ Vu™"p dz = / ¢ dDu, (6.25)

h—oon—00e—0 Jq Q

lim sup lim sup hmE‘s( nhy < / [0 (z2)| dz + |D*u|(Q) + 6|Q| = E°(u). (6.26)
h—o0 n—oo &7 O

Owing to the separability of Cy(2) and (6.25)—(6.26), we can use a diagonalization argument as that
in [25, proof of Proposition 1.11 (p.449)] to find sequences (h. ). and (n.). such that he, n. — oo ase — 0
and 1, = ul=te € LE(Q;R?) N W1(Q;R?) has all the desired properties. O
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