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ABSTRACT. We investigate properties of minimizers of a variational model describing
the shape of charged liquid droplets. The model, proposed by Muratov and Novaga,
takes into account the regularizing effect due to the screening of free counterionions in
the droplet. In particular we prove partial regularity of minimizers, a first step toward
the understanding of further properties of minimizers.

1. INTRODUCTION

1.1. Background and description of the model. In this paper we investigate the regu-
larity of minimizers for a variational model describing the shape of charged liquid droplets.
Roughly speaking, the shape of a charged liquid droplet is determined by the competition
between an “aggregating” term, due to surface tension forces, and to a “disaggregating”
term due to the repulsion effect between charged particles.

Several models proposed in literature are based on this principle. Among them, one of
the simplest and most used assumes that charged droplets are stationary points for the
following free energy:

Q2
C(E)

Here, E C R? corresponds to the volume occupied by the droplet, P(E) is its perimeter,
Q is the total charge and

1l L[] dp@)duly) _
(1.2) CE) f{4ﬂ// T—g ptu C E, u(E) 1},

takes into account the repulsive forces between charged particles. Note that p can be
though as a (normalized) density of charges and that C(E) is the classical Newtonian
capacity of the set E. In particular one assumes that the optimal shapes are given by the
following variational problem:

(1.1) P(E)+

. Q?

(1.3) lg‘uzr%/P(E) + cm)
Heuristically, one expects the perimeter term to dominate for small value of the charge @
thus forcing the droplet to have a spherical or almost spherical shape, while the repulsion
term should become dominant for large values of (), thus leading to the formation of
singularities and/or to the ill-posedness of (1.3). This heuristics is confirmed by the
perturbative analysis of (1.1) around a spherical shape. This computation, performed for
the first time by Lord Rayleigh in 1882, [22], shows that the spherical droplet is linearly
stable only for ) smaller than a critical threshold. This is known as the Rayleigh criterion.

The transition from a stable to an unstable behavior of spherical droplets has also been
verified experimentally, starting from the work of Zeleny at the beginning of 1900 [29] (in

a slightly different context). More precisely, it has been observed that a spherical droplet
1
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exposed to an electric field, remains stable until the total charge is below a critical value
Q. > 0, while, as soon as @ exceeds Q. the droplet changes its appearance and the surface
start to develop singularities, the so called Taylor’s cones, [26]. Whenever @) > Q. a very
thin steady jet composed by small but highly charged little balls is formed, [28, 9, 23, 10].

In spite of the interest of (1.3) in applications, a rigorous mathematical study of this
model has been only performed in the last years, mostly thanks to the work of Goldman,
Muratov, Novaga and Ruffini, see [15, 20, 17, 21, 16] and references therein.

The starting point of their analysis is the following remarkable and somehow disap-
pointing observation: Problem (1.3) is always ill-posed. More precisely, in [15], it is shown
that

inf P(E)+ o

=V C(E) P(BY),

where BV is the ball of volume V. Since BY is a competitor for the variational problem ,
this clearly implies that there are no minimizers of (1.3).

The above equality is obtained by constructing a minimizing sequence consisting of
a ball of roughly volume V together with several balls with vanishing perimeter and
volumes and very high charge escaping at infinity. Hence, on the mathematical side, the
phenomena observed by Zeleny appears for every value of the charge. Let us also remark
that ill-posedness of (1.3) is shown also if one assumes that all the set involved in the
minimization problem are a-priori bounded, [15, Theorem 1.3].

It then becomes natural to investigate the local minimality of the ball, at least for
“small” perturbations and small values of ). In [15, Theorems 1.4 & 1.7] the linear
stability of the ball in the small charge regime, is upgraded to local minimality in a
sufficiently strong topology. On the other hand Muratov and Novaga showed that the ball
is mever a local minimizer of (1.3) under (smooth) perturbation which are small in L>,
[20, Theorem 2]. We also refer the reader to [17] where well-posedness is recovered under
suitable geometric restrictions and to [21] for the case of “flat” droplets.

The main phenomena driving to the ill-posedness of (1.3) is the possibility of concen-
trating a high charge on small volumes. In order to avoid this situation, in [20], Muratov
and Novaga proposed as a possible regularization mechanism the finite screening length
in the conducting liquid , by introducing the entropic effects associated with the presence
of free ions in the liquid, see also [8, 27] for a related model. They suggested to consider
the following Debye-Hiickel-type free energy (in every dimension)

n

(1.4) F(E, u,p) = P(E)+Q2{/ aE|Vu\2dx+K/p2dx}.
E

Here
ag(x) :=1ge + Blp,

where 1p is the characteristic function of a set F' and S > 1 is the permittivity of the
droplet. The (normalized) density of charge p € L?(R"™) satisfies

(1.5) plpe =0 and /p =1,

and the electrostatic potential u is such that Vu € L?(R") and

(1.6) —div (ag Vu) = p in D'(R").
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K > 0 is a physical constant related to the model.!
The variational model proposed in [20], where one assumes a-priori that all the sets are
contained in a fixed (large) ball Bg, is the following

(1.7) min {F(E,u,p) : |E| =V, E C Bg, (u,p) € A(E)},
where we have set
(1.8)  A(E) := {(u,p) € D'(R™) x L*(R"): u and p satisfy (1.6) and (1.5)},

and
Wl ,2 (R")

Dl(Rn) = C(R) H‘P”Wu(Rn) = HV<PHL2(RH)-

Note that the class of admissible couples A(F) is non-empty only if n > 3, for this reason
this assumption will be in force throughout the whole paper, see also Remark 2.2.

Thanks to the a-priori boundedness assumption £ C Bpg, existence of a minimizer in
the class of sets of finite perimeter can be easily shown, see [20, Theorem 3].

Note that the presence of the L? norm of p in the energy is exactly what prevents the
concentration of charges. Indeed, if one assumes that 8 = 1 so that (1.6) reduces to

—Au = P

then the minimization problem (1.7) can be written, in dimension n = 3 as

dxdy
i P(E 2 mi + K 2.t.1c:O/:1
L (E)+Q mln{ // |x_ /p s.t. plg e ,

which should be compared with (1.2) and (1.3). In view of this we also note that, on the
mathematical ground, the variational problem (1.7) can also be considered as an “inter-
polation” between the classical Otha-Kawasaki problem, and the free-interfaces problems
arising in optimal design studied for instance in [3, 18, 6, 12].

1.2. Main results. Once existence of a minimizers of (1.7) is obtained it is natural to
investigate their qualitative and quantitative properties, also to understand to which ex-
tent the predictions of model agree with the observed phenomenology. In particular the
following questions arise, compare with [20]:

Is every minimizers smooth, at least outside a small singular set?

Which is the structure of (possible) singularities of minimizers? Do they agree with
Taylor’s cones??

Is it possible to show existence/non-existence of minimizers removing the a-priori con-
finement assumption?

Can one show that for small value of the charges minimizers of (1.7) are balls in agree-
ment with experimental observations?

In this paper we address the question of regularity of minimizers. Our main result is
the following partial regularity theorem:

1Actually in [20], the energy (1.4) is written as

/80 2 2
Vul” d K d
oP(E )+Q{ /naE| u|” dx + /Ep m}

for suitable parameters o and B9 and the relation (1.6) is replaced by — S div (aE Vu) = p. However it is
easy to see that the parameters o and Sy can be absorbed in @ and K, see also the discussion below.

2Note that this is possible only if 8 is large compared to 1, see the discussion at the end of this
introduction and Remark 4.6
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Theorem 1.1. Let n > 3 and B > 0. Then there exists n = n(n, B) > 0 with the following
property: if E is a minimizer of (1.7) with B < B then there exists a closed set Xp C OF
such that H"17(Sg) = 0 and OF \ ¥ is a CY manifold for all ¥ € (0,1/2).

As it is customary in Geometric Measure Theory, the proof Theorem 1.1 is based on an
e-regularity result which is interesting on its own. In order to keep track of the various
dependence on the parameters let us first fix some notations, which will be useful also in
the sequel. For £ C R™ we define

1.9 Gsk(E):= inf {/ a Vu2+K/ 2},
(1.9) 8.k (E) e Uan e|Vu| P

where the set of admissible pairs A(FE) is defined in (1.8) (if the dependence on the
parameter is not relevant we will simply write G). Since

(u,p) € A(E) = <A2_"u<i),)\_"p<i)) € A\E),

one has
Gs e (AE) = NG i (E).
Setting
Fs.x.0(E) = P(E) + QG5 k (E),
one gets
fB,K,Q(E) = Al_nfﬂ,K)@,QAQn{s (\E).

In particular, by replacing K and @ with K(wy/ V)% and Q(wp/ V)k% Wwe can assume
that V' = |Bj| =: w,. Namely, for R > 1 we will consider the following problem

(Pax.a.n) min { Fs i o(E) : |E| = |Bi], E C B},

Furthermore, given a set of finite perimeter E we define the spherical excess at a point x
and at scale r > 0 as

: 1 ve(y) — vl
= f dH"
eE(iB, 'l“) yelélnfl ,rn—l /8*EOBT(x) 9 H (y)7

where, 0*E is the reduced boundary of E, vg is the measure-theoretic unit normal to OF,
see [19], and B,(x) is the ball of center x and radius r. We also define the normalized
Dirichlet energy as

1
Detar) = or [ (9usl®

where up is the minimizer in (1.9), whose existence and uniqueness can be easily proved,
see Proposition 2.3 below. With these conventions, the e-regularity results can be stated
as follows, see also Theorem 8.1 below for a slightly more precise statement,

Theorem 1.2. Givenn >3, A >0 and ¥ € (0,1/2), there exits ereg = €reg(n, A,9) >0
such that if E is minimizer of (P .k,o.r) with Q + 5+ K + % <A,z € 0F and

r+eg(x,r)+ Dp(z,r) < &reg,
then E N B(x,r/2) coincides with the epi-graph of a C*Y function. In particular OE N
B(x,r/2) is a C*Y (n — 1)-dimensional manifold.

Let us conclude this section with some remarks:

First beside its intrinsic interest, combining Theorem 1.2 with the analysis of the lin-
earized energy around a ball one can show show that the balls uniquely minimize (Ps i, r)
for small value of ). This will be addressed in a forthcoming paper.
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Second we note that the dimension of the singular set in Theorem 1.1 depends only on
the gap between the two permittivity constants and not on the other parameters appearing
in the model. On the other hand the “regularity scale” in Theorem 1.2 depends on all
the parameters involved. A similar fact has been observed in the context of free interfaces
models in [6, 12].

Finally, it seems reasonable to expect that C'V regularity of OF can be upgraded to
C* smoothness by some bootstrap argument. We leave this interesting question open.

1.3. Strategy of the proof and structure of the paper. Though the energy we are
considering has a certain similarity with those studied in optimal design problems, the
fact that the minimization problem in definition (1.9) is performed only among admissi-
ble pairs (u,p) € A(E) makes very difficult to make local perturbations. In particular,
problem (Ps k.o r) has (a priori) no local scaling invariance. For this reason in Section 2
we study carefully the energy G(F) and its minimizers (ug, pg). Moreover we establish
boundedness of ugp and pg .

In order to study the regularity of minimizers one needs to perform local variations
and hope that these gives localized (or almost localized) changes of the energy. This
is not completely evident due to the presence of a volume constraint and to the non-
local character of G. As, it is well known, the volume constraint can be relaxed into a
“perturbed” minimality property of minimizers. In order to have estimates uniform in the
structural parameters it will be important to have this “perturbed” minimality property
uniform in the class of minimizers. In Section 3 we start studying how the energy varies
according to a flow of diffeomorphism, which will be important in performing small volume
adjustments and we establish the Euler Lagrange equations for minimizers. In Section 4
we prove the perturbed minimality property and we study the behavior of the energy under
local perturbations. In Section 5 we prove the compactness of the class of minimizers in
the L! topology, which though not used in the proof of our main results is interesting by
its own.

The next step consists in establishing local perimeter and volume estimates for the mini-
mizers of (Pg 0. r). Usually these estimates are easily obtained by combining minimality
with local isoperimetric inequalities. Here, due to the non-local character of the energy
term G(E) and the absence of a natural scaling invariance of the problem, more refined
arguments are required. In particular we will first show that the energy G is monotone by
set inclusion. This implies that F is an outer minimizer for the perimeter and leads to
upper perimeter bounds and lower density estimates for E€. Estimating the density of FE
is instead more complicated and requires to perform an inductive argument showing that
if £ has small relative measure in a ball B,(x), then the Dirichlet energy of up decays
enough to preserve this information at smaller scales, leading to a contradiction. In doing
this, higher integrability of the gradient of minimizers of G plays a key role. Local density
estimates are obtained in Section 6 together with the boundedness of Dg(z, 7). This fact
combined with the local density and perimeter estimates allow somehow to recover the
scaling invariance of the problem.

The main step of the proof of Theorems 1.1 and 1.2 is the decay of the excess established
in Section 7. Once the local scaling invariance of the problem is recovered, the proof
Theorem 1.2 follows the classical De Giorgi’s idea of harmonic approximation. Namely we
will show that in the regime of small excess and small normalized Dirichlet energy, OF can
be well approximated by the graph of a function with “small” laplacian. This leads to the
decay of the excess which, thanks to the higher integrability of Vug, in turn also implies
the decay of the normalized Dirichlet energy and eventually allows to conclude the proof.
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In Section 8 we prove Theorems 1.1 and 1.2. Theorem 1.2 will be an immediate conse-
quence of Theorem 7.1 (see also Theorem 8.1 for a more quantitative version). Theorem 1.1
is proved by following the strategy of [12] where one combines the the e-regularity result
with the higher integrability of the Vug and the classical regularity theory for minimal
surfaces.

Let us remark that most of the above described difficulties arises only in the case when
is relatively large compared to 1. Indeed in the regime f—1 < 1, Cordes estimates, see [4],
imply that Vug belongs to LP with p large. In this case Holder inequality immediately
gives that the energy term G is lower order with respect to the perimeter at small scales. E
will then be an w-minimizer of the perimeter and the regularity theory follows for instance
from [25], see Remark 4.6. In particular in this case one obtains full regularity in n = 3,
thus excluding the formation of Taylor’s cone singularities. This phenomena was already
observed in [24] for a different model of charged droplets.

Acknowledgements. The work of G. D. P. and of G. V. is supported by the INDAM-
grant “Geometric Variational Problems”.

2. PROPERTIES OF MINIMIZERS OF G

In this section we start establishing some basic properties of minimizers of G. We start
with the following easy lemma. Here and in the following let 2* := 2n/(n — 2) (recall that
we are always working with n > 3).

Lemma 2.1. Letn >3, 8> 1 and let A : R" — Sym,,(R") be a symmetric matriz valued
function such that

Id < A(x) < pId for all x € R™.

Then for every p € L2 (i.e. the dual of L?") there exists an unique u € D' (R™) such
that

—div(AVu) = p.
Proof. Recall that for u € D'(R™) one has the following Sobolev inequality
2+ < S(n)[[Vul 2.

I

In particular by the assumptions on p and A the energy

1
5(1}):2/AVU-VU—/;)U,

is finite. By Young’s inequality £(v) is bounded from below by ||Vvl|3, — C(n)||p||%2*)/.
Direct methods of the calculus of variations imply the existence of a unique minimizers
which is the desired solution. Furthermore for the solution we have

veglli(rﬂlgn)g(v) =E&(u) = ;/AVUVU = ;/pu

O

Remark 2.2. In dimension n = 2 the above lemma is easily seen to be false, indeed even
for a smooth and compactly supported p, the solution of

—Au = P

does not in general satisfy Vu € L?.
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By the above lemma , if |E| < oo the couple (u, p) defined by
B
is admissible, (u,p) € A(F). By testing the equation by u and using the Sobolev embed-
ding, we then get

P —div(agVu) = p,

1

2%
/ ap|Vul? = ][ u< <][ u2*> - SE(”R Va2
n E E‘ 2*

In particular (recall 8 > 1)

(2.1) G(E) < /aEVu|2—|—K/p2 < C(n,B,K,1/|E|).

Proposition 2.3. Let E C R" be a set of finite measure. Then there exists an unique
pair (ug, pr) € A(E) minimizing Gg k (E). Moreover

(2.2) up + Kpg = Gs,ix(F) in B

and

(2.3) 0<up <Ggr(F) and 0< Kpg <Gsk(E)lEg.
In particular pp € LP for all p € [1,00] and

(2.4) loslly < C(n, B, K, 1/|E).

Proof. Existence of a minimizer is an immediate application of the Direct methods in the
Calculus of Variations. Uniqueness follows from the convexity of the admissible set A(FE)
and of the strict convexity of the energy

() [aslVuP + K [ 4
Let now ¢ € C°(R™) be such that

(2.5) blpe =0, /¢ = 0.
Let v € D'(R™) be the solution of
(2.6) —div(agVv) = 1.

If (ug, pE) is the minimizing pair then (v, pe) = (ug +¢ev, pg + ) € A(E) is admissible.
Hence, by taking the derivative with respect to € of its energy we get

0= /aEquvU+K/pE¢ @9 /(uE+KpE)1/J.

Since this holds for all v satisfying (2.5) we get that ugp + Kpgp = const in E. By
multiplying this equation by pg and integrating over F we infer that the constant shall
be equal to G(FE), and this proves (2.2). In particular ug solves

E) —
(2.7) — div(apVug) = g()K“E1E.
By testing the above with (G(F) — ug)- = —min{0,G(F) — ug} we obtain

. 2
0:/ aE\VuEIde—F/ Mdm,
{G(B)<ug} {G(B)<u} K
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which implies the second half of the first inequality in (2.3). Testing (2.7) with u_ =
—min{0,u} we obtain the first half. The second inequality in (2.3) follows now from the
first and (2.2). Inequality (2.4) follows from (2.1). O

We establish now the monotonicity of G with respect to set inclusion. We start from
the following lemma.

Lemma 2.4. Let A, B : R" — Sym,,(R") two symmetric matriz valued functions such
that 1d < A(z) < B(z) for all z € R™. If p € LZ)'(R™) and u,v € D*(R™) are the unique
solutions of

(2.8) —div(AVu) = p and — div(BVv) = p, in D' (R™),
then
(2.9) 2/ (B—A)Vv-Vuvdr + BVv-Vuvdr < AVu-Vudz.

In particular

/ BVuv-Voudr < AVu-Vudz.

Rn
Proof. Let £4 and Ep be the following functionals defined on D! (R™):
1
Ealw) == 3 AVw-dea:—/ pw dz,
]Rn n
1
Ep(w) = 2/ BVw - Vwdzx —/ pwdx.

Hence £4(w) < Eg(w) for every w € DY (R™). Since the solutions of (2.8) are minimizers
of these energies, compare with Lemma 2.1, we have

Ea(u) = min €4 < min Ep = Ep(v).

D1(Rn) D1(Rn)
Then 1 )
—3 AVu-Vudr =E4(u) < Ep(v) = —= BVv-Vudz,
Rn Rn
and
1
—2/ BVv-Vvdr = / BVv-Vudz —/ pv dx
:/ (B—A)Vv-Vudzr + AVU-Vvda:—/ pv dx
n R” n
1
2/ (B—A)Vv-Vvdx—i AVu - Vudz,
n Rn
concluding the proof. O

The following corollary is an immediate consequence of the above lemma.
Corollary 2.5. Let E C F C R" be two sets of finite measure. Then
Gpx(E) > Gg k(F)
Proof. Let (ug, pg) be the optimal pair for E and let v be a solution of
—div(arVv) = pg.

Then (v, pg) is admissible in the minimization problem defining Gg x (F'), hence

Gsc(F) < [arlVeP + K [ g < [aplVusP + K [ o =Gs(E)
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where the last inequality follow from Lemma 2.4. O

We conclude this section by proving the continuity of G under L' convergence. Recall
that given two sets E and F', EAF := (EUF)\ (ENF) is their symmetric difference.

Proposition 2.6. Let {E} be a sequence of sets with |Ey| =: Vi, = V > 0 and let E
be such that |Ey,AE| — 0, so that in particular |E| = V. Assume that S, — B and that
K; — K. Then

gﬁh»Kh (Eh) — gﬁzK(E)'
Moreover, Vug, and pg, converge in L? to Vug and pg respectively.

Proof. Note that by (2.1)
(2.10) sup Gg, Kk, (En) < +00.
h

Thus

sup/ |Vth|2+/ pQEh < 00.
h JR™ R

L2
ag, =:ap —> O = 1ge +,31E.

Moreover

In particular, if (up,pn) = (uE,, pE,) is the minimizing pair for Gg, g, (E), then up to
subsequence there exists (u, p) such that

L? L? L?
Vup = Vu, apVup = agVu, Ph = p-

Since (up,ppn) are in A(E}), one immediately deduces that (u,p) € A(E) and thus, by
lower semicontinuity,

Gk (E) < /aE]Vu\Q—i—K/pQ glif{ninf/ah]VuhP—l—Kh/pz.
—00

To prove the opposite inequality we take (ug, pg) to be the minimizing pair for G i (F)
and we define (wp, pr) € A(E}) as

pn =0npele,,  —div(aaVwp) = pp,
where o), — 1 is such that [ p, = 1. Since
—div(apV(ug —wy)) = —div((ap, — ag)Vug) + pp(lp — O'hlEh),
by testing with ug — wy, and by exploiting the Sobolev embedding we obtain

IV (ug —wp)||3 < /]R an(Vug — Vwy) - (Vug — Vwy,)

= /(ah —agp)Vug - V(ug —wp) + /PE(lE —oplg,)pE(up — wy)

< (an — ag)Vugll2|V(ug —wp)ll2 + Sull(pe(1E — onlE,) 2]V (ue — wh)|2.

Then Young’s inequality implies that ||V (ug —wp)||2 — 0. Since also ||pn, — pe|l2 — 0 and
(wn, prn) € A(E}p), we get that

limsupggh’;{h(Eh) < lim/ ah|th]2+Kh/ Z)%

h—o0
:/ aE|qu\2+K/ p? =G k(E).
n ]Rn

Strong convergence of Vug, and pg, is now a simple consequence of the convergence of
energies. O
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3. SMALL VOLUME ADJUSTMENTS AND EULER LAGRANGE EQUATIONS

In this section we show how to adjust the volume of a given set without increasing
too much its energy which will be instrumental both to prove compactness of the class of
minimizers in Section 5 and to get rid of the volume constraint in studying regularity of
solutions of (Pg .o r), see Section 4. The “adjustment” lemma will be proved with the aid
of a deformation via a family of diffeomorphism close to the identity. Though not needed
in the sequel we also establishes the Euler Lagrange equations associated to (Ps i 0. r)-
We start with the following lemma.

Lemma 3.1. For every n € C°(Br;R"™) there exists to = to(dist(sptn,0Bgr) > 0 such
that {@i )<ty defined by @i(x) := x +tn(x) is a family of diffeomorphisms of Br into
itself. Moreover for some set E C Bpg let (u, p) be a solution of

—div(agVu) = p.
Then setting
w=uop; ! and  pyi=det(Vp ) pog !,
we have
(3.1) —div (ag, A Vuy) = p
where ||A; — 1Id ||oo = O(t) and the implicit constant depends only on |[|Vn]|co-

Proof. The proof of the first part of the Lemma is straightforward. For the second we see
that for 1) € C2°, by change of variables x = ¢;(y),

/ i) Pla) do = / p)e(ei(y)) det(Veo, ) (ee(y)) det(Vipr(y)) dy
— [ ) Vuly) - o 01) () dy
— [ @) Vuly) - (Veulw) Velontw) dy
_ /n ag,Vuo ;! (Voo o)’ Vipdet Vo, ' da
_ / Can (Vo) T Vur - (Vi) TV det Vi d
:/naEt A,V - Vi da.

Where we have used the equality Vi o ¢, 1 - (Vo 1)~1 and for a matrix N we denoted
by N7 its transpose and by N=7 for (N~1)T. Hence u; is a solution of 3.1 with

Ay = det Vo L (Vo ) T (Vg ) !
By explicit computation we see that A; satisfies the desired bound. O
We now show how the energy G changes by the effect of a family of diffeomprohism.

Lemma 3.2. Let E C By; be a measurable set and let {‘Pt}\tlgto be a family of diffeomor-
phisms as in Lemma 3.1. Then

(3.2) Is.x (Et) < (1+0(t)) Gp.r(E),
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where Ey := ¢ (E) and the implicit constant depends only on ||Vn||s. Moreover
(3.3) Gk (Et) < G k(E)

Rn

+t</ aE<|VuE\2diV17 —2Vug - V'nVuE) - K 0% divn) + O(t?).

Proof. Let (ug,pr) € A(E) be a the optimal pair for Gg x(F). By Lemma 3.1 u; =
ug o ;' solves (3.1) with gy = pg o 7 * det(V; ). Let vy be the solution of

(3.4) —div (ag,Vv) =pr  in D'(R").

Step 1: We start by proving the following estimate

(3.5) / ag, (\Vvt|2 — |Vut|2) dx < O(t)/ aEt|Vut|2dx,
R” n

where the implicit constant depends only on ||V7|/s. In order to prove (3.5) we claim
that

(3.6) (/R 0, |V (g — v)|? d:n> " <o </}R aEt|Vut\2> "

Indeed assuming that (3.6) holds true and using that |a|? — [b|> = 2b- (a — b) + |a — b|? for
every a,b € R, we have

/ ag, (|Vvt|2 - ]Vut|2) de = 2/ ag,Vu - V(v — ug) dx

n

(3.7)
+/ CLEt‘V('LLt—’Ut)’Zd.T.
R™

We estimate the first term in the right hand side of (3.7). By (3.6), we find that

1/2 1/2
/ ag, Vug - V(vg —ug) doe < </ aEt|Vut|2> </ ap,|V(us — Ut)|2>

SO(t)/ ag,|Vu|? dz.
R”

By (3.7) and (3.8), we have:

/ ag, (Vul? = [Val?) dng(t)/ aEt\Vutha:—i—O(tz)/
Rn Rn

aEt]Vut\Q dzx,
Rn

which proves (3.5).
Let us now prove (3.6). By testing (3.1) and (3.4) with v; — u; we get

/ ag, Vvt~V(vt—ut)dx:/ Dt (vt—ut)dx:/ ap, Ay Vuy - V(vg — ug) dx

= / ap, (Ay —1d) Vug - V(v — uy) dx + / ag, Vug - V(v — uy) de.

n

Rearranging terms and recalling that |A; — Id | = O(t), this gives

/ ag, |V (ve —up))? do < O(t)/ [Vue — Vug| |V,
R R™

which, by Young’s inequality, implies (3.6).
Step 2: By changing of variables

/aEt|Vut]2d:c:/ [(Vipr) " Vul? det V.
Rn R
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Moreover
Vo =1d +tVn + o(t) and det Vo = 1 + tdivn + o(t),
which gives
(3.9) / o | Vg2 dz = (14 O(1)) / ap|Vul? da.
R’n n

and the more precise equality

(3.10) /aEt|Vut\2dx—/ ap|Vu|? dx
R7 R"

+ t/ aE<diV77 |VuE|2 —2Vug - Vn VuE> + o(t).
R’I’L

In the same way we get

2
p 2
3.11 /,?)Qda;:/ =(1+0(t /p dx.
(3.11) [ tar= [ Ll =avom |
Furthermore, since det Vo, = 1 + ¢t divn + o(t), we also get
(3.12) / ﬁ?dx:/ de:L'—t/ podivy + o(t).
E E E

Step 4: Since, by its definition

/515 =1, pilpe =0,

and v; solves (3.4), we see that (v, p;) € A(E:). Hence, by combining (3.5), (3.9) and
(3.11) we obtain

Goxc(Ey) < / ag, Vo2 + K / 7

< (1+0() /

aEt|Vut\2 + K/ﬁ?
R’n

< (14 0(1) ( [ aslVusP iz i [ o} dx) = (1+ 0(1))Gs (),
n E
which proves (3.2). The proof of (3.3) is obtained by combining the above argument
with (3.10) and (3.12). 0
By combining the Taylor expansion of the perimeter, [19, Theorem 17.8],

P(pi(E)) :P(E)+t/ divg n + o(t) divgn=divn —vg - Vnug
o*E

with (3.3) we obtain the Euler Lagrange equations for minimizers of (Pg i ¢ r) whose
proof is left to the reader.

Corollary 3.3. Let E be a minimizer of (P rx.0.Rr), then

/ divEn—l—/ aE(|VuE\2divn—2VuE‘VnVuE)—K phdivy =0,

for alln € Co(Bgr; R™) with [divy=0.
The next series of results are modeled after [2] and allow to do small volume adjustments

without increasing too much the perimeter, see also [19, Chapter 17]. The first lemma is
elementary.
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Lemma 3.4. Let E C R™ be a set of finite perimeter and let U be an open set such
that P(E,U) > 0. Then there ezists ¢ = ¢(E) > 0, v = y(E) > 0 and a vector field
ng € CX(U;R™) with ||n||cn <1 such that

/EdivnE >~v(E) > 0.
Proof. Since
P(B,U) = sup{ [ divnine CHURY) il < 1},
we find a vector filed such that
/Edivﬁ > P(E,U)/2.

Taking n = 17/||7||c1 we obtain the desired conclusion. O

In order to have uniform controls on the constants involved in our regularity theory, we
need to enforce the above lemma in the following one, based on a concentration compact-
ness argument. Note that this time the constants depend only on the upper bound on the
perimeter, in particular they do not depend on R.

Lemma 3.5. For every P > 0 there exist constants ¥ = 7(n, P) > 0 and § = §(n, P) such
that if R € (1,00) and E C Bp satisfies

| B1|

3|B
(3.13) = SIEl< Bl

2 )
then there exists a vector filed n € CL(Bg) with ||n]|cx < 1 such that

/ divny > 7.
E

Proof. Let us argue by contradiction: assume that there exist a sequence of radii Ry and
a sequence of sets Fj, satisfying (3.13) such that

P(E)< P,

(3.14) /E divnp =0 for all n € CH(Bp_s), with ||n]jc1 <1,
k

where § = §(n, P) is a small constant to be fixed later only in dependence of n and P. By
[19, Remark 29.11] there exist points y; € R™ and a constant ; = d1(n, P) such that

|E N Bi(yg)| > 201.
Then by taking z, € Ey, N Bi(yx) C Br, N Bi(yx) we get
‘Ek N BQ(Zk)‘ > 201 z) € BR,.

Let us now detail the proof in the case in which, up to subsequences, Ry — oo and
OBR, —1N Ba(zy) # (. The other cases are actually simpler and we explain how to modify
the argument at the end of the proof. We first note that since 9Bp,—1 N Ba(zk) # 0, we
can take 3, € OBR, such that

‘Ek N B4(a:k)| > ‘Ek N Bg(yk)’ > 207 T € 8BRk.
Now a simple geometric argument ensures that

lim sup |B4(xi) N (Bg, \ Br,-s)| — 0.
0—=0

In particular we can chose d2 = d2(n, P) such that
(3.15) ’Ek N B4(£Ck) N Bka(?g’ > 4.
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Let us now assume that, up to subsequences and a possible rotation of coordinates

Tk .

— —e

’Rk 1

where the first limit exits due to our assumption on the perimeters. In particular
BsN BRk762(_$k) — B = B4(0) N {xl < —52}

and F C B. Note that by (3.15), F # () and, since |Fy| < 3|By|/2, |B\ F| > 0. In
particular, P(F,B) > 0. By Lemma 3.4, we can find a constant v = yp > 0 and vector
field nr € C}(B; RY) with ||n||c: < 1 such that

v < / divnp.
F

For k large, the vector field ny = np(- + x) satisfies, ni, € Ce(Bpr,—s,/2)s [nllcr < 1 and
contradicts (3.14) with § = §y/2.

Let us conclude by explaining how to modify the proof in the case in which either
By(z) N OBR,—1 = 0 or R, — R < oo. In the first case instead one argue as above
by considering the set F = Ej N Ba(zx) — 2zx and by noticing that the vector fields
nk = nr (- +yx), F' = lim Fy, are compactly supported in Bg, _;/2. In the second case one
can simply reproduce the above argument. (Il

Fr = FE;N B4(l‘k) N BRk—62 —xp — F

The next proposition will be crucial in removing the volume constraint and in making
comparison estimates for minimizers of (Ps i, r). The proof is based on a concentration-
compactness argument.

Proposition 3.6. For every P > 0 there exist constants ¢ = a(n, P) >0 and C = C(n)
such that if R € (1,00) and E C Bp satisfies

B B
2 2
then for all o € (—0,5) there ezists F, C Br such that
[Fol = [El+0  and  [Fprq(Fy) — FarQ(E)| < Clo| Fsko(E).

Proof. By Lemma 3.5 we can find ¥ = 7(n,P) > 0, § = 6(n,P) and a vector field
necC, (BR—S%RH) with ||n]|cr < 1 such that

(3.16) Wg/divn.
E

Define a family of diffeomorphisms ¢; := Id 4+t 7 and note that, since dist(spt(n, 0Br) >
d(n, P), they send Bp into itself for |t| < to(n, P) . By Taylor expansion

<|p| <22

(3.17) By = |E|+t/ divry + O(2)|E|.
E
and
P(E,) = P(E) +t / dive ndH" + O(82)P(E),
*G

where the implicit constants depends only on ||V7||s < 1. Moreover

(3.18) G,k (Ey) < (1+CJt)Gs x(E),

where E; = ¢¢(F) and the constant in (3.18) depends only on ||[Vn||s < 1. Hence we can
find t; = t1(n, P) > 0 such that

(3.19) 12— 1B > 142 by 3.16)),
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and
(3.19b) \Fo.r,0(Et) — Fpr,Q(E)| < Clt[Fp k,q(E).
for every |t| < ;. By equations (3.19a) and (3.19b) we get
| Fs.k,0(Er) — Fok,q(E)| < CFak0(E)||E| - |E||.

Let g(t) := |E| and note that thanks to (3.17) and (3.16), g is increasing in a neighborhood
of 0. Take & > 0 such that (|E| —,|E| + ) C g((—t1,t1)). Then for every |o| < &
there exists t, > 0 such that |E; | = |E| 4+ 0. Setting F, = E;, we obtain the desired
conclusion. O

4. A-MINIMALITY AND LOCAL VARIATIONS

In order to study the regularity of minimizers it will be convenient to understand what
is the behavior under small perturbations in balls. In this section we start by removing
the volume constraint by showing that minizers are A-minimizer of F under small pertur-
bations. In order to keep track of the dependence of the parameters in Theorem 1.2, it
will be important that this “almost”-minimality depends only on the structural parameter
of the problem. We start thus by fixing the following convention, which will be in force
throughout all the rest of the paper:

Convention 4.1 (Universal constants). Given A > 0, we say that 5, K,Q with § > 1 are
controlled by A if

1
il < A.
B—E—K—{—K—FQ_A

We will also say that a constant is universal if it depends only on the dimension n and on
A. Finally, for two positive quantities X and Y, we will sometimes write X <Y if there
exists a universal constant C' such that X < CY and we write X 2 YV if Y < X.

Note in particular that universal constants do not depend on the size of the container
where the minimization problem is solved. Moreover we also remark here the following
elementary fact: since B; is always a competitor for (Ps i ¢ r), if E is a minimizer then

(4.1) P(E) < Fpk,q(E) < Fpko(B1) < C(n, A),

whenever 5, K, () are controlled by A.
Let us now introduce the following perturbed minimality condition.

Definition 4.2 ((A,7)-minimizer). We say that E is a (A, 7)-minimizer of the energy F
if there exist constants A > 0 and 7 > 0 such that for every ball B,(x) C R" with r < 7
we have

(4.2) Fs.k,Q(E) < Fak,o(F)+A|EAF] whenever EAF C By(x).

Remark 4.3. Note that if E is (A, 7)-minimizer than it is also a (A, 71)-minimizer when-
ever A; > A and 7, < 7. Hence there is no loss of generality in assuming that 7 < 1.

We can now establish the desired A-minimality property for minimizers of (Ps x 0 r)-

Proposition 4.4. Let A > 0 and let 8, K, Q with 8 > 1 be controlled by A and let R > 1.
Then there exist Ay, 71 > 0 universal such that all minimizers (Ps i r) satisfy

ForQ(E) < Fprq(F) + A |[EAF],

whenever F C Bg and EAF C B,(xg), r < T1.
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Proof. Clearly we can suppose that
ForQ(F) < Far(E) ST,

since otherwise the result is trivial. In particular P(F') is bounded by an universal constant
P. Let ¢ and C be the parameters in Proposition 3.6 associated to P. If 71 is chosen
small enough we have

|[EAF| < w,T] < &.
Moreover, since |E| = |Bi|, |F| € (|B1|/2,3|B1|/2). Hence we can apply Proposition 3.6
to F to obtain a set ' C Bg such that |F| = |B;| and
(4.3) FsxQ(E) < Foro(F) < (1+C||F| = |F||) Fax.o(F),
where the first inequality is due to the minimality of E. Since F3 i o(F) S 1 and
|F| = |F|| = [|E| - |F|| < |[FAE]
we obtain the conclusion for a suitable universal constant Aj.

O

We conclude this section by establishing the following “local” minimality properties of
minimizers (Ps i, r). Note that in (ii) below we are not requiring F' to be contained in
Bg.

Proposition 4.5. Let A > 0, and let 5, K,Q be controlled by A and R > 1. Then
there exist universal constants Ao and 7o such that all minimizers (735 K,Q, r) satisfy the
following two properties:

(i) for every set of finite perimeter F C E with E\ F C By(x) and r < 7y it holds:

(4.4) P(E) < P(F)+ As|E\ F| +A2Q2/ |Vug|? dz.
E\F
(ii) for every set of finite perimeter F' O E with F'\ E C By(x) and r < 74 it holds:
(4.5) P(E) < P(F)+ Ao|F \ E|.
In particular,
(4.6) P(E) < P(F) + As| EAF| + AQQZ/ \Vul|? dz,
EAF

whenever FAE C By (x) with r < 7.

Proof. We start proving (i). Let E be a minimizer and (ug, pg) be the minimizing pair
for G(E). Let F' C E be such that E'\ F' C B,(x) with » < 7y where 7 is the constant
defined in Proposition 4.4, by possibly choosing 71 smaller, we can assume that

|E| _ |Bi
4.7 F|>"— ="
(47) P> =5
Let us set
[\ r pE dz
p=(pg+Ar)lp where Ap = E\TT’

and let u be the solution of

—div(apVu) = p.
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Note that (u, p) € A(F) and thus, by using the A-minimality of E established in Propo-
sition 4.4,

P(E) +Q2</Rn aE\VuE|2d:c+K/p2E daz) < P(F) +Q2</ aF|Vu|2dx+K/p2 dm)

+AIE\ F.

n

Item (ii) will then follow if we can prove

(48) [ - siE\F

and

(4.9) / ar |[Vup|? — ap|Vu|* dz < ]E\F|+/ Vug|?.
R" E\F

To prove (4.8) we estimate

/ (0 = pp) dx = —/ pZEdﬂer/(A%Jr?pEAF)dx
n E\F F

E\F
<[ par+ B ol [ ppas
E\F IFl e\ E\F

< 2|pEl%|E\ Fl,

where in the first inequality we have used (4.7) and the definition of Ap. By (2.4), ||pE]lcc S
1 and this concludes the proof of (4.8).
Let us now prove (4.9). First note that

/aFVu|2—aE]VuE|2dx—/ ar(|Vul? — [Vup|?) dz
(4.10) 8 R
+/ (ar —ag) |Vug|* dz.

Testing the equations satisfied by ugp and u with ug and u respectively and subtracting
the result we obtain also

(4.11) / aF\Vu|2—aE]VuE|2dx:/ upd:v—/ uppg dx.
n T Rn
Subtracting (4.10) from two times (4.11) we get

/ ar|Vul* — ap|Vug|? dz = / ap (|Vug|® — |Vul?) dz
n Rn

(4.12) —I-/ (ap — ap) |Vug|? dz

+2/ updaz2/ ugpg dx.
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Moreover,

/ ar ( \Vug|> - |Vu\2) dr = 2/ ap Vu- (Vug — Vu) dx
n RTL

+/ ar |Vug — Vul|? dx
(4.13) :
= 2/ p(ug —u)dr

+ / ap|Vup — Vul? dz.
Combining (4.12) and (4.13) we then obtain:

/ aF\Vu|2—aE]VuE|2d:c:2/ (p—pE)uEda:+/ ar |Vu — Vug|* dx
n Rn

n

(4.14)
+/ (ap — ar) |Vugp|* dz.

We start to estimate the first term in the right hand side of (4.14). By using Proposition 2.3
and by arguing as in the proof of (4.8) the first term can be easily estimated as

[ (0= pyus S |E\FI
To estimate the second term in the right hand side of (4.14), we write
—div (CLF(VU — VUE)) =p—pE+ div ((aF — aE) VUE)

Therefore

/ ar |Vu — Vug|? d:):—/ (p—pE) (u—ug)dx

—I—/ (ag —ar)Vug - (Vu—Vug) dx

< llp—pel@y lu—upl|2:
1

2
+ </ (ap — ag)? yqu|2> |Vu — Vug||z.

By the Sobolev embedding and Young inequality (and recalling that 1 < ap < ), the
above inequality immediately imply

/ ap |Vu - Vugl? < /R (ar — an)? [Vupl + Ip - pplhe).

By the definition of p, the second term is < |E \ F| (note that 2/(2*)" > 1) while the first

one is less than
,82/ ‘VZLEP
E\F

Since also the third term in (4.14) can be estimated by the above integral, this concludes
the proof of (4.9).

Let us now prove (ii). Let F' D FE, note that P(FNBg) < P(F') and that (FNBgr)\E C
F\ E. Hence if we can prove (i) for subsets of Br we will get it for all sets. Let us then
assume that £ C F C Br. By A-minimality of E

Fo.xQ(E) < Fpro(F) + A\ E|.
Since, by Lemma 2.4, Gg g (E) > Gg i (F) the conclusion follows. O
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Remark 4.6. We record here the following simple consequence of (4.6). Assume that
|Vug|? € LP, then (4.6) and Hélder inequality imply that for F such that FAE C B,(z)
with r < 75,

P(E) < P(F) + A2|EAF| + A2Q2/ \Vul|* de
EAF

n

1 _
< P(F) + Ao| By| + 05Q%|B. |77 | Vug|3, < P(F) + Cr" v
In particular if p > n, then n — % > n—1 and thus F is a w minimizers of the perimeter in

the sense of [25]. Hence OF is a C'' manifold outside a singular closed set ¥ of dimension
at most (n—8). Note that by Cordes estimate, [4], the assumption |Vug|? € LP withp > n
is satisfied wherever 8 — 1 < 1. In particular, in this regime, Taylor cones singularities
are excluded in R3.

5. COMPACTNESS OF MINIMIZERS

In this section we prove that the class of minimizers of (Ps x g r) is a compact subset
of L', this is not really necessary in the proof of the main result, but we believe it can be
interesting by its own.

Proposition 5.1. Let K;,,Qn € R, B, > 1 and Ry, > 1 be such that
Kp—-K>0, fp—=p2>1, R,—>R>1, Qn—Q=>0.

For every h € N let E}, be a minimizer of (Ps .o r) (with 5, K, Q, R replaced by By, Kp, Qn, Ry,
then, up to a non relabelled subsequence, there exists a set of finite perimeter E such that

(5.1) |[EAEL| — 0.
Moreover E is a minimizer of (Pp k,0.r) and
FoxQ(E) = im Fs, k,.0u(En)  P(Ep) = P(E).
Proof. Since if R, = 1 for all h the problem is trivial (recall that |Ep| = |Bi|) we can

assume that Ry and R are strictly bigger than one. Moreover B; is always an admissible
competitor and thus,

limhsup F B K, Qn (En) < ]imhsup F B Kn.Qn (B1) =C(n, K, Q, B).
In particular the perimeters of Ej, are uniformly bounded and since all the sets are included
in, say, Bop there exists a non relabelled subsequence and set £ C Bp such that (5.1) hold

true. Since the perimeter is lower-semicontinuous and, by Proposition 2.6, G is continuous
we also get that

(5.2) Fp.r.@(E) < liminf F, 1, 0, (Ep)-
We now show that E is a minimizer. For let F' C Bg with |F| = |By|. Since R, — R,

we can find A, — 1 such that Fj, := \,F' C Bpg,. Clearly, Fj, = F, |F},| = |F| + o(1) and
P(F)) = P(F) + o(1). Thus

(5.3) Fo..Q(F) = Fay kn.Qu (Fn) + o(1).

By Proposition 3.6 applied to Fj we can find sets F}, C Bp, such that |Fy| = |Bi| and
Fnn.Qn(Fn) = Fpy16,.Qu (Fn) + 0(1) = F ke (F) 4 o(1).

where in the last equality we have used (5.3). By minimality of E}, we get

Faniin@n(En) < Fap inan(Fn) = Fo x,0(F) + o(1),
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which combined with (5.2) implies the minimality of E. By choosing ' = F we also deduce
the convergence of the energies and, by Proposition 2.6, this implies the convergence of
the perimeters. O

6. DECAY OF THE DIRICHLET ENERGY AND DENSITY ESTIMATES

6.1. Decay of the Dirichlet energy. Following [12], in this subsection we establish an
almost Lipschitz decay for the Dirichlet energy of up in certain regimes. Namely when
the set or the complement almost fill a ball or when the set is very close to an half space.

We start by recalling the following higher integrability lemma for solution of (1.6) The
proof can be found for instance in [14].

Lemma 6.1. Let E be set of finite measure and let (u,p) € A(E). Then there exists
C =C(n,B) and p = p(n, B) > 1 such that for all balls B,(x) C R"

p
(6.1) ][ \Vu|? dx < C { (7[ |Vu|? dx) + %P ][ PP dm} .
By (x) Bar(x) Bar(z)

Furthermore, the constants C' and p depends only on an upper bound for 3.

We start with the following elementary lemma where the optimal decay is obtained in
some limit situations.

Lemma 6.2. Let f > 1 and p € L>®(R™). Then here exists a dimensional constant
C = C(n) such that:

(i) if v € WY2(B,(x)) is a solution of
—Av = Py
then for all X € (0,1)

(6.2) ][ |Vo|?dz < C ][ \Vo|? dz + %TQ loll%.
Bir(x) By (z) A

(i) If v € WY2(B,(z)) is a solution of
—div(agVv) = p, ag = Bly + 1ge,
where H := {y e R" : (y — ) - e < 0} for some e € S""'. Then for all X € (0,1)

(6.3) 7[ Vo2 de < C ][ an| Vol dz + S0 [ pl2.
By, (a) By () A

Proof. We just prove point (ii) since (i) is a particular case (and well known). By scaling
and translating, we can assume without loss of generality that x = 0 and » = 1. Let w be
the solution of

{— div(agVuw) = 0 in B,
w=uv on 0By,
so that u = v — w solves
{— div(agVu) = p in By
u=0 on 0B;.

By multiplying the last equation by u, applying Poincaré inequality we obtain

1
2
/ arg|Vul? < |lpllzllullz < CO)llpllsol Vull2 < C(n)llplo </B aHIVW) :
1

B1
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where we have used that ag > 1. Hence

(6.4) / ag|Vv — Vw|* = / ap|Vul* < Olp|/3.
By

B1

Moreover, by [12, Lemma 2.3],

][ aH|Vw|2§][ ap|Vwl|?.
B)\ By

Hence,
][ ap|Vo* < 2][ aH|Vw|2+2][ ax|Vv — Vwl|?
By B B
(6.5) < 2][ aH]Vw|2+2][ ap|Vv — Vwl|?
By By
§4][ aH|Vv|2—|—2][ aH|VU—Vw|2+4][ ag|Vu — Vwl|?.
B1 B)\ Bl
which together with (6.4) concludes the proof. O

As in [12], we now exploit the higher integrability of Vug recalled in Lemma 6.1 to
obtain an “almost version” of the above decay.

Proposition 6.3 (Decay of Dirichlet energy). Let 3 > 1 then there exists a constant
C = C(n, B) with the following property: if E C R™, u and p satisfy

—div(agVu) = p, agp = Pl + 1ge,
then for all X € (0, %) there exists eg = eo(\, B) > 0 such that

v |EN By ()| |Br(x) \ E|
N Br(x r(
either — = <e or ———— < ¢p,
By(w)|  — " [Bp(x)] =
then
2 2 Cr? 2
f o VusPdr<Cf  VupPdot ool
By (2) B, (2) A
(ii) If

(BAH) N B, ()
|Br ()|
where H := {y ER": (y—z)-e< 0} for some e € S, then

2 2 Cr? 2
|Vul|*de < C Vul*dr + —||pl|%-
Ban() B.(x) A

Moreover the constants C and gg can be chosen to depend only on un upper bound on (3.

< €0,

Proof. We detail the proof of item (ii). Item (i) can be obtained in a similar way and we
sketch the argument at the end of the proof. Without loss of generality, by scaling and
translating, we can assume x = 0 and r = 1. Let A € (0,1/2) be given and let v the
solution of

—div(agVv) = p in By o
v=u on 9By ;.
where ag = 1y + 1pge. In particular, w = (u —v) € W01’2(B1/2) and
—div(agVw) = —div((ag — ag)Vu).
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By testing the above equation with w and using Young inequality we get
/ |Vu — Vo|* < / (ap — ag)?|Vul® < (8 — 1)2/ |Vul?.
Bi/g By /o (EAH)NBy /2
Exploiting the higher integrability of Lemma 6.1 we then get

1-1 %
/ |Vu —Vol? < (8- 1)%(EAH)N By| " » / |Vu|?
B2 By /2

1—1

< C(n, B)|(EAH) N B[+ / Vul? < C(n, B)ey ? / IVl
B1 Bl

Since the decay estimate (6.3) apply to v, we can argue as in the proof of 6.5 to obtain

1

1
0 [ pup
B

AT AT

Choosing ¢y = go(n,A) < A sufficiently small we conclude the proof of (ii). The proof
of (i) can be obtained in the same way by comparing u to a solution of —Au = p (or
—BAu = p) and by using (6.2). O

][ Vu?> < C |Vul|? +
B B

6.2. Density estimates. In this section we establish scaling invariant upper and lower
bounds for the perimeter and for the measure of a minimizer in balls. We also establish
an universal upper bound for the normalized Dirchlet energy of the minimizer of ug. We
start with the following lemma which is a simple consequence of the outward minimizing
property of E established in Lemma 4.5 (ii).

Proposition 6.4. Let A > 0, and let 5,K,Q be controlled by A and R > 1. Then
there exist universal constants Co and 1o such that, if E is a minimizer of (Ps.rx.0.r),
r € (0,7,), then®

(6.6) P(E,B,(z)) < Cor™! for all x € OF and r € (0,71,),
and

B.(z)\ E| 1
(6.7) [Br(2) \ B| > — for all x € E° and r € (0,71,),

B (x)]  — Co

Proof. We let Ay and 79 be the constants appearing in Lemma 4.5 we take r, < 7. For
r < 1o, we plug F'=E U B,(z) in (4.5) and we obtain, after simple manipulations,

P(E,B,(x)) < H"_l(OBr(x) \ E)+ A2|E\ By(z)] < w4+ Agw,r™.

Hence, assuming that Asr, < 1, we immediately get P(FE, B.(z)) < r"~1. To obtain
the lower density bound for E€ we set m(r) := |B,(x) \ E| and we use the isoperimetric
inequality to deduce

m(r) = = |B,(x) \ E|"% < P(E\ By(z))
= P(E,B,(z)) + H" 1 (0B,(z) \ E)
SH OB, (2) \ E) + |E\ B.(x)|
<! (r) +m(r),

3Here and in the sequel we will always work with the representative of E such that

_{, 1B:@\E| |Bi(x)NE| o all »
aE_{. B, (2)] B, (2)] >0 for all >0},

see [19, Proposition 12.19].



REGULARITY OF MINIMIZERS FOR A MODEL OF CHARGED DROPLETS 23

where we have used that, by co-area formula m/(r) = H" (0B, (z) \ E). If we choose 7,
such that C’m(r)% < C’(nwn)%ro < 1/2 where C' is the implied universal constant in the
above estimate, we obtain

m(r) 5 Sl (r).
Since x € OF, m(r) > 0 for all r > 0 then the above inequality implies that
%m(r)% 21 for all r € (0,7q).
Hence m(r) 2 r™ and this concludes the proof. O

The next lemma establish an universal bound on the normalized Dirichlet integral.

Lemma 6.5. Let A >0, and let 8, K,Q be controlled by A and R > 1. Then there exists
a universal constant Ce such that, if E is a minimizer of (Pp i .q.r), then for all x € Bp,

2
(6.8) Q*Dg(z,r) = g_l / |Vu|? de < C..
r By ()

Proof. The estimates is clearly true if r > 7o where ro = ro(n, A) (recall that Q* [ |Vug|? <
Fs.k,Q(F) $1). Hence we can assume that 7 < 79 < 1. We claim the following: there
exist constants A = A\(n, A) € (0,1/2), C = C(n, A) and ro = r9(n, A) such that

(a) If x € 0BR and r < rq, then

(6.9) Q2 Dz, ) < %QQDE(;U, ")+ C.
(b) If € Bg and r < min{dist(x, Bg),r0/2}, then

(6.10) Q*Dp(z,\r) < %QZDE(L r)+ C.

Let € < 1 to be fixed and let 79 = r9(e) < 71 where 7} is the constant in Proposition 4.4
and such that the following holds true
BrNB AH.
(6.11) r€ OBg andr<ry = |(Br N By (x) AH, | <e,
|Br ()]

where H, := {y : (y — z) - < 0} is the supporting half space of Br at x. Note that since
the curvatures of dBp are universally bounded (recall that R > 1), this can be achieved
by choosing ry small only in dependence of ¢.

Let now = € Br and r < rg be a radius satisfying either condition (a) (if 2 € dBg) or
condition (b) (if z € Br) above. Let (ug, pg) be the minimizers for G(F) and consider

F = (EUB,(x)) N Bg.
We define u to be the solution of
(6.12) —div(apVu) = pg.
Note that (u, pg) € A(F) since F' O E. Hence, by Proposition 4.4,

P(E)—i—QQ(/Rn ap|Vug|? + K p%)

<P(F)+Q([ arlVu? +K [ )+ MlF\E)

Rn

< P(EUB@) +Q([ arlVul +K [ )+ MilB )
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where we have used that F'\ E C B,(z) and that P(F) < P(EU B,(z)), by the convexity
of Br. Rearranging terms we get

Q> (/ ap|Vug|? — / apyvuﬁ) < P(EUB,(z)) — P(E) + A1|By(z)] < L.
]Rn Rn
Recall now that up solves
—div(agVug) = pg,
and we use (2.9) in Lemma 2.4 to infer that

(6.13) /(aF—aE)|Vu|2 g/ aE|qu|2—/ ap Va2 < T
Re R Q

n—1

Since
—div(agV(ug —u)) = —div((ar — ag)Vu),
by testing with ug — v and by Young inequality we get

QZ/ |Vug — Vu|2 < Qz/(aF — aE)2]Vu|2 < et
RTL

where the last inequality follows from (6.13).
We want now apply Lemma 6.3 to u. Note that since
FNB,(z)=B,(z)N Bg,

then the assumption are satisfied both in case (a) (thanks to (6.11)) and in case (b) (since
B,(z) C Bg). Hence, given \ € (0,1/2), we have:

1 / 2 2 / 2 2 / 2
—_— Vugl® < ——— Vu— Vug|* + Vu
()\T)n_l B/\r(x) ‘ ’ (Ar)n_l Bkr(z) ‘ ’ ()\T)n_l BAT(I) ’

2 C\ Cr? -
(6.14) < [ vl A gy O sl
Bir(z) By (x)

Ar)n=t rn—l An—1

(Ar)

< s f, Ve VusP + 255 [ s Sl
T B»,(:L‘) T Br(ZC) )\

for a constant C' = C(n, A) provided ¢ (and thus 79) is chosen sufficiently small. Since by
(2.4) |lpEllso S 1, we deduce from (6.14) that

Cn, A)
An—1
Now choosing A = A(n, A) such that CA = 1/2 we conclude the proof of the claim. Note
that this fixes € and thus rg as functions depending only on n and A.
To conclude the proof we have to show that (a) and (b) above implies that

S:=sup sup Q*Dp(y,s) <C(n,A).
yG?RO<s§r0

(6.15) Q*Dg(z, \r) < CAQ*Dg(z,7) +

We first assume that S < +oo and show that we can bound it by a universal constant.
Let y € Br and § € 0 < s < rg be such that

35 o
I < QZDE(yv S)
Let us distinguish a few cases:
o Case 1: y € OBR. If 5§ < Arg, (6.9) implies that
35 5

1 1
— < 2 y.s8) < — 2 U. — < =
1 S@Dr(5) <50 DE(ya)\)—FC_ 59 +C,
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and we are done. On the other end if 5 > Arg, then

35 2 _ Q2 / 2
— < Q*Dg(y,3) < —— Vu
4 = Q E(y ) (ATQ)nfl - | E‘
1
< (/\ro)nflj:ﬁ,K,Q(E) <C(n,A).

o Case 2: y € Br. If 5 < Amin{dist(y, 0Br),r0/2}, we can use (6.10) and we argue as in
the first part of Case 1. If § > Ary/2 we argue instead as in the second part of Case 1 to
conclude. We are thus left to consider the case

)\dist(i,(‘)BR) <s< )\7”0/2.
In this case Bs(y) C By, (y), ¥y € 0Br and

1
% < Q’Dg(y,5) < 35+ C.

Thus we are done.
To show that one can actually assume that S < +oo one can consider

Ss = sup sup Q?Dg(y,s) < C(n, A)J*"
yerRégsgro

and argue as above to show that Ss < C'(n, A). Letting 6 — 0 we conclude the proof. [

We are now ready to complete the proof of density and perimeter estimates.

Proposition 6.6. Let A > 0, and let 5, K,Q be controlled by A and R > 1. Then there
exist universal constants Ci and 7; such that, if E is a minimizer of (P rx.q.r), then

n—1
(6.16) P(E, B,(z)) > TC. for allz € OF and r € (0,7),
and
B, E 1 _
(6.17) [Br(x) 0 B > — forallx € E and r € (0,7),

Br(z)|  — G
Proof. We start showing the validity of (6.16) and we divide the proof in few steps.

o Step 1: We claim that for every A € (0,1/4), there exist e = ¢1(\,, A), C1 = Ci(n, A)
and and 7 = 7(n, A, \) such that if

P(E,B,(x)) < ern! e<e r<r,

then,
(6.18) P(E. By (2))+@* [
B)\T(x)

For the ease of notation let us assume that z = 0. Let A € (0,1/4) be fixed. By the
relative isoperimetric inequality

[Vugl? < C13" (P(E, B(w)+Q* |VuE|2+rn>.
By ()

|{1EnB,| BB " P(B, B,(z)) _
<mm{ Bl ' 1B =G s

By (6.7) and by choosing 1,7 < 1 we get

ENB,| P(E, Br<x>>> TTP(E.B,() 1 P(E.B.(x))

(6.19) W < C(”)( yn—1

T-’VL
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Let us choose t € (Ar,2Ar) such that

21
HYENOB;) < H" Y (ENOBy)ds
(6.20) EA 5
N r 1
< ’M”’ < C(n,\em™1P(E, B, (x)).
By testing (4.5) with F' = E \ B;(x) we obtain
(6.21) P(E,By) < H"" Y (ENJBy) + As|E N By(x)] +A2Q2/ |Vug|? dr,
EﬂBt(LB)

which together with (6.20) and recalling that ¢ € (Ar,2Ar), implies that

(6.22) P(E,B,\,,)+Q2/ \Vug|?

B)\r(x)

< C(n V=TT P(B.Br(w)) + (a4 1)Q° [ [Vupl + AalBa .

Boxr (I

If we now choose e1 = ¢1(\) < 1, (6.19) allow to apply Proposition 6.3 (i). Hence by also
choosing ¥ < A we deduce that

=2
/ Vugl? < C(n, A)A" (/ Vusl + 7'717«">
Boxr(z) By () A

< C(n, A)A" (/ Vug|* + 7“") ;
B (x)

< 1. By gathering equations (6.22) and (6.23)

~

(6.23)

where we have used that by (2.4), ||pEl s
we then get

P(E, By,) +Q2/ \Vug|?
B)\r(a;)

S C(”? )\)gﬁP(Ej Br(dj)) + C(nv A)/\n <Q2/ ’qu|2 + T‘n> .

r(z)
If we choose €1 = €1(n, A, \) < 1 such that C(n, )\)5ﬁ < A" the above inequality implies
(6.18).

e Step 2: We now prove the validity of (6.16). By density it is enough to prove it at all
x € 0"E. Again we set coordinates so that = 0. Let us choose A = A(n, A) € (0,1/4)

such that C1A < 1/2 where C} is the constant appearing in (6.18) and let 7 and ;1 be the
corresponding constants (which now depend only on A and n). We claim that

(6.24) P(E,B,(x)) + QQ/ |Vug|? > %1 rt for all » < min{ry,e;/2}.

r

Indeed otherwise, by (6.18) and the choice of A

P(E, By, (z)) + Q* /B Vug|?

n—1

<

(P(E,B,n(x))—i—(f/B \qu|2+€21r"1> < %(Ar)”’l.
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We can thus iterate the above estimate and deduce that
P(E,B
lim inf M

r—0 ’I“n*1

=0,

in contradiction with the assumption that 0 € 9*E. Let now A < 1 to be chosen where
€1 is the constant obtained above. Let &9 and ro be the constants corresponding to A in
Step 1. We claim that if we choose A small enough depending only on n and A then

(6.25) P(E,B,) > gor™™! for all r <rg,

where 3 < min{ry, 1} will depend only on n and A. Indeed otherwise we can apply Step
1, (6.6), and Lemma 6.5 to get

P(E. By, )+ @ [ [Vupl < Cln 3" (P(E, Bi() + @ [

B)\'r

|VuE|2 —i—r”)

B

< C_'(n, A)j\(j\r)”_l,

where £5 < £1 and 73 < 71 are universal constants. If A is chosen so that C(n, A)\ < e1/4
this contradicts (6.24) and thus proves (6.16) with ¢ < es.

e Step 3: We now prove the validity of (6.17). Assume indeed that

|E N Byl
| By

with 4,74 < 1 to be fixed only in term of n and A. Then, by (6.1) and (6.8), for all
se(r/4,r/2)

1
P
Q2/ WEPSQ%EmBs'“l’(/ IVUE\2p>
S BS

1-1

p _1 _1

5 Q2 ‘EOBT‘ / |qu|2p 5 8411 p,rn—l 5 6411 pSn—l‘
|B7'| Bog

< ey for r < ry,

(6.26)

Moreover, by co-area formula, there exists s € (r/4,r/2) such that

1

(6.27) H" Y ENB,) < HHE N By)dt < 4 < gy

r/4

By testing (4.4) with E'\ Bs we get

r/2 AENB,| _
e ——— Ng
-

P(E, By) gH”l(EmBS)+A2]BS|+Q2A2/ |Vug|?,

s

which together with (6.26) and (6.27) and provided ry < €4 < 1 implies

1

177
P(E,B;) < Cey *s" 1,
for a suitable universal constant C. Choosing ¢4 small with respect to £ we get
P(E, Bs) < ga8" 1,

in contradiction with (6.25).
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7. DECAY OF THE EXCESS

In this section we prove Theorem 1.2. Since the seminal works of De Giorgi and Almgren,
[5, 1] the proof is based on an excess decay theorem, namely

Theorem 7.1 (Excess improvement). Let A > 0, and let 3, K, Q be controlled by A and
R > 1. There exists a universal constant Cqec > 0 such that for all X € (0,1/4) there
erists Edec = Edec(n, A, A) > 0 satisfying the following: if E is a minimizer of (Ps x.o.R)
and

x€0E, r+@QDp(z,r)+ep(x,r) < eqec,
then

(71) Q2DE<‘T7 AT) + eE(.’E, )\T‘) < Cdoc>\<eE(m7 T) + QZ-DE(:I:7 T) + T) :

Where we recall the definition of spherical excess

2
ep(z,r) = inf L / Mdﬂnfl(y),
8* ENBy(x) 2

veSn—1 rn—1

and of the normalized Dirichlet energy

1
Dg(x,r) = /B " Vug|?.

rn—l

As it is customary, the proof of the above theorem is based on “harmonic approximation”
technique. More precisely we will go through the following steps:

(i) In the small excess regime, the boundary of E can be well approximated by the graph
of a Lipschitz function f with Dirichlet energy bounded by the excess.

(i) If the excess and the normalized Dirichlet of ug are small, f is almost harmonic.

(iii) Almost harmonicity of f implies closedness to an harmonic function g in the L?
topology. By classical estimates for harmonic functions, an L? type of excess of g
decays which in turn implies the decay of the flatness f of E, see (7.16) below for
the definition.

(iv) Via a Caccioppoli type inequality, the decay of the flatness can be transferred to the
decay of the excess.

(v) Via Proposition 6.3 (ii), the decay of the excess implies the decay of the normalized
Dirchlet energy.

Usually, Step (i) is obtained by reproducing at most points and at all scale an height
type bound for OF in the small excess regime and it thus relies on the scaling invariance
of the problem studied. Step (ii) and (iv) are obtained by simple comparison arguments
and Step (iii) is based on a compactness argument together with the classical regularity
theory for harmonic functions.

In our situation the problem does not enjoy of a nice scaling behaviour, due to the
global constraint [ pp = 1. However, the local estimates obtained in the previous section
are exactly what we need to carry on the proof of Step (i), see Lemma 7.2 below. Since
beside this fact, most of the proofs of the needed lemmas are almost verbatim adaptation
of those present in literature, we will not detail all of them and we will just focus on the
key points and on the main differences.

7.1. Lipschitz approximation. In this subsection we prove the Lipschitz approximation
lemma. Let us first fix a few notations that will be useful through all the section.

For v € S ! we let p“(z) :== 2 — (z - v)v and q”(x) := (z - v) v be, respectively, the
orthogonal projection onto the plane v and the projection on v. For simplicity we denote
p(z) = p*(z) and q(z) == g (z) = zy.
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We define the cylinder with center at x € R™ and radius » > 0 with respect to the
direction v € "1 as
C(z,r,v):={z € R" : |p’(z —z0)| <r,|q"(z — z0)| < r}.

We will write C, := C(0,7,e,) and C := C;. We will also will denote the (n — 1)-
dimensional disk centered at y and of radius r by

D(y,r) =={y eR" |y —yo| <r}.

For simplicity we will write D, := D(0,r) and D := D(0,1). We also recall the definition
of cylindrical excess in a direction v € S*™! to be

1 12
eE(‘T7T7 I/) Ee— / M dHnil(Z/) )
r C(z,r,v)NO*E 2

so that

(7.2) ep(z,r) < inf eg(x,rv).
vesn—1

The following height bound is crucial in the sequel. Note that it does not require any
minimality property on E, only the validity of inequality (7.3) at all scales.

Lemma 7.2. Let C > 0, there exists an increasing function we : (0,1) = R with we(01) =
0 depending only on C' , such that every E C R™ of finite perimeter in C(x,2r) such that

(i) x € OF,
(ii) for ally € OF and s such that Bs(y) C C(z,2r)
n—1
(7.3) i & < P(E,Bi(2) < Cs" ",
satisfies the following
(7.4) ep(x,2r,e,) <t — sup la(y — x)| < wel(t)r,
yeC(z,r)NOE

(7.5) }{y eC(x,r)NE : qly—=x) > wc(t)r}’ =0,
(7.6) }{y €eC(z,r)\E :qly —z) < —wc(t)r}‘ =0.

Proof. Note that the assumptions are scaling and translation invariant, hence we can
assume that = 0 and r = 1. For every t € (0,1) let

My = {sets of finite perimeter satisfying e(E,0,2,e,) < t, (i) and (11)}
For every E C R" let us call

hg:= sup |qz|,
rzeCNOE

(7.7) gp:=inf{s€[0,1] : [{x€ CNE : qz >s} =0} and
fe=inf{s€[0,1] : [{x € C\ E : qz < —s}| =0}.

Define the functions wq,ws,ws : (0,1) - R as

(7.8) wi(t) := sup hg, wso(t):= sup gg and ws(t):= sup [fg.
EeM; EeM,; EeM;
Let we := max{w;,ws,ws}. Notice that we is increasing since it is the maximum of

increasing functions and by definition it satisfies (7.4), (7.5), and (7.6). Let us prove that
we(0F) = 0. Assume by contradiction that lim, o+ we(t) > 0 then there exist a there
exists a sequence t; \, 0 and L > 0 such that we(tx) > L for all k. We now distinguish
three cases.
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Case 1: Up to subsequences w(ty) = wi(ty) for every k € N. For every k there exists
Ey € My, such that hg, > L. By (7.3)) up to subsequences there exists a set of finite
perimeter £ C R" such that F, N C, — E N C, whenever r < 2 and

. li E 2,en) = 0.
(79) k—1>Ifooe( ks 0, 76) 0

Now take C; C C,. C Cy with s > 1. By the lower semicontinuity of the excess we obtain
that e(E,0, s,e,) = 0. Moreover let {x}}ren be a sequence such that zx € 0E, N C and
let us assume that xp — z. By (ii) one easily deduce that

rn—l

C

which implies that € OF (recall that we are working with the representative of E such
that OF = spt D1g). This in particular implies that 0 € 0E. Since e(E,0,s,e,) = 0
we get that H = {x : qv < 0}. However, if x;, € 0E} is such that |qzg| > L, up to a
subsequence, we can assume that xy — 7 € OF = {z : qx = 0}, a contradiction.

P(E,B,(x)) >

Case 2: Up to subsequence w(ty) = wa(ty) for every k € N. Hence for every k there exists
Ej € My, such that gg, > L. Note that if £ € (0, L) then

(7.10) {zeCNEy :qz>(}>0 forallkeN.

Hence (7.10) implies that, up to extracting a subsequence,

either
(7.11)  there exists £ € (0, L) such that for k there exists x, € CNIE, N {qzx > (},

or

(7.12) 15, {qz>0} — L{gz>0} iR LY(C).

Indeed if by contradiction (7.11) does not hold then for every j > 1 there exists k; € N
such that qr < % for every x € C N OEy,. By (7.10), since {qz > %} is connected, then
necessarily C N By, 2 {qx > %} By letting j — + oo we get (7.12).

By arguing as in Case 1, we have that Fy — {qz < 0}, hence (7.12) cannot hold.
Hence (7.11) holds, which is again in contradiction with Case 1.

Case 3: Up to subsequence w(ty) = ws(ty) for every k € N. This case can be ruled out by
arguing as in Case 2 (or by working with E° which satisfies the same assumption of E).
Therefore w is the required function. O

Once the “qualitative” height bound has been established, one can repeat verbatim the
proof of the Lipschitz approximation in [19, Theorem 2.37] to deduce that in the small
excess regime JF is mostly covered by the graph of a Lipschitz function. Note that in the
cited reference one has an explicit formula for w (namely w(t) < t%/(=1) however this
plays at all no role in the proof, see also [7, Lemma 4.3].

Lemma 7.3 (Lipschitz approximation I). Fix C' > 0. Then there exists e1, = er,(n,C) > 0
and C1, = C(n,C) > 0 with the following property: let E be a set of finite perimeter in
C(x,4r) satisfying x € OF,

Sn—l

C

and

< P(E,Bs(y)) < Cs" ' for ally € 9E N C(x,2r) such that Bs(y) C C(x,2r),

ep(x,2r,e,) <er.
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Then there exists a function f: R"™ 1 — R with

1

rn—l

(7.13)  Lip(f) <1,

/ IVfI? < Crep(z,2r e,), ”fl’m < wc(eE(:E,27“, en)),

T

such that, defining I'y := x + {(2, f(2)) : z € D, },
H L ((OEN C(z,r,€,))ATy)

rn—l

(7.14) < Crep(z,2r, e,),

here we is the function in Lemma 7.2.

Note that if F is a minimizer of (Pg x ¢ r), the assumption of the Lipschitz approxi-
mation lemma are satisfied with some universal constant C' by (6.6) and (6.16). Hence we
can cover most of its boundary by the graph of a Lipschitz function f. Moreover a simple
comparison argument implies that the laplacian of f is small in a suitable negative norm.
More precisely we have the following:

Proposition 7.4 (Lipschitz approximation II). Let A > 0, and let 3, K,Q be controlled
by A and R > 1. Then there exists universal constants eyp, and Cyip and a “universal”
increasing function (i.e. depending only on n and A) wyp with wiip(04+) = 0 such that if
E is a minimizer of (Ps x.o.r), * € OF and

T+ eE(.T, 27’, en) S Elip,

then there exists a function f satisfying (7.13) and (7.14) with C1, and wc replaced by Chip
and wiip respectively. Moreover

(7.15)

/ Vf-Vepdz
D,

< Ciip |V¢llso (eE (x,2r,e,) + 1+ QQDE(x, 27")) ,

1
pn—1
for every ¢ € CL(D,).

Proof. Upper and lower perimeter estimates established in (6.6) and (6.16) ensure that
in every cylinder C(x,4r) centered at x € OF, E satisfies the assumption of Lemma 7.3
with a universal constant C' = C(n, A) provided r is smaller than an universal radius 7.
This proves the first part of the proposition. The second part follows by plugging in (4.6)
F =y (E), Yi(z) = z+te(pr)e,, and by performing the same computations done in [19,
Proof of Theorem 23.7]. O

7.2. The Caccioppoli inequality. By (7.15) one will deduce that under the assumption
of Theorem 7.1, there exists an harmonic function h : D, — R which is close to f in L2
This closeness, together with the regularity theory for harmonic function will allow to
deduce the decay of an L? type excess of f and thus for E. In order to pass from the L?
excess to the classical one, one needs to esablish a Caccioppoli type inequality. To this
end, given a set F and a vector v € S"~! we define the flatness of E at the point x € R”,
at the scale r > 0 with respect to the direction v € S*~! as

Ay —x) — hl?
inf / |V (y ;E) | denfl(y)
C(z,r,v)NO*E r

1 f =
(7.16) p(z,r,v) 1 jof

Proposition 7.5 (Caccioppoli inequality). Let A > 0, and let 3, K,Q be controlled by
A and R > 1. Then there exists universal constants €cac, and Ceac such that if E is a
minimizer of (Ps.rx.o.r), © € OF, and

T+ eE(xv 4T, en) S Ecacs
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then
(7.17) ep(x,re,) < Ceac (fE(SE, 2r,en) + 1+ QQDE(IL‘, 21")).

Proof. The proof can be obtained by verbatim repeating the arguments of [19, Chapter
24] and using (4.6) instead of the perimeter minimality in the comparison estimate of [19,
Equation 24.48].

O

7.3. Dirichlet improvement. We now show that in the small excess regime there is
fixed scale decay of the Dirichlet energy.

Proposition 7.6 (Decay of the Dirichlet energy). Let A > 0, and let 5, K, Q be controlled
by A and R > 1. There exists a universal constant Cg;. > 0 such that for all X € (0,1/2)
there exists eqir = q4ir(n, A, X) satisfying the following: if E is a minimizer of (Ps r.0.Rr),
x € OF and

(7.18) r+eg(x,r, Ey) < i,
then
DE(x, )\T‘) S CdirA<DE(SC, ’r‘) + ’r‘> .

Proof. By (6.6) and (6.16) we have that if r is universally small we can apply Lemma
7.2 to E in C(z,r) to obtain a universal modulus of continuity w such that for H = {y :

q(y —z) <0},
[(EAH) N B, jo(z)|
|B7"/2|
By Lemma 6.3 (ii) (applied in B, 5(x)) and the above inequality, for all A € (0,1/2) we
can choose eqi; = £qir(n, A, \) sufficiently small such that

< W(Sdir) .

Dz, \r) < C(n, A)A(DE(z, £> n :i)

<Cn, A)A(DE<x,r> + €d> < C(n, AXN(Di(x,7) +7),

where in the first inequality we have also exploited (2.4) and in the second the obvious
inequality Dg(x,7/2) < 2" 'Dg(x,r). This concludes the proof. O

7.4. Excess improvement. In this section we prove Theorem 7.1.

Proof of Theorem 7.1. We claim that there exists a universal constant Cex. such that for
all A € (0,1/8) there exists €exe = €exc(n, A, A) satisfying the following: for all minimizers
of (Ps.kx.0.r) with 8, K,Q controlled by A and R > 1 if 2 € OF the following holds

ep(z,r)+ De(x,r)+ 1 <étexe =— eg(z,Ar)< Cexc)\<eE(x,r) + Dg(z,7) + r).

Note that the above claim, combined with Proposition (7.6) immediately implies the con-
clusion of the Theorem. Let us assume hence that there exists A € (0,1/8) a sequence
of minimizers Ej, C Bpg, with parameters (3, Kj, Q) controlled by A, radii r, and points
x, € OB} such that

e = eg, (zx, 1) + Dp(ag, rr) + 15 — 0
but

(7.19) ep, (Tr, A\i) > CexcAek
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for a suitable universal constant Cex.. Note that up to translating and rotating we can
assume that z; = 0 and that

ep, (0,7;) = eg, (0,71, ey,).

We apply Proposition 7.4 to each Ej. Hence, there exists a sequence of 1-Lipschitz func-
tions f; : R" ! — R such that

Ht (Co NOEAT, )

(7.20a) — < 2" Chiper,
T
1 _
(7.20b) — / IV fiul? dz < 2" 1Cypey,
’rk‘ Drk/Q
(7.20c) I felloo < w(er)rs,
(7.20d) ‘][ Vi V| <2 CiplIVepllawer  for all p € CH(Dr).
D% 2
Let us set
Tk
. Jk - mk . f Tk Tk o fk‘(rkz)
=% ———  where my = , and z) = .
gk \/@ k - / fk ( ) "

By the Poincaré -Wirtinger inequality and (7.20Db),

(7.21) S:p lgkllwrem,) < 2" 10y,
2

Hence there exists g in W12(D1) such that g — g weakly in W12(D
2
strongly in L?(D1). Moreover by (7.20d), for all ¢ € C}(D1)
2 2

1
vg.w‘: lim ]/ Vf”“-Vgadx‘
)/D% k—+o00 /€L D% k

Vi Vo, da:’ —0,

1) to some g and
2

(7.22) ,
i L

k—+o00 /€L D,
2

where ¢, (2) = rpp(z/rg) € CH(Dry) satisfies ||V, |l = [[V¢|lco- Hence g is harmonic.
2
By the mean value property and (7.21)

sup [V < Cln) [ Vg < Cln, ).
Dy, D,

By Taylor expansion,
(7.23) l9(2) — g(0) = Vg(0) - 2| < C(n, A)|z]*>  forall z € D;.

If 2\ € (0,1/4) we can integrate the above inequality to get
F 1) = g(0) = Vg0) -+ de < Clm, ) A%
Doy
Recall that, by the mean value property of harmonic functions, for every r < % we have

@) :=][ gdz=g(0) and (Vg), = Vg(0).
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Hence,
lim 9k(2) = (gk)2x — (Vgi)ay - 2|* dz = ][ 19(2) — (9)2x — (Vg)gy - 2[*dz
k—+00 JDy) Do)

- f 19(2) — g(0) — Vg(0) - 2[* da
Doy

< C(n, A))\4.
which, by the definition of g; and changing variables implies
1 2
24) ST Fe2) = (Fidoan, - | dr < (42
(T24) I T /DM Fie(2) = (F)2am, = (Vfi)gr, 2| do < C(n, A)

Let us define
<— (ka>2)\rk ) 1) (fk)2)\rk

vy 1= - hy == >
1+, 1+ (950,

and note that, by (7.20b), Jensen inequality and (7.20c)

2
(7.25) |Vk—en|2§0<][ \kay) <O, A Ne,  and  |hy| < Cw(er)r.

ATg

Since the fi’s are 1-Lipschitz, (7.24) implies

g - — hy|* dH ()

limsup/
1
k—+oo Ek(ATR)" T b, neay,,

. ﬂ/ ‘f()—(f) — (Vi) * iz < Cln, A) A2
- kigloo 5k(/\rk)n+l DQ}\% k(2 k)2Ary kJ)2axr,, z z < n, .

and thus

1
(7.26) lim sup +1/ g - — |2 dHY N (z) < C(n, A) A2
k—4o00 E’k()\rk)n kaﬂaEkﬂCQ)\rk
On the other hand, (7.20a), Lemma (7.2) and (7.25) imply

(7.27)
1

€k (Ark‘)n+1 laEk\ka )ﬂCg)\Tk

H" Y ((0ERATy, ) N C, 2
< C’(n, A, )\) (( k fk) k) (’Vk _6n|2 + sup M + |hk‘ )

g - — hg|? dH N x)

EkTZ_l 2€dE,NCy,, i 7
H L ((OE,AT't, ) N C,
< C(n, A,N) (« ekr”{k) ) (e + w(ex)) = o(1).
kT

Combining (7.26) and (7.27) we deduce that

f 2
limsup Ek(()? )\’I"k,l/k)

3

< limsup v - — hy,|? dH"Hz) < C(n, A) N2

1/
koo Ek(Arg)nt OERNCaxr,
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On the other hand, by the perimeter density estimates (6.6) and (7.25)

1 ve, — vl 1
e, (0,4 ry, 1) < / —k T dH"
3 ) (4Xr)" " Jom,ncan,, 2

< C(n,\) (eEk(O,rk,en) + +len — uk\QP(E’BT’“)> = o(1).

n—1
Tk

Hence we can apply Proposition 7.5 in Byy,, to get that

eEk (O, )\T‘k) S eEk (0, )\Tk, l/k)
(7.29) 2
S Ccac <fEk (07 2A7ﬂk‘7 I/k‘) + Q DEk <O7 2)\Tk) + )\Tk) 9

where in the first inequality we have used (7.2). Furthermore, by Proposition (7.6) applied
in B,, we have

(7.30) Q*Dg, (0,2Xr1,) < CaxM(Q* D, (0,71) + Q1) < C(n, A) ey
Combining (7.28), (7.29) and (7.30) we thus infer that
lim sup e(0, Ark) < C(n, A\,
k—o0 €k

in contradiction with (7.19) if Cex. is chosen big enough depending only on n and A. O

8. PROOF OF THEOREMS 1.1 AND 1.2

In this section we prove our main theorems, Theorem 1.2 is an immediate consequcne
of the following slightly more general theorem.

Theorem 8.1. Let A > 0 9 € (0,1), and let B, K,Q be controlled by A and R > 1.
There exist constants Creg(n, A,0) > 0 and ereg = €reg(n, A,0) > 0 if E is a minimizer of
(Psxor), x €OE r>0 and v € S™ ! are such that

r+ Q2DE(£L', 2r) + ep(x,2r,v) < €reg,
then there exists a CYY function f : R* ' — R with *
F0)=0, |VFO0)=v*+7r"[Vf5/5 < Creg(r + Q*Dip(x,2r) + ep(z,2r,v)),
such that
ENB(2) = {y € Bi(@):v-(y—o) < [p"(y @) }.
Proof. Given ¥ € (0,1) we fix A € (0,1/8) be such that
(8.1) Cgecr + A < A,

and we let € be the corresponding €4e. in Theorem 7.1. Note that & depends only on n, A
and 9. We now choose ey¢g so that for all y € OF N B,.(x)

r+Q*Dp(y,r) +ep(y,r) <r+Q*Dg(y,r,v) +ep(y,rv)
< 2"_1(r + QQDE(.%', 2r,v) + eg(x, 2r, V)) < 2"_1€reg <E.
Hence we can apply Theorem 7.1 and (8.1) to deduce that for all y € OE N Br/2(x),
M+ Q*Dp(y, Ar) + ep(y, Ar) < P\ (r + Q*Dp(y,7) + ey, 7‘))

4 Here . .
[vf]o/g 1= sup M

9
vy |z —yl?
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Iterating we get
vk 3 kU 2
eE(ya A 7’) < A (7" + Q DE(yar) + eE(y7T))a
which implies
¥
er(y,s) < C(V) (f) (r + Q*Dp(y,r) + eE(y,r)) for all s < r.

r

By classical arguments this together with the density estimates (6.6) and (6.16), implies
that for all y € B,(x) N OF there exists v, such that

9
er(y,s/2,vy) = C(n,v, A) (;) (r+Q’Dg(y,r) +ep(y,r))  forall s <r.
and
‘Vy - V’2 < C(TL, A) (7“ + QzDE(ya 2r, V) + eE(y7T))7

The last two display yield the desired conclusion, see for instance [19, Theorem 26.3] or
[13, Theorem 4.8]. O

We can now prove Theorem 1.1 by following the arguments [12]

Proof of Theorem 1.1. By Theorem 1.2, if we set
Yg = {x € OF : limsupeg(z,r) + Dg(z,7r) > O},

r—0

then OF \ g is a C'Y manifold for all ¥ € (0,1/2). Hence we will conclude the proof if
we show that

H"fl’"(EE) =0,

for some n = n(n,B) > 0. Recall that by Lemma 6.1, |Vug|?? € L{_ for some p =
p(n, B) > 1, hence, by Holder inequality

1
EIE‘ = {x : limsupDE(x,r) > 0} C X . ]imsup / |qu|2P > 05%.
r—0 rn—p B(z,r)

r—0
Hence, by [11, Theorem 2.10], H" ?(3},) = 0. We now show that
HY (S \ k) =0

for all & > n — 8 which clearly concludes the proof. Let us fix & > n — 8 and assume the
contrary. By [13, Proposition 11.3], there will be a point

T €Y = {m € OF : limsupeg(z,r) > 0,lim Dg(z,r) = 0}’
r—0 r—0
and a sequence 7, — 0 such that
2 (¥2NB
i sup % (ZE 0 B 7))

k—o0 r]?

c(a) > 0.
where HZ, is the infinity Hausdorff pre-measure. Let us set Ey = (E — x)/r; and note
that by (6.6) and the above equation
P(Ey, Bs) Ss"h
for all s > 0 and
(8.2) lim sup H&(E%k N B1) > c(a),

k—o0
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where E%Ek = (X% — z)/r%. Up to subsequences, E, — F. We claim that F is a local

minimizer of the perimeter. Indeed if GAF € Bs, by averaging we choose t € (s,2s) such

that

(FeAF) N Bay|
. =

With this choice, defining G = (x4 7rxG) N By, +(x) U(E\ By, (x)) and note that EAG), €

By, (z). Hence by (4.6) and classical computations

P(F. B)) — P(G. By) < limsup L2k Birs <m))n__f3 (Gr, Biry (x))

k—oo Tk

H" N ((BLAG) N OB;) = H" ' ((ERyAF) N OBy) <

o — 0.

< limsup oy, + s"rg, + " LDg(z, sm,) = 0,
k—o0
which implies the desired minimality property. Moreover, by using G = F' we also deduce
that P(E, Bs) — P(F, Bs) for almost all s > 0.
Let now X g be the singular set of F', and recall that, by the regularity theory for set
of minimal perimeter [19, Part III], H*(Xr) = H% (Xr) = 0. Hence by the definition of
Hausdorff measure, for all § > 0 there exists an open set Us such that

YN By CUs and HE (Us) < 6.

We claim that there exists k£ = ks > 0 such that E%k N By C Us which will be in contra-
diction with (8.2) if ¢ is chosen small enough. Assume the claim is false, hence there is a
sequence of points EQEk N B1 3> yr — § € By with dist(j, Xr) > 0. It is easy to see that,
by the lower perimeter estimates (6.16), y € OF. Hence by regularity, for all € > 0 there
exists r > 0 such that

er(y,r) <e.
By perimeter convergence, this implies that, for k large

ep(r + rpye, rre) = eg, (yk, ) < ep(y,r) +e < 2e.

Choosing € < 1 we can apply Theorem 1.2 to deduce that x + ryyx ¢ $%, i.e. yr ¢ 212%'
This final contradiction concludes the proof.
O
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