MODULATIONAL STABILITY OF GROUND STATES TO NONLINEAR
KIRCHHOFF EQUATIONS

JIANJUN ZHANG, ZHISU LIU, AND MARCO SQUASSINA

ABSTRACT. We investigate the stability of ground states to a nonlinear focusing Schrodinger
equation in presence of a Kirchhoff term. Through a spectral analysis of the linearized operator
about ground states, we show a modulation stability estimate of ground states in the spirit of one
due to Weinstein [STAM J. Math. Anal., 16(1985),472-491].

1. INTRODUCTION AND MAIN RESULT

1.1. Overview. Let us consider the following nonlinear focusing Kirchhoff equation with a
potential and an initial datum

1
e’ = —= <52 + E/ |Vu€|2> Auf 4+ V(2)uf — [uf|?Pu®, t>0, xR,
(1.1) 2 R3

u(z,0) = up(z), r € R

where p € (0,2/3) and ¢ > O(referring to Plank’s constant). Similar to [4, Theorem 6.1.1 and
Corollary 6.1.2], problem (1.1) is globally well-posed, provided that V € L™(R3) + L*(R3) for
some m > 3/2. Here we refer to [7] for the background of Kirchhoff equations. Of particular
interest is standing wave solutions of (1.1), namely, special solutions of (1.1) have the form of

ut(x,t) = va(az)eﬁet, reR3 teRY, R,

In this case, v, is a solution of the following singularly perturbed Kirchhoff equation

(1.2) - % <52 + 5/RS |w512) Ave + TV (2)0. = |00, = € R,
where V(z) = V() 4+ 6. An interesting class of solutions to (1.2) are families of solutions which
develop a spike shape around some certain point (such as local minimal points, local maximal
points, saddle points and degenerated or non-degenerated critical points of potential V' ) in R3 as
€ — 0. In view of physics, these standing wave solutions are referred to the semiclassical states for
¢ small. Initiated by Floer and Weinstein [6] for the Schrodinger equations

—?Av + W(z)v = f(v),

semiclasscial states have attracted a considerable attention in the last three decades. For the
progress on this topic, we refer to Ambrosetti and Malchiodi [1] and the reference therein. In
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the study of the singularly perturbed problem (1.2), the following so called limit problem plays a
crucial role

1
(1.3) -3 (1 +/ |Vu|2> Au+u = |ul*u, ue HY(R?).
R3
It is shown in [11] that the positive solution of (1.3) is, up to translation, unique. Denote by r the
positive, radially symmetric solution of (1.3).

Another related topic is to associate to (1.1) a family of initial data wy which oscillate or
concentrate with scale e, and investigate the evolution of u® in time. Precisely, by choosing a
suitable initial datum wug related to the ground state solution r, it can be expected that the
evolution u® remains close to 7 locally uniformly in time in the semiclassical regime of £ going to
zero. This kind of asymptotic behavior is called in the literature soliton dynamics. In this aspect,
we refer the readers to a survey [16]. In [2], Bronski and Jerrard considered the following focusing
Schrédinger equation with a potential

2
(1.4) iedu® = —%AuE + V(z)u® — [uf|?Pus, t>0, RN,

By using the conservation law (quantum and classical) and the stability of the ground state @ to
the limit problem
1
—iAu +u = |[uPu, uwe H (RN),

they proved the solution of (1.4) exhibits the asymptotic soliton dynamics if the initial datum has
the form of

r—x R
Q( s 0>€Z =, 20,6 € RY.

Subsequently, in [10], Keraani refined the method introduced by Bronski and Jerrard [2] and proved
that, up to a time-dependent phase shift, the initial shape is conserved with parameters which are
transported by the flow (x(¢),£(t)):

dr %

Later, in [15], Selvitella turned to study the Schrodinger equations

= —VV(z(t)), £(0) = xo, £(0) = &.

2
10yt = —% (‘jv - A(x)) uf 4 V(x)u® — [uf|?Pu, t>0, xRV

with electric and magnetic field B = V x A. Combining the linearization agrument, the

author adopted the idea due to Bronski and Jerrard [2] to show the asymptotic evolution of

the semiclassical limit as ¢ — 0. In [14], Squassina extended the result in [2,10] to the Schrédinger

equations with an external magnetic potential A. Precisely, the author used the similar idea above

to consider the semiclassical regime of the following problem

1 /e 2
iedu’ = ) (,V - A(ac)) uf 4+ V(x)u® — [uf|?Pu, t>0, zcRY,
i
and explored the influence of the magnetic field B on asymptotic soliton dynamics. For more
progress in this direction, we also would like to cite [5] for nonlocal Choquard equations and [13]

for systems of weakly coupled Schrédinger equations.
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1.2. Main result. In the works above, the nonlinear term is subcritical, namely, p < 2/N, where
N is the dimension. It is well known that the ground states of the associated limit problems above
are orbitally stable when p < 2/N. For more details, we refer the readers to [3,4]. In the present
paper, we also consider the subcritical case: 0 < p < 2/3. Moreover, we should point out that in
the works above, to establish the soliton dynamics of semiclassical states on finite time intervals,
some kind of energy convexity plays an important role. More precisely, via a delicate spectral
analysis of the linearized operator at the ground state of the limit problem (1.3), we establish a
modulational stability result in term of Kirchhoff problems (1.1).
For any u € H*(R3,C), let

_1 2 1 2)2_ 1 / 2p+2
ew=g [ vup+ 3 ([ vur) - — [ e

Our main result can read as follows.

Theorem 1.1. There exists C > 0 such that for any ¢ € H*(R3,C), there holds that

E(¢)—&(r)=C  inf )||¢—€i97“(- —:B)|2+0< inf ¢ — e (- —l‘)||2>,

(z,0)€ER3%[0,2m (z,0)€R3x[0,27)
provided that ||¢||2 = ||r|l2 and

inf — (. — < '
(z,@)eﬁ{%x[ogﬂ) ”(ZS € T( l’)H = HTH
Remark 1.2. With the help of Theorem 1.1, the evolution u® of (1.1) should remain close to r

locally uniformly in time, provided a suitable initial datum wug related to the ground state solution
r. We will subsequently deal with this topic for the Kirchhoff problem (1.1) elsewhere.

Notations.

e For any z € C, z,0Re(z), Im(z) denote the complex conjugate, real part and imaginary part
of z, respectively.

For any z,w € C, it holds that Re(zw) = Re(zw) and Im(zZw) = —TIm(zw).

For any z,w € C, we define z - w = Re(zw) = (20 + zw).

For any z,y € R3, we denote by z - y the inner product between x and v.

¢, C denote (possibly different) positive constants which may change from line to line.
H'(R?) = HY(R3R) and H'(R? C) are real and complex Hilbert space respectively,
endowed with the norm

1
1 2
Jull = (1Val + i), w e B ®,0).
e Denote by (u,v) the scalar product in L?(R3, C) and
1
(u,v) g1 = (u,v) + §(Vu, V), for u,v € H'(R3C).

2. PRELIMINARY RESULTS

In this section, we give a few basic properties about the ground state solutions to problem (1.3).
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2.1. The limit problem. It is shown in [11, Theorem 1.2] that r is the unique radially symmetric
solution of (1.3). Moreover, it is non-degenerate in the sense that

KerL; = span {0y, r, Oz,7, Oz,7} ,

where L is given as follows
1
Lip=—3 (1 + /3 yw|2> Ay — (/3 ww) Ar+o—(2p+ 1%, o € LA(RY),
R R

Moreover, r € C®(R3), r(0) = max,cgs r(x) and r, |Vr| exponentially decay at infinity.
Now, we consider the following minimization problem with a constraint. Let

— . 1/m3 . -
(2.1) mi= inf £(u), M= {ue H'®C): Julz = [Ir]l2}
we have the following proposition:

Proposition 2.1. Ifp € (0,2/3), then the following hold true
(i) m € (—00,0).
(ii) m can be achieved by r.
(iii) Any minimizer of m has the form as follows

{eier(- +y):0eRye R3}.

Proof. (i) Noting that 2p + 2 € (2,6), we have
1 s 1-s 3 1

2p+2_2+ 6 ’ 8_2p+2 9
It follows from the interpolation inequality that there exists C' > 0 such that, for any v € M,
2p+-2 3
lull 3575 < C[|Vull5?. Then

1 1
inf > inf (= 2 3p) > . ( 2 3p> oo
u1€nME(u) > inf <2HVuH2 C||Vully" | > ten[((l)l,&) 2t Ct? ) > —o0

On the other hand, since r is a solution of (1.3), one can get that

1 1 2
5 |V7“2+</ |vr\2) [ [
2 Jr3 2 \Jr3 R3 R3

By the Pohozaev identity

1 9 1 2)2 3/ o 3 2p+2
4/Rg|w|+4</RB|W| o5 [ =t [

one can get that

1 2, 1 5\ 2 3 3 9919
3 vt (Lvee) = (5 57) Lo
It follows that
met) =5 [wat ([ wep) [ e
- 2 p—I—l R3

1/ |V7ﬂ|2+7 (/ |V7“|2)2— 2 742p—|—2 _1</ |V7“|2>2
2 Jrs R3 2p 4+ 2 Jrs 4 \ Jr3

3 op2 1 4 1 4
= (5~ 553) B3 — 41Vl < vl <o,
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Here we used the fact that p € (0,2/3).
(ii) Firstly, taking any minimization sequence {u,} of m, let u} be its Symmetrization, since

lunll3 = lluall3, [lupllzpts = lunllzpra: 1Vunl3 < [[Vuall3,
one can get
m < E(uy) < E(un)
and £(u}) — m as n — oco. So without loss of generality, (u,) can be chosen to be nonnegative

and radially symmetric. Since £(u,) — m as n — oo and ||u,ll2 = ||7]|2, thanks to p € (0,2/3),

one can show that {u,} is bounded in H} ,(R?). Up to a subsequence, for some ug € H} ,(R3),

un — ug weakly in H'(R3) and strongly in L?*2(R3) as n — oco. If ug = 0, then by &(u,) — e,

we have
1 2 1 2\
§/R3|vu"|+1 /R3|Vun| —m <0, n— oo,

which is a contradiction. Now, we claim that [Jugll2 = ||r|l2. Obviously, ||ugllz2 < ||7]l2 and
E(ug) < m. Then to show m can be achieved by ug, it suffices to rule out the case: ||uglla < ||7||2-
If such case occurs, let

1 .
w() = guo (t) , St > 07 32p+2 = t37
then choosing ¢ > 0 such that w € M, i. e.,
o 2 2
lwllz = 5 luollz = lIlf2-

And we have 5?12 = 3 > 52, which implies that s > 1 and s > ¢ since p € (0,2/3). Thus,
uo(+) = sw(t-) and

5 2 st 2 2 1 2p+2
fluo) = 5 [Vl + i ([ 1Vul?) = [l > ),

which contradicts the fact that £(w) > m.
Secondly, we show that uy = r. Similar to [12], there exists Ag > 0 such that

1
-5 (1 + /3 |Vuo|2> Aug + Aug = ugpﬂ, z € R3.
R
By [9], let @ be the unique radially symmetric solution of
—AQ+Q =Q¥, Q>0, Qe H'(RY),

then it follows from [11] that

(@) =Q(J). ve-3 @uvczn% £/ 3Ivels +2) -
)= Q (). Vi3 @Hv@u% 51Vl +z) ,

where @ is the unique radially symmetric solution of
—AQ+Q =0, Q>0, Qe H'(R).

Similarly,

Let )
Q() = A" QA 7)
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then
“AQ+Q=Q"", Q>0, Qe H'(R®).
Then we know Q = Q and

2 3 2 3 %—% A2
uollz = c2[|Qllz = c2Af ~ Q|3

3
11 +-3 112 1 .2-1 3114 7252
= Lo EIvaR A van +2) AR

Since

o 1 (1 A 112 1 5114 o 2
Irll2 = g | 5IIVQIz + /7 1VQIz +2 ] QI

and ||ug||2 = ||7]|2, we get that A\g = 1, where we used the fact that p € (0,2/3). Therefore, ug is a
radially symmetric positive solution of problem (1.3) and we get the claim as desired.

(iii) The proof is similar to [3, Theorem II.1]. So we omit the details. O

2.2. The linearized problem. Let L be the linearization of (1.3) at r acting on L?(R3, C) with
domain in H?(R3,C). Precisely, for any ¢ € H2(R3,C),

Le= -1 <1+/ \VT|2)A§—;</RSVTV(£+§)) Ar+g—r [ple+8)+¢],

2 R
and
L& = LiRe(§) +iL_Jm(E).
If n € H?(R3 R), then

1
L.n=—- (1 —I—/ |Vr|2> An+n—r?Py.
2 R3

It is easy to check that Li,L_ are self-adjoint. Recalling that L_r = 0, we know r is an
eigenfunction of the operator

L:= 1 <1+/ \VT‘Q)A—l-l
2 R3

in H?(R3,R) N L2(R3,r?dz). Since r(x) > 0, = € R3, we know 1 is the first eigenvalue of L which
is simple and the associated eigenfunction is r. Then

KerL_ = span{r},

and (L_n,n) >0 for any n € H'(R3).

3. PROOF oF THEOREM 1.1

In this section, we are in position to investigate the modulational stability of ground states to
problem (1.3).
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3.1. Spectral estimates of L. To start the proof, we give some crucial lemmas as follows.

Lemma 3.1. [5, Lemma 2.5] For any ¢ € H(R3,C) with ||¢||2 = ||r||2 and

||¢—6 Pr(- = )| < irll

(z, 9)€R3 x[0,27
then the minimization problem

f _
(M)eﬂggxm I — (- — )|

is achieved at some (zg,7) € R? x [0, 27).
Lemma 3.2. For ¢, (xg,7) given above, let
w=u+iv=e"VP(- + z0) — (),

then [Jw| < |||, ||w+ 7|2 = |r|l2. Moreover,
(3.1) (v,7) g = (w, Op,m) g =0, j=1,2,3.
Proof. In fact, for any (z,6) € R3 x [0,27), consider the function

Y(z,0) = [|¢ — e¥r(- — )|

= ol + 1 ~ 23t [ e(0) (~5Ar ++) (v — o) .

So inf(, g)ersx[0,2r) T (¥, 0) = min, gyers Y (x,0) = T(z0,7). Recalling that r € C>(R3), we know
T € C'(R*) and then

69T($0’7) = 5ij($0,7) =0,7=123.

Since
- 1
00X (a0, ) = ~23%e [ ie"3(y) (~5Ar+7) (v - a0)dy
_ 1
= QJm/Rs e~ o(y + xo) <—2Ar + r) (y)dy
= oo [ (3 ar ) W)y
1
—2Jm/ (u+7r—1iv) (—2Ar—|—r> (y) dy
= —2/ (—2Ar —|—7"> dy
and
= 1V \v = 1A
(v, 7)1 _/R3 <2 T v—l—rv) —/Rgv<—2 7‘—|—r),
we get that

09 Y (xo,v) = —2(v,7) 1.
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For j = 1,2,3,

B, (0, )_me/ 7 d(y )[ ;

= 2%R¢ /R3 e p(y + x0) {—;A(axjr) + &cﬂ’] (y)dy

(Oz;7) + Oq, r}( —x0)dy

=29t [P0y ) |~ 5 A0, )+ Onyr| () dy
= 20e /Rgm {—;A(@zjr) + 67%.7“} (y) dy
— 29%/ (u+r —iv) [—;A(&zjr) + 835].7“] (y)dy

_2/ u+r) {— (8xjr)+8xjr} (y) dy.

Noting that r is even and A(9y,7), 0,7 are odd, we know

1
/R3 r |:—2A(8m].7') + 6@7“} (y)dy = 0.
So
O, Y (0,7 _2/ { 8%7’)—%8%7“].
On the other hand, since

(.00, = [

RS

1 1
§VUV(8%.T) + u@mjr] (y)dy = /R3 i [—QA(&C].T) + 8%.7“} (y) dy,
we know
aﬁjT(x077) = 2(u7aﬂfjr)H1
Thus, we get (3.1). O

Similar to [5, Lemma 2.4], let
V= {u € HY(R?) : (u,r) = O},
then we have
Lemma 3.3. inf,cp(Liu,u) =0.

- Vo i={u€ H'(®) : (u,r) = (u,0,7)pn =0, j = 1,2,3},
then V) is regular. In fact, for any u € Vp, let
Fo(u) = (u,7), Fj(u) = (u,0p,7)p1, j =1,2,3.
For any v € H'(R3), for any ¢ € R, one can get that
Fo(u + tv) = Fo(u) +t(v,7), Fj(u+tv) = Fj(u) +t(v,0z,;7)

These yield that ijs are Fréchet-differentiable and their derivatives at any u € V), are given as
follows

Fé(U)’U = (’U,T), F],(’U,)'U = ('U,aij’)Hl, j = 172737 Vo € Hl(Rd)
Obviously, Fj(u) # 0 and Fj(u) # 0,5 = 1,2,3. Moreover, F/(u), i = 0,1,2,3, are linearly
independent. Otherwise, if for some a; € R, i = 0,1,2,3 with at lease one of a}s is non zero,
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there holds that 32 F/(u) = 0, then 32 o F/(u)r = 33, F/(u)0y;r =0, j =1,2,3. Noting that
(7,00,7) gt = 0, (Oz;r,7) =0, j =1,2,3, one can know that ajs are zero, which is a contradiction.

Lemma 3.4. inf,¢y, <L”J{Lﬁ’2u> > 0.

Proof. Tt suffices to show that

(3.2) inf (L, w)

> 0.
wevo  lull3

Indeed, if (3.2) holds true, then we have

L
inf < +U, u>

> 0.
ueVo  [ull?

If not, there exists {un,} C Vy satisfying ||u,| = 1 and (Liup,u,) — 0 as n — oco. By (3.2),
up — 0 strongly in L?(R3) and then weakly in H'(R3) as n — oo. So

1 2
(Lot un) = = (1 +/ |V7’\2 HVUHH% 4 / VrVu, —I—/ [1 —(2p+ 1)r2p] U%
2 R3 R3 R3

1
=3 (1 + /3 |Vr\2> [Vtn||3 + 0n(1), as n — co.
R

It yields that u, — 0 strongly in H!(R?) as n — oo, which contradicts the fact that |lu,| = 1 for
any n.

In the following, we only need to show (3.2) is true. If not, there exists {u, } C Vo with |lu,|l2 =1
such that (Liuy,,u,) — 0 as n — oo. Noting that

1 2
(Lt ) = (1+/ \w?) Va2 + (/ VTVun) +||un\|§—(2p+1)/’ P2
R3 R3 R3

we get

. 1
tiwsup |5 (14 [ 197 ) 190+ a3

n—oo
2
(2p + 1)/ P22 — (/ VrVun> ] ,
R3 R3

and limsup,, . || Vun |3 < 2(2p + 1)||7]|?2. So, {u,} is bounded in H'(R3). Up to a subsequence,
there exists u € H'(R?) such that u,, — u weakly in H'(R?) and a. e. in R? as n — oo. Obviously,
u € Vo and (Lyu,u) > 0. On the other hand, since r(z) — 0 as |z| — oo, up to a subsequence,
Jrs r2Py2 — Jrs r2Pu? as n — oo. Thanks to the weak lower semi-continuity of the norm, we have

(3.3) = lim sup

n—o0

(Lyu,u)y < linrr_lggf<L4_umun> =0,

which implies that (Liu,u) = 0. That is,

1 2
(3.4) = <1 +/ \VT[Q) V|3 + |lull3 = (2p + 1)/ r2Pu? — (/ VTVU) .
2 R3 R3 R3

Noting that
lim VrVun:/ VrVu,
R3

n—oo R’3
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it follows from (3.3) and (3.4) that u, — u strongly in H*(R3) as n — oo and ||ullz = 1. Then by
the Lagrange Multiplier Theorem [8], there exist Lagrange multipliers A, yi, A1, A2, A3 such that for
any 1 € HL(RY),

3

(3.5) (Liu,m) = Mu,n) + u(r,n) + Z)\i(@mir,n)m.
i=1

Thanks to u € Vy, A = 0. For any 7,
<L+u, 833jr> = <L+a$jr7 u> =0,

where we used the fact that KerL, = span{0y,r, 0z,7, 0z,7}. Then taking n = 0,7, for j = 1,2, 3,
we have
Aj (0,7, On;7) 1 = 0,

and \; = 0. Here we used the fact that (r,0,,7) =0, j =1,2,3, and (9y,7, 0z,7) 1 =0, i # j. In
turn, for any n € H'(R3), it holds true that (L u,n) = u(r,n). If u = 0, then u € KerL,, which
contradicts the fact that [|ullz = 1 and (u,0y;7) g =0, j = 1,2,3. So pu # 0.

In the following, we show that we can reach a contradiction: p = 0. In fact, by computation,
one can get that

3
1 2
Alw-Vr) =281+ 3 w0, Ar, /RS VrV(e Vi) = 5 | Vrl3

j=1
Then
1 1
Loz Vr)=— (1 + Qy\wng) Ar =Yg {—2(1 L IVrI2)Ar 4 7 — 2Pt
j=1
1 2
(3.6) = — (14 59r13) &

Meanwhile, since 7 is a solution of (1.3), we have

1
Lir= —5(1 + 3||Vr|3)Ar 4+ 7 — (2p + 1)r2Pt!

(3.7) = [p+ (= DIVrI3] ar —2pr.

So by (3.6)-(3.7), we get that

P p (= DIV
Lo—+ vr) | = -
+(2p v V)=

Recalling that L u = pr, for some ¥ € R3, we have

o pte=DVrf3
2p  p(2+|Vrl3)

/ 'ru:/ rO,;r =0, j=1,2,3,
R3 R3

2 pt(p—1)|Vr3
— + x-Vr)r| =0.
a8 [2]9 e g &V

u=1v9-Vr—p

(x - V"I’)‘| .

Thanks to the fact that

we reach that
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3 2
/B(x -Vr)r = ——/37“ ,
then by p € (0,2/3),

2 p+(p—1)||Vr|3 (2=3p) + (4 —3p)|IVr[l3
— + xz-Vr)r| = / r? > 0.
/R?’ [219 p(2+[|Vr|3) ( ) 2p(2 + [|V7]3) R3

It follows that p = 0. The proof is complete. g

Since

Lemma 3.5. Let w = u+iv € H'(R3 C) with u,v € H*(R3). If |lw + 7|2 = ||r||2 and
(u, Op;m)pr =0, j =1,2,3,
then there exist D, D1, Do such that
(Lyu,u) > Dlju|® = Di|w|* = Dallwlf®.

Proof. By ||w +r[l2 = |72, we get (u,r) = —%||w||3. Without loss of generality, we assume that
|rle = 1. Let

u=uy+uyL, u = (u,r)r
then (uy,r) = 0. Noting that (r,0y,;7)g1 =0, j = 1,2,3, we have (uy,0;,7)y1 =0, j = 1,2,3 and
uy € Vy. It follows that (Liuy,u;) > C|lup|3 for some C > 0. Similar to [5, Proposition 2.2],

(3.8) (Lour,ur) 2 C(JJul® = Jlwl3)-
On the other hand, since r is a solution of (1.3), we have
1 2p+2
5L+ IVPIDIVrlE + 175 = Il 2-

It follows that
(Lyr,r) = =plIVr(3 = 2pllr|l3 + (1 = p)||Vrll3 > —2p|r|?,
and then

(39) (Lo, ) = 3 lolLor, ) = L ful i
Finally, since r satisfies (1.3), we get

Lir=p(1+|Vr|3)Ar — | Vr|3Ar — 2pr.
Then for some C' > 0,

(Lyus,r) = (Lyrus) = [(1=p)[Vrif =p] [ 979w,

(1= p)]|Vr[3 - }(/ngvu—/wvrvuo
(= pIVrl =] ([, Vrvus sl [ 90)

< C(IVullz + [[wl3).

So
1 2 C 2 2
(Lyur,u) = —gllwla{lyur,r) 2 = lwlz2([Vull2 + [lw]2)
(3.10) > —C([[w]® + [Jw]*).

Thus, the result as claimed is yielded by (3.8)-(3.10). O
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Lemma 3.6.

L_
i L0
vermt @)y ]
(U,'I’)leo
Proof. 1t suffices to show that
W= inf (L_v,v) > 0.

veH1(R3)\{0}
lvll2=1, (v,r) y1=0

Since r(z) — 0 as |z| — oo, similar to [5, Proposition 2.3], we know w > 0. If w = 0, taking any
minimizing sequence {v,}, {v,} is bounded in H*(R3) and for some v € H(R3), we have v, — v
weakly in H!'(R3) and a. e. in R® as n — oo. So (v,7) g1 = 0 and by the decay of r,

lim P2 = [ PP

0 <(L_v,v) <liminf(L_vy,v,) =0
n—oo

Then (L_v,v) = 0. Furthermore, we know v, — v strongly in H*(R3) as n — oo and ||v[j2 = 1.
In turn, there exist A, u such that

(L—v,m) = Av,n) + p(ryn) g, 0 € H' (R?).
By taking 7 = v, then A = 0. Finally, we take n = r and get that
M”TH?{1 = (L_v,r) =(L_rv) =0.

That is, ¢ = 0 and L_v = 0. Recalling that KerL_ = Span{r}, we get that v = 6r for some 0 € R.
Noting that (v,7)g1 = 0, § = 0, which contradicts the fact that ||v|j2 = 1. O

3.2. Toward to Proof of Theorem 1.1.

Proof. Take ¢ = r + w,(z,7) given in Lemma 3.1 and w,u,v given in Lemma 3.2. Let
I(¢) = E(¢) + ||#||3, we get that I'(r) = 0 in H~*(R3) and then by Proposition 2.1, I(¢) > I(r).
By the Taylor expend, for some 6 € (0,1), we have

I(¢)—I(r)=I(r+w)—I(r)= %(I"(rjt@w)w,w)
= (Lyu,u) + (L_v,v) + J + K,

where
J—lv 0w |2 + 62||[Vol2 = |[Vr2) ([Vull? + || Vo2
=5 IV +0u)llz + %[ Vollz = [Vrllz) (IVullz + [Vollz
2 2
+{.9||w|§+9||w\|§+/ VrVu] —< ww) ,

R3 R3
and
K = 3[(2p—|— 1)r2pu2 4 p2Py2 |w|2\r+ 9w|2p]
R

- 2p/ Ir + 0w|*P 2 |ru + 0u? + 6v? |2
R3

It is easy to check that J > —C(||w|® + ||w|*) for some C > 0. Similar to the inequality
in (2.5) in [18], by an interpolation estimate of Nirenberg and Gagliardo, one can get that
K > —C(JJw||**™ + ||w||%), where 7 > 0 and C > 0. Finally, the claim is concluded by (3.1),
Lemma 3.2, Lemma 3.5 and Lemma 3.6. U
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