WEIGHTED BECKMANN PROBLEM WITH BOUNDARY COSTS
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ABSTRACT. We show that a solution to a variant of the Beckmann problem can be obtained
by studying the limit of some weighted p—Laplacian problems. More precisely, we find a
solution to the following minimization problem:

min{/kd|w|+/ g_dy_—/ gt v s we MYQ), v e M), —V-w:f—l—y}
Q a0 o0

where f, k and gi are given. In addition, we connect this problem to a formulation with
Kantorovich potentials with Dirichlet boundary conditions.

1. INTRODUCTION

In this paper we consider a variant of the flow-minimization problem introduced by Beck-
mann in 1950 [2] as a particular case of a wider class of convex optimization problem, of the
form min{ [ H(w)dz : =V -w = f* — f7}, for convex H. The case H(z) = |z| is very
interesting because of its equivalence with the Monge problem which deals with the optimal
way of moving points from one mass distribution to another so that the total work done is
minimized. In his work, the cost of moving one unit of mass from z to y is measured with the
Euclidean distance |x — y|, even though many other cost functions have been studied later on.

Given two finite positive Borel measures f* and f~ on a compact convex domain  C R¢,
satisfying the mass balance condition f1(2) = f~(Q), then, the classical Monge optimal
transportation problem [12] is the following:

o) it { [ oo T@@lart T =1
where Ty ft = f~ & f(A) = fT(T71(A)) for every Borel set A C Q. The existence of
optimal maps was addressed by many authors [1], [5], [8], [14] and [17]. Although this problem

may have no solutions, its relaxed setting (which is the Kantorovich problem [13]) always has
one. The relaxed problem is the following

@) wind [ eeylays g enit o)

where
O ) ={yeM (QxQ): ()uy=rf", My)py=1/,"}

and II,, IT, are the two projections of € x Q onto Q. The authors of [15, 16] prove that the
dual of (KP) is the following:

(DP) max{/gud(ﬁ —f):ue Lipl(Q)}.
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The equality of the two optimal values implies that optimal v and w satisfy u(z)—u(y) = |z—y|
on the support of «, which means that the potential u decreases at the rate one as we move
along the transport ray [z, y] (note that the gradient of u gives the direction of these transport
rays). It is well-known that there exists a non-negative Borel measure o over € (which is called
transport density) such that (o,u) solves a particular PDE system, called Monge-Kantorovich
system [15]:

~V-(oVu)=f:=fr—f" inQ

‘n = o0
(1.1) oVu-n=0 f)n
|Vul <1 in Q,
|Vu| =1 o —a.e.

This measure o represents the amount of transport taking place in each region of €, i.e. for
a given Borel set A, o(A) stands for “how much” the transport takes place in A, if particles
move from their origin x to their destination y on transport rays.

In addition, the flow w := oVu solves the Beckmann problem (see [15]), which is the fol-
lowing:

(BP) min{/d|w| cw e MUQ), V-w:f+f_}
Q
and, we have the following equalities:
min (BP) = sup (DP) = min (KP).

An interesting variant of (KP), which is already present in [6, 7, 11], is to transport the mass
f* to another one f~ (which do not have a priori the same total mass) with the possibility
of transporting some mass to/from the boundary, paying the transport cost that is assumed
to be given by the Euclidean distance |z — y| plus an extra cost g~ (y) for each unit of mass
that comes out from a point y € 9Q or —g*(x) for each unit of mass that enters at the point
x € 09). Yet, it is raisonnable to consider a distance dj, associated with a Riemannian metric k
(where k is supposed to be positive and continuous), instead of the Euclidean distance, when
we want to model a non-uniform cost for the movement (due to geographical obstacles or
configurations). Recall that this distance dj, is defined as follows

1
di(x,y) := inf {/0 k(w(t))|w'(t)]dt : w € Lip([0,1],9), w(0) =z, w(1) = y}, Vo, y e

First of all, we assume that g* € C(9Q) with
(1.2) gt (x) — g~ (y) < dp(z,y), for all z, y € O0.

Set
Mo+, ) = {r e MH Q3 Q)+ (M) g = FF (W) g = £

we minimize the quantity
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(KPb) min{/mﬂdk(m,y) dv+/mg‘ d(Hy);@w—/mg+ d(My) gy = v € Hb(f+,f‘)}-

In this paper, we will prove that the problem (KPb) has a dual formulation, which is the
following

sup {/ﬂsod(ﬁ —f7) Vel <k, g" <p<g on 89} (DPD).

Note that, for this optimal transportation problem with boundary costs, the system (1.1)
becomes

-V -(eVu)=f inQ,

>0 on {u#g},
(1.3) ‘%SO _ on {u# g7},

gt <u<yg on 01,

|Vu| < k in Q,

|Vu| =k o —a.e.

and, the problem (BP) becomes (BPb):

min{/kd\w[—i—/ gdy—/ gt dvt : (w,v) € MYQ) x M(99Q), —V-w—f—l—y}.
Q o0N o0N

In [8], the authors prove that a solution to (1.1) can be constructed by studying the
p—Laplacian equation
-V (|Vup|p_2Vup) =f

in the limit as p — oo. In this paper, we prove that a solution to (1.3) (or equivalently,
to (BPb)) can be constructed by studying the limit as p — oo of the following weighted
p—Laplacian problem:

—V - (k7P|Vup|P~2Vu,) = f  in Q,

0 _

5%:0 on {g" <up<g},
(1.4) g—qﬁ’ >0 on {u,=g"},

%SO on {uP:gi}a

g+ < Up <g on Of2.

Using this approach, we get finally the following
min (BPb) = sup (DPb) = min (KPb).

This paper is organized as follows. In Section 2, we introduce a novel proof for the duality
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of (KPb). In Section 3, we introduce the weighted p—Laplacian problems that we use to
approximate a maximizer us of (DPb). Then, we prove existence of a solution to (1.3), this
means that we want to find a non-negative Borel measure o such that (o, us) solves (1.3).
Finally, in Section 4, we prove that min(BPb)= sup(DPb) and we find a minimizer to (BPb).

2. DuALITY

The proof of the duality formula of (KPb), introduced in [11], concerns only the Euclidean
case and, it is based on the Fenchel-Rocafellar duality Theorem and it is decomposed into two
steps: firstly, the authors suppose that the inequality in (1.2) is strict and secondly, they use
an approximation argument to cover the other case. Here, we want to give an alternative proof
for this duality formula, based on a simple convex analysis trick. Before that, let us introduce
the following existence result.

Proposition 2.1. (KPb) reaches a minimum.

Proof. Set

K(y) = /Q ey + /a gl - /8 gL, Yy € M@ 9,

Then, K is continuous with respect to the weak convergence of measures in IIb(f, f7).
Indeed, if (y,)n is a sequence in ITIb(fT, f~) such that ~,—~, then, for every n, there exists
X5 € M*(09) such that

M) g ="+ x0, Ty)gwm=F +xn
and
X = x5,

where (IL,)xy = f*+xT and (II,)4y = f~ + x~. As g are continuous, then
K(m) = K(7).

On the other hand, we observe that if v € IIb(fT, f~) and 7 := Y|@0xo0)c; then ¥ also
belongs to IIb(fT, 7). In addition, we have

/ di(z,y)dy +/ g~ d(ILy) 4y —/ g7 d(I,)
QxQ o0 o0

B /mxag(dk(x’ y)+g_(y)_g+(x))d7+/ di(, y)d'Y"'/ 9_(y)d7_/39xgo 9" (w)dy.

(02x00)e Q° %99
As
de(z,y) +9 (y) — 9" (z) >0,
we get
/_ di(z,y) dy +/ g~ d(Ily)xy —/ g d(I0,)
Qx0 o2 o0

> / B dk(:c,y) dy + /ag g d(Hy)#:y — /,99 gJr d(Hx)#:y.

QxQ
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Now, let (yn)n C IIb(fT, f7) be a minimizing sequence. Then, we can suppose that
(092 x 092) = 0.
In this case, we get
(2 x Q) < (0 x Q) + 7, (2 x Q°)
= [T+ ().

Hence, there exist a subsequence (yy, )n, and a plan v € IIb(fT, f7) such that ,,—~. But,
the continuity of K implies that this v is a minimizer for (KPb). O

Proposition 2.2. Let g% be in C(0Q). Then under the assumption (1.2), we have the fol-
lowing equality

mm{ | aamdr [ gmae = [ gtadioe e Hb(fﬂf)} (KPb)

—sup{ [ pd(s* =) Vel <k gt <o g omonf  (op)

Notice that if (1.2) is not satisfied, then both sides of this equality are —oo.
Proof. For every p* € C(99), set

H(p",p7) = —Svlp{/gsod(f”r —f7) Vel <k, g"+p" <p<g —p on 89}-

It is easy to see that H(p™,p~) € RU{+o0}. Indeed, if (p,), is a maximizing sequence, then
¢n, are equicontinuous since |V, | < k and they are also equibounded thanks to the fact that
gT+pT <, < g —p on I and so, we can apply Ascoli-Arzeld’s Theorem. In addition,
we claim that H is convex and l.s.c.

For convexity: take t € (0,1) and (pd,py), (1 ,p7) € C(ON) x C(0Q) and let ¢g, p1 be
their optimal potentials. Set

pi =1 —tpg +tof, py =1 —t)py +tpy

and
pr = (1 —1t)po +ter.
As
9"+ <po<g —p;, and gt +pi <1 <g” —p; on 9,
then

g +pf <o <g —p; on 9Q.

In addition, |Vi;| < k. Consequently, ¢; is admissible in the max defining —H (p,",p; ) and
then,

Hpf py) < — /Q o d(f* — f7) = (1— OH(pg.py) + tH (ot pr).
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For semi-continuity: take p} — p* and p, — p~ uniformly on 9Q. Let (p; ,p,, )n, be
a subsequence such that liminf, H(p,l,p,) = lim,, H(p; ,p,, ) (for simplicity of notation,
we still denote this subsequence by (p;",p; ),) and let (), be their corresponding optimal
potentials. As |Vy,| <k and (p;})n, (p, )n are equibounded, then, by Ascoli-Arzela’s Theo-
rem, there exist a function ¢ with |Vy| < k and a subsequence (¢, )n, such that ¢, — ¢
uniformly. As

9"+ < on, <97 —py, on 09,
then
g +pt <o<g —p on I

Consequently, ¢ is admissible in the max defining —H (p™,p~) and one has
H(p",p~) < - /Q pd(f" = J7) = lim H(py,, py,) = liminf H(py, py).

Hence, we get that H** = H and in particular, H**(0,0) = H(0,0). But by the definition of
H, we have

H(0a0)=—sup{/s0d(f+—f) V| <k, gt <p<g on 8Q}~
Q

On the other hand, let us compute H**(0,0). Take x* in M(9Q), then we have

H*(x",x7)=sup {/ p+dx++/ pdx—H(p+7p)}
pT € C(090) o0 o0

= sup {/N dx++/p_ dx_+/<pd(f+—f_) cgt4pT <p<g —p on 89}-
pTeC(09), |Vo|<k

If x© ¢ MT(09), i.e there exists pi € C(69Q) such that pi > 0 and fagpar dx™ < 0, we
may see that

n—-+o0o

H*(x",x7) > —n/mpédx++/mg_dx_—/8Q9+dx+ —  +oo.

Similarly if x= ¢ M™% (09). Now, suppose that x* € M*(99). As g* + p*
g~ — p~ on 0N, we should choose the largest possible p*, i.e pt(z) = o(x) — g*
p (y) =g (y) — p(y) for all z, y € 9N. Hence, we have

2
) a

= IA
2 1A

H*(x+,x):sup{/ﬂsod(f+x) : |Vl Sk}Jr/landx—/mg*dx*-

By [16, Theorem 1.14], we get

H*(x",x7) = min{/_ Cdg(zy)dy v e O(fT+xTL f +x‘)}+/ g~ dx‘—/ gt dxt
[95%¢9] o0 o0
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= min{/Q Qdk;(ﬂc,y) dy + /m g~ d(ITy) vy — /{m g d(My) gy vy e O(fT +xT f~ + x‘)}-

Finally, we have

H**(0,0) = Sup{ -H*(x".x7) :xt.x" € M*(aﬁ)}

_ _min{/Q Qdk(w,y)dwr/mg_ d(Hy)#v—/ng’d(Hx)#v Dy € Hb(f+,f_)}~ O

3. THE LIMIT OF THE WEIGHTED p—LAPLACIAN PROBLEMS

In this section, the aim is to obtain estimates, independent of p, on solution of (1.4), similar
to those in [8, 11]. First of all, we note that the unique (may be up to a constant) weak
solution u, of (1.4) is found as the minimizer of the functional

Tp(uw) :Z;/Qk_pwu\pdx—/gufda:

over all u € WP(Q), g <u < g~ on dQ. Under the assumption (1.2), we have the following

Proposition 3.1. Let u, be the solution of (1.4). Then, up to a subsequence, u, — Uso
uniformly as p — oo, where us solves (DPb).

Proof. Set

v(x) := min{g~ (y) + di(z,y)}, for all z € Q.
yeos)

Then, it is easy to see that v is Lip; according to the distance dj and then, |Vov| < k. In
addition, (1.2) gives that
gT <v<g on 0Q.

From the optimality of u,, we have

Q
Tolup) < Tolv) < 'P] e

where C is a constant independent of p. As

9" <wu,<g~ on 9Q,
then, it is easy to check that

upll Lo (@) < C(d, diam(Q)) [[Vup|| 1o ray + (19l 00)-
Hence,

IA

/k_p|Vup\pdac p/ upfdr 4+ Cp
Q Q

Cp(/ k:p\VupF”daz)p + Cbp.
Q

IN
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< /Q k_p|Vup|pdx>; < (Cp)

1
(/ kmyvup\mdx>m < (Cp)7 |7 7.
Q

Yet, this implies that

3=

and then, for m < p,

Hence, up to a subsequence, u, — us in W1™(Q), for all m € N*, and then, u, — e
uniformly in Q. In addition, we have
1

(/ km]VuOO]mdx> " <|Q/m, for all m € N*
Q

and then,

Voo | < k.
On the other hand, for any admissible function ¢ in (DPb), we have, from the optimality of
Up, that

- [wfar < ) < g0 < B - [ ora
Q b Q

When p — oo, we infer that us, solves (DPb). O

For all p > d, set
wy, 1= kP |Vuy|P~2 Vay,

where u,, is the solution of (1.4). So, the aim now is to study the limit as p — oo of (wp),. In
particular, we show that w, — w in the sense of measures and that (o, 1) solves (1.3) with
o:=k"1|w|

Lemma 3.2. For all p > d, there exists a measure vy, which is concentrated on the boundary
of Q, such that

/wp.V(lpdx:/gOfdl’ +/ pdy,, for every © € WHP(Q).
Q Q oN

In addition, we have
+ _+
sptv, C{up, =g~}
Proof. Take ¢ € C*°(Q) with

spt(e) N {up = g7} = 0.

As u, € C(9), then there exists 9 > 0 such that g < u, 4+ cp < g~ on 99, for all || < .
Yet, from the optimality of u,, we have

jp(“p) < jp(“p + €p)
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/wp-Vgodx:/gpfdx.
Q Q

spt(e™)N{up =g} =0 and spt(p~)N{u, =g"} = 0.

and when € — 0, we get
Let ™ > 0 be in C®(Q) with

Working as above, we get

/wp-ch+dx > /<p+fdx and /wp-th_dﬁU < /(p_fdx.
Q Q Q @

From now on, we assume that the inequality in (1.2) is strict, this means that
g+($) - g_(y) < dk(xay)v V oz, y€ o9Q.

Then, we have the following

Proposition 3.3. w, — w and v, — v in the sense of measures.
Proof. Set again

v(x) := min{g~ (y) + dk(z,y)}, for all z € Q.
yeoN)

Then, it is clear that gt < v < g~ on 92 and |Vv| < k. In addition, we have the following
equality

/wp-V(up—v)dx: /(up—v)fdzr +/ (up — v) dvp.
Q Q o0
Hence,

/ (v—up)dup+/k_p]Vup|pdm = /wp-Vvdx+/(up—v)fd$
o0 Q Q

Q

< /wp-Vvd:L‘—{—C
Q

where C is a constant independent of p. As v — g™ > ¢ > 0 on 01, then, by Lemma 3.2, we

get
c/ du;+/k—P|vu,,\de < /k_(p_l)\Vup]p_QVup-k_1Vvdx +C
o0 Q Q
1—1
1 P
< |Q\P</ k:p|Vup|pdx> + C
Q
<

1
(1-1) [ romnpac + e
p Q
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Finally, we infer that

1
c/ duz'," + / kE7P|Vu,P dz < C.
o0 P Jo
Therefore,

dvt < C.
[

/k:p]VupP’dx:/upfdm —i—/ up dvp.
Q Q o0

Hence, the sequence (wp), (resp. (1)) is bounded in M?(Q) (resp. M(9£)) and so, there
exists a vector measure w (resp. a measure v supported on 0€2) such that w, — w (resp.
vp — v) in the sense of measures. [0

Yet, we have

We conclude this section by proving existence of a solution to (1.3).

Proposition 3.4. There exists a non-negative Borel measure o over 0 such that (o, us),
where U s a mazimizer for (DPb), is a solution to (1.3).

Proof. By Proposition 3.3, as w, — w and v, — v, we get, using Lemma 3.2, that for all
p € CH(Q),

(3.1) /QVgo'dw:/ngfdx—i—/anpdu.

Set
o=k Huw).

Now, consider a sequence (@), C C*°(Q2) such that ¢, — us uniformly and V¢, — Vyus
in L2(Q,R%), where V, is the tangential gradient operator with respect to o defined in [4].
By (3.1), we get

/Vguoo-dw = /uoofdzz:+/ Uoso AV
Q Q o0
= /uoofdx—l—/ g+d1/+—/ g dv.
Q 0N o0

Yet,
/kd]w\ < liminf/k]wp]dx
Q p Q
— liminf / k==Y, Pt da
»Ja
1—1
1 P
< liminf \Q|P</ k:p|Vup]pdx) .
p Q
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In addition, we have

/k:_p]Vup|pdm = /upfda:+/ up dyy,
Q Q Gle!
= /upfda:+/ g+d1/;—/ g~ dv,
Q o9 o9

— /uoofd$+/ g dvt —/ g_du_:/vguoo-dw.
Q o0 o0 Q
/k:d|w\ S/Vguoo-dw.
Q Q
/Vguoo-dw:/kd]w\
Q Q

W =0Vl , |Voux| =k o —a.e.

Finally, we get
Since |Vueo| < k, hence

and

4. PRODUCING A SOLUTION TO A VARIANT OF THE BECKMANN PROBLEM

Now, we are ready to find a solution to (BPb). Let w (resp. v) be the limit of (wy), (resp.
(vp)p) as in the proposition 3.3. Then, we have the following

Proposition 4.1. (w,v) solves the problem (BPb). Moreover, the minimal value of (BPb)
equals the maximal value of (DPb).

Proof. We start from min(BPb) > sup(DPb). In order to do so, take an arbitrary func-
tion p € CH(Q) with |[Vy| < k and g7 < ¢ < g~ on 9. Consider that for any (v,x) €
MEQ) x M(0Q) with —V - v = f + x, we have

/kdlv\Z/Vw-dv=/tpd(f+x)2/<pfdx+/ g+dx+—/ g dx .
Q Q Q Q [l9] o0

By an approximation argument, we can infer that
/ kd|v| +/ g dx~ —/ gTdxt > sup (DPb) = min (KPb)
Q o0 o0N
for any admissible (v, x), i.e., min(BPb) > sup(DPb). Yet, by Proposition 3.4, we have

/k‘d\w|—|—/ g_du_—/ g+d1/+:/uoofda:.
Q a0 0 Q

Hence, (w,v) solves (BPb) and, recalling Proposition 2.2, we get min(BPb) = sup(DPb)
= min(KPb). O
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Remark 4.1. Note that, from [10], we have ¢ € L' as soon as f € L' and k € CY, and
then, the following problem

min{/ klw|dz +/ g dv™ —/ gt dvt s we LY RY), v e M(OQ), -V - w = f+u}
Q 09 o9

reaches a minimum.
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