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1. INTRODUCTION

In the study of the gradient flow for a nonsmooth functional F on a metric space (X, d),
it is useful to introduce a notion of slope |0F|, which coincides with the norm of the gradient
VF in the case of a smooth functional on a Hilbert space. For every u € X with F(u) < 400
the slope |0F|(u) is defined by

gt (F(u) — F(v)*
|0F |(u) := lim sup (o) ;
where ()T denotes the positive part. For the general properties of the slope and for the com-
parison with other classical notions we refer to [19], [20], [25], [2], [4] and to the forthcoming
book [5].

In this paper we begin the study of this notion for the Mumford-Shah functional defined
in the space SBV(Q) of special functions with bounded variation (see [3]) on a bounded
open set Q C R? with C! boundary.

In view of the applications to irreversible crack growth in fracture mechanics, it is conve-
nient to write this functional in the form

Flu,S) := ||Vul]® + H}(S), (1.1)

using two independent variables: the function u € SBV(£2), which plays the role of the
displacement, and the set S, which plays the role of the crack. Here and henceforth || - ||
denotes the L? norm, V denotes the (approximate) gradient, and H! is the one dimensional
Hausdorff measure. Since the displacement must be (approximately) continuous out of the
crack, the domain of the functional F(u,S) satisfies the constraint S(u) C S, where S(u)
is the jump set of 4 and C denotes inclusion up to an H'-negligible set. For the precise
definitions of all these notions we refer to [3].

The irreversibility of crack growth leads to the following unilateral variant of the notion
of slope:

OF| (1, §) = limsup T 5) = F (0, SUS@))T

v—u lv — ull

, (1.2)
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where v — u in L?*(2). We consider also the case with fixed boundary conditions on 9

OF (1, ) = limsup L (S) = F(0, SUS@))T

v—u ||U — UH
v=u on 9N

; (1.3)

where the equality v = u on 9 means that the traces of v and u agree H!'-a.e. on 0f).
It is easy to see that |0F|y(u,S) < |0F|(u,S).

For every S C Q with H!(S) < +oo we define SBV?(Q,S) as the set of functions
u € SBV(Q) N L*(Q) with Vu € L%(Q;R?) and S(u) C S; we define SBVZ(€2,S) as the
set of functions v € SBV?(Q, S) whose trace vanishes H'-a.e. on 9. We use the symbol
(:]) to denote the scalar product in L?(Q2) or L?(£2;R?), according to the context.

A necessary condition for the finiteness of the slope is given by the following proposition.

Proposition 1.1. Let S be a subset of Q with H'(S) < +oo and let uw € SBV?*(Q,S). If
|0F|p(u, S) < +00, then there exists f € L?(Q) such that

(VulVp) = (flo) Ve € SBVF(Q,5). (1.4)

Moreover, 2| f|| < |0F|p(u, S).
If, in addition, |0F|(u,S) < 400, then we have also

(Vu|Ve) = (fle) Yo € SBV3(Q,S). (1.5)

If S and w are sufficiently smooth, condition (1.4) is equivalent to say that —Au = f in
OQ\S and du/On =0 on S, while (1.5) implies also that du/dn =0 on ON.

For every open set U C R? the space of distributions on U is denoted by D’(U). The
following theorem shows that the slope in the previous proposition is given exactly by 2| f||
when S and u are sufficiently smooth, and wu satisfies the Neumann boundary condition.

Theorem 1.2. Let S be a one dimensional C' manifold without boundary contained in
and let u be a function such ulg, € C1();) for every connected component Q; of Q\S.
Assume that —Au = f in D'(Q\S), with f € L*(Q), and that du/On =0 on S. Then
|0F|p(u, S) =2||f||. If, in addition, u/dn =0 on IQ, then |0F|(u,S) = 2|f]

The hypothesis that S is a manifold without boundary is crucial in the previous theorem.
In Example 2.2 we will show that, if S is a closed segment in 2 and w is harmonic on Q\S,
satisfies the Neumann boundary condition on S, and has a large stress intensity factor at
one of the crack tips, then |0F|;(u,S) > 0. On the other hand we will show in Example 2.3
that, in this case, there exists a sequence Sj of C!' manifolds without boundary, which
converges to S in any reasonable sense, and a sequence uy of harmonic functions on Q\ Sk,
satisfying the Neumann boundary condition on Sy, and such that u; converges to u strongly
in L%(Q) and Vuy converges to Vu strongly in L?(£2;R?). By Theorem 1.2 this implies
that |0F|p(ug, Sk) = 0 and shows that |0F|, is not lower semicontinuous.

In the general theory of gradient flows, when the slope is not lower semicontinuous, its
lower semicontinuous envelope plays an important role. In the case of the Mumford-Shah
functional, for every S C Q with H'(S) < +oo and every u € SBV?(€,S), the natural
notion of lower semicontinuous envelope is defined by

|0F|(u, S) := inf{likminf |OF |(ug, Sk)},

where the infimum is taken over all sequences (ug, Si) such that uy — u strongly in L?(Q),
Vuy, — Vu weakly in L?(Q;R?), and S o?-converges to S, according to Definition 3.1
below. Similarly we define

[0F|o(u, §) := inf {lim inf |DF ]y (uk, Sk)}

where the infimum is taken over the same set of sequences.
We prove the following general result on the relaxed slope.
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Proposition 1.3. Let S be a subset of Q with H'(S) < 400 and let u € SBV*(Q,5). If
|0F|y(u, S) < +o00, then there exists f € L*(2) such that

—div(Vu)=f inD'(Q), (1.6)
|Vul? — div(uVu) < fu in D'(Q). (1.7)

Moreover, 2| f] < @h,(u,S).
If, in addition, |0F|(u,S) < 400, then we have also

—div(Va) = f inD'(R?), (1.8)
where the tilde denotes the zero extension to R?.

If S and w are sufficiently smooth, condition (1.6) is equivalent to say that —Au = f in
OQ\S and du/On is continuous across S, while (1.8) implies also that du/dn = 0 on IN.
Note that (1.4) implies the stronger condition du/On =0 on S. Condition (1.7) says that
[u] Ou/On >0 on S, where [u] denotes the jump of u on S.

The following theorem shows that in the previous proposition we have |0.F|,(u, S) = 2|| f||
if S is partially smooth, and u satisfies (1.6) and (1.7) with an f € LP(Q) with p > 2.

Theorem 1.4. Assume that Q has a C? boundary and let S be a compact subset of €.
Suppose that there exists a finite set F C S such that S\ F is a one dimensional C*
manifold, and that for every x € F there exists an open neighbourhood U of x such that
U\S can be expressed as the union of a finite number of open sets with Lipschitz boundary
and of a set of Lebesque measure zero. Let u € SBV?(Q,S) N L>(Q) be a function which
satisfies (1.6) and (1.7) with f € LP(Q)), p > 2. Assume that [u] #0 H' a.e. on S. Then
|0F|y(u, S) = 2||f||. If, in addition, (1.8) holds, then |0F|(u,S) = 2|/ f]| -

The main difference between Theorems 1.2 and 1.4 is that in Theorem 1.2 the set S is
assumed to be smooth, while in Theorem 1.4 it is smooth except possibly for a finite number
of points. The comparison between these results shows that the slope is sensitive to the
behaviour of u near the crack tips, while this is not the case for the relaxed slope. Another
difference is the fact that in Theorem 1.2 we assume the Neumann condition du/dn =0 on
S, which is replaced in Theorem 1.4 by the weaker assumptions (1.6) and (1.7). This is due
to the fact that the set S can be approximated by a sequence Sy, of sets with an increasing
number of connected components, and this leads to a homogenization process (known as the
sieve problem, see, e.g., [7], [18], and [27]), where the Neumann condition is replaced in the
limit by a transmission condition.

2. PROOF OF THE PROPERTIES OF THE SLOPE

We shall use the following compactness and lower semicontinuity theorem.

Theorem 2.1. Let E C Q be an H'-measurable set with H'(E) < oo, and let uy be a
sequence in SBV (Q) N L>(Q) such that uy, is bounded in L>(Q), H*(S(ux)) is bounded,
and Vuy is bounded in L?(Q;R?). Then there exist a subsequence, still denoted uy,, and
a function uw € SBV(Q) N L>®(Q), such that up, — u a.e. in Q, Vur — Vu weakly in
L*(Q;R?), and H'(S(u)\E) < liminfy H'(S(ux)\ E).

If, in addition, there exists a function v € HY(Q) such that u — ¢ € SBVE(Q, E) for
every k, then uw— 1 € SBVF(Q, E).

Proof. The former statement is proved in [1] (see also [3]) when E = (). The proof of the
general case can be found in [14, Theorem 2.8]. The latter statement can be obtained by
considering an extension of all functions to a larger domain. O

We begin by proving Proposition 1.1.
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Proof of Proposition 1.1. Let ¢ € SBVZ(£2,5). By the definition of slope (see (1.3)) and
of the functional F (see (1.1)) we have
0t ellel Il

(2.1)

Therefore the linear functional ¢ — (Vu|Ve) is continuous on SBVZ(,S) with respect to
the L? norm. Thus there exists f € L?(2) such that (1.4) holds. As SBVZ(Q,S) is dense
in L3(Q), (2.1) implies that 2||f|| < [0F]s(u, S).

The proof of (1.5) is similar. O

We now prove Theorem 1.2.

Proof of Theorem 1.2. We prove the theorem only for |0F|y(u,S). By Proposition 1.1 we
have only to prove that |0F|y(u,S) < 2| f]|. Assume, by contradiction, that |0F]|y(u,S) >
2||f]l. Then there exist a constant a, with 0 < a < 400, and a sequence v, € SBV ()
such that vy, — u in L?(€2), the traces of v and u agree on 91, and

i NV = [Voe]? = H(S(0p)\S)
im

k—o0 Hu — Uk||

This implies that liminfy(||Vu||®> — [[Vug]|?) > 0 and limsup, H!(S(vk)\S) < 0. Indeed,
if this is not the case the numerator in (2.2) would have a negative limit (along a suitable
subsequence), which contradicts a > 0. These inequalities show that ||Vuy| and H*(S(v)

are bounded uniformly with respect to k. By lower semicontinuity (Theorem 2.1) we have
also limsupy, (||Vu|? — ||[Vue||?) < 0. Therefore

(Vo || = || Vull and H (S (v)\S) — 0. (2.3)

=a+2|f|. (2.2)

As Q\S has a finite number of connected components, the function u belongs to L>(€2).
By a truncation argument (changing, if needed, the value of «), it is not restrictive to
assume that

[0k lloo < fltefloc (2.4)

where || - ||oo denotes the L® norm.

Under our hypotheses on u there exists a constant L, with 0 < L < 400, such that
the restriction of w to each connected component U of Q\S has Lipschitz constant L.
Let us fix € > 0, with 2L% + 2Le < 1, such that for every y € U and every p € ]0,¢[
the set dB(y,p) N U is connected and HY(OB(y,p) NU) > 2p. Let ®.(w) := |[|[Vwl|]® +
L((If1 + e)(w — w)|w — u) — 2(flw), and let W}, be the set of all functions w such that
w—u € SBVE(Q,SUS(vg)). It is clear that wy is a solution of the minimum problem

in ¢ 2.5
Jnin @ (w) (2.5)
if and only if it minimizes
. 1
min { V]2 + (1] +&)(w - u - ege)w - u —eg.)} (2.6)
weWy g

where g. := f/(|f| +¢). By a truncation argument, we can find a minimizing sequence of
(2.6) whose L norm is bounded by ||u|l. + &. Since the approximate gradients in the
minimizing sequence are uniformly bounded in L?({;R?), we can apply the compactness
and lower semicontinuity theorem (Theorem 2.1) and we obtain that the minimum problems
(2.5) and (2.6) have a solution wy, which is unique by strict convexity.

Let us prove that

Wi — U strongly in L?(Q), (2.7)
Vw, — Vu strongly in L?(Q;R?). (2.8)
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Indeed, ||wglloo, [[Vwg|l, and H(S(wy)) are uniformly bounded, so that by Ambrosio’s
compactness theorem (Theorem 2.1) there exist a subsequence, not relabelled, and a func-
tion w € SBV() such that wy — w in L*(Q), Vw, — Vw weakly in L?(Q;R?), and
HL(S(w)\S) < liminfy H1(S(wy)\S). Since S(wx) C SUS(vx) and H(S(vk)\S) — 0 we
have that S(w) C S, hence w € SBV2(Q,S). As w, —u € SBVZ(Q,SUS(vy)), we deduce
also that w —u € SBVE(£,S). Let v be a function such that v —u € SBVF(£,S). As
v € Wy, by the minimality of wy in (2.5) we get ®.(wy) < P.(v). Passing to the limit as
k — o0, the lower semicontinuity implies that w minimizes ®. on the set W of all functions
v with v —u € SBVZ(Q, S). Since, by hypothesis, —Au = f in D'(Q) and du/dn =0 on
S, the function u minimizes ||Vv||? — 2(f|v) on W. Therefore

e (u) = [Vull® = 2(flu) < [[Vwl* = 2(flw) < e (w),

so that uw = w by the uniqueness of the minimizer of ®. on W. To prove that the con-
vergence of Vwy to Vu is strong, we observe that u € Wy, so that, by the minimality of
wy, in (2.5), we have ®.(wy) < ®.(u). This implies that ||[Vul|? > limsup,, |Vwg||?, which
gives the strong convergence.

Since @, (wy) < P (vg) by (2.5), we have

[Vl — [Vugl2 P (S()\S) < [Vl — [V |2~
= (U1 + &) oo~ wlok — ) + (1] + ) (o — ) o — ) +
+ 2(flwy —u) = 2(flog —u) = H (S (vk)\S).
We shall prove that for k large enough
Il — 9l = L(11+ ) ot~ w)lae — ) + 2 flue — ) < HAS@NS),  (29)

hence

[Vull* = [[Vog|[* = H (S(vr)\S) <

| —

((f1+&)(vg —u)|vg —u) —2(flop —u).  (2.10)

Since L(|f| + ¢)(vk — u) — 0 strongly in L*(Q2) as k — oo by the dominated convergence
theorem, and —2(f|vy — u) < 2|f]| ||lvx — u||, inequality (2.10) contradicts the fact that
a >0 in (2.2).

It remains to prove (2.9). The Euler condition for the minimum problem (2.5) implies
that

3

1
(VurlVe) + Z(([f] + &) (wi —u)le) = (fle) =0
for every ¢ € SBVZ(Q,S(vx) U S). Taking ¢ = u — wy, and using the identity |Vu|? —
Vw1 = (Vu|Vu — Vwy) + (Vwg|Vu — Vwy ), we obtain
1
IVull* = [Vwil* = Z((1f] + &) (w = w)lwx = u) +2(flwy —u) =
= (Vu|Vu — Vwy) + (flwr, — u) .

Integrating by parts on each connected component U of Q\S (for a justification under
our regularity assumptions see, e.g., the proof of (2.39) in [15]) we obtain

(V| Vi — V) + (Flwos — w) :/ O] dHY

so that (2.9) becomes
0
/ O ] dHY < H(S(ur)\S).
S(up)\s On
Since |0u/0n| < L, it is enough to show that

1
H'- esssup |[wy]]

< (2.11)
S(ui)\S L
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for k large enough.

To do this, we fix a connected component U of Q\S. We will prove that for & large enough
there exists a finite number of balls B(y;, p;), depending possibly on k, with 0 < p; < €,
such that

U c U; By pi) (2.12)

IB(yi, pi) NUNS(v) =0, (2.13)

H'-esssup |wp —u| < ¢e. (2.14)
UNOB(yi.pi)

Using an argument related to the maximum principle we will then show that (2.14) implies
that

osc  wp < 2Le+ 2¢. (2.15)
UNB(yi,pi)

This gives immediately

1
H'-esssup  |[wy]| < 2Le +2¢ < —.
UNB(yi,p)NS(ox) L

Since this estimate does not depend on i nor on the connected component U, we ob-
tain (2.11).

We begin by proving that (2.14) implies (2.15). Let x; € U N B(y;, p;) and let m; =
u(z;) — Le —e and M, := u(x;) + Le + €. Since u is L-Lipschitz on U we have

m;+e<u< M —¢ on U N By, pi) - (2.16)
By (2.14) we have
m; < w, < M; H' a.e.on UN OB (ys, pi) - (2.17)
Moreover, the function g. which appears in (2.6) satisfies
m; <u+eg. < M; a.e. on U N By, pi) , (2.18)

Let 2z, € SBV(Q) be defined by
(ms Vwg) ANM;  on UnN By, pi),
2k =
W elsewhere .

By (2.17) we have z, € SBV?2(Q,SUS(vx)) and by (2.16) the traces of z; and u agree on
0Q. Therefore 2z, € Wi. By (2.18) we have

1
IV2e]* + S(Uf1+e) (e —u —ege)lar —u —ege) <
1
<[V |)* + S(Uf1+ o) (wr —u —ege)lwr —u —ege).
Since the solution of (2.6) is unique we have zp = wg, hence m; < wy < M; a.e. on
U N B(yi, pi), which implies (2.15).

It remains to prove that we can find a finite number of balls B(y;, p;), with 0 < p; < €,
satisfying (2.12)—(2.14). Choose k large enough to have

M (S()\S) < 5

1
64 (7r+6—2)(||w;€ —ul)® + | Vwg — Vul?) < €, (2.20)

(2.19)

and define H, := {x € U : d(x,U*) > ¢/2}. Since H. is compact, it can be covered by a
finite number of balls B(y;,e/4) with y; € H.. Note that the balls B(y;,e/2) are contained
in U. Let E; :={pe€le/4,e/2[: 0B(yi, p) N S(vx) = D}. By (2.19) we have H(E;) > /8.
Moreover

/ dp/ IVowy, — Vyul> dH < ||[Vwy, — Va2
E; 0B(yi,p)
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and

/ dp/ ok — uf2 dHY < [y — ull?,
E; 9B(yi,p)

where V. denotes the tangential gradient. As H'(E;) > ¢/8, we may choose p; € E; such
that

16
/ \Vowy, — Vyul? dH' < — || Vg — Vul|? (2.21)
0B(yi;pi) €
2 n1 _ 16 2
lwe — ul* dH" < —|lw — ul|”. (2.22)
0B(yi,pi) €
Using the one-dimensional estimate
2 a a
sup (007 <2 [ jo(oPde+ 20 [ 1¢(0)Par, (2:29
t€]0,a[ a Jo 0
from (2.20), (2.21), and (2.22) we obtain (2.14).
Let us cover now K. := {x € U : d(x,U¢) < ¢/2}. Since K. is compact we can cover

it with a finite number of balls B(y;,3¢/4) with y; € OU. By our choice of & the set
OB(y,p) N U is connected and H(0B(y;,p) NU) > ¢ for 3¢/4 < p < &. As in the case
of balls centered in interior points of U there exist radii p; with 3e/4 < p; < € such that
(2.13), (2.21), and (2.22) hold with 0B(y;, p;) replaced by 0B(y;, p;)NU . Using again (2.23)
and the lower bound H*(dB(y;, pi) NU) > & we obtain (2.14). O

The following example shows that in the previous theorem it is not enough to assume
that S is a manifold with boundary.

Example 2.2. Let S be a closed segment contained in  with endpoints a, b, and let
u € HY(Q\S) be a harmonic function which satisfies the Neumann boundary condition on
S. It is well known that there exists a constant x such that in a neighbourhood U of a we
have
u— ky/2p/msin(6/2) € H*(U\S) N HY>(U\S),

where p and 6 are the polar coordinates around @ with § = 7w on S (see, e.g., [22, Theorem
4.4.3.7 and Section 5.2] or [26, Appendix 1]). Moreover, any constant x can be obtained by
a suitable choice of the boundary conditions satisfied by u on 0€2.

For every s > 0, let S; be the closed segment obtained by adding to S a collinear
segment of length s starting from a, and let u(s) be the solution of the problem Au(s) =0
on Q\Ss, du(s)/On =0 on Sy, and u(s) =u on 9. Then

0y (0.5) > i sup F(0): 8) = Fluls). S0))*
50 l[u(s) — u(0)]
By [23, Theorem 6.4.1] the derivative with respect to s of F(u(s),Ss) at s = 0 exists and

is equal to 1 — k2. Moreover, a similar argument shows that the function s +— u(s) has a
derivative 4(0) (in the L?-sense) at s = 0. Therefore (2.24) gives

1
[RIOl

In particular, if |x| > 1, we conclude that [0F|y(u,S) > 0.

(2.24)

|OF|y(u, S) > (k* —1)T

The next example shows that |0F], is not lower semicontinuous.

Example 2.3. Under the hypotheses of the previous example, assume in addition that 2
has a C? boundary. Let Ay := {z € Q : d(z,5) < 1/k}, Sk = OAg, and let ¥y, be
a sequence of functions in C2(Q) which converge to u strongly in H' near 992. Let uy
be the solution of Au, = 0 in 9\ Sy, which satisfies the Neumann boundary condition
Ouy/On = 0 on Sy, the Dirichlet boundary condition wu, = % on 02, and vanishes on
Ay . Since Sy is connected and converges to S in the Hausdorff metric (and also in the
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sense of o2-convergence, see Definition 3.1), we deduce that uy, converges to u strongly in
L*(Q) and Vuy converges to Vu strongly in L*(; R?) (see, e.g., [17, Theorem 5.1]). By
Theorem 1.2 we have |0.F|,(ux, S) = 0, hence [0F|y(u, S) = 0, while |0F|y(u,S) > 0 (see
Example 2.2). This shows that |0F], is not lower semicontinuous.

3. PROOF OF THE PROPERTIES OF THE RELAXED SLOPE

The definition of relaxed slope is based on the following notion of convergence of sets,
introduced in [14] and used in the study of quasi-static crack growth.

Definition 3.1. We say that a sequence Sj o?-converges to S if Sy, S C Q, H'(Sk) is
bounded uniformly with respect to k, and the following two conditions are satisfied:
(a) if u; € SBV?(Q, Sk, )NL> () for some sequence k; — oo, u; is bounded in L>(Q),
u; — u a.e. in 2, and Vu; — Vu weakly in L?(;R?), then u € SBV?(Q,5) N
L>=(Q);
(b) there exist a function u € SBV?(Q,S) N L*>®(Q), with S(u) = S, and a sequence
uy,, bounded in L*°(Q), such that u, € SBV?(Q,S;) for every k, ux — u a.e. in
Q, and Vuy — Vu weakly in L?(;R?).

We begin by proving Proposition 1.3.

Proof of Proposition 1.3. Assume that [0F|,(u,S) < +00. Then there exist (uy,Sk) such
that ur — u strongly in L?(Q2), Vup — Vu weakly in L?(Q;R?), S; o%-converges to
S, and limy, |0F|y(uk, Sk) = |0F|s(u, S). By Proposition 1.1 there exist fi, € L?(2), with
2/ fell < |10F|o(ur, Sk), such that (Vur|Ve) = (frle) for every ¢ € SBVZ(Q,Sk). It
follows that, up to a subsequence, f; converges weakly in L?(f) to some function f. By
lower semicontinuity

2| f|l < 2limkinf I fxll < 1i£1|af|b(uk,sk) = [0F|y(u, S) .

Let ¢ € C5°(Q). As ¢ € SBVFE(,Sk), we have (Vug|Ve) = (frlp), and passing to the
limit as k — oo we get (1.6). As guy € SBVZ(,S)) we have also

(VugleVug) + (Vug|ug Vo) = (frlpur) -

Passing to the limit as k — oo, when ¢ > 0 we obtain (1.7) using lower semicontinuity with
respect to weak convergence in the first term.
The proof for |0F|(u,S) is analogous. O

To prove Theorem 1.4 we shall use some properties of the Newtonian capacity and of
quasicontinuous representatives of functions in Sobolev spaces, for which we refer to [21]
and [24]. Given an orientation of the C! manifold S\ F, for every v € H'(Q\S) the the
traces v+ and v~ on the positive and negative faces of S\ F' are defined cap-q.e. on S\ F,
hence the jump [v] := v+ —v~ is defined cap-q.e. on S and is cap-quasicontinuous on S\F'.
If v e HY(Q\S) N L>®(Q\S), by using cut-off functions which vanish in a neighbourhood of
F, it is easy to prove that v € SBV?2(£,S) and that Dv|S = [v]nH!| S, where n is the
oriented unit normal to S\F. Conversely, if v € SBV?((Q, 9) its restriction to Q\S belongs
to HY(Q\S). Let

Hj 9o (Q\S) :=={ve H'(Q\S) : v=0on 0Q}.
The previous remarks show that SBVZ(Q, S)NL>(Q) can be identified with H&,QQ(Q\S) N
L>(Q\S).

Under the assumptions of Theorem 1.4, let v be the nonnegative Radon measure on {2

defined by

|Vu|? — div(uVu) +v = fu in D'(Q). (3.1)
Since |Vu|? and fu belong to L'(Q), while div(uVu) belongs to H~1(Q) it turns out
that v vanishes on all sets of capacity zero. As Vu is the distributional gradient of v on
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O\S, from (1.6) we get (Vu|V(pu)) = (flepu) for every ¢ € C°(Q\S), which implies that
suppv C S. Using a standard approximation argument we can prove that

(Vu|Vu) + (uVu|Ve) + /S pdv = (fulp) (3.2)

for every p € H}(Q) N L>®(Q).
Let p be the nonnegative Borel measure defined by

/B[%]”Q if cap(B 1 {[u] = 0}) = 0,

u(B) = (3.3)

+o00 otherwise.
We note that p vanishes on all sets of capacity zero.

Lemma 3.2. Under the assumptions of Theorem 1.4, let p and v be defined by (3.3) and
(3.1). Then [u] € L?(S,u), v = [u]?*u, and

(Vu|Vo) + ([u][[v])s, = (flv) (34)
for every v € Hj 5o(Q\S) with [v] € L*(S, ), where (-|-)s,. denotes the scalar product in
L(S,p).

Proof. We have

/ [ul2d = / [ 2dps = (S N {[u] # 0) < w(S) < +o0,
S SN{[u]#0}

hence [u] € L?(S, ).

By (3.3), in order to prove that v = [u]?u it is enough to show that v(S N {[u] = 0}) =
0. Since v(F) = 0 it is enough to show that for every y € S\ F there exists an open
neighbourhood U of y such that

v(UNSn{u]=0})=0. (3.5)

To this aim we consider a neighbourhood U such that U NS is a ! manifold and U\ S
has two connected components U® and U®, corresponding to the positive and negative
faces of U N S. By possibly reducing U we may assume that there exist two functions u®,
u® € HY(U) N L*°(U) such that u® = u a.e. on U® and u® = u a.e. on U, so that
[u] = u® —u® cap-q.e.on UNS.

Let ¢ € C°(U) and let F. : R — R be the Lipschitz function defined by F.(t) :=1+t/e
for —e <t <0, F.(t):=1—t/e for 0 <t <eg,and F.(t) :=0 for |t| > c. We will prove
that

/FE([U])WV%O. (3.6)
S

Since F.([u]) — lyjy=0} pointwise on S, by the dominated convergence theorem (3.6)

implies
/ pdv =0,
Sn{[u]=0}

which gives (3.5) by the arbitrariness of .
To prove (3.6) we use v := uPF.(u® —u®)p and w := F.(u® — u®)p as test functions
in (1.6) and (3.2), respectively. We obtain

(VulVu® F.(u® — u®)p) + (u®Vu|FL(u® — u®)(Vu® — Vu®)p) +
+ (WOVuVeF: (u® —u®)) = (flu® Fe(u® — u®)p)
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and
(VulVuF(u® — u®)p) + (uVu|FL(u® — u®)(Vu® — Vu®)p) +

+H@VUVRR.® — ) + [ Fullu)edy = (fluFL® - u)p).
s
Subtracting term by term we get
(Vu|(Vu® — Vu)F.(u® — u®)p) + (u® — v)Vu|FL(u® — u®)(Vu® — Vu)y) +

(0 = VTP (u® = u®) = [ Fu(lapdy = (1® ~ 0B (a® — ). T
S
Since u® = u and Vu® = Vu a.e. on the set {u® = u®}, the first, the third term and the
last term in (3.7) tend to 0 by the dominated convergence theorem. As |[(u® — u)F!(u® —
u®)| < 1 and the measure of the set {0 < [u® —u®| < £} tends to 0, the second term tends
to 0 too. This proves (3.6), which concludes the proof of the fact that v = [u]?su.
To prove (3.4) we need the following density result. O

Lemma 3.3. Under the assumptions of Theorem 1.4 for every v € Hj 5o(Q\S) with
[v] € L2(S, ), there exist or, P € C°() such that, setting vy := @ + Yru, we have

Vg — v strongly in H*(Q\S), (3.8)
[vg] — [v] strongly in L2(S, u) . (3.9)

Proof of Lemma 3.2 (continuation). Tt remains to prove (3.4). Let v € Hj 5,(Q\S) with
[v] € L2(S,p) and let ¢, 1y be as in Lemma 3.3. Taking ¢ and 1, as test function in
(1.6) and (3.2), respectively, and using the equality v = [u]?y, we obtain

(VulVer) = (flew)
(Vultp,Vu) + (VuluVr) + ([u]|¢rlu])s,, = (flutr) -

Adding term by term we get

(VulVor) + ([u]l[ve]) s, = (flvk)
where vy := @ + Ypu. Passing to the limit thanks to Lemma 3.3 we obtain (3.4). O

Proof of Lemma 3.3. Since every function v € Hj 50(Q2\S) with [v] € L*(S,u) can be
approximated by truncations, it is enough to prove the lemma when v is bounded. Since F
has capacity zero, we may also assume that v vanishes a.e. in a neighbourhood of F'. By
using a partition of unity, it is enough to prove the lemma in one of the following cases:
(a) suppvn S = Q;
(b) suppwv is contained in an open set U such that UNS is a C'' manifold and U\S has
two connected components U® and U®, corresponding to the positive and negative
facesof UNS.

In the former case it is enough to take v = 0, and the result follows from the density of
C*(Q\S) in HE(Q\S).

In the latter case there exist two functions v®, v € H(U) N L>°(U), with compact
support in U, such that v® = v a.e. on U® and v® = v a.e. on U, so that [v] = v® —0®
cap-q.e.on UNS.

Since [v] € L?(S,p), from the definition of u (see (3.3)) we obtain cap({[v] # 0} N
{[u] = 0}) = 0. Tt is not restrictive to assume that there exists € > 0 such that {[v] # 0} C
{|[u]| > €} (see Lemma 3.4 below).

Let u® and u® be the functions defined in the proof of Lemma 3.2, and let G, : R — R
be the Lipschitz function defined by G.(t) := 1/t for [t| > ¢ and G.(t) :=t/e? for |t| < e.
Since G.(u® —u®) € HY(U) N L**(U), the function (v® — v°) G.(u® — u®) belongs to
HYU)NL*®(U) and coincides with [v] G<([u]) cap-q.e. on S. Since {[v] # 0} C {|[u]| > €},
we have [u] [v] G¢([u]) = [v] cap-q.e. on S.
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By the density of C2°(U) in H(U) there exists a sequence v, € C2°(U) which is
bounded in L°(U) and converges to (v®¥ —v°) G.(u® — u®) strongly in H}(U). In par-
ticular, up to a subsequence, ¥, — [v] G¢([u]) cap-q.e. on S. Hence ¢y[u] — [v] strongly
in L2(S, ). Let wy € HY(U\S) be defined by wy, := (u® — u®) (v® —v°) G (u® — u®) —
Pp(u® —u®) on U?®, and wy := 0 on U®. Note that w, — 0 strongly in HY(U\S)
and suppwy CC U. As [wg] = [v] — ¥x[u] cap-q.e. on S, the function v — Yru — wy,
has no jump on S, hence it belongs to H'(U). Since supp(v — ¢pu — wy) CC U,
we have v — Ypu — wy € HL(U), thus there exists a sequence ¢, € C°(U) such that
v — Ypu — wy — o — 0 strongly in HE(U). It is then clear that the sequence vy defined in
the statement of the lemma satisfies (3.8) and (3.9). O

Lemma 3.4. Let u be as in Theorem 1.4, and let U, U®, U® be as in Lemma 3.3. Let
ve HYU\S)N L*®(U) with suppv CC U and [v] € L?>(S,u). Then there exist a sequence
v € HY(U\S) N L>®(U) and a sequence e > 0 such that

v — v strongly in H'(U\S), (3.10)
[vg] — [v]  strongly in L*(S N U, u), (3.11)
{lok] # 0} C {l[ul] > ex}. (3.12)

Proof. As we noticed in the proof of Lemma 3.3, the definition of u (see (3.3)) implies that

cap({[v] # 0} N {[u] = 0}) = 0.
Let us prove that there exists a sequence wy € H*(U\S) N L>(U) such that

wy, — v strongly in HY(U\S), (3.13)
[wi] — [v] strongly in LA(SNU,p), (3.14)
|[wk]l < K[[u]| cap-q.e. on S. (3.15)

Let gx: U — R be the function defined by gr := (v® —v®) VvV 0 cap-q.e. on U\ S and
gr = [v] VO A K|[u]| cap-gq.e. on S. The functions gy are cap-quasi lower semicontinuous,
the sequence gy is increasing and converges to (the cap-quasi continuous representative of)
(v® —v®) V0 cap-q.e. on U. By [11, Lemma 1.6] there exists a sequence w,(gl) € H(U) such
that 0 < w,(Cl) < |[W]|AK|[u]| cap-q.e. on SNU and w,(cl) — (v® —v®) V0 strongly in H}(U).
Similarly, there exists a sequence w,(f) € H(U) such that —(|[v]] A k[[u]]) < w,(f) <0
and w,(f) — (v® —v®) A0 strongly in Hi(U). Then w,(fl) + w,(f) — 0¥ — v® strongly

in H}(U), hence, up to a subsequence, w,gl) + w,(f) — [v] cap-q.e. on SNU. Moreover

lw' +w®| < ]| Ak|[u]| cap-q.e. on SNU. Let us define w := v© + w!"” + w* and
wke := v®. It is then clear that the function w;, defined by wy, := w;e in U® and wy, := w,?
in U® satisfies (3.13)—(3.15).

For every € > 0 let T : R — R be the Lipschitz function defined by T.(t) :=t — ¢, for
t>e, To(t) ==t +e for t < —¢, and T.(t) := 0 for [t| <e. Let wy. € Hy 5, (U\S) be the
function defined by

wy + Tge(wy —wy)) inU?,
Wk,e =
wy in U® .

Then [wg ] = Te([wg]) cap-q.e. on SNU, wg — wy strongly in H*(U\S), and [wy ] —
[wy,] strongly in L2(SNU, p).

We choose now £ > 0 such that [|wke, — wg| + [|[Vwge, — Vwi|| < 1/k and |[[wge,] —
[wg]|l, < 1/k. Then the function v, := wy., satisfies (3.10) and (3.11). Since [vi] =
Tie, ([wg]) and |[wg]| < k|[u]| cap-q.e. on SNU, we obtain that (3.12) is satisfied. O
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Let w € H'(Q2). For every compact subset M of Q we consider the functional G¥; :
L?(Q) — [0, 4+00] defined by

[Vvl]|2 + ||v]|? ifv—weH&aQ(Q\M),
G¥ (v) == (3.16)
+o00 otherwise.

For every nonnegative Borel measure g on 2, vanishing on all sets of capacity zero and
with supp p C S, we consider the functional F,, : L?(2) — [0, +00] defined by

Vol +loll® + I[V]l[Z,,  if v—w € Hj 5q(Q\S),
Fi(v) = (3.17)
+00 otherwise.

For the definition and properties of I'-convergence we refer to [12] and [8].

Lemma 3.5. Let S be as in Theorem 1.4, and let p be a nonnegative Borel measure on §2
vanishing on all sets of capacity zero and with supp pu C S. Then there exists a sequence My,
of C' manifolds with boundary such that M, C S and Gy, T'-converges to F in L2(2)

for every sequence wy converging to w strongly in H'(Q).

Proof. This proof is obtained by adapting [16, Theorem 4.16] and [6, Theorem 2.38]. First
of all we observe that it is enough to prove the lemma when wy = w = 0. The general
case can be obtained by modifying the functions near the boundary in order to match the
boundary conditions.

Let X be the set of lower semicontinuous functionals G: L*(Q) — [0, +oo] with G > GY.
Under our regularity assumptions on S we can apply Rellich’s Theorem and we obtain
that the set {v € L*(Q) : G2(v) < t} is compact in L?(Q) for every ¢t < +oco. Therefore
I'-convergence in L?(Q) is metrizable on X by [12, Theorem 10.22].

Let ) be the set of functionals GY,, where M runs over all C' manifolds with boundary
contained in S. Since )Y C X, to prove the lemma for w; = w = 0 we have to show
that 77 € Y, where ) denotes the closure of Y with respect to the metric which induces
I'-convergence on X . Indeed, in this case there exists a sequence M}, of C'' manifolds with
boundary such that M C S and Gf; T'-converges to F;, in L*(Q).

Using the techniques developed in [10] it is possible to prove that .7-'3 € Y whenever
w=H'E and E C S\F is an arc, i.e., a connected C! manifold with or without boundary.
More in general, the same techniques show that .7-'2 € Y whenever pu = gH!'|S and g is a
step-function, i.e., g =Y ¢;1g, where ¢; > 0 and E; are disjoint arcs contained in S\ F'.

To continue the proof we need the following lemma.

Lemma 3.6. Let S be as in Theorem 1.4, and let uy, p be positive measures in H ()
with support in S. If ux — p strongly in H=*(2) then fgk T'-converges to .7-"3 in L*(Q).

Proof. Let v, be a sequence of functions such that v, — v strongly in L*(Q) and F}), (vg,) <
C for some constant C' < 4-o00. Then vy, converges to v weakly in Hg 50 (2\S). For every
e >0 let S. be the difference between S and the union of the closed balls with centers in
F and radius €. As S, is a C'! manifold, arguing as in the proof of Lemma, 3.3, for every ¢
we can construct zx, z € H}(Q) (possibly depending on ) such that zj, = [vx] cap-q.e. on
S., z = [v] cap-q.e. on S., and z, — z weakly in HZ(Q). For every ¢ € R the sequence
(|zi| A t)? converges to (|z] At)? weakly in Hg(Q). Therefore

/ (|2 At)2du < liminf/ (|2k] At)2duy, < liminf/ 22duy, .
Ss k—oo Ss k—oo SE

Passing to the limit first as ¢ — oo and then as ¢ — 0 we obtain

/[U]Qd,u < liminf/[kadUk,
S k—oo Jg
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which implies
fg(v) < likrriiorgf fgk (vg) .

Arguing as in the beginning of the proof of Lemma 3.3 we see that it is enough to prove the
I'-limsup inequality when v € H&) 90 (\S) is bounded and vanishes a.e. in a neighbourhood
of F. In this case there exists z € Hg(Q) N L>°(Q) such that z = [v] cap-q.e. on S. As
2% € H} () we have

11, = [ 2=t [ S =t 0],
S o0 S — 00
which implies
]-'3(1)) = klirrgo fﬁk (v).
This concludes the proof of the I'-limsup inequality. O

Proof of Lemma 8.5 (continuation). Since every positive measure in H~!(Q) with support
in S can be approximated strongly in H~1(£) by measures of the form ju = gpH!|S, with
gi step-functions, from the previous step of the proof and from Lemma 3.6 we deduce that
}"2 € Y for every positive measure p in H~1(Q) with support in S.

Let p be a nonnegative Borel measure on {2 vanishing on all sets of capacity zero and
with suppu C S. By [16, Lemma 4.15] there exist a positive measure o in H~1(Q) with
support in S, and a Borel function g : S — [0, 400] such that

/vgdu = / v2gdug
s s
for every v € H'(Q).

By localizing the problem to an open set U satisfying condition (b) in the proof of
Lemma 3.3, and using the functions v®, v® introduced in that proof we obtain that
JslvlPdu = [g[v]*gduo for every v € H'(Q\S). Therefore F) = F,, . Let gr := gV k.
Then gruo € H~1(Q), hence nguo €Y. As ‘7:.8&#0 is increasing and converges pointwise

to Fg,, = F. we conclude that Fj , T'-converges to Fj) in L?(Q2), hence Fj) € Y. O

Proof of Theorem 1.4. By Proposition 1.3 it is enough to prove that |0F|y(u,S) < 2||f||.
To do this we show that, under the regularity hypotheses of the theorem, there exist (uy, Sk)
with Sy smooth, such that S, o2-converges to S, uj — u strongly in L?(Q), Vu, — Vu
weakly in L?(Q;R?), |0F|p(ug, Sk) = 2||fx]|, and fr — f strongly in L?*(Q).

Let w be a function in H'(Q) having the same trace as u on 9, and let wy be a
sequence in C°°(€2) such that wj, — w strongly in H'(Q2). Using Lemma 3.5 we obtain
that there exists a sequence M of C!' manifolds with boundary such that M; C S and
Gy T-converges to FY in L*(2), where p is the measure given by (3.3).

As (3.4) is the Euler equation for the problem

Jmin {5 ) = 2f +ulo) (3.18)

the function w is the solution of (3.18). Let vy be the minimizer of

min {gm (v) — 2(f + u|11)} . (3.19)

veEL2(Q)
By I'-convergence vy — u strongly in L?(Q). As Vuy, are bounded in L?(Q;R?), we have
that Vur — Vu weakly in L?(;R?).
We now approximate each manifold M}, in the Hausdorff metric by a sequence M}, € > 0,
of C'*° manifolds without boundary having the same number of connected components as
M;,, and we consider the solutions v; of the minimum problems

min {gxfz (v) — 2(f +u|v)}. (3.20)

vEL?(Q)
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By [13, Theorems 2.3 and 4.2] v§ — vy strongly in L?*(Q) and Vv — Vuy strongly in
L?(Q;R?). Therefore we can choose £, > 0 such that setting uy := vi® and Sy = M;* we
have |lugp — vi|| < 1/k, ||Vur — Vug|| < 1/k, and the Hausdorff distance between Sy and
My, is less then 1/k.
Then uy — u strongly in L?(Q), Vu, — Vu weakly in L?(Q;R?). The Euler equation
of (3.20) implies that
—Aup = f+u—u; onQ\Sk,
Gur — on Sy, (3.21)
Ul = Wk on 0f).

The regularity theory for (3.21) (see, e.g., [28, Theorem 3.17]) gives that us € W2P(Q\Sk).
In particular, for every connected component U of Q\S; we have that u, € C'(U). By
Theorem 1.2 we have |0F |y (ug, Sk) = 2||f + v — ug]| .

Therefore it remains to prove that S, o2-converges to S. The condition on the Hausdorff
distance between S and My, together with the inclusion My C S, implies that Sy is
contained in the closed e-neighbourhood S() of S for k large enough. If z, € SBV?(Q)N
L>(Q) is a sequence as in condition (a) in Definition 3.1 for Sy, then z; is bounded in
H'(Q\S®)). This implies that its limit z belongs to H*(Q\S®)), hence S(z) € S©). As
¢ is arbitrary, we deduce that S(z) C S, so that condition (a) is satisfied. As for condition
(b), it is enough to take u and a suitable truncation of wy. O
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