ON THE FINE STRUCTURE OF THE FREE BOUNDARY
FOR THE CLASSICAL OBSTACLE PROBLEM

ALESSIO FIGALLI AND JOAQUIM SERRA

ABSTRACT. In the classical obstacle problem, the free boundary can be decom-
posed into “regular” and “singular” points. As shown by Caffarelli in his seminal
papers [C77, C98], regular points consist of smooth hypersurfaces, while singular
points are contained in a stratified union of C'' manifolds of varying dimension.
In two dimensions, this C* result has been improved to C1® by Weiss [W99].

In this paper we prove that, for n = 2 singular points are locally contained in
a C? curve. In higher dimension n > 3, we show that the same result holds with
C1+! manifolds (or with countably many C? manifolds), up to the presence of some
“anomalous” points of higher codimension. In addition, we prove that the higher
dimensional stratum is always contained in a C'* manifold, thus extending to
every dimension the result in [W99).

We note that, in terms of density decay estimates for the contact set, our
result is optimal. In addition, for n > 3 we construct examples of very symmetric
solutions exhibiting linear spaces of anomalous points, proving that our bound on
their Hausdorff dimension is sharp.

1. INTRODUCTION

The classical obstacle problem consists in studying the regularity of solutions to
the minimization problem

v 2
min{/ Vol : v > in By, v|sp, 29}7
v B 2

where g : 0B; — R is some prescribed boundary condition, and the “obstacle”
¥ : By — R satisfies ¥]sp, < g.

Assuming that 1 is smooth, it is well-known that this problem has a unique
solution v of class Cp2' [BK74], and that u := v — 1 satisfies the Euler-Lagrange

) loc
equation

Au = — A X{u>0} in B;.

As already observed in [C77, C98], in order to prove some regularity results for
the free boundary 0{u > 0} it is necessary to assume that Ay < 0. In addition,
as also noticed in [C98, W99, M03, PSU12|, from the point of view of the local

structure it suffices to understand the model case Ay = —1. For this reason, from
now on, we shall focus on the problem
(1.1) Au = X(us0}, u=>0 in B; C R".

As shown by Caffarelli in his seminal papers [C77, C98], points of the free bound-
ary 0{u > 0} are divided into two classes: regular points and singular points. A free
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boundary point z, is either regular or singular depending on the type of blow-up of
u at that point. More precisely:

rl0

1
(1.2)  x, is called regular point < r2u(x, +rr) — 5 max{e - z,0}?
for some e = e,, € S""!, and

(1.3)  m, is called singular point < r u(x, + rr) 140, Dawo (T) 1= %x - Ax
for some symmetric nonnegative definite matrix A = A, € R™" with tr(A) = 1.
The existence of the previous limits in (1.2) and (1.3), as well as the classification
of possible blow-ups are well-known results; see [C98, W99, M03, PSU12].

By the theory in [KN77, C77] (see also [CR76, CR77, Sak91, Sak93, C98, MO0,
PSU12]), the free boundary is an analytic hypersurface near regular points. On the
other hand, near singular points the contact set {u = 0} forms cups and can be
pretty wild —see for instance the examples given in [Sch76] and [KN77]. Moreover,
as shown in [Sch76], even C'™ strictly superhamonic obstacles in the plane (n = 2)
may lead to contact sets with Cantor set like structures. In particular, in such
examples, the contact set has (locally) an infinite number of connected components,
each containing singular points.

Despite these “negative” results showing that singular points could be rather bad,
it is still possible to prove some nice structure. More precisely, singular points are
naturally stratified according to the dimension of the linear space

Ly, = {pss, =0} = ker(A,,).
For m € {0,1,2,...,n — 1} we define the m-th stratum as
S = {x. : singular point with dim(L,,) =m}.

As shown by Caffarelli in [C98], each stratum X, is locally contained in a m-
dimensional manifold of class C' (see also [M03] for an alternative proof). This
result has been improved in dimension n = 2 by Weiss [W99]: using a epiperimetric-
type approach, he has been able to prove that Y, is locally contained in a C®
curve, for some universal exponent o > 0. Along the same lines, in a recent paper
Colombo, Spolaor, and Velichkov [CSV17] have obtained a logarithmic epiperimet-
ric inequality at singular points in any dimension n > 3, thus improving the known
C' regularity to a more quantitative C''°8° one.

The aim of this paper is to improve the previous known results by showing that,
up to the presence of some “anomalous” points of higher codimension, singular
points can be covered by C™! (and in some cases C?) manifolds. As we shall discuss
in Remark 1.2, this result provides the optimal decay estimate for the contact set. In
addition, anomalous points may exist and our bound on their Hausdorff dimension
is optimal.

Before stating our result we note that, as a consequence of [C98], points in ¥ are
isolated and wu is strictly positive in a neighborhood of them. In particular u solves
Au =1 in a neighborhood of ¥, hence it is analytic there. Thus, it is enough to
understand the structure of >, form=1,...,n— 1.
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Here and in the sequel, dimy (FE) denotes the Hausdorff dimension of a set F (see
(3.16) for a definition). Our main result is the following:

Theorem 1.1. Let u € CYY(By) be a solution of (1.1), and let ¥ = U\ %,
denote the set of singular points. Then:

(n=2)
(n=3)

m

¥, is locally contained in a C* curve.
(a) The higher dimensional stratum X,_1 can be written as the disjoint
union of “generic points” ¥ _, and “anomalous points” X%, where:
-39 s locally contained in a C™' (n — 1)-dimensional manifold;
- X% is a relatively open subset of ¥, 1 satisfying dimy (3% ;) <n—3
(actually, ¢, is discrete when n = 3).
Furthermore, 3,1 can be locally covered by a C**° (n—1)-dimensional
manifold, for some dimensional exponent a, > 0.
(b) Forallm=1,...,n—2 we can write ¥, = X9 U XS, where:
- X9 can be locally covered by a CY* m-dimensional manifold;
- 3% is a relatively open subset of %, satisfying dimy(3%) < m — 1
(actually, X% is discrete when m = 1).
In addition, ¥,, can be locally covered by a CV1°8° m-dimensional man-

ifold, for some dimensional exponent €, > 0.

Remark 1.2. We first discuss the optimality of the above theorem.

(1)

Our C*! regularity provides the optimal control on the contact set in terms
of the density decay. Indeed our result implies that, at all singular points up
to a (n — 3)-dimensional set (in particular at all singular points when n = 2,
and at all singular points up to a discrete set when n = 3), the following
bound holds:
{u=0}N B ()|
| By ()|

(see Proposition 2.13, Definition (3.13), and Lemmas 3.4, 3.6, 3.7, and 3.9).
In view of the two dimensional Example 1 in [Sch76, Section 1], this estimate
is optimal.

The possible presence of anomalous points comes from different reasons de-
pending on the dimension of the stratum. More precisely, as the reader will
see from the proof (see also the description of the strategy of the proof given
below), the following holds:

(a) The possible presence of points in £¢_; comes from the potential exis-
tence, in dimension n > 3, of A-homogeneous solutions to the Signorini
problem with A € (2,3). Whether this set is empty or not is an inter-
esting open problem.

(b) The anomalous points in the strata ¢ for m < n — 2 come from the
possibility that, around a singular point «., the function (u—p. z.)| B, (z0)
behaves as ¢,.q, where:

- ¢, is infinitesimal as r — 0T, but &, > r® for any a > 0;

- ¢ is a nontrivial second order harmonic polynomial.

Although this behavior may look strange, it can actually happen and
our estimate on the size of ¥¢ is optimal. Indeed, in the Appendix we
construct examples of solutions for which dim(X¢,) =m — 1.

<Cr Vr >0
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We now make some general comments on Theorem 1.1.

Remark 1.3. (1) Our result on the higher dimensional stratum >,,_; extends
the result of [W99] to every dimension, and improves it in terms of the
regularity. Actually, as shown in Theorem 4.7, for any m =1,...,n — 1 we
can cover X, with countably many C? m-dimensional manifolds, up to a set
of dimension at most m — 1.

(2) The last part of the statement in the case (n > 3)-(b) was recently proved
in [CSV17]. Here we reobtain the same result as a simple consequence of
our analysis (see the proof of Theorem 1.1).

(3) As we shall see, the higher regularity of the free boundary stated in the
previous theorem comes with a higher regularity of the solution u around
singular points. More precisely, ¥ being of class C** at some singular point
x, corresponds to u being of class C**1* at such point.

(4) The fact that X¢ is relatively open implies that if z, € X¢, then B,(x,) N
32 = B,(,)NE,y, for p > 0 small. In particular dimy, (B,(z,)NE,,) < m—1
(< n—3if m =n—1). In other words, the whole stratum ¥, is lower
dimensional near anomalous points.

(5) In [Sak91, Sak93], Sakai proved very strong structural results for the free
boundary in dimension n = 2. However, his results are very specific to the
two dimensional case with analytic right hand side, as they rely on complex
analysis techniques. On the other hand, all the results mentioned before
[C77, C98, W99, CSV17] are very robust and apply to more general right
hand sides. Analogously, also our techniques are robust and can be extended
to general right hand sides. In addition, our methods can be applied to the
study of the regularity of the free boundary in the parabolic case (the so-
called Stefan problem), a problem that cannot be studied with complex
variable techniques even in dimension two.

Strategy of the proof of Theorem 1.1. The idea of the proof is the following:
let 0 be a singular free boundary point. As shown in [C98, M03] u is C? at 0,
namely there exists a second order homogeneous polynomial p,, with D?p, > 0 and
Ap, = 1, such that u(z) = p.(z) + o(|z|?). In order to obtain our result, our goal
is to improve the convergence rate o(|z|?) into a quantitative bound of the form
O(|z[**7) for some v > 0. In particular, to obtain C''! regularity of the singular set
we would like to show that v > 1.

Using motononicity formulae due to Weiss and Monneau, we are able to prove
that Almgren frequency function is monotone on w := u — p, (this result came as
a complete surprise to us, as the Almgren frequency formula has never been used
in the classical obstacle problem). This allows us to perform blow-ups around 0 by
considering limits of

w(rx)

ot )llzz@my)

wy () : as r — 0,

and prove that if \, is the value of the frequency at 0 then u(z) = p.(z) + O(|z|*).
Although it is easy to see that A, > 2, it is actually pretty delicate —and actually
sometimes impossible— to exclude that A, = 2 (note that, in such a case, we would
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get no new informations with respect to what was already known). Hence our goal
is to understand the possible value of \,.

To this aim, we consider ¢ a limit of w, and, exploiting the monotonicity of the
frequency, we prove that ¢ # 0, ¢ is A\.-homogeneous, and ¢Aq = 0.

Then we distinguish between the two cases m = n — 1 and m < n — 2. While
in the latter case we can prove that ¢ is harmonic (therefore A, € {2,3,4,...}),
in the case m = n — 1 we prove that ¢ is a solution of the so-called “Signorini
problem” (see for instance [AC04, ACS08]). In particular, when n = 2, this allows
us to characterize all the possible values of A, in dimension 2 (as all global two-
dimensional homogeneous solutions are classified). Still, this does not exclude that
A« = 2. As shown in Proposition 2.10 this can be excluded in the case m =n — 1,
while the examples constructed in the Appendix show that A, may be equal to 2 if
m < n—2. To circumvent this difficulty, a key ingredient in our analysis comes from
Equation (2.10) which shows that, whenever A\, = 2, some strong relation between
p« and ¢ holds. Thus, our goal becomes to prove that this relation cannot hold at
“too many” singular points.

In order to estimate the size of the set where A\, < 3, we first consider the low-
dimension cases n = 2 and n = 3, and then we develop a Federer-type dimension
reduction principle to handle the case n > 4. Note that the Federer dimension
reduction principle is not standard in this setting, the reason being that if xy and
xq are two different singular points, then the blow-ups at such points come from
different functions, namely u — p, 5, and u —p, ,,. Still, we can prove the validity of
a dimension reduction-type principle allowing us to conclude that, at most points,
A« > 3. This proves the main part of the theorem.

Then, to show that X, ; is contained in a C'%®*-manifolds we prove that \, >
2 + a, > 2 at all points in ¥,_;. Also, the C"1°¢™ regularity of ¥, for m < n — 2
comes a simple consequence of our analysis combined with Caffarelli’s asymptotic
convexity estimate [C77].

Finally, the C? regularity in two-dimensions requires a further argument based
on a new monotonicy formula of Monneau-type.

The paper is organized as follows.

In Section 2 we introduce some classical monotonicity quantities, as well as some
variants of them that will play a crucial role in our analysis. In particular, we prove
the validity of a Almgren’s monotonicy-type formula. Then, given a singular free
boundary point z,, we investigate the properties of the blow-ups of u(xs +-) — ps 4. -

In Section 3 we continue our analysis of the possible homogeneities of the blow-ups
and show the validity of a Federer-type reduction principle. These results, combined
with the ones from Section 2, allow us to prove Theorem 1.1 in dimensions n > 3, as
well as the C1! regularity of ¥; in dimension n = 2. The proof of the C? regularity
of 31 for n = 2 is postponed to Section 4.

In the final Appendix we build solutions exhibiting anomalous points that show
the sharpness of Theorem 1.1(b).
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2. NOTATION, MONOTONICITY FORMULAE, AND BLOW-UPS

Let us denote
(2.1) M := {symmetric n X n nonnegative definite matrices B with tr B = 1}

and

P::{p(x):%:c-Ba: : BEM}.

Given a singular free boundary point x,, we denote
Pes, (1) = lim 7 2u(z, + r2)
r—0

(the existence of this limit is guaranteed by [C98], see also [M03]). Note that
Ap, ., = 1, hence p, ,, € P. When z, = 0, we will sometimes simplify the notation
to Ppy.

Throughout the paper we will assume that v # p, in B, as otherwise Theorem
1.1 is trivial.

2.1. Weiss, Monneau, and Almgren frequency formula. In this section we
assume that x, = 0 is a singular point. The goal of the section is to prove that, for
any given p € P, the Almgren frequency formula

2—n 2

G P vt
1-n 2 )
rn fop, W

is monotone nondecreasing in r. (Note that, since by assumption u # p,, then

w:=u—p%0 for any p € P and ¢(r,w) is well defined.)
To this aim, we first recall the definition of the Weiss function

1 2
W(r,u) := r"+2/B (\Vu\z —|—2u> g /83 u?.

Proposition 2.1 (Weiss monotone function [W99)). If 0 is a singular point then

o(r,w) ==

wi=u—p,

d
$W<T7 U) >0
and

. H"HOB)
W%, u) = 2n(n +2)

=Wi(r,p) VpeP,Vr>D0.
To prove the monotonicity of ¢ we will use several times the following observation:
Remark 2.2. Since Au= Ap =1in {u > 0}, we have
wAw — 0 ?n {u> 0}
pAp=p>0 in {u = 0}.
A short way to write this is

(2.2) wAw = PX{u=0} > 0.
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We also need the following auxiliary result, that is essentially due to Monneau
IMO03].

Lemma 2.3. Let 0 be a singular point, p € P, and w :=u — p. Then

1 2

2.3 Vwl|? > 2
23) e A
and

1 1
2.4 -Vw — 2 Aw >0
(2.4) 7’”+3/83rw(x w w)_rnH/BTw w >
for all r > 0.

Proof. Since W (0", u) = W(r,p) for all r > 0 (see Proposition 2.1) and Ap = 1, we
have

0 < W(r,u) —W(O0F, u) =W(ru) — W(rp)

1 9
— Vuwl? + 2Vw - Vp + 2 )— / (2 2 )
rnt2 /B T<| wl” +2Vw - Vp + 2w P8 fop w” + 2wp

1 2 2
= Vwl|? — 2 / -Vp—2
2 /Brl w| 3 /(,)BTw + s fop w(z - Vp—2p)

1 2
= Vuw|? — w?
2 B, | | rnt3 9B, !

where we used that p is 2-homogeneous (hence x - Vp = 2p). This proves (2.3).
1
/ —wAw + —— wz - Vuw,
B,

Now, since
: /B B
wl?
+2 | +3
rn ; r 8By

(2.4) follows from (2.3) and (2.2). O

1
rn+2

We can now state and prove the monotonicity of the Almgren frequency function.
We remark that the fact that ¢ is monotone for all p € P (and not only with p = p,)
will be crucial in the proof of Theorem 1.1.

Proposition 2.4 (Almgren frequency formula). Let 0 be a singular point, p € P,
and w :=u —p. Then

d
% IOg ¢(T7 ’LU) Z

2
9 <r2_” fB wAw)
- _ > (.
S Tl g

Proof of Proposition 2.4. Let us introduce the adimensional quatities

D(r) := r2”/ |Vw|2 = r? |Vw|2(7"-),
B, By

H(r)=r'""[ w=[ w(r),
/a& /831

so that ¢ = D/H. By scaling it is enough to compute the derivative of ¢ at r = 1
and prove that it is nonnegative.
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Using lower indices to denote partial derivatives (so w; = 9,w, wy; = 92, w,
(]

etc.), we have

d o H
2. —1 - _
(2.5) dr o8¢ D H

where

ij 7B
= Z/ 2wz jw;v; — Z/ 2(w;xj)w; +2D(1)
i,j 831 27] B1

:2/ w3—2/ Aw(z-Vw)—Q/ |Vwl|* +2D(1)
(26) 8Bl By B,
2/ wz—Z/ Aw (z - Vw)
0B, By
2/ w§—2/ (z - Vp)
0B, Bin{u=0}

= 2/ w? — 4/ .
0By Bin{u=0}

Here we used that x-Vw|gp, = w,|ss, is the outer normal derivative, Aw = —xu=0},
and z - Vp = 2p (since p is 2-homogeneous).
On the other hand, recalling (2.2), we have

(2.7) / ww,,:/ wAw + ]Vw\2:/ p+ [ |[Vw]?
0B1 B1 Bq Blﬁ{u:()} B1

therefore

(2.8) H'(1) :2/ ww,,:2/ p+2 [ |[Vuw|”
0B, Bin{u=0} By

Hence, combining (2.6), (2.7), (2.8), and (2.5), and denoting

I::/wAw:/ p >0,
B Bin{u=0}

2
oot =2 (Lol f )
(fom, w2 =20) [op, w* = [op, ww( [op ww, —T)
[y TP Jy, 02
Lo 0 o, 07 = (g w0)*} + 1 Jy, w0, = 20)
Jo, [VW]? [55, w?

we obtain

=2
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Observe that the first term inside the brackets is nonnegative by the Cauchy-
Schwartz inequality. Also, recalling (2.4), we have that

/ w(w, — 2w) 2/ wAw = 1.
0B1 B1

Since I > 0, the result follows. OJ

Note that, because r — ¢(r,w) is monotone nondecreasing, it must have a limit
as r | 0. The first observation is that this limit is at least 2.

Lemma 2.5. Let 0 be a singular point, p € P, and w :=u—p. Then ¢(07,w) > 2.
Proof. 1t suffices to observe that (2.3) is equivalent to ¢(r,w) > 2 for all r > 0. O

A first classical consequence of the frequency formula is the following monotonicity
formula:

Lemma 2.6. Let 0 be a singular point, p € P, and w := u—p. Given A > 0 denote

1 2
H,\(r,w) = m/@B w
Then the function v — Hy(r,w) is monotone nondecreasing for all 0 < A <
P07, w).
Proof. Denoting
wy(x) == (u—p)(re).
we have
2r=2 [ g we(x) (- Vw(re)) — 22227 [0 w?

r
—2A 2
r faBl wr

Using that

r/ w,(z) (2 - Vw(rz)) :/ w,(z - Vw,) = |Vw, | +/ w,Aw,
0B1 0By By By

and that w,Aw, > 0 (recall (2.2)), we obtain

H, 2[5 |Vw > 2x 2
A >_ -2t 00 0 - — )\ .
A(7“,w S e . r(¢(7",w) )
Since ¢(r,w) > ¢(07,w) > A (by Proposition 2.4), the result follows. O

Corollary 2.7 (Monneau monotonicity formula [M03]). Let 0 be a singular point
and let Hy be as in Lemma 2.6. The function Hy(r, u—p) is monotone nondecreasing
wm r, for all p in P.

Proof. 1t is a direct consequence of Lemmas 2.6 and 2.5. U

The following result shows the monotonicity for a modified Weiss function. It is
remarkable that the quantity below is monotone for all A > 0, independently of the
value of the frequency.
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Lemma 2.8. Let 0 be a singular point, A > 0, and w := uw— p, where p € P. Then

the function
Wi(r,w) == r=2 (7“2”/ |Vw|* — )\7’1”/ wz)
B, 0By

s monotone nondecreasing in r.

Proof. For 0 < X < ¢(07,w) we have W)y = (¢ — \) H,, the product of two positive
nondecreasing functions (thanks to Proposition 2.4 and Lemma 2.6), hence W, is
nondecreasing.

The result is more interesting for A > ¢(0", w) and it requires a different proof.
Indeed, using the notation and calculations from the proof of Proposition 2.4 we
have, for I := [, wAw = me{u:O}p > 0,

Wi(1) = D'(1) — AH'(1) — 2A(D(1) — AH(1))
= (2 /83 w? —4[) — QA/aB ww, — 2X(D(1) — AH(1))
= (2/631 w3—41) —2A/831wwy —2)\</831 ww, —I) + 202 H(1)
:2(/63111)3—2A/831ww,,+A2/8B1w2) +2(\ —2)1

_ 2/83 (w, — \w)? + 20\ — 2)1.

Since A > ¢(07,w) > 2 (by Lemma 2.5), the result follows. O

As a consequence of this result we can prove that, given A > A, = ¢(0", u — p,),
the function H, blows up at 0. This, combined with the monotonicity of H), (see
Lemma 2.6), shows that

(2.9) r? < f w? < r# for r < 1.
B,

Note that while this estimate is classical for harmonic functions (since the frequency
function is related to the derivative of H)), in our case only an inequality is available
(see the proof of Lemma 2.6) and a different argument is needed.

Corollary 2.9. Let 0 be a singular point, w := u — p,, A\, == ¢(07,w), and fix
A> N, Let Hy be as in as in Lemma 2.6. Then

Hy(r,w) — 400 asr 0.

Proof. Assume by contradiction that there exists a sequence 1, | 0 such that
Hy(ry,w) < C for some constant C. Then, taking u € (A, A), it follows that
H,(ry,w) — 0. Hence, with the notation of Lemma 2.8, this gives (since W, >
—nH,)

lim inf W, (ry, w) > li}gglf —pH,(ry,w) = 0.

k—o0
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By the monotonicity of W, this implies that W, (r,w) > 0 for all > 0, or equiva-
lently
P2 Vw|* > /n‘l_"/ w? Vr>0.
B, OB,
But this means that ¢(r,w) > p for all » > 0, a contradiction to the fact that
> Ay O

2.2. Blow-up analysis. We now start investigating the structure of possible blow-
ups.

Proposition 2.10. Let 0 be a singular point, w := u — py, and for r > 0 small
define

~ w
e T rens
r 1

Let L := {p. = 0}, and m € {0,1,2,...n — 1} be the dimension of L. Also, let
A= ¢(0%,w). Then:

(a) For 0 < m < n — 2 we have N\, € {2,3,4,5,...}. Moreover, for every
sequence 1, | 0 there is a subsequence ry, such that &77«,% — q in WY3(By) as
¢ — 0o, where ¢ # 0 is a \.-homogeneous harmonic polynomial.

In addition, if A, = 2, then in an appropriate coordinate frame it holds

(2.10)
i i
D2p* — - Onmim cmd D2q _ T Ozim ,
Hn—m l
0, o 0, | N
where fy, ..., fhy—m,t >0, Z?;lm i =1, and N is a symmetric nonnegative

definite m x m matriz with tr(N) = (n — m)t.
(b) Form =n—1 we have A\, > 2+ «,, where a, > 0 is a dimensional constant.
Moreover, for every sequence vy | O there is a subsequence ry, such that
@W — q in WY(By), where ¢ # 0 is a \.-homogeneous solution of the
Signorini problem (with obstacle 0 on L):
(2.11)
Ag<0 and qAq=0 nR" A¢g=0 mR'\L, and ¢>0 onlL.

To prove Proposition 2.10, we need the following auxiliary lemmas:
Lemma 2.11. Let w, be as in Proposition 2.10 and assume that, for some sequence

T, 4 0, it holds w,, — q in W12(By). Then

(2.12) / q(p« —p) >0 for allp € P.
oB,

Proof. By the definition of p, it holds that
wy(z) = (u— p,)(rz) = o(r?) asr | 0.
Let us denote h, = [Jw,| 1298, = o(r?) and &, := h,/r? = o(1) as r | 0. Note

that, by the compactness of the trace operator W?(B;) — L?*(0B;), we have
{Drke = w,,«ke /hrke — ¢ in L2<8B1)
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By Corollary 2.7 and the definition of p,, for any fixed p € P we have

[ (Benms) = [ (DY L e e

Hence, since r 2w, = &,w,,
/ (61’@7’ +p*_p)22/ (p*_p)Q V?”>O, VpEP
OB1 0B1
Developing the squares and taking r = r;, we get

2 ~9 ~
€, / wy,, + 2¢r,, / W, (p« —p) > 0.
831 aBl

Dividing by €,,, and letting ¢ — oo we obtain (2.12). O

Lemma 2.12. Let p, € P, and assume that q Z 0 is a 2-homogeneous harmonic
polynomial satisfying (2.12). Then, in an appropriate system of coordinates, (2.10)
holds.

Proof. Take p € P and define A := D?p,, B := D?p, and C := D?q. Then, since
x-Vq=2q and Ag = 0, it follows from (2.12) that
1

1
os/ q(p*—m:—/ qy<p*—p>=—/ V- Vip. —p)
0B, 2 0B, 2 By

- %/B Ca- (A= B)zdr = cptr(C(A - B)),

for some dimensional constant ¢, > 0. Hence, since p € P was arbitrary, we deduce
that (recall (2.1))

(2.13) tr(CA) > tr(CB) for all B € M.

To show that this implies (2.10), let v € S"~! be an eigenvector for C' corresponding
to its largest eigenvalue vy, > 0, and choose B := v ® v. Then, since A > 0 and
tr(A) =1, (2.13) yields
Vmax = T (Vmax[dA) > tr(CA) > tr(CB) = Viax-
Thus
tr([Vmaxld — CJA) =0,

and because both A and vy, Id — C' are symmetric and nonnegative definite, we
deduce that the kernels of these two matrices decompose orthogonally R™. In addi-
tion, if we set L = {p. = 0} = ker(A), then (Vmaxld — C)|p2 = 0. Thanks to this
fact and recalling that tr(C') = 0 (since ¢ is harmonic), the result follows easily. O

We can now prove Proposition 2.10.

Proof of Proposition 2.10. For the sake of clarity, we divide the proof into several
steps.

- Step 1. We note that {w,} is precompact. Indeed, by Proposition 2.4 we have

/ w? =1 and IV, | = ¢(r) < ¢(1) < oo.
8B1 Bl
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This yields uniform bounds ||w,||w12¢5,) < C for all € (0,1). As a consequence,
given a sequence 1y, | 0 there is a subsequence 74, | 0 such that

@y, —q i W(BY),

In particular, by the compactness of the trace operator W'2(By) — L?(9By), it
follows that

lgllz2om,) = 1.

- Step 2. We prove (a). So, we assume m < n—2 and we consider ¢ a possible limit
of a converging sequence @rk/. We want to prove that ¢ is a harmonic homogeneous
polynomial.

We first show that ¢ is harmonic. Note that

(2.14) Aw,(z) = Au(rz) — Ap,(rz) = —r*x u—oy (rz) <0,

hence Aw, is a nonpositive measure. Note also that the contact set {u(r-) = 0}
converge in the Hausdorff sense to L = {p. = 0} as r — 0 (this follows from
the uniform convergence of r—2u(rz) to p, as r — 0). This implies that ¢ has
a distributional Laplacian given by a nonpositive measure supported in L. Since
q € WH2(By) (by Step 1) and L has codimension 2 (and thus it is of zero harmonic
capacity) it follows that ¢ must be harmonic.

Let us prove next that ¢ is homogeneous. To this aim we show that

R2fnf |Vq|2
(2.15) A = @(R, ) = — =028
R faBR ¢

Indeed, by lower semicontinuity of the Dirichlet integral we have

VR e (0,1].

#(1,q) <liminf ¢(1,w,, ) = liminf ¢(1,w,, ) = iminf ¢(ry,, w) = A,.
L—00 ‘ {—00 ¢ L—00

Also, since ¢ is harmonic, it follows that R — ¢(R, q) is nondecreasing (this follows
from the classical Almgren frequency formula, or equivalently from the proof of
Proposition 2.4), thus ¢(R,q) < A, for all R € (0, 1].

To show the converse inequality we apply Lemma 2.6 to @Tke and let / — oo to
obtain

1
P JoB, B

But since ¢ is harmonic (so, in particular, ¢Aq = 0) we have

H\(R,q) 2
(Rq) §(¢(Ra q) —A)

(this is a classical identity that also follows from the proof of Lemma 2.6). Hence, if
it was ¢(R, q) < A, for some R € (0,1) then, choosing A := ¢(R, q), we would have
that Hy would be nonincreasing on (0, R). In particular we would find
1 2
— > —
p** Jos, R Jop,
which contradicts (2.16) for p small since A < A.. Hence, we proved (2.15).

Note that (2.15) says that the Almgren frequency formula ¢(R, q) is constantly
equal to A\, for all R € (0,1]. As a classical consequence, g is A.-homogeneous.

¢*>0 forpec(0,R),
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Hence, since ¢ harmonic, it follows that q is a A,-homogeneous harmonic polynomial
with A, € {2,3,4,5,...} (recall that A\, > 2, see Lemma 2.5).

Finally, to complete the proof of (a), it suffices to combine Lemmas 2.11 and 2.12
to obtain that (2.10) holds when A\, = 2.

- Step 3. We now prove the first part of (b): if m = n — 1, then ¢ must be a
homogenous solution of the Signorini problem.

Indeed, let w,, — ¢ in L?(B;). We first show uniform semiconvexity and Lip-
schitz estimates that are of independent interest and will be useful later on in the
paper. Namely, let us prove the estimate

(2.17) 02w, >—C inBg, VYecLnS"!' VR<I,

where C' = C(n, R) —in particular C' is independent of r.
For this, given a vector e € S*~! and h > 0, let

o o fCthe)t (- —he)~2f
e,hf T h2
denote a second order incremental quotient. For e € L N S""! we have 5gyhp* =0

(since p, is constant in the directions of L). Thus, since Au = 1 outside of {u = 0}
and Au < 1 everywhere,

A -+ he)) + A - —h — 2A .
A ) = 2L R F Bulele Zhe) ZBR000D) ) = )
On the other hand, since u > 0 we have

02wy =02 u(r-) >0 in {u(r-) =0}

As a consequence, the negative part of the second order incremental quotient (53 W Wr)—
is a (nonnegative) subharmonic function, and so is its limit (9%,w,)_ (recall that
u € C', hence 07w, — 02,W, a.e. as h — 0).

Therefore, given any radius R’ € (R, 1), by the weak Harnack inequality (see for
instance [CC95, Theorem 4.8(2)]) there exists € = ¢(n) € (0,1) such that

1/e 1/e
(aeewr)f_) SC(n,R,R’)( / |aeewr|f) .
B

Also, by standard interpolation inequalities, the L norm (here we use € < 1) can
be controlled by the weak L' norm, namely

102 @)l imgon) < Cln, B, R) ( /B

R/ R’

1/e
(/ \866'@]6) <C(n,R) supt|{]6€e@r\ >t} N Bp
BR’ t>0

Furthermore, by Calderon-Zygmund theory (see for instance [GT01, Equation (9.30)]),
the right hand side above is controlled by ||Aw, |11, + |@: || L1(B,.), With R" €
(R',1). Finally, since Aw, < 0, ||Aw,||11(p,,) is controlled by the L' norm of @
inside Bj: indeed, if x is a smooth nonnegative cut-off function that is equal to 1
in B+ and vanished outside By, then

(218)  [1AG |uisy, < _/ YA, _/ Axin < Con R [ @),
By

Bl Bl
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In conclusion, choosing R’ = 2RT+1 and R’ = % we obtain

1Decr) [l < Cns R @[l 1203, < Cln, R)

(recall that w, is uniformly bounded in W?(B;) C L'(Bj), see Step 1), which
proves (2.17).

Note that, as a consequence of (2.17), the Laplacian of w, in the tangential
directions is uniformly bounded from below. Since Aw, < 0 everywhere and L is
(n — 1)-dimensional, this implies a uniform semiconcavity estimate in the direction
orthogonal to L, namely

0% 1w, < C in Bg, fore' € L* with /| =1,

where, as before, R < 1 and C = C(n, R).
Thanks to the previous semiconvexity and semiconcavity estimates, we deduce in
particular a uniform Lipschitz bound:

(2.19) \Vw,| < C(n,R) in B VR<I.

Hence, the convergence zﬁrkl — ¢ holds also locally uniformly inside Bj.
Now, recall that by Proposition 2.4 we have

(7“2_” Is. wAw) i

r2n fBT Vw2 pi=n faBT w?
P2 [ wAw\ 2
- 2 ——ff:—:[éﬁl—————§— - 2 (:J/P iZ@4£&iBT:> .
rer faBr w By
Since

21”;61Z QTkz
]/ ré (r,w) dr < 2/ ¢ (r,w) dr = 2(¢(2ry,, w)—@(rg,, w)) — 0 as £ — 0o

Tké Tkl

r¢' (r,w) > 2¢(r,w)
(2.20)

(because ¢(r,w) — A, as r — 0), using the mean value theorem we may choose
Tk, € [Tk,» 27k,] such that 7y, ¢ (Ty,, w) — 0 as { — oo. Hence, thanks to (2.20) and
(2.2), we deduce that, for py := 7y, /ry, € [1,2],

/ By, AT, < / By, AT, — 0.
By B

Pe

Since Awy,, — Agq weakly” as measures inside By, w,, — ¢ strongly in CP.(By),
and w,Aw, > 0, we obtain

/ qgAq =0 VR <1,
Br

therefore, letting R 1 1, gAq = 0 inside Bj.
Now, since
e Aw, <0 is supported on {u(r-) = 0}, that converges to L as r | 0
o w, = (u—p)(r-)=u(r-)>0on L
° {UW — q locally uniformly
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in the limit we obtain that Ag < 0, Ag = 0 outside of L, and ¢ > 0 on L. This
proves that ¢ € W12(By) is a solution of the thin obstacle problem (2.11) inside B;.

The same argument as the one used in Step 2 for case (a) (which only used that
qAq = 0) shows that ¢ is A.-homogeneous inside B;. In particular we can extend ¢
by homogeneity to the whole space, and ¢ satisfies (2.11) in R".

- Step 4. We conclude the proof of (b) by showing that A\, > 2 + «, for some
dimensional constant o, > 0.
We argue by compactness. Observe that any blow-up ¢ satisfies

(2.21) x-Vq = A\, / ?=1 Aq¢g<0, qAq=0, ¢>0onL, ¢(0)=0.
0B,

Also, by Lemma 2.11 we have that (2.12) holds. Now, if we had a sequence of
functions ¢®) satisfying (2.21) with AP 4 2, then we would find some limiting
function ¢(* satisfying (2.21) with A = 2 and (2.12). Then ¢ would be a 2-
homogeneous solution of the thin obstacle problem and hence a quadratic harmonic
polynomial (see for instance [GP09, Lemma 1.3.4]). Thus, applying Lemma 2.12
with m = n — 1 we find that, in an appropriate coordinate system,

D%*p, =
where N > 0 with tr(N) = ¢ > 0 (since ||¢°°||;2(9p,) = 1). However, since
¢*)(0) =0 and ¢ > 0 on L = {p, = 0} = ker(D?p,), we must have —N >0, a
contradiction. U

We conclude this section with an interesting observation: the gap between the
value of the frequency and 2 controls the decay of the measure of the contact set
(recall that ¢(0",w) > 2, see Lemma 2.5).

Proposition 2.13. Let 0 be a singular point, w = u — p., and A\, = ¢(07, w).
Then
{u=0}N B
| Br|
In addition, the constant C' > 0 can be chosen uniformly at all singular points in a
netghborhood of 0.

< CrM2 Vr>0.

Proof. Let w, and w, be defined as in the statement of Proposition 2.10. Since w,
is bounded in W'%(B;) (see Step 1 in the proof of Proposition 2.10) and Aw, < 0
(see (2.14)), we can bound the mass of Awy, inside By, by considering a smooth
nonnegative cut-off function x that is equal to 1 in B;/, and vanished outside By,
and then argue as in (2.18). In this way we get

[ 1< Clalm, <.
Byja

But since
|A1’E | — 7“2 X{U(T'):O}
|wr || 208,
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and ||w, || z205,) < Cr™* (see (2.9)), we conclude that
2-x, {u =0} N By 2= {u(r-) =0} N By
r =r
’Br/2’ |B1/2’
as desired. 0

<C,

Note that the density bound is actually stronger around points corresponding to
lower dimensional strata {X,, }1<m<n—2. Indeed, since Aw, < 0 and any limit of w,
is harmonic (see Proposition 2.10(a)), it follows that me |Aw,| — 0 as r — 0, so

in this case the constant C' appearing in the statement can be replaced by o(1).

Remark 2.14. In the case when 0 € ¥,,_1, we can actually prove a stronger esti-
mate, namely that {u = 0} N B, is contained in a r*+~!-neighborhood of L = {p, =
0}. To show this, note that (2.19) implies that

(222) |V{Er,«| S C in Bl/?a Vr > 0,
or equivalently

||’erL2(aBl)

(2.23) |Vu(z) — Vpi(z)| < C Vo e B,

Observe now that Vu = 0 on {u = 0} (since u € C! and u > 0). Also, since
p«(z) = 1(e- 2)? for some e € S"1,

|Vp.(x)| = dist(z, L) Vo e R
Hence, it follows by (2.23) that

er”L?(aBl)
T

dist(z, L) < C Va e By n{u=0}.

Since [Jw,||r29m,) < Cr™* (see (2.9)), we conclude that

(2.24) dist(z,L) < Cr™~'  Va € B,jsN{u=0}.

3. PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1. This will require a fine analysis of the
possible values of the frequency at singular points. We begin with the simple case
n=2.

Lemma 3.1. Let n =2 and 0 be a singular point in X1. Then X\, := ¢(0F, u — p,)
belongs to the set
{3,4,5,6,... Ju{L 4 B 18 1

29 99 9 9
In particular oo > 1 (here a, is as in Proposition 2.10(b)).

Proof. From Proposition 2.10(b) we have that any possible blow-up ¢ is a A,-
homogeneous solutions of the Signorini problem in two dimensions with obstacle
0Oon L and A\, > 2+ a, > 2. In dimension two, homogeneous solutions to the
Signorini problem that are symmetric with respect to L are completely classified
via a standard argument by separation of variables, and the set of their possible
homogeneities is

{1,2,3,4,5.. yu {3 1,2, b0 1
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(see for instance [FS17]). In our case ¢ may also have a odd part. However, the
odd part is easily seen to be harmonic, hence its possible homogeneity belongs to
the set
{1,2,3,4,5,...}.
In conclusion
\oe{1,2,3.4,5,. . Ju{3 I U5y
Since A\, > 2, the lemma follows. O

As explained in the introduction, our main goal is to prove that the set of points
with frequency less than 3 is small. For this, we need to understand what happens
when too many singular points accumulate around another singular point. This is
the purpose of the next two lemmata: the first concerns the case m < n — 2, and
the second deals with the case m =n — 1.

Lemma 3.2. Let n > 3 and suppose that 0 is a singular point. Assume that
m = dim(L) < n — 2, and that there is a sequence of singular points x;, — 0 and
radii ry 4 0 with |zg| < ri/2 such that

~ (U_p*)(rk') . 1,2
Wy, = —q in WH%(By),
F = p) (e ) lla o) 1

and y, == f—: = Yoo Then Yo € L and q(yso) = 0.

Proof. Since (u—p.)(r-) = o(r?) and u(ryyx) = u(xy) = 0, it follows that p.(rryx) =
r2p.(yr) = o(r?) as rp — 0. Therefore p,(ys) = 0, proving that y., € L = {p, = 0}.
We now show that ¢(y.) = 0.

Note that, since ¢ is homogeneous (see Proposition 2.10), if y., = 0 then the
result is trivial. So we can assume that |y| > 0.

We now use that xj is a singular point for u. Thanks to Lemma 2.5 applied at
x with p = p,, we know that the frequency of u(xy + - ) — p. is at least 2, therefore

O(1/2,u(re(ye + ) — pu(re-)) > 2.
(Note that here p, is the quadratic polynomial of u at 0, not at x!) Equivalently,
recalling the definition of w,,, we have

< lfsl/z |V, (g + ) + B2V (P (i + 1) = palre-)) [

(3.1) 2 < 5 — —,
Jom, o B (i + ) + Bt (Pe(riye + 72 ) = pa(re )|
where h,, = ||(u—p.) (7% - )| 12(aB,)- Note that, because p, is a quadratic polynomial
that vanishes on L, we have
(3.2) h;kl(p*(rkyk‘i‘rk‘)_p*(rk')) =cp+by-w

for some constant ¢, € R and some vector b, € R"™ with b, L L.
We now observe that, since |y;| < 1/2 we have By s(yx) € B, therefore

~ 2 ~ 2 ~
B2 1/2

We claim that
lcg] < C and  |b| < C, with C' independent of k.
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Indeed, if this was false, dividing by (|cg| + |bx])* both the numerator and the
denominator in (3.1), we would obtain

_1 S5, , [V (k@) + T + b - z)|’
=5 f@Bl/z lex(z) + +5k.x)|2 ;

where ¢, := cx/(|ex| + |br]), bk := bi/(|ck] + |bx]), and fBl/Q |Ver|? + faBl/Q g2 — 0.
Thus, in the limit we would find
_ 7 2 _
1 /5, |V (oo + oo - )| [k
< Z _

2 — _ - - _ T — Y
2 faBm [Coo + boo * 7|2 An[Coo|? + [Dool?

a contradiction that proves the claim.

Thanks to the claim, up to a subsequence, ¢, — ¢, and by — by as k — o0,
with b, L L. Note now that, since z; is a singular point, it follows by Corollary
2.7 that, for all p € (0,1/2),

1 2

| o) = patwp )P <2 [ (o) = )P
P 0By 0B,

or equivalently, recalling (3.2),
1 - ~

(33) — ]/ |y, (yr, + ) + cp + by - 2|* < 2° ][ |y, (yr, + ) + cg + by - 7|
p 0B, 0B /2

Hence, in the limit (note that B,(y.,) C By for all p <1/2)

(3.4)
1

— |q(Yoo -2 ) oo oo |* < 2° f |¢(Yoo ) FCoo o[> Vp € (0,1/2).
P~ JoB, 0B 2

Since ¢ is a homogeneous harmonic function, y,, € L with |y, > 0, and by is
orthogonal to L, it follows by (3.4) that the gradient of ¢ in the directions of L must
vanish at Y., namely V1q(ys) = 0. Hence, by homogeneity we find ¢(y) = 0, as
desired. 0

Lemma 3.3. Let n > 2 and suppose that 0 is a singular point with m := dim(L) =
n — 1. Assume that there is a sequence of singular points xp — 0 with x € ¥, 1,
and let ri L 0 with |zg| < 1i/2. Denote

A= 0T u—p)  and Aemy = (07 (e + ) — P
Suppose that

ﬁrk = (u - p*)(rk .) N q Zn W172(B1>,

= p)(re )28y
and yy, := f—: — Yoo. Also, let Re = L+ with |e| = 1, and denote by ¢**® and ¢°%
the even and odd part of q with respect to L, namely

1

() = 3{ale) +a(e - 2e-w)e) @) = S{ale) — oo~ 2e - x)e)}

Finally, let o, be as in Proposition 2.10(b).
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Then yoo € L, and for X :=infy{ A\, } > 2 + oo we have

(35) p2)\f qeven(yoO +SC)2 S 22)\f qeven(yOO +£IZ’>2
aB, 0B 2
In addition, if A, is not an integer then

(36) o ]f Al + )7 < 22 ]f A + 2. Vpe(0,1/2).
4B, 0B /2

Proof. Let

2

Diy, () = ligl ru(xg + o)

and define the second order harmonic polynomial

1

Py(z) = h_(p*x’“ (rix) — peolxr + rkx)), where h,, = ||(u — p.) (7% )|l 22(88,)-
Tk

Since xy € ¥,,_1, Proposition 2.10(b) yields
(3.7) ¢(re/2, w(zr+ ) —pigy) = 007, u(@p+ ) =Pugy) = Mz = A > 2400 > 2,

therefore
(3.8)
2 - 2
2+ 1fB1/2‘vu(mk_’_rk.)_vp*vxk(rk.)’ 1fB1/2‘vwrk(yk+')_vpk‘
a < = — == — :
faBl/2 ’u(a:k T ) o p*’xk(rk ’ )| 2 f831/2 }wrk(yk + ) - Pk)}
for all k.
We now claim that
(3.9) P <C  Vk.

Indeed, if the coefficients of P are not bounded, then dividing by its maximum in
the numerator and the denominator of (3.1) we obtain

Ve — VP|?
2+a0§%fB1/2‘ ' — I; 3
f881/2 |5k—P’f|

where Py, := Py /|Py| and [, |Ver> — 0, thus in the limit we find

|VP,|?
2+ao S 1%__2
2 Jop,, 1Pl

(3.10)

for some quadratic polynomial P... Note now that, since 0,z € £,_1, we have

Pezy = i(ek . x)2 for some e, € S* !

and

1
Dep = E(e -x)? foreeS"'NL*
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Also, up to replacing e, with —ey, if needed, we have that e, — e (since p. ,, — Pso
as k — 00). Thus

Py(z) = (p*,xk (rex) = pao(r + Tkl’))

= 5 ((ek . l‘)Q - (e ’ (yk + x))2>

((er-2)* = (e-2)* — 2ar(e- ) — af)

where ay, := (e - yx) — 0 (since yp — Yoo € L = e*). Thus, since the coefficients of
Py := Py/|Py| are uniformly bounded and a} < 2a; we must have P, (0) = 0 and
therefore

P (x)=¢ (e -z)(e-1)+E(e- 1),
for some constants ¢;, ¢ € R, where

e = lim Gk — € esS"'nL.

k—oo |ey, — e

Now, since €' L e, a direct computation using the formula above yields

1.[B1/2 |VI_DOO|2 ]_Cl fB e 33 +C% fB )2+E§‘Bl/2| 2(n+2)cl +02 - 2

2 faBl/Q |ﬁ°°|2 2 a de 1/2 (€'~ z)*(e-x)? +C§f831/2(6-x)2 N 4( 1-i- )01 —I—E% -

a contradiction to (3.10). Hence this proves (3.9), and up to a subsequence P, — Px
as k — oo, where P, is a second order harmonic polynomial. In addition, by the
discussion above, P, has the form

(3.11) Po(z) =ci1(e' - z)(e- ) + ca(e - x),

where € | e and ¢, ¢y € R.
Now, by Lemma 2.6 applied to u(zg + 7+ ) — Pss, and using (3.7), we have

P ][ @, (yr + - ) — Pof? < 22 f @, (g + ) = Pul?,
0B, 0By
for all p € (0,1/2), hence, in the limit,
(3.12) p f (Yoo + +) — Poo)[* < 2% ][ @Yoo + +) — Puol”.
9B, 0B 2
Since P, is odd with respect to L (see (3.11)), it follows by (3.12) that

pQAf qeven(yoo 4 .)2 —_ p2)\f }(Q(yoo + ) B Poo)even‘Q
0B, 0B,
SP_Q)\][ ‘Q(yoo"’_ ')_f)ool2
0B,

§22A][ |q(yo + ) — Pu’,
0By /2
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where we used that f — f°¥°" is an orthogonal projection in L?(0B,). Hence
—2)\ even 2
p f (Yoo + )P <C Vpe(0,1/2).
OB,

Noticing that ¢®¥"(ys + -) is a solution of Signorini, this bound implies that the
frequency of ¢°"*(yso + - ) at 0 is at least A (cp. Corollary 2.9). Thus, arguing as
in Lemma 2.6 we deduce that

p'_> p2)\/ qeven(yoo+ ')2
0B,

is monotone nondecreasing, which proves (3.5).

Assume now that ), is not an integer. Since ¢°d¢ is an odd function (with respect
to L) whose Laplacian in concentrated on L then Ag°d4 = 0, which implies that
¢°% is a harmonic polynomial. On the other hand, since ¢ is \,-homogeneous, then
so is ¢°4. Hence, since harmonic polynomials have integer homogeneity, the only

possibility is ¢°¥ = 0. Thus ¢ = ¢®**", and (3.6) follows from (3.5). O
Forn >3 and m € {1,2,...,n — 1} we define
(313) X :={z, €%, : ¢(0",u(zs+ ) —pis) <3}, Y9 =T, \ 2.

We can now give the key lemmas needed to prove Theorem 1.1. We begin by showing
that points in X{ are isolated inside X.

Lemma 3.4. Assume n > 3. Then X{ is a discrete set.

Proof. Assume by contradiction that 0 € ¥ and z;, — 0 is a sequence of singular
points. By definition, 0 € 3¢ means that dim(L) = 1 (where L := {p, = 0}) and
that A\, = (b(0+,u —p*) < 3. Hence, since n > 3 we have m = 1 < n — 2, thus
Proposition 2.10(a) yields A, = 2.

Let ry := 2|xy|. By Proposition 2.10 and Lemma 3.2 we have (up to extracting a
subsequence)

w,, —q in L*(B;) and gy := LN Yoo € LN OBy s.
Tk
where and ¢ is a 2-homogeneous harmonic polynomial satisfying ¢(y,) = 0. In
addition, since A, = 2 we know that (2.10) holds. Namely, in an appropriate
coordinate frame (recall that m = 1 here) we have
(3.14)

H i

. n—1 . n—1
Dp, = ’ Oy and D?%q = : 0y ’
Hn—1 t
. 0 0

n—1

0 | —(n—1)t
where i1, ..., pp_1,t >0, Y 2"y = 1.

Note that, since |yoo| = 1/2, ¢(¥) = 0, and y, € L, by homogeneity of g we
must have ¢|p = 0. This contradicts the fact that D%q|rer = —(n — 1)t < 0 (see
(3.14)) and concludes the proof. O
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In order to estimate the measure of 3¢ for m > 2 we need to develop a Federer-
type dimension reduction argument. As a first step we need the following standard
result in geometric measure theory, that we prove for convenience of the reader.

Before stating it, we recall some classical definitions. Given § > 0 and § € (0, o],
the Hausdorff premeasures 7—[? (E) of a set E are defined as follows:'

(3.15) HE(E) = mf{z diam(E,)° : E C | J E;, diam(E;) < 5}.

Then, one defines the 8-dimensional Hausdorff measure H?(E) := lims_,q+ H? (E).
We recall that the Hausdorff dimension can be defined in terms of H2 as follows:

(3.16) dimy (E) := inf{# > 0 : H2(E) = 0}

(this follows from the fact that H2 (F) = 0 if and only if H°(E) = 0, see for instance
[Sim83, Section 1.2]).

Lemma 3.5. Let E C R" be a set with HE (E) > 0 for some 3 € (0,n]. Then:

(a) For HP-almost every point v, € E, there is a sequence 1 | 0 such that

(3.17) lim Ttee(E 0 Br(zo)

k—o00 rf

> Cn,B > 0,

where ¢, g s a constant depending only on n and 5. Let us call these points
“density points”.

(b) Assume that 0 is a “density point”, let 1, | 0 be a sequence along which
(3.17) holds, and define define the “accumulation set” for E along ry at 0 as

A=Ag (r) = {z € Bija : 3(20)e>1, (ke)e=1 5.t 2z € r,;}lE' N By and zp — z }
Then
HE (A) > 0.
Proof. Part (a) of the lemma is a standard property of the Hausdorff (pre)measures,

see for instance [Sim83, Theorem 3.6(2)] for a proof. We now prove (b).
Assume that 0 is a density point. Then by (a) we have

HP (EN B, /2)

7

(3.18)  HE(ri'ENByp) = >2" e, 5 >0 forall k> 1.
Note that the accumulation set A is a closed. Assume by contradiction that
HP(A) = 0. Then, by definition of H2 , given any ¢ > 0 there exists a count-
able cover of balls {B;} such that

A C UBZ and Zdiam(Bi)ﬁ <e.

i>1 i>1

n many textbooks, the definition of 7-[5’8 includes a normalization constant chosen so that the
Hausdorff measure of dimension k coincides with the standard k-dimensional volume on smooth
sets. However such normalization constant is irrelevant for our purposes, so we neglect it.
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Since A C B is compact set, we can find a finite subcover. In particular, there
exists NV € N such that

N N
A C UR and Zdiam(ﬁ’i)ﬁ <e.
i=1 i=1
But then, since
N
re'ENBip | B
i=1

for k large enough?, by definition of H2 we obtain
Hgo(rkflE N Bl/g) S £,
a contradiction with (3.18) if ¢ is small enough. O

We can now give an appropriate version of Lemma 3.4 for the case m = dim(L) €
{2,...,n—2}.

Lemma 3.6. Assumen >4 and m € {2,...,n —2} . Then dimy(X%) <m — 1.

Proof. Recalling (3.16), we assume by contradiction that H2 (3¢) > 0 for some
B >m — 1. By Lemma 3.5(a), there is a point x, € X% and r | 0 such that

(3.19) rePHE (28 N By, (20)) > ¢ p > 0.

Assume without loss of generality that x, = 0. Hence, since 0 € X¢ and m <n—2,
it follows by (3.13) and Proposition 2.10(a) that

Ao i= 6(0%,u— p.) =2

Moreover, by Proposition 2.10(a) after replacing 7, by some subsequence 7, that
will still satisfy (3.19) and hence by simplicity we again denote 7, we will have

T2
, 4 in L*(By),

where ¢ is a 2-homogeneous harmonic polynomial. In addition, since A\, = 2, we
know that in an appropriate coordinate frame D?p, and D?q are given by (2.10).
Also, applying Lemma 3.5(b), we deduce that the “accumulation set” A = Asa 1,3
satisfies HZ (A) > 0.

We claim that A € B; N LN {g = 0}. Indeed, by definition, a point z belongs
to A if there are sequences of singular points z, — 0 and of radii 74, | 0 such that
|ze| < 1y, and x¢/ry, — 2. Thus x,/(2ry,) — 2/2, and by Lemma 3.2 we obtain
2/2 € L and ¢(z/2) = 0. By homogeneity, this implies that z € LN {¢ = 0} as
claimed.

Finally we note that LN {q = 0} has dimension at most m — 1. Indeed, if not this
would imply that ¢ = 0 on L, which would contradict the fact that tr(D?q|rer) =
—(n—m)t <0 (see (2.10)).

Thus H™! (E NLN{qg= 0}) < +00, which yields (since § > m — 1)

0<H(A) <HL(BiNnLNn{qg=0})=0,

Wy,

2Otherwise there would be a sequence of points z, € r,;}lE N By \ Uf;l UB;, and hence their

limit z —up to a subsequence— would satisfy at the same time z € A and z € By /o \ Ufil Bi7 a
contradiction.
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contradiction. O
We now analyze the size of ¥¢_,. We begin with the case n = 3.

Lemma 3.7. Let n = 3. Then X% _, is a discrete set.

Proof. Let us assume that 0 € ¥? | and that xz; — 0, where z, € ¥,,_;. By
Proposition 2.10 and by definition of X¢_; we have

A= 00T, u—p,) € 2+ o, 3).
Let 7 := 2|xy| and note that, by Proposition 2.10(b), we have (up to subsequence)
wy, — q and Tk — 2 € 0By
Tk

where ¢ is a A\,-homogeneous solution of the Signorini problem (with zero obstacle
on L).
Also, since A\, < 3, it follows by Lemma 3.3 that z € L and

p2Eree) ]/ ¢ <C(n), Vpe(0,1/2)
0B, (2)

(note that, since zy, € X,,_1, infg A\, ,, > 24 by Proposition 2.10(b)). This implies
that ¢, Dq, and D?q vanish at z, and that \* := ¢(07,q¢(z + -)) > 2 + .

Since q is a solution of Signorini that is homogeneous with respect to the point 0,
it is classical fact (this follows from instance from the monotonicity of the frequency
function) that a blow-up at z € L,

¢" =limg(z+r;)/llgz + 75 )220

has translation symmetry in the direction z, and it is A*~homogeneous. Thus, since
n = 3, ¢* depends thus only on two variables (equivalently, it has 2-dimensional
symmetry). Since homogeneous 2-dimensional solutions of Signorini are completely
classified (see the proof of Lemma 3.1) we deduce that

Noe{1,2,3,4,5. . Ju{ Il L 1

23599 9 9
Recalling that A* > 2+ a,, we get A* > 3. But then we reach a contradiction since,
by monotonicity of the frequency and the fact that the limit as »r — +o00 of the
frequency is independent of the point, we get

3N =0(0",q(z+ +)) < d(+00,q(z + +)) = d(+00,q) = A < 3.
0

In order to control the size of X¢_, for n > 4, we shall use the following result on
the Signorini problem:

Theorem 3.8 ([FS17, Theorem 1.3]). Let L C R™ be a (n—1)-dimensional subspace,
and let q be solution of the Signorini problem in R™ with obstacle 0 on L (see (2.11)).
Then, for all z in the contact set {q =0} C L it holds

(0, q(z+ -)) €{1,2,3,4,... yu {3, I L L 1
except for at most a set of Hausdorff dimension n — 3.

Lemma 3.9. Let n > 4. Then dimy (X ;) <n —3.
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Proof. Recalling (3.16), assume by contradiction that H? (3¢ ) > 0 for some § >
n — 3. Then by Lemma 3.5(a) there exists a point z, € 3¢ | and 74 | 0 such that

(3.20) rPHE (20 N By, () > cnp > 0.

Without loss of generality we assume that z, = 0. Then, since 0 € X¢_,, by (3.13)
and Proposition 2.10(b) we have

A= 007 u—p.) € 2+ .. 3).

Moreover, by Proposition 2.10(b) after replacing r, by some subsequence 7, that
will still satisfy (3.20) and hence by simplicity we again denote r, we will have

w,, — q in L*(By),

where ¢ is a A.-homogeneous solution of the Signorini problem with obstacle 0
on L. Applying Lemma 3.5(b), the “accumulation set” A = Ase 1, satisfies

HP (A) > 0. Set
S =:{z € BiNLN{q(z) =0} such that ¢(07,q(z + -)) > 2+ a,}.

Then, by the same argument as in the proof of Lemma 3.6 we deduce that A C
BN LnN{g =0} Also, since A\, < 3, as in the proof of Lemma 3.7 it follows by
Lemma 3.3 that ¢(07,q(z + -)) > 2+ a, for all z € A. Hence,

AcCS.
We now note that, for all z € S, we have
$(0%,q(z+ ) < P(+00,¢(2 + +)) = ¢(+00,9) = A < 3
(since 0 € X¢_,). Therefore it follows that
(07, q(z+ ) €2+ a0,3) forall z €S,

and Theorem 3.8 yields dimy(S) = n—3. In particular H? (S) = 0 (since 8 > n—3)
and we obtain

0<HL(A) <HL(S) =0,

a contradiction. O

We will also need the following version of Whitney’s extension theorem (see for
instance [Fef09] and the references therein):

Lemma 3.10 (Whitney’s Extension Theorem). Let 5 € (0,1], f € N, K C R" a
compact set, and f : K — R a given mapping. Suppose that for any x, € K there
exists a polynomial P, of degree { such that:

(i) P (2o) = f(2o);
(ii) |D*P,, () — D*P,(z)| < Clz — xo|**P~* for allx € K and k € {0,1,...,¢},
where C' > 0 is independent of x.

Then there exists F : R™ — R of class C*® such that
Flg=f and  F(x) = P, (z) + O(|lx — z.|"%) Va, € K.
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We now prove that the set of points with frequency > \ is contained in a C*~!-
manifold. Since the classical argument provided in [PSU12, Theorem 7.9] only shows
that the singular set is locally contained in a countable union of manifolds (while
here we claim that locally we need only one manifold), we provide the details of the
proof.

Lemma 3.11. Letn > 2, m € {1,2,...,n—1}, and A > 2. Let{ € N and § € (0, 1]
satisfy £ + B = X, and define

S = {2 € B+ 0(0% ulra 1) —pus) 2 A}
Then Sy, locally contained in a m-dimensional manifold of class C*~1°.

Proof. We prove the result in a neighborhood of the origin.

We begin by recalling that the singular set ¥ = U %,, is closed (this is a
classical fact that follows from the relative openness of the set of regular points, see
[C77]). In addition, we note that the monotonicity of the frequency implies that
the map

Y3z, — gb(0+,u(xo + ) —p*,xo)
is upper semicontinuous, being the monotone decreasing limit (as r | 0) of the
continuous functions
Y3 xo = ¢(r,u(@o + ) = Pigo), r > 0.
Thanks to these facts we deduce that
Sy = {xo ey : ¢(O+,u(xo + ) —pmo) > /\}

is closed. In particular, if we define the compact set K := Sy N B4, we have that
Sm,/\ N Bl/4 C K.
Now, given x, € K, we define

P, (%) := pag. (x — x0).

We want to show that K, f =0, and {P,, },,cx satisfy the assumptions of Lemma

3.10 with ¢ and S as defined above.
Note that, by Lemma 2.6 and the definition of Sy, for all x, € K we have

(321) lu(zo +p+) = P (P )lz2my < 20)Mu(we +5 ) = P (5 )| 208

for all p € (0,1/2].

Now, given z,,x € K, set p := |x — x| (note that p < 1/4), and for simplicity of
notation assume that z, = 0. Then it follows from (3.21) applied both at 0 and x
that

(3.22)

1(Po = Po)(p )22y < lulp-) = Polp )2z + llulp-) — Pulp-)l2s))
= [[ulp ) =pelp )| 2,y + (o) = Pe (0 = 2/P)) || 12,
< u(p-) = pulp- )HL2 (B1) +lu(p ) = pea(p(: x//))HL'z (Ba(z/p))
=[lulp-) = pulo ) 12y + Ul + 0+ ) = Peclp )| 2,

< Cpt.
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In particular, since the norm || - ||z2(p,) is equivalent to the norm || - [|c¢(p,) on the
space of quadratic polynomials, we obtain the existence of a constant C' > 0 such
that

|D*P, () — D*P,(x)| < Clz — x| foall z,,x € K and k € {0,1,...,¢}

(recall that A = ¢+ 3). Since P, (x,) = 0 for 2, € K, applying Lemma 3.10 we find
a function F' € C%?(R") such that

F(2) = po,(x — o) + O(|z — 2,/"?) for all z, € K.
Therefore

SmaN By C K C{VF =0} = {0, F = 0}.
i=1
Now, if x5 € Sy ¢ N By then dimker (D2F(xo)) = dim ker (DQp*@O(O)) = m. This
implies that, up to a change of coordinates, the rank of D?wl 7m)F (x) is maximal,

and we conclude by the Implicit Function Theorem that, in a neighborhood of z,,
Ni=,"{0., F = 0} is a m-dimensional manifold of class C*~1# that contains S,, y. O

We are now ready to prove Theorem 1.1 (except for the C? regularity in dimension
2 that will follow from Theorem 4.7 in the next section).

Proof of Theorem 1.1. We need to prove:

(a) For n =2, 3 is locally contained in a C? curve.

(b) For n > 3, ¥7_, is locally contained in a C*! (n — 1)-dimensional manifold
and X¢_| is a relatively open subset of ¥, satisfying dimy (X ;) <n—3
(the latter set is discrete for n = 3).

(c) For n > 3, ¥, 1 can be locally covered by a C'* (n — 1)-dimensional
manifold, for some dimensional exponent a, > 0.

(d) Formn >3 and m = 1,...,n — 2, 3¢ can be locally covered by a C! m-
dimensional manifold and X¢, is a relatively open subset of X, satisfying
dimy (32) < m — 1 (the latter set is discrete when m = 1).

(e) Forn >3 and m = 1,...,n — 2, &, can be locally covered by a O™
m-dimensional manifold, for some dimensional exponent e, > 0.

Throughout the proof, we will use the definition of S,  given in Lemma 3.11.

- Proof of (a). By Lemma 3.1 we have that 3; = 51 3. Thus, applying Lemma
3.11, we obtain that Y is locally covered by a C'! curve. To conclude that ¥; can
be covered by a C? curve, we apply Theorem 4.7 from the next section.

- Proof of (b). By Lemma 3.9, the Hausdorff dimension of 3¢_, is at most n — 3.
Also, by definition we have X9 _, =S, _; 3, thus X9 can be locally covered by a C!
(n—1)-dimensional manifold, thanks to Lemma 3.11. The fact that £7_, is relatively
closed in %,_; is a consequence of the fact that z, — ¢(0F, u(zo + ) — pug,) is
upper semicontinuous, as shown in the proof of Lemma 3.11. In the case n = 3,
Lemma 3.4 gives that X _, is a discrete set.

- Proof of (c¢). By Proposition 2.10(b) we have that the whole stratum %, is
contained in S,_j 244,, for some dimensional constant c, > 0. As a consequence,
the whole stratum ,,_; can be covered by a C* (n — 1)-dimensional manifold.



ON THE FREE BOUNDARY OF THE OBSTACLE PROBLEM 29

- Proof of (d). By Lemma 3.6, for 1 < m < n — 2 the Hausdorff dimension of ¥¢
is at most m — 1 (in the case m = 1, Lemma 3.6 gives that X¢ is a discrete set).
Also, since by definition ¥9 = S,, 3, applying again Lemma 3.11 we obtain that »¢,
can be locally covered by a C*! m-dimensional manifold. Finally, as in the proof
of (d), the relative closedness of >9 follows from the upper semicontinuity of the
frequency.

- Proof of (e). Let m < n — 2. We claim that the following estimate holds:
(3.23)

Hu(xo+7’-)—p*,xo(7" : )HL2(831) < Cr’log = (1/r) Vz, € X, NByp, Vre (0,1/2).

Observe that it is enough to prove (3.23) at points z, such that
Aigo 1= ¢(0+,u(xo + ) — p*,xo) = 2.

Indeed, if A.,, > 2 then Proposition 2.10(a) yields A, ., > 3, hence (3.23) trivially
holds (actually, with a much stronger estimate) thanks to Lemma 2.6. So, without
loss of generality, we can assume that A, ;. = 2.

Let M > 1 be a large constant to be fixed later. By Caffarelli’s asymptotic
convexity estimate [C77] (see also [C98, Corollary 5]), we have
(3.24) D?*u> —Clog™*(1/r)1d in B.(x.,) Va, €3,
for some dimensional exponent g, > 0. Now, let a, := ||r2u(zo+7") —Pus,
and L., := {p.., = 0}. Thanks to (3.24) we have
(3.25) Dee(ru(zo + 1) — pizy) = Oee(ru(zo + 1)) > —Clog™=(1/r)  in By
for all e € L,, NS"L.

Assume by contradiction that

ar, > Mlog™=(1/ry) for some 7 | 0.
Then, recalling (3.25), for any e € L,, NS"! we find
- 1

C
OeeWr, = a—k(?ee (r_Qu(xo +7) —pmo) > i in Bj.

2 = 0(1)

Thus, since wy,, — ¢ in L*(By) for some subsequence ry, (see Proposition 2.10(a)),
we have

C
(326) 8eeq 2 —M in Bl, Vec€ on N Snil.
In addition, since A, ,, = 2, Proposition 2.10(a) implies that ¢ is a quadratic poly-
nomial satisfying
D?*qlp, <0, D%, >0, tr(D%*) =0, and lall2om,) = 1.
Thanks to this fact, a simple compactness argument shows that there exists e €
L., NS ! such that
ae/e’q <—-¢ <0 in Bla

for some dimensional constant ¢; > 0. This contradicts (3.26) for M sufficiently
large, thus establishing (3.23).
Thanks to (3.23), if we define

P, (%) = pug.(x — 20) Vo € X,
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the argument in the proof of Lemma 3.11 yields
(3.27)
|D*P, (2)—DFP,(2)| < Cla—zo* *log™® (lz—2|) Vaze,x € £,,NB1js, k € {0,1,2}.

Hence, by Whitney’s Extension Theorem (see [Fef09] and the reference therein) and
the argument in the proof of Lemma 3.11, we conclude that (3.27) that ¥, is locally
contained in a C1°¢™ m-dimensional manifold. O

4. ON THIRD ORDER BLOW-UPS

In this section we investigate the uniqueness/continuity of third order blow-ups
for points in ¥,,, and prove that 3,, can be covered by C? manifolds, up to a lower
dimensional set (see Theorem 4.7 below).

We begin by showing the validity of a third-order almost-monotonicity formula
of Monneau-type for all singular points.

Lemma 4.1. Let 0 be a singular point, assume that A\, := ¢(0%,u — p,) > 3, and
let q be a 3-homogeneous harmonic polynomial that vanishes on L := {p, = 0}. Set
vi=u—p. —q, and let Hy be as in Lemma 2.6. Then

¢

P+

)

d
L Hy(r,0) > —c]
dr Lo (By)

where C' > 0 is a constant that can be chosen uniformly at all singular points in a
neighborhood of 0.

Proof. Set w := u — py, w.(z) := r3w(rzr), and v,(z) == r3v(rz) = w.(x) — q().

Then Hs(r,v) = H3(1,v,), and we have

d

(4.1) < Hy(r,v) = %H3(1,@r) _ ;/@B or((0,)y — 30,).

We now observe that, because A\, > 3, it holds
Ws(1,w,) = (¢(1,w,) = 3)Hz = 0

(here W, is as in Lemma 2.8). Also, because ¢ is a 3-homogeneous harmonic poly-
nomial, one easily checks that W3(1,q) = 0. Hence, similarly to the proof of Lemma
2.3, we get

0<L W3(17w7“) - W3(17Q)

= /31 <|er|2 + 2V, - VC]) - 3/6)31 (UE + QUTQ>

= |er|2—3/ Uf+/ v.(x - Vg —3q)
B1 0B1 0B,

:/ |er\2—3/ v?
B, 0B1

= / _UT‘AUT + / ’UT‘((/UT)V - 3UT)7
B, 0B1
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where we used that Ag = 0 and x - Vg = 3¢. Thus, recalling (4.1) we obtain

d 2 2
—Hs(r,v) > —/ v Av, = —/ vAwv.
dr r /B, rnts g

Now, since Av = Au — Ap, — Ag = 0 inside {u > 0}, we have
VAV = (p* + q>X{u:O}7

d 2 2
dr s(rv) 2 rnts / VYT s /Bm{uzo}(p 9

Noticing that (since p. > 0)

therefore

q2

2Dy

and that 2% is a 4-homogeneous polynomial (this follows from the fact that ¢ = 0

P« tq=—

on {p, = 0}, hence ¢? is divisible by p.), we conclude that

d 1 2 2 -)=0}NB
ez L[ P, ] Hued=ons
dr 7 J Binfu(r - )=0} Px Dl oo (By) r
Since A, > 3, the result follows by Proposition 2.13. O

In order to apply the previous result, we need to check the size of the points
where some third-order blow-up is harmonic and vanishes on {p. = 0}. We begin
with the case n = 2.

Lemma 4.2. Letn = 2, 0 € ¥, and w := u — p,. Assume that there exists a
sequence xy, € Xy with x — 0 and let ry, := 2|xy|. Then, for some subsequence ry,

we have
o U — Psu )\Tky * o .
TRy T : 3>( k') —4q m W1’2(Bl);
Tke
where § is a 3-homogeneous harmonic polynomial vanishing on L = {p, = 0} and
satisfying ||Q||L2(aBl) = H3(0+,w)1/2.

Proof. Note that if ¢(0",u — p,) > 3 then |Jw,|2(5,) = o(r?) (see (2.9)), hence
H3(0%,w) = 0 and the result holds with ¢ = 0. So we can assume that ¢(0", u —
Ps) = 3.

Set )
B W, by,

lwrllz2omy  Ha(re, w)
By Proposition 2.10(b) after extracting some subsequence ry, we will have ,{D"’k[ —q
where ¢ is a 3-homogeneous solution of Signorini —see (2.11)— satisfying ||q||.2(98,) =
1. Also, since r — Hj(r,w) is monotone nondecreasing (see Lemma 2.6) and § # 0,

we deduce that

Wy,

G = H3(0",w)q.
This proves that ||q]|725p,) = H3(0", w).
To conclude the proof it suffices to prove that ¢ is a 3-homogeneous harmonic
polynomial vanishing on L := {p, = 0}.
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Now, applying Lemma 3.3 with rp = 2|zx|, we deduce that y; := == Yo €
LN 0B/, and that (thanks to (3.5))

/ qeven(yOO +$)2 S CPG
9B,

(note that for n = 2 we have that A, ,, > 3 for all k, see Lemma 3.1). This implies
in particular that ¢°V*" is 3-homogeneous both with respect to 0 and .., hence it
must be one dimensional. Since Aq = 0 outside L, this implies that ¢*V" is affine
on each side of L, hence ¢®** = 0 (being ¢°*** 3-homogeneous).

This proves that ¢ is odd with respect to L, so ¢ cannot have a singular Laplacian
on L. Recalling that Aq = 0 in R?\ L, this proves that ¢ is a 3-homogeneous
harmonic polynomial. Finally, since ¢ > 0 on L and ¢ is 3-homogeneous, it must be

The previous Lemma motivates the following

Definition 4.3. We say that a singular point x, belongs to X3¢ and write z, €
334 if (07, u(wo + - ) — pas,) > 3 and there exists some sequence r; | 0 such that

u(xo+r-~)—p*7xo(r~) - :
w,, = J 3 AN in W2(By),

and ¢ is a 3-homogeneous harmonic polynomial vanishing on {p, ,, = 0}.

Applying the Federer-type reduction argument developed in the previous section
and the proof of Lemma 4.2 we obtain the following:

Lemma 4.4. Letn>2, 1 <m <n—1. Then:
(i) X1\ X3 consists of isolated points for n > 2;

(ii) dimy (S, \ 2 <m—1for2<m<n-—1.

Proof. Since the argument is similar to the ones used in the previous section, we
just explain the main steps, leaving the details to the interested reader.

Point (i) for n = 2 follows immediately from Lemma 4.2.

The case n > 3 for m = 1 follows instead by Proposition 2.10(a) and Lemma 3.2
after observing that

(UL;(TIW') N qA = H(L A) (u _p*)<rkz ) R é,

Tk, 1w = pa) (i )l z2(081)
cp. proof of Lemma 4.2.

Concerning the case m = n — 1 > 2, we can use Lemma 3.3 to prove that the
conclusion of Lemma 4.2 applies to all points in Y _, that are density points for X7
with respect to the measure H2 , with 3 > n — 2. Thus, as in the proof of Lemma
3.9, Lemma 3.5 implies that the conclusion of Lemma 4.2 applies to all points in
9, up to at most a set of Hausdorff dimension n — 2. Since dimy (X, \ X2 _;) =
dimy(X2_;) <n — 3 (see Theorem 1.1), this proves (ii) when m =n — 1.

Analogously, in the case 2 < m < n — 2, we can use Lemma 3.2 to prove that
the conclusion of Lemma 4.2 applies to all points in > that are density points for
Y9 with respect to the measure HZ , with 8 > m — 1. Thus, Lemma 3.5 implies

o0
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that the conclusion of Lemma 4.2 applies to all points in 3¢ up to at most a set
of Hausdorff dimension m — 1. Since dimy(3,, \ £4,) = dimy(24%,) < m — 1 (see
Theorem 1.1), this concludes the proof of (ii). O

We can also prove the uniqueness and continuity of third-order blow-ups at all
points in %374

Proposition 4.5. Letn > 2,1 <m <n—1, and let x, € 337, Then the following
limit exists:
w(@o + 1T) = Pua, (1)

(4.2) =

— Qo () in WH(By) asr — 0,

where g,z (x) is a 3-homogeneous harmonic polynomial vanishing on {p.,, = 0}
and satisfying || quz, |20 = Hs(0F,u(ze + ) — Dia,). In addition the above
convergence is uniform on compact sets, and the

the map E%d D Ty  Qugy 1S CONLINUOUS.

Proof. Assume 0 € ¥374. We first prove the existence of a limit.

Since 0 € X34 there exists a sequence 755 | 0 yielding a limit ¢; which is a
3-homogeneous harmonic polynomial vanishing on {p, = 0}. Let ¢, be a limit
obtained along another sequence 715 | 0. Up to taking a subsequence of rj 2 and
relabeling the indices, we can assume that r;o < rp; for all k. Thus, thanks to
Lemma 4.1, we have

Hiy(rp1,w—q1) > Hy(rg2,w —q1) — Clrga — 11 VE,

for some constant C' depending on ¢q, so that letting £ — oo we obtain

0= tim [ g =a = i ([0 -Cnanal) = [ e
k—o0 OB, ’ k—o00 OB, ’ 0B1
This proves the existence of the limit, and that the limit is a 3-homogeneous har-
monic polynomial vanishing on {p, = 0}.
We now prove the continuity of the map z, — ¢, ., at 0 € X3¢, Fix ¢ > 0, and
consider a sequence z; € X3¢ with x;, — 0. Thanks to (4.2), there exists a small
radius r. > 0 such that

(43) / .

Now, let Ry : R™ — R™ be a rotation that maps the m-dimensional plane L; :=
{psx, =0} onto Ly := {p.o = 0}, and note that Ry — Id as k — oo (this follows
by the continuity of ¥,, > x + p,,). Then, since g, o Rj vanishes on Ly, we can
apply Lemma 4.1 at x; with ¢ = ¢, o %y to deduce that

2
<e.

u(r-x) — peo(rex)
rs

— G« 0(7)

2
B 2 1. u(ry +re) — pog (re)
\/831 |QIk,* dx,0 © Rk| - }nli% . 3 dx,0 © Rk(l’)
2
S / U(ZEk +T6x) p*,wk(rax) — 40O Rk(l’> + CTg.
0B 7’? 7




34 A. FIGALLI AND J. SERRA

Note that the constant C' above is independent of £ since, by the continuity of p, 4,
Pez, © Byt > pao/2 for k large enough, therefore

‘ (g+,0 © Ri)?
Dy

2
q*,O

p*,O

VE> 1.

.

Lo (B1) Leo(Bi)
Hence, since Ry — Id, letting & — oo and recalling (4.3) we obtain
2

u(xk + ng,’) — Pz, (7’513) — Gup O Rk(l’) + CTE

3
re

lim sup/ |Gapx — Guol* < lim
8B1 k—

k—o0 *© JoB;

<e+Cr..

Since € > 0 is arbitrary, this proves the continuity at 0. In addition, arguing as
above (using Lemma 4.1) one sees that the convergence in (4.2) is locally uniform
with respect to .. O

Remark 4.6. It is important to observe that the above proof shows something
stronger: if z;, € X9 (so their frequency is at least 3, see (3.13)) and x; — z, with
T, € ¥ then

(4.4) lim Gz, — Geol> =0

k—oo aBl
whenever ¢,, is an arbitrary limit point of r=3 (u(zy + rx) — pas, (rx)) asr — 0. In
other words, even if the third order blow-up of v — p, ,, at z; may not be unique,
any such limit has to converge to q. o as x, — ¥o. Indeed, if {7y ;};>1 is a sequence
converging to 0 such that
W(Tk + T T) = Paay (Th,57)

Gy, (l’) = Jlgrolo 7‘]?;7]‘ )

then Lemma 4.1 applied at z;, with ¢ = ¢, o Ry, yields (since ry; < r. for j > 1)
2
U(Tg + Tk jT) — Psay, (T T
( J )3 k( J ) _q*70 ORk(l‘)
Tk,‘]

/ |qu — (%0 © Rk|2 = lim
0B,

j—)OO 8B1

<),
0B

and the result follows as in the proof of Proposition 4.5.
Note also that, when n = 2, g, is odd with respect to the line {p,o = 0} (see
the proof of Lemma 4.2). Hence it follows by (4.4) and the continuity of p, ,, that

2

W(xg + 1) — Py (T27) O
€9

3
Te

— Qx0© Rk(l’)

(4.5) lim [ [gg! — guol? +/ |qen? = 0,
k=00 JaB, 9B
where g2 (resp. ¢S'") is the odd (resp. even) part of g, with respect to {p s, = 0}.

odd

o, 18 a 3-homogeneous harmonic polynomial.

In particular, as in Lemma 4.2, ¢

As consequence of the previous results, we obtain the following result about the
structure of >,,_1.

Theorem 4.7. The following holds:
(n=2) Xy is locally contained in a C* curve.
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(n>3) For any m = 1,...,n — 1, the set 3,, can be covered by a countable fam-
ily of C* m-dimensional manifolds, except for at most a set of Hausdorff
dimension m — 1.

Proof. We start with the case n = 2. Let us consider the map

(46) El DI, > qggdv

where ¢4

as follows:
- if x, € X34, then q,, = Gu, is the third order limit provided by Proposition 4.5;
-if o € 31\ X3 then ¢, is an arbitrary limit point of r=2 (u(zo + rz) — pas, (rz))
as r — 0 (recall that 3y = XY for n = 2, see Lemma 3.1).

Fix R € (0,1), and for (r,z,) € (0,1 — R] x (X' N Bg), let us define the function

1/2
Flria.) = ( [ (wtoe ) =pe - q;zfd)z) .

Note that, as a consequence of Lemma 4.1, the map r — F(r, x,) is almost mono-
tone, hence the limit as r — 07 exists. Also, for r > 0 fixed, the map

S'NBgr 3 2o F(r, 1)

is the odd part of ¢, with respect to {p. ., = 0}, and where ¢, is defined

is continuous as a consequence of (4.4) and (4.5) (recall that the set ¥\ X3 consists
of isolated points by Lemma 4.4(i), so F(r,-) is trivially continuous at such points).
Thus, as in Lemma 3.11, the almost monotonicity implies that z, — F(01,z,) is
upper semicontinuous. Since F(0%,-) = 0 on X3 (by Proposition 4.5) we deduce
that, for any € > 0, there exists r. > 0 such that

(4.7) F(r,z,) <e Vo, €S, NBr st dist(w,, 25 <., Vre (0,7].
Now, to any point z, € X; we associate the third order polynomial
Py, (I) ‘= DPx,ao (:E - J}o) + qgfd(f - IEO),

and we consider the function G : ¥; x 2; — R defined as

G(zo, ) :=

p?c > H(P10 - Px)(pxow ’ )HL2(31)7 Prox = ‘.1' - xo"

We want to prove that G is uniformly continuous on (X, N Bg) x (X, N Bg) for any
R e (0,1).
Observe that, thanks to Lemma 4.4(i), the set

Orp = {:L"o € ¥, N Bp : dist(z,, X379 > 7‘}
is finite for any r > 0. In particular, if we define
U.r = {J;o € X1 N By : dist(,, Z?’"d) < r} ,
then for any € > 0 there exists § = d(¢) > 0 small enough such that
dist(zy,x2) > 0 V(x1,22) € (Ocroj2 X Ocipy2) U (Ocp. X Us o y2)

(here . > 0 is as in (4.7)). Hence it is enough to check the continuity of G on
Uer. X Up ..
Note that, arguing exactly as in (3.22), it follows that

G(2o,2) < F(Paour o) + F(2pp0 2, ) VI, x € .
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In particular, provided p,, . = |r — x,] < 7./2, then it follows by (4.7) that
G(xo,x) < 2e whenever (z,,z) € U.,. x U.,., which proves the desired uniform
continuity of G.

Since the norm || - || z2(p,) is equivalent to the norm || - ||¢s(p,) on the space of third
order polynomials, the uniform continuity of G implies that the the polynomials P,
are continuous in the sense of Whitney’s Theorem: for any R € (0, 1) there exists a
modulus of continuity wg such that

|D¥P, () — D*Py(2)| < wr(|z —2o|) |z — 20" V., € $.NBr, k=0,1,2,3.

Since ¥ is closed, the set ;N By is compact, so this allows us to apply the classical
Whitney’s Theorem to find a map F' € C3(R?) such that

F(2) = pug(x — 25) + qug. (v — o) + 0|z — xo|3) YV, € Ei’rd N B,

and we conclude by the Implicit Function Theorem (see the proof of Lemma 3.11).

Concerning the higher dimensional case, since dimy(%,, \ £¥4) < m — 1 (see
Lemma 4.4), for any j € N we can find a countable family of balls { B;} such that
. - -1
S\ ¥ | |B; =0, and diam(B;)™ Y < -
Jomon it 2 j
In particular Hé’é‘m/j(oj) < 1/j (see (3.15)).
Note that, because of the continuity of the map ¥ > z, — p. ., the set E;H =
Yi1 U...UX,_ is closed, and ¥,, \ X, C Ej;m. Hence, since the sets >.,, and
> 41 are disjoint, the set

S\ = SnATh

is closed.
Define the sets

U; = {x : dist(z, 5, \ X)) < 1/51, K;:=%,\ (0, Ul;).

Then K; = %, \ (O; Ul;), and because the sets O; and U; are open we deduce that
K; is closed. Noticing that the polynomials P, (%) := pia. (T — Zo) + @ua. (T — To)
are continuous with respect to z, € K; (by Proposition 4.5), we can argue as we did
above in case n = 2 to conclude that K; can be locally covered by a m-dimensional
manifold of class C%. Then the result follows by observing that U; K; = %,,\ (N;0;))
and HZ (N;0;) = 0 for any 8 > m — 1, hence dimy(N;0;) < m—1 (see (3.16)). O

APPENDIX A. EXAMPLES OF (m — 1)-DIMENSIONAL ANOMALOUS SETS X%

In this Appendix, for any 1 < m < n — 2 we construct an example of solution to
the obstacle problem in R" for which the anomalous set X2, is (m — 1)-dimensional.
The existence of such examples shows that the assertion dimy (%) < m — 1 in
Theorem 1.1(b) is optimal.

These solutions are constructed as follows: given 1 < m < n — 2 we consider
functions

(A1) w(zy,xe,...,2,) =u(2,1), 2= Ty, 7= \/xfnﬂ + a2 o+,
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which are independent of the first (m — 1) variables and are axially symmetric
with respect to the last m — n variables. Then our goal is to find solutions to the
obstacle problem which are of the form (A.1) and for which all points in the (m —1)
dimensional affine space

Z={epm=2pn==x,=0}

are anomalous points in X% . To build these examples, we rely on some ideas intro-
duced in [Y16].
Fix ¢ : [-1,1] — R a nonnegative C? function satisfying
¢(0) >0, #(1)=0, ¢(2)<0 Vze(0,1), and ¢(—z)=d(2).

Then, for any real number k& > 0 we consider the solution u* > 0 to the obstacle
problem in (—1,1) x (0,1) C R?

div(r"= ™ IVuF) = k" X esoy in (—1,1) x (0,1),

uF(£1,7r) =0 re(0,1),

uk(2,1) = ¢(2) z e (—1,1).

In other words, %uk (Zm, /22,11 + -+ +22) is a solution of the classical obstacle

problem in the cylinder R™ 1 x (—1,1) x B§n_m) satisfying the symmetries in (A.1).
Note that, when we think of this obstacle problem as a two dimensional problem
(in the variables z,7), we do not prescribe “boundary” values at r = 0 since this
line has zero capacity for the operator div(r""™ 1V -) when n —m — 1 > 1 (this is
equivalent to saying that the set {x,,;1 = --- = x,, = 0} has zero harmonic capacity
in R™).
We now claim that:
(i) u* is even z, namely u*(z,r) = u*(—z,7);
(i) O,uF < 0in (0,1) x (0, 1);
(iii) the set {u® > 0} is convex in the direction z, and is symmetric with respect
to z = 0.

Indeed, (i) follows from the symmetry of the boundary data (and the uniqueness of
solution to the obstacle problem).

To show (ii) we consider the open set U := (0,1) x (0,1) \ {u* = 0} and observe
that 0,u* < 0 on OU. Indeed:

e 0.u* =0 on {z = 0}, by symmetry;
e J.u* =0 on d{u* = 0}, since u* is nonnegative and of class C1';
e 0.uf <0 on {z =1}, since u*(r, 1) = 0 while u*(r, z) > 0 for z < 1;
e J.uf =¢ <0on {r=1}.
As a consequence, since div(r""" "1V (9,u*)) = 0 inside U (this follows by differen-
tiating the equation for u with respect to z), we deduce by the maximum principle
that d.u* < 0 in U. Also, we note that d.uF = 0 in (0,1) x (0,1) \ U since u* =0
there (recall that u” is nonnegative and of class C'!), proving (ii).
Finally, (iii) is an immediate consequence of (i) and (ii).
We now observe that, for £ sufficiently large, the contact set contains a neighbor-
hood of the origin, and hence it must contain a cylindrical neighborhood of {r = 0}
(thanks to (iii)). On the other hand, for £ < 1 we have u*(0) > 0. Therefore, by
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continuity, there exists (a unique) k, > 0 such that 9{u** > 0} touches tangentially
the line {r = 0}.
Set u* := uF+. Observe that that, with this definition, the function

1
(A.2) u(z) = k—u*(xm, \/xfnﬂ 4+ a2)

has a full (m — 1)-dimenional space of singular points on Z = {z,, = ;41 =+ =
x, = 0}. Also, by the given symmetry, these singular points belong to the stratum
Y-

We now prove the following;:

Proposition A.1. Let u be the symmetric solution defined in (A.2). Then the set
Z C ¥, consists of anomalous points, that is Z C X2 .

Proof. The proof consists of three steps.

- Step 1. We show that u has no other singular points in a neighborhood of Z
(except of course the points in Z).

To prove this, assume by contradiction that there exists a sequence of singular
points x; — 0. Note that, since u is invariant in the first m — 1 variable, we can
assume that z, € {z; = ... = z,,-1 = 0}. Then, by the symmetries of u and
Lemma 3.2, a blow-up g of u — p, at 0 is a homogeneous harmonic polynomial that
vanishes on the z,,-axis and that enjoys the same symmetries as u (note that p,
has the same symmetries as v and vanishes on r = 0). Thus, ¢ = ¢*(z,7), where ¢*
solves

div(r" ™" Vg*) = 0, ¢ (2,00 =0 Vz, and ¢* Z0.
Let ¢ be the degree of g. Since ¢ is smooth and ¢*(z,0) = 0, ¢* must be a polynomial
of the form 37, ar2"?7°". Let ko > 1 be the first index such that ay, # 0.
Then

0=div(r""'V¢") = (2/% [n—m+2(ko — 1)]ag, 22 +r?Q(2, T))r"’m’lﬂ(kofl),

where () is a polynomial of degree ¢ — 2ky — 2. In particular, the terms inside the
parenthesis cannot be identically zero, giving the desired contradiction.

As a consequence, there is a neighborhood of Z which is free of singular points.
(except the points in Z). In particular, as a consequence of [C77, C98], there
exists € > 0 such that (O{u* > 0} \ {0}) N B is a smooth curve contained inside
(—e,e) x (0,¢) \ {0}.

- Step 2. We show that, for any o > 0 small, there exists R = R(a) > 0 small
such that the following holds:

(A.3) Vo, € (0,R), 3Y, € 0{u* >0}N By, st. Y, -e >o™
where Y, - e, denotes the r-component of the point Y.
Let p := V7?24 2% and 0 := arctan(z/r) € (—%,7%) be polar coordinates in

(0,1) x (=1,1). We now state the following fact, whose proof is postponed to the
end of the Step 2.

Claim. For any a > 0 small, there exists 6 = d(a) > 0, and a function O, :
[0, % — 6] — R smooth, such that S,(r,z) := p'T*/10,(6) satisfies

div(r"™'VS,) =0 in the cone Cs := {(p, 0) € (0,1) x (6, — 5)} :
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and

(A.4) @a(a):@a(g—a) —0, ©.>0 forfc (5,%-5).

Note that, since 0 is a singular point and recalling the symmetries of u, u(z)
po(x) + o(|z]?) where p.(z) = ngmﬂ z?. This implies that u*(z,r)
ko

o IV

4(n_m)r2 + 0(2?) near the origin. Thus, given o > 0, there exists n = n(a) >
small enough such that the inclusion
(A5) CsN B77 C 05/2 N B77 C {U* > 0}

holds. Note that, up to reducing 7, we can assume that < ¢, so that (by Step 1)
0{u* > 0} \ {0} is a smooth curve inside B,,.

Let us consider the function h := —0,u*, and recall that h > 0 (by property (iii)
in the construction of u*). Also, differentiating the equation

div(r" " Vu*) = ke in {u* >0}

with respect to z, we obtain

(A.6) div(r"™'Vh) =0  in {u* > 0}.
Since h > 0 inside {u* > 0} (by the strong maximum principle), it follows that
(A.7) Hh>0}NB,N{z>0}=0{u">0}NB,N{z>0}

and Cs N 0B,, CC {u* > 0}. Thus there exists a constant ¢y = co(a) > 0 such that
h > ¢S, on Cs N OB,. In addition h > 0 = S, on 9C; N B,.. Hence, since h and S,
solve the same equation, it follows by the maximum principle that A > S, inside
Cs N B,). Recalling (A.4), this implies that

(A.8) h>cip™™* in {(p,0) € (0,n) x [26, % — 24]}

2
for some ¢; = ¢1(a) > 0.

We now want to find a lower bound on the normal derivative of h at points on
O{u* > 0}. For this we use a Hopf-type argument, constructing suitable barriers
for our operator div(r"~™~'V .). These are given by the family of functions

SH(r,2) :=2(r—b) —(n—m—1)(z —1)?,  where b € R,
Note that
div(r" ™'V SH) =0 in {r > 0},

and S}’ < 0 outside of the parabolic region P, := {b+ =2=1(z — 1)> < r}.

Now, given 0 < 0, < 1 we consider the rescaled function

ho, = 05" *h(05 ")

and we note that (thanks to (A.8))
(A.9) he, (p, 5 —20)> 105"/ pHe/t Wpe (0,2).

Consider now our barriers Sff. For b > 1/2 the parabolic region P, is con-
tained inside the set {9 <35 - 25}. In particular Slf{ < 0 inside the cone C}g =
{6 € (£ —26,Z)}. Then, we start decreasing b until the first value b, such that 9P,
touches 0{h,, > 0}. Note that, thanks to (A.7) and Step 1, b, > 0 and the contact

point will happen for some Y, & {r > 0}.
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Since h,, > 0 = Slff on 0Py, N Cys and ho, > cg(Oz)gcTa/4 > Sﬁ on Py, N OCys for
0 sufficiently small (see (A.9)), it follows by the maximum principle that h,, > S/
inside P, N égg. Hence, since both h,, and Slf vanish at Y, , we deduce that

(A.10) 0o, (Yo,) > 0,51 (Ya,) = ¢2 > 0,

where v is the unit inwards normal to 0{h,, > 0}, and ¢z = cz(«) is independent
of 0, (here we use b, < 1/2). Observe also that, provided ¢ is small enough,
Pp, N 625 C Bs.

Rescaling (A.10), we obtain that for all g, € (0,7) small enough there is a point
Y, € 0{u* >0} N (0,1) x (0, 1) such that,
(A.11) 1Yo | < 20 and O,h(Yy,) > ca02/?

o )

where v denotes the unit inwards normal to {u* > 0} (see (A.7)).
To conclude the proof we observe that differentiating the equation

div(r" ™' Vur) = K7 Yqurso)
with respect to z we obtain —div(r"™""*Vh) = k* r" =" v, H'|g(ur 50y, thus
—r"Yh = K"y, on 9{u* > 0}
where v, = v - e, denotes the z-component of v. Recalling (A.11), this proves that

C
(A.12) V(o) € -2 amd (Y| <2
Note that (A.12) already implies that O{u* > 0} cannot be a C*** curve at 0. We
now prove the more precise estimate (A.3).

Since b, > 0 and the rescaled parabolic cap
n—m—1

{mon) 0+ 02— < <)

touches 0{u* = 0} at Y,, = (7., 2o, ), it follows that

(A.13) ”2—”;01(%0 — 00) < 0ubo + HQ—Zl(zgo —0.)* =7o
and that

(1 == — 20)
(A.14) v(Yy,,) =

S (e - 0)

Combining (A.13) with (A.12), we get
n—m-—1 _
0o (Zgo QO) < 2 a/4 = n_m_l(zgo_go) S _2@?/4

2 — _k* o 0o k*
=y
Recalling (A.13), this yields

1 2\? i+a/2
- (e elrc, —y e
2(n—m—1)<k*> fo =" e " €

Since p1+® < o57/? this proves (A.3).
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We conclude Step 2 proving the claim.

Proof of Claim. The linear function z = psin satisfies div(r""™"'Vz) = 0. Also
©p(0) = sin @ is positive on (0,7/2) and satisfies ©y(0) = 0, hence Oy must be the
minimizer of the Rayleigh quotient

. { W/Q(Cose)n—m—l(@/)z
min

2 (cos )n-m=1(0)?

@(O):O}:n—m

(equivalently, recalling (A.1), the restriction to the harmonic function z,, to R™~! x
Sr=m < R™~! x R*™*+L is a minimizer of the Rayleigh quotient for the classical
Dirichlet integral on S"~™ N {xz,, > 0}).

Since n —m — 1 > 1 (this is where we crucially use this assumption), we have

{ Oﬂ/z_d (cos )"~ =1(©')?
S (cos )= (©)2

0

lim min
510

@(5):@(7r/2—5):0}¢n—m

(this is equivalent to saying that the north pole in "~ N {z,, > 0} has harmonic
capacity 0, so the boundary condition ©(7/2—0) = 0 disappears in the limit § — 0).
Thus, by continuity, for any « > 0 small there exists 6 = §(«) > 0 small enough
such that the previous Rayleigh quotient in (d,7/2 — J) will give the value

fo = (n —m+ a/4)(1+ a/b).
This implies that if we denote by O, the first eigenfunction (i.e., the function attain-
ing the minimal quotient value j, ), then —((cos§)" " 710.) = p,(cos )" 1O,
and it follows by a direct computation (or by classical spectral theory) that S, (r, z) :=
p'+/10,(0) satisfies div(r" "'V S,) = 0, as desired. Finally, the strict positivity
of O, inside ((5, 5= (5) is a classical property of the first eigenfunction.

- Step 3. We conclude the proof of the proposition by showing that (A.3) is
incompatible with 0 € ¥9,. Recall that, by definition, 0 belongs to 3¢, (resp. X%)
if ¢(07,u — p.) > 3 (resp. ¢(0T,u — ps) < 3), see (3.13).

Assume by contradiction that ¢(0", u — p,) > 3. Then by Lemma 2.6 we have

1/2
/ [ — ps| < (f (u—p*)z) <CR® VR>O.
Br Br

We now note that
A(u —ps) = —Xgu=0} <0,
so it follows by the mean value formula for superharmonic functions that

(A.15) u—p,>—CR® in Bp.
Recalling that p, = p.(z,7) = mﬂ in the variables (z,r), it follows by (A.15)
that .
_ 25 02 4 22)3/2 =0
2 (r* 4 z%) on 0{u = 0},
therefore

r < Cl(z,7))** on 0{u =0},
which clearly contradicts (A.3) if we choose ov < 1/2. As a consequence 0 (and by
symmetry all points on Z) must belong to X¢,. 0
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