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ABSTRACT. We establish the interior and exterior Gauss-Green formulas for divergence-measure
fields in L? over general open sets, motivated by the rigorous mathematical formulation of the
physical principle of balance law via the Cauchy flux in the axiomatic foundation, for continuum
mechanics allowing discontinuities and singularities. The method, based on a distance function,
allows to give a representation of the interior (resp. exterior) normal trace of the field on the
boundary of any given open set as the limit of classical normal traces over the boundaries of
interior (resp. exterior) smooth approximations of the open set. In the particular case of open
sets with continuous boundary, the approximating smooth sets can explicitly be characterized
by using a regularized distance. We also show that any open set with Lipschitz boundary has a
regular Lipschitz deformable boundary from the interior. In addition, some new product rules
for divergence-measure fields and suitable scalar functions are presented, and the connection
between these product rules and the representation of the normal trace of the field as a Radon
measure is explored. With these formulas at hand, we introduce the notion of Cauchy fluxes as
functionals defined on the boundaries of general bounded open sets for the rigorous mathematical
formulation of the physical principle of balance law, and show that the Cauchy fluxes can be
represented by corresponding divergence-measure fields.

1. INTRODUCTION

We are concerned with the interior and exterior Gauss-Green formula for unbounded divergence-
measure fields over general open sets, motivated by the rigorous mathematical formulation of the
physical principle of balance law via the Cauchy flux in the axiomatic foundation, for continuum
mechanics allowing discontinuities and singularities. The divergence-measure fields are vector
fields F' € L? for 1 < p < 0o, whose distributional divergence is a Radon measure. These vector
fields form a Banach space that is denoted by DMP. Even though the definitions of normal
traces for unbounded divergence-measure fields have been given in Chen-Frid [12] and Silhavy
[57] (see also [32]), the objective of this paper is to give a representation of the interior (resp.
exterior) normal trace on the boundary of any given open set and to prove that these normal
traces can be computed as the limit of classical normal traces over the boundaries of interior
(resp. exterior) smooth approximations of the open set. In particular, this implies analogous
results on general domains (i.e. open connected sets).

The approximation of domains is a fundamental problem that has many applications in several
fields of analysis. The answer to this question depends on both the regularity of the domain and
the type of approximation that is needed. Our interest in this problem is motivated from the field
of hyperbolic conservation laws. It is important to approximate the surface of a discontinuity
wave (such as a shock wave, vortex sheet, and entropy wave) with smooth surfaces from one
side of the surface so that the interior and ezterior traces of the solutions can be defined on
such a discontinuity wave as the limit of classical traces on the smooth approximating surfaces.
Furthermore, the physically meaningful notion of Cauchy fluxes as functionals defined on the
boundaries of general bounded open sets requires the understanding of the flow behavior in both
the interior and exterior neighborhoods of each boundary.
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In this paper, we consider arbitrary open sets, which especially include domains with finite
perimeter. The sets of finite perimeter are relevant in the field of hyperbolic conservation laws,
since the reduced boundaries of sets of finite perimeter are rectifiable sets, while the shock
surfaces are often rectifiable, at least for multidimensional scalar conservation laws (c¢f. De
Lellis-Otto-Westickenberg [24]). Moreover, one advantage for the sets of finite perimeter is that
the normal to these sets can be well defined almost everywhere on the boundaries.

A first natural approach to produce a smooth approximation of a domain is via the convolution
with some mollifiers 7.. Indeed, it is a classical result in geometric measure theory (see the
classical monographs of Ambrosio-Fusco-Pallara [2, Theorem 3.42] and Maggi [43, Theorem
13.8]) that any set of finite perimeter F can be approximated with a suitable family of smooth
sets E. such that

LYEWAE) =0, A" Y 0*Ey) — A" YO'E) as k — oo, (1.1)

where L™ is the Lebesgue measure in R"™, 0*F is the reduced boundary of E, and A denotes the
symmetric difference of sets (i.e., AAB := (A\ B)U (B \ A)).

The approximating smooth sets [}, are the superlevel sets Ay := {uy, > t}, for a.e. t € (0,1),
of the convolutions uy := X * 1, , for some suitable subsequence €, — 0 as k£ — co. The main
difficulty with the convolution approach is that the approximating surfaces u;l(t) do not provide
an interitor approximation in general, since portions of u;l(t) might intersect the exterior of the
set. This problem was solved by Chen-Torres-Ziemer [14] and Comi-Torres [17] by improving the
classical result and proving an almost one-sided approximation that distinguishes the superlevel
sets for a.e. t € (%, 1) from the ones corresponding to a.e. t € (0, %), thus providing an interior
and an exterior approximation of the set with

A" Hu () NEY) =0 forae te (3,1),
:%pn—l(ulzl(t) N El) —0 for a.e. t € (07 %),

where EY and E' are the measure-theoretic exterior and interior of the set, respectively. More-
over, for any measure |u| < "L, the classical result (1.1]) was improved to

1
(A AEY) — 0, A" HDApy) — #"HO'E) for a.e. t € <2, 1);

1
1| (At A(EY UO*E)) — 0, " 1 (0Akys) — A" (0*E) for a.e. t € (0, 2).
This new one-sided approximation for sets of finite perimeter is sufficient to obtain the Gauss-
Green formula for vector fields F' € DMy . Indeed, we have

|divF| < A" 1,
as first observed by Chen-Frid [I1] (also see [14] [56]), which implies
divF(Apy) — divF(E')  for ae. t € (1,1),

divF(Apy) — divF(E' UO*E)  for a.e. t € (0,1).
This allows us to obtain the interior and exterior Gauss-Green formulas over sets of finite perime-
ters (see [14, Theorem 5.2]).

Our focus in this paper is on the Gauss-Green formulas for DMP fields, i.e., unbounded
weakly differentiable vector fields in LP whose distributional divergence is a Radon measure. It
has been shown that, for FF € DMP with 1 < p < oo, the Radon measure divF' is no longer
absolutely continuous with respect to ! in general. Indeed, it is absolutely continuous with
respect to the Sobolev and relative p’-capacities if p > ~7, and can be even a Dirac measure
if 1 <p < 25 (see [56, Theorem 3.2, Example 3.3], [14, Lemma 2.25], and [48, Theorem 2.8]).
Thus, a new way of approximating the integration domains entirely from the interior and the
exterior separately is required, since we cannot rely anymore on the approximation described
above, as in [14].
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A second approach to approximate a domain U is to employ the standard distance function

and define
U :={z e U :dist(z,0U) > e};

see [57, Theorem 2.4]. In this case, since dist(z, OU) is only Lipschitz continuous for the domains
with less than the C?-regularity, the coarea formula implies that {z € U : dist(z,0U) = €} is
just a set of finite perimeter, for almost every € > 0; see §5. In §7, we also use a regularized
distance p, which is C*°, introduced by Lieberman [41] for the Lipschitz domains and developed
further to the C°-domains by Ball-Zarnescu [7]. For these domains, smooth approximations
are obtained, since p~!(¢) is smooth for any ¢ > 0. Thus, the use of the distance functions
provides an interior smooth approximation satisfying divF (U¢) — divF (U) even for unbounded
divergence-measure fields.

As for the exterior approximation, we consider the sets:

U :={x € R" : dist(z,U) < ¢},

which clearly satisfy similar properties as U®. Indeed, we will unify the exposition by defining
the signed distance d from 0U and its regularized version analogously in §5.

Another motivation of this paper is from a result of Schuricht [53, Theorem 5.20], where it is
proved that, for any F' € DMIIOC(Q) and any compact set K &€ €2, the normal trace functional
can be represented as an average on the one-sided tubular neighborhoods of 0K in the sense

that .

divF(K) = lim - F -4 dz, (1.2)

e—0 ¢ KE\K

where K. = {z € Q : dist(z, K) < ¢}, and v} (z) = V,dist(x, K) is a unit vector for £ ~a.e.
x € Q such that dist(z, K) > 0. This last property says that V}l( is a sort of generalization of
the exterior normal. It is clear that K. C K. if ¢ < ¢’ and that (.., K. = K, which implies
that divF(K.:) — divF(K). Therefore, this approach is similar to the one of the exterior
approximation U, of a bounded open set U. In §5, we use this approach as a starting point by
differentiating under the integral sign before passing to the limit in €, so that we can obtain a

boundary integral on the right-hand side.

The classical Gauss-Green formula for Lipschitz vector fields F' over sets of finite perimeter
was proved first by De Giorgi [22, 23] and Federer [29] 30], and by Burago-Maz’ya [8], [44] and
Vol'pert [62), 63] for F in the class of functions of bounded variation (BV'). The Gauss-Green
formula for vector fields F € L* with divF € M was first investigated by Anzellotti in [4]
Theorem 1.9] and [5] on bounded Lipschitz domains, and his methods were then exploited
by Ambrosio-Crippa-Maniglia [1], Kawohl-Schuricht [38], Leondardi-Saracco [40], and Scheven-
Schmidt [52], 50, 5I]. Independently, motivated by the problems arising from the theory of
hyperbolic conservation laws, Chen-Frid [11] first introduced the approach of defining the interior
normal traces on the boundary of a Lipschitz deformable set as the limits of the classical normal
traces over the boundaries of the interior approximations of the set, in which the Gauss-Green
formulas hold. One of the main objectives of this paper is to develop this approach further
for unbounded vector fields to understand the interior normal traces of divergence-measure
fields on the boundary of general open sets, and to show the existence of regular Lipschitz
deformations introduced in [I1I]. Even though, locally, we always have the natural regular
Lipschitz deformation: ¥(y,t) = (9,v(g)+1t) for v as in Deﬁnitionand 7=(y1," " ,Yn—1), it
may not be possible to extend this deformation globally to OU in such a way to satisfy Definition
2.7 in general.

Later, the Gauss-Green formulas over sets of finite perimeter for DM>—fields were proved in
Chen-Torres [13], Silhavy [56], and Chen-Torres-Ziemer [I4]. Subsequent generalizations of these
formulas were given by Comi-Payne [16], Comi-Magnani [I5], and Crasta-De Cicco [I8, 19]. We
refer [16], 20] for a more detailed exposition of the history of Gauss-Green formulas.

The case of divergence-measure vector fields in LP, p # oo, has been studied in Chen-Frid
[12] over Lipschitz deformable boundaries and in Silhavy [57] for open sets. The main focus
of this paper is to obtain the Gauss-Green formulas by using the limit of the classical traces
over appropriate approximations of the domain, instead of representing it as the averaging over
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neighborhoods of the boundaries of the domain as in Chen-Frid [12] and Silhavy [57]. Even
though a representation of the normal trace similar to the one in this paper can also be found
in Frid [31], it is required in [3I] that the boundary of the domain is Lipschitz deformable. In
68, we show that this last condition can actually be removed.

Degiovanni-Marzocchi-Musesti in [25] and later Schuricht in [53] sought to prove the existence
of normal traces under weak regularity hypotheses in order to achieve a representation formula
for Cauchy fluxes, contact interactions, and forces in the context of the foundation of continuum
physics. The Gauss-Green formulas obtained in [25, 53] are valid for F € DMP(Q) for any
p > 1, but are applicable only to sets U C €2 which lie in a suitable subalgebra of sets of finite
perimeter related to the particular representative of F'. One of our objectives in this paper is
to use the representation of the normal traces as the limits of classical normal traces on smooth
boundaries to obtain an analogous representation for the contact interactions and the Cauchy
fluxes on the boundaries of any general open set.

This paper is organized in the following way. In §2, some basic notions and facts on the BV
theory and DMP—fields are recalled. In §3, we establish some product rules between DMP—fields
and suitable scalar functions, including continuous bounded scalar functions with gradient in
LY for any 1 < p < oo, which has not been stated explicitly in the literature to the best of
our knowledge. In §4, we investigate the distributional definition of the normal trace functional
and its relation with the product rule between DMP—fields and characteristic functions of Borel
measurable sets. We also provide some necessary and sufficient conditions under which the
normal trace of a DMP-field can be represented by a Radon measure. In §5, we describe the
properties of the level sets of the signed distance function from a closed set and their applications
in the proof of the Gauss-Green formulas for general open sets. As a byproduct, we obtain
generalized Green’s identities and other sufficient conditions under which the normal trace of a
divergence-measure field can be represented by a Radon measure on the boundary of an open
set in §5—6. In §7, we show the existence of interior and exterior smooth approximations for
U and U respectively, where U is a general open set, together with their corresponding Gauss-
Green formulas. In the case of C° domains U, we employ the results of Ball-Zarnescu [7] to find
smooth interior and exterior approximations of U and U in an explicit way. Indeed, we are able
to write the interior and exterior normal traces as the limits of the classical normal traces on the
superlevel sets of a regularized distance introduced in [7, 41]. In §8, we employ Ball-Zarnescu’s
theorem [7, Theorem 5.1] to show that any Lipschitz domain U is actually Lipschitz deformable
in the sense of Chen-Frid (c¢f. Definition . In addition, we recall the previous approximation
theory for open sets with Lipschitz boundary developed by Necas [45, [46] and Verchota [60, 61]
to give a more explicit representation of a particular bi-Lipschitz deformation ¥(x,t), which is
also regular in the sense that

lim JYW, =1  in L} (QU; ™),

T—=0t
where U, (z) = ¥(z,7), and J%U denotes the tangential Jacobian. Finally, in §9, based on the
theory of normal traces for DMP—fields obtained as the limit of classical normal traces on smooth
approximations or deformations, we introduce the notion of Cauchy fluxes as functionals defined
on the boundaries of general bounded open sets for the rigorous mathematical formulation of
the physical principle of balance law involving discontinuities and singularities, and show that
the Cauchy fluxes can be represented by corresponding divergence-measure fields.

2. BASIC NOTATIONS AND DIVERGENCE-MEASURE FIELDS

In this section, for self-containedness, we first present some basic notations and known facts
in geometric measure theory and elementary properties of divergence-measure fields.

In what follows, €2 is an open set in R™, which is called a domain if it is also connected, and
M(Q) is the space of all Radon measures in 2. Unless otherwise stated, C and C are equivalent.
We denote by E € € a set E whose closure E is a compact set inside Q, by E the topological
interior of F/, and by dF its topological boundary.
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To establish the interior and exterior normal traces in §5 later, we need to use the following
classical coarea formula (cf. [27), §3.4, Theorem 1 and Proposition 3)):

Theorem 2.1. Let u: R™ — R be Lipschitz. Then
/ |Vu|dzx = / AN ANWT(t) dt for any L™ —measurable set A. (2.1)
A R

In addition, if essinf|Vu| > 0, and g : R" — R is Z"—summable, then g|,-1) is Y
summable for L1 -a.e. t € R and

/ gdx:/ / I qmtds for any t € R.
(u>t} ¢ Jpumsy [VUl

In particular, for any t € R and h > 0 such that set {u =t + h} is negligible with respect to the

measure gdx,
t+h g L
gdx :/ / ds" " ds. (2.2)
/{t<u<t+h} t {u=s} ’VU|

In the case that g : R™ — R" is Z"—summable, the same results follow for each component g;,
1=1,...,n

The notions of functions of bounded variation (BV') and sets of finite perimeter will also be
used.

Definition 2.2. A function u € L'(Q) is a function of bounded variation in Q, written as
u € BV(Q), if its distributional gradient Du is a finite R™—vector valued Radon measure on €.
We say that u is of locally bounded variation in Q, written as u € BVioc(S2), if the restriction
of u to every open set U € Q is in BV (U). A measurable set E C € is said to be a set of finite
perimeter in Q if xp € BV (Q) and said to be of locally finite perimeter in Q if xp € BVioc(Q2).

It is well known that the topological boundary of a set of finite perimeter £ can be very
irregular, since it may even have positive Lebesgue measure. On the other hand, De Giorgi [23]
discovered a suitable subset of OF of finite #"~!-measure on which |Dx | is concentrated.

Definition 2.3. Let E be a set of locally finite perimeter in 2. The reduced boundary of F,
denoted by O*E, is defined as the set of all x € supp(|Dxg|) NQ such that the limit:

B Dxg(B(z,r))
vp(z) = lim ———————"—"—
r2 [Dxgl (B(x.7))
exists in R™ and satisfies
vp(z)| = 1.
The function vg : 0*E — S"~! is called the measure-theoretic unit interior normal to E.

The reason for which vg is seen as a generalized interior normal lies in the approximate
tangential properties of the reduced boundary (cf. [2, Theorem 3.59]). Indeed, E' N B(z,¢) is
asymptotically close to the half ball {y : (y — z) - vg(x) > 0} N B(z,¢) as € — 0, and

|Dxg| = "1 LO*E. (2.3)

It is a well-known result from the BV theory (cf. [2, Corollary 3.80]) that every function
of bounded variation u admits a representative that is the pointwise limit " '-a.e. of any
mollification of v and coincides jf"_l—a e. with the precise representative u*:

lim

u*(;p) =L r=0 |B x, 7’ |/ (z,r)

dy if this limit exists,
otherwise.

In particular, if u = x g for some set of finite perimeter F, then x}, = % on O*E A" -a.e.

We state now the generalization of the coarea formula for functions of bounded variation,
which indeed shows an important connection between BV functions and sets of finite perimeter;
see [2, Theorem 3.40] for a more detailed statement and proof.
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Theorem 2.4. If u € BV (Q), then, for £1-a.e. s € R, set {u > s} is of finite perimeter in
and

Dl @) = [ IDxpuss (@)

We recall now the definition of divergence-measure fields, the main object of study of this
paper.
Definition 2.5. A wvector field F € LP(Q;R™) for some 1 < p < oo is called a divergence-
measure field, denoted as F € DMP(Q), if its distributional divergence divF is a real fi-

nite Radon measure on . A vector field F is a locally divergence-measure field, denoted as
F ¢ DM? (Q), if the restriction of F to U is in DMP(U) for any U € Q open.

loc

These vector fields have been widely studied in the last two decades; for a general theory, we
refer mainly to [1I, 11} 2] 13] 14, 16l BT, B2, 53, (6l 57] and the references cited therein.

We recall that Lipschitz functions with compact support can be used as test functions in the
definition of distributional divergence, since C'2°(Q2) functions are dense in Lip.(2), the space of
Lipschitz functions with compact support in .

Finally, we introduce two definitions, which are required in §8, in order that the results on
the smooth approximation of domains of class C° by Ball-Zarnescu [7] can be employed to show
that the boundary of any bounded Lipschitz domain is Lipschitz deformable in the sense of
Chen-Frid [11), [12].

Definition 2.6. Let Q C R” be a domain of class C°. For a point P € R", define a good
direction at P, with respect to a ball B(P,0) with 6 > 0 and B(P,§) N9 # 0, to be a vector
v € S ! such that there is an orthonormal coordinate system'Y = (v, yn) = (Y1, Y2, ---Yn—1,Yn)
with origin at point P so that v = e, is the unit vector in the y,—direction which, together with
a continuous function f : R"™1 — R (depending on P, v, and J), satisfies

QN B(P,0) ={y e R" 1y > f(¥), |yl <}

We say that v is a good direction at P if it is a good direction with respect to some ball B(P,0)
with B(P,§) N0 # 0. If P € 99, then a good direction v at P is called a pseudonormal at P.

Definition 2.7. Let Q be an open subset in R™. We say that 02 is a deformable Lipschitz
boundary, provided that the following hold:

(i). For each x € 09, there exist r > 0 and a Lipschitz mapping v : R"™1 — R such that,
upon rotating and relabeling the coordinate axis if necessary,

an Q(JJ,T) = {y € R" :y, > ’Y(yla ) yn—l)} N Q(LE,T‘),
where Q(x,7) ={y €R™ : |y; —xy| <ri=1,...,n}.
(ii). There exists a map ¥ : 9Q x [0,1] — Q such that U is a bi-Lipschitz homeomorphism
over its image and ¥(-,0) = Id, where Id is the identity map over OS). Denote 00, =
U (0Q x {7}) for T € (0,1], and denote Q; the open subset of Q whose boundary is 0.
We call ¥ a Lipschitz deformation of 0S2.

The Lipschitz deformation is regular if
lim JoW, =1 in LY(OQ; "), (2.4)

T—0t

where V. (z) = U(x,7), and JO denotes the tangential Jacobian.

3. PropDUCT RULES BETWEEN DIVERGENCE-MEASURE FIELDS AND SUITABLE SCALAR
FuNCTIONS

In this section, we give some new product rules between DMP—fields and suitable scalar
functions. We start by proving a product rule for vector fields in DMP for any 1 < p < oo,
which is the explicit formulation of a particular case of the product rule for DMP—fields stated
in [12, Theorem 3.2].

From now on, as customary, we always use a standard mollifier:

n € CX(B(0,1)) radially symmetric, with > 0 and fB(O () de =1, (3.1)
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and

1 T
ne@) = (%) (3.2)
Proposition 3.1. If F € DMP(Q) for 1 < p < oo, and ¢ € CO(Q) N L>®(Q) with V¢ €
LY (Q;R") for p' = S5, then

OF € DMP(Q),
and

div(¢F) = ¢ divF + F - V. (3.3)

Proof. 1t is clear that ¢ F € LP(Q;R™).

We first consider the case 1 < p < oo. Take ¢, := ¢ * 1., where 7). is defined in . Then
¢- — ¢ uniformly on compact subsets of 2, and V¢. — V¢ in Lﬁ;c(Q; R™).

For any test function ¢ € C1(£2), we have

/QQSEF-Vd;dm:/QF-V(gbew)dm—/QwF-nggdx (3.4)
:—/wqbaddiVF—/dJF-VgZ)de.
Q Q

We can now pass to the limit as ¢ — 0 to obtain (3.3)) in the sense of distributions. On the other
hand, it follows that

‘/Q¢F~v¢dx

This shows that div(¢F) is a finite Radon measure on €2, by the density of C}(£2) in C.(Q2) with
respect to the sup norm, and that (3.3)) holds in the sense of Radon measures.

For the case p = 1, we mollify F instead, since ¢ € WH°°(Q) C Lip;,.(2). For any v € C1(Q),
we obtain

< (1]l oo () IdivE () + | F [l 1o (.2 | VS| 1o ey ) 19l o -

/Q¢F5-vzpdx:AFS-V(¢w)dx—A¢F5.V¢dx.

By passing to the limit as ¢ — 0, the L'-convergence of F. to F implies that
/(bF-dex:/ F-V((bw)dw—/wF-V(bdx
Q Q Q
= / Yo ddivFE — / Y F-Vode.
Q Q

This shows (3.3) in the sense of distributions for p = 1. Then we can conclude by arguing as
before. O

Remark 3.2. Notice that, if ¢ € L®(9) and Vo € LV (R"), then ¢ € WP (). Thus, if
p'>n (ie. 1 <p< 2y ), we do not have to require that ¢ € c(Q) in Proposz'tion since
this follows by Morrey’s inequality (see |27, Theorem 3, §4.5.3]).

Proposition can be extended to the case p = oo, by taking g € BV (Q) N L (). Indeed,
a product rule between essentially bounded divergence-measure fields and scalar functions of
bounded variation was first proved by Chen-Frid [I1, Theorem 3.1] (also see [31]).

Theorem 3.3 (Chen-Frid [I1]). Let ¢ € BV(Q) N L>(Q) and F € DM>(Q). Then gF €
DM=>(Q) and

div(gF) = g"divF + F - Dg (3.5)
in the sense of Radon measures on §2, where g* is the precise representative of g, and F - Dg is

a Radon measure, which is the weak-star limit of F - Vg, for the mollification g- :== g * 1., and
is absolutely continuous with respect to |Dg|. In addition,

[F - Dg| < |[F[| oo urm)| Dyl
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One could ask whether it would be possible to obtain a similar result also for F' € DMP(Q),
1 < p < 00, by imposing some other assumptions on F' weaker than the essential boundedness.
It is obvious that gF € LP(2) and that div(gF’) is a distribution of order 1, by definition; hence
one should look for conditions under which it can be extended to a linear continuous functional
on C¢(Q).

Our investigation is motivated by the following example, where g is the characteristic function
of a set of finite perimeter F, and F' is a vector field in D/\/lfoc, 1 < p < 2, which is unbounded
on O*FE

Example 3.4. Letn =2, g = x(0,1)2, and

1 (21, 22)
2T x% + :E%’

which implies that divF = 6 ). Then gF € DMIOC(RQ) for any 1 < p < 2 with

F(.Tl, .’Eg) =

div(gF) = 15(0,0) + (F, Dg), (3.6)

where

(#. Do) = —5- [ S

This pairing functional can also be regarded as a pmnczpal value in the sense that

d +/ it xQ 2) for any ¢ € C.(R?).  (3.7)

(F,Dg)(¢) = il_f)% O F - V(0,1)2 da%”l,
9(0,1)2\B(0,¢)

so that |(F,Dg)| < |Dg| = s11_0%(0,1)%. Moreover, the term ifs(o,o) comes from the fact that

g*(0) = % (i.e. the value of the precise representative of g at the origin).

In order to prove these claims, we take ¢ € C}(R?) to see

/ gF -V¢dzr = lim F - -Vodz
£=0.J(0,1)2\B(0,¢)

:hm<—/ (ﬁF'V(Ol)Qd%l
=0 8(0,1)2\B(0,¢) ’

B [;B 0,e)N{x1>0, x2>0}
—hm</¢ 1,0 ) -(0,1)dxy —i—/d) O§2>.(1,0)dx2
xr

2

2) (z1,1)
/¢> %-(—1,O)dm2+/0 o 1) 0,1y da

+/2 @(ecosf,esinb) d9>

¢ 5131, ¢ 1 372 1
27T< ; d —I—/ >—4<Z)(0,0).

This shows that d1v(gF) s a distribution of order 0, so that it is a measure, since it can be
uniquely extended to a functional on C.(R?) by density.

In addition, for any ¢ € C°([0,1]2) with V¢ € L' ((0,1)2) for some p € [1,2), the following
integration by parts formula holds:

/ (xl’@) - Vo(x1,22) dry dags + ¢00 /qj d +/ ol dzs.  (3.8)
(o,

2
12z + 3

Indeed, since x(o,1y2F € DMP(R?) for any p € [1,2), then (3.3) yields
div(¢x 12 F) = ¢ le(X(O,l)QF) + X(0,1)2F Vo,
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which, by (3.6), implies
. 1
div(¢x(0,1)2 F) = 76(0,0)d(0,0) + S(F, Dx(0.1)2) + X(02)2F - V. (3.9)

Finally, (3.8) follows by evaluating (3.9) over R?, using the fact that X (0,12 F has compact
support to obtain div((ﬁx(()’lpF)(RQ) =0 by [16, Lemma 3.1], and employing (3.7).

In this example, the cancellations between F' and v ;)2 play a crucial role in order to ensure
the existence of a measure given by the pairing of F' and Dg.

Indeed, we can impose the existence of such a measure in order to achieve a more general
product rule.

Theorem 3.5. Let FF € DMP(Q) for 1 < p < o0, and let g € L*>(Q) N BV (Q). Assume that
there exists a measure (F,Dg) € M(Q) such that F. - Dg — (F, Dg), for any mollification F.
of F. Then

gF € DMP(Q),
and
div(gF) = gdivF + (F, Dg), (3.10)

where g € L>®(Q, |divF|) is the weak*~limit of a suitable subsequence of mollified functions ge of
g, which satisfies g(x) = g*(x) whenever g* is well defined. In addition,

(F,Dg)| < A" if p= o0,
and, if p € [ﬁ,oo),

|(F,Dg)|(B) =0 for any Borel set B with o finite " P measure.

Proof. Tt is clear that gF € LP(Q;R™). We now divide the remaining proof into two steps.

1. In order to show (3.10)), we take any mollification g. = g*n. with 7. defined in (3.2)). Then
we select ¢ € Lip.(€2) to obtain

/ 9 F -Vodr = —/ ¢ge ddivF — / oF -Vg.dx. (3.11)
Q Q Q

Since ge — g in L{’;C(Q), we have

/ggF-V¢dx—>/gF-V¢dx as € — 0. (3.12)
Q Q

Notice that |ge ()| < ||g]| Lo () for any = € Q. Then there exists a weak*limit g € L>(€2, |divF)
for a suitable subsequence {g., } so that g coincides with the precise representative g* whenever
this is well defined. Therefore, we obtain

/¢g€ddiVF—>/qz5§ddiVF (3.13)
Q Q

up to a subsequence. As for the last term, we have

/ $(2)F(z) - Vg (x) dz = / (6F).(y) - dDg(y). (3.14)
Q Q

By the uniform continuity of ¢, for any § > 0 and =z € €, there exists 9 > 0 such that
|6(y) — @d(z)| < n for any y € B(x,e) and € € (0,e0). Since ¢ has compact support in €2, we can
also assume that B(z,e) C  without loss of generality. This implies

(F)-(x) — $(x) Fel(z)| = /Q (6(y) — () F(y)ne(z — y) dy

< 5/ |F(x +ez)n(z)dz
B(0,1)

< 8110l 2 3 (0,0) I1E Nl o 2smm-



10 GUI-QIANG G. CHEN, GIOVANNI E. COMI, AND MONICA TORRES

Hence, it follows that

/(¢F)€( - dDg(y /(Z) - dDg(y) + o:(1). (3.15)
Q

Now we use our assumption on sequence F'. to obtain
| ¢ Pe)- apg) > [ o) d(F. Do) (3.16)
Combining (3.11)—(3.16|), we conclude that g is actually unique and that (3.10) holds. In par-

ticular, we see that div(gF) € M(Q), which implies that gF € DMP(Q).
2. As for the absolute continuity property of (F', Dg), we notice that
(F,Dg) = div(gF) — g divF
and F,gF € DMP(). We recall now that |divF| + |div(gF)| < 2" ! if p = oo (see [I1}
Proposition 3.1] and [56, Theorem 3.2]) and that, if p € [-"5, 00), |divF|(B) = |div(gF)|(B) = 0

for any Borel set B with o—finite 7" 7" measure, by [56, Theorem 3.2]. This concludes the
proof. O

It seems to be delicate to characterize the cases in which measure (F', Dg) does exist and
the absolute continuity, i.e. |(F, Dg)| < |Dg| holds as in Example We give here a partial
result.

Corollary 3.6. Let F € DMP(Q) for 1 < p < oo, and let g € L>®(Q2) N BV (). Assume that

there exists F € L2 (Q, | Dg|; R™) such that Fo = F in L (Q,|Dgl; R™), where Fo = F x 1), is
the mollification of F. Then gF € DML () and

div(gF) = gdivF + F. Dy,
where g € L>(82; |divF|) is the weak™ ~limit of a subsequence of g. so that g(z) = g*(x), whenever

*

g* is well defined. In addition, for any open set U € €,
F-Dg|LU < inf ||F||poourmn) |Dg|LU. 1
| gl < U@III},@QH | oo (rimny [Dg| LU (3.17)
U’ open
Proof. The first part of the result follows directly from Theorem [3.9) -5 since the assumptions
imply that F. - Dg — (F, Dg) = F - Dg. Moreover, since F € L$ (Q,]Dgl; R™), we have
|F - Dg| < ”F||LOO(U7|D9|;RTL)|D9| on any open set U € (.

Finally, since |F¢(x)| < [|F|| Lo (4 B(0,c);rn) for any x € U, then, for any open set U’ satisfying
U e U &, the lower semicontinuity of the L>°~norm with respect to the weak*—convergence
implies

| F || oo (U, Dg|;rny < liminf sup |Fe(x)] < ||F[| poo 7mn)-
e=0 LU
By taking the infimum over U’, we obtain (3.17)). O

Remark 3.7. The assumptions on F are satisfied in the case F € C°(;R™), for which F=F.
If F € LY (Q;R™), then, for any open set Q) € Q,

loc

|Fe(2)] < ||F |l poo (04 B(0,e)R) for any x € Q.

Thus, by weak* —compactness, there exists Fe L (2, |Dgl; R™) such that F'. X Fin LS® (Q,|Dgl|; R™),

loc

up to a subsequence. This implies the result of Corollary again. Moreover, since |divF| <
"1 by [56, Theorem 3.2], we can conclude

g=9g" |divF|-a.e.

since the precise representative of a BV function g exists ™ ' ~a.e. In addition, by the product
rule established in Theorem we obtain the identity:

F.Dg=F Dy.
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Thus, if vy is the Borel vector field such that Dg = v4|Dg|, then
F Dy = (F - vy)|Dgl.

That 1s, F. vg is the density of measure F' - Dg with respect to |Dg|.

Finally, the assumption that F € LS (€ R™) can be relazed to F € LS (U;R™), for some
open set U D supp(|Dg|). Indeed, this implies that F. is uniformly bounded in L>°(U’,|Dg|; R™),
for any open set U € U and € small enough, which ensures the existence of a weak*—limit

F e L2 (U, |Dg|;R™), up to a subsequence.

loc

On the other hand, we have seen that there are some examples of unbounded and discontinuous
DMP—fields which admit a product rule of this type, as in Example [3.4] Moreover, there exists
an unbounded DMP-field G and a set of finite perimeter E for which a product rule holds,
but |(G, DxEg)| is not absolutely continuous with respect to |Dxgl|, as shown in the following
example.

Example 3.8. Let n =2, E = (0,1)%, and F as in Ezample . We have shown that xgF €
DMY (R?) for any p € [1,2) and that

loc
. 1
div(xgF) = 15(0,0) + (F, DxE), (3.18)

by (3.6). Let now G := xgF. It is clear that xgG = G so that div(xpG) € M(R?). Let n.()
be the mollifiers defined in (3.1)-(3.2)), and let ¢ € CL(R?). A simple calculation shows that

[ x)G - Vods = [ ot i) daivG — [ 66 Vi s xp) o
R2 R2 R2
By Lebesgue’s dominated convergence theorem, we have
/ (ne * xg)G - Vodr — / xeG - Vodx = / ¢ ddiv(xgG),
R2 R2 R2
and

/ ¢(ne x xp) ddivG = / ¢(ne * xE)d <15(0,0) + (F, DXE))
R2 R2

1
— Eqﬁ(O,O) +/

o*E
since |(F,Dxg)| < |Dxg| and x3(0,0) = 1. This and the density of C1(R?) in C2(R?) show
that G -V (ne * xg) is weakly converging to some measure (G, Dxg) that satisfies

1
S0 d(F. Dxp).

. 1 1
div(xgG) = E5(0,0) + §(F7 DxE) + (G, Dxk). (3.19)
However, it is clear that div(xpG) = divG = div(xgF'). Therefore, (3.18)—(3.19) imply
3 1
(G,DxEg) = Ed(o,o) + §(F7 Dxg). (3.20)

Therefore, |(G, Dxg)| < |Dxg| = 1 L_0*E does not hold, since there is a concentration at
the point (0,0).

4. REGULARITY OF NORMAL TRACES OF DIVERGENCE-MEASURE FIELDS

In this section, we investigate the connection between these product rules and the represen-
tation of the normal trace of the DMP—field as a Radon measure.

We first introduce the notion of generalized normal traces of a DMP—field F' on the boundary
of a Borel set F, which has indeed a close relation with the product rule between F' and xg.

Definition 4.1. Given F € DMP(Q) for 1 < p < 0o, and a bounded Borel set E C §, define
the normal trace of F on OF as

(F-v,0)5p = /EqbddivF + /E F - -V¢dx for any ¢ € Lip.(R™). (4.1)
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Remark 4.2. Since divF is a Radon measure, any Borel set E is |divF'|-measurable. Moreover,
for any |divF|-measurable set E, there exists a Borel set B D E such that |divF|(B\ E) = 0,
so that there exists a |divF|-negligible set Ng with Ny = B\ E. Therefore, if Ng is Lebesque
measurable, then E is admissible for the definition of normal traces.

Furthermore, by the definition, the normal trace of F' € DMP(Q) on the boundary of a bounded
Borel set E C ) is a distribution of order 1 on R", since

1
[(F v, 0) a5 | < 1 6ll oo | divF|(E) + [V @l| oo (ngr) Bl 7 | Fll o(ziem)

for any ¢ € CL(R™). Moreover, the normal trace is not stable a priori under the modifications
of E by Lebesgue negligible sets. Indeed, if E is any Borel set such that |[EAE| = 0, then, unless

|divF| < £, we may obtain that |divF|(EAE) # 0, even though the second terms in (4.1) are
equal.

Therefore, the normal trace depends on the particular Borel representative of set E, not even
only on OF. Indeed, if U C Q is an open set with smooth boundary, then OU = OU; however,
when |divF|(0U) # 0, the normal traces of F on the boundary of U and U are different in
general.

Remark 4.3. By the definition of normal traces, we have
(F-v,0)gp = div(pF)(E).

Therefore, Theorem implies that, if F € DMP(Q) for 1 < p < oo, the functional (F -v,-)yp
can be extended to the space of test functions ¢ € CO(Q) N L™(Q) such that V¢ € LV (Q;R™).
Under such conditions, we can also take any Borel set E C §2, since

[(F - v, 0)pp | < 0l |divEI(E) + VO 1 (memy | Fll o (27 -

Therefore, if F € DMP(Q) for 1 < p < oo, and E is a Borel set in , then the normal trace
(F -v,-)gp can be extended to a functional in the dual of

{p € COUQ)NL®(Q) : V¢ e LP (Q;R)}.

Proposition 4.4. Let F € DMP(Q) for 1 < p < oo. Then the normal trace of F' on the
boundary of a bounded Borel set E C Q is a distribution of order 1 supported on OF.

Proof. Let V.€ Q\ OF and ¢ € C}(V). We need to show that (F - v, ¢), = 0.
Since ¢F € DMP(Q) and supp(¢pF) C V, then supp(div(¢F')) C V. From this, it follows
that

(F-v,8)yp = div(¢F)(E) = div(¢F)(V N E).

We may assume that E # () (otherwise, there is nothing to prove) and V' C E , without loss of gen-
erality. Then [16, Lemma 3.1] implies that div(¢F)(V) = 0so that (F - v, ¢) 5, = div(¢pF)(V) =
0. O

Remark 4.5. Given F € DMP(Q) for 1 < p < oo, then, for any Borel set E in ), the following
locality property for the normal trace functional holds:

(F v, )op=—(F v, )ga\p

in the sense of distributions on 2.
Indeed, given any ¢ € CL(2), ¢F € DMP(Q) by Proposition and

/ ¢ ddivF +/ F - -V¢dx = div(epF)(2) =0
Q Q
by [16, Lemma 3.1], since supp(¢F') is compact in Q2. Then

/(bddiVF—i—/F-Vqﬁdw:—/ ¢ ddivF — F -V¢daz.
E E O\E O\E
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Theorem 4.6. Let F' € DMP(QQ) for 1 <p < oo, and let E C Q be a bounded Borel set. Then
(F -v,)gp = xpdivF — div(xgF) (4.2)
in the sense of distributions on Q. Thus, (F - v,-)yp € M(OF) if and only if div(xgF') € M(£);
that is, xgF' € DMP(Q). In addition, if (F -v,-)yp i a measure, then
(1) [(F v, )gp| < A" TLOE, if p = oo
(i) [(F-v,)yp |(B) =0 for any Borel set B C OE with o—finite AP measure, if e <
p < oo.

Proof. By Proposition the support of distribution (F' - v, ), is OE. As for the equivalence,
we notice that

(F.V’¢>8E_/E¢ddjVF_/EF.Vqﬁd:):_/QXEF-V¢dx for any ¢ € Lip,.(Q).

This implies in the sense of distributions. Since divF' € M(S2), it follows that (F' - v, )5, €
M(OF) if and only if div(xygF) € M(Q), by the density of Lip,.(2) in C.(Q) with respect to
the supremum norm. Since xgF € LP(Q;R"™), then div(xgF) € M(Q) implies that xgF €
DMP(Q). As for the absolute continuity properties of the normal trace measure, we argue as
those in the end of the proof of Theorem by employing and [50, Theorem 3.2]. O

We now employ (4.2) to show the relation between (F - v,-) 5 and (F' - v, -) = for any another
Borel representative F, with respect to the Lebesgue measure, of a given bounded Borel set E.

Proposition 4.7. Let F € DMP(Q) for 1 < p < oo, and let E,E C Q be bounded Borel sets
such that |EAE| = 0. Then

(F-v,")op — (F -1, '>6§Z (XE\E_XE\E)djVF7 (4.3)
which means that (F - v,-)yp — (F - v,-) 555 € M(Q2), and
(F 0, Yo — \F 1, Yo | = X pa gl iV (4.4
In particular, if U is an open bounded set in Q with |0U| = 0, then
(F-v, ) o — (F-v,") gy = Xou divF. (4.5)

Proof. Since |EAE| = 0, div(xgF) = div(xzF') in the sense of distributions. Thus, by
subtracting for E from the same identity with E, we obtain (4.3). Then we see that
(F-v, Yo —(F-v,-) 55 € M(Q) and (£.4). Finally, if U is open bounded set with [0U| = 0,
follows from (4.3) with E = U and E="U. O

Remark 4.8. While div(xgF') is not a Radon measure in general, we can employ (4.2)) to
obtain some information on its restriction to some particular sets. Indeed, since (F -v,-)yp is

supported on OF, by Proposition it suffices to restrict (4.2)) to OE and E to obtain
(F-v,") o = XpropdivF — div(xg F)LOE, divFLE — div(xgF)L_E = 0.

In particular, this means that d1'V(XEF)I_E1 = diVFLEOI, so that this restriction is a Radon
measure for any F € DMP(Q) and bounded Borel set E in Q. In addition, if U is an open
bounded set in §2, then

(F -v,) gy = —div(xyF)LoU.

We now state a particular result concerning the sets of finite perimeter and the case p = oo,
which gathers much of the known theory (see [14] [16]). It also provides a generalization of the
Gauss-Green formulas by allowing for scalar functions ¢ € C%(Q2) with V¢ € LL _(€;R"). Such
a result can be seen as a particular case of [I8, Theorem 5.1], when Q = R".

First, we need to recall the definitions of both measure-theoretic interior and measure-theoretic
boundary of a measurable set E:

B E

m . Tpn 1 n 1
L Vo] 1}, gmE :=R"\ (E' U (R"\ B)).
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By Lebesgue’s differentiation theorem, it follows that |[EFAFE!| = 0 and |0™E| = 0. By [27
Lemma 5.9, §5.11], E' and 9™F are Borel measurable sets.

We notice that, if F' € DMS (), and E C €2 is a set of locally finite perimeter, then 0*F is
a |divF|-measurable set. Indeed, 0*FE C 0™FE and " 1(0™E \ 0*F) = 0 by [27, Lemma 5.5,
§5.8]. This means that 0™F = 9*E U N for some set Np satisfying " }(Ng) = 0. Since
|divF| < 2™~ by [L1, Proposition 3.1], 8*E is |divF|-measurable, because it is the difference
between the Borel set 0™ E and the |divF|-negligible set N. This means that, if FF € DM (),
and E C ) is a set of locally finite perimeter, then (F - v, )51 and (F - v, >3(E1Ua* ) are well
defined.

Proposition 4.9. Let F € DM (Q), and let E € Q be a set of finite perimeter. Then the
normal trace of F' on the boundary of any Borel representative E of set E is a Radon measure
supported on O*E U (EAEl) C OE. In particular, sz E' or E=E'U&E up to A1
negligible sets, then

[(F v, )pp| < A" 'LO'E
with density in L (0*E; A1), More precisely, for any set E of locally finite perimeter in Q
and ¢ € CO(Q) such that V¢ € Lloc(Q5 R™) and xg¢ has compact support in §2, then

¢ ddivF + / F -V¢dr =— ¢ (Fi-ve)dam !, (4.6)
E! E O E
/ $ddivF +/ F.V¢dr = — ¢ (Fe - vp)dst" L, (4.7)
E'Uo*E O*E
where (§i - ve), (e - vE) € LS (0*E; A1) are the interior and exterior normal traces of F,

respectively, as introduced in [14, Theorem 5.3].

Proof. Assume first that E € Q. By [14, Theorem 5.3] and [16, Theorem 4.2], it follows that
the normal traces on the boundaries of E' and E' U 0*E are Radon measures. They are
indeed absolutely continuous with respect to s#"~'_9*E and with densities given by essentially
bounded interior and exterior normal traces: For any ¢ € Lip.(Q),

<FV¢3E1: / (Z)Sl VE) e%ﬂnl

(F v, ¢>8(E1U8*E) == e ¢ (Se - vE) dorm 1.
Such formulas hold also for any E with " Y(EAEY) = 0 or " Y (EA(E' UO*E)) = 0,
respectively, since [divF| < A" Lif F € DM™>(Q), by [56, Theorem 3.2).
Let E be any Borel representative of E with respect to the Lebesgue measure so that |EAE|
0, which implies that E! = EL. By (4.3] -, we have

(F v, gb)aE =(F-v,0)gm + /Q o) <XE\E1 — XEl\E> ddivF for any ¢ € Lip.(Q).

This shows that (F - v,-) o is a Radon measure on 0*E U (EAEI), while this set is contained

in OF , since ECE'CE , coherently with Proposition

Finally, let E be a set of locally ﬁnite perimeter in Q, and let ¢ € C%(Q) such that V¢ €
LL (€ R™) and supp(xg¢) € Q. Then (4.6)—(4.7) follow from [16, Theorem 4.2]. Indeed, such
equations hold for ¢ € Lip,,.(€2) such that supp(xe¢) C V €  for some open set V. Thus, we
can take any mollification ¢ of ¢, with e > 0 small enough, such that supp(xg¢.) C V. Then
we pass to the limit as ¢ — 0 by employing the fact that ¢. — ¢ uniformly on V and V¢. — V¢
in L!(V;R"™). This completes the proof. (I

Remark 4.10. Given F' € DMX.(Q2) and a set of locally finite perimeter E C €, f
hold for any ¢ € Lip.(?). This shows that the normal traces of F on the portion of the
boundaries OE'NQ and O(E*UI*E)NQ are locally represented by measures (§;-vg) A" 1_0*E
and (T - vp) " L O*E, respectively.
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Remark 4.11. Proposition[L.9] can be seen as a special case of Theorem[d.6], because of Theorem
. In addition, it shows that the normal trace measures of F € DM>(Q) on OE' and O(E' U
O0*E) are actually concentrated on 0*E = 0*E' = 0*(E' UO*E), for any set of finite perimeter
Eeq.

Moreover, if F € DMP(Q) for 1 < p < oo, the normal trace on OE is not a measure
that is absolutely continuous with respect to "~ in general, as shown in [16, Example 6.1].
However, as we will see in §7, the normal trace on the boundary of open and closed sets can still
be represented as the limit of the classical normal traces on an approximating family of smooth
sets.

Remark 4.12. Theorem[4.6] shows that, in the case of Example[3.4], the normal trace is a Radon
measure on OF, since a product rule holds between

1 (21, 2)
2w x% + ﬂ?%

F(x1,29) = and xg for E=(0,1)2

Indeed, we have
i 1
div(xpF) = 200t (F, DxE),
with

(P Dxe)(@) = ([ 5

Using (4.2)) and (0,0) ¢ E, it follows that, for any d) € Llpc(RQ)

(bxla ¢ >

(F - v, ) 3E—/ ox g ddivF — / oddiv(xgF) = / ¢ ddiv(xgF)

- —Zgﬁ(o, 0) — (F, DxEg)(¢).

Therefore, (F - v,-)yp is a Radon measure on OF.

In this example, E is also a set of finite perimeter with E = E', but the normal trace is
supported on OE, not only on O*E, since (0,0) ¢ O*E

Remark 4.13. Theorem implies that, if I € DMP(Q) does not admit a normal trace on
OFE representable by a Radon measure, then xpF ¢ DMP(Q), even for a set of locally finite
perimeter E.

An example of such a vector field was provided by [57, Example 2.5] and [32, Remark 2.2] as
follows:

(—22, 1)

3+ a2l
Then F € DM{’OC( 2y forany 1 < p < 2, divF = 0 on E = (—1,1) x (=1,0). For any
¢ € Lip.((—1,1)?), we have

F(z1,x2) =

/ xeF - Vodx dxs

(—1,1)2

:/11 /01 x%j—x% <‘ 2g¢1+x1§:i> darz day

([, /)/wlw( % 4 1, 2) drsa

i g-snmsot s ([ ) 230

:P.V./ ¢1,0) 4
-1 Tl
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since the two area integrals are simplified and

0
. x2
i [ (= é(e22) 4 6(e 22) do
1
EX2 . 1
< 2L i —2 _day = Llimelog(l1+ =) =
Im J, g ag dme = Llimelos(l+5) =0,

where L is the Lipschitz constant of ¢. This shows

1
div(xgF) =P.V. (
I

)I_(—l,l) ® 0,

so that div(xgF) ¢ M((—1,1)?), which means that xgF ¢ DMP((—1,1)?) for any 1 < p < 2.
The argument can be generalized to

7(7962’1:11 for2<a<3

F(x,20) =
) = s

to obtain
div(xgF) = (P.V.sgn(z1) \a:1|1_°‘) L(—1,1) ® do.

Remark 4.14. By Theorem 4.6, F € DMP(Q) admits a normal trace on the boundary of
a Borel set E € representable by a Radon measure if and only if xgF € DMP(Q). This
condition is generally weaker than the requirement of E to be a set of locally finite perimeter in
Q. Indeed, there exist a set E C R? with xg ¢ BVioc(R?) and a field F € DMP(R?) for any

€ [1,00] with (F -v,-) 5y € M(OE). The key observation in the construction of such a set E
is that, given a constant vector field F = v € R", implies that the normal trace is given by

(v-v,)gp = —div(xgv) ZUJ z; XE-

Clearly, the requirement that Z;‘:l v Dy, xE € M(RQ) is weaker than the requirement that xg €
BV (Q), since there may be some cancellations.
We choose E as the open bounded set whose boundary is given by

= ({0} x [0,1]) U ([0,1] x {0}) U ([0,1 4+ log2] x {1}) U S

as shown in Figure where

= (113 % [O,;])U([MM{;})U U {Hzn:(_l;ik_l}x [1‘2171’1_2711+1

r Qn( 2n+1 1k 17 1
U U 1+Z 1+Z X{l_ 2n+1}
n>1 L k=1 _ 2
i Qn( 2n— 1 k 1] 1
UlU [t+> —— 1+Z {1—2%}
n>1 L k=1

Then xg & BViec(R?), since #1(S) = co. However, we can show that Dy, xg € M(R?).
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FIGURE 4.1. The open bounded set

Indeed, given any ¢ € CH(R?), we have

/ % d.%'l dxg
E 8.731
(=pk~t

Lo STy [ S
2 0¢ o1 k=1 k 0¢
= —— dx1dxs + / / —— dx1 dx
/0 /o 0z P 7; 1— 55 0 Oz PR

1

:/02 3

1 1 00 172,1% n o (_1)k-1
:—/0 ¢(07:1:2)d:1:2+/0 ¢(1,x2)dxz+;/121n ¢<1+Z( ]z ,x2> dzxs.

k=1

This implies
DleE = f%ﬁl L ({0} X (07 1))

— AL (({1} X (02)) U (gl{uré(l;l} x <1—21n,1— 2n1+1

which is clearly a finite Radon measure on R2.

17

00 1—ﬁ n (_1)k71
(¢(1,22) — ¢(0,22)) da2 + Z/ ) l1+> Pkl ¢(0,z2) | dzo
n=1"1-3mw k=1

)

Now we observe that, if F(x1,22) = f(x2)g(21)(1,0) for some f € LP(R) and g € CL(R),

then F € DMP(R?),
divF = f(x3)g' (21)L2,
and
div(xgF) = f(22)g(21)Day x5 + xE(21,22) f (22)g' (21) L2,
Indeed, for any ¢ € C}(R?), we have

0p(x1, 22)

/]R2 xegF -Vodrides = /R? Xe(z1,22) f(x2)g(21) . dxidzs
B / XE(JL"L$2)f($2)8(g(x129¢<$1’$2)> daydas
R2 xr1

XE (21, T2) f(22)p(1, 22)g (1) dr1day

2

f(z2)g(z1)¢(21, 22) dDsy X

2

I
|
—

xe(x1, x2) f(x2)d(x1, x2)g (x1) daidas.

2

(4.8)
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Thus, by [(8), div(xgF) € M(R?) so that (F -v,-)y € M(OE), by Theorem even if E is
not a set of locally finite perimeter in R2. In addition, by ([4.2), we have

(F-v,)op = xpdivF —div(xgF') = — f(x2)9(x1) Dz, XE,
from which the following is deduced:

[(F v, )yp | < 2" L({0} x (0,1)) | J <{1} x <0’ ;»

2 (—1)kt 1 1
Uiy {1+Z(;} X <1—2n,1—2n+1>
n>1 k=1

On the other hand, as we will show, whether (F' - v, ), is a Radon measure on OF or not
does not play any role in the representation of the normal trace of F' on the boundary of an
open or closed set as the limit of classical normal traces on the boundaries of a sequence of
approximating smooth sets.

We provide now a necessary condition for the normal trace to be a Radon measure.

Proposition 4.15. Let F € DMP(Q) for 1 < p < 0o, and let E C Q) be a Borel set such that
there exists 0 € M(OF) satisfying

(F-v,9)op :/6E¢d0

for any ¢ € Lip (R™). Then, if 1 <p < 5, for any x € OF and r > 0, there exists a constant
C > 0 such that |o|(OF) + |divF|(E) > C and

) / F(y) Y= dy’ <O (4.9)
B(z,r)NE |y - l‘|
If p> 25, for any x € OF and r > 0,
—x
‘ / F(y)- Y= dy( = o(r). (4.10)
B(z,r)NE |y - x|

Moreover, given any o € (0,n], for #“-a.e. © € OF and r > 0, there exists a constant
C = Cg,rz > 0 such that

‘/ F(y) Y= dy‘ < orott, (4.11)
B(z,r)NE ’y - x’
Proof. We just need to choose ¢(y) := (r — |y — z|)XB(z,r) (¥) so that, by (4.1)),
. —x
[ r-lshdot) = [ (- ly- e ddivE - Fly) - =y,
B(z,r)NOE B(z,r)NE B(z,r)NE |y - l‘|

Then we obtain

— X
/ F(y)- W=2) g,
B(z,r)NE |y - LE|

Now, if 1 < p < "5, then divF and 0 = xgdivF — div(xgF) do not enjoy any absolute
continuity property in general, by [56, Example 3.3, Proposition 6.1], so that (4.9) holds from
@12).

If p > 25, then |divF|({z}) = |o|({z}) = 0, by [56, Theorem 3.2] and Theorem There-
fore, (4.12)) implies (4.10)). Finally, a consequence of [2, Theorem 2.56] is that, given a positive

Radon measure p on 2, its a—dimensional upper density ©% (i, x) satisfies the property:

< r<|a|(B(x, ) NOE) + |divF|(B(z,7) N E)). (4.12)

O, (p,x) < oo for #%—a.e. x € Q.
This means that, for #%-a.e. x € (2, there exists a constant C = C, , such that
w(B(z,r)) < Cre.
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Therefore, this argument holds for both measures |divF'|L E and |o|LOJE. Then, from (4.12),
we achieve (4.11)). O

Remark 4.16. The result of Proposition does nmot seem to be very restrictive, since the
example in Remark satisfies all the three conditions at any point on (—1,1) x {0}.

Indeed, consider points (t,0) for somet € (—1,1), and r > 0 small enough so that B((t,0),r)N
{2 <0} C E=(-1,1) x (—1,0). Since (—z2,x1) - (v1 — t,x2) = wat, we have

—t
/ F(xy,22) - (@1 Ztwa) dxy dwo
B((,0),r)NE |(z1 — ¢, 22|

/ .%'Qt
B((£,0),r)n{za<0} (23 + 23)\/ (21 — ) + 23

dl’l d$2

tu

/B((o,o),l)m{u<0} ((t + rv)? + r2u?)Vo? + u?

Therefore, for t # 0, we have
_/ / p|t| cos O 2 d0dp
x r2p2 + 12 + 2trpsin 6

— 1,
/ F(xla$2) ( .%'2 dl‘ldl'g
B((t,0),r)NE |(z1 —t, 29)]
t 2
:/ rsgn()log rptt r
0 —1

’ dp = — +o(r?
for any sufficiently small r; while, if t = 0, we just have

r? dv du.

i

/ F(z1,22)  ———dx;dze =0 for any r > 0.
B((0,0),r)NE (71, 22)]

These calculations also show that this F' satisfies (4.11)) for any o € (0, 1], which is sufficient,
since the Hausdorff dimension of OF is 1.
Moreover, for any F € LP(Q;R"™),

(y — ) / z -1
F(y)- dy| < F|Pdy)” (w,r™) 7.
’ /B(x,r)ﬂE ) ly — | ’ < B(z,r) ! ) ( )

Then condition (4.10)) is satisfied for any r € (0,1] if n — LS 1, that is, p > 5.
p

On the other hand, we obtain a better decay estimate for 7 “—a.e. x € OF, for any a € (0,n].
Indeed, F € L (S5 R") so that measure i = |F|.L™ satisfies p(B(z,r)) < Cr® for #*-a.e.
x € Q. This implies

‘/ F(y) (y dy‘ <Cr® for H#%—a.e. x € OF,
z,r)NE |y -

while we obtain the higher exponent o + 1 in .

5. THE GAUSS-GREEN FORMULA ON GENERAL OPEN SETS

We now consider a general open set U C R" and provide a way to construct its interior
and exterior approximations via the signed distance function, suitable for the derivation of the
Gauss-Green formula for F € DMP for 1 < p < oo.

For the given open set U in R"™, we consider the signed distance from 9U:

d(z) = {dist.(x,(?U) for z €U, (5.1)
—dist(x, 0U) for x ¢ U.

We summarize some known results on the signed distance function in the following lemma.
Lemma 5.1. The function d(x) is Lipschitz in R™ with Lipschitz constant equal to 1 and satisfies
|Vd(x)| =1 for L"—a.e. x ¢ OU.

In addition, Vd = 0 £"—a.e. on sets {d =t} for anyt € R.
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Proof. The elementary properties of the distance show that d is Lipschitz with Lipschitz constant
L <1, and hence differentiable .Z"—almost everywhere. Then it is clear that |Vd(x)| < 1.

Let now = € U such that d is differentiable at x and |Vd(z)| < 1. Then there exists a point
y € OU, depending on z, such that d(z) = |z —y|. Indeed, given z € U such that d(z) < |z —z|,
then we can look for y € B(x, |z — z|) N AU, which is a compact set.

Setting x, := z + r(y — x), we see that d(x,) = (1 — r)|z — y| for any r € [0,1]. Otherwise, if
there would exist z € OU such that |z, — z| < |z, — y|, then we would obtain

v =z < o — x| + |2 — 2| <7y — 2+ [2r -y = [z -yl

which contradicts the assumption that y realizes the minimum distance from z.
Since d is differentiable at x, then

d(z,) = d(z) = Vd(z) - (y — ) 7+ ofr),
that is,
ly — = = Vd(z) - (z — y) + o(1),
which yields a contradiction with the assumption that |Vd(z)| < 1. B
Similarly, we also obtain a contradiction, provided that d is differentiable at x € R? \ U and
|Vd(x)] < 1. Since the Lipschitz constant L satisfies L > [|Vd||oc(gn rn), we conclude that

L=1.
As for the second part of the statement, we refer to [3| Theorem 3.2.3]. O

For any € > 0, denote
U :={z eR":d(z) > e}, (5.2)
and
Us:={zx e R" : d(x) > —¢}. (5.3)
Then U C U when & > ¢, and

Similarly, U, C U; when &’ < ¢, and

It is clear that, for K := U and K, := U,, we recover the same setting of Schuricht’s result as
in (:2).

Remark 5.2. By Lemma we can integrate indifferently on {d > t} and {d > t} for any
t € R with respect to Vddx (or, analogously, on {d <t} and {d < t}). This means that OU®
and OU. are negligible for measure Vddx for any ¢ > 0 (with U° = Uy = U). In particular, it
follows that holds for anyt € R and h > 0, if u =d and g = fVd for some f: R" — R

L —summable.

We can say more on the regularity of sets U® and U,. Indeed, since d is a Lipschitz function,
which is particularly in BVj,.(R™), the coarea formula (Theorem implies that the superlevel
and sublevel sets of d are almost all sets of locally finite perimeter. Thus, we can conclude that
U? and U, are sets of locally finite perimeter for Z'-a.e. ¢ > 0. In fact, we can show the
following slightly stronger result.

Lemma 5.3. For any open set U in R™, for L1 -a.e. € >0,
AN U\ 97U = 0, Vd(z) = vy=(z) for A" 1-a.e. x € OU?,
where vy= is the measure-theoretic interior normal to US. Analogously, for £ —a.e. € > 0,

A" HOU N\ 9*UL) = 0, Vd(x) = vy_(z) for " 1-a.e. x € OU..
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Proof. By the previous remarks, U¢ is a set of locally finite perimeter for .#*~a.e. ¢ > 0. Then,
for any smooth vector field ¢ € C}(R";R"),

/ divpdx = —/ @ - vge da™ ! for #1-a.e. € > 0. (5.4)
€ 8*U5
Consider now the functions:
€ if x € U®,
YU(x) =S d(z) ifzeU\US,
0 if x ¢ U.

Then
/ YU divep de = 5/ divp dz + / d(x) divp dx
U £

U\Ue

=— / p-Vddx
U\U®

_ —/ - Vd|Vd|de
U\U®

19
:_// o Vddadt,
0 Jout

since |Vd(z)| = 1 for £"—a.e. x ¢ OU and Vd(z) = 0 for £"—a.e. x € OU® (Lemma [5.1] and
Remark , and by the coarea formula (2.2)) with u = d and g = xyy - Vd|Vd|. Indeed, using

(2.1), we have

/ xvy - Vd|Vd|dz = / xvy - Vd|Vd| dx
R\U® {d<e}

= / xvy - Vd|Vd| dz
{—d>—¢}

_ / / e Vddam di
—e J{—d=t}
&€
= / / vy - Vddam 1 dt
—oo J{d=t}

:// ©-Vdds" 1 dt,
0 out

since d > 0 in U and |Vd(z)| =1 for £"—a.e. x € 9U.
We can repeat the same calculation with ¥.,; for h > 0, and subtract the two resultant
equations to obtain

e+h
h ddive + / (d(x) —e)ddivp = —/ / @ -Vdd#"tdt.
Ue\Us+h e aUt

UeJrh

We now divide by h and use the fact that 0 < d(z) —e < h in U2\ Us*" and |U®\ Us+"| — 0
as h — 0 to conclude

/ divp dx = —/ ¢ -Vddam! for #1-a.e. ¢ > 0. (5.5)
€ 8U€
Notice that, for any R > 0,
A" YB(0,R) N 9*U®) = sup {/ div(—p)dz : ¢ € C1(B(0, R);R"™), ol Loo (RrsRr) < 1}.
(5.6)
Now, we can take a double index sequence of fields ¢y, in C1(B(0, R); R") such that
Ohm — XB((]’R_L)VCZ in L'(R";R") as k — oo, for any fixed m € N.
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For each k and m, there is a set Ny, C R with £ (Nym) = 0 such that (5.5) holds for any
e ¢ Nim. Set N := Uk myenz Ni.m- Then, for any € ¢ N, we obtain

sup{/ div(=¢) dz : ¢ € Co(B(0, R);R"), [|pl| oo msren) < 1} Z/ div(=pp,m) dz

£

= / km - VddA™ !
oue
Now we let k& — oo and employ (5.6)) to obtain

A" B(0,R)Nd*U?) > 4" HB(0,R — %) N oU?),

and the arbitrariness of m € N yields
A" (B(0,R) N 9*U?) > " Y(B(0,R) N OU?). (5.7)
Combining with the well-known fact that 9*U¢ C dU¢, we obtain
A" 1(B(0,R) N (OU® \ 0*U*)) = 0,
which implies that #"~1(0U® \ 9*U¢) = 0, by the arbitrariness of R > 0.
Therefore, from 7, we have
/8 , ¢ (vye —Vd)ds#" 1 =0 for any ¢ € C}(R";R"),

which implies our assertion.
The second part of the statement is proved in a similar way by considering the following
functions instead:

€ ifzeU,
eY(x) = dlx)+e ifxeU\U,
0 if x ¢ U..

O

Using similar techniques as in the proof of Lemma [5.3] we are able to show the following
Gauss-Green formulas.

Theorem 5.4 (Interior normal trace). Let U C Q be a bounded open set, and let F' € DMP(Q)

for 1 < p < oo. Then, for any ¢ € CO(Q) N L®(Q) with Vé € LP (;R™), there exists a set

N C R with LYN) = 0 such that, for every nonnegative sequence {ey} satisfying e, ¢ N for

any k and €, — 0, the following representation for the interior normal trace on OU holds:
(F-v,0) a1 :/ gbddiVF—i—/ F - -V¢dzr=— lim OF - vye, A1, (5.8)

U U k—o0 0*U¢k
where vyei is the inner unit normal to U* on 0*U¢k. In addition, holds also for any open
set U C Q, provided that supp(¢) NU® € Q for any § > 0.

Proof. We divide the proof into three steps.

1. Suppose first that U € Q. Then U¢ € Q for any small £ > 0. Recall that U c U® if
e >¢eand ..o U® =U. Define

€ if x € UE,
YU (z) = d(z) ifxeU\US,
0 ifx¢U.

Since ¥V € Lip,.(£2), we can use it as a test function. In addition, for any ¢ € C°(Q) N L>®(Q)
with V¢ € L' (Q; R™), ¢F € DMP(Q) by Proposition [3.1] Then

/¢gddfv(¢p) :—/ ng-Vdd:z::—/ ¢oF - Vd|Vd|dx
U U\U¢

U\U*®

€
:-// OF -Vddsmtde, (5.9)
0 out
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by the coarea formula (2.2) with u = d and g = xy¢F - Vd|Vd|, by Lemma and Remark
Thus, we use test functions ¥V and wg , With h > 0 to obtain

/Ea‘ddiv(qSF)—i—/U\UE d(z) ddiv(¢F) = / /W oF - Vddr" ' dt,

and
e+h
/ (e + h) ddiv(¢F) + / d(z) ddiv(¢F) = — / OF - Vdd" ! at.
Ueth U\Us+h 0 Ut

Subtracting the first equation from the second one, we have

e+h
h ddi d(z) —e)dd dds#"td
/U | ddiv(Fo) + /U o ) =€) () = / /a | OF-vdar

We now divide by h and use the fact that
0<d(z)—e<h inU\ Ut |div(F¢)|(US\ Uth) =0 as h— 0
to conclude
/ ddiv(F¢) = —/ oF -Vd do™! for L'a.e. ¢ > 0. (5.10)
€ aUS
We can take any sequence ¢, — 0 of such good values to obtain
/ gzbddiVF—l—/ F-V¢dr=— lim oF -Vd ds" 1. (5.11)
U U

k—o00 OUCk

By Lemma such a sequence can be chosen so that s#"~1(9U®r \ 9*U®*) = 0 and Vd is the
inner normal to Uk at " !-almost every point of 9*U®*. Then the result follows.

2. Let now U C € be bounded. Since U’ &€ § for any § > 0, we can consider the test
functions:

€ if z € UsH9,
U () = d(z) — 6 if o € U\ USH,
0 if 2 ¢ UY.
Clearly, ¥V ° e Lip.(Q2) for any d,e > 0. Arguing as before, identity (5.9 becomes
s e+d
/ YU ddiv(e —/ / OF -Vddsamtdt.
5 out

We use test functions ¢E and 1/1 +h for any h > 0, and then subtract the equation involving

- +h from the one involving 1/15 to obtain

e+h+d

h/ ddiv(¢F) +/ (d(z) — 6 —¢) ddiv(pF) = — / OF -Vddm dt.
Ueth+é U5+5\Us+h+5 ct+6 SUt

We can divide by h and send h — 0 to obtain
/ ddiv(¢F) = —/ oF -Vdda"! for £'-a.e. £,6 > 0.
U5+6 8Us+6

Now set ¢’ := €4 6. We choose a suitable sequence €}, — 0 for which Lemma applies so that
holds by .

3. Consider the case that U C € is not bounded. Then we take ¢ with bounded support in €.
Thus, we can choose test functions 7yl * for some g,0 > 0 and n € C°(Q) satisfying n = 1 on

an open set V such that supp(¢) NU? € V & Q. Indeed, mbgé € Lip.(Q?) and qu,bEU(S = gbwga
By the product rule (3.3), we have

/Wg‘s ddij:/m,z)S‘s ddiV(¢F)—/¢géF-V¢dx.
Q Q Q
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Again, by the product rule, we obtain that supp(div(¢F')) C supp (¢), which implies
5 5oL
[t adivtor) = [ 62" adivtop).

since 7 = 1 on supp(¢) N U° O supp(div(¢F)) N supp ()Y 5). Therefore, from this point, we can
repeat the same steps as before to conclude the proof. O

Remark 5.5. Theorem implies that we may take U = Q in (5.8) to obtain the Gauss-Green
formula up to the boundary of the open set where F' is defined.

As an immediate consequence of Theorem [5.4] we obtain approximations of the classical
Green’s identities for scalar functions with gradients in DMP(Q).

Theorem 5.6 (First Green’s identity). Let u € WLHP(Q) for 1 < p < oo be such that Au €
M(R), and let U C Q be a bounded open set. Then, for any ¢ € C°(Q) N L>®(Q) with V¢ €
Lp,(Q;R”), there exists a set N'C R with LY(N') = 0 such that, for every nonnegative sequence
{ex} satisfying e, ¢ N for any k and g, — 0,

/ ¢dAu +/ Vu-Vedr=— lim OV - vye, dAm L (5.12)
U U

k—oo o*U%k

where vyey, is the inner unit normal to Uk on 0*U%k.
In particular, if u € W2(Q) N C%(Q) N L>¥(Q) with Au € M(R),

/ udAu +/ |Vul>dz = — lim uVu - vyger AL (5.13)
U U k—o0 O*U<¢k

In addition, (5.12) holds also for any open set U C Q, provided that supp(¢)NU® € Q for any
small § > 0. Analogously, (5.13) holds for any open set U C Q, provided that supp(u) NU? € Q
for any 6 > 0.

Proof. In order to obtain (5.12)), it suffices to apply Theorem to the vector field F = Vu,
which clearly belongs to DMP(Q). Then, if u € WH2(Q) N C%(Q) N L>®(Q), we can take ¢ = u
to obtain ([5.13)). O

Corollary 5.7 (Second Green’s identity). Let u € WhP(Q)NCY(Q)NL®(Q) and v € W (Q)N
CoQ) N L>®(Q) for 1 < p < oo be such that Au, Av € M(Q), and let U C Q be a bounded open
set. Then there exists a set N' C R with L*(N) = 0 such that, for every nonnegative sequence
{ex} satisfying ex ¢ N for any k and g, — 0,

/ vdAu —udAv = — lim (vVu — uVv) - vy, dA™ (5.14)
U k—o00 8*U%k

where vz, is the inner unit normal to Uk on 0*USk. In addition, (5.14]) holds also for any
open set U C Q, provided that supp(u),supp(v) NU® € Q for any small § > 0.

Proof. We just need to apply Theorem to the vector field Vu, by using v as scalar function,
and vice versa. Then we can obtain (5.12)) for the vector fields Vu and Vv with the same
sequence Uk, since it is enough to select one sequence suitable for Vu and then extract a
subsequence for Vu. Thus, we have

/ vdAu +/ Vu-Vode = — lim vVu - vye, AL

U U k—oo Joxpek

/udAv+/ Vu-Voder = — lim uVo - vy, d#L
U U k—o0 O*U®k

and subtracting the second equation from the first yields (5.14)). O

Theorem 5.8 (Exterior normal trace). Let U € Q be an open set, and let F € DMP(Q) for
1 < p < oo. Then, for any ¢ € C°(Q) with V¢ € LP (4 R™), there exists a set N C R with
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LY(N) = 0 such that, for every nonnegative sequence {ex} satisfying e, ¢ N for any k and
ex — 0, the following representation for the exterior normal trace on OU holds:

<F'V7¢>8U:/ (;deiVF—i—/ F-V¢dr=— lim OF vy, domt, (5.15)
T T k—o0 o*Ue, k

where V., 18 thejnner unit normal to Ug, on 0*U,, . In addition, (5.15)) holds also for any open
set U satisfying U C Q, provided that supp(¢) is compact in €.

Proof. We start with the case U € €). Then U, € € for any £ > 0 small enough.
We consider the Lipschitz functions:

€ ifzeU,
eY(x) = dlz)+e ifxeU\U,
0 if v ¢ U..

By Proposition [3.1] ¢F € DMP(SY) for any open set ' satisfying U. € 2’ €  for any € > 0
small enough. Thus, we can use £V as test functions to obtain

15
/ & ddiv(¢F) = —/ ¢F - Vel da = —/ ¢F -Vddz = —/ / oF - Vdd" e,
v 4 U\U o Jou,

(5.16)
by the coarea formula (2.2) with u = d and g = xony¢F - Vd|Vd|, by Lemma and Remark

Now we proceed as in the proof of Theorem Take ¢V and ng for some h > 0 small
enough as test functions so that

/  (d(x) + ) ddiv(¢F) + / eddiv(¢pF) = — / oF -Vd " dt,
UN\U U 0o Jou,
and
e+h
/ (d(z) + & + ) ddiv(¢F) + / (e + h) ddiv(¢F) = — / oF -Vddx" ' dt.
Ueyn\U U 0 Uy

By subtracting the first equation from the second one, we have

e+h
/ _(d(@) + &+ h) ddiv(¢F) + /hddiv(¢>F) = - / / 6F - Vdda™ dt.
Us+h\U5 € 8Ut

€

It is clear that 0 < d(z) + & < h on Ueyp \ Uz and that (5o Ueqn = U- for any € > 0 implies
|div(¢F)|(Ueyn \U:) =+ 0 as h — 0.

Then we can divide by A and let A — 0, by applying the Lebesgue theorem, to obtain that, for
Llae >0,
| ¢ddivF + | F-V¢dr = — ¢F -Vdda#mt, (5.17)
Ue Ue aUE
by the product rule . We now choose a sequence € — 0 such that holds and pass to
the limit to obtain

/qbddivF—i—/F'ch)dx: lim oF -vVdda . (5.18)
U U

k—oo aUEk

As in the proof of Theorem we can choose the sequence in such a way that the assertion
in Lemma [5.3[ also hold. Thus, we obtain the result.

In the general case, U C €2, and supp(¢) is a compact subset of 2. Hence, we can argue as in
the last part of the proof of Theorem by taking a smooth cutoff function n € C2°(2) such
that 7 = 1 on an open neighborhood V' of supp(¢). Following the same steps and replacing £V
as test functions, we obtain the desired result. Il

Remark 5.9. The previous results apply in particular to the case when U is an open set of
finite perimeter.
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Remark 5.10. As a byproduct of the proofs of Theorems and p.8], we obtain the Gauss-
Green formulas for almost every set that is approzrimating a given open set U from the interior
and the exterior. More precisely, if U € ) is an open set, F € DMP(Q) for 1 < p < 0o, and
¢ € C%Q) with V¢ € Lp/(Q;R"), then, for L1 -a.e. ¢ >0,

¢pddivF + | F-Vedr = — OF - vye 1, (5.19)
Ue

Ue oxue

| ¢ddivF + | F-Vedr =— OF - vy dom L. (5.20)
U. U *Ue
This follows from ([5.10) and (]571_7D and by taking € > 0 (up to another negligible set) such that
Lemma holds, so that "~ 1(0U* \ 0*U®) = 0, " Y(0U. \ 0*U:) = 0 (which implies that
0U?| = 0), Vd = vy " 1 —a.e. on 0*U?, and Vd = vy, A" '-a.e. on 0*U..
In addition, f also hold for any open set U satisfying U C ), provided that supp(o)
is compact in Q. In general, this statement is valid for L' —a.e. € > 0 because we need to apply
Lemma [5.3| and to derive the integrals in h > 0:

e+h e+h
/ OF -Vddsmtdt, / OF -Vddmtdt.
5 out e oU;

Therefore, such a condition may be removed as long as the conclusions of Lemma[5.3] hold for
any e > 0, and faUt ¢F -Vdd#""1 and faUt OF -NVdd#""1 are continuous functions of t > 0.

Remark 5.11. It is not necessary to use the signed distance function to construct a family of
approzimating sets suitable for Theorems [5.4] and 5.8 Such an argument is related to the one
in [57, Theorem 2.4].

If, for a given open set U € QQ, there exists a function m € Lip(2) satisfying m > 0 in U,
m = 0 on U, and essinf(|[Vm|) > 0 in U, then sets {m > c},e € R, can be used for the
approzimation. In fact, sets {m > e} are of finite perimeter for £'-a.e. € > 0 and, for such
good values of €, the measure-theoretic unit interior normals satisfy

vm

Vimse} = | A" a.e. on 0 {m > e}

In addition, if there exists such a function m with C*,k > 2, or C* regularity, then {m > ¢}
has a C* or smooth boundary.

As we will see in §7, if U is an open bounded set with C° boundary, then there exists a smooth
reqularized distance p satisfying the previously mentioned properties. For a general open set U,
this may be false.

We can extend Theorem to any compact set K C €, in the spirit of [53, Theorem 5.20].
Indeed, we just need to choose the following Lipschitz functions as test functions:

5 if dist(z, K) =0,
O (x) == ¢ e —dist(z, K) if 0 < dist(z, K) < ¢,
0 if dist(z, K) > ¢,

and then argue as in the proof of Theorem to achieve the following result.

Corollary 5.12. Let K C Q be a compact set, and let F € DMP(Q). Then, for any ¢ € C°(Q)
with Vo € LV (Q;R"), there exists a set N C R with LY(N') = 0 such that, for every nonnegative
sequence {ex} satisfying e, ¢ N for any k and e, — 0,
/ ¢ ddivF + / F - V¢dz = lim ¢F - Vdist(z, K)d#" !, (5.21)
K K k=0 Jok.,
where Ko: = {x € Q : dist(x, K) < e}. In addition, (5.21)) holds also for any closed set C' C €,
provided that supp(¢) is compact in Q.

The right-hand side of (5.21)) can be seen as the definition of the generalized normal trace
functional related to F' on 0K, where Vdist(x, K) plays the role of a generalized unit exterior
normal, even in the case K = ().
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Remark 5.13. The results of Schuricht [53, Theorem 5.20] and Silhavyj [57, Theorem 2.4] can

be recovered by (5.16|) and (5.9), respectively.
Indeed, under the same assumptions of Theorem we divide by € in (5.9), use the product

rule (3.3)), and send € — 0 to obtain

1
/ ¢ ddivF +/ F - V¢dr = —lim - oF -Vddaz, (5.22)
U U e=0¢ Jy\ve

since 0 < % <1 onU\U® and |div(F¢)|(U\U?) = 0 as € — 0. On the other hand, applying
the same steps to (5.16|) yields
1

/ ¢ ddivF —|—/ F - -V¢dr =—lim — ¢oF - Vddz, (5.23)
U U e=0¢ Ju\U

if F,¢, and U satisfy the conditions of Theorem[5.8| In particular, this works for any compact
set K C , as in Corollary

/ qﬁddivFJr/ F-Védr = lim = oF - Vdist(z, K) dz. (5.24)
K K e=0¢& JgA\K

Remark 5.14. Formulas (5.8) and (5.15) can be used to obtain the Gauss-Green formula on
the boundary of U € ):

div(F¢)(0U) = div(F¢)(U) — div(F¢)(U)

= lim (/ OF - vyep ds 1 —/ oF vy, d%”_1>, (5.25)
k—oo O*U¥¢k a*Uak

since we can extract the same subsequence €y for U and U. The same result holds for U such
that U C Q if ¢ has compact support in €.

Remark 5.15. If U = B(zq,r), we obtain the Gauss-Green formula for £1-a.e. v > 0.
Indeed, dist(z,0B(xo,7)) =1 — |x — 20| for any x € B(xo,r) so that (5.19)) implies
(z

/ ddiv(¢F) = / o(z)F () - |:330’)d<%””_1(x)
B(zo,r—¢) T — X

OB(z9,r—¢)
= / OF - VB (20,r—¢) dormt for L' -a.e. € € (0,7).
OB(z9,r—¢)
Since the initial choice of r is arbitrary, we conclude that

/ ddiv(¢F') = —/ OF - VB (0,1 dornt for £ a.e. r>0. (5.26)
B(zo,r) OB (zo,r)

Moreover, the same argument works with closed balls so that, since dist(x, dB(xg,7)) = |z—x0|—T
for any x ¢ B(xo,r), then, by (5.20),
/ ddiv(¢F') = —/ OF - VB(a0,r) dornt for L' a.e. r> 0. (5.27)
B(zo,r) OB (zo,r)

This can also be seen as a consequence of the fact that |div(¢pF)|(0B(zo,7)) = 0 for £ -a.e.
r >0, since div(¢pF') is a Radon measure.

We now present a concrete example of applications of (5.8)) and ([5.15)) to a DMP—field whose
norm blows up on the boundary of the integration domains.

Example 5.16. Let F : R?\ {(0,0)} — R? be the vector field:

(z1,72)
F = . 5.28
(xlva) Jf% T x% ( )
This is the particular case for n =2 of the vector field F : R™\ {(0,0)} — R"™ given by
F(z) =~

"l
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Then F € DM} (R") for 1 < p < L5 and
divF = nw,d(,0), (5.29)

where wy, = |B(0,1)|. In particular, if n =2, F € DM (R?) for 1 < p <2, and divF = 27.

Consider U = (0,1)2. Chen-Frid [12, Example 1.1] observed that

0=divF(U)#— | F-yyd#'="
ou

1 T

1
since F- vy =0 on ({0} x (0,1)) U ((0,1) x {0}) (md/o mdxl =7

The approach employed in the proof of Theorems[5.4] and 5.8 enable us to solve this apparent
contradiction, by showing that

0= divF(U) = — lim F . yyedst,
e—0 U«

21 = divF(U) = — lim F .y do?,
e—0 8U5

where U® and U, are given by and , respectively.

In this case, we do not have to select a suitable sequence €, — 0. Indeed, F is smooth away
from the origin, and U® and U, are sets of finite perimeter for any € > 0. Moreover, for this
choice of U, Lemma is valid for any € € (0,1). Also, the continuity condition mentioned in
Remark; can be checked. Therefore, by (5.19) f, we obtain that, for any e > 0,

0 = divF(U®) = — F vy ds?, (5.30)
oue

2 = divF (U.) = — F.yy dxt. (5.31)
oU.

Passing to the limit verifies our assertion.
We may also verify this statement by hand. Observe that U¢ = (¢,1 — €)? for any e € (0,1).
Therefore, we have

F-v d%l—/l_egdx —/I_El_gdx
v [ T e O G D I A

1—¢ 1—e
€ 1—¢
+ ——dxy — ———dz
/ 52+a:% ? / (1—e2+a3 °

arcta —E—EJracta _c
arctat 4 g e T

—d1VF(UE)
for any € > 0, which is (5.30). As for (5.31)), U is the union of four segments:

oue

(0,1) x {—¢}, {1+4+¢e}x(0,1), (0,1)x{1+¢e}, {—¢}x(0,1),
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and of four circumference arcs of angle 5 and radius € centered at the corners of square U.
Therefore, these terms give

1 1 1
1 1
F'VUgdﬁlz—/ 262(1{131—/ 4>2€2d$2—\/ %dxl
U, 0o € +l’1 0 (1+€) +£C2 0 (1+E) +1U1

1 3 .
5 2™ 1 T e(e +sin0)
- | ——=d ——)edf — dé
/0 €2 + 22 $2+/7r ( 6)6 é 1+¢e2+2esinf

/27r (e + cosf) de/g e(e + cosf + sin )
. 1+ &2+ 2ecosb 0 2+¢e2+2e(cosf +sinbh)

1 1 T T 1—¢
= —2arctan | — | — 2arctan — — — — 4 arctan | ——
€ 1+¢ 2 4 1+¢

™ 4 arctan (1) = 7 £ ° ) +arct !
—_ — arctan — — — — arctan arctan
2 15 4 eE+2 1+e¢

3 1 1 us
= ——m — arctan | — | — arctan + — — arctane — arctan (1 + ¢)
2 € 1+¢ 2

3
= 5T g = =21 = —divF (U,) for any ¢ > 0.

6. OTHER CLASSES OF DIVERGENCE-MEASURE FIELDS
WITH NORMAL TRACE MEASURE

In this section, as a result of the construction in §5, we characterize a class of DMP—fields
whose normal trace on 9U is represented by a Radon measure.

Remark [5.13] allows us to find a new sufficient condition under which the normal trace func-
tional on an open or closed set can be represented by a Radon measure on the boundary. Such a
condition requires a particular representation for the vector field F, first introduced by Silhavy
[56, Proposition 6.1]. We also need to recall the notion of lower (n — 1)-dimensional Minkowski
content.

Definition 6.1. Given a closed set K in R", the (n — 1)-dimensional Minkowski content is
defined as
K+ B
AN K) = Timin B B0
e—0 2¢e
Proposition 6.2. Let F € DMP(Q) for 1 < p < oo, and let U C Q be a bounded open set such
that A~ 1(0U) < co. Assume that divF has compact support in U and that

F(z)= ! / (=) ddivF(y) for L"—a.e. v € Q. (6.1)

nwn, Jo |z —y["
Then
Similarly, if K C § is a compact set such that #" *(0K) < oo, then
(F v, € M(OK),
which is in particular true for K = U if U € Q.

Proof. The normal trace (F - v, ), has the following representation:

1
(F-v,p)gy = — lim — o(x)F(z) - Vd(x)dx for any ¢ € Lip, (R"); (6.2)
e—=0 ¢ U\U®

see (5.22) and the observations in Remark Thus, in order to prove that (F-v,-)y; €
M(0U), it suffices to show that

[(F-v,0)au | < Clloll Lo ary (6.3)
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for a constant C' independent of . Let V C U be a compact set such that supp (|divF|) C V
Then it follows that

| (F-v,0) gy | = lim ! /U\UE o(x)F(z) - Vd(z) dx’

e—0

e—=01¢

~ lim |2 /U . (p(:t)( ‘(xx_ y‘) ddivF(y) - w(:@) dx’

1 1
< lim inf — oo - / / ——d|divF dz
”SOHL (U\U*) e Jv |z — y[”—l | (y)

= hmmff [l oo er\0e) / / 7 dr d|divF|(y), (6.4)
U\U® ’95 -
where we have used Fubini’s theorem and the fact that \Vd\ =1 %"a.e (Lemma [5.1).
Moreover, lim.—,o supg\p= || = [[¢]] o0 517y, by the continuity of ¢.

Since V' C U is a compact set, there exists k = k(V') such that, for small enough ¢,
|z —y| >k forany x € U\ U® and y € V.
Then it follows that

. e . o1
HFWWMMSWMwwWMﬂwwlhgy>W\Wl

< 2k17"|divF|(V) [l Lo (o07) hmlnf |8U+B(O £)]
< 2k' | divE (V). (0U) HSOHLOO(&U)‘

This proves (6.3)), since OU is of finite lower (n — 1)—dimensional Minkowski content.
In the same way, using (5.24)), we can show that (F' - v, )5, € M(0K) if K C € is a compact

set, especially when K = U for some bounded open set U. [l

Remark 6.3. Condition (6.1) is not strongly restrictive in the sense that F may not be com-
pactly supported and unbounded. Indeed, let F(x) = ﬁ as in Example [5.16| Then, by (5.29),

F satisfies (6.1)), even though F is unbounded and supported on the whole R™.
Moreover, (6.1)) is satisfied by a large class of vector fields F, as shown in [56, Proposition
6.1]. Indeed, given any p € M(Q) with compact support in ), the vector field

F@)znité(x‘y)mww

|z —y|"

satisﬁes divF = pin M(Q), and F € L} (SGR™) for any 1 < p < 5. In addition, if

- < p < oo, then F e L (GR™) if |u|(B(z,r)) < cr™ for any x € R and r € (0,a), for
somem>n—p—,a>0 and ¢ > 0.

Remark 6.4. Proposition[6.2] applies to a particular subfamily of sets of finite perimeter. Indeed,
any bounded open set U with .47 (0U) < oo is a set of finite perimeter in R™.

Even though the result is well known, we give here a short proof for the ease of the reader.
Let

g=(x) := max {0, 1-—
£

Then g. — xu in LY(R™), and |Vg.| = %XU\U&. Thus, for any ¢ € CL(R™;R™), we have

/ xuvdivpdz| =

dist(z, U®) } '

= lim
e—0

/ gedive dx

= lim
e—0

¢-Vg:dx
Rn

. . |L \UE’ n—1
< oo n. n < [e @) n. ny.
< 19l oo (rrsr ) lim inf - < 2.4 (0U)||9l| Loo mrimmy

This implies that U is a set of finite perimeter with |Dxy|(R™) < 2.471(0U).
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Arguing analogously, we can also show that any compact set K with #" 1(0K) < oo is a set
of finite perimeter in R™, with |Dxk|(R") < 247 1(OK). This can be shown by considering
the functions:

fela) = max fo,1 - A2

5
which satisfy that f- — xx in LY(R™) and |V f.| = %XKE\K

In the case p = oo, assumption (6.1]) is superfluous, as shown in the following proposition,
which can be seen as a particular case of [57, Theorem 2.4] and [32, Theorem 2.4].

Proposition 6.5. Let F € DMP(Q) for 1 < p < oo, and let U C Q be a bounded open set such
that A" 1(OU) < co. If p =00, or 1 <p < oo and F satisfies

1
lim sup / |F|P dx < oo, (6.5)
e—0 € Ju\us

then
(F v, 5, € M(OU).

Analogously, let K C Q be a compact set such that A4 1 (0K) < co. If p =00, or1 <p < 00
and F' satisfies

e—0 &

1
lim sup / |F|Pdz < oo, (6.6)
KA\K

then
(F - v, ->3K € M(OK).

In particular, this implies that, if U € Q, .47 1(0U) < oo, and the same assumption on F is

made with K = U, then
(F v, ) € M@D).

Proof. Arguing as in the proof of Proposition we see that, for any ¢ € Lip.(R"),

1

/ o(x)F(x) - Vd(x)dz
U\U*

‘(F‘V,cp)aU| = lim .

e—0

- 1 o
< hg(r)lf [l oo tr\ve) g|U \US|Y || F|| Lo on\ve rn)-
If p = 0o, we have
(P v, 0)our | < 2Pl oy 27 OU) 9] e oy
If 1 <p < 0, then

1 1
. . pl s _l
vy < (imipt 210\ 01) " (imsupe F1FLnvesn ) Telliman)

E—

- Ry 1 :
< (247 1(8U))P (hmsup/ |F'[P dx) HSD”LOO(aU)’
e—0 € Ju\Us

from which (F - v, )5, € M(OU), because of (6.5). The case of the compact set follows analo-
gously from (5.24), by employing (6.6), if F ¢ DM> (). O

This proposition may also be seen as an alternative way of obtaining a part of the results
of Proposition in the case that E is an open or compact set whose boundary has finite
Minkowski content.

Remark 6.6. In particular, Propositions and [6.5 hold also for U = 2, when Q is an open
bounded set such that A~1(002) < .
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Remark 6.7. We can reinterpret Theorems and in the distributional sense. Indeed,
given F € DMP(Q) for 1 < p < oo, and an open bounded set U C Q, (5.8]) is equivalent to the
following: There exists a set N C R with LY(N') = 0 such that, for every nonnegative sequence
{ex} satisfying ex ¢ N for any k and g, — 0,

Fvyey A" HLOUS = F - Dxper — — (F v, )y (6.7)

in the distributional sense on R"; that is, testing the traces against ¢ € Lip.(R"™).
Analogously, if U € 2, (5.15) implies that there exists a set N’ C R with L*(N”) = 0 such
that, for every nonnegative sequence {ey} satisfying ex, ¢ N for any k and e, — 0,

F vy, A" 'L0U, =F-Dxy., ——(F-v, ) (6.8)

in the distributional sense on R™. In particular, this means that, if (F -v,-)s, € M(Q), then,
by the uniform boundedness principle, we have

limsup || F - vyer || L1 g+ yerpm—1) < 00.
k—ro0

Analogously, if (F - v,-) g € M(Q), then

limsup || F - vy, [|L1 @0 v, oem-1) < 00
k—ro0

Furthermore, if U is an open set of finite perimeter in §2, then
Dxuyex — Dxu

in the sense of Radon measures, where €, is a vanishing sequence for which the conclusions of
Lemma hold. Indeed, for any ¢ € CL(Q;R™),

—/ ¢ - dDxy=x Z/XU% divpdxr — /XUdjvqﬁdx:—/ ¢ - dDxy,
Q Q Q Q

and the assertion follows by the density of CH;R™) in C.(Q; R™) with respect to the supremum
norm. If U is also a set of finite perimeter in ), then Dxu., — Dxg analogously.

Thanks to Remark we can show that the normal traces on open and closed sets of finite
perimeter agree with the classical dot product, provided that F'is continuous. It is true that
F € C°(;RY) NDMP(Q) for 1 < p < oo implies that F € DM (Q). Thus, we may expect the

loc
existence of normal traces as locally bounded function by the known theory ([14} 16]). Through

7, we now give a more direct proof.

Proposition 6.8. Let F € C°(Q;R?") NDMP(Q) for 1 < p < oo, and let U C Q be an open set
of finite perimeter. Then

(F v, ) oy =—F -vg" LU in Mie(Q).
Similarly, if U C Q is a set of finite perimeter, then

(F-v,)og=—F -vg" 'LOTU  in Mie(Q).
In addition, if U € Q, the previous identities hold in M(Q).

Proof. Let ¢ — 0 be a sequence such that both (6.7) and the conclusions of Lemma hold.
By Remark we obtain

OF - vy, A" — OF - vy dam! for any ¢ € C.(Q),
oU%k o*U

since oF € C.(;R") and vye, "L 0*U* = Dyyer — Dxy = vy " HLO*U in M(Q).
This implies

(F-v,0) gy = — OF - vy dom ! for any ¢ € C.(Q),

o*U
which means that (F -v,-)y; = —F - vg " 1LO*U in Mioc(€2).
We can argue in a similar way with and the fact that Dxu,, — Dxg in M(Q) to prove

the second part of the statement.
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Finally, if U € €2, there exists n € C.(Q) such that n = 1 on U. Hence, for any ¢ € C°(Q),
noF € C.(2;R™) so that

/ OF - vy 1 = / noF - vy, A1
OU®k

oU%k
— noF - vy doa™ ! = OF - vy domt,
o*U o*U
which implies that (F-v,-),; = —F - vp "' LO*U in M(2). Arguing similarly for U, we
complete the proof. O

This result also allows us to obtain Green’s identities for scalar functions in C*(Q) with
gradient in DMP(2) and open sets of finite perimeter.

Proposition 6.9. Let u € C1(Q) N WLP(Q) for 1 < p < 0o be such that Au € M(Q), and let
U € Q be an open set of finite perimeter. Then, for any ¢ € C°(Q) with Vo € L (Q;R™),

/ odAu + / Vu-Vodr =— OV - vy dm L, (6.9)
U U U
In particular, if u € CH(Q) N WH2(Q) with Au € M(Q), then
/ udAu—i—/ |Vu|? dz = —/ uVu - vy "L (6.10)
U U oxU

In addition, if u € C*(Q) NWP(Q) and v € CH(Q) N W' (Q) for 1 < p < oo with Au, Av €
M(Q), then

/ vdAu —udAv = —/ (vVu — uVv) - vy da™ L (6.11)
U oxU

Finally, we can also consider open sets of finite perimeter U C 2, if the supports of ¢,u, and v
are required to be compact in §2.

Proof. Clearly, Vu € C°(; R")NDMP(Q) and Vo € CO(Q; R") N"DMP (). Thus, it suffices to
combine the results of Theorem Corollary 5.7, and Proposition[6.8|to complete the proof. [J

We notice that and are closely related to the results of Comi-Payne [16, Proposition
4.5], where Green’s identities are achieved for C! functions (whose gradients are essentially
bounded DM-fields) and sets of finite perimeter.

Arguing in a similar way and employing the refinement of the Gauss-Green formula for DM -
fields given in Proposition we now achieve all Green’s identities for Lipschitz functions with
Laplacian measure and sets of finite perimeter.

Proposition 6.10. Let u € Lip,,.(2) be such that Au € Mioc(2), and let E C 2 be a set
of locally finite perimeter. Then there exist interior and exterior normal traces of Vu: (Vu; -
vE), (Ve - vg) € L (9*E; 1) such that, for any v € C°(Q) satisfying Vv € Li (Q;R")

loc loc

and supp(xgv) € Q,
/ vdAu + / Vou-Vudr = —/ v(Vu; - vg) dm L, (6.12)
Joi E O*E

/ vdAu + / Vv - Vudr = —/ v(Vue - vg) ds#" L. (6.13)
ElUo*E E O*E

For any open set U € (1, the following estimates hold:

Vi - vE| oo (9 Enusen—1) < |Vl Los(ungrn) (6.14)
Ve - vE| £ (9« Bovsen—1) < VUl Loo (0 77 (6.15)
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In addition, if v € Lipy, () with Av € Mioc(€2), and supp(xgv),supp(xeu) € €2, then the
following formulas hold:

/ vdAu —udAv = —/ (v(Vu; - vg) — w(Vy; - vg)) ds" (6.16)
E! O E
/ vdAu —udAv = —/ (v(Vue - vg) — u(Voe - vg)) da™ 1. (6.17)
E'Ud*E o E
In particular, if supp(xpu) € 0, then
/ udAu +/ |Vu|? dz = —/ u(Vu; - vg) d#™ 1 (6.18)
E! E O E
/ udAu +/ \Vu|? dz = —/ (Ve - vg) da™ 1, (6.19)
E'UO*E E O E

Proof. Since Vu € DM (Q), the existence of interior and exterior normal traces in LS (8* E; ™~ 1)

and estimates (6.14)—(6.15) follow from [16, Theorem 4.2] and Proposition Analogously,

(6.12))—(6.13) are an immediate consequence of (4.6)—(4.7)), with F' = Vu and ¢ = v.
In addition, if supp(xgu) € © and v € Lip,.(2) with Av € Mjo.(£2), then we can exchange

the role of w and v in (6.12) and (6.13]):

/ udAv + / Vou-Vudr = —/ uw(V; - vg) da™ L, (6.20)
B! E O*E

/ vdAv + / Vv -Vudr = / u(Voe - vg) do™ L. (6.21)
ElUo*E E O*E

Thus, it suffices to subtract (6.20) from (6.12)) to obtain (6.16)), and to subtract (6.21) from
(6.13]) to obtain (6.17)). Finally, choosing u = v in (6.12)—(6.13)), we obtain (6.18])—(6.19]). O

7. NORMAL TRACES FOR OPEN SETS AS THE LIMITS OF THE CLASSICAL NORMAL TRACES
FOR SMOOTH SETS

In this section, we show that the approximations of a general open set U can be refined in such
a way that (F - v, )4, and (F - v,-) 57 can be regarded as the limits of the classical normal traces
on the boundaries of smooth sets. In the case that the open set U has continuous boundary, we
can exhibit explicit approximating families of open sets with smooth boundary as deformations
to the open set U.

7.1. The general case. In order to achieve the smooth approximation, we recall another re-
markable result concerning the approximation of any open set by an increasing sequence of open
sets with smooth boundary, a very simple proof of which was given by Daners [21, Proposition
8.2.1].

Proposition 7.1. Let U C R" be an open set. Then there exists a sequence of bounded open
sets Uy, with boundary of class C*° such that Uy, € U1 € U and |J, U, = U.

We can use this result to extend Theorem via showing that the normal trace can be
approximated by a sequence of the classical normal traces on smooth boundaries.

Theorem 7.2. Let U C  be a bounded open set, and let F € DMP(Q). Then, for any
¢ € COQ) N LX(Q) with V¢ € LP (Q;R™), there exists a sequence of bounded open sets Uy, with
boundary of class C* such that U, € U, |J, Uy = U, and

(F-v,¢) gy = — klim oF vy, d™ (7.1)
—00 8Uk

where vy, is the inner unit normal to Uy. In addition, (7.1) holds also for any open set U C €,
provided that supp(¢) N U® € Q for any § > 0.
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Proof. We just need to apply Proposition to U in order to obtain an approximating sequence
of smooth sets U,,, and then argue as in the proof of Theorem with respect to any U,,.
We note that sets U, have smooth boundaries, for any 0 < € < d,,, for some J,, sufficiently

small. Indeed, the signed distance function d,, from 9U,, is smooth in U,, \ Ufnm and satisfies

Vdn(r) = vye (x) for any x € OU,, which implies that [Vd,,(z)| = 1 for any x € Up, \ U (for
a proof of these facts, we refer to [35, Appendix B] and [34, Lemma 14.16]). Therefore, the level
sets {dp, = e} = OUf, are smooth for any ¢ € [0, 0p,).

Then we obtain a sequence of open bounded sets Uy,7 with smooth boundary satisfying

e OF v dm! (7.2)

¢ ddivF —|—/ F-V¢dor =—
Uyl Uyl
for some decreasing sequence €; — 0 and any m,j € N.
Clearly, Uyi @ U;j 1 and Ul € U™, so that we can find a subsequence U ,i’“ =: U}, satisfying
Uk @ Upt1, U € U, and |J,, Uy = U. Therefore, we can pass to the limit in the left-hand side
of ([7.2)) by the Lebesgue theorem to obtain (7.1)) (in the case that U is not bounded, we employ

the condition on the support of ¢). O

Similarly, an analogous kind of approximation can also be shown for closed sets.

Proposition 7.3. Let C C R” be a closedo set. Then there exists a sequence of closed sets CY
with boundary of class C*° such that Cy, O Cy, D Cry1 D Cry1 O C and (), C, = C. In addition,
if C' is bounded, then the closed sets C), can be chosen to be bounded.

Proof. Let U :=R"™\ C. Then it suffices to define Cy := R™ \ Uy and apply Proposition to
U. The result follows easily.

In the case that C' is bounded, then, for any § > 0, there exists ko large enough such that
OU,NOCs = () for any k > ko, where Cs = {x € R™ : dist(x,C) < §}. Then we set Cj, = Cs \ Uy,
up to relabeling the sequence Uy in such a way that it starts from k. U

Arguing similarly as before, Proposition [7.3] can be used to represent the exterior normal trace
as the limit of the classical normal traces on smooth boundaries, thus improving the result of
Theorem [5.8

Theorem 7.4. Let U € Q be an open set, and let F € DMP(Q). Then, for any ¢ € C°(Q)
with V¢ € Lp/(Q;]R”), there exists a sequence of bounded open sets Vi with boundary of class
C> such that U € Vi, C Q, (), Vi =U, and

(F-v,¢) ;7 = — lim OF - vy, d" 1, (7.3)
k—o00 Vv,
where vy, is ﬁze classical inner unit normal to Vi.. In addition, ((7.3)) holds also for any open set
U satisfying U C Q, provided that supp(¢) is compact in €.

Proof. 1t suffices to define Vj, := é’k and apply Proposition to C' = U. Then the result follows
in an analogous way as in the proof of Theorem [7.2] O

7.2. The case of C° open sets. We now consider the question of constructing the interior and
exterior normal traces as the limit of classical normal traces over smooth approximations of the
open bounded set U with C° boundary. In general, as it has been explained in the introduction,
it is a challenging question to approximate an open (bounded) set U with smooth domains U¢®
essentially from the inside in such a way that divF(U®) — divF(U) and an interior Gauss-
Green formula holds for unbounded DMP—fields. Indeed, in §5, we have used the standard
signed distance d to obtain Theorems [5.4] and but the approximating sets are not smooth.
We have shown that such results in Theorems and can be improved. On the other hand,
such an approximation is quite abstract, and it gives little insight in the actual shape of the
approximating sets.
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Remark 7.5. We observe that an open bounded set U with C° boundary might not have finite
perimeter; such examples include von Koch’s snowflake [64]. Also, we do not have a notion of
unit normals to a CO open set. Thus, such a type of sets is more general in this sense. On the
other hand, an open set of finite perimeter may have really wild topological boundary even with
full Lebesgue measure (see e.g. [43, Example 12.25]) so that it is not a C° open set in general,
since it is well know that, if OU can be seen locally as the graph of a continuous function, then

U] = 0.

We now exhibit here a rather explicit family of open smooth sets approximating a given
bounded open set with CY boundary from both the interior and the exterior. To this purpose,
we consider a different type of distance, the regularized distance p, which was introduced in
Lieberman [41].

Definition 7.6. p is a regularized distance for U if the following holds:

(i) p € C*(R™\ 9U) N Lip(R");

(ii) The ratios % and % are positive and uniformly bounded for all x € R™\ U, where

d is the signed distance introduced in §5.

It was proved by Lieberman [41, Lemma 1.1] that any open set U has a regularized distance,
since the signed distance d is a 1-Lipschitz function (Lemma. Indeed, given any € C?(R"),
supp 77 C B(0,1), and [, n(z)dz = 1, we can define

G(z,7) = / d (:B - Zz) n(z)dz. (7.4)
B(0,1) 2
The regularized distance p is then given by the equation

p(z) = G(z, p(x)), (7.5)

which has a unique solution for every z € R™. Moreover,

1 _ p(x)

— <L <9 for all R" } .

> S dw) = or all z € R"\ oU (7.6)
Then the following result holds, for which we refer to Lieberman [41], Lemma 1.1, Corollary 1.2]
and the comments before it.

Lemma 7.7. Every open set U has a reqularized distance p. Moreover, if n € C°°(R™) is chosen
for (7.4), then p € C*(R™\ oU).

Even though every open set U has a regularized distance, it is important to obtain properties
concerning the non-degeneracy of gradient Vp. Indeed, if the gradient of p does not vanish in a
neighborhood of OU, then we can apply the techniques in §5 to obtain the interior and exterior
Gauss-Green formulas for DMP—fields.

The non-degeneracy of Vp might not be true for general open sets U (see [41, Corollary 1.2]
and the comments following it). However, it was proved by Ball-Zarnescu [7, Proposition 3.1]
that this property holds for CY domains, which yields the following result.

Theorem 7.8 (Ball-Zarnescu). If U is an open bounded set with C° boundary, then |Vp(x)| # 0
for all x in a neighborhood of OU but x ¢ OU.

Remark 7.9. The argument of the proof of Theorem relies on both the construction of a
suitable good neighborhood for any point of OU and the use of the compactness assumption.
Hence, we see that the local version of this result also applies to general open sets with C°
boundary: For any compact subset K C OU, there exists a suitable neighborhood V' of K such

that |Vp(x)| # 0 for any x € V' \ OU.

Thanks to the Ball-Zarnescu theorem (T heorem , we can proceed as in §5 to obtain an
analogous statement, by approximating U and U in € with the following smooth sets:

U :={xeR":p(x)>e}, U,p:={xecR":p(x)>—c} for e > 0.
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Theorem 7.10 (Interior normal trace via smooth approximations). Let U C Q be a bounded
open set with C° boundary, and let F € DMP(Q) for 1 < p < co. Then, for any ¢ € C°(Q) N
L®(Q) with Vé € LY (Q;R™), there exists a set N C R with L'(N) = 0 such that, for every
nonnegative sequence {e} satisfying e ¢ N for any k and e, — 0,

(F-v,¢) gy = / ¢ddivF +/ F - -V¢dx = —klim OF - vyerw d™ L, (7.7)
OU®k-P
where vyeg.e 1S the inner unit normal to the smooth sets U%. In addition, ) holds also for
any open set U C ), provided that supp(¢) N U® € Q for any small § > 0.

Proof. Since p is smooth and |Vp(z)| # 0 for any x € U \ U* for small enough ¢, it follows that
{z € R": p(x) = €} is a smooth hypersurface in R™. Therefore, QU** = 9*U** and
Vp
Vol
We can now proceed in the same way as in the second step of the proof of Theorem by

noticing that the only difference is in the application of the coarea formula and in the use of p,

instead of d, in the definition of wgf,’p for 4, > 0. Indeed, using Theorem we rewrite ([5.9))
in the case U € 2 as follows:

/@ZJU " ddiv(¢oF) = —/ oF -Vpdx
Ué,p\U6+e,p

=— F - Vp|dz
Jromeees ™ 151
d+e v
- / / oF - 2L am—tat,
s Joute |V |
by the coarea formula (2.2) with u = p and g = xys.,0F - W |Vpl|, since

essinf|Vp| > 0 on U%\ U*e# for any 6, > 0.
Then we can proceed as in Steps 2—3 of the proof of Theorem Finally, in the case that U
is not bounded, we employ Remark to obtain the desired result. g

Remark 7.11. In particular, Theorem implies that, if Q is of CY boundary, the Gauss-
Green formula up to the boundary by approrimating OS2 with a sequence of smooth sets. This

can be seen by taking U = Q in (7.7).

Analogously, we also have a smooth version of Theorem [5.8] in which we employ the fact that
|0U| = 0 if U has a C° boundary, by Remark H, in order to integrate F' - V¢ only on U.

(x) = vyer(x) for every x € OU*".

Theorem 7.12 (Exterior normal traces via smooth approximations). Let U € Q be a C° open
set, and let F € DMP(Q) for 1 < p < oo. Then, for any ¢ € CO(Q) with Vo € L¥' (Q;R™), there
exists a set N' C R with LY(N') = 0 such that, for every nonnegative sequence {ey} satisfying
ex € N for any k and e, — 0,

(F v, 0) 50 :/ gbddiVF—l—/ F -V¢dr =— lim OF vy do™t, (7.8)
U U k—o0 OUe;p o

where V., , U the inner unit normal to the smooth sets Ue, ,. In addition, (7.8) holds also for
any open set U satisfying U C ), provided that supp(¢) is compact in Q.

8. THE GAUSS-GREEN FORMULA ON LIPSCHITZ DOMAINS

In Ball-Zarnescu [7], it is shown that, if a domain U is of class C?, then there is a canonical
smooth field of good directions defined in a suitable neighborhood of OU, in terms of which a
corresponding flow can be defined. By means of this flow, U can be approximated from both the
interior and the exterior by diffeomorphic domains of class C'*°; see also Hofmann-Mitrea-Taylor
[37] for the definition of a continuous vector field transversal to the boundary of an open set of
locally finite perimeter.
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In a related issue, Chen-Frid in [I1} [12] introduced the notion of regular Lipschitz deformable
boundary (see Definition . Then, for a bounded open set U satisfying this condition, they
proceeded to obtain the Gauss-Green formulas for DMP—fields F'. For the case p # oo, the nor-
mal trace of F'is defined as a distribution which is expressed as an average over a neighborhood
of Lipschitz deformable boundary OU determined by the Lipschitz deformations. However, as
explained in the introduction, the main goal of this paper is to present the Gauss-Green formula
for the case p # oo, by using the classical normal traces F - v which are defined on almost
every surface that approximates OU. Thus, the present paper aligns with the later work by
Chen-Torres-Ziemer [I4], in which the Gauss-Green formula for bounded DM--fields has been
established over arbitrary sets of finite perimeter F via the normal trace on 9*FE as the limit of
classical normal traces on smooth approximations of . The goal of this section is to show that
the main result in Ball-Zarnescu [7] implies that any Lipschitz domain satisfies condition (ii) of
Definition which indicates that condition (ii) holds automatically for a Lipschitz domain.

For a domain U in the class C, the concept of a good direction (see Definition [2.6)) has been
introduced, and the following result has been established in [7].

Proposition 8.1. [T, Proposition 2.1] Let U C R"™ be a bounded open set with boundary of class
C®. Then there exist a neighborhood V of OU and a smooth function G : V — S"~! so that, for
each P € V, the unit vector G(P) is a good direction.

Remark 8.2. Proposition can be localized. Indeed, if U is an unbounded open set with
boundary of class C°, then U N B(0, R) is a bounded open set with boundary of class C° for
any R > 0. Therefore, there exist a neighborhood V' of any compact set K C OU and a smooth
function G : V. — S"~1 so that, for each P € V, the unit vector G(P) is a good direction.

We recall that v = G(P) is a good direction if U is the graph of a continuous function in a
small neighborhood B(P,§) and in some system of coordinates (', y,,), where v is a unit vector
in the direction of y,. Using the field of good directions G(p), a flow S(-)(-) : R x R® — R" can
be defined through:

#(t) = ~(z(1))G(x(t),  2(0) = wo, (8.1)
with z(¢) = S(t)(xo) as the solution of the initial value problem for the differential equation
at time ¢, where +y is an appropriate smooth function (see [7, §4] for the details on the construction
of the flow).

By exploiting the properties of the flow of good directions, the following theorem has been
proved in Ball-Zarnescu [7], which is very helpful in the rest of this section.

Theorem 8.3. [7, Theorem 5.1] Let U C R™,n > 2, be a bounded domain of class C°. Let p
be a regularized distance defined in §7. For ¢ € R, define
UsP ={z eR": p(x) > ¢}, Usp={xeR": p(z) > —¢}.

Then there exists g = €o(U) > 0 such that, if 0 < ¢ < g9, U.,, and U are bounded domains
of class C*° and satisfy the following:

(i) m0<s<€0 U&P = U7 U0<€<50 Usr = U, and
U c U= and Uy D Usp if 0 <e <& <ey.

(ii) For —eg < € < g, there is a homeomorphism f(e,-) of R™ onto R™ with inverse denoted
f~Y(e,") so that

o f(e,U) = U™ and f(e,0U) = dUSP for >0,
fe,U) = U_ ep and f(e,0U) =0U_. , for € < O0;
f(s, ) =x for |p(z)| > 3le|, so that f(0,-) is the identity;

x
f(e,) : R\ oU — R"\ 9U** for e > 0, and f(e,-) : R"\ oU — R™\ 0U_. , for
e < 0 are both C™ diffeomorphisms. In addition, f, f~! € C°((—¢&p,e0) x R*;R").
(iii) There is a map g : (0,&0) X (—&p,0) x R™ — R™ such that, if € € (0,e0) and & € (—&g,0),
then
e g(e,g,-) is a C* diffeomorphism of R™ onto R™ with inverse g~'(e,€’,-) : R* — R";
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o g(e, e\ UP) =U_.1p, g(e,',0UP) = OU_o ,;

e g(e, & x) =z for 3e < p(x) < 3¢,
Remark 8.4. An easy consequence of Theorem [8.3(ii) is that f(e,-) converges uniformly to the
identity. Indeed,

[f(e,z) =z =0  in{z : |p(x)] = 3el},
and
[f(e,2) — x| < diam({|p] <3le[})  in{x : |p(x)] <3el},

since f(g,-) is injective so that, for any x such that |p(x)| < 3|e|, f(e,z) — = cannot belong to

{Ip| = 3|e|}. Then this shows that

sup |f(e,z) —x| =0 as e — 0.
TeR™
We now proceed to show that condition (ii) of Definition is not necessary; that is, any
Lipschitz domain admits a bi-Lipschitz deformation. Even though the proof of Theorem
is outlined in [7, Remark 5.3], we present a detailed proof for our purpose of the subsequent
developments. First we recall a result of Lieberman [42, Lemma A.1] and an extension theorem
for Sobolev functions.

Lemma 8.5. If U is a Lipschitz domain with Lipschitz constant of the local parametrization of
OU wuniformly bounded, then there exists 6 > 0 such that, for any x with 0 < |p(z)| < 6,
0 2
P> =
Oirn, 3V1+ L2

where x = (2, x,) is an orthonormal coordinate system for which U is locally parameterized
by a Lipschitz function with Lipschitz constant less or equal to L, and e, is a good direction.

(8.2)

Remark 8.6. Lemma [8.5| applies to the case that U is a bounded Lipschitz domain, since, by
compactness, OU can be covered with a finite number of charts of the local Lipschitz parametriza-
tion. However, there are cases of unbounded U which still satisfy the assumption, such as the
half-spaces. In addition, since 1s a local result, it holds for any open set U with Lipschitz
boundary, up to localizing to a bounded subset of OU .

Lemma 8.7. Let U be a domain satisfying the minimal smoothness conditions; that is, there
existe >0, N € N, M > 0, and a sequence of open sets {V;} such that:

(i) If x € QU, then B(z,e) C V; for some i;
(ii) No point in R™ is contained in more than N of {V;};

(iii) For each i, there exists a Lipschitz function 1b; with Lipschitz constant less or equal to
M such that V; NU is the subgraph of v; inside V;.

Then there exists a continuous linear operator £ : WHP(U) — WFP(R™), for any k € N and
1 <p< oo, such that E(f) = f on U.

For the proof of this result, we refer to Stein [58, Chapter VI, §3, Theorem 5]. These conditions
are satisfied for any bounded open Lipschitz domain U. However, they may fail in the general
case of an unbounded open Lipschitz domain.

Theorem 8.8. If U is a bounded Lipschitz domain, then f-(-) : U — U™ is bi-Lipschitz with
Lipschitz constants uniformly bounded in € > 0. If € < 0, the corresponding result is also true.

Proof. Unless otherwise stated, in this proof, V stands for the gradient with respect to the
spatial variable, denoted by x,y, or z. We divide the proof into five steps.

1. We first consider 0 < ¢ < ¢q, for some ¢y > 0 sufficiently small to be assigned. From
Theorem f(g,+) : R® — R"™ is continuous with continuous inverse f~1. Thus, the restriction:

fle,): U — Ak
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is also continuous with continuous inverse. We need to show that f(e, ) : U — U * is Lipschitz
with the Lipschitz constant uniformly bounded in ¢ € (0, ¢g). Following the proof of [7, Theorem
5.1], the continuous map f(e,-) is defined as

S(t(e,x))x for x € U\ U3+,
— 8.3
f(Eux) {x for T e U387p7 ( )
where t(e, x) is the unique ¢t > 0 such that
p(S(t(e, x))z) = p(x) + h(e, p(x)), (8.4)

and h(e,-) : Ry — [0,¢] is smooth with value & on [0,¢] and 0 on [2£,
—1+o0< %(6, r) < 0 for any r > 0 and ¢ sufficiently small.
2. In view of (8.3), it suffices to show that ¢(e,z) is Lipschitz, with Lipschitz constant

uniformly bounded in e. Define

o0) and, for some o > 0,

F(t,e, x) := p(S(t)x) — p(x) — h(e, p(x)). (8.5)
Then, from (8.4)),
F(t(e,x),e,x) =0. (8.6)
We take derivatives in with respect to z; to obtain %—fa‘% + gTi = 0; that is, 8% =
—gfi (%—f)_l. We need to show that |§—£| is bounded from above. By definition (8.5)), it follows
that
oF oS(t)yx 0p Oh op
_ S(H)z) - _ 7z . 8.7
e = VoS(B) - T D% - 2P S pla) 5% (87)

Notice that |%(5,p(az))| < 1 by the definition of h, and |V(S(t)z)] < M = M., uniformly on
x € U\ U307 for some g > 0, since it is the flow of the smooth compactly supported vector field
~vG; see (8.1). Thus, it suffices to show that |Vp(x)| is bounded above. Relation (7.5)) implies

oG
dp 0G  0G dp dp  oa VG
Ox; Ox; Ot Ox; — or; 1-— ?Tf = Vel@) = — % (8:8)
From ([7.4), we obtain
VG(z, 1) = / vd (:z: — Iz) n(z)dz,
B(0,1) 2
oG 1 T
o (x,7) ) /B(O,l) vd (iL’ - —z) zn(z) dz.
In turn, it follows that
0G 1
VG (z,7)| <1, 87(% T)| < 5 for any z € R" and 7 = p(z), (8.9)
T
so that
|Vp(z)| <2 for any = € R, (8.10)

since |Vd| =1 £"~a.e, by Lemma 5.1} Therefore, from (8.7) and (8.9)), we have
|VF| < 2(M +2).

I]t r};amains to show that \%—f] is bounded away from zero. From (8.5)), it follows by [7, Remark
3.1| that

OF
5 = @) (Vo G)(S(t)z) >0
for any t small enough and x in a suitable neighborhood of OU.
However, in order to prove the uniformity of this estimate in x € U \ U0, independent of
e, we need to employ the compactness of OU. As recalled in [7, Remark 5.3], in the case that
OU is Lipschitz, Lemma can be applied. In this way, since G(z) is a field of good directions,
we use to show that there exists 0 > 0 such that, for any z € U with d(z) < J,

Vo(z) - G(x) > 2

o 5 8.11
T 3V1+ L2 ( )
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where L is the maximal Lipschitz constant of the Lipschitz parametrizations of QU. This implies
that there exists g = 9(6) > 0 such that (8.11) holds for any = € U\ U*** and any ¢ € (0, o).
Since « can be chosen in such a way that v = 1in U \ U%%0 (see [7, §4 and Theorem 5.1]), we
obtain

oF 2
o~ 3/1+ 12

Thus, this implies
|Vi(e,z)] < 3(M +2)V1+ L? for any (g,z) € (0,e0) x U \ U0, (8.12)

From the proof of [7l, Theorem 5.1], we also know that t € C°°((0,20) x U)NC°([0,2¢) x U) and
t(e,z) = 0 for any = € U3 From (8.12), it follows that f(e,-) € WL (U;R"). Since U is
only Lipschitz, the classical extension theorems for Sobolev mappings (cf. [27, Theorem 1, §4.4]
and [28, Theorem 1, §5.4]) do not apply, and we know only that f(e,-) € Lip,,.(U; R™) (¢f. [27,
Theorem 5, §4.2.3] and [28, Theorem 4, §5.8.2]). However, Lemma can be applied in the
case p = 0.

Therefore, there exists a function f(e,-) € W (R"; R"), uniformly in € € [0, &), such that
f(e,) = f(e,-) on U. Moreover, f(e,-) and f(e,-) also agree on U since, for any x € 9U,
there exists a sequence {z;} C U with x; — =, so that f(e,z) = f(e,z) because both f(e,")
and f(e,-) are continuous in U. Clearly, f(e,-) is Lipschitz in R” uniformly in ¢ € [0, ) so that
f(g,+) € Lip(U; R") uniformly in € € [0, &p).

3. Let us now consider the inverse map f~'(g,-) : U * — U. From the proof of [7, Theorem
5.1], we know that it can be defined as

_ S(B(e,2))z if €U\ U3,
f 1(572) = ( ( )) : 3e \
z if z € U*5P,

where ((e, z) is the unique solution to the equation:

9(e,2,B(e, 2)) = 0,
where
9(e,z,7) := p(2) = p(S(7)z) — h(e, p(S(7)z)).
By the implicit function theorem, S(e,-) € C®°(US?) N CO(U™"). Tt is also clear from the
definition of A that B(e, z) = 0 for any z € U3, In addition, we have

Vg(f—:, 2,5(57 z))
VB, 2) = — ’
B(e, 2) %(8,2,5(6,2))

and
Vo, 2.7) = Volz) ~ V(S(7)2) - Vo(S(r)2) — O(e, plS(r)2))V(S(r)2) - V(S(r)2), (813)
W ei0m) = = p(S(7)2) - (GGNS(2) 1+ G e p(S(T)2N) ) (8.14)

Arguing as above and using , we obtain
Vg(e, 2 B(e, 2))| < 2(Mey +2)
for any e € [0,0) with any fixed g9 > 0, and z € U .
As for the estimate on the denominator, we can use and the fact that gi(s, r) > —1+o0 >

—1, for some o > 0 independent on &, in order to show that there exists eg = £¢(d) > 0 such
that

2
gi (e, 2, B(e, z))’ > WU for any € € [0,¢¢) and x € U \ U3,

Therefore, for any € € [0,&0) and x € USP \ U3+,

VB2 < DM+ 2)VT+ 12
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for some 7 depending on the choice of h, M = M., depending on domain U, and L depending
on the Lipschitz parametrization of OU.

This implies that f~1(g,-) € Whe(U?; R") uniformly in e € (0, p). Thus, arguing as before,
there exists an extension f~!(g, ) € WL (R"; R") uniformly in & € (0, &), which coincides with
f~1(e,-) on U" by the uniform continuity, and it is Lipschitz uniformly in ¢ € (0,£0). Thus,
we have proved that f~!(e,-) € Lip(U ”;R™) uniformly in € € (0,); that is, the Lipschitz
constant of f~1(e,-) on U"” is uniformly bounded in & € (0, &).

4. Let now € < 0. By the proof of [7, Theorem 5.1], we know that, for € € (—&p,0) and x € U,

the map f is defined as

f(57 1’) = g(_57 & f(_57 SU))’
where g(—¢, ¢, ) is the diffeomorphism introduced in Theorem (iii), and f is the map defined
in the first part of the proof; see also definition (5.16) in the proof of [7, Theorem 5.1].

Since f(—e,-) is uniformly Lipschitz as proved in the first part of the proof, we need to check
the same property for g(—¢, €, ). In order to do so, we need to introduce some auxiliary functions
from the proof of [7, Theorem 5.1].

Let 0 = 6(7,y) be the unique solution to the equation: p(S(f)y) = 7. By [, Lemma 4.1],
such a function is well defined for |7| < 3eg and |p(y)| < 3eo, is smooth for 7 # 0, and

__V(50)y) -Va(S0)y)
Vp(S(0)y) - (’VG)(S(H)y)( Y) (8.15)

by the implicit function theorem, since 9y (S(0)y) = (YG)(S(#)y). This implies that, using
if 0 < |d(S(f)y)| < 6 for some § > 0 sufficiently small, the denominator of VO(r,y) is bounded
away from zero uniformly in 7. Arguing in a similar way as above, we can show that there exists
g0 = €0(d) > 0 such that

Vo (7_7 y) =

IVO(r,y)| < 3M.y\/1+ L2 (8.16)

for any 7 € (—3e0,3e0), 7 # 0, and y € Usg,p \ Ugso’p, since d(S(0(,y))y) = 0 if and only if

p(S(0(7,y))y) = 0, which means that 7 = 0. On the other hand, for our purposes, 7 = 0 if and

only if £ = 0; in such a case, f(0,2) = x for any x € R™, which is clearly Lipschitz.
Furthermore, 6(7,y) is increasing in 7 for fixed y, and

%T ! >§\/1—|—L2,

o7 Y = W (O SO ) 2

which is uniformly strictly positive in Uz, , \Uggo’p. Given ¢ € (0,g9) and ¢’ € (—¢0,0), we
obtain
- 0(2¢',y)
"y) = — ’ 8.17
1e9) 0(2¢,y) — 0(2¢',y) (8.17)
0(¢ 0(2¢'
T(é, €/,y) = (87y) ( € ay) (818)

s(g, € y) = . (8.19)

By the monotonicity property of 6, it is clear that r,s € (0,1).
Let u : (0,1) x (0,1) x R — R be the smooth function described in [7, Lemma 5.1], which
particularly satisfies the property that u(a,b,c) = ¢ for any (a,b) € (0,1) x (0,1) and ¢ ¢ [0, 1].
Finally, we define g by

S(w(E e y)y  if p(y) € (3¢, 38),

8.20
Y otherwise, ( )

g(éa Elvy) = {

where

w(g e y) = (0(28,y) — 02", y))u(r(E, €', y),s(E, ¢, y),q(& &, y)) + 0(2<,y). (8.21)
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We observe that, if y € U, then 6(2¢’,y) > 0 so that ¢(¢,¢’,y) > 0. Moreover, if ¢(¢,&,y) > 1,
then w(é,e’,y) = 0 by the property of u. Hence, we can restrict ourselves to the case that
0 < q(&,¢',y) <1, without loss of generality.

In our case, we are dealing with g(—¢,¢,y) for ¢ < 0, and y = f(—¢,z) € U%?, so that we
can select € = —¢ and &’ = e.

Since S is the flow of the smooth vector field vG, it suffices to show uniform bounds on the

gradient of w for y € U\ T*"". We have
Vw(—e,s,y)
= VQ(Q‘C:? y) + (ve(_2€7 y) - V9(257 y))u(r(_€7 £, y)7 S(_Ev £, y)7 B(_‘Ea g, y))

+ (9(_287 y) - 0(25a y)) <g:f(r(_57 &, y)’ S(—é, &, y)’ q(—s, &, y))VT(—&, &€, y)
ou

0s

ou
+ %(T(_€> €, y)a 8(—6, €, y)7 q(—E, g, y))VQ(—E, g, y)) . (822)

Observe that h is smooth, and r(—e¢,e,y),s(—¢,¢,y) € (0,1) for any € € (—&9,0) and y €
U\ g’ by the properties of #. In addition, only the intersection with set {(g,y) : 0 <
q(—e,e,y) < 1} is relevant to us, since w vanishes on the outside of the intersection. Therefore,

+ (T(—€,E,y),S(—€,€,y),q(—€,€,y))VS(—E,€,y)

h and all its derivatives are uniformly bounded in U \ T for any € € (—eo,0).
Moreover, by standard calculations, we have

(0(_267 y) - 9(257 y))VQ(_E, & y) = _V0(2€7 y) - q(_€7 &, y) (VQ(_251 y) - v9(2€, y))?
(0(=2¢,y) — 0(2¢,y)) Vr(—¢,e,y) = VO(—e,y) — VO(2¢,y)
—r(—e,e,y)(VO(-2¢,y) — VO(2e,y)),
(9(7287 y) - 9(255 y))VS(*6, & y) = VH(E, y) - ve(st y)
- 8(_67 g, y) (VG(—Q&, y) - ve(2€7 y)) .
From these formulas, the bounds on (g, r, s), and (8.16|), we conclude that Vw(—e¢,¢,-) € L>®(U \
U3o»; R™) uniformly in € € (—¢o,0).

Arguing now as in the previous two cases, we can extend f(e,-) for £ < 0 to a WH*-map on
the whole R™, whose restriction on U coincides with f (e, -); thus proving that f(e,-) € Lip(U; R")
uniformly in € € (—&o, 0].

5. Finally, the inverse map for € < 0 is given by

e z) = fH—e,9g7 Y —¢,e,2)) for z € U, , and ¢ € (—¢o,0), (8.23)

for some g¢ > 0 sufficiently small (¢f. definition (5.17) in the proof of [7, Theorem 5.1]).

The inverse map g~ (—¢, ¢, -) is defined in a similar way to (8.20)), by using h~Y(a,b,-) instead
of h; that is, the inverse function of h(a,b,-). Since h™1(a,b,d) = d for any (a,b) € (0,1) x (0,1)
and d ¢ [0,1], then we can argue as before to obtain the uniform essential boundedness of
Vg~ '(—¢,e¢,-), which concludes that f(e,-) for € < 0 is a uniform bi-Lipschitz function. O

Remark 8.9. As a consequence of Theorem|3.8|, we can show that, if U has Lipschitz boundary,
then V f(e, ) — I, in LP(R™;R™™™) for any 1 < p < 0.

Indeed, by Theorem[8.3| (i), V f(e,x) =1, for any x such that |p(z)| > 3|e|. This implies that
Vf(e,x) =1, for any x € R™\ U, and

/Rn V(e 2) = Inf? dz < CP27 ({|p(x)| < 3lel}), (8.24)

where C' is a constant depending only on U and n, since the Lipschitz constants of f(e,-) are
uniformly bounded for e € (—eo,€0), by Theorem . This tmplies the convergence, since
ZL"(oU) = 0.

As an immediate consequence, we have the following result.
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Theorem 8.10. The boundary of any Lipschitz domain is Lipschitz deformable in the sense of
Definition [2.7]

Proof. Indeed, we can employ Theorem [8.8] to construct a Lipschitz deformation ¥ as in Defini-
tion It suffices to set

\Il(va) = f(7-517$) for any 0 < &1 < €y,

where f is given in Theorem By the properties of f(e,-), ¥(-,7) is a bi-Lipschitz homeo-
morphism over its image uniformly in 7 € [0, 1] and ¥(-,0) = Id. O

Remark 8.11. In fact, Definition[2.7] refers to open sets with Lipschitz boundary, while, thanks
to Theorem|8.8|, we are able to deal with open bounded Lipschitz domains. However, the connect-
edness assumption is not relevant, since one can work separately with each connected component
of a bounded open set with Lipschitz boundary to achieve Theorems and [8.10] for each com-
ponent. In a similar way, one can also consider an unbounded open set with Lipschitz boundary
U, and then localize the problem by considering, for instance, U N B(0, R) for R > 0, which are
open bounded sets with Lipschitz boundary. It is then clear that Theorems and [B10] apply to
U N B(0,R) for any R > 0. Thus, we can conclude that any open set with Lipschitz boundary
has a reqular Lipschitz deformable boundary, at least locally.

An immediate consequence of the existence of such Lipschitz diffeomorphism between QU and
oU®*? or U, , is that the area formula can be employed in order to consider only integrals on
oU.

Theorem 8.12. Let U € 2 be an open set with Lipschitz boundary, let F € DMP(Q) for
1 <p<oo, and let ¢ € COUQ) with V¢ € LF (Q;R™). Then there exists a set N C R with
LY(N) = 0 such that, for every nonnegative sequence {ei} satisfying e, ¢ N for any k and
E — 0,

/ngbddij—k/UF~V¢dx:—kli_>rgo . (¢F-|g5|> (f(er, 2)) T f(ep, z) d#™t, (8.25)
and
/¢ddij+/ F.V¢dr = — lim <¢F-W> (f(—er, 2)) I f(—ep, z) ds™ 1, (8.26)
U U k—oo Jou Vol

where f(+e,-) is the bi-Lipschitz diffeomorphism introduced in Theorem .

In addition, holds also for any bounded open set U with Lipschitz boundary if ¢ €
L>™(Q), and even for an unbounded open set U with Lipschitz boundary if supp(¢) N U° € Q
for any 0 > 0. Similarly, also holds for any open set U satisfying U C 2, provided that
supp(¢) is compact in €.

Proof. We need to apply the area formula to the Lipschitz maps f(e,-) : OU — U=* in ([7.7))—
7).

We denote by JOU f(e,-) the (n — 1)-dimensional Jacobian of f(e,-) on AU, and recall that
the inner unit normal to QU®* is given by |§—Z| from Theorem |7.10 Then

Vp 1 Vp ou -1
op L) @arnt = [ (o8- T8 (fena)s™ fen0)
/8Ufw < Vol ou Vol
We can argue analogously with U, ,. Therefore, we can rewrite (|7.7)—(7.8) as (8.25)—(8.26). O

From this result, we can deduce some known facts again from the theory of DM-fields.

Corollary 8.13. Let F € DMP(Q) N CO(Q;R™) for 1 < p < o0, let ¢ € CO(Q) N L>(Q) with
V¢ e LV (S R™), and let U C Q be a bounded Lipschitz domain. Then

(F-u,¢>aU:/U<;de1’vF+/UF-Vd>dx:— 8U¢F-uUd,%m—1. (8.27)

If F € DM™>(Q), then the normal trace functional on OU is indeed a Radon measure, absolutely

continuous with respect to "L OU, with essentially bounded density function —F; - vy €
L>®(0U; 4™ 1.
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Proof. In order to prove the first statement, we consider 1 € C}(R";R").
Notice that

/ divpde = — [ - vypds™t, / divyy de = —/ Y- &d%"*.
U oU Usr ouew |Vl
Arguing as in the proof of Theorem [8.12] we obtain
Vp 1 Vp oU -1
) ——dH" :/ o f)e,- -(of> g, ) J f(e,)ds#t™ ",
Jo 5 oV O g0 ) E0TTIE

Since

e—0

lim divwdx:/ diviy de,
Us» U

we conclude

lim [ (¢o f)(e,-)- <Vp o f) (e,)JU fle,)dom L = | -vypdam ! (8.28)
e=0 Jou Vol ouU
for any ¢ € Cl(R™;R"). By the density of C}(R*;R") in C.(R";R") with respect to the
supremum norm, we can deduce that holds also for any i € C.(R™;R™). Thus, by ,
we conclude that holds.
As for the second part of the statement, we can argue as in the proof of [11, Theorem 2.2],
since U has a Lipschitz deformable boundary, by Theorem [8.10) U

Remark 8.14. Corollary[813] can also be regarded as a consequence of Proposition[6.8], together
with the well-known fact that "~ 1(OU \ 0*U) = 0 for any open set U with Lipschitz boundary.
In addition, this implies that, in the case that OU is Lipschitz reqular, O*U can be substituted

with OU in f.

We end this section by recalling an alternative result concerning the approximation of open
bounded sets with Lipschitz boundary which has been proved by Necas in [45]. For this expo-
sition, we refer mostly to the paper of Verchota [60], in which the result in [45] is extended and
applied.

Definition 8.15. We denote by Z(P,r) the truncated cylinder centered at point P and with
basis radius r. Given a Lipschitz domain U and a point P € OU, we say that Z(P,r) is a
coordinate cylinder if

(i) The bases of Z(P,r) have a positive distance from OU;
(ii) There exists a coordinate system (&, xy) such that {Z,, = 0} is the axis of Z(P,r), and
there exists a Lipschitz function ¢ = ¢z : R"1 = R such that

Z(P,r)NU = Z(Pyr) N {(Zn, xn) : xn > ©(Tn) };
(iii) P = (0,%(0)) or, equivalently, P is the origin of the coordinate system and ¢(0) = 0.
The pair (Z, ) is called a coordinate pair.

Remark 8.16. If the Lipschitz domain U is bounded, then OU can be covered by a finite number
of coordinate cylinders {Zj}é-v: 1, to which corresponds a finite number of coordinate pairs. In
addition, cylinders Z; can be selected in such a way that some dilation Z]’f = )\jZ;‘, Aj > 1, still
gives a coordinate pair (Z;,goj). We denote by L the maximum of the Lipschitz constants of
functions ¢j. Also we may assume that ¢; € Lip,(R"™1) without loss of generality.

Remark 8.17. Given ¢ € Lip.(R"™), there exists a sequence vy, € C°(R™) such that 1y, — ¢
uniformly, ||V peomere) < [[V@ll Lo rirny, and Vo, — Vi in LYR™;R™) for any 1 < g <
00. This can achieved by taking the convolution of ¢ with a smooth mollifier.

The following approximation results hold, for which we refer to [45, Theorem 1.1], [46, Lemma
1.1], [59, Appendix], and [60, Theorem 1.12]; see also the alternative proof given in [26]. For the
self-containedness, we also give here a sketch of the proof.

Proposition 8.18. Let U be a bounded Lipschitz domain. Then the following statements hold:
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(i) There exists a sequence of open sets Uy satisfying that OUy, is of class C™°, Uy € Ug11 €
U, and |J, U = U,

(ii) There exists a covering of OU by coordinate cylinders such that, for any coordinate pair
(Z, ) with ¢ € Lip,(R"™1), Z*NAU, is the graph of a function ¢}, € C°(R"™1) satisfying
that ¢, — ¢ uniformly, |[Veg|pe®n-1rn-1) < [Vl poo@n-1,zn-1y, and Vi, — Vo
L a.e. and in LY(R" ;R for any 1 < ¢ < oc;

(iii) There exists a sequence of Lipschitz diffeomorphisms fi : R™ — R™ such that f,(OU) =
OUy, the Lipschitz constants are uniformly bounded in k, fi — Id uniformly on U, and
Vfe =1, for " ' a.e. x€0U;

(iv) There exists a sequence of nonnegative functions wy = JOU fi. uniformly bounded and

bounded away from zero such that (f;/ ') (A" L OUy) = wp "L LOU:

AN OUL N fo(E)) = / wy da ! for any Borel set E C 0U,
E
and that wy, — 1 " -a.e. on OU and in LI(OU; ") for any 1 < q < oo;
(v) The normal vector to Uy satisfies that vy, o fr, — vy for A" qg.e. x € 0U and in
LA(OU; 1) for any 1 < q < oo, and an analogous statement holds for the tangent

vectors;
(vi) There exists a C* vector field H in R™ such that

H(fx(P)) vy, (fu(P))>C >0 for any P € 0U,

where C' = C(H, L), and L is the maximal Lipschitz constant of the parametrization of
ou.

Sketch of Proof. Results (i)—(ii) have been proved by Necas in [45] (see also [59, Appendix]);
while the others follows from the first two.
Indeed, we can define the homeomorphisms f; in each coordinate cylinder Z; by

fe(@) = (@n, 2n + 0k(En) — @(2n))

for the coordinate system (&,,x,) related to Z;, and then glue these definitions together with
the aid of some cutoff functions, by using the fact that the same coordinate pair can also be
used in the larger cylinder Z7. In this way, the uniform convergence follows immediately.

As for result (iv), we can find that

fk_l(y) = (yAn;yn - (Pk(gn) + @(?)n)),

where (9n,yn) is the coordinate system related to some Z;. This also shows that fj, is invertible
with continuous inverse, so that it is indeed a homeomorphism. In fact, since ¢ € Lip,(R"™!)
and @ € CP(R™ 1), we can conclude that f; is a Lipschitz diffeomorphism, with Lipschitz
constants uniformly bounded in k, by using that Vi, — Vo for £ 1a.e. & € R* 1

Moreover, by employing the area formula, it follows that wy, is exactly the (n—1)-dimensional
Jacobian of fi, on U, JO f,.. Notice that

Vi, = L1 K
T V- |1 )

where I,,_1 is the (n — 1) x (n — 1) identity matrix. Therefore, the convergence of Vi (x) to
Vip(x) for L1 = #"1-a.e. x € OU implies that Vf, — 1, for " 1—a.e. x € U, which
in turn implies that JOV f, — 1 for #"'-a.e. x € U. Then the L9-convergence follows by
the Lebesgue theorem and the boundedness properties, which can be shown by calculating the
Jacobian explicitly. O

Proposition allows us to refine Theorem by showing that any open bounded set
with Lipschitz boundary admits a reqular Lipschitz deformation in the sense of Definition
Analogously, if the set is unbounded, such a statement should hold locally.
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Theorem 8.19. If U is a bounded open set with Lipschitz boundary in R™, then there exists a
reqular Lipschitz deformation ¥ (x,7) = W, (x) of OU satisfying
lim JOUW, =1 in LYOU; ™7 Y). (8.29)

T—0*

Proof. Set

1 1
where the functions fj are given by Proposition It is clear that W(-, 7) is a bi-Lipschitz dif-
feomorphism from U over its image, by Proposition |8.18(iii), with Lipschitz constants uniformly
bounded in 7 > 0. Since JOV f, — 1 in LI(dU; 1) for any 1 < q < oo, by Proposition
(iv), and

0<k(k+1)r—k<1, 0<k+l—k(k+l)r<1 forre (,%Hﬂ

we conclude that JOU W (z,7) — 1 in LI(QU; #™1) for 1 < ¢ < oo, which implies (8.29). O

Remark 8.20. Hofmann-Mitrea-Taylor in [37, Proposition 4.19] worked with a strongly Lips-
chitz domain U in R™ such that there exists a C'—vector field h satisfying

|h(x)| =1, h(z) vy(z) >k for A" L a.e. x € OU

for some k € (0,1). In the literature, a domain is said to be strongly Lipschitz if the Lipschitz
constants of the parametrization of OU are uniformly bounded, so that any open bounded set U
with Lipschitz boundary is a strongly Lipschitz domain, by compactness. For a more detailed
exposition, we refer to [0, Appendix B]. Then, if U, := {x — 7h(z) : © € U}, there exists
70 > 0 such that, for any T € (0,70), Ur is a strongly Lipschitz domain satisfying U, C U and
OU; = {z — th(z) : € dU}. In addition, the results of Proposition [B.18|ii)~(vi) hold with
Lipschitz regularity, instead of C°°. However, it is clear that more regularity on the vector field
h would imply more reqularity of OU,.

Moreover, a similar approximation holds from the exterior of U, if we consider U_,, for
T € (—71,0], for some 11 > 0.

Following Theorem we see that the assumptions of Hofmann-Mitrea-Taylor [37, Propo-
sition 4.19] are not strictly necessary; however, they allow to have this particular representation
of the approximating sets.

9. CaucHY FLUXES AND DIVERGENCE-MEASURE FIELDS

In Continuum Physics, the fundamental principle of balance law can be stated in the most
general terms in the following way (cf. Dafermos [20] and Lax [39]): A balance law in an open
set Q) of R™ postulates that the production of a vector-valued “extensive” quantity in any bounded
open subset U € 2 is balanced by the Cauchy flux of this quantity through the boundary of U.

For smooth continuum media, the physical principle of balance law can be formulated in the
classical form:

/ b(y) dy = / f(y) dm () (9.1)
U oUu

for any given open set U that is of smooth boundary, where f is a density function of the
Cauchy flux, and b is a production density function. In mechanics, f represents the surface
force per unit area on QU, while f gives the heat flow per unit area across the boundary 0F in
thermodynamics.

In 1823, Cauchy [9] (also see [10]) established the stress theorem, which states that, if f(y) :=
f(y,v(y)), defined for each y in an open region €2 and every unit vector v, is continuous in y,
and b(y) is uniformly bounded on €2, and if is satisfied for every smooth region U € €2,
then f(y,r) must be linear in v; that is, there exists a vector field F' such that

fly,v) = F(y)-v.
The Cauchy postulate states that the density flux f through a surface depends on the surface
solely through the normal at that point. Since the time of Cauchy’s stress result [9, [10], many
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efforts have been made to generalize his ideas and remove some of his hypotheses. The first
results in this direction were obtained by Noll [47] in 1959, who set up a basis for an axiomatic
foundation for continuum thermodynamics. In particular, Noll [47] showed that the Cauchy
postulate may directly follow from the balance law. In [36], Gurtin-Martins introduced the
concept of Cauchy flux and removed the continuity assumption on f. They represented the
Cauchy flux as an additive mapping F on surfaces S such that there exists a constant C' > 0
such that

|F(9)| < corm(S), |F(OB)|<CL™(B) for any surface S and subbody B.  (9.2)

In 1983, Ziemer [65] proved Noll’s theorem in the context of geometric measure theory, in
which the Cauchy fluxes were first formulated via employing sets E of finite perimeter to rep-
resent the bodies and 0* E to represent the surfaces. His formulation of the balance law for the
flux function yielded the existence of a vector field F' € L*° with divF € L*°. The papers by
Silhavy [54, 55] extended definition by requiring

F(S)] < /S hdwm-L, | FOB)| < /B gdx (9.3)

for suitable functions g and h in L? for p > 1 and almost every surface S. The vector fields
obtained under these conditions have distributional divergences that are integrable; that is,
F € L' and divF € L'. However, all the previous formulations of Cauchy fluxes do not allow
the presence of “shock waves” since divF' is absolutely continuous with respect to £".

Degiovanni-Marzocchi-Musesti [25] further generalized conditions (9.2) and considered the
Cauchy fluxes defined on almost every surface and satisfying

IF(9)] < / hda"',  |F(0B)| < o(B) (9.4)

S

for a suitable function h € LllOC and a nonnegative Radon measure o. This definition of Cauchy
fluxes induced the existence of a vector field F' € DM] . Schuricht [53] studied an alternative
formulation to , which consists in considering the contact interactions f as maps on pairs
of disjoint subbodies (instead of surfaces). Thus, f(B, A) is the resultant force exerted on B by
A. The function f is assumed to be countable additive in the first argument (i.e., a measure)
and finitely additive with respect to the second argument. This alternative formulation also
implies the existence of F € D./\/llloc, depending on A, such that divF = f(-, A). The Gauss-
Green formulas obtained in [25] and [53] are valid for F' € DMP () for any p > 1, but only on
the sets of finite perimeter, £ C €2, which lie in a suitable subalgebra related to the particular
representative of F'. In other words, these Gauss-Green formulas are valid only on almost every
set, thus missing the exceptional surfaces or “shock waves”. In order to recover the flux on every
surface, it is necessary to develop a theory of normal traces for divergence-measure fields.

In Chen-Torres-Ziemer [14], such a theory of normal traces on reduced boundaries of sets
of finite perimeter has been established for DM (Q2)-fields. The method in [I4] consists in
constructing the normal traces as the limit of the classical normal traces over smooth approxi-
mations of the set of finite perimeter. This approach requires a new approximation theorem of
sets of perimeter that can distinguish between the measure-theoretic interior and exterior of the
set. The Cauchy flux introduced in [14] is defined on every set of finite perimeter, E € €2, and
on every " '-rectifiable surface S C 0*F (so that S is oriented with the normal to the set).
The conditions that there exists a nonnegative Radon measure ¢ such that

[F(0"E)| < o(EY), [F(9) < comi(s) (9-5)

imply the existence of a DM field F' so that the Cauchy flux over every surface can be
recovered through the normal traces of F on the oriented surface (see Remark [9.5(ii) below).
The Cauchy fluxes in the sense of Chen-Torres-Ziemer [I4] allow the presence of exceptional
surfaces (i.e., shock waves) in the formulation of the axioms. In this setting, divF = go for
some g and Radon measure o, and hence divF' is not in general absolutely continuous with
respect to L". The measure o does not vanish on the exceptional surfaces and the Cauchy flux
F has a discontinuity since F(S) # —F(—S). Formulations (9.2)-(0.3) deal with the particular
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case o = L™, and hence the measure vanishes on any #"~!-dimensional surface, excluding the
shock waves.

Example 9.1. Let
F(x1,22) = f(72)g(21)(1,0) Jor some f € L*(R) and g € C}(R),

so that F € DM™(R?), and let E be as in Remark[4.14, Then, by @.8), G = xgF is also in
DM>®(R?), while G ¢ BVio.(R?*;R?), since E is not a set of locally finite perimeter.
IfU = (0,2)2 = U', then ENU = E and xyG = xgF. Hence, applying again (4.8), we
obtain
(G -V, )oy = xudivG — div(xuG) = (xpn — 1)divG = (xg1 — 1) f(22)9(21) D2y XE
13

— ~Haalgle) AL (0} x O.1) + Sagen ' (121 x (3.2)). o0)

On the other hand, if L :== U U 0*U instead, we still obtain that x1G = xgF = G and
(G-v, )y, = xpdivG — div(x1G) = (xr — 1)divG

= (xvrwerv (@1, 22) — 1) f(22)g(21) Doy xB = 0, (9.7)
since supp(|Dy, xE|) C U UO*U. Hence, it follows that
(G-v,)ou # (G- Vi) gwuon) (9-8)

in general. This condition is satisfied, for instance, if g(0) < 0, g(2) =0, and f > 0 in (0,1),
since (G - v, -) gy 15 a nontrivial nonnegative Radon measure in this case.

Thanks to the fact that G € DM™>(R?), we can define an associated Cauchy flur F by using
the theory developed in [14]. Given a bounded set of finite perimeter M, there exist the interior
and exterior normal traces of G: (&;-vyr) and (Se-var) € L¥(0*M; 1) (see Proposition.
Then we define

F(S) = — /S &; - vay A, (9.9)

if S is an S —rectifiable surface such that S C 0* M which is oriented by vyr, for some bounded
set of finite perimeter M; and

F(S) = /Sese-uM ds7?, (9.10)

if S is an S —rectifiable surface such that S C 0* M which is oriented by —vyr, for some bounded
set of finite perimeter M.

It is not difficult to check that F is a Cauchy fluz in the sense of [14]. Indeed, by definition,
F is a finitely additive functional on disjoint surfaces. Since the normal traces are essentially

bounded, from (9.9)—(9.10), we obtain

[F(9)] < CAY(S).
Then | F(0*M)| < o(M?) for any bounded set M of finite perimeter, if o = |divG)| is chosen.
Indeed, we need just to employ the Gauss-Green formulas and the fact that G has compact
support.

In particular, if we apply (4.6) to G, a bounded set of finite perimeter M and ¢ € Lip,(R?)
with ¢ =1 on M, then

F(@*M):—/ ®i~I/Md<%01 ZdiVG(Ml).
o*M
Arguing analogously, from (4.7)), we have
F(—0*M) = — B - vy At = divG(M*T U d*M).
o*M
Since G has compact support in R?, by [16, Lemma 3.1], we obtain
0 = divG(R?) = divG(M"' Ud* M) + divG((R*\ M)1),
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from which it follows that
F(0*(R*\ M)) = F(-0*M) = —divG((R*\ M)*).
Thus, (9.5) is satisfied. Then we have proved that F is a Cauchy flux in the sense of [14].
Choose S := 0*U oriented by vy, by (9.10), Proposition and , we have

FO0) = (G- v dlay == | olaraa)f(e2)g(er) dDanxe

for any ¢ € Lip.(R?) with ¢ =1 on U. Arguing analogously, by (9.10)), Proposition and
(19.7), we have
.7'—(—8*(]) = <G -V, ¢>8(UU8*U) = 0,

for any ¢ € Lip,(R?) with ¢ =1 on U. Then, by , it follows that, in general,
F(O*U) # —F(=0"U),
which shows that F may have a discontinuity on the rectifiable surface 9*U.

In this paper above, we have developed a more general theory of normal traces for unbounded
DMP? fields. In particular, we have shown that the normal traces can be represented as the limit
of the classical normal traces on smooth approximations or deformations. Hence, we can now
give a more general definition of Cauchy fluxes over general open sets (not necessarily of finite
perimeter).

Definition 9.2 (Side surfaces). A side surface in Q is a pair (S,U) so that S € Q is a Borel
set and U € § is a open set such that S C OU. The side surface (S,U) is often written as S for
simplicity, when no confusion arises from the context.

Definition 9.3 (Cauchy fluxes). Let Q be a bounded open set. A Cauchy fluz is a functional F
defined on the side surfaces (S,U) such that the following properties hold:
(i) F(S1US2) = F(S1) + F(S2) for any pair of disjoint side surfaces S1 and S in U, for
some U € §;
(ii) There exists a nonnegative Radon measure o in 0 such that
|F(OU)| < o(U) for every open set U € Q;

(iii) There exists a nonnegative Borel function h € Li () such that

loc
F ()| < / R
S

for any side surface S C OU and any open set U € § (the integral could be 0o, in which
case the axiom is also true).

For simplicity, the Cauchy flux is often written as F(S), when no confusion arises from the
context.

We state now our main result on the representation of general Cauchy fluxes.

Theorem 9.4. Let F be a Cauchy flux in Q with h € L{. () as in Definition . Then there

exists a unique F € D./\/llloc(Q) such that, for every open set U € ),
(i) For any ¢ € CL(Q) such that $ =1 on a neighborhood of OU,
FOU)=(F v, $)gy, (9.11)
and there exists an interior smooth approzimation U of U as in Theorem[7.2] such that,

for a suitable subsequence €, — 0 as k — oo,

F(OU) = — lim F - vye, dom™!
Ekﬁo OUEk

where F' - vy, denotes the classical dot product;
(ii) If xuF € DML (), then there exists u, € M(OU) such that

Fov) = [ du
oUu
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(iii) IfU is a C° domain, then there exists a sequence of smooth set U as in Theorem
which can be represented as a deformation generated by f(e,z) (defined in Theorem |8.3))
that is C™ in x when ¢ > 0 and C° in x when ¢ = 0, such that, for a suitable subsequence
e — 0,

F(OU) = — lim F - vyepe d™ 1

ex—0 QUEkP
(iv) IfU has a Lipschitz boundary, then there exists a reqular Lipschitz deformation ¥(x,e) =:
U (x) of OU such that, for a suitable subsequence e, — 0 as k — oo,

F(OU) = — lim F(U,, () vy (Y., (2)J T, (2)d#" ().
ep—0 oU
Proof. We divide the proof into four steps.

1. We first show the existence of such an F € DM] (). Let Zo be the collection of all
closed cubes in R™ of the form:

I =la1,b1] x -+ X [an, by],
such that I € 2. For almost every s € [a;, b;], define
Iis:={yel:y =s}

Let {e1,...,en} be the canonical basis of R”. We fix j € {1,...,n}. For every cube I € Zg,
define

bj
W)= [ F (1) ds

From Definition [9.3(iii), we have

. bj b
wnl< [T 1FGls< [0 [ nawrtas < [ plde = s,
aj a; JIjs I
where the Fubini theorem has been used. Thus, for any finite collection of disjoint cubes
I, ..., Ix, we have

K K
SN <D bl < 1ollps - (9.12)
i=1 i=1
Since h € LIIOC(Q), then, for every € > 0, there exists § > 0 such that
ZL"A) < = / |h|dz < e.
A

Hence, if {I;}X, is a finite collection of disjoint cubes Ii,..., Iy, satisfying Zfil LML) =
LUK ;) < 8, then
K

Do @) < bl 1y <& (9.13)
i=1

Hence, 1/ is an additive set function defined on Zn. We can now apply a generalization of

Riesz’s theorem, due to Fuglede [33] (see also [14, Theorem 9.5]), to conclude that there exists
f;j € LL (Q) such that

loc
pd (1) = /fj dz for every I € Zg.
I
We take sequences oy, ; T s and 8 ; | s as k — co. We have
1 Bk, 1 Br,j
— F(ljs)ds = / / fj dads.
Brj — ke Joy,,; Brj — ke Joy; J1;.

Letting £ — oo yields
F(Ls) :/ fi dsrm1 for Z'-a.e. s.
Is



52 GUI-QIANG G. CHEN, GIOVANNI E. COMI, AND MONICA TORRES

Define

F = (fl?"'afﬂ)'
We obtain that, for every j € {1,...,n},

F(ls) =— /I F(y)-e;d#"(y) for L'-a.e. s. (9.14)

From this point on, we say that a statement holds for almost every cube if it holds for all cubes
whose side intervals with endpoints in R \ AV, for some .#! negligible set N
From (9.14)), it follows that, for almost every cube I € Zg,

F(oI) = - . F(y) - vi(y)da™(y), (9.15)
which, by Definition (ii), implies
[ P a2 )| = 170D < o() < 0(0), (9.16)

where I denotes the open cube.

Using (9.16), we can now proceed as in [14, Lemma 9.6], or use [25, Theorem 5.3], to conclude
that F is a vector field with divergence measure satisfying |divF| < o, which means that
F € DM, (D).

2. Uniqueness of the DM'field F. Assume now that there exists another vector field
G = (g1, ,gn) such that (9.14) holds. For fixed j € {1,--- ,n}, we obtain that, for any cube

I e IQ,
b]' bj
/fjdm:/ / i d%”_l(y)ds:/ / 9; A" (y)ds = /gjdx'
I a; JIs; aj s, !

Hence, fj(z) = g;(z) for L"—a.e. x.

3. In order to prove (i), we approximate QU with closed cubes in such a way that
[o.¢]
ou = () Ji,
i=1

where each J; is a finite union of closed cubes in Zqg, which can be chosen so that (9.15) holds,
and J;41 C J;. In addition, we can also choose {J;} in such a way that

(F-v,)yj =—F-v 2" L0, (9.17)

This follows for instance from [25] Theorem 7.2], which states that, for almost every closed cube
I € g, we have
divF(I) = — | F-vpds#" L. (9.18)
ol
On the other hand, for any ¢ € Lip.(Q), o F € DM (Q) by Proposition It is clear that, by
(3-3),

°

div(pF)(I) = div(eF)(I) — / pddivF.
o1
By Remark and (9.18)), it follows that

o

<F-V,<p)8f—div(<pF)(I)——/ oddivF — | oF -vrdsm™ 1
oI oI

Then, arguing as in [2, Example 1.63], we obtain that |divF'|(0]) = 0 for almost every I € Zg,

since divF is a Radon measure. All in all, we conclude for almost every finite union J of

closed cubes; then the sequence {J;} is chosen from these finite unions {.J} of closed cubes.
Now, from Definition |9.3|(ii), we have

\FOJ;inU))| <o(J;NU).
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Standard measure theory arguments imply that

lim o(J; NU) = o((N;J;) NU) = a(dU NU) = 0, (9.19)
1—00
so that )
lim F(8(J;NU)) = 0. (9.20)
1—00

Now, we consider (F - v, ¢) DN for some ¢ € C1(). We notice by Theorem that, for
any ¢ € C2(Q),
(F-v,¢) 5y = — lim OF - vyey, AL (9.21)

k—oo Joxprek
In the same way, we have
_ . -1 1
<F g ¢>8(j¢ﬂU) - klggo 0*W¢k OF - vyyer ds" for any ¢ € Cc (Q)a (922)
where 0W ¢ is defined as the superlevel set of the signed distance function associated to W =

J;iNU, as in (15.2)).
We now choose a test function ¢ € C}(Q) such that ¢ # 0 in a neighborhood of AU, but
¢ =0on Q\ J;. Since J; is closed, then ¢ = 0 in a neighborhood of dJ; N U. With this choice

of ¢, (9.22)) reduces to
(F1,0)5j,00) = — Jim X j OF - vy A" (9.23)

k—o0 8*U%k
and, from (9.21]) and the fact that J;N&* Uk = 9*U** for &), small enough and ¢ fixed, we obtain
(F v, <;5>a(ij) =(F-v,0) 5y for any such ¢. (9.24)

Therefore, the distribution (F - v, -) ) coincides with (F -v,-) gy on OU.
Arguing similarly, we can show

(F v, '>8

a(jiﬂU

(JinU) = (F-v, '>ajz. on U NAaJ;. (9.25)

Therefore, we conclude
(F v, ')a(jimU) = (XJiF v, ')aU +{xvF -v, '>aji (9.26)
= (F v, )ou + (XuF v, )yj
since J; D dU. By , we have
(F v, '>3(ij) = X jnydivF — div(xijF). (9.27)

If we now choose ¢ € C}(£) such that ¢ = 1 on a neighborhood of U, then ¢ =1 on OU U dJ;
for any ¢ large enough. Then, from (9.17) and (9.24)—(9.27)), we obtain

(F - v, ¢>8U—/ F.vpds#" ' =(F v, ¢>8U—/a oxvF vy, da™ !
Ji

UnoJ;
= <F "V, ¢>6U + (XUF sV, ¢>8j1
=(F v, ¢>8(J°mU)
= / ¢ ddivF —/ ¢ddiv(x j -~ F)
jiﬂU Q ‘

:/ ¢ ddivF + F-Védr —0

J;NU J;NU

as i — oo, since |J; NU| — 0 and |divF|(J; NU) — 0. This implies

(F-v, ¢)gy = lim F(y) - vy, (y)ds™ " (y). (9.28)
100 UnoJ;

On the other hand, by Definition [9.3(i), we have
F(O(J;nU)) = FOU) + FU N,
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so that, from (9.15)) and (9.20)), we obtain
F(OU) = lim F(y) - vy, (y)ds™ " (y). (9.29)

=00 JUnaJ;

Finally, from (9.28)—(9.29), we conclude (9.11). Then Theorem implies the second part of
point (i) (see also Theorem [5.4)).

4. For (ii), we notice that xyF € DML (Q), since U € Q. Hence, Theorem implies the
existence of a finite Radon measure pj on QU such that

<F-y,¢>8U:/6U¢d,ub for any ¢ € CL(Q).

Thus, if we take ¢ = 1 on a neighborhood of AU, point (i) immediately implies (ii). Cases
(iii) and (iv) follow analogously from (i): for (iii), one need to apply Theorem while (iv)
is obtained by employing the bi-Lipschitz regular deformation ¥.(z) from Theorem as in
Theorem O

Remark 9.5. In particular, the following assertions also hold:
(i) If U is an open set of finite perimeter, o(OU) = 0, and fa*U hd#"! < oo, then

FOU) = — F-yyds™t,
o*U
where F' - vy is the classical dot product.
To see this, we use the assumption that o(OU) = 0 and fa*Uhd%”_l < o0 to apply
[25, Theorem 5.4], which shows that (F -v,-)au is represented by the classical dot product
between F and vy. Hence, from Theorem[9.4(i), we have

FU)=— F(z) vy(z)d" ).
oxU
(ii) If the Borel function h in Definition (iii) is constant and U is an open set of finite
perimeter, then F € DM (2), and

loc

F(OU) = — / (& - v) doem T,
oxU
where §; - vy € L®(0*U; "1 is the interior normal trace of F on 0*U.

This corresponds to the case already treated in [14, Theorem 9.4], since U € Q) is a
set of finite perimeter and h is constant. Hence, we obtain F € DM (Q), and the
normal trace (F - v,-) g, is represented by the measure —(i - vy) S LL9*U, for some
(Fi-vu) € L>®(0*U; #™Y); see also Proposition .

Remark 9.6. The importance of Theorem (9.4 and Remark[9.5] is that the flux can be recovered
on every open set U.

Remark 9.7. It has been discussed above that Schuricht [53] considered an alternative formu-
lation for the azioms, representing the contact interactions as maps f(B, A) on pairs of disjoint
subbodies (instead of surfaces). In this formulation, our results on normal traces for DMP—fields
improve those in [53, Theorem 5.20, equation (5.21)], since f(B,A) can be written as the limit
of the classical normal traces on the approximations of B, versus an integral average.
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