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ABSTRACT. We consider a singular phase field system located in a smooth
bounded domain. In the entropy balance equation appears a logarithmic non-
linearity. The second equation of the system, deduced from a balance law for
the microscopic forces that are responsible for the phase transition process, is
perturbed by an additional term involving a possibly nonlocal maximal mono-
tone operator and arising from a class of sliding mode control problems. We
prove existence and uniqueness of the solution for this resulting highly non-
linear system. Moreover, under further assumptions, the longtime behavior of
the solution is investigated.

1. Introduction. This paper is devoted to the mathematical analysis of a system
of partial differential equations (PDE) arising from a thermodynamic model de-
scribing phase transitions. The system is written in terms of a rescaled balance of
energy and of a balance law for the microforces that govern the phase transition.
Moreover, the second equation of the system is perturbed by the presence of an
additional maximal monotone nonlinearity. This paper will focus only on analyt-
ical aspects and, in particular, will investigate existence, uniqueness and longtime
behavior of the solution. In order to make the presentation clear from the begin-
ning, let us briefly introduce the main ingredients of the PDE system and give some
comments on the physical meaning.

We consider a two-phase system located in a smooth bounded domain Q C R3
and let T > 0 denote a final time. The unknowns of the problem are the absolute
temperature ¥ and a phase parameter x which may represent the local proportion of
one of the two phases. To ensure thermomechanical consistency, suitable physical
constraints on x are introduced: if it is assumed, e.g., that the two phases may
coexist at each point with different proportions, it turns out to be reasonable to
require that x lies between 0 and 1, with 1 — x representing the proportion of the
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second phase. In particular, the values y = 0 and xy = 1 may correspond to the pure
phases, while x is between 0 and 1 in the regions when both phases are present.
Clearly, the model should provide an evolution for y that complies with the previous
physical constraint.

Now, let us state precisely the equations as well as the initial and boundary
conditions. The two equations governing the evolution of ¥ and x are recovered as
balance laws. The first equation is obtained as a reduction of the energy balance
equation divided by the absolute temperature ¥ (see [7, formulas (2.33)—(2.35)]).
Hence, the so-called entropy balance can be written in 2 x (0,7") as follows:

8t(ln19+€)<) —k‘oA’l?:F7 (1)

where kg > 0 is a thermal coefficient for the entropy flux, ¢ is a positive parameter
and F' stands for an external entropy source. We point out that in the previous
equation one finds the entropy flux Q, related to the heat flux vector q by Q = q/9,
and specified by Q(t) = —koVVI(¢), t € (0,T). Moreover, due to the presence of
the logarithm of the temperature in the entropy equation (1), the positivity of the
variable representing the absolute temperature follows directly from solving the
problem, i.e., from finding a solution component ¥ to which the logarithm applies.
This is important, since we can avoid the use of other methods, or the setting of
special assumptions, in order to guarantee the positivity of ¥ in the space-time
domain.

The second equation of the system under study accounts for the phase dynamics
and is deduced from a balance law for the microscopic forces that are responsible
for the phase transition process. According to [21,25], this balance reads

Orx — Ax + B(x) +7(x) > 49, (2)

where 8 4+ 7 represents the derivative, or the subdifferential, of a double-well po-
tential WV defined as

W =3+,
where
B:R— [0, 4+00] is proper, l.s.c. and convex with B(O) =0, (3)
7 € CY(R) and 7 = 7’ is Lipschitz continuous in R. (4)

Due to (3), the subdifferential § := 91 is well defined and turns out to be a maximal
monotone graph. Moreover, as £ takes on its minimum in 0, we have that 0 € 5(0).
Note that in (2) the inclusion is used in place of the equality in order to allow for
the presence of a multivalued 3. We recall that many different choices of 8 and
7 have been introduced in the literature (see, e.g., [5,8,20,26]). In the case of a
solid-liquid phase transition, ¥ may be chosen in such a way that the full potential
(cf. (2)) ]
X = Bx) +7(x) — tx

exhibits one of the two minima y = 0 and x = 1 as global minimum for equilibrium,
depending on whether o is below or above a critical value 9., which may represent

a phase change temperature. A sample case is given by 7(x) = ¢J.x and by the g
that coincides with the indicator function Ijg ;; of the interval [0, 1], that is,

0 if 0<p<1

+o00  elsewhere

B(P) = 1[0,1] (p) = {
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so that 8 = 0I|g 1) is specified by

<0 if p=0
reB(p) ifandonlyif r ¢ =0 if 0<p<1
>0 if p=1

Of course, this yields a singular case for the potential W, in which 3 is not differ-
entiable, and it is known in the literature as the double obstacle case (cf. [5,8, 21])

In the present contribution, we assume that the second equation (2) of the system
is perturbed by the presence of an additional maximal monotone nonlinearity, i.e.,

dx — Ax + Bx) +m(x) + ¢ > &, (5)
where
C(t) € Ax(t) — x*) for a.e. t € (0,7). (6)

Here, x* is a positive and smooth function (x* € H?(Q) with null outward normal
derivative on the boundary) and A : L2(2) — L?(2) is a maximal monotone opera-
tor satisfying some conditions, namely: A is the subdifferential of a proper, convex
and lower semicontinuous (l.s.c.) function ® : L?(Q) — R which takes its minimum
in 0, and A is linearly bounded in L%(Q). As widely described in [3], the role of this
further nonlinearity is physically meaningful in the framework of phase transition
processes.

In the last decades phase field models have attracted a number of mathematicians
and applied scientists to describe many different physical phenomena. Let us just
recall some results in the literature that are related to our system. Some key
references are the papers [6-8]. Besides, we quote [10], where a first simplified
version of the entropy system is considered, and [9,11] for related analyses and
results. Besides, let us mention the contributions [18,19], where standard phase
field systems of Caginalp type, perturbed by the presence of nonlinearities similar to
(6), are considered and the existence of strong solutions, the global well-posedness
of the system and the sliding mode property are proved. We also refer to [14],
where the author prove the existence of solutions for a system characterized by the
contemporary presence of two nonlinearities in the entropy balance equation: the
resulting system is highly nonlinear and the main difficulties lie in the treatment of
the doubly nonlinear equation

O(Ind +€x) —koAV+ (3 F, ((t) € A(x(t) — x*) for a.e. t € (0,T).

In the first part of the present contribution we prove existence and uniqueness of
the solution for the system consisting of equations (1), (5)—(6) coupled with suitable
boundary and initial conditions. In particular, we prescribe a no-flux condition on
the boundary for both variables:

0,9=0, 9dx=0 onT x(0,7T), (7)

where 0, denotes the outward normal derivative on the boundary I" of 2. Besides,
in the light of (6), initial conditions are stated for In® and x:

Ind¥(0) =Invdy, x(0)=x0 in Q. (8)

The second part of the paper is concerned with the asymptotic behavior of the
solution to (1), (5)—(8) as t goes to +oo. Let us point out that the longtime
behavior has been already investigated for related equations with memory terms



4 M. COLTURATO

in, e.g., [4]. In our framework, we assume that A = pSign, where p is a positive
coefficient, Sign :— 2 is defined as

v A0,
Sign(v) = { 1”91”(0) if v =0, ©)

and Bi(0) is the closed unit ball of H (it is straightforward to check that Sign
satisfies the properties required for the operator A). Then, we show that the w-
limit, defined as

w = {(ﬁoo,xoo) €V xV: dasubsequence t, ' +oo such that

(ﬂ(tn),x(tn)) — (Voos Xoo) In V X V}

is nonempty and consists only of stationary solutions. In particular, ¥, is a con-
stant, while x., satisfies

- AXOO +&o + W(Xoo) + (oo = lYs a.e. in Qv (10)

oo € B(Xoo)s Coo € A(Xoo — X7)- (11)
As far as the outline of the paper is concerned, we state precisely assumptions and
main results in Section 2, then introduce the time-discrete problem (P;) in Section 3
and completely prove existence and uniqueness of the solution. Section 4 is devoted
to the proof of several uniform estimates, independent of 7, involving the solution
of (P;). Then, in Section 5 we pass to the limit as 7\, 0 by means of compactness
and monotonicity arguments in order to find a solution to the problem (1), (5)—(8).
Finally, in Section 6 and in Section 7, respectively, we prove the uniqueness of the
solution and its longtime behavior.

2. Main results.

2.1. Preliminary assumptions. We assume 2 C R? to be open, bounded, con-
nected, of class C! and we write |Q| for its Lebesgue measure. Moreover, I' and 8,
still stand for the boundary of 2 and the outward normal derivative, respectively.
Given a finite final time T > 0, for every t € (0,7 we set

Qe=1(0,t)xQ, Q=Qr, (1)
S =(0,t) xT, ¥ =3 (2)
We also introduce the spaces
H=1*Q), V=H(Q), Vo=H), (3)
W={uecH*Q): d,u=0o0nT}, (4)
with usual norms || - ||z, || - ||v and inner products (-,-)q, (-, )y, respectively. We

identify H with its dual space H’, so that W Cc V. ¢ H Cc V' ¢ W’ with dense
and compact embeddings. Let (-,-) stand for the duality pairing between V' and
V. The notation || - ||, (1 < p < +00) stands for the standard norm in LP(Q). For
short, in the notation of norms, we do not distinguish between a space (or its norm)
and a power thereof.

From now on, we interpret the operator —A as the Laplacian operator from
the space W to H, then including the Neumann homogeneous boundary condition.
Moreover, we extend —A to an operator from V to V' by setting

(—Au,v) == [ Vu-Vv, wu,veV. (5)
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Throughout the paper, we account for the well-known continuous embeddings V' C
Li(Q) (1< qg<6), W C C°Q) and for the related Sobolev inequalities:

[ollg < Csllolly and — oflee < Csfloflw (6)

for v € V and v € W, respectively, where Cs depends on 2 only, since sharpness is
not needed. We will also use a variant of the Poincaré inequality, i.e., there exists
a positive constant C), such that

lolv < G (el +1Volx),  veV. (7)

Furthermore, we make repeated use of Holder inequality and of Young’s inequalities,
i.e., for every a,b >0, z € (0,1) and 6 > 0

ab < da* + (1 — 2)b7°3, (8)
1
ab < 6a* + 4—51)2. (9)
Besides, for every a, b € R we have that
1 1 1
(a —b)a = §a2 - §b2+§(a—b)2. (10)

Finally, we also recall the discrete version of the Gronwall lemma (see, e.g., [22, Prop.
2.2.1)).

Lemma 2.1. If (ag,- - ,an) € [0, +00)N*L and (by,--- ,bn) € [0,4+00) satisfy

m—1

amSaO—I—Zanbn form=1,--- N, (11)
n=1
then
m—1
am<aoexp<2bn> form=1,--- N. (12)
n=1

Finally, we state another useful result for the sequel.
Lemma 2.2. Assume that a, b € R are strictly positive. Then
(a—0b) < (Ina® —Inb?*)(a+b). (13)

Proof. We consider a > b (if b > a the technique of the proof is analogous) and
obtain

(a—1b) < (In(a?) — In(b?))(a +b) = 2(In(a) — In(b))(a +b) = 2In (Z) (a+b). (14)

Then, dividing by b, we have that

)= (5)G ) "

Letting = a/b, we can rewrite (15) as
(z—1)<2lnz(z+1) for z > 1. (16)
Now, we observe that (13) is verified if and only if the function
f(z):=2(x+1)lnx —x+1 is nonnegative for every = > 1. (17)

Since f(1) = 0 and f’(z) > 0 for every & > 1, we conclude that the proof of the
lemma is complete. [
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In the following, the small-case symbol ¢ stands for different constants which
depend only on €2, on the final time 7', on the shape of the nonlinearities and on
the constants and the norms of the functions involved in the assumptions of our
statements. On the contrary, we use different symbols to denote precise constants
to which we could refer. The reader should keep in mind that the meaning of ¢
might change from line to line and even in the same chain of inequalities.

2.2. Statement of the problem and results. As far as the data of our problem
are concerned, let £ and kg > 0 be two real constants. We also consider the data F’,
x*, ¥ and xo such that

F e HY(0,T; H)n LY0,T; L>=(Q)), (18)
x*ew, (19)
doeV, Yg>0ae inQ, Invye H, (20)
X0 € W. (21)
Moreover, we introduce the functions B and 7, satisfying the conditions listed below:
B:R — [0, +00] is lower semicontinuous and convex with 5(0) = 0, (22)
lim |r|_2B(r) = 400, (23)
|r| =400
7 € C*(R) and 7 is Lipschitz continuous. (24)
Since 3 is proper, lower semicontinuous and convex, the subdifferential § := L]

is well defined. We denote by D(S) and D(8) the effective domains of § and
B, respectively. Thanks to these assumptions, 8 is a maximal monotone graph.
Moreover, as 3 takes on its minimum in 0, we have that 0 € §(0). We also assume
that

& € D(B) a.e. in Q and 3 xo € H such that § € B(xo) a.e. in Q, (25)
whence ~
Bxo) € L'(Q). (26)
Indeed, thanks to the definition of the subdifferential and to (22), we have that
0< [ B < (@0x0) < ool (27)

In the following, the same symbol 5 will be used for the maximal monotone operators
induced on H = L?*(Q) and L?(0,T; H) = L*(Q).

In our problem a maximal monotone operator
A:H—H (28)
also appears. We assume that
A is the subdifferential of a convex and l.s.c. function ® : H — R
which takes its minimum in 0 and has at most a quadratic growth. (29)
These properties are related to our assumptions on A = 0¥, which read
0€ A(0), 3ICa >0 such that ||y||lg < Ca(l+|z|lg) Vxe H, Vye Az. (30)

In the following, the same symbol A will be used for the maximal monotone oper-
ators induced on L?(0,T; H).
Examples of operators A. Now, we consider the operator

sign : R — 28 (31)
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= if r#0
i —J T ! ’ 9
sign(r) { [~1,1] ifr=0, (32)

and its nonlocal counterpart

Sign : H— 28 (33)

= ifv#0
- T ! ’ 4
Sign(v) { Bi(0) ifv=0, (34)

where By(0) is the closed unit ball of H. It is straightforward to check that Sign
satisfies (30) and turns out to be the subdifferential of the norm function v — ||v|| z.
Moreover, let us recall that the subdifferential of the convex function v — [, |v] is
a maximal monotone operator from L>(Q) to 257 () defined as in (34).

Main results. Our aim is to find a quadruplet (9, , ¢, &) satisfying the regu-
larity conditions

9 € L*0,T;V), (35)
9>0ac inQ and Inde HY0,T;V')NL=(0,T; H), (36)
x € HY(0,T; H)n L*(0,T; W), (37)
¢ e L*0,T; H), €€ L*0,T; H), (38)
and solving Problem (P) defined as
O(Ind(t) + €x(t)) — koA¥(t) = F(t) inV, for ae. t € (0,7T), (39)
Oix —Ax+E+7(x)+((t) =09 ae. in Q, (40)
e pB(x) ae inQ, (41)
C(t) € A(x(t) — x*) forae. te (0,T), (42)
a,9 =0, dyx =0 on3, (43)
In9¥(0) = In ¥y, x(0) =xo in Q. (44)
In order to obtain a variational formulation of Problem (P), from (39) and (43) we

infer that
(O (Ind(t) 4+ £x(t)),v) + ko /Q Vi(t) - Vo = /QF(t)v, veV. (45)

Theorem - (Existence and uniqueness) 2.3. Assume (18)—(30). Then problem
(P) stated by (39)—(44) has a unique solution (9, x,&) satisfying (35)—(38) and the
regularity properties

9 € L>0,T;V), ¢€L>0,T;H), (46)
x € Whee(0,T; HYN HY(0,T;V) N L>(0,T; W), €€ L>(0,T;H). (47)

Theorem - (Longtime behavior) 2.4. Assume (18)—(30). In addiction, if x* is
constant, p is a positive parameter, A = pSign and

Foo=0,  FeL®0,+00;L>®(Q)) N L0, 400; L*(Q)) N L*(0, +00; H), (48)
then the w-limit, defined as

w:= {(1900,)(00) eV xV: 3 a subsequence t, S +oo such that

(9(ta) x(t0)) = (Foos x) in V x V' } (49)
is nonempty and consists only of stationary solutions. In particular, 9o is a con-
stant, while xo satisfies

= AXoo + &oo + T(Xoo) + oo = W a.e. in O, (50)
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oo € B(Xoo), Coo € A(Xoo — X7)- (51)

3. The approximating problem (P;). The following three sections are devoted
to the proof of Theorem 2.3. In order to obtain this result, we introduce a back-
ward finite differences scheme. Assume that N is a positive integer and let Z be any
normed space. By setting the time step 7 = T//N we introduce the interpolation
maps from ZN+! into either L>°(0,T; Z) or W1>°(0,T; Z). For (2°,2%,--- ,2N) €
ZN+1 we define the piecewise constant functions Z, and the piecewise linear func-
tions Z,, respectively:

Z, € L=(0,T; Z), 2, € Wh>(0,T; 2), (1)
Z((+s)7) = 2T 2(( 4 s)T) = 2+ s(2T = 2P, (2)

if0<s<landi=0,---,N —1. We also define the operator

8, ZNTL 5 ZN|

. _ i+l i
0-2' =w means that w'=——— fori=0,---,N —2, (3)
T
for (20,21, ,2V) € ZV* and (w0, wt,--- ,wN"1) € ZV, and we denote by
012, (t) i= 0,21 for a.a. t € ((i — 1)1,47), i=1,---,N. (4)
By a direct computation, it is straightforward to prove that
Iz — 37||Lx(o,T;Z) = izol?}?)]%il lzit1 — zillz = 7H3t27||L°°(0,T;Z), (5)
1Z- — 37||2L2(0,T;Z) ~ 3 Z 2i41 — Zz||22 = §||8t37||2L2(0,T;Z)’ (6)
i=0
17 =5 oy = _max s — 2l
N—-1 2
< 7_2 Zi+1 — %4
i=0 T z
< 7102 120,129 (7)

Then, we consider the approximating problem (P;). We set

) 1 T
F ::7/ F(s) ds, fori=1,---,N (8)
T JGa-1)7
and we look for two vectors (99,91, -, 9N) € VNI (0 1 ... xN) € VNHL
satisfying, for ¢ = 1,--- , N, the system
9 >0 a.e. in Q,Inv* € H, 3¢?, €' € Hsuch that (9

V290 4 In g + 0x' — ThoAY = 7F' + 7297y In 407t in Q, (
X = TAX + 7€+ (X)) + 7¢ = T+ T in Q, (
(eAlX' —x")  inQ, (
fepnd) o, (13
90" =9,y =0 on I, (
In9¥° = Iny, X = xo in Q. (
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Now, we rewrite the equations (10) and (11) using the piecewise constant functions
Z, and the piecewise linear functions z, defined in (1)—(2), respectively, and obtain
that R -
20,0, 4+ 8,In 0, + L9, Xr — koAU, = F, (16
0Xr = AX; + & +7(X,) + (= 0. (17
¢ eA, —x) i, (18
£ €Bf(X,) inQ, (19
9,9, =0,Xx, =0 onT, (20
hlﬁo = 111’[90, EO = XO il’l Q (21
In view of (18)—(21), we infer that for ¢ = 1 the right-hand side of (10) is an element
of H, and we have to find 9! along with ¢! fulfilling (9)—(10) and (12); in case we
succeed, from a comparison in (10) it will turn out that 9! € W. Then, we insert
9! in the right-hand side of (11) and seek x! € W and &' € H satisfying (11) and
(13). Once we recover them, we can start again our procedure, and so on. Then, it
is important to show that, for a fixed i and known data F*, ¢*~1, In¥*~ !, x*~! we
are able to find a pair (9, x*) solving (9)—(14).
Theorem 3.1. There exists some fized value 71 < min{l,T}, depending only on
the data, such that for any time step 0 < 7 < 71 the approzimating problem (P;)
stated by (9)—(15) has a unique solution

(ﬁoaﬂlv"‘vﬁN)GVXWNv (Xovxlv"'va)ewNJrl'
Let us now rewrite the discrete equation (10)—(10) by using the piecewise constant
and piecewise linear functions defined in (1), with obvious notation, and obtain that

—_ — — D T

129,09, + 0 n 0, + €0, % — koAV, = F,  ace. in Q, (22)
OXr — AX, + & +7(X) + (=07 ae inQ, (23)
G () € AR, () = x7)  for ae. t €(0,T), (24)

& €B(X,) ae inQ, (25)

OV =0,x, =0 a.e. onX, (26)

0, (0) =d0, %r(0)=x0 a.c inQ. (27)

3.1. The auxiliary approximating problem (AF.). In this subsection we con-
sider the auxiliary approximating problem (AP.) obtained by considering the ap-
proximating problem (P;) in each interval of range 7 and replacing the operators
appearing in (10)—(15) with their Yosida regularizations. About general properties
of maximal monotone operators and subdifferentials of convex functiions, we refer
the reader to [1,12].

Yosida regularization of In. We introduce the Yosida regularization of In. For

e > 0 we set )
I— (I In)~
In,:R — R, In,:= % (28)

where I denotes the identity. We remark that In. is monotone, Lipschitz continuous
(with Lipschitz constant 1/¢) and satisfies the following properties: denoting by
L. = (I +¢ln)~! the resolvent operator, we have that

In.(z) € In(Lex) for all x € R,
[lng ()| < In(x)], li{r(l) In.(x) =1In(z) forall x> 0.
€
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We also introduce the nonnegative and convex functions
x )
A(z) = / Inrdr, A(y)= / In.rdr forall >0 and yeR. (29)
1 1

Note that the graph x — Inz is nothing but the subdifferential of the convex
function A extended by lower semicontinuity in 0 and with value 400 for x < 0.
On the other hand, A, coincides with the Moreau—Yosida regularization of A and,
in particular, we have that

0 <A (x) <A(x) for every z > 0. (30)

Yosida regularization of A. We introduce the Yosida regularization of A. For
€ > 0 we define
I—(IT+eA)!
AH-——m A=l Uted)T (31)
€
Note that A. is Lipschitz-continuous (with Lipschitz constant 1/¢) and maximal
monotone in H. Moreover, A satisfies the following properties: denoting by J. =

(I +¢eA)~! the resolvent operator, for all § > 0 and for all x € H, we have that
Acx € A(Jex), (32)

lAcalln < 1A%, lim [} Acz - Alz|g =0, (33)

where A%z is the element of the range of A having minimal norm. Let us point out
a key property of A., which is a consequence of (30): indeed, there holds

|Acz|lg < Ca(l+ ||z||g) forall x € H. (34)

Notice that 0 € A(0) and 0 € I(0): consequently, for every ¢ > 0 we infer that
J-(0) = 0. Moreover, since A is maximal monotone, J is a contraction. Then,
from (30) and (32) it follows that

[Aclla < Ca(Jezlm +1) < Ca(llJex = JO0[a +1) < Calllz|lm + 1)

for every z € H.

Yosida regularization of 5. We introduce the Yosida regularization of 3. For
€ > 0 we define
I—(I+ep)™t

5 .

We remark that . is Lipschitz continuous (with Lipschitz constant 1/¢) and satisfies
the following properties: denoting by R. = (I +¢3)~! the resolvent operator, we
have that

Be 1 R — R, Be = (35)

B:(x) € B(Rex) for all z € R,
|B:(2)] < |8°(2), lim B (z) = 8%x)  for all z € D(B),

where 3°(x) is the element of the range of 3(x) _having minimal modulus. We also
introduce the Moreau—Yosida regularization of 5. For ¢ > 0 and = € R we define

Bk Dbl Ao = min {5+ ol - )

and we recall that
Be(x) < B(z) for every z € R. (36)
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We also observe that . is the derivative of BS. Then, for every 1,22 € R we have
that

xT

Belwa) = Belwn) + [ Bels) ds. (37)

x1
Definition of the auxiliary approximating problem (AF.). We fix 7 and
consider the auxiliary approximating problem (AP;) obtained by considering (10)—
(15) in the interval of range 7 and regularizing the operators appearing in (P;). We
set
g:=TF 4+ 7297 L Ingi =t 4oy hi=x"1, (38)
and note that both g and h are prescribed elements of H (cf. (8), (18), (20), (21)
and (9)). We look for a pair (©., X.) such that
120, 4+ In.0, — ThoAO, = —(X.+¢g inQ, (39)
X, —TAX, +76.(X.) +r(Xo) + TAA(X. — x*) = X'+ 71O, in , (40)
where In., A. and B. are the Yosida regularization of In, A and [ defined by
(28), (31) and (35), respectively. Here, according to the extended meaning of —A
(see (5)), we omit the specification of the boundary conditions as with (14).

Theorem 3.2. Let g, h € H. Then there exists some fized value 7o < min{l, T},
depending only on the data, such that for every time step T € (0,72) and for all
e € (0,1] the auziliary approxzimating problem (AP.) stated by (39)—(40) has a
unique solution (O¢, X,).

3.2. Existence of a solution for (AP.). In order to prove the existence of the
solution for the auxiliary approximating problem (AP;) we intend to apply [1, Corol-
lary 1.3, p. 48]. To this aim, we point out that, for 7 small enough, the two operators

[71/2] +1In. — 7koA] appearing in (39), (41)
[+ 76 +7m — 1A+ 7A(-—x")] appearing in (39), (42)

both with domain W and range H, are monotone and coercive. Indeed, they are
the sum of a monotone, Lipschitz continuous and coercive operator:

V20 +1n, in (41), and T+ 7B +717m +7AL(- —x*) in (42),

and of a maximal monotone operator that is —A with a positive coefficient in front.
We now check our first claim. Letting vy, vo € H, we have that

(7721 + ) (01) = (P20 4 1) (v2), 01— v2)

> 712||o; — w4 + (Ine(v1) — Ine(v2), vy — v2). (43)
Due to the monotonicity of ln., the last term on the right-hand side of (43) is
nonnegative. Then we infer that

(214 m) (1) = (P20 4 ) (v2), 01 = v2) 2 72 or = vl

i.e. the operator [Tl/ 2] + In.] is strongly monotone, hence coercive in H. Next, for
all vy, v9 € H we have that

((I + 78+ +TA( = X)) (1) — (T + 7B + 7+ TA( — x7)) (v2),v1 — vg)

> Jlur = valf = Carllor = vallf + 7(Be(v1) = Be(va), o1 — v2)

+7(Ac(v1 — X*) — Ac(va — X), 01 — v2), (44)
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where C, denotes a Lipschitz constant for 7. Since . and A, are monotone, it
turns out that

T(ﬁe(m) — Be(v2),v1 — Uz) >0, (45)

T(As(vl - X*) - AE(UQ - X*)vvl - ’Ug) > 07 (46)
and, choosing 72 < 1/2Cy, from (44) we infer that

((I + 70 +7m+ T A( = X)) () = (T4 70 + 77 + 7A(- = X)) (v1), 01 — ”2)

1
> 5 llor — a3, (47)

whence the operator [I +78: + 77+ 7A(- — x*)] is strongly monotone and coercive
in H, for every 7 < 9.

Now, in order to prove Theorem 3.2, we divide the proof into two steps. In the
first step, we fix ©. € H on the right hand side of (40) and find a solution X, for
(40). In the second step, we insert on the right hand side of (39) the solution X,
obtained in the first step and find a solution ©. to (39). Now, let @l,e and @2,5 be
two different initial data. We denote by X; ., X5 . the corresponding solutions for
(40) obtained in the first step and by ©1 ., ©2 . the related solution of (39) founded
in the second step.

Hence, taking the difference between the two equations (39) written for ©; . and
@2,5 and testing the result by (X1, — X2 ), we have that

(7B 747 A =X (X ) = (T+TB A Tr T A= X)) (Ka), X1 o= Xy )

+ T/ |V(X1,6 - X2,5>‘2 S T€<@1,E - @2,67 XI,E - XQ,S)' (48)
Q

Then, applying (47) and (9), to the first term on the left hand side of (48) and to
the right hand side of (48), respectively, we infer that

1 _ _
SIX1e = Xa. 3+ 761~ Bl

1
|§1+T/ IV(X1e—Xa0))* < 71X = Xae|
Q

whence
[ X1 = Xoellr < 4722010 — O l3- (49)

Now, we take the difference between the corresponding equations (39) written for
the solutions X7 ., X2 . obtained in the first step and test by (01, — 02.). We
obtain that

7—1/2”61,5 - @2,8”%—] + (lnsgl,s - 1ns@2,sa @1,5 - @276) + TkO/ |V(@l,s - @2,s)|2
Q

/2 1/2

.
< W||X1,6 - X2,€||%{ + ?H@l,e - 92,5”%- (50)

Since In. is monotone, the second term on the left hand side of (50) is nonnegative.
Moreover, recalling (43) and using it in the left-hand side of (50), we infer that

€2
7-1/2 |

Then, by combining this inequality with (49), we deduce that
[©1,e — @2,5”?{ < 47'34”@1,5 - @2,6”%{, (51)

TI/QHQLE - @2,6”% < |X1,6 - X2,6||%I
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whence we obtain a contraction mapping for every 7 < 7o, provided that m» <
1/(8¢%). Finally, by applying the Banach fixed point theorem, we conclude that
there exists a unique solution (6., X.) to the auxiliary problem (AP;).

3.3. A priori estimates on AP.. In this subsection we derive a series of a priori
estimates, independent of ¢, inferred from the equations (39)—(40) of the auxiliary
approximating problem (AP;).

First a priori estimate. We test (39) by 7(0. — 9*) and (40) by X., then
we sum up. By exploiting the cancellation of the suitable corresponding terms and
recalling the definition (29) of A., we obtain that

720,14 + TA(O.) + T2k / ve.|?
Q

+ HXEH%I + T/Q |VXE‘2 + T(ﬁE(XE)7XE) + T(AE(XE —x"), Xe — X*>

< —7(n(X) X ) = T(Ad(Xe = X)) +7(9,0) + (X, (52)

Let us note that all the terms on the left-hand side are nonnegative. Due to (19)
and the continuity of the positive function ¥*, (30) helps us in estimating the second
term on the right-hand side of (52):

TA(U") < TAW*) < cT. (53)

Due to the sub-linear growth of A, and the Lipschitz continuity of 7 the first two
terms on the right hand side of (52) can be estimated as

- T(W(XE)’XE) < T(OW|XE|2 +¢), (54)

—T(AE(XE—X*),X*> <7IX | +e (55)

Since g, h € H and (38) holds, by applying the Young inequality (9) to the other
therms on the right hand side of (52), we find that

73/2 +3/2
7(9,0:) < TH@EII% +e 7(h,Xe) < TIIXsH%r +c. (56)

Then, due to (54)—(56), from (52) we infer that
7Ol +TIVO 1 + |1 Xell 1 + 72| VX (57)

taing into account tat, e.g., 7 < 1.
Second a priori estimate. We test (40) by 5.(X.) and obtain that

/ 2 2
. /Q BL(X.) VX2 4 7 /Q 1B-(X.)|

< _T/ W(Xa)ﬁe(xs) _T/ AE(XE - X*)ﬁe(Xs) +T£/ @EBE(XE) +/ hBE(Xa)
Q Q Q Q

(58)

Thanks to the monotonicity of 8¢ and to the condition 8¢(0) = 0, the terms on the

left-hand side are nonnegative. As 7 is Lipschitz continuous and A. has a linear

growth, applying the Young inequality (9) to every term on the right hand side of
(58) and using (57), for 0 < 7 < 1 we obtain that

. /QW(XE)@(XE) <1 /Q (X + ¢, (59)
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_ oyt 7 2
r [ A - xs) < [ 1axof e (60)
T c
ot [ 0.p.x) < [ 18000 + 5. (61)
T c
JREXCSERY EXC AT (62)
Then, owing to (59)—(62), from (58) it follows that
7)|B(X)||% < e(1+771), sothat 7|B:(Xo)||lg <ec. (63)

Hence, by comparison in (40), we conclude that 7||[AX.||g < ¢ and, from (57) and
standard elliptic regularity results,

7| Xellw < c. (64)
Finally, recalling (34), (19) and (57), we immediately deduce that
T Ae(Xe =Xl < 7Ca(l + | Xc|la + (X7 l) < e (65)

Third a priori estimate. Next, (39) by ln O, and obtain that
.. 1% + ko | Wl (©.[ve.F

< —712(0,,In.0.) — /(X.,In.0,) + (g9,1n.0,). (66)
Then, by applying the Cauchy—Schwarz inequality to every term on the right-hand
side and using (9) and (57), we infer that

IO ||z < 71/2||®EHH < 0(7_1/4 +1), (67)
whence
/40, g < e (68)

Moreover, due to (68), by comparison in (39) it is straightforward to see that
7%/4||A@.| i < ¢ and consequently

/46w < e (69)

3.4. Passage to the limit as € N\, 0. In this subsection we pass to the limit as
£ \( 0 and prove that the limit of subsequences of solutions (6., X.) for (AP.) (see
(39)-(40)) yields a solution (¥, x%) to (10)—(15); then we can conclude that the
problem (P;) has a solution.

Since the constants appearing in (57), (63)—(64) and (68)—(69) do not depend
on ¢, we infer that, at least for a subsequence, there exist some limit functions
(9%, x*, Lt, Z¢, B") such that

0. —~9 in W, (70)
X.—x' i W, (71)
Bo(X.)—~B' in H, (72)
In.(0.) =~ L' in H, (73)
A(X.—x*)—Z in H, (74)

as € \¢ 0. Thanks to the well known Sobolev imbedding, from (70) and (71) we
infer that

0. =9 in V, (75)
X. =" in W (76)
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Besides, as 7 is a Lipschitz continuous function, we have that

[m(Xe) = ()| < CrlXe = X1, (77)
whence, thanks to (76), we obtain that
m(Xe) - 7(x') inH, (78)

as € \y 0. Now, we pass to the limit on In.(0.), A.(0. — 9*) and S.(X.). In
view of a general convergence result involving maximal monotone operators (see,
e.g., [1, Proposition 1.1, p. 42]), thanks to the strong convergences in H ensured by
(75)—(76) and to the weak convergences in (73)—(74), we conclude that

B'ep(x'), L'elx), Z'e€AX -x). (79)

In conclusion, using (75)—(76) and (78)—(79), we can pass to the limit as ¢ N\, 0 in
(39)—(40) obtaining (10)—(15) for the limiting functions ¥¢ and x*.

3.5. Uniqueness of the solution of (P;). In this section we prove that the
approximating problem (P;) stated by (10)—(15) has a unique solution. Then,
the proof of Theorem 3.1 will be complete.

We write problem (P;) for two solutions (9%, x%), (9%, x4). and set ¥ := 9% — 9%
and x* := x{ —x4. Then, we multiply by 79 the difference between the correspond-
ing equations (10) and by x* the difference between the corresponding equations
(11). Adding the resultant equations, we obtain that

73/2||19"||§1+r(1m9§flnﬁg,ﬂi—ﬂg)+T(q—gg,xi—x*—(><g—x*))+72/Q|vq9i\2
Il 4 / VX2 + (€ — €, xh —xd) = —7(m(xd) — 7(xd) X — 1) (80)

Since In, A and 8 are monotone, the second, the third and the seventh term on
the left hand side of (80) are nonnegative. Besides, if 7 < 1/(2Cy), thanks to the

Lipschitz continuity of , the right hand side of (80) can be estimated as
i i\ i i Lo
T(r(a) = 7(e) X — xe) < Il (81)
Then, due to (81), from (80) we conclude that
. ] 1 . .
PRI+ 7 [ 9P+ S+ [ 9 <o, (52)
Q Q

whence we easily conclude that ¥* = x* = 0, i.e., 9] = 9% and x§ = xb.

4. Uniform estimates on (AP;). In this section we deduce some uniform esti-
mates, independent of 7 and inferred from the equations (10)—(15) of the approxi-
mating problem (P.).

First uniform estimate. We add (10) and (11) tested by ¥¢ and (x*—x*~1)/r,
respectively. Adding (x%, x* — x*~!) to both side of the resultant equation and
exploiting the cancellation of the suitable corresponding terms, we obtain that

20" — 9 9 + (Ind' — Inv'~1,9Y) +¢k0/ |V |?
Q
2

4 (Xi7Xi _ Xi—l) 4 (vxi’ vxi _ vxi—l) 4 (€i7Xi _ Xi—l)
H

=7(F,9") — (m(x') = x", X' = x"7") —T(C}M). (1)

T

Y-y

T

+ 7
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Due to (10), we can rewrite the first, the fifth and the sixth term on the left hand
side of (1) as
i i—1 gi T!/2 i T!/2 i— /2 i i—
TR -9 ) = 7”19 1% — TW HiE + TW -9 (2)
S . . . 1, 1. . 1.
(O =X+ (VX VX =V = S I = I+ S I =X (3)
Moreover, since the function u —— €% is convex and e® turns out to be its subdif-
ferential, by setting u’ = In¥* we obtain that

(lnz?i —lnﬁi_l,ﬁi) = (ul —ui_l,e“i) > / v —/ ew'
Q Q

=[] 1) = 19"l @)- (4)

Since ( is the subdifferential of B, it follows that

e RCOR R} (5)
while, due (9) and the sub-linear growth of A stated by (30), we obtain that

i i—1 i i—11[2

i X —X 2 TIX —X
_ X X )« 1 I —Xx
(e X2 <o+ 72

where the constant C; depends on Cy, ||0*||g and C,. Due to the the boundedness
of F* in L>°(Q) and the Lipschitz continuity of 7, we also infer that

T(F",9%) < 7| F|| poe () 19" | 22 (02) (6)
. . . i1 . Xi —_ Xifl
—(r() = XX =X < e I ) |
H
. Xi_xi—l 2 .
< 1 +7C(1+ IX'11), (7)
T H

where C3 depends on Cr and |7(0)|. Now, we apply the estimates (2)—(7) to the
corresponding terms of (1) and sum up fori=1,--- ,;n, as n < N. We obtain that

n

/2 n||2  Tl/2 i i—12 n ko 2
e S L A L PSR O S A
i=1 i

2

= =1

Xi _ Xi—l 1 1 n ) . -
+5IX°IE + 5 DI =X T+ B

H i=1 Q

T

1 n
+ 512217'
T!/? 2 1 2 5 - i i
< 5~ 1ol + 1Pollr@) + S lIxolli + Qﬂ(Xo) + 7Y N F @191 o)
=1

+Ch ZTHﬁiHLl(Q)+C2ZTHXi||%{+C' (8)
i=1 i=1
On account of (20)—(21) and (26), the first four terms on the right hand side of (8)
are bounded. Now, recalling the definition of F* (see (8)), we have that

TZ ||Fi||Loo(Q)H19iHL1(Q)

=1
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nrt n—1
=17 | 1P s+ 3 IF 9o
T i=1

n—1
Thanks to the absolute continuity of the integral, if 7 is small enough (independent
of n) we have that

/m IF@) o ds < &, Cr<i Cpr<l (9)
(n1)r S)llLe () A4S > 1’ 17T > 1’ 2T > 1
Then, on the basis of (9), from (8) we infer that
T!/2 n —~7!/? i i— L on ko ¢ i
TW HIQH""ZTW —v 1||%{+§||?9 ||L1(Q)+?ZTHV19 I%
i=1 =1
T [ —xY? 1 1 &
- S um2 - i i—12 (T
N e RS LU (S DUINE I+ [ A
n—1 ) . ) )
<ctr 3 (o IF @l + Gl ). (0)
i=1
Now, we easily deduce that
n—1 N n—1 N
ZTC1S2701=C1T, ZTC’QSZTC’nggT. (11)
i=1 i=1 i=1 i=1

Beside, according to (18), we have that
n—1 ) N T ) T )
ZTHFlHLoo(Q) SZ‘/( b ||FZ(S)||LOQ(Q) dS:/O HFI(S)HLoo(Q) dSSC (12)
i=1 =17 017

Then, we can apply (12) and, recalling the notation (1), we conclude that
TI/QWTH%m(o,T;H) + 7'3/2\\3t197||2L2(0,T;H) + 197l 20,7521 @)) + IV~ llL20,1:)

+ HatSC\TH%Q(O,T;H) + ||YT||2Lw(o,T;V) + T||8t5<\T||iz(0,T;V) + HB(E)Hiw(o,T;Ll(Q)) <
(13)
Besides, in view of (12) and due to the sub-linear growth of A stated by (30) and
to (19), we deduce that
1<l 220,10y < ¢, (14)
Since the third and the fourth term of the left hand side of (13) are bounded, using
(7), we also infer that

1971120,y < e (15)
Finally, by comparison in (10), we conclude that
I 10,77 < e (16)
Second uniform estimate. We formally test (11) by ¢ and obtain
O =XTLE) +TIENE < T(r(x) + 09, €7) = 7(¢L €. (17)

We point out that the previous estimate (17) can be rigorously derived by testing
(40) by B-(X.) and then passing to the limit as € \, 0. Since S is the subdifferential

of B, we have that

X =xThEY > [ B - | BTY. (18)
Q Q
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Due to the Lipschitz continuity of 7, applying the Young inequality (9) to the first
term on the right hand side of (17), we deduce that

i i ¢ Lo i i
T(r() + 00" €') < J7IE T + er (L4 X1z + 119°]17) (19)

Moreover, due to the sub-linear growth of A stated by (30), using (13), we have
that

i gl i T \let
= 7(¢L ) <er(L+ I ) + 1€ (20)
Now, combining (17)7(20) and summing up for i =1,--- ,n, n < N, we infer that
f, B0+ 5 3orell < f Ao +c2 1+ +19%), @

whence, due to (13)7(16), we obtain that

HET”Lz(O,T;H) <ec (22)

Finally, by comparison in (17), we conclude that ||AX, | r2(0,7;m) < ¢. Then, thanks
to (13) and elliptic regularity, we find out that

X+ 220,75 < c. (23)

Third uniform estimate. We introduce the function 1, : R — R obtained
by truncating the logarithmic function in the following way:

~f In(u) if u>1/n,
Yalu) = { —In(n) ifu<1/n.

It is easy to see that 1, is an increasing and Lipschitz continuous function. Then,
defining

u):/luwn(s) ds, u€eR and j(u):/lulns ds, u>0 (24)

and testing (10) by v, (9%), we obtain that

i i i i i ‘ vor
Tl/g(ﬁ _9 1’¢n(19))+(1m9 —In9Y 1,wn(19))+7k0/ , | 191"
Qn{vi>1/n}

Recalling that j, is a convex function with derivative v,,, we have that

1/2(97 _9i=1 4 (9 1/2 P (9%) — 71/2 (91,
2 o (99)) = 7 /,()T /Qu ) (26)

Q

whence, from (25) we infer that

V|2 i i ai
Tko/ | l 791| §71/2/jn(791 1)_71/2/]n(19)
QN{di>1/n} Q Q

- /Q(lnﬁi —In9" e, (97) — /Q (e(x" = X1 = TF ) (9Y). (27)
Due to the properties of the subdifferential we have that
0 <) <j(1)+ (Inv* 9% -1) for k=0,1,...,N. (28)
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Since In¥* € H, 9% > 0 a.e. in Q and ¥* € H, from (28) we infer that j(9*) €
L'(2); consequently, passing to the limit as n — 400, we obtain that

Vo (9%) = Ino* in H and a.e. in €2,
(@) = %) in L'(Q) and a.e. in €,

for k = 0,1,..., N. Then, taking the liminf in (27) as n — +o0o and applying the
Fatou Lemma and (10), we have that

Vi|? i - 9i 1 i
7’k30\/%§7’1/2/](ﬁZ 1)_71/2/](ﬁ)_§/|1n0|2
Q Q Q Q2

1 A , 1 , A , . A
- 7/ |In?" —In®* 12 + 7/ |In9* 1% — / (e(x' = x"") —7F") Inv". (29)
2 Ja 2 Ja 0
Now, sum up (29) for i = 1,--- ,n, with £ < N and obtain that
k

, 1 1 InY — Ingi=1|? |V |2
P2 [0+ gt g 3o phyr [T
Q i=1 i=1 %
1 1< 4
<72 [ jon) + gl + >l m
Q i=1
k —1112 k .
+ey XX +e > Tl|F (30)
i=1 H i=1
We observe that, if 7 < 1, then
1 k ' 1 k—1
I = S+ et
=1 =1
<1_ |2 + = 19" |2 31
< 4ZTII 0| + 710" (31)
=1

We also notice that the fourth and the fifth term on the right hand side of (30)
are bounded by a positive constant ¢, due to (13) and (14), respectively. Moreover,
thanks to (18) and to the definition (8) of F?, using the Holder inequality, the last
term on the right hand side of (50) can be estimated as follows:

k
S T F CZ /( ) ds
Z=1 1— T

sCz/ IFGI ds < P Isorm-  (2)

Then, combining (30) with (31)—(32) (see also (28) and (20)), we infer that

2

IN

H

k

1 1 Ind — Inyi=t|? k |V |2
1/2/ cooky k2, t 2
T JO°) + = Inv”|| 5 + T +ko» T .
Q 4 i 2; T H ; Q %
=
<c+ - ZTHIDWHH, (33)
i=1

whence, by applying (12), we conclude that

= — —1/2
2150 | e 0,152 @) + IOl oo 0,00 + V9, L2075 < c. (34)
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Moreover, due to (13), we also infer that

_1/2
19" 1| oo (0,73 m) L2 0,75v) < . (35)

Summary of the uniform estimates. Let us collect the previous a priori
estimates. From (13)—(14), (22)—(23) and (34)—(35) we conclude that there exists a
constant ¢ > 0, independent of 7, such that

WTHLOC(QT;V) + |07 oo (0,737 + 7-1/4H"97-HL°°(O,T;V)F1L2(O,T;H)
— —1/2 =
+ MW~z 0,7:v )L 0,0y + 197 [ Lo 0,73 m)nL2 0,7:v) + 106091 22| L2 0,700
+ 11Xl 2o (0,75w) + 106X | Los (0,722 (0,730
+ 1< Lo 0,750y + €5 I 0,730y < e (36)

5. Passage to the limit as 7\, 0. Thanks to (36) and the well-known weak or
weak™ compactness results, we deduce that, at least for a subsequence, there exists
eight limit functions ¢, 9, A\, A\, w, @, x, X, £ and ¢ such that

9, —=*9 in L®(0,T;V), (1)
O, =* 9 in L>®(0,T;V), (2)
/49, ~0 in HY0,T;H), (3)
Ind, =*X in HY0,T;V')NnL>(0,T; H), (4)
97w i L%°(0,T3 H) N L2(0, T3 V), (5)
912 @ in HY0,T:H)NL0,T;V), (6)
X- =" x in L¥(0,T5W), (7)
Xr =X in W0, T; H)NHY0,T;V) N L>®(0,T; W), (8)

& —"¢ in L™(0,T3H), (9)

C =" ¢ in L¥(0,T; H), (10)

as 7\, 0. Let us stress that, thanks to (4) and [27, Lemma 8, p. 84]), we have that
Ind, =X in C°0,T]; V"), (11)

9% 5w i L2(0,T: H), (12)

X, = x i C°0,T]; H*™?), (13)

for every 0 < § < 2. Now, we observe that 9 = 9. Indeed, thanks to (6), we have
that

— ~ T ~
HﬁT - ﬁTHL2(O,T;H) S ﬁ||8t19.,.||L2(07T;H) S 07-3/4_ (14)

From (14) we conclude that
71—% H@T - {9\T||L2(0,T;H) =0 (15)

and the previous convergence still holds a.e. in @), at least for a subsequence. Then,
¥ = ¥. Moreover, we notice that w = @. Indeed, due to (5)—(7), we obtain that

—1/2 — T —
||19T/ — Y2 || 20,150y < ﬁﬂaﬁl/%“m(omm <er. (16)
From (16) we infer that

=l
1 _ 91/2 o — 1
S 19~ 920 | 2 0,10) = 0 (17)
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and the previous convergence still holds a.e. in @), at least for a subsequence. Then,

w = w and
—1/2

lim o = .e. i 18
TI{‘% : w a.e. in Q, (18)
whence B
I, = w? =1 a.e. in Q and strongly in L*(0,T; H). (19)
Finally, we infer that x = X. Indeed, due to (5)—(7), we have that
T
7_/\7— oo . SiaAT oo . SCT. 20
IX: — X ll Lo 0,17 \/§|| X~ |l Lo (0,1;v) (20)
Consequently, thanks to (20) and [27, Lemma 8, p. 84], we conclude that
im [|X. — X» 4 =0, 21
Jimy IX- = Xrllcoo,r1v) (21)
as well as
1' X — AT oo . - 0, 22
Tlg% IXr = XrllLoe0,13v) (22)

and the previous convergence still holds a.e. in @, at least for a subsequence. Then,
X=X

Passage to the limit on the initial values. Since y, —* x in L*>°(0,T; W)
and X, — X in L*>(0,T; W) (cf. (7)—(8)), we infer that

0,9=0 on X, (23)
whence (43) is verified. Moreover, due to the strong convergences of of In(J,) and
9, stated by (11) and (12), respectively, we obtain that

In9¥(0) = In o, x(0) =x0 inQ, (24)

whence (44) is deduced.

Passage to the limit on the logarithmic nonlinearity. Due to the weak
convergence of ¥, ensured by (1) and to the strong convergence of In(J,) stated by
(11), we have that

T R Ti, T T
li md,)d, = Ii md,,d,) = [ (\09) = Y, 25
i [ 67t .50 [ [ [0 o

whence A = In¥ and the equation (45) is also achieved.

Passage to the limit on the other nonlinearities. In this paragraph we
check that & € B(p) ae. in @ and that () € A(J(t) — x*) for ae. ¢ € [0,7].
Denoting with the same symbol 3 the operator induced by 3 on L2(0,T; H), we
recall that

X, = x in L*0,T;H) = L*(Q), (26)
E. —¢ in L*0,T;H). (27)
Consequently, due to [2, Proposition 2.2, p. 38], we conclude that
ceBly)  in L20,T:H), (28)
and this is equivalent to saying that
£ € Bp) a.e. in Q. (29)

Now, denoting by the same symbol A the operator induced by A on L2(0,T; H),
we recall that

X, —x in L*0,T;H), (30)

¢, —~¢ in L*0,T;H), (31)
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as 7\, 0, whence, setting

Mri=Xr =X =X X
we have that
n. —n in L*(0,T; H), (32)
as 7\, 0. Due to [2, Proposition 2.2, p. 38|, (30) and (32), we conclude that
(e Aln) inL*0,T;H), (33)
and this is equivalent to saying that
C(t) € A(x(t) — x%) for a.e. t € [0,77. (34)

6. Uniqueness. In this section we prove the uniqueness of the solution of Problem
(P) (see (39)—(44) and Theorem 2.3).
We integrate (39) over (0,t) and we obtain

In9(t) + €x(t) — ko /Ot AY(s) ds =Indg + Ixo + /Ot F(s) ds. (1)

Then, we couple (1) with (40)—(44). We assume that F, x*, Jy and xo are given as
in (18)—(21) and (¥;, x:), ¢ = 1,2, are the corresponding solutions of problem (P)
(see (39)—(44)). Then we write both (1) and (40) for such solutions and multiply
the difference of the first equations by ¥ := 91 — )3 and the difference of the second
ones by x := x1 — x2. Finally, we sum the equalities that we have obtained to each
other and integrate over ;. We have that
t
\Y / 0
0

/Qt (1n(191) —ln(192))(191 —9s) + %/ﬂ
+/ (A(XlX*)A(X2X*))(X1X2)+;A|X(t)|2+/czt Vo

[ (B0 - 80) 00 —x == [ (w00) ~w0)) 00 —xa) @)

Due to the Lipschitz continuity of 7, the right hand side of (2) can be estimated as
follows

2

- m(x1) = 7(x2) ) (x1 = x2) < Cx [ |xP?, (3)
/L ) J

t Qt
while the third and the last term on the left hand side of (2), due to the monotonicity
of A and (3, respectively, can be treated in this way:

/ (A(X1 —x") = Alx2 — x*))(X1 - X2)

t

— [ (00 =x) = a6 ) (a=x) - e =x)) 0. @)

t

| (30 - 80w) 0 = x2) 20 (5)

t

Finally, using (3)—(5) and applying the Gronwall Lemma to (2), we infer that

/ (1n(191)_1n(192))(191—192)+%/Q v/otﬂ2+;/ﬂx(t)|2+/Q VX <0, (6)

t
Consequently, since In is strictly monotone, we conclude that
U1 = V2, X1 = X2 (7)
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7. Long time behavior. In this section we prove Theorem 2.4. Our procedure is
the following. First we perform a number of a priori estimates that provide some
compactness and ensure, in particular, that the w-limit is nonempty and fulfills the
basic properties stated in Theorem 2.4. Then, we pick any element (Jo0, Xoo) € W
and prove its relationship with the limit problem

— koA¥s =0 for a.e. in Q, (1)
- AXoo + goo + W(Xoo) + Coo ={Js% a.e. in Q, (2)
€o € B(Xo)s  Coo € AlXoo — X*) a.e. in Q. (3)

Our argument is the following. We choose a sequence t,, such that t, ~ +oo, as
— +00, according to definition (49) and introduce the auxiliary functions

Un(t) =0t +t,) and  xu(t) :=x(t+tn), te€]0,+00) (4)

which solve problems close to (39)—(44). We show that the a priori estimates derived
in the previous steps yield a number of estimates for such functions which allow us
to take a weak limit point (9°°,x*°) of the sequence {(Jn,xn)} . We infer that
(9°°, x>°) solves a system close to (1)—(3), and the last step of the proof is to
show that (9°°,x*°) does not depend on time and coincides with the original pair
(V005 Xoo) Of the w-limit.

Our proof relies on a number a priori estimates. However, the regularity of
the solution is not sufficient to completely justify the calculation we would like
to perform. Therefore, we should come back to the procedure used in [6], where
an analogous problem has been solved by passing to the limit as ¢ \, 0 in an
approximating problem depending on the positive parameter €, and prove a priori
estimates which are uniform with respect to e. However, in order not to make
the exposition too heavy, we prefer to proceed formally on the solution of problem
(39)—(44). Of course, we think of a more regular structure and of smoother initial
data for a while, but it is understood that we cannot use constants related to such
a further regularity. We remark that the source term F' and the boundary datum
are smooth enough by assumption and that no new property of the initial data ¥q
and o is needed (i.e., more regularity is assumed just for the approximating initial
data) since we use weighted test functions, if necessary. Now, we recall the main
feature of the approximating problem, which has the following form

Or(e¥e + In. Ve + Uxe) — kgAY = F  a.e. in Q, (5)
Dixe — Axe +& +7m(xe) + (= 0. ae. inQ,
g€ Blx) ae ing,

C(t) € Ac(xe(t) —x7) forae. t € (0,T),
0,9, =0, Oyxe =0 on X,

In. 9. (0) = In. 9y, x<(0) = xo in &, (10

where In., A. and (. are the Yosida regularization of In, A and § defined by (28),
(31) and (35), respectively. It has been proved that problem (5)—(10) has a solution
(¥, Xe, &) and that such a solution tends to (9, x, £) in some appropriate topology
as € \, 0, at least for a subsequence.
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7.1. A priori estimates. Under the assumptions of Theorem 2.4 the solution of
problem (39)—(44) will satisfy new a priori estimates, provided that corresponding
uniform estimates are fulfilled by the solution of problem (5)—(10) and that just
norms related either to reflexive Banach spaces or to dual spaces of separable Banach
spaces are involved. Hence, everything would work if we were dealing with the
approximating problem. In order to clarify this point, we write a remark after each
formal estimate.

First a priori estimate We take the difference between (39) and (1) and test
it by ©. Then, we multiply (40) by d;x, sum the obtained equality to each other
and integrate over (0,t). We obtain that

/Qﬂ(t)+ko/Qt |V19|2+/ [Oex” + /|Vx OF + /B

+p/0t(Sign(X(5)x*)ﬁtx(S))H ds/Qﬁo+/tF19+2/Q|VXo|2

+ [ B = [ 7o)+ [ 7o) (11)

and treat each term that need some manipulation, separately. Since Sign is the

subdifferential of the map || - || : H — R, we have that
p | Sign(x = x")0x = pllx(®) = X"l — pllxo = x"[|a- (12)
Q1
Now, we deal with the 7 term. It is easy to see that (22)—(24) imply that
r2 < 6B(r) +cs and |m(r)| < e(r? +1) for every r in R, (13)

where ¢ denotes an arbitrary positive parameter, whose value is chosen whenever it
is convenient to do it. Hence, we deduce that

- 1 >
- [ #en < 5 [ Aoy +e (14)
Moreover, we have that

L oFo= [ 1Pl d (15)

Due to the (20)—(21), (26), (48) and the previous estimates, we infer that

9 ko Ik A |? + )2+ 3
/Q (1) + /Q,,'V | +/ Bx? + /|VX )2+ /Qmw»
+p / ||x<t>—x*||HSc<1+ / NEE) o905 1220 ds)- (16)

Applying the Gronwall lemma and using (48), from (16) we conclude that

191 20, +00;v)nL> (0,4-00:22(2)) T 106X ]| £2(0,4-00; 1) + IX I L5 (0,4-003v)

+ ||B(X)||L°°(O,+00;L1(Q)) + plIxIl Lo (0,400:m) < c- (17)
Moreover, due to (48), by comparison in (39), we have that
||3t(1n19)\|L2(0,+OO;V/) S C. (18)

Remark As said before, the above estimates (17)-(18) should be performed on
the approximating problems. Doing that, we would obtain a uniform bound for both
Y and In(9.) in the space L>(0,4o00; L*(£2)). Moreover, we note that the main
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trouble in our formal procedure relies on the fact that the time derivative 9; In ¥ be-
longs just to L2(0,T;V'). On the contrary, as the graph of the logarithm is replaced
by a bi-Lipschitz relation (see (5)), the corresponding term of the approximating
problem is a function.

Second a priori estimate We set for convenience a(t) = tanh(t) for ¢ > 0 and
note that bot o and o' are bounded by 1. Now, we take the difference between
(39) and (1). and test it by ady) = ad¢(¥ — ¥ ). Next, we differentiate (40) with
respect to time and test it by ad;x. Finally, we add the equalities we get to each
other, integrate over (0,t) and obtain that

o
/ |t19| +k/ aV(ﬂfﬁoo)at(V(ﬁ*ﬁm))Jr/ aattxatX+/ a|vatx|2

t t

+/t afB'(x)19x|* + p/o a(s)(0; Sign(x(s) = x7), Ox(s))u ds

:/ aFy — ar’ (x)|0:x|*. (19)
t Q¢

We treat each term that need some manipulation, separately. First, integrating by
parts the second term on the left hand side of (19) and using (17), we obtain

kO/Q V(9 = 0o0)0r (V(9 = V)

— 2 [ 00 -0 -} [ oo
>k @/ IV(9(t) — 90)[? = c.
Q

Now, we deal with the third term on the left hand side of (19). With an analogous
strategy, we infer that

/ a@ttxatx> /|at — C. (20)

Since 8 and Sign are monotone, the last two terms on the left hand side of (19) are
nonnegative. Besides, due to (48) and (17) the first term on the right hand side of
(19) can be treated as follows:

/ aFﬂ:a/QF(t)(ﬁfﬂoo)f/ a’F(ﬂfﬂoo)f/ &/ (9 —00)0F < c. (21)

Indeed, from (48) we easily deduce that

0 F'[| 1 (0, +00:L5 () < € (22)
Finally, due to (17) and the Lipschitz continuity of 7, we have that
- [ exealon < [ alirtolon <Cx [ o ey
Combining (19)twith the previous etstimates we infer that t
[ a1 [ o v+ 42 [ oo

+/)MV@M2+/1aﬂQN@M2Sa (24)
t Qt
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whence we conclude that

106921 21, o0y + 119 Loe (1,100:v) + 190XI Lo (1 400 NL2 (1 4o0iv) S € (25)
Moreover, due to (17), (25), the Lipschitz continuity of = and the Sobolev imbed-
ding, we infer that

17O Lo (1,4 00528 (2)) < € (26)
and, thanks to sub linear growth of Sign, by comparison in (40) we conclude that

X 2o (1,4-005w) + €1l £oe (1,4-00;7) + 2l Sign(x = X[ 1o0 (1, 400;m) < €1+ p). (27)

Remark In the above argument, we have differentiated (40). Such a procedure
would be correct when dealing with the approximating problem (5)—(10), provided
that its solution is smooth enough. Now, one could go through the proofs of [6]
and see that the approximating solution is smoother provided that the data, the
functions In, and the graphs 8 and A are approximated with some more care. On
the other hand, the passage to the limit as € \, 0 uses just very general properties
and does not rely on a precise approximation. For instance, as far as 3 is concerned,
one can see that the monotonicity of 8. and the Mosco convergence of its primitive
BE to B are sufficient to handle the & term.

Third a priori estimate Now, we prove that

1049 L2 (1 400512/7(02)) < € (28)
Indeed, due to (25) and the Sobolev imbedding, we have that

109 L2t ooirizry < 20| oo (1 pooi @) 10602 L2 (1 o0 )

1/2
< 2||’L9HL/°"(1,+<>O;L5(Q))Hatﬁl/QHL?(l,Jroo;H)
1/2
= 2C||19HL/°°(1,+00;V)H6t191/2||L2(1,+oo;H) <ec (29

7.2. Study of the w-limit. First of all, we observe that ¢ is an L'2/7(2) valued
continuous function on [1,400) and x is a V valued continuous function on the
same interval, thanks to (28) and (25), respectively. Accounting for the estimates
of [|9]| oo (1,400;v) a0 || x| Loo (1,400;w7) given by (25) and (26), we deduce that (the
continuous representatives of ) ¥ and y are continuous also with respect to the weak
topologies of V' and W, respectively. Hence, we have

10) v + Ix@®)llw < ¢ for every ¢ > 1 (30)

and the w-limit given by (49) is nonempty and contained in V' x W. Next, using the
compact embeddings W C V C H, we immediately see that w is relatively compact
in H x V. Moreover, general results (see, e.g., [24]) imply that it is compact and
connected with respect to the strong topology of H x V. Hence, to prove Theorem
2.4, it remains to show that for every element (Yoo, Xoo) € w the pair (Yoo, Xoo) yields
a solution to problem (1)—(3). Therefore, we pick (Yoo, Xoo) € w and a sequence
{tn} /* 400 such that

(9(tn) X(1)) = (Do Xoo)  strongly in H x V. (31)

We can assume t, > 1 for every n. Moreover, as any subsequence of {t,} enjoys
the same properties of the original sequence, we do not change the notation when
passing to a subsequence. We introduce the functions 9,, and x,, given by (4) and
the functions &,, and F;, defined similarly, i.e.,

En(t) =&t +tn),  Cu(t) :=C(t+1tn), Fu(t) = F(t+tn), te[0,+00). (32)
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Note that (9s,, Xn,&n, Cn) solves the system

O (InVy, (t) + lxn(t)) — koA, (t) = F,(t) in V', for ae. t € (0,T), (33)
OrXn(6) = Axn () +&n () +7(xn () +Cn(t) = £0,(t) in H, for a.e. t € (0,T), (34)
&n € B(xn) a.e. inQ, (35)

Cn(t) € A(xn(t) — x*) for ae. t € (0,7), (36)

0,9, =0, OyXn =0 on X, (37)

In9,,(0) = Ind(t,), Xn(0) = x(tn) in Q. (38)

Now, we would pass to the limit in such a system as n * 4+o0o0. More precisely,
we look at all functions involved in (33)—(38) and take their weak limits. Then, we
identify such limits in term of the element (¥, Xoo) Of w we have fixed in (31).

7.3. Conclusion. Collecting all the estimates we have obtained in the previous
steps, we deduce that there exist functions ¥°°, x*°, £>°, (> on (0, +00) such that
the following weak star convergences hold (for a subsequence) for every T € (0, +00)

¥, — 9 in L(0,T;V) N HY0,T; L**/7(Q)), (39)
Xn = X™ in L®0,T;W)NH'0,T; V)N W"h>(0,T; H), (40)
& — € in L*™(0,T;H), (41)
Cn— (¢ in L*(0,T;H). (42)
Using [27, Cor. 4, Sec. 8], we deduce the strong convergences
I — 9> in C°([0,T); H), (43)
Xn — x> in CY([0,T]; V). (44)

Moreover, the convergence we have obtained are sufficient to identify the limits of
the nonlinear terms. For instance, we have £ € B(x*°) and (™ € A(x>* — x¥)
since we can apply, e.g., [2, Proposition 2.2, p. 38]. On the other hand, just by
direct computation, one sees that a bound of the form ||w||zr (1 4oo;x) < ¢, Where
p < 400 and X a Banach space, implies w,, — 0 strongly in L?(0, +00; X), where
wp(t) := w(t +t,). Hence, the a priori estimates (17), (25)—(27) and (28) yield the
strong convergences

O¢(Ind, + x,) — 0 in L0, 400; Vy), (45)
Oi(xn) — 0 in L?*(0,+o0; H), (46)
Ay (0,) = 0 in  L*(0, +o00; L*?/7(Q)), (47)
respectively. In particular, we can take n ' +oo in (33)—(38) and get
— koAY>® =0 in Vj, a.e. in (0, +00), (48)
—AX® +E° + (X)) + (=00 ae. in Qu, (49)
§FeBx™),  (TEeANXT —xT) ae in Qu. (50)

Moreover, the boundary conditions are fulfilled as well, since ¥°° and x*° take values
in Vy and in W, respectively. The proof of Theorem 2.4 is complete whenever we
show that

9°(t) = Voo and X (t) = Xoo for every t € [0, +00). (51)

For every t we have

n—-+4+oo n——+oo

9°(t) = /atﬁoo ds= lim ¥,(0)+ lim /8t s) ds =9, (52)
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the limits being understood in H, by (31) and (47). The same argument used for
9°°, applied to (46), leads to x> = X and this completes the proof.
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