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Abstract

We obtain sufficient conditions, expressed in terms of Wiener type tests involving Hausdorff
or Bessel capacities, for the existence of large solutions to equations (1) —Aj,u+e“—1 =0 or (2)
—Apu+u? =0 in a bounded domain €2 when ¢ > p—1 > 0. We apply our results to equations
(3) —Apu+a|Vul! +bu* =0, (4) Apu+u? =0with1 <p<2 1<qg<p,a>0,b>0and
g>p—1,s>p—1,v>0.
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1 Introduction

Let © be a bounded domain in RY (N > 2) and 1 < p < N. We denote Ayu = div(|Vul’ 2 Vu),
p(x) = dist(x, 092). In this paper we study some questions relative to the existence of solutions
to the problem

—Apu+g(u) = in

0
lim wu(z) =00
p(x)—0

(1.1)

where ¢ is a continuous nondecreasing function vanishing at 0, and most often g(u) is either
sign(u)(el*! = 1) or |u|?"" u with ¢ > p—1. A solution to problem (1.1) is called a large solution.
When the domain is regular in the sense that the Dirichlet problem with continuous boundary
data ¢

—Apu+g(u) =0 in Q,

w—¢ e WP(Q),u e WLP(Q) N L>(Q),

loc

(1.2)

admits a solution u € C(f), it is clear that problem (1.1) admits a solution provided problem
—Apu + g(u) = 0 in Q having a maximal solution, see [15, Chapter 5]. It is known that a
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necessary and sufficient condition for the solvability of problem (1.2) in case g(u) = 0 is the
Wiener criterion, due to Wiener [22] when p = 2 and Maz’ya [13], Kilpelainen and Maly [7]
when p # 2, in general case is proved by Maly and Ziemer [14]. This condition is

[ (Crtbinm) T veeon, (1.3

tN-p t

where (1, denotes the capacity associated to the space WLP(RN). The existence of a maximal
solution is guaranteed for a large class of nondecreasing nonlinearities g satisfying the Vazquez
condition [19]

[ee] dt t
/a 0] < oo where G(t):/og(s)ds (1.4)

for some a > 0. This is an extension of the Keller-Osserman condition [8], [16], which is the
above relation when p = 2. If for R > diam(2) there exists a function v which satisfies

—Apu+g)=0 in By \ {0},
v=0 on OBg, (1.5)
lim v(z) = oo,
z—0
then it is easy to see that the maximal solution u of
—Apu+g(u) =0 in Q (1.6)

is a large solution, without any assumption on the regularity of 0. Indeed, x — v(x — y) is
a solution of (1.6) in Q for all y € 99, thus u(z) > v(x — y) for any = € Q,y € 9N. It follows
lim,, ;)0 u(z) = oo since lim, o v(z) = oo.

Remark that the existence of a (radial) solution to problem (1.5) needs the fact that equation
(1.6) admits solutions with isolated singularities, which is usually not true if the growth of g is
too strong since Vazquez and Véron prove in [20] that if

N(p—1)

liminf |r|” =7 sign(r)g(r) >0 with p <N, (1.7)

|r]—00

isolated singularities of solutions of (1.6) are removable. Conversely, if p—1 < g < % with
p < N, Friedman and Véron [5] characterize the behavior of positive singular solutions to

—Apu+u? =0 (1.8)

with an isolated singularities. In 2003, Labutin [9] show that a necessary and sufficient condition
in order the following problem be solvable

—Au+ulfu=0 inQ,
lim wu(z) = oo,

p(z)—0
is that 1
(B Q°) dt
[ em = e,
0

where Oy, is the capacity associated to the Sobolev space W24 (RN) and ¢’ = ¢/(q—1), N > 3.
Notice that this condition is always satisfied if ¢ is subcritical, i.e. ¢ < N/(N —2). We refer



o [15] for other related results. Concerning the exponential case of problem (1.1) nothing is
known, even in the case p = 2, besides the simple cases already mentioned.

In this article we give sufficient conditions, expressed in terms of Wiener tests, in order
problem (1.1) be solvable in the two cases g(u) = sign(u)(e/*l —=1) and g(u) = [u|* " u, ¢ > p—1.
For 1 < p < N, we denote by Hf[?p(E) the Hausdorff capacity of a set F defined by

HY = inf ZhN” ECUB diam(Bj) <1

where the B; are balls and AV ~P(B,) = rV"P. Our main result concerning the exponential case
is the following

Theorem 1. Let N >2 and 1 <p < N. If

1

1 N-p/Oe p—1
/ (Hl @ n BT(M) g — too Yz €09, (1.9)
0

rN=p

then there exists u € C1(Q) satisfying

—Apu+e*—1=0 in §,

lim wu(z) = 0.
p(x)—0

(1.10)

Clearly, when p = N, we have H} ?({zo}) = 1 for all o € RN thus, (1.9) is true for any
open domain €.

We also obtain a sufficient condition for the existence of a large solution in the power case
expressed in terms of some C, ; Bessel capacity in RY associated to the Besov space B**(RY).

Theorem 2. Let N >2, 1 <p< N and q; > N]gp:pl)' If

1 1
Cp a1 (Q°N B (x))\ 7
/ ( Prgr—pF1 dar =400 Vz€on, (1.11)
r

rN-p
0

then, for any p—1 < q < Z& there exists u € CL(2) satisfying

—Apu+ul=0 in Q,

lim wu(z) = 0.
p(z)—0

(1.12)

We can see that condition (1.9) implies (1.11). In view of Labutin’s theorem this previous
result is not optimal in the case p = 2, since the involved capacity is C 4 with qy and thus

there exists a solution to
—Aju+ut =0 in Q
lim u(x) =00
p(x)—0

with ¢; > q.



At end we apply the previous theorem to quasilinear viscous Hamilton-Jacobi equations:

—Apu+a|Vu|? + blul*"tu =0 in Q,
ue CHQ), lim u(x) = oco. (1.13)
p(x)—0

For ¢ > p—1and 1 < p < 2, if equation (1.12) admits a solution with ¢ = ¢1, then for any
a>0b>0and g€ (p—1,2) s €p—1,q) there exists a positive solution to (1.13).
Conversely, if for some a,b > 0, s > p — 1 there exists a solution to equation (1.13) with
l<g=p<2 thenforany qg1 >p—1,1<q <p,s1 >p—1, a;,b; > 0 there exists a positive
solution to equation (1.13) with parameters ¢, s1, a1, by replacing g, s, a,b. Moreover, we also
prove that the previous statement holds if for some v > 0 there exists u € C(2) NCY(Q), u >0

in ) satisfying

—Apu+u™"=0 in Q,
u=0 on .

We would like to remark that the case p = 2 was studied in [10]. In particular, if the boundary
of © is smooth then (1.13) has a solution with s =1 and 1 < ¢ <2,a > 0,b> 0.

2 DMorrey classes and Wolff potential estimates

In this section we assume that Q is a bounded open subset of RY and 1 < p < N. We also
denote by B, (x) the open ball of center x and radius r and B, = B,(0). We also recall that a

solution of (1.1) belongs to Cllo’? (Q) for some a € (0,1), and is more regular (depending on g)
on the set {z € Q: |[Vu(z)| # 0}.

Definition 2.1 A function f € L*(Q) belongs to the Morrey space M*(2), 1 < s < oo, if there
is a constant K such that

/ |f|dy§Kr?A5 Vr >0, Vo € RY.

QNB,(x)

The norm is defined as the smallest constant K that satisfies this inequality; it is denoted by
[ fllams () Clearly L*(2) C M?*(€2).

Definition 2.2 Let R € (0,00] and pu € MY (), the set of nonnegative and bounded Radon
measures in Q). We define the (R-truncated) Wolff potential of p by

Wil (z) = /OR (“(t%_(f))) % Vo e RV,

and the (R-truncated) fractional mazimal potential of v by

M, r[p](z) = sup HBy(w) vz € RV,

o<t<r NP
where the measure is extended by 0 in Q°.

We recall a result proved in [6] (see also [2, Theorem 2.4]).



Theorem 2.3 Let p be a nonnegative Radon measure in RN . There exist positive constants
C1,C5 depending on N,p such that

/ exp(CHWf:p[XBu])d:r < CyrV,
2B

for all B = B,(z9) CRY, 2B = By, (), R > 0 such that |[Mp, g[p]|| @) < 1.
For k > 0, we set Ty (u) = sign(u) min{k, |u|}.

Definition 2.4 Assume f € Li (). We say that a measurable function u defined in Q is a
renormalized supersolution of
—Apu+f=0 in (2.1)

if, for any k > 0, T (u) € WLP(Q), \VulP™" € LL (Q) and there holds

loc

/Q (VT ()P >V T (w) Vo + fio)da > 0

for all ¢ € WHP(Q) with compact support in Q and such that 0 < ¢ < k=T, (u), and if —Apu+f
1s a positive distribution in Q.

The following result is proved in [14, Theorem 4.35].

Theorem 2.5 If f € M%(Q) for some € € (0,p), u is a nonnegative renormalized supersolu-
tion of (2.1) and set p:= —Apu+ f. Then there holds

1 »
u(@) +|[f[" x> CW] [u](z) VY € Q s.t. B.(z) CQ,

MP2 (Q) ’
for some C' depending only on N,p, e, diam().

Concerning renormalized solutions (see [3] for the definition) of
—Apu+f=p in (2.2)
where f € L'(Q) and p € 98 (Q), we have

Corollary 2.6 Let f € M%(Q) and pn € MY (). If u is a renormalized solution to (2.2) and
infou > —oo then there exists a positive constant C' depending only on N, p, e, diam(Q) such
that

d(x,09)

w(@) + ||y >infu+CW T [y(z) Vo e
Mr-2(Q) 9 ’

The next result, proved in [2, Theorem 1.1, 1.2], is an important tool for the proof of Theorems
1 and 2. Before presenting we introduce the notation.

Definition 2.7 Let s > 1 and a > 0. We denote by Cy s(E) the Bessel capacity of Borel set
E CRY,
Cos (E) = inf{[|6]l30qar) : & € LLRY), Gox 6> xi}
where x g is the characteristic function of E and G, the Bessel kernel of order .
We say that a measure p in §) is absolutely continuous with respect to the capacity Cy s in Q if

for all E C Q,E Borel,Cy s(E) = 0= |u|(E£) = 0.



Theorem 2.8 Let € M4 (Q) and ¢ >p—1.

a. If p is absolutely continuous with respect to the capacity C,, i in ), then there exists a

nonnegative renormalized solution u to equation

—Apu+ul =p in Q,
u=20 on 01,

which satisfies
u(z) < C’Widpmm(m [u](z) VxeQ (2.3)

where C' is a positive constant depending on p and N.

b. If eXp(CWid;am(Q) (1)) € LY(2) where C is the previous constant, then there exists a non-
negative renormalized solution u to equation

—“Apu+e*—1=yp in €,
u =0 on 012,

which satisfies (2.3).

3 Estimates from below

If G is any domain in RY with a compact boundary and g is nondecreasing, g(0) = g~*(0) = 0
and satisfies (1.7)) there always exists a maximal solution to (1.6) in G. It is constructed as the
limit, when n — oo, of the solutions of

—Apup, + g(un) =0 in G,
lim  u,(x) =00
pn(2)—0 ( ) (31)
‘ l‘im un(x) =0 if G,, is unbounded,
x|— 00

where {G,,},, is a sequence of smooth domains such that G,, C G,, C G, 11 for all n, {0G,,}, is
a bounded and |J G, = G and p,(z) := dist(x, 0G,,). Our main estimates are the following.

n=1
Theorem 3.1 Let K C By4\{0} be a compact set and let U; € C*(K*), j = 1,2, be the
mazimal solutions of

—Apu+e'—1=0 in K¢ (3.2)
for Uy and
—Apu+u?=0 in K¢ (3.3)
for Uy, where p — 1 < q < B+, Then there exist constants Cy, k = 1,2,3,4, depending on N, p
and q such that
1
1 N—p p—1
H KnB dr
Ui(0) = =Cr + 02/0 (W) P (3.4)

and

a. (3.5)

rN-p r

1 /C a1 (K N BT) = d
U2(0) > —Cs + C, / ( P ) r
0



Proof. 1. For j € Z define rj =277 and S; = {z : r; < |2| < rj_1}, Bj = B,,. Fix
a positive integer J such that K C {z : r; < |z] < 1/8}. Consider the sets K N .S; for
j =3,...,J. By [18, Theorem 3.4.27], there exists u; € M (RY) such that supp(p;) C K NS,

||MP,1[Mj]||Loo(RN) <1 and
"My TP(E N S) < p(RY) < eyHY TP(KNS;) Vi,

for some ¢; = ¢1 (N, p).
Now, we will show that for ¢ = ¢(N,p) > 0 small enough, there holds,

J
A= exp <€W},p [Z ,uk] (m)) dx < cq, (3.6)
B k=3

where ¢y does not depend on J.
Indeed, define p; =0 for all j > J +1 and j < 2. We have

A= Zl/s exp (z;‘Wip LZBMIC] (m)) dx.

Since for any j

J j+1
Wi, [Z Mk‘| ScWI, | D me| +e@Wi, | D0 me| +elp) Y. Wil
k=3 k>j42 k<j—2 k=max{j—1,3}

e

with ¢(p) = max{1, 5%} and exp()_ a;) <

=1 2

exp(5a;) for all a;. Thus,

1

ASZ/eXp W1, Z ur | () dm—|—2/exp W1, Z pi | (z) ] dz
j=175 j=175i

j k>j42 h<j—2
00 Jj+1
+ Z Z /S exp (c3e W1 [ue](2)) do := Ay + Ay + As, with 3 = 5¢(p).
) Si

j=1 k=max(j—1,3

Estimate of Az: We apply Theorem 2.3 for p = puy and B = By_1,
/ exp (035Wi,p[,uk}(x)) dr < carh_,
2Bk 1
with ecze € (0,C], the constant C; is in Theorem 2.3. In particular,

/S exp (035W%7p[uk](m)) dr < 047’,16\7_1 fork=35-1,5,7+1,

J
which implies

+oo
Az < c5 erv =c5 < 0. (3.7)
j=1



Estimate of Ay: Since )Y pp (Be(x)) =0 for all z € Sj,t € (0,7;41). Thus,
k>j+2

o Lo 2 m(B@)
>j+
Alzg /exp 836/ = Np 7 dx
j=1""5j

Ti+1

c- p—1 ~Np
< Zexp C3E N Z 1k (Sk) i AR
—1 k>j+2
Note that i (Sk) < pir(Br,_, (0)) < 7o 7, which leads to
p—1 p—1 p—1 1
_% N— p _ 1 Pt
Noms ] i < Y R D e ==l R
k>j+2 k>j+2 k>0
Therefore )
1 1 1
A; <exp <C35]Z\)[_p<1_2—(N—p)> ) |B1| = ce. (3.8)

Estimate of Ay: for x € S,

1
1 - k<j—2 at ' k<j—2 dt
Wl,P Z Fk (I) - / tN—p t / tN—p :

- ; t
k<j—2 i1 i=1 r;
Since r; <t <ri—1, . pr(Bi(z))=0,vi=1,...,5—1, thus
k<i—2
1 1
j—2 p—1 j—2 p—1
o8 @) e[ 8 msn)
1 - k=i—1 k=i—1
Wiy | 22 m| (@)= / — s | 7S / —w |
k<j—2 =1 ;. i=1

j—1 / j—2 N ., AN-p .
-p p—1 . 3 —
< Th 1 T < c¢rj, with ¢7 = (1 — 2(Np)> .
i=1 \k=i—1

Therefore,
Ay < Z/ exp (cscrej) d rjv exp (czcreg) |S1]
j=1"5i j=1
= Zexp ((cgcre — N'log(2)) j) |S1] < s for € < Nlog(2)/(2¢scr). (3.9
j=1



Consequently, from (3.8), (3.9) and (3.7), we obtain A < ¢3 := ¢+ cg + ¢5 for e = (N, p) small
enough. This implies

; ; i
ol [E])| . zolL (o [ )e) con
k=3 M (B) B

k=3

(3.10)
where the constant ¢y does not depend on J. Set B = Bi' For ¢g = (%)1/(”’1), where
C' is the constant in (2

.3), by Theorem 2.8 and estimate (3.10), there exists a nonnegative
renormalized solution u to equation

—Apu+e*—1=¢ Zj:s 7y in B,
u=20 in 0B,
satisfying (2.3) with p = ¢g Z;-]:?) ;. Thus, from Corollary 2.6 and estimate (3.10), we have
U(O) —C11 -+ 012W1 P Z,u]

=3
Therefore

= dt ! i12(By(0)\ 7 dt
(0) —C11 +CIQZ / jgt]\fiip ? > —c11 +c19 Z / (M+2(t()))

‘ tN—p
r1+1 1=2

T 1 J—-2 1
i12(S; =T dt — -1 —=p
= —cC11 t C12 E / (W) T > —ci1 +ci3 E (Hf{ p(KﬂSiH)) Ty
i=2
?”7+1

1 N—p

= —c11 +c13 Z (’HiV—P(K n 51)> T e

4
i=4

From the inequality

1

(i n80) T = —m (W B)) T (A B))

max(1,2P—-1)

we deduce that

u(0) > —cny +ClSZ <max(12p 7 (Hf’ P(KNB;_ 1))L — (H{Vp(KﬂBi))pil> 7,—23:%’

=t - N e i
Z —C11 —+ C13 <2pzp — ].) (Hl 7p(K N BJ) Ti Pt
max(1,2P-1) i—1
L
>

1
HYP(NB)\ " dt
_614 + 615 T t .
0



Since U is the maximal solution in K¢, u satisfies the same equation in B\K and U; > u =0
on 9B, it follows that U; dominates u in B\K. Then U;(0) > u(0) and we obtain (3.4).

2. By [1, Theorem 2.5.3], there exists p; € M (RY) such that supp(u;) C K NS; and

i(K085) = [ (Gylugl@) e =€, (K 0S)).

q1—p+
RN

By Jensen’s inequality, we have for any aj; > 0,

(Sor) <Xt
k=0 k=0
where 0}, , has the following expression with 6 > 0,

_{ 1 if s € (0,1],

(B TN o+ DR s> 1

Thus,

B k=3
J
<0 e / (W1, sl )" o
k=3 " B
J
<) O 1 Ok, /(Gp*,uk(x))p‘ldz
k=3

for 6 small enough. Here the third inequality follows from [2, Theorem 2.3] and the constant
c1g does not depend on J. Hence,

(v [2])

where coq is independent of J. Take B = B1 Since E -_q lj is absolutely continuous with
respect to the capacity C, 4 in B, thus by Theorem 2 8, there exists a nonnegative renor-
’q+1-p

q
< 19
a1
M a (By)

S C20, (3.11)
L1 (By)

]

k=3

malized solution u to equation

—Apu+ul = ijg 1) in B,
u =0 on 0B.

10



satisfying (2.3) with u = ijg pj. Thus, from Corollary 2.6 and estimate (3.11), we have

J
1
u(0) > —c21 + 2 W1, Zﬂj
=3

As above, we also get that

b Cp i (KN B\ 77T g
u(0) > —c23 + 024/ —.
0

After we also have Uz(0) > u(0). Therefore, we obtain(3.5). |

4 Proof of the main results

First, we prove theorem 1 in the case case p = N. To do this we consider the function

v Uz) = U(la]) = log (J;[N‘HlRlN <|f| + 1)) in Br(0)\{0}.
One has
Ul(lel) = =—— — = and U"(ja]) = —=— !

Rtz Tl I

thus, for any 0 < |z] < R,

CANU 4V 1= (N —1)|U<|x>|N2( (e + (|x>)+e -1

- (N — 1)RN L N-11

T TR )N T T 2V RY ( )
(N—l)RN*1 N-11 2R

= (QR)N|x‘N—1 9N+1 RWH

< —

Hence, if u € C1(Q) is the maximal solution of
—Anyu+e*—1=0 in Q

and R = 2diam(Q), then u(xz) > U(|x — y|) for any = € Q and y € 9Q. Therefore, u is a large

solution and satisfies
N-11 R
u(x) > log ( SNT1T RN (p(w) + 1)) Vo el

Now, we prove Theorem 1 in the case p < N and Theorem 2. Let u,v € C1(2) be the maximal
solutions of

(7) —Apu+et—1=0 in Q,
(i) —Apv+v?7=0 in €.

11



Fix 29 € 0Q. We can assume that xo = 0. Let § € (0,1/12). For 2y € Bs N . Set

K = Q°NBy4(z). Let Uy, Uy € CH(K*¢) be the maximal solutions of (3.2) and (3.3) respectively.
We have v > Uy and v > U, in ). By Theorem 3.1,

1 N—p p%l
i) 2 1 +es | <H (K ﬂBr<zo>>> dr
é

rN-p T
1
VN P(KnB,_.)\" " d
> — —1—02/ ( ! <rN*P 1) 77“ (since B,_|.,| C Br(20)))
1)
_1
S + 1 Hivjp(KmB%) Pt dr
Z —C1 T C2 /25 N—p ,
12 (yN=P(K nB,) T g
1 r
> —a+ 63/5 (rf\’—P e
We deduce
1
12 (yN=P(knB)\" ' d
inf > inf U12—01+63/ (7'115\[7«)) —r—>oo as 6 — 0.
BsNQ BsNQ 5 riN—p r

Similarly, we also obtain

1
/2 (C a1 (KQBT) Fd
inf UZ—C4+05/ ( kT 2. ) T s asd—0.
5

BsNQ2 T'N72 r

Therefore, u and v satisfy (1.10) and (1.12) respectively. This completes the proof.

5 Large solutions of quasilinear Hamilton-Jacobi equations

Let © be a bounded open subset of RY with N > 2. In this section we use our previous results
to give sufficient conditions for existence of solutions to the problem

—Apu+alVu|!+bu*=0 inQ,

lim wu(z) = oo,
p(z)—0

(5.1)

where ¢ > 0,b>0and 1 <g¢g<p<2,¢>p—1,s>p—1
First we have the result of existence solutions to equation (5.1).

Proposition 5.1 Leta >0,b>0andg>p—1,s>p—1,1<qg<pandl <p<2. There
exists a mazimal nonnegative solution u € C*(Q) to equation

—Apu+alVu|?+bu® =0 inQ, (5.2)

which satisfies
1 D
u(z) < (N, p,s)b” s=rtid(z,00) =1 Vz €Q, (5.3)

ifs>p—1,

12



u(z) < c¢(N,p,q) (a_ T d(z,0Q) T + a” T b_v%ld(x, 89)7(p—1)<3—y+1>) Vz € Q,
(5.4)
ifp—1<g<pands=p—1, and

w(x) < (N, p)a~ b~ 7 1d(z,00) 5T Vo € Q, (5.5)
ifg=pand s=p—1.

Proof. Case s=p—1and p—1 < g < p. We consider

RV —Jaf" T 1
Ui(z) =Ui(|z]) = 1 W + co € C*(Bg(0)).

with p’ = z% and c¢1, ¢ > 0. We have

1
U (al) = AL =@ [ (B ) T
1 - q _p+ 1 Rp/_l p,Rp/_l )
1
Uy (|=) alp—q) —1) [P (R —|a"\ "7
x =
! g—p+1 Rr'=1 \ p/RP'-1

21\ 2 / A=
L _al—d 2P RP — |z
(g—p+1)2 \ RF'! PRV -1

A=—AU +a|VU |7 +bUP™" > =AUy + a| VU |7 + beh ™"

and

Thus, for all © € Bg(0)

’ _ " N— 1 ’ _ ’ ’ _
A= —(p = DU ()P0 (J=]) ~ W|U1(‘x|)|p 2Uy () + alUy (Ja])|9 + bef

_(ab—@W - D\ (R =) T o (1 (e )
¢—p+l1 p/'RP'—1 P P’ R
LY Ny (Y
w et m T B
a(qPJrl) R -‘rbcg
(ae—9@ -~ D\ (R ) T
B qg—p+1 p/Rp’—l

_ _ q-p+1 Fer=s)
L Ne-1) 1 iy alp—q) |z b
D qg—p+1 qg—p+1 R

13




Clearly, one can find ¢; = co(N,p,q)a” =51 >0 and ¢3 = c3(N,p,q) > 0 such that

A> —c3a” qf;Jlrl R Q*Z‘FI + bcg_l,

. P JE E S B
Choosing co = c¥ 'a~ a=»¥1)p” p-1 R~ ®-Dl—r¥D | we get

—A U +a|VUL |7 +bUP™" >0 in Br(0). (5.6)

Likewise, we can verify that the function Us below

/

RP ,
UQ(.’,C) = C4a_1 log (M) + C4a_1b_ﬁR_:D’%1
belongs to C} (Br(0)) and satisfies
—A,Us +a|VU [P + UL >0 in Bg(0). (5.7)

While, if s > p—1,

belongs to C(Bg(0)) and verifies
“ALUs +bUS >0 in Bg(0), (5.8)

for some positive constants ¢4 = ¢4(N,p,q), ¢c5s = ¢5(N,p,s) and g = B(N,p,q) > 1.

We emphasize the fact that with the condition 1 < p < 2 and ¢ > 1, equation (5.2) satisfies

a comparison principle, see [17, Theorem 3.5.1, corollary 3.5.2]. Take a sequence of smooth
— oo

domains §,, satisfying Q,, C Q,, C Q,41 for all n and |J Q, = Q. For each n,k € N*, there

n=1

exist nonnegative solution u, j = u € W, () := Wy P(Q,) + k of equation (5.2) in Q.

Since —Apug,, < 0 in Q,, so using the maximum principle we get u, < k in Q,, for all n.

Thus, by standard regularity (see [4] and [11]), u, € C1*(Q,,) for some « € (0,1). It follows

from the comparison principle and (5.6)-(5.8), that

Un,k < Un,k+1 in Qn

and (5.3)-(5.5) are satisfied with w,, and Q, in place of u and Q respectively. From this,
we derive uniform local bounds for {u, ;}r, and by standard interior regularity (see [4]) we
obtain uniform local bounds for {u, ;} in C’llog(Qn) It implies that the sequence {u, x}x is
pre-compact in C*. Therefore, up to a subsequence, uy,  — u, in C1(€2,). Hence, we can verify
that w, is a solution of (5.2) and satisfies (5.3)-(5.5) with w,, and €,, replacing v and Q and
un(x) = 0o as d(z,Q,) — 0.

Next, since g > Up+1,k i Q, there holds u, > up41 in Q,,. In particular, {u,} is uniformly
locally bounded in Q. Arguing as above, we obtain u, — u in C1(Q), thus u is a solution of
(5.2) in £ and satisfies (5.3)-(5.5). Clearly, u is the maximal solution of (5.2). |

Theorem 5.2 Let g1 >p—1 and 1 < p < 2. Assume that equation (1.12) admits a solution
with ¢ = 1. Then for any a > 0,b >0 and g € (p— 1, q’l"ill), s€[p—1,q1) equation (5.2) has
a large solution satisfying (5.3) and (5.4).
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Proof. Assume that equation (1.12) admits a solution v with ¢ = ¢; and set v = fw” with

B> 0,0 €(0,1), then w > 0 and

[Vwl®
w

—Apw+ (—o+1)(p—1) + pa—pHlgmptlyola—pt+r=1 — iy .

If we impose max{ ,;_f;:rlp (ﬁ —pt 1) ﬁ} < 0 < 1, we can see that

+ ﬁ‘“*pHJ*pHw[’(qﬁp*l)“’*l > a|lVwl? 4+ bw® in {z:w(z)> M},

(o + 1)~ 1)V

where a positive constant M depends on p, q1,q, s, a,b. Therefore
—Apw+a|Vu|?+bw® <0 in {z:w(®)> M}

Now we take an open subset €’ of Q with ’ C 2 such that the set {z : w(z) > M} contains Q\(Y'.
So w is a subsolution of —Apu + a|Vu|? 4+ bu® = 0 in Q\ and the same property holds with
we := ew for any € € (0,1). Let u be as in Proposition 5.1. Set min{u(z) : x € 0V} =60, >0
and max{w(z) : x € 9V} = 0 > M. Thus w. < u on 9 with e < min{z—;, 1}. Hence, from
the construction of u in the proof of Proposition 5.1 and the comparison principle, we obtain
we < win Q\'. This implies the result. |

Remark 5.3 From the proof of above Theorem, we can show that under the assumption as in
Proposition 5.1, equation (5.2) has a large solution in Q if and only if equation (5.2) has a large
solution in Q\K for some a compact set K C Q with smooth boundary.

Now we deal with (5.1) in the case ¢ = p.

Theorem 5.4 Assume that equation (5.2) has a large solution in Q2 for some a,b >0, s >p—1
and g =p > 1. Then for any a;,b1 >0 and ¢y >p—1,81 > p—1,1 < q1 < p <2, equation (5.2)
also has a large solution u in Q with parameters a1,b1,qq,s1 in place of a,b,q, s respectively,
and it satisfies (5.3)-(5.5).

Proof. For o > 0 we set u = v thus

[Vol”

—-App—(c—1)(p—1) + aov® 1 | Vol + bo—PH1y(s—p+)o+p—1 _

s1—p+1

Choose o = P

+ 2, it is easy to see that
—Apv + a1 |[Vu|T +bov°t <0 in {z:v(z)> M},

for some a positive constant M only depending on p,s,a,b,aq,b1,q1,s1. Similarly as in the
proof of Theorem 5.2, we get the result as desired. ]

Remark 5.5 If we set u = e" then v satisfies
—Apv + betPHY = |Vy|P (p — 1 — ae?) in Q.
From this, we can construct a large solution of

—Apu + bels7PTDu = in Q\K,
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for any a compact set K C Q0 with smooth boundary such that v > In (prl) in Q\K. In case
p = 2, It would be interesting to see what Wiener type criterion is implied by the existence as
such a large solution. We conjecture that this condition must be

/1 Hy' *(By(z) NQ°) dr
0

N2 =00 Vo € 0N.

‘We now consider the function

RP —|z|?

jd
y+p—1
SR > in Br(0),v > 0.

i(o) =<

As in the proof of proposition 5.1, it is easy to check that there exist positive constants 3 large
enough and ¢ small enough so that inequality A,Us + U, " > 0 holds.
From this, we get the existence of minimal solution to equation

Apu+u7=0 in Q. (5.9)
Proposition 5.6 Assume v > 0. Then there exists a minimal solution u € CL(Q) to equation
(5.9) and it satisfies u(x) > Cd(z, IQ) 771 in Q.

We can verify that if the boundary of § is satisfied (1.3), then above minimal solution u
belongs to C'(£2), vanishes on 9 and it is therefore a solution to the quenching problem

Apu+u7=0 in Q,

u=0  indQ. (5.10)
Theorem 5.7 Let v > 0. Assume that there exists a solution u € C(Q) to problem (5.10).
Then, for any a,b >0 and g >p—1,s>p—1,1<q <p <2, equation (5.2) admits a large
solution in Q and it satisfies (5.3)-(5.5).

Proof. We set w = e 717, then v is a large solution of

—Apv +alVol’ + (%)p_lepgl(wﬂkl)v =0 in Q.
So
—Apv+a|Voul? +bv* <0 in {z:v(x) > M},
for some a positive constant M only depending on p,q,s,a,b,y. Similarly to the proof of
Theorem 5.2, we get the result as desired. [
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