EXISTENCE AND UNIQUENESS OF DYNAMIC EVOLUTIONS
FOR A ONE-DIMENSIONAL DEBONDING MODEL WITH DAMPING
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ABSTRACT. In this paper we analyse a one-dimensional debonding model when viscosity is
taken into account. It is described by the weakly damped wave equation whose domain, the
debonded region, grows according to a Griffith’s criterion. Firstly we prove that the equation
admits a unique solution when the evolution of the debonding front is assigned. Finally we
provide an existence and uniqueness result for the coupled problem given by the wave equation
together with Griffith’s criterion.
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INTRODUCTION

Analytical models of dynamic debonding involving a single spatial dimension have been devel-
oped in the last fifty years as a simplified but still meaningful version of dynamic crack growth
based on Griffith’s criterion. Starting from the works of Hellan [11, 12] and Burridge & Keller [2]
(see also the books of Freund [10] and Hellan [13]) it is highlighted how in this field they are
one of the few models for which a mathematical formulation provides an exhaustive description
of the involved physical processes. Nevertheless they still possess all the relevant features and
difficulties of general Fracture Dynamics, such as the time dependence of the domain of the wave
equation and the presence of an energy criterion governing the evolution of the system. For the

* SISSA, ViA BONOMEA, 265, 34136, TRIESTE, ITALY.
E-mail address: firiva@sissa.it.
Member of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA)
of the Istituto Nazionale di Alta Matematica (INdAAM).
2 GLI Europe, DIAKENHUISWEG, 29-35, 2033AP, HAARLEM, THE NETHERLANDS.
E-mail address: l.nardini@gaminglabs.com.
1



2 FILIPPO RIVA AND LORENZO NARDINI

reader who is interested in recent works about dynamic crack propagation we quote for instance
(3, 4, 6, 16, 24].

In the context of one-dimensional models a natural question of great interest in the framework
of Fracture Mechanics, widely open in the general case, can be considered in detail. It is
commonly referred as the quasistatic limit problem and it concerns whether or not dynamic
solutions converge to a quasistatic evolution as inertia tends to zero. We refer to [22] for the
abstract theory of quasistatic or, more precisely, rate-independent systems.

In recent years the model of a tape peeled away from a substrate has been studied from
different points of view by several authors, see for instance [5, 9, 17, 18, 19, 20]. In particular,
a complete mathematical analysis has been given in [5, 19], where the authors firstly prove
well-posedness of the problem and then show how the quasistatic limit question has a negative
answer in the undamped case.

In this work we contribute to the study of the same debonding model providing existence
and uniqueness of dynamic evolutions when a viscous damping is taken into account. The issue
of the quasistatic limit will be instead investigated in a future work. The choice of analysing
such a damped problem is motivated by several works on different dynamic evolutions where the
addition of a suitable dissipation term in the equation makes the convergence towards quasistatic
solutions true, see for instance [7] in a case of perfect plasticity, [27] for a model of delamination,
[21, 25] for some damage models, or [1, 23] in a finite-dimensional setting.

The model we consider can be interpreted in two different ways. The first one, following
[9, 17], describes a dynamic peeling test for a one—dimensional tape, which is assumed to be
perfectly flexible and inextensible, initially attached to a flat rigid substrate and placed in some
environment which causes a viscous damping on its surface. We assume the deformation of
the tape takes place in a vertical plane with orthogonal coordinates (z,y), where the positive
x-axis represents the substrate as well as the reference configuration of the tape. For the sake
of simplicity we neglect incompenetration between the tape and the substrate. During the
evolution the tape is described by x — (z + h(t,x), u(t, z)), namely the pair (h(t,x),u(t,z)) is
the displacement at time ¢ > 0 of the point (x,0), and it is glued to the substrate on the half line
{x > 4(t),y = 0}, where ¢ is a nondecreasing function satisfying ¢y := £(0) > 0 which represents
the debonding front (this implies h(t,x) = u(t,z) = 0 for = > £(t)). At the endpoint z = 0 we
prescribe a boundary condition u(t,0) = w(t), where w is the time-dependent vertical loading.

Linear approximation and inextensibility of the tape lead to the following formula for the
horizontal displacement h:

+o0
Mty =5 [ ke de

furthermore, introducing a parameter v > 0 which tunes viscosity, it turns out that the vertical
displacement u solves the problem

Ut (b, ) — Ugg (t, ) + vug(t, z) = 0, t>0,0<z<L(t),

u(t,0) = w(t), t>0,

u(t, 0(t)) =0, t >0, (0.1)
u(0,2) = ug(x), 0 <z <Y,

u (0, ) = w1 (z), 0 < </,

where the initial conditions ug and w; are given functions.
The second and, in our opinion, much proper and simpler interpretation of the model is the
one of a bar, initially glued to a flat rigid support, loaded horizontally and thus exhibiting only
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horizontal displacement. In this setting the function u(¢,x) represents the horizontal displace-
ment of the bar, while w(t) is the horizontal loading acting in = 0; as before, the nondecreasing
function £(t) denotes the debonding front, and system (0.1) governs the evolution of w.

The addition of the damping term to the wave equation, harmless at a first sight, makes
instead the problem much more difficult to treat than the undamped case v = 0 previously
analysed in [5]. Indeed, the arguments they adopted do not work anymore because of a real
coupling between the two unknowns u and ¢ which appears if v is positive. The aim of our
contribution is thus to develop an original approach which allows us to overcome the technical
difficulties related to the damping term and to get and improve the results obtained in [5].

The paper is organised as follows: in Section 1 we prove there exists a unique solution u
to problem (0.1) when the evolution of the debonding front ¢ is known a priori; the idea is to
introduce an equivalent problem solved by the function v(t, z) = e’/?u(t, ) (see (1.5)) and then,
exploiting a suitable representation formula (Duhamel’s principle), to perform a contraction
argument (see Proposition 1.13 and Theorem 1.14).

In Section 2 we study the total energy 7 of the solution u to problem (0.1), namely the sum
of the internal energy and the energy dissipated by viscosity. We prove that T is an absolutely
continuous function and we provide an explicit formula (for small time) for its derivative (see
Proposition 2.1).

In the rest of the paper we take care of problem (0.1) when the evolution of the debonding
front ¢ is unknown, but is governed by a suitable energy criterion (Griffith’s criterion) based on
the notion of dynamic energy release rate (see [10] for its definition in the general framework
of Fracture Mechanics); physically it represents the amount of energy for unit lenght spent to
debond the tape.

In the first part of Section 3 we introduce the dynamic energy release rate G(t) at time ¢
corresponding to a speed a € (0,1) of the debonding front (see Definition 3.4) following the
presentation given in [5]; in the second one we formulate Griffith’s criterion (see (3.10)) under
the assumption that the energy dissipated during the debonding process in the time interval

[0,t] is expressed by the formula
0)
/ k(z)dz,
Lo

where k: [{p,+00) — (0,+00) is the local toughness of the glue between the tape and the
substrate (for a more general case of speed-dependent toughness in the undamped case v = 0
we refer to [18]). With this aim, as in [5] and [15], we formulate the evolution in terms of an
energy-dissipation balance and of a maximum dissipation principle, deducing that £ must satisfy
the following system, namely Griffith’s criterion:

0</(t) <1,
Gy (t) < w((1)), (0.2)
(G 0) = wte)] i) =o.

In Section 4 we present our main result: we solve the coupled problem showing existence
and uniqueness of a pair (u, ¢) satisfying (0.1)&(0.2) (see Theorem 4.6). Our result generalises
Theorem 3.5 in [5] both for the presence of the damping term as well as for the weaker regularity
we require on the data. The strategy for the proof is, like in Section 1, to rewrite (0.1)&(0.2) as a
fixed point problem and then to use a contraction argument (see Proposition 4.5). Furthermore,
our approach even allows us to consider the presence of an external force f in the model (see
Remark 4.12), namely when the equation for the vertical displacement u becomes

u(t, ) — uge (t, ) + vug(t, ) = f(t,x), t>0,0<z <L(t).
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At the end of the work we attach an Appendix, in which we collect some results used through
the paper about the Chain rule and the Leibniz differentiation rule under low regularity assump-
tions.

1. PRESCRIBED DEBONDING FRONT

In this Section we show existence and uniqueness of solutions to problem (0.1) when the
evolution of the debonding front is prescribed. We first consider an auxiliary and equivalent
problem, see (1.5), which will be easier to handle than the original one; then we provide a
representation formula, given by (1.11), for a solution of this new problem. The result of
existence and uniqueness will be finally obtained by means of a fixed point argument, as stated
in Proposition 1.13 and Theorem 1.14. We follow the same presentation given in [5]: we fix
v >0, £y > 0 and a function ¢: [0, +00) — [{y, +00) such that

¢ € C%(]0, +00)), (1.1a)
€(0) = £y and 0 < £(t) < 1 for a.e. t € [0, +00). (1.1b)

Remark 1.1 (Notation). Given any function of one variable ¢: R — R we always denote its
derivative (when it exists) by ¢, regardless of whether it is a time or a spatial derivative.

Differently from [5] we allow the debonding front ¢ to move even with speed one. For t € [0, +00)
we introduce the functions:

o(t) :=t—L(t) and P(t) := t+L(t).
Since v is strictly increasing we can define
w: [lo, +00) = [—Lo, +0), w(t):=poyT(t),
and we notice that w is a Lipschitz function whose derivative satisfies for a.e. t € [{y, +00)

0< o= LAWTHO) (1.2)
L+ £(yp~1(1))

For a € R and for k£ > 0 integer we introduce the spaces:
H'(a,+00) := {u € H} (a,+00) | u € H'(a,b) for every b> a},
C*([a,+0)) := {u € C*([a, +0)) | u € C*'([a,b]) for every b > a}.

We assume that _
w € HY(0,+00), (1.3a)

ug € HY(0,0p), w1 € L*(0,4p). (1.3b)

Remark 1.2. Throughout the paper every function in W'P(a,b), for —oo < a < b < +00 and
p € [1,+00], is always identified with its continuous representative on [a, b].

For the initial data we require the compatibility conditions
uo(0) = w(0), wp(4y) =0. (1.4)
We set:
Q:={(t,z) |t >0,0<x <L)},
Qr :={(t,z) e Q |t <T}.
We will look for solutions in the space

HY () :={ue H. (Q) | ue H(Qr) for every T > 0},
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or, assuming more regular data, in the space
CHL Q) = {u € C*(Q) | u € C*1(Q7) for every T > 0}.

Definition 1.3. We say that a function v € H*(Q) (resp. in H*(Qr)) is a solution of (0.1) if
Ut — Uy +vup = 0 holds in the sense of distributions in Q0 (resp. in Qr ), the boundary conditions

are intended in the sense of traces and the initial conditions ug and uy are satisfied in the sense
of L?(0,4o) and H=1(0,4y), respectively.

Remark 1.4. The definition is well posed, since for a solution u € H'(Qr) we have that u;
and u, belong to L2(0,T; L?(0,4)); this implies that u; and u,, are in L?(0,T; H (0, 4))
and so by the wave equation uy € L?(0,T; H 1(0,4y)). Therefore u; € H(0,T; H1(0,4p)) C
CO([0,T); H1(0,£4p)) (see also [5]).

One of the standard ways used to deal with the weakly damped wave equation consists in the
introduction of the function v(t,z) := e"*/?u(t,z) (see for instance [8], Remark 10, pag. 141),
which in our setting solves the auxiliary problem

( 2

mgmm—vmuﬂg—%wuﬂg:m t>0,0<xz <),

v(t,0) = 2(t), t>0,

u(t, 0(t)) =0, >0, (1.5)
v(0,2) = vo(x), 0 < </,

v(0,2) = v1(x), 0 <z <y,

where the boundary condition and the initial data are replaced respectively by the functions

2(t) = e’ (t),
v (1.6)
vo(z) = up(z) and wvi(z) =wui(x)+ Euo(x).

We notice that z, vo and v; in (1.6) satisfy (1.3) and the compatibility conditions (1.4) if and
only if w, ug and uy do the same.

Remark 1.5. It is easy to see that u € H(Q) (resp. H'(Qg)) is a solution of (0.1) if and
only if the corresponding function v(t,z) = e"*/2u(t,z) € HY(Q) (resp. H*(Qr)) is a solution
of (1.5), according to Definition 1.3 (with the obvious changes). The absence of first derivatives
in the equation for v makes this second problem more convenient to deal with.

We introduce also the sets (see Figure 1):
Q) ={(t,x) eQ|t<zand t+z<{},
Q) ={(t,x) eQ|t>zand t+z < {y},
Q ={(t,z) eQ|t<zand t+z > ly},
Q = QLuQ,us,
Qp:={(t,z) e Q' |t < T},
and we consider the spaces:
HY () = {u € HL () | ue H' () for every T > 0},
L2(Y) :={u e L3 () | u € L*(y) for every T > 0}.

In [5] it has been shown that every solution to the undamped (i.e. v = 0) wave equation,
here and henceforth denoted by A(t, z), satisfies a suitable version of the classical d’Alembert’s
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formula, adapted to the time dependence of the domain; imposing initial data and boundary
conditions the authors prove that in ' it can be written as A(¢, z) = a1 (t+x) + az(t—2x), where

1 1 [°
—vo(s) + / vy (r)dr, if s € (0, 4o,
2 2 Jo
al(s) = 1 1 —w(s)
—§v0(—w(s)) + 2/ vi(r)dr, if s € (o, 2t"),
o e (1.7)
—vp(—s) — / vi(r)dr, if s € (—4,0],
_ )2 2 J,
a2(8) - 1 1 s
z(s) — 500(5) — 2/ vi(r)dr, if s € (0,4),
0

with t* = inf{t € [ly,+o0) | t = £(t)} (with the convention inf{()} = +o0). We notice that
by (1.3), (1.4) and Remark A.7, a; and az belong to H'(0,2t*) and H'(—£g, ) respectively;
this will be used in Lemma 1.10.

Remark 1.6. We wrote ﬁl((), 2t*) since t* can be +oo; if this does not occur, that expression
simply stands for H'(0,2t*).

Hence d’Alembert’s formula provides an explicit expression of A in Q':

1 1 1ot : )
ivo(m—t) + ivo(w—kt) +3 v1(s)ds, if (t,x) € O,
z—t
1 1 1 t+x . ,
A(t,z) = ¢ z(t—x) — 5vo(t—ac) + 5vo(t+ac) +3 vi(s)ds, if (t,z) € Q, (1.8)
1 1 )
ivo(x—t) - ivo(—w(aj—i—t)) + 2/ vi(s)ds, if (t,z) € Q4.

t

Remark 1.7. In Q\ Q' one cannot anymore obtain explicit formulas for aj, a2, and hence for
A, due to superpositions of forward and backward waves generated by “bouncing” against the
endpoints x = 0 and = = £(t), even though d’Alembert’s formula still holds true.

Inspired by the validity of this version of d’Alembert’s formula in the undamped and homoge-
neous case v = 0, to solve problem (1.5) we firstly prove that even the nonhomogeneous classical
counterpart, the so called Duhamel’s principle, holds true in our time-dependent domain setting.
Duhamel’s principle states that every solution to problem (1.5) can be written (in ') as a sum
of two terms: the first one is the solution A of the undamped wave equation, while the second
one is the integral of the forcing term %v(t, x) over a suitable space-time domain, denoted by

R(t,z). The domain of integration has the following form (see Figure 1):
R(t,z) ={(1,0) € ¥ |0 <7 <t, n(r;t,x) <o < ya(r;t,x)}, (1.9)
where
x—t+7, if (t,x) € Q,
(13t @) = ¢ Jle—t+7|, if (¢t,2) € Qf,
z—t+7, if (t,x) € Q’,

I if (1,2) € (1.10)
) B T+t—T, (tvx)
72(Tvt7x) - T—w(t—l—w), (t7x) and T < w ( )7

T+t—, if (t,z) € Q3 and 7 > ¢~ (t+x),

are the left and the right boundary of R(¢,x), respectively.
The precise statement is the following:
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t

]Y
Y

T —1t r+t

z—t —wlxz+1) lo x

FIGURE 1. The set R(t,z) in the three possible cases (t,z) € ), (t,z) € Q and
(t,z) € Qf

Proposition 1.8. A function v € HY(Q) is a solution of (1.5) in Q' if and only if

2
v(t,z) = A(t,x) + % // v(r,0)dodr, for a.e. (t,z) €, (1.11)
R(t,z)
where A is as in (1.8) and R is as in (1.9).

Proof. Let v € HY(Q') be a solution of (1.5) in €' and consider the change of variables

(o

Then the function V' (§,7n) = v(%, %_5) satisfies (in the sense of distributions)
2
Vey= 7V A, (1.13)
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where A’ is the image of ' through (1.12).

Integrating (1.13) over the image of R(t,z) through (1.12) and reverting to the original vari-
ables (t,z) one gets representation formula (1.11) (imposing initial data and boundary condi-
tions).

Now assume that v € H'()) satisfies (1.11); then using Lemma 1.11 and recalling that
Ay = Ay, (weakly) we can conclude. O

Remark 1.9. An analogous statement holds true for a solution u of (0.1), replacing (1.11) by
u(t,z) = A(t,z) — ;// u(t,0)dodr, for ae. (t,z) €, (1.14)
t,x

where A is obtained replacing vg, v1 and z by g, u; and w in (1.8).

For a better understanding of the function A and of the integral term we state the following two
Lemmas.

Lemma 1.10. Fiz ¢y > 0 and consider vy, v1 and z satisfying (1.3) and (1.4). Assume that
0: 0, 4+00) — [lo, +00) satisfies (1.1).
Then the function A defined in (1.8) is continuous on Q' and it belongs to H*(Q'); moreover,

setting A = 0 outside §, for every t € [O, %0] it holds true:

A(t+h,-) — A(t, ")

) As(t,), a.e. in (0,+00) and in L?(0, +oo), (1.15a)
h h—0

h h—0

y Ay(t,), a.e. in (0,+00) and in L*(0,+00), (1.15b)

where for every t € [0, %0} and for a.e. x € (0,+00)

. dl(t+$) + dg(t—l‘), fo € (O,E( ))
Alto) = {0, if 2 € (U(t), +00).

Ay (t,x) = {SI(H_JC) —ag(t—x), ifwe

(0,£(2)),
ifxe(l

(t), +00),
being a1 and ay as in (1.7).

Furthermore Ay and A belong to C°([0,%]; L2(0,+00)) and hence in particular A belongs to
CO([0, 3 H'(0,+00)) N C([0, 315 L2(0, +00)).

Proof. By the following explicit expression of A,

Alt,z) = ai(t+x) + az(t—x), for every (t,z) € O,
T 0, for every (t,z) € [0, +oo) \Q

and recalling that a; and as belong to H! (0,2t*) and H'(—{g, o) respectively, we deduce that
Ae H{(Y)nCo ().
By classical results on Sobolev functions and exploiting the fact that A(¢,4(t)) = 0 for every

t € [0,t*] it is easy to see that for every ¢ € [O, %0} (1.15b) holds. Similarly one can show that

for every t € [0, 2} the difference quotient in (1.15a) converges to A;(t, x) for a.e. x € (0,400);



EXISTENCE AND UNIQUENESS FOR A DAMPED DEBONDING MODEL 9

to prove that it converges even in the sense of L?(0, +00) we compute (we assume h > 0, being
the other case analogous):

[ =)
0 h t\by
o) _ ) —ao(t— 2
:/0 al(t+h+$}z ai(t+x) 7a1(t+$)+a2(t+h x}i as(t—x) n(t—)| da
1 L(t+h) )
— A .
v, G

The first integral tends to zero as h — 07 since a; and as are Sobolev functions, while for the
second one we argue as follows:

2
dx

£(t+h) £(t+h)

— A(t+h, z)|*dz =

/ (a1 (t+h+s) — az(t+h—s)) ds
(t+h)

1 [ltth) £(t+h)
<oz [t = o) [ i) - as(erhos) [ dsde
4 £(t)

h
o 2 pl(t+h)
— <€(t+h)£(t)> / ‘al (t+h+s) — az(t+h—s) ‘ ds
¢

h (t)
£(t+h)+t+h , t+h—L(t) ,
32/ a1 (y)| dy+2/ laa(y) 2 dy,
U(t)+t+h t-+h—0(t+h)

and by dominated convergence we deduce it goes to zero as h — 07 too, so (1.15a) is proved.
The fact that A; and A, are continuous in L?(0, +oc) follows from the continuity of transla-
tions in L?(0, +00), arguing as before. O

Next Lemma instead is related to the integral term appearing in (1.11):

Lemma 1.11. Fiz fy > 0 and assume that £: [0,+00) — [ly, +00) satisfies (1.1). Let F €
L2(Y) and for every (t,z) € Q' let

Y2 T,t,x)
H(t,z) // (r,0)dodr —/ / o)dodr. (1.16)
R(t,r) Y1(73t,)

Then H is continuous on Q' and it belongs to H? (€Y); moreover, setting H = 0 outside Q,
for every t € {0, %0} it holds true:

H(t+h,-)— H(t,-)

Hi(t,), a.e. in (0,400) and in L*(0,40c0), (1.17a)
h h—0
H(t h) — H(t
¢+ i)z (¢, = H,(t,-), a.e. in (0,4+00) and in L*(0,4o0), (1.17Db)
N

where for every t € [0, %0} and for a.e. x € (0,400)

Ht(t, l‘) — /O[F(T’ 72(7_5t7$))('72)t(7—;tvx)_F(Tv 71(T§t>$))('71)t(7_;t7x)] dr, fo € (07€(t))7
0, if z € (£(t), +00).

Ho(t, o) = /O[F(T, Y2(75t,2)) (92) (T3, )= F (T, (731, 2)) (7)o (758, @) d7, if = € (0,£(2)),
0, if x € (€(t), +00).
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Furthermore Hy and H, belong to C°([0,%0]; L2(0,+00)) and hence in particular H belongs
to C°([0, 31: H' (0, +00)) N C*([0, §]; L*(0, +00)).
Proof. The continuity of H in €’ follows from the absolute continuity of the integral.
Y2 (75t,2) t
We define G(7;t,z) = / F(r,0)do, so that H(t,x) = / G(7;t,xz)dr, and we no-
7(73t,x) 0
tice that for every t € [O, %’} the function (z,7) — G(7;t,z) satisfies the assumptions of

Theorem A.8; hence, exploiting the fact that H(t,4(t)) = 0 for every ¢t € [0,¢*] and recalling
Remark A.10, we get that H(t,-) belongs to H'(0,+00) and so (1.17b) follows. By direct com-

putations one can show that for every t € [0, %0] the difference quotient in (1.17a) converges

to Hy(t,z) for a.e. = € (0,+00); to prove that it converges even in the sense of L?(0, +00) we
compute (we assume h > 0):
2 £(t)
dx :/
0
1
_|_ J—

0(t+h) )
H(t+ h,z)|" dx.
), MHeEn

2

H(t+h,z) — H(t,z) .

— Ht(t,x) h

— Ht(t, .’,17)

A+WWH@+hJZ—£uum

It is easy to see that the first integral goes to zero as h — 0T, while for the second one we
estimate:

1 [U+h) 1 [ret+h)
— |H(t+ h,2)|*de < — |R(t+ h,x)| |F(1,0)*dodr | dz
h? h?

o) o) R(t+h,z)

LGD
<5 h(t+ h) // |F(7,0)|*dodr | dz
0] B (®)

(t+h) (W) //éh(tkp(f, )2 do dr

< (t+h) //fé P )2 do dr = (%),

IN

where we introduced the set Ry (t) := {(1,0) € Q| 0 < 7 < t+h, T—t—h+l(t) < o < T—t-+L(t)}.
By dominated convergence (x) goes to zero as h — 0%, so (1.17a) is proved.

We conclude recalling that, arguing as before, the continuity of translations in L2(0, 4+00)
ensures that H; and H, belong to C°([0, %’]; L?(0,+00)) (exploiting the definition of 71 and 7o

given by (1.10)). In particular this yields H € H(Q'). O

Remark 1.12. By (1.10) one gets that for every ¢t € [0, %0} more explicit expressions for Hy(t, )
and Hy(t,-), valid for a.e. x € (0,£(t)), are respectively

t t
/ F(r,z+t—7) d7'+/ F(r,z—t+71)dr, o,

0t 02 t
Hy(t,z) = /0 F(r,z+t—) dT—/O F(r,t—z—7) dT—{—/t F(r,z—t+7)dr, Qy,  (1.18a)

—T

t P (z+t) t
/ Flr, p—t47) dr—i(a-+t) / Fr r—w(@+4) drt [F(r,o4t—r) dr, 4,
0 0 =1 (z+t)

\
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(ot t
/ F(r,z+t—7)dr — / F(r,x—t+71)dr, Qf,
0 Otz t
H,(t,x) = /0 F(r,x+t—7)dr + /0 F(r,t—z—7)dr — t F(r,z—t+7)dr, , (1.18b)
t W (z+t) o t
—/F(T, r—t+71)dr —(z+t) /F(T, T—w(z+t)) dT+/F(T, z+t—7)dr, Q.
0 0 P=1(z+t)

Since by Lemmas 1.10 and 1.11 the right-hand side in (1.11) is continuous on {/, every solution
veEH L(€Y') of problem (1.5) admits a representative, still denoted by v, which is continuous on
(¥ and such that (exploiting (1.8) and (1.16)):

- v(t, €(t)) = 0 for every t € [0,t*],
- v(t,0) = 2(t) for every t € [0, £o],
- v(0,z) = vo(x) for every x € [0, o]
Moreover (the continuous representative of) the solution v belongs to C°([0, %0]; H(0,+0c0)) and
to CL([0, %’];LQ(O, +00)) and by (1.15a), (1.17a) and (1.8), (1.18) we deduce:
2
- Ut(t, ) —)L (0,£0) U1,
t—0+
- v(0,2) = vi(z) for a.e. x € [0, 4.

In order to find existence (and uniqueness) of solutions to problem (1.5), and hence to prob-
lem (0.1), we look for a fixed point of the linear operator £: C°(€Y) — C°(Y') defined as:

2
Lo(t,x) := A(t,z) + v // v(1,0)dodr. (1.19)
8 JJR(t2)

Proposition 1.13. Fiz v > 0, {y > 0 and consider vg, vi and z satisfying (1.3) and (1.4).
Assume that €: [0,400) — [lo, +00) satisfies (1.1).

IfT € (0, %’) satisfies V20T < 4, then the map £ in (1.19) is a contraction from C°(Qr)
into itself.

Proof. By Lemmas 1.10 and 1.11 operator £ maps CY(Q7) into itself. Pick v!, v* € C°(Qr) and
let (¢,x) € Qr, then

2 2
|evl(t,z) — L%(t, 2)| < - // lvl(r,0) = v?(7,0)|dodr < V—|R(t, )|t - UQHoO(sT)
8 JJR(t) 8 r
v? V20T
< §|QT|||U1 - U2||(10(m) < 1 ||U1 - U2||00(m)-
Since v%¢yT < 4 we conclude. O

We are now in a position to state and prove the first main result of the paper, regarding the
existence and uniqueness of solutions of (1.5), and hence of (0.1) (see Remark 1.5), when the
debonding front ¢ is assigned:

Theorem 1.14. Fiz v > 0, {y > 0 and consider vy, v1 and z satisfying (1.3) and (1.4). Assume
that ¢: [0, +00) — [ly,+00) satisfies (1.1).

Then there exists a unique v € H () solution of (1.5). Moreover v has a continuous repre-
sentative on Q, still denoted by v, and, setting v =0 outside €, it holds:

v € CY([0, +00); H(0,400)) N CY([0, +00); L*(0, +00)).
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Proof. By Proposition 1.13 we deduce the existence of a unique continuous function v! satisfy-
ing (1.11) in Q7,, taking for istance T} = %min {620, yfl&)} <T1 = %O ifv= O>.

By Lemmas 1.10 and 1.11 one gets that v! is in H'(€7,) and moreover that it belongs
to C°([0, T3]; H(0, 4+00)) N CY([0,T1]; L*(0, +00)), while Proposition 1.8 ensures that v! solves
problem (1.5) in Q7.

Now we can restart the argument from time 7} replacing £y by ¢1 := ¢(T1), vo by v!(Ty,-)
and vy by v}(T1,-); indeed notice that v!(Ty,-) € H(0,41), v} (T1,-) € L?(0,¢1) and that they
satisfy the compatibility conditions v!(T},0) = z(Ty) and v!(T1,¢;) = 0. Arguing as before we

1 6 4
get the existence of a unique solution v2 of (1.5) in Qp, \ Qrp,, with T, = T} + 3 min {1 },

27 v
belonging to CO([Ty, Tz]; H(0, +oc)) N CY([T1, To]; L*(0, +0)). 1
vi(t,x), if (t,x) € Qp,
vi(t,x), if (t,z) € Qp, \ O,
in C*(]0,Ty]; L?(0,4+00)) and it is easy to see that it is the only solution of (1.5) in Q.
To conclude we need to prove that the sequence of times {7} defined recursively by

{E(Tk_l) 4
2 ’ V2€(Tk_1)

Then the function v(t,z) = is in C°([0,T3]; H'(0, +00)) and

1
Tk = Tk—l + — min

5 } if k> 1,

Ty = 0,

diverges. This follows easily observing that {7} } is increasing and recalling that 0 < £(t) < 400
for every t € [0, +00). O

Remark 1.15 (Regularity). If we assume vy € C%([0, £o]), v1 € L=(0,4y), z € CL([0, +00))
satisfy the compatibility conditions (1.4), then by (1.8) and (1.18) the (continuous representative
of the) solution v belongs to C%1(Q) and v(t,-) € L*°(0, +o0) for every t € [0, +00).
Remark 1.16 (More regularity). If we assume more regularity on vg, v1, z and on the
debonding front ¢, in order to get that the solution v possesses the same regularity we need
to add more compatibility conditions. For instance, if ¢ € CH1([0,+00)) satisfies (1.1b), if
vo € CHL([0,£6p)), v1 € C%L([0,40]), 2 € CHL([0,+00)) satisfy (1.4), to get v € CHL(Q2) we also
need to assume the following first order compatibility conditions:

v1(0) = 2(0) and  vi(£o) + £(0)0g(Lo) = 0. (1.20)

Indeed, under these assumptions the function A in (1.8) belongs to C1((); moreover, ex-
ploiting (1.18) and the fact that by Remark 1.15 we already know that the solution v is in

C%1(Q), one can deduce that the function H(t,z) = // v(7,0)dodr in (1.16) belongs to
R(t,x)

CH1(€V) too. Hence representation formula (1.11) ensures that v belongs to C(Qz,) for some
T, € (0, %); since v(t,0) = z(t) and v(t, £(t)) = 0 for every ¢ € [0, +00) we notice that condition

(1.20) holds at time T} too, and reasoning as in the proof of Theorem 1.14 one can conclude.
We also notice that, coming back to ug, u; and w, (1.20) is equivalent to

u1(0) =w(0) and  wui(fy) + £(0)uo(£y) = 0. (1.21)

We conclude this first Section pointing out that the choice of working with H' and L? functions
is only due to the energetic considerations we make in the next Sections in order to formulate
the coupled problem. Indeed all the results presented up to now still remains valid in a Wh!
and L' setting, with the obvious changes.
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2. ENERGETIC ANALYSIS

This Section is devoted to the study of the total energy of the solution u to problem (0.1)
given by Theorem 1.14 and Remark 1.5; this analysis will be used in Section 3 to introduce the
notion of dynamic energy release rate.

Fix v > 0, ¢y > 0 and a function ¢: [0, +00) — [{g, +00) satisfying (1.1), and consider ug, u;
and w satisfying (1.3) and (1.4); let u be the solution of (0.1) associated with ¢, ug, u; and w.
For ¢ € [0,+00) we introduce the internal energy of u:

£(t)
E(t) := ;/0 (ui(t,z) +ui(t,x)) da,

where the first term represents the kinetic energy and the second one the potential energy, and
the energy dissipated by viscosity:

t pl(T)
A(t) == 1// / u?(7,0)do dr.
0 Jo

We then consider the total energy of u:

T(t) :=E(t) + A(t). (2.1)
As in Section 1 we introduce the auxiliary function v(t, ) = €”*/?u(t, z) and we consider vy and
v1 given by (1.6).
Proposition 2.1. The total energy T defined in (2.1) belongs to AC([0,4+00)) and for a.e.

te [0, %0} the following formulas hold true:

7 __é(i);—é(t) U —t)—u — v tu T, T— 72

70 == P (1000 = (0= +v [t r—rea(0) dr o
i) [u’;(t) - (uo(t)—l—ul(t) o /0 g (7, 1—7) dfﬂ ,

7 __@ﬂe—w D ) —w _ _ﬁ tv _ ’

0=~ i [O(e(w )~ (00 —1) — 2 /0 (7,7 t+e(t))dT] -

+(t) [w(t) " gw(t) _e % <®0(t) + v1(t) + V:/Otv(f,tﬂ dT)] ;

where the products between 1 — K(t) and the expressions within square brackets are meant as in
Remark A.2.
Remark 2.2. One can obtain similar formulas for 7~ which are valid for a.e. t € [0, +0c) arguing
in the following way: fix g > 0, then for a.e. t € [to, to + Z(;—O)}

0(t) 1 —4(t)

. 2
T(t) =— TTK(W [ux(to, L(t)—t+to) — ue(to, £(t)—t+to) + v /t0 (T, T—t4L(t)) d’7':|

+ w(t) {w(t) — <ux(t0,t—t0) + u(to, t—to) — I//t: u(T,t—7) drﬂ .

and the analogous formula for (2.2b) holds.

Proof of Proposition 2.1. Let us define T := {y/2; we notice that by Remark 2.2 it is enough to
prove the Proposition in the time interval [0,7]. By (1.14) we know that for every (¢,x) € Qr

ult, ) = iy (t+) + (i) — & / / o) dras (2.3)
R(t,x
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where a; and ag are as in (1.7), replacing vg, v1 and z by ug, u; and w, respectively.
Moreover, by (2.3), Lemma 1.11 and Remark 1.12 we get for every t € [0, T

wi(t,z) = b1 (t+x) + do(t—2) — %hl(t,x) - ghg(t, z),  forae. z€0,L(t)
g (t, ) = 1 (t+a) — do(t—a) — ghl(t, z) + ghg(t,m), for a.e. z € [0, 0(t)],
where
t
/ wug (7, t+x—7)dT, if 0 <z </ly—t,
ha (ta ZL‘) = 0 L(t+a) t
—w(t—i—x)/ ug (1, T—w(t+x)) dT+/ u (T, t+x—7)dr, if by—t < x < L(t),
\ 0 P L(t+a)
t
wg (7, T—t+x) dT, if t <a </{(t),
hQ(tal‘) = 0 t—x t
—/ ug(7, t—z—7) dr —I—/ w(T, 7—t+x)dr, if0<ax<t.
0 t—x

Now we compute:

ot)
1= /0 (ia(t4) + (i) — Zha(t,2) - hg(t,x))2 dz

2
+ ;/w) (éx(t+2) = Galt—2) = Shi(t,2) + Lo, gg))2 dz
2(t
- / N [( 1(t42) — Zh(t,2)) + (dalt—) - ;h2<t,x>)1 dz
— /tH(t & hl(t y— t)}2 dy + /tte(t) [&Q(y) — %hQ(t,t—y)]Q dy

2

/ [ o(y) +U1(y)_;/0tut(7’y—7)dT:| dy
. 2

/ [ — —u1 y)+;/()tut(T,T—y)dT:| dy
e (e ]

2

+/0 [w(y)_W“l(y)+’//Oyut(7,y_7)d7_;/ytut(T,T—y)dT} dy.

2 2

It is easy to check that we can apply Theorem A.8 in the Appendix, so we obtain that £ belongs
to AC([0,T]) and that for a.e. t € [0, 7] the following formula for its derivative holds true:

i) 1 — £(¢) 2

€0 == + it

i) [w(t) - <u0(t) Fug(t) — v /0 (-7 d7>] o /O 2.0 da.

[uo(z(t)—t) g (66 —t) + v /0 Sp— dr}

, £(t)
Recalling that A is absolutely continuous by construction and that A(t) = v / u(t,z) da for

0
a.e. t € [0,T], we deduce that T belongs to AC([0,T]) and that formula (2.2a) holds.
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To get (2.2b) one argues in the same way with v(t, z) = e’*/?u(t, z), rewriting £ as

—vt

E(t) = 62 /OM [(vt(t, z) — gv(t,m))2 +o2(¢, x)} dz,

and recalling (1.11). O

3. PRINCIPLES LEADING THE DEBONDING GROWTH

In the first part of this Section we introduce the dynamic energy release rate in the context
of our model, following [5]. In the second one we will use it to formulate Griffith’s criterion,
namely the energy criterion which rules the evolution of the debonding front.

As before we fix v > 0, £y > 0 and we consider ug, u; and w satisfying (1.3) and (1.4), but
from now on the debonding front will be a function £: [0, +00) — [£y, +00) satisfying (1.1a) and
such that

£(0) = £y and 0 < £(t) < 1 for a.e. t € [0,400). (3.1)

We want to underline that the requirement of (3.1) in place of (1.1b) is not merely a technical
assumption needed to carry out all the mathematical arguments of the next Sections, although
is crucial; it is instead a natural consequence of the Griffith’s criterion the debonding front has
to fulfill during its evolution, as the reader can check from the final formula (3.11).

3.1. Dynamic energy release rate. The notion of dynamic energy release has been developed
in the framework of Fracture Mechanics to measure the amount of energy spent by the growth
of the crack (see [10] for more information); it is defined as the opposite of the derivative of the
energy with respect to the measure of the evolved crack.

To define it in the context of our debonding model we argue as in [5]: we fix ¢ > 0 and we con-
sider a function @ € H*(0, +00) and a function : [0, +00) — [(o, +00) satisfying (1.1a) and (3.1),
and such that

w(t) =w(t) and 0(t) =L(t) for every t € [0,%].

Let w and @ be the solutions to problem (0.1) corresponding to ¢, ug, u, w and l, up, u1, W,
respectively, and for ¢ € [0, +00) let us consider:

- £(t)
Et 4, W) := ;/ (@7 (t,z) + @2(t, z)) dz,
0

- t pl(r)
A(t; 6, w) = 1// / @3 (r,0)do dr,

0o Jo

and
T(t;4,0) = E(t; 4,0) + A(t; £,0),
where we stressed the dependence on ¢ and on .
The formal definition of dynamic energy release rate at time ¢ should be:
. T(t; 4, @) — Tt 4, w) 1 T 0w) = T4 w)

G(t) := lim — = ~ =—— lim —
t—tt E(t) — E(t) K(t_) t—tt t—t

, (3-2)

where @ € H'(0, +00) is the constant extension of w after f.

Remark 3.1. The choice of the particular extension w in (3.2) is needed in order to avoid
including the work done by the external loading in the energy dissipated to debond the tape.
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By Proposition 2.1 (see also Remark 2.2) for a.e. t € [O, %0] we have
L i1 — ¢ i i 2t ) 2
T(t;l,w) = —@17@6_” [bo(é(t)t) — v (L(t)—t) — y/ o(T, T—t+L(t)) dT:|
N0 4 Jo

2

+ w(t) [ﬁ}(t) + gw(t) —e % (i)o(t) +v1(t) + VZ /Otﬁ(ﬂt—T) dfﬂ ;

where ¥(t, z) = e""/?4(t, ) and vy and v; are given by (1.6).

Since in (3.2) we want to compute the right derivative of T (¢; £, ) precisely at t = £, we need a
slight improvement of Proposition 2.1 (see Theorem 3.2 below and the analogous Proposition 2.1
in [5]). With this aim we will require that there exist o, 8 € R such that

1 t+h | .

hli)r(r)l+ 7 /t lﬁ(t) — a’ dt =0, (3.3a)
1 t+h . 9

hi%i h/{ lw(t)— B|” dt = 0. (3.3b)

Theorem 3.2. Fizv >0, ¢y > 0 and consider ug, u1 and w satisfying (1.3) and (1.4). Assume
that £: [0, +00) — [ly,+00) satisfies (1.1a) and (3.1).

Then there ezists a set N C [0, +00) of measure zero, depending only on €, ug, u1 and w, such
that for every t € [0,+00) \ N the following statement holds true:

if vo, v1, £, W, @, 0, u and v are as above, if ¢ and W satisfy (3.3a) and (3.3b) respectively, then

T+ h; b, ) — T (&4, w)

TG4 D) = i sts.
Tr(t; 0, w) T W exists
Moreover, if t € [O, %‘)} \ N, one has the explicit formula
_ 2
T ®) =~ 31 e Linfe(0) 1)~ wt@)-1) 5 [ ot 7-ia(i))
rili b, W) = 21+ a 0 U1 401)7',7' T

Remark 3.3. One can obtain a similar formula for 7, (¢; l, w), valid for ¢ > %0, reasoning as in
Remark 2.2.

Proof of Theorem 3.2. Let us define T' := {y/2; we notice that by Remarks 2.2 and 3.3 it is
enough to prove the Theorem in the time interval [0, T].
We call p;(r) := 0o(r) —v1(r) and pa(r) := 0o(r) + v1(r) and we consider the points ¢ € [0, 7]
with the following properties:
F—0(F)+h F0()+h

lim — —r))?=(p1(£(f)—=%))?|dr=0 and lim — —r)—p1 (6(F)—T)| dr=0;
a) lim o t;e(ltf()m( ) =(p1(€(F) 7)) |dr=0 and lim - H(’f)l( r)=p1((t)—t)| dr=0;
1 t+h o
lim — - = 0.
b) Jim & [ la(r) = pa®) P =0

We call Er the set of points satisfying a) and b). Since p; and ps belong to L?(0, /) and
since ¢ satisfies (3.1) the set N :=[0,7]\ E7 has measure zero (see Corollary A.4). Let us fix
te Er.
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In the estimates below the symbol C' is used to denote a constant, which may change from

line to line, that does not depend on h, although it can depend on ¢. For the sake of clarity we
2 2

t t
define I (v, 0)(t) := 2/ v(1, T—t+L(t)) dT and I2(v)(t) := V4/ v(1,t—7)dr, so that
0 0

~ i|2 11—«

— _ _ _ 12
_a Yt [p1(€(t V1)~ (v, £)( )}

d
14+« §

< < v . _vs ~ 1% — vt
w(s)[w(s)+§w(s)—e ; (pg(s)—i—lg(v)(s))]—ﬂ [,B+§w(t)—e ; ( o (D) Lo (v )”ds
We denote by J; and Jz the first and the second integral respectively and we estimate:

1—5(3) _al—a
1+Z(s) l1+a

, Th .
J< e o)) —Il(v,e)(f)ri / s ds

2h J;

t+h _ )
= [0 -nwom] 3 [ e()LZ;! e ds

1 R 1_£(5) —vs ~ 2 I I 12
e A it (1(()=5) = 1@, D)()] = |2 (00)~1) = T, ()] | ds
t+h . t+h
Sc/t \E(s)—a\ds—&—% : le™5 — eV ds
1 t+h B B 2 o
ton ) (1—£(s))le(z(s)—s)—h(v,@(s)} |01 (U0)~T) = (v, 0)(7)] ‘ds

The first two integrals vanish as h — 07T, so we only need to estimate the last integral, denoted
by Ji:

~ T+h ~ o t+h - _
J < 21}Z/t(1—6(3))‘(,01(6(3)—3))2—(Pl(g(t)—t)) ds+21h/ (Il(f),@)( )) (Li(w, (D)) |ds
1 (R o .
+hﬂ (1= 0(5)) |1 (U(s)—s) - mww4ﬂmmw@m3
L lone( \/H"‘h ~ 1(0.0(0)| ds
I_ g({) t+h
= 21h (0 ‘(Pl(— )’ = (pr(6(F)~1)) ‘ dr+ 21h (Il(ﬁ’g)( )>2 (1, 0®)) ‘ @
C U+ o t+h _
S, |mem—muwtnw+/'\h (5) ~ (o, 0)(F) ds.
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The first and the third integral tend to 0 when h — 01 by assumption a), while the other two

by the continuity of the function I1(7,£). Now we estimate Jo:
t+h

T2 < 5 [ 1) [0+ (5) =% (pa(o) + a@)(0)) =BGl e (palE) + 1a0)(0)) | s

+ |8+ Su@) = e (pa(d) +12<v><f>)]% / " i) - Bl ds
t+h

1

t+h
<i [ Elie —pds+ 5 [

1 t+h X
e [

The first three integrals tend to 0 as h — 0T since hlim+% fﬂh lw(s) — BI>ds = 0 and by the
—0

continuity of @, so we only need to estimate the last one, denoted by Jo:

t+h
B (s)lals) —w()lds + > / [i(s) — Bl ds

% (pQ(s) + 12(73)(5)) e % (pz(f ) + IQ(U)(E)) ] ds.

vs

~ t+h be . _ t+h s s f
Jy < 1/15 e 2 |w(s)]|p2(s) —p2(t)!ds+;1l/t e 2 [w(s)[[I2(0)(s) — I2(v) ()] ds

— — 1 E—i_h . vs Vt_
o) + @ [ 1) - e s
7
Exploiting assumption b) and the continuity of I5(?) we conclude. O

Thanks to Theorem 3.2 we can give the rigorous definition of dynamic energy release rate:

Definition 3.4 (Dynamic energy release rate). Fiz v > 0, {y > 0 and consider ug, u1 and
w satisfying (1.3) and (1.4). Assume that £: [0, +00) — [ly, +00) satisfies (1.1a) and (3.1).

For a.e. t € [0,400) and for every a € (0,1) the dynamic energy release rate corresponding
to the velocity a of the debonding front is defined as

_ 1. _ -
Ga(t ) = _Eﬁ(t, g: u_))7
where U is an arbitrary Lipschitz extension of €|[0 - satisfying (3.1) and (3.3a), while

o Jw(®)  iftelo,t],
w(t)_{w(t) if t € (t,+00).

11—« _ ¢
= e

Ga(t_)_§1+a

and a similar formula holds true for a.e. # > 3 by Remarks 2.2 and 3.3. In the case v = 0 we
have the expression

6.) - 21 IZ [uo(ﬁ(f)—f) . u1(€(f)—f)] ?  forae fe {0’ 620] | (35)

and hence we recover the formula given in [5].

We then extend the dynamic energy release rate to the case o = 0 by continuity, so that
_ l-«
Gal(t) =

1+«

Go(t), for a.e. t € [0,400).
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In particular by (3.4) we know that for a.e. t € [0, %0} we can write

. 2
1 o - 2t o
Go(t) = 56—1175 [@O(E(t)t) —v(0(t)—t) — V4/ (T, T—t+L(t)) dT] . (3.6)
0
We want to highlight that in the damped case v > 0 the dynamic energy release rate depends
directly on v and ¢, see (3.4), while in the undamped one it depends only on the debonding

front ¢ (at least for small times), see (3.5). This is the main reason why the arguments used in
[5] become useless if viscosity is taken into account and new ideas have to be developed.

3.2. Griffith’s criterion. To introduce the criterion which controls the evolution of the debond-
ing front ¢ we need to consider the notion of local toughness of the glue between the substrate
and the tape. It is a measurable function x: [ly, +00) — (0,400) which rules the amount of
energy dissipated during the debonding process in the time interval [0, ¢] via the formula

£(t)
/ k(z) dz. (3.7)
Lo

As in [5] and [15] we postulate that our model is governed by an energy-dissipation balance and
a maximum dissipation principle; this last one states that the debonding front has to move with
the maximum speed allowed by the energy balance. More precisely we assume:

ot)
T(t) + /@ k(x)dx = T(0) +W(t), for every t € [0, 400), (3.8)
((t) = max{a € [0,1) | K(£(t))o = Gu(t)ar}, for a.e. t € [0,+00), (3.9)

where W is the work of the external loading and it has the form (see also Remark 2.2):

vs

¢ 2 s ¢
W(t) = / w(s) [u’)(s)+gw(s)—e_2 <z}0(s)+v1(s)+y4/ v(T,8—T) dT>:| ds, forte [O, 20] )
0 0
By Proposition 2.1, Theorem 3.2 and Lemma A.1 we deduce that (3.8) is equivalent to
K(L(E)E(E) = Gy (DL(E),  for ae. t € [0,400),

and we observe that for a.e. ¢t € [0,400) the set {a € [0,1) | k(£(t))a = Go(t)a} has at most
one element different from zero by the strict monotonicity of a — G, (t) and since x(z) > 0
for every x > ¢y. Therefore the maximum dissipation principle (3.9) simply states that during
the evolution of the debonding front ¢ only two phases can occur: if the toughness k is strong
enough, ¢ stops and does not move till the dynamic energy release rate equals k, otherwise it
moves at the only speed which is consistent with the energy-dissipation balance (3.8).

Arguing as in [5] we get that (3.8)&(3.9) are equivalent to the following system, called Griffith’s
criterion in analogy to the corresponding criterion in Fracture Mechanics:

0<i(t) <1,
G (t) < K(L(1)), for a.e. t € [0, +00). (3.10)
(G (1) = stee)] iy = 0.

Finally one can prove (see [5] for more details) that Griffith’s criterion (3.10) is equivalent to
the following ordinary differential equation:

Golt) () ),

£(t) = max {CW’W, for a.e. t € [0,+00), (3.11)
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which, for a.e. t € [O, %0], can be rewritten as
V2 ot 2
. {bo(ﬁ(t)—t) — v ((t)—t) — 4/ v(T, T—t+L(1)) dT:| —2e"'k(U(t))
{(t) = max . - 5 09, (3.12)
[z}o(ﬁ(t)—t) — v (L(t)—t) — V4/0 (T, T—t+L(t)) dT:| + 2evtk(4(1))

We want to underline again that, differently from [5], the equation for the debonding front (3.12)
depends also on v (and thus on u) if ¥ > 0. This will bring the main technical difficulties of the
next Section.

4. EVOLUTION OF THE DEBONDING FRONT

In this Section we couple problem (0.1) with the energy-dissipation balance (3.8) and the
maximum dissipation principle (3.9) and we prove existence of a unique pair (u,¢) which solves
this coupled problem.

We fix v > 0, £y > 0 and we consider ug, u; and w satisfying (1.3) and (1.4), and a measurable
function k: [€y, +00) — (0, +00).

Since differently from previous Sections the debonding front ¢ is unknown, from now on we will
always stress the dependence on ¢ and we shall write Ay, Ry and €2, instead of A, R and 2, and
so on. We shall also write (Gg), ¢ instead of Gy, since by (3.6) the dependence of the dynamic
energy release rate both on the debonding front ¢ and on the solution v of (1.5) is evident.

Moreover, as in Lemmas 1.10 and 1.11, we shall extend the functions A, and / / vdodr
R R[('?')
setting them to be equal 0 outside 2.

Definition 4.1. Assume {: [0,400) — [ly, +00) satisfies (1.1a) and (3.1); let u: [0, +00)? = R
be such that u € H' () (resp. in H'((Q)7)). We say that the pair (u,f) is a solution of the
coupled problem (resp. in [0,T]) if:

i) u solves problem (0.1) in Qy (resp. in (Q)r) in the sense of Definition 1.3,
ii) u =0 outside Qy (resp. in ([0, T]x[0,+0)) \ ()7,
iii) (u, ) satisfies Griffith’s criterion (3.10) for a.e. t € [0,+00) (resp. for a.e. t € [0,T]).

Using (1.5) and (3.11) it turns out that the pair (u, ¢) is a solution of the coupled problem if
and only if (v,£), where v(t,z) = e’*/?u(t, z), satisfies the following system:

v (t, ) — vea(t, ) — Fo(t, z) =0, t>0,0<z<L(t),
(Go)v,e(t) — (£(2))
A0 =M% 4 (G (t) + nw(t))’o} S
v(t,x) =0, t>0, x> 1),
v(t,0) = 2(1), t>0, (4.1)
v(t, £(t)) =0, t>0,
v(0,z) = vo(x), 0 <z <Y,
v:(0,z) = v1(x), 0 <z <Y,
£(0) = Lo
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Similarly to Section 1 we write the fixed point problem related to (4.1). Since representation

formula (1.11) holds true only in Q), we fix T' € (0, %0> and we state the problem in (€)p:

v(t,x) = (Ag (t,z) + //R 7,0)do dT) X))t ), forae. (t,z)€ (0,7)x(0,+00),

(Go)v,e(s) — K(L(s))
E()—&ﬁ—/o X{(Go)v,z( )+l€(€(s))’0} ds, for every t € [0,T],

where, given a set E, we denoted by xg the indicator function of F.

For a reason that will be clear later we prefer to introduce the auxiliary function A, defined
as the inverse of the map ¢ — t—£(t) (see also [5], Theorem 3.5). We notice that X is absolutely
continuous by (3.1) and Corollary A.5, Whlle in the simpler case in which there exists 5T €(0,1)
such that 0 < £(t) < 1 — 67 for a.e. t € [0,T], X is Lipschitz and 1 < A(y) < 5. for ae.

€ [y, \"Y(T)]. We then consider the equivalent fixed point problem for the palr (v, \);
exploiting (3.12) it takes the form:

v(t,z)= (AgA t,x) // 7,0)do dT) (QZA)T(t,x), for a.e. (t,x) € (0,T)x(0, +00),
Ry

L (62) (4.2)
Ay) = /_Z (1 + max {4, (9).1} ) ds, for every y € [~lo, A" (T)],
where we define for a.e. y € [—fy, \™H(T)]
L2 W) 2
[m(—y) o =5 [ etnrw) dT]
Apa(y) = : (4.3)

2¢”Wk(My)—y)
and where we denoted by £y simply the function ¢, stressing the fact that it depends on A via
the formula £, (t) =t — A71(¢).

As in Section 1, we solve problem (4.2) showing that a suitable operator is a contraction. We
argue as follows: for "> 0 and Y € (0,¢y) we consider the sets (see Figure 2)

Q=Q(T,Y):={(t,) | 0<t<T, l—Y +t<a<lo+1},
QgA ::QﬂQig/\.

Moreover for M > 0 and denoting by Iy the closed interval [—¢y, —¢p+Y| we introduce the
spaces

X =X(T,Y,M) = {ve Q)| Ivllcog) < M},
By = By(T,Y) :={\ € CIy) | A\(~£) =0, IMlcogryy < T,y Ay)—y is nondecreasing } .

Let us define X := X} x By and consider the operators:

Uy (v, A)(t,z) = (AgA t,x) + //R (1,0) dadv‘) XQ, (t; @),

1 (Y {170(—8) —v1(—8) — % fOA(S) v(r,7—8) d7]2

Va0, A)(y) = 5 /_ o [ e 2e"M) (A (5)—s)

, 1 ds.

We then define
\IJ(U,/\) = (\Ill(v,/\),\Ilg(v,/\)). (4.5)
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Aly)

=y

S EU xr —ﬁ(] -y +Y

FIGURE 2. The set () and the functions A\ and /).

Remark 4.2. From now on we shall write ¢, 1) and w instead of £y, ¥, and w), being tacit the
dependence on A.

For convenience, we assume for the moment that there exist two positive constants c¢; and co
such that

0<c <k(z)<cy forevery z > {y. (4.6)

Lemma 4.3. Fix v >0, {y > 0 and consider vy, vi satisfying (1.3b) and vo(€y) = 0. Assume
that the measurable function k: [ly, +00) — (0,400) satisfies (4.6).

Then for every T > 0 and M > 0 there exists Y € (0,€y) such that the operator ¥ in (4.5)
maps X into itself.

Proof. Fix T'> 0, M > 0 and let (v, \) € X'; by Lemmas 1.10 and 1.11 we deduce that ¥; (v, )
is continuous on @ (indeed notice that ¢ = ¢, satisfies (1.1)), while by construction Wa(v, \) is

actually absolutely continuous on Iy and satisfies Ua(v, \)(—¢p) = 0 and d%/\IlQ(v, A)(y) > 1 for
a.e. y € Iy. Hence to conclude it is enough to find Y € (0, £y) such that

H\Iﬁ(v, )\)HCO(Q) <M and \Ifg(’l), )\)(—€0+Y) <T.

We pick (t,z) € Q¢ and using (1.8) we estimate:

2
[01(0, N)(t,2)] < |Ae(t,2)| +

// v(r,0)dodr
Ry(t,x)

t 2
gﬂm@uwmm@+Mm
Y/

o—Y 8

Lo V2
- /(\i}o(s)\ +ln(s)])ds + L MTY.

lo—Y
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As regards Wa(v, \)(—fp+Y") we argue as follows:

1 lo+Y 1 —lo+Y
Uy (v, \)(—lp+Y) = 3 /g (1 + max{A,(s),1})ds < 3 /Z (2+ Aypa(s)) ds
X0 —X0
1 —lo+Y A plotY [ pA(s) 2
<Y+ % / [i0(—5) — v1(—s)]* ds + %/ / v(r,7—s)dr | ds
—4 0

1 fo 2 V4 22
<Y+ — ; — ds + — M=T“Y.
- 2c1 /éo [Uyo(s) 1}1(8)] 5 32¢1

Since in both estimates the last line tends to 0 when Y — 01 we can conclude. O

Lemma 4.4. Fixv >0, £y > 0 and consider vy, v1 satisfying (1.3b) and vo(¢y) = 0. Fiz T > 0,
M >0 and let Y € (0,4y) be given by Lemma 4.3.
Then W1 (X) is an equicontinuous family of Xj.

Proof. Let (v,\) € X and fix € > 0.
By simple geometric considerations and by continuity we deduce that

1) ‘R[(tl, :L'l)ARg(tQ, 1’2)| < g(ﬁlT—l—Y) \/|t1—t2‘2+|l’1—l’2’2 for every (tl, l’l), (tg, 1'2) € Qy,
2) there exists 0; > 0 such that for every a, b € [0, {y] satisfying |a — b| < d; it holds

/abvl(r)d

4v/2
Let us define § := min {61 \[6)} <(5 = 52—1 ifv= 0) and take (t1,71), (t2,72) € Q

[vo(a)—vo(b)] +

<

[\3\0’)

2 VPMUT +Y
satisfying +/|t1—ta|2 4|1 —22[% < 6.

For the sake of clarity we define H, \(t,z) := (// v(1,0)do d7‘> xq,(t,x), so that
Re(t,2)

|\I/1(’U, )‘)(tlvxl) - qjl(”? )‘)(t2¢$2)‘
2
< ’Aﬂ(tla$l)XQg(tlaxl) Aé(tQ)x2)XQg(t27x2)| + = |H’U )\(tlaxl) H’U,)x(tQ)x2)| = I+ 1II

We notice that since A;xq, and H, \ vanish on @ \ Q; and they are continuous on the whole
@, it is enough to consider the case in which both (¢1,x1) and (t2,z2) are in @Q; in this case to
estimate /1 we use 2):

[\D\m

II < // lv(1,0)|dodr < V—M\Rz(t1,x1)ARe(t2,x2)\ < *MW(4T+Y)5
Ry tl,xl)ARg(tg,wg) 8 16

For I we exploit the explicit expression of A, given by (1.8) and we consider three different
cases: if (t1,x1), (t2,22) € QeN{t +x < ly} we have
1 x1—t1
- / vy (r)dr
xro—t2

1 r1+t1
- / vi(r)dr
2 xo+ta 2

1 1
I< §’vo($1+t1)—vo(f£2+t2)| + + §‘Uo(fvl—t1)—vo($2—tg)| + ,

and since |(z1£t1) — (xotts)| < 2\/\t1—t2]2+\m1—:€2]2 < 41, by 1) we deduce I < e/2.
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If instead (t1,x1), (t2,22) € QeN{t+x > {y} we get

1 1 —w(xl-f—tl)
I < —|vo(—w(z1+t1))—vo(—w(wa+t2))| + = / vi(r)dr
2 2 —w(l‘g-‘y—tg)

1 x1—t1
/ vy (r)dr
2 xro—t2

1
+ 5\v0($1—t1)—vo($2—t2)| + -

)

and since |w(x1+t1) — w(ze+te)| < [(x1+t1) — (z2+t2)| < 01 (we recall that w is 1-Lipschitz,
see (1.2)) again we have I < /2.
Finally if (t1,21) € Q¢ N {t + = < lo} while (to,22) € QeN{t +z > ly} we get

1 1| [oh
I< §|Uo(l‘1—t1)—’00($2—t2)| + = / Ul(’l“) dr
xo—to
1 r1+t1
/ vy(r)dr

2
1
+ 5‘Uo(I1+t1)*Uo(*w(l‘2+t2))| + =
—w(x2+t2)

)

2

and observing that for this configuration of (¢1,x1) and (t2,z2) it holds
[(x14t1) + w(za+t2)| < |(z1+t1) — bo| + |w(x2+t2) — w(lp)]
<y — (xl—i-tl) + ($2+t2) — £y
< [ti—to| + |z1—22| < b1,

we deduce also in this case I < /2.
These estimates yield

|\I/1(U,)\)(t1,$1) - \Ill(?}, )\)(tz,l‘gﬂ <IT+1II<e,
and so we conclude. O

We now denote by B; the closure of W (X) with respect to uniform convergence and we define
B := By x Bz; we notice that by Lemma 4.4 and the Ascoli-Arzela Theorem (see for istance [26],
Theorem 11.28) B is a complete metric space if endowed with the distance

d (0!, A1), (0, X%)) == max{[lv" = v*|| 12, [N = A llcogy) - (4.7)

Proposition 4.5. Fix v > 0, {y > 0 and consider v, v1 satisfying (1.3b) and vo(¢y) = 0.
Assume that k € C%([ly, +0)) satisfies (4.6) and fir T >0 and M > 0.

Then there exists Y € (0,¢y) such that the operator ¥ in (4.5) is a contraction from (B, d)
into itself.

We prefer to postpone the (long and technical) proof of Proposition 4.5 to the end of the
Section, so that we are at once in a position to state and prove the main result of the paper,
which generalises Theorem 3.5 in [5]:

Theorem 4.6. Fizv >0, {y > 0 and consider ug, uy and w satisfying (1.3) and (1.4). Assume
that the measurable function k: [ly, +00) — (0, 4+00) fulfills the following property:

for every x € [{y, +00) there exists € = e(x) > 0 such that k € C¥Y([z,z + ¢]). (4.8)

Then there exists a unique pair (u,f) solving the coupled problem in the sense of Definition 4.1.
Moreover u has a continuous representative on 2y and it holds:

u € CO([O, +00); Hl((), +00)) N C*([0, +-00); L*(0, +00)).
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Remark 4.7. Condition (4.8) allows for a wide range of left-discontinuous toughnesses, includ-
ing k whose limits from the left (at discontinuity points) and to infinity can be 0, +oco or they
cannot even exist. However we point out that the right Lipschitzianity of  is instead crucial
for the validity of the Theorem (see Remark 4.11).

Proof of Theorem 4.6. To conclude we need to prove there exists a unique pair (v,£) solution
of (4.1). Rearranging Proposition 1.13 we firstly deduce there exists a unique v satisfying (1.11)
in the triangle {(t,x) | 0 <t < {y, 0 <z < fy—t}.

Now consider ¢ = £({y) given by (4.8) and let us introduce a virtual toughness & which
coincides with & in [y, ¢y + €] and which is equal to k({y+¢) after £y + €. Since by construction
i€ C%([ly, +00)) and c1. < R(x) < o, for some 0 < ¢1. < ca., exploiting Proposition 4.5 we
can find Y € (0,4) and T = T(Y) > 0 for which there exists a unique pair (v!, ¢!) satisfying

2
ol(t,z) = <A£1 (t,z) + T // vl(r,0)do dT) XQ, (t, @), forevery (t,z) € Q,
Rél (tvx) 1( )) (49)
g [ (GO —REE) o
ro=tot | {(Gom,ﬂ(s) ¥ fw(s))’o} o forevery € 0.1]

Since ¢1(0) = £y and & = & in [fy, £o +¢], using the continuity of /! we deduce there exists a small
time 7. > 0 such that (v!,¢') satisfies (4.9) replacing % by & and T by T.. Gluing together v°

and v! and recalling Lemmas 1.10 and 1.11 we get the existence of a time T e (O, %0) satisfying

the following properties:

a) there exists a unique pair (9, ) solution of (4.1) in 0,77,
b) @ belongs to C°([0, T); H(0,4+00)) N CL([0, T]; L*(0, 4+0)).

Then we define T* := sup{T > 0 | T satisfies a) and b)}. If T* = 400 we conclude; so let
us assume by contradiction that 7% < +oo and consider an increasing sequence of times {7} }
satisfying a) and b) and converging to T*. Let (v, ¢) be the pair related to Ty by a).

Since by uniqueness (j41(t) = lx(t) for every t € [0,T}] and since 0 < £,(t) < 1 for a.e.
t € [0,T%], there exists a unique Lipschitz function ¢ defined on [0, 7%*] such that ¢(t) = ¢x(t) for
every t € [0,Ty]; hence £(0) = ¢p and 0 < ((t) < 1 for ae. t e [0,7%]. Then by Theorem 1.14
there exists a unique continuous function v on (§y)7+ solution of (1.5) in (£2¢)7+ belonging to
CO([0, T*]; HY(0, +00)) N CL([0, T*]; L?(0,4+00)). Necessarily v and vy, coincide on ()7, for
every k € N and hence (v, £) is the unique solution of (4.1) in [0, 7™].

Now we can repeat the contraction argument starting from time 7™: we replace ¢y by £ :=
U(T™), vo by v(T*,-) € HY(0,£5) and vy by v(T*,-) € L?(0, £3); notice that v(T*,0) = z(T*) and
v(T*,£5) = 0, so the compatibility conditions (1.4) are satisfied. Arguing as before (now with
e = e({;) given by (4.8)) and as in the proof of Theorem 1.14 we deduce the existence of a time

T>T* satisfying a) and b). This is absurd, being 7% the supremum. O

Remark 4.8 (Regularity). Arguing as in Remark 1.15, if we assume that ug € C%1([0, 40)),
uy € L0, 4), w € C%L([0, +00)) satisfy (1.4), if the (measurable) toughness  satisfies (4.8),
then the solution u belongs to C%(€) and w,(t,-) is in L (0, +00) for every t € [0,+0c). If
in addition for every & > {y there exists a positive constant ¢z such that x(z) > ¢z for every
x € [0y, 7], then for every T > 0 there exists o7 € (0,1) such that 0 < £(t) < 1 — &7 for a.e.
te[0,7T].

Remark 4.9 (More regularity). As in Remark 1.16, if we assume that ug € cHL([0, L)),
up € CUL([0,4p)), w € CHL([0,+00)) satisfy (1.4), if the toughness x: [€y, +00) — (0, +00)
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belongs to C%([ly, +00)), in order to have £ € CH1([0,40¢)) and u € CY1(Qy) we need to
impose a first order compatibility condition:

u1(0) = w(0),
. [i10(fo) — u1(£o)]? — 2k(4o) _ (4.10)
uy (Lo) + 1o (4o) max{ [ug(ez) — ui(EZ)P - 2%(62) : 0} = 0.

Notice the relationship between (4.10) and (1.21), given by the equation for ¢ (3.12). We want
also to point out that the second condition in (4.10) is equivalent to:

. . o (¢
(1 (€0) = 0, o) < 20(£0) ) or (wr(bo) # 0, ito(lo)>—wur(£o)? = 2x(£o), U?E 62; <-1).
Remark 4.10 (Time-dependent toughness). Proposition 4.5, and hence Theorem 4.6, holds
true even in the case of a time-dependent toughness. To be precise, replacing (3.7) by

/ K(s,£(s))E(s) ds,
0

where now k: [0,400) X [{y,+00) — (0,+00) also depends on time (and is Borel), we obtain
that (3.11) becomes

o Go(t) — K(t, £(2))
0t) = max{Gg(t) " ﬁ(t,ﬁ(t))’o} , for a.e. t € [0,400),

and in this case the denominator in (4.3) reads as 2¢"*® k(A(y), A(y) — y).

So, if we assume that x € C%([0,+00) x [fp,+0o0)) satisfies 0 < ¢; < k(t,x) < co for
every (t,z) € [0,+00) X [y, +00), we can repeat with no changes the proofs of Lemma 4.3 and
Proposition 4.5 (pay attention to Step 1). For Theorem 4.6 we replace (4.8) by:

for every (t,x) € [0,400) X [{y,+00) there exists e = e(t,z) > 0

4.11
such that x € COY([t,t 4 €] x [z, = + €]), (4-11)

and we perform a similar proof: in order to start the machinery that leads to the existence of
a unique solution to the coupled problem we only need to introduce a virtual toughness % for
which we can apply Proposition 4.5; such a & is obtained by extending x outside [0, €] x [¢g, £o+¢]
(where € = €(0, £p)) in a Lipschitz way and then truncating this extension between two suitable
values.

Remark 4.11 (Lack of uniqueness and of existence). We want to remark that the right
Lipschitzianity of the toughness k is crucial for the validity of Theorem 4.6, at least in the
undamped case v = 0. Indeed, removing that assumption, the following example shows how the
coupled problem can have more than one (actually infinitely many) solution:

fix fp > 0 and let v = 0; pick ug = 0 and w3 = 1 in [0, 4], w = 0 in [0, +00) and consider

1 1—+vVax—4¥y 1
k(z) = - max {M, } for every x > fy. If the time T is small enough the equation
2 1 —|— VI — EO 2

for ¢ in (4.1) can be written in the following way:

0t) = m — JI®) =y, forae. te0,T),

£(0) = .

(4.12)

It is well known that Cauchy problem (4.12) admits infinitely many solutions, for instance two of

them are £(t) = ¢y and £(t) = % + £p; so coupled problem (4.1) admits infinitely many solutions
as well.
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If instead k is neither right continuous, we can have no solutions to the coupled problem:
under the previous assumptions consider x(x) = 1/6 if x = ¢y and x(x) = 1/2 otherwise, then
(for T' small enough) the equation for ¢ reads as

172, i) = b,
0t) = {0’ i 0(t) > to. for a.e. t € [0,T7. (4.13)

Since there are no Lipschitz solutions of (4.13) satisfying ¢(0) = ¢y we get that the coupled
problem possesses no solutions as well.

This second example can be also adapted to the case of a piecewise constant and left continuous
toughness, choosing properly the initial data ug and ;.

Remark 4.12 (Adding a forcing term). Following the same presentation of the paper one
can also cover the case in which in the model an external force f is present, namely when the
equation for the vertical displacement w is

Ut (6, ) — Ugg (B, ) +vue(t,x) = f(t,x), t>0,0<z<(t).
For the forcing term f we require
f e L} ((0,400)%) suchthat f e L*((0,T)?) for every T > 0, (4.14)

and we introduce the function g(t,z) := e"*/2f(t,z), so that v(t, z) = e"*/?u(t, z) solves
2
v (t, ) — Vpp(t, ) — Vzv(t,x) =g(t,z), t>0,0<z<(t)

By Duhamel’s principle the representation formula for v now takes the form

2
v(t,x) = A(t,x) + - // v(r,0)dodr 4+ L // g(t,0)dodr, fora.e. (t,x) €,
8 R(t.z) 2 JJR(t,2)

and so we can repeat the proofs of Proposition 1.13 and Theorem 1.14.
For the energetic analysis performed in Section 2 we also have to consider the work done

t pl(7)
by the external forces, namely F(t) := / / f(r,0)ui(r,0) do dr; if we take into account
0o Jo

the total energy, which now possesses an additional term, i.e. T (t) = £(t) + A(t) — F(t), then
Proposition 2.1 holds true modifying formula (2.2b) (and analogously (2.2a)) to

. () 1—/ 2t t 2
7(t)=— A 12D o [fbo(ﬁ(t)—t)—vl(ﬁ(t)—t)—4 ot r=teta ar= [ gtr.r—teut) dT]
1/2 t

+ai(t) [u‘;(t) + Dty — % (izo(t) Foi(t) + 4/0 o(r =) dr + /Otg(f,t—f) dT)] .

Lo

We can also repeat the proof of Theorem 3.2, obtaining that for a.e. ¢ € [0, 5} the dynamic

energy release rate can be expressed as

11—«
= - e
21+«

14

t t 2
vt [bo(é(t)—t)—vl(ﬁ(t)—t)—4/Ov(T,T—IH—E(t))dr—/og(r,r—t—lrﬁ(t))dr] .

Gal(t)

Always assuming (4.14) we recover Lemma 4.3 and Lemma 4.4, while for Proposition 4.5, and
hence for Theorem 4.6, we need to require

f e L((0,400)%) such that f e L>®((0,T)%) for every T > 0; (4.15)
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thanks to (4.15) we can perform their proofs replacing operator (4.5) by

Uy (v, \)(t,z) = (AgA (t,z +// v(r,0)dodr + = // g(t,0 dad7‘> XQ, (t, @),
R[ (t,x) Rl

1 (v [1}0(7) v1(— 4f0 (r,7—s)dT— fo(s (r,7— S)dT}Q
=3

——[ I
—ty max 2evA(8) g (A(s)—s)

,15|ds,
and arguing in the same way.
We point out that condition (4.15) is crucial for the validity of Theorem 4.6, as the following
example shows: fix fp > 0 and let v = 0; pick up = 0 in [0,4y], w = 0 in [0,400), Kk = 1/2
2

in [{y,+00) and consider wu;(xz) = \/2(ly — a:)% +1 and f(t,x) = - = :
3(x—4lg)sy\/2(x —lo)3 + 1
Notice that f satisfies (4.14) but not (4.15) and that f(¢,x) = dd 2(x — fo)% + 1. With these
data, if Y > 0 is small enough, the equation for A becomes

A) =1+ (My) —y —to)3 forac. y € [~lo, ~lo +Y],

A—4p) =0,

and so, as in the first example of Remark 4.11, we lose uniqueness of solutions to the coupled
problem.

We conclude Section 4 proving Proposition 4.5:

Proof of Proposition 4.5. During the proof the symbol C is used to denote a constant, which
may change from line to line, that does not depend on the value of Y.

By Lemma 4.3 and by the definition of B; we know that ¥ maps B into itself (for suitable
small Y'), so we only need to show that there exists Y € (0, ¢p) for which ¥ is a contraction with
respect to the distance d defined in (4.7).

Step 1. Lipschitz estimates on Ws.

Fix (v, A1), (v2,A?) € B; let us introduce for a.e. y € Iy the function j(y) := |0o(—y)|
lu1(—y)| + 1 and notice that j is in L*(—£p,0). For the sake of clarity we also define for i = 1,

X (y)
. 14 i .
Pui xi (y) :=0o(—y) — v1(—y) — Y /0 v' (1, 7—y) d7 and we observe that |pyi7/\¢ (y)| < Cj(y) for

a.e. y € Iy; then we compute:

+
2

1

—lo+Y
[0a(0!, AT) = W (v?, A)]|cogry) < /z [ Ayt ar(s) = Ay2 p2(s)| ds

1 —lo+Y
< —
_2/

AR 2 2
< C/ N (A2 (5)—s) ‘(pv17A1(s)) (P2 22(s ‘ ds

—fo—‘,—Y 9
+ C/ pv2 /\2 ))

—Lo+Y Al(s) A%(s)
/ j(s) / vl (1, 7—s)dr —/ v (1, 7—5)dr
—fy 0 0

2

N ORN () =5) (pur a1 ()" = N OB (5) =) (2 22(5))”

d
26/ (3 (AL (5)—5)(A2(s)—5) ’

e”Al(S)ﬁ(Al(s)—s) - e”)‘Q(S)ﬁ(AQ(s)—s)’ ds

—lo+Y
<C ds + / F2(s)|A%(s) — AL(s)| ds]

—to
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[ p—to+Y T —lo+Y | pAL(s) €o+Y
<c /j(s)ﬁvl—UQy(T,r—s)des+/ i(s) /UQ(TT s)dr ds+(/ ()ds)w Moo,
L 0 —ly

—o —to A2 (s)

[ —fotY 3 o, oY X oY
SC(/T@*)W-MWwW(/”)*)MJWWWWQA(NQW Moo
—X0 0 0

—lo4Y 3 —lo4Y
<c (/ ;2(s)ds> +/ (7(s) + 72(5))) ds| d (0}, A1), (u2,A2))

—4y —{y

Since j belongs to L?(—£g,0) we deduce that choosing Y small enough we get:
1
12 (0!, AY) = Wa(0?, A)||gory) < 5d (0 A, (0%, 2%)). (4.17)

Step 2. Lipschitz estimates on Wy.

Fix (v, A1), (v, A%) € B and let us define for the sake of clarity, as in the proof of Lemma 4.4,

the function H, (¢, x) (// (r,0)do dT) X, (t, z), so that
R@(tm

2
14
W1 (0", M) = W1 (0%, X || 1200) <[ A X@ — AeXQpe lli2@) + gHHvl,Al — Hy2 x2 120

We estimate the two norms separately. First of all we rewrite the square of the first term as

[Apxg, — A@XQZQH%Q // |A51 (t,z)|? d:cdt—i—// |Agz (t,z)[* dx dt

(4.18)
Ap(t,x) — Ap(t, z)|* dx dt,
ﬂ%m%uu> ot ded
and we notice that for every s € [fp, min{(w!) ™1 (=£y+Y), (w?) 1 (—£p+Y)}] it holds:
w(s) = w?(s) = [N (w'(s)) = A (w*(5)) — 1 (A (W' () + (N (w(s)]
= 2[' (A (w'(s))) = (W ()]
<200 (N (w'(s)) = (W ()]
= 2[AN(w'(s)) = X*(w'(s))]
< 2IA = Nl cory)-
This in particular implies (we define Q7 := Qi N (Q1)5):
W +1) = w? (@ + D] 2N = Nooy) i (62) €QENQL,  (41%)
(= 2) — @+ )] < 2N = Moy, i (£,7) € Qp \ Qe (4.19b)

and the same holds interchanging the role of 1 and 2 in (4.19b).
Moreover the measure of the symmetric difference of Q1 and Q2 can be estimated as

—lo+Y
1Qp AQp| = /é IN(s) = A2(s)] ds < V]I — A2l cogry . (4.20)
—X£0
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tA
(Wh) N (—Lo+Y) |-

(=1 (— 4§+ T

bh—Y E() xI

FIGURE 3. The set Q' and, in grey, the symmetric difference Q@ AQz2.

For (t,z) € Qun \ Q2, exploiting the explicit form of A given by (1.8) and using (4.19b), we
deduce:
2

<

Lo
|(t —z) — w'(z —|—t)]/0 lu1(s) — o(s)|* ds

N

—wl(z+t)
/ (v1(s) — o(s)) ds

—t

1
A (1,2 = 5

< COIAY = N[l cogry)-
So, by (4.20), we get:

J[ 14t 0P dzar+ [[ ap(t 0 dodt < CIA = Xlooy Qa0
le\Qﬂ Q(Q\Qzl (421)

< CY A = X280z -

To estimate the term in the second line in (4.18) we firstly notice that A, — A2 vanishes on
Ql =Qn Qi’l (we remark that Q' = Qn \Qiﬁ = Qp \Qg’2 does not depend on ¢, see also
Figure 3), while for (¢,z) € Q3 NQ%, using (4.19a), we have:

2
2_ 1

—w!(z+t)
L @ - )

—w?(z+t)
—wl(z+t)
/ lv1(s) — Do(s)|* ds
—w?(z+t)

—wl(z+t)
[ ) () s

—w?(z+t)

[Ap (t,2) — Ap(t, )]

< lwh(z + 1) — w?(x + )]
- 4

IN

1
5“/\1 — Nlcory)
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So we deduce:

1
/ |Ap (t,2) — Ap(t,z)Pdzdt < §||)\1 - )\2||CO(IY)//3 ,
Qu1NQ,2 Q1NQ5,

—wl(z+t)
/ l01(5) — 0 (s)|2 ds| dar dt
—w?(

z+t)

MY —wl(b)
SN = N ngry / / S en(s) = o) ds| dadb = (),
WD) OV (@2)7HY) |/ —w?(b)
=1
where we performed the change of variables ’—i—t , denoted by m(Y) the minimum
=2z

between (w!)~H(—£o+Y) and (w?)~1(—£o+Y) and used the symbol V to denote the maximum
between two numbers. We continue the estimate using Fubini’s Theorem:

SN = Rengs) /

= —||)\1 N2l coryy /€|v1( 5) — to(s)?

()

| /\

1(b)
/ lv1(s) — Do(s)|? ds| db
w?(b)
(wh) (=)
/ db
(W)~ (=9)

Y fo
=5 IN - >‘2||CO(Iy)/ [01.(5) = Bo(5) PN (=) =A% (= 5)+£1 (A (=5)) =2 (X*(—5))| ds
lo—Y

ds
Y

=Y\ - )\2HCO(Iy) /g:i\;n(s) — 0o(8) 2| AL (—5) =A% (—s)| ds
< CY|IAY = N|[Z0(sy )
Combining the previous estimate with (4.21) and (4.18) we get:
lAnxQ, — Aexa.llizg) < CVYIIA = Nlcomy,) (4.22)

Concerning || Hy1 y1 — Hy2 2|/ 12(g) We split its square as in (4.18):

2
[Hytat — H,U27)\2||%2 // // (r,0)dodr
le\Qg? gl t{L’
2
// // (r,0)dodr
Q2 \Qel R2 (t, I)
2
// // dO’dT—// TO'dUdT
QNQ,2 gl(tx 2(

i
and we denote by Z, ZZ and ZZZ the expressions in the first, second and third line of (4.23),
respectively. Exploiting (4.19b) and (4.20) we get:

I+II§// M2\Rgl(t,x)|2dxdt—|—// M?|Rp(t,2)|> dz dt
Q1\Q 2 Q2 \Qp
< // M?T?|(t—z) — w (z+t) > dzdt + // M?T?|(t—z) — w?(z+t) > de dt
QZI\Q[Q QeZ\QZI

<AMPTA = X220, )| Qu AQee| < SMPTRY|IA = X220, ),

dx dt

dz dt (4.23)

dx dt,
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while we estimate ZZ7Z using again (4.19a):

2
IZIg// // vl —v?|(1,0)dodr | dazdt
1 R(t,x)
2
// // vl —0?|(1,0 dadT—l—// [v?(r,0)|dodr | dadt
3 ﬂQ3 R (t,x) R (¢, Cﬂ)ARZQ (t,x)

<Cl[Qllle! — e + [ /Q o, (@I =Py + R (t,2) R, )1 dmdt]
yat 02

< C Qv — o321 + //Q o <||v1 — |2y + Il (@ 1) — iz +t)|2) dxdt]
L yas 02

< O [IQIIY* = w132y +1@% N Q%I (I = 0?32 + 1IN = X20gsy )]
<ovd((oh,Ah), (0% A)°.
So we infer:
| Hyj = Hyz y2 320y = T+ IZ + IIZ < CY d (01, A1), (v%,0%))”. (4.24)
Using (4.22) and (4.24) and choosing Y small enough we finally deduce:

1
121 (0', AT) = @1 (0%, M) [ L2(g) < 5 d (0, A1), (07, 0%)) (4.25)

Step 8. ¥: B — Bis a contraction.
Combining estimates (4.17) and (4.25) we obtain:
d (T(oh, A1), U (02, A%)) = max{[| W1 (0, A1) = U1 (%, A 2@, [ P2(0, AY) = Wa(v?, X2)l| oo ry ) }

< %d((vl,)\l),(v2,)\2)).

This shows that for a suitable choice of Y € (0, /¢y) the operator ¥ is a contraction in (B, d),
and we conclude. O

APPENDIX A. CHAIN RULE AND LEIBNIZ DIFFERENTIATION RULE

In this Appendix we gather some results about the Chain rule and the Leibniz differentiation
rule under low regularity assumptions. These results have been used throughout the paper and
they are of some interest on their own.

For the sake of brevity we assume that in all the statements the function ¢ is nondecreasing
(or strictly increasing), although they are still valid if ¢ is nonincreasing (or strictly decreasing),
with little changes in the proofs.

Lemma A.1 (Change of variables formula). Let ¢ € C%!([a,b]) be nondecreasing. Then
for every nonnegative and measurable function g on [¢(a),p(b)] (and hence for every g €
LY (¢(a),¢(b)) it holds

@(b) b
| atway= [ atets)eis)ds (A1)
¢(a) a

Remark A.2. In general the expression g(¢(s))(s) in (A.1) has to be meant replacing g by
a Borel function g equal to g a.e. in [p(a), p(b)] and finite everywhere (if g is finite a.e.); in
the particular case in which ¢(t) > 0 for a.e. t € [a,b] that expression is meaningful without
modifications on sets of measure zero (see Corollary A.4).
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Proof of Lemma A.1. If ¢ is strictly increasing, hence injective, the result is well known. If not,
by the Area Formula for Lipschitz maps (see [14], Corollary 5.1.13) we have

©(b) b
[, s wnar= [ oeona as (42)
w(a a
We conclude if we prove that #¢o~'({y}) =1 for a.e. y € [¢(a), p(b)].

Since ¢ is nondecreasing and continuous, for every y € [p(a), p(b)] the set ¢~ 1({y}) can be
either a singleton either a closed interval, so #¢~1({y}) € {1, +oo}. Taking g =1 in (A.2) we
deduce

b (b)
oo > (b) — pla) = / (s)ds = / f) #o~\({y}) dy.
a p(a

This yields #¢ 1 ({y}) < +oo for a.e. y € [p(a), p(b)] and so necessarily #¢ 1 ({y}) =1 a.e..
As an alternative proof we notice that the set {y € [p(a),¢(b)] | #o ({y}) = +oc} is in
bijection with a subset of rational numbers, so it is countable and hence of measure zero. O

Remark A.3. Formula (A.1) still holds true only assuming that ¢ is absolutely continuous
on [a,b] (and nondecreasing), see Theorem 7.26 in [26]. This ensures that every result in this
Appendix is valid replacing the assumption ¢ € C%!([a,b]) by ¢ € AC([a,b]); indeed the reader
can easily check that the only ingredient needed to carry out all the proofs is (A.1).

Corollary A.4. Let ¢ € C%([a,b]) be nondecreasing and let N C [p(a),(b)] be a set of
measure zero. Then the set M = {t € o Y(N) | ¢(t) exists and ¢(t) > 0} has measure zero as
well. In particular, if p(t) > 0 for a.e. t € [a,b], then ¢! maps sets of measure zero in sets of
measure zero.

Proof. Let N C [p(a),¢(b)] be a set of measure zero; then by Lemma A.1

e(b) b
0= /So(a) xn (y) dy —/a XN (p(8))p(s)ds = [p_l(N) o(s)ds = /M ¢(s)ds.

Since by construction ¢(t) > 0 for every t € M, we deduce that the set M has measure zero. [
Corollary A.5. Let ¢ € C%!([a,b]) be a strictly increasing function such that ¢(t) > 0 for
d
a.e. t € [a,b]. Then ¢~ belongs to AC([p(a), p(b)])and — (1) (z) = ———
. ] (@ p(®and (¢ ™)a) = 2o
z € [p(a), p(b)]-

for a.e.

Proof. Firstly we notice that Lemma A.1 ensures that belongs to L!(p(a), p(b):

Yol

©(b) 1 vy )
/@(a) Mdy:/a S P ds=b—a < too

Moreover for every x € [p(a), ¢(b)]

¢ @) o el = [ 7 qam / C P | e

so we conclude. O

Lemma A.6 (Chain rule). Let ¢ € C%!([a,b]) be nondecreasing and let ¢ € AC([¢(a), ¢(b)]).
Then ¢ o ¢ belongs to AC([a,b]) and % (¢ o ¢)(t) = d(p(t))p(t) for a.e. t € [a,b], where the
right-hand side is meant as in Remark A.2.
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Proof. Since ¢ € AC([p(a), p(b)]), Lemma A.1 ensures that ¢(¢p(-))@(-) belongs to L'(a,b).
Moreover for every t € [a, b]

(t)
He(t)) — dlp(a)) = / i) ay = / ol
so we conclude. O

Remark A.7. With a similar proof one can show that if ¢ € WP (p(a), ¢(b)) for p € [1, +o0],
then ¢ o ¢ € W1P(a,b) and the same formula for the derivative holds. In contrast with Re-
mark A.3, for the validity of this fact we cannot replace ¢ € C%1([a,b]) by ¢ € AC([a,b]).

Theorem A.8 (Leibniz differentiation rule). Let ¢ € C%1([0,T]) be nondecreasing and let
a < p(0). Consider the set QF = {(t,y) |0 <t <T,a <y < p(t)} and let f: U — R be a
measurable function such that:

a) for every t € [0,T] it holds f(t,-) € L*(a,¢(t)),

b) for a.e. y € [a,o(T)] it holds f(-,y) € AC(Iy), where I, = {t € [0,T] | y < ¢(t)},
¢) the partial derivative Z{(t,y) = }Lir% ft+h, y}i —/t.y) (which for a.e. y € [a,p(T)]
%

is well defined for a.e. t € I,,) is summable in Q7.

o(t)
Then the function F(t) := / f(t,y)dy belongs to AC([0,T]) and moreover for a.e. t € [0,T]

Fo =1t oen+ [ S na (A3)

Proof. To conclude we need to prove two things :
1) The rlght hand side in (A.3) belongs to L'(0,T

)
(s)
2) F(t) = f T y)dy— /f s, 0(8))p(s) ds—/t/ g(s,y) dy ds, for every t € [0,T].

To prove 1) notlce that the integral part in the formula belongs to L'(0,7) by ¢) and Fubini’s
Theorem. To ensure that also f(-, ¢(-))¢(-) € L'(0,T) we argue as follows:

T
- By b) we know that for a.e. y € [a, p(T)] it holds f(t,y) = f(T,y) —/ %(s,y) ds for
t

every t € I,

- since ¢ is continuous and nondecreasing we know that for a.e. y € [p(0), p(T")] there
exists a unique element of [0, 7], denoted by ¢~1(y), such that ¢(¢~!(y)) = y (see the
proof of Lemma A.1).

T
0
Hence f(e0)0) = #0) = [ GH(0.0)ds for ey € [(0) (1), and 50

~
o(T) 1 »(T) of
[ isewmans [ umpane [© / s asay
¢(0) #(0) ¢(0)

< I E sty + |G| | <+oe

2™ |5 | g,

Using Lemma A.1 and recalling Corollary A.4 we deduce:

(1) ’
roo> [ sl = [ 15 eeIgte) s
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Now we prove 2). Fix t € [0,7T], then

(1) (1) v T 9
ro = [T sty = [T i [T a—{@,y)dsdy
(1) (1)
= [ ey [ - L[ % avas

@(T) T reo(s) of
/ ny )dy — // (s,y dyds—/ f(T,y)der/ / E(S,y)dyd&
»(t) t Jo(t)

S

So we conclude if we prove — / f (T,y)dy+ / /

This is true by the following computatlon

T reo(s) of o(T) T of
—(s,y)dyds =/ / —(s,y)dsdy
/t /@m ot o) Jo1(y) O

»(T) o(T) o(T) T
- / F(T,y) dy — / Flo™ () y) dy = / F(Ty) dy — / £(s,0(5))p(5) ds.
() () »(t) t

All the equalities are justified by part 1), Lemma A.1 and Corollary A.4. OJ

sy)dyds- /fsgo )(s)ds.

Remark A.9. We can replace assumption a) in Theorem A.8 by the weaker

a') f(T,) € L'(a, o(T)).

Indeed exploiting b) and ¢) one can recover a) from a’).

Remark A.10. If for some p € [1,4+o00] the function f in Theorem A.8 satisfies
a) f(t,-) € LP(a,¢(t)) for every t € [0,T],
B) {9( y) € WLP(1,) for a.e. y € [a, o(T)],
f o
1) S € L7(05),
then the function F belongs to W1?(0,T) and the same formula for the derivative holds. As in
Remark A.7, for the validity of this fact we cannot replace ¢ € C%!([a,b]) by ¢ € AC([a,b]).
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