SOAP FILMS WITH GRAVITY
AND ALMOST-MINIMAL SURFACES

F. MAGGI, A. SCARDICCHIO, AND S. STUVARD

ABSTRACT. Motivated by the study of the equilibrium equations for a soap film hanging
from a wire frame, we prove a compactness theorem for surfaces with asymptotically
vanishing mean curvature and fixed or converging boundaries. In particular, we obtain
sufficient geometric conditions for the minimal surfaces spanned by a given boundary
to represent all the possible limits of sequences of almost-minimal surfaces. Finally, we
provide some sharp quantitative estimates on the distance of an almost-minimal surface
from its limit minimal surface.
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1. INTRODUCTION

In the study of soap films under the action of gravity, one is interested in surfaces with
small but non-zero mean curvature spanned by a given boundary. Indeed, as explained
in section 2 below, the mid-surface M of a film of thickness 2h > 0 satisfies in first
approximation the equilibrium condition

Hy(z) = k2 hvy(z) - e3 + O(h?) Ve e M, (1.1)

where Hj; is the mean curvature of M with respect to the unit normal v;;, e is the
vertical direction, and x~! is the capillary length of the film, defined by

k=22 (1.2)

o
Here, p is the volume density of mass for the film solution, o denotes the surface tension
of the film (with dimensions Newton per unit length), and g is the gravity acceleration
on Earth. The interest for this equation lies in the fact that it correctly encodes several
physical properties which are missed by the minimal surface equation Hy; = 0, e.g. the
fact that actual soap films cannot be formed under arbitrary large scalings of the boundary
curve.

In this setting, the first question one wants to answer is whether minimal surfaces are a
good model for their small mean curvature counterpart. In this paper, we provide a general
sufficient condition on the boundary data to ensure the validity of this approximation.
When the model minimal surface is smooth and strictly stable, we also provide quantitative
estimates for almost-minimal surfaces in terms of their total mean curvature. Since formal



FIGURE 1.1. On the left, a boundary T', consisting of three circles, that is ac-
cessible from infinity. The acute wedges realizing the inclusions (1.3) are depicted
by dashed lines. Notice that it is not necessary that I' is contained into a convex
set, or into a mean convex set, for the condition to hold. On the right, another set
of circles defining a boundary I" which does not satisfy accessibility from infinity.
Indeed, there is no way to touch the smaller circle with an acute wedge containing
the larger ones.

statements require the introduction of a few concepts from Geometric Measure Theory,
we present for the moment just an informal and simplified version of our main results.

Theorem. Let I" be a compact, orientable (n — 1)-dimensional surface without boundary
in R and let {M;}; be a sequence of compact, orientable n-dimensional surfaces in
R with boundaries I'; = f;(T) for maps f; converging in C!' to the identity map, and
such that (denoting by H™ the n-dimensional Hausdorff measure in R"*1),

sup{ max |x|,7-l"(M])} < 00, lim |Hpg; | dH™ = 0.
jeN L aeM; J—roo J

Assume that T’ has the following two properties:

Finiteness and regularity of the Plateau problem: There are finitely many minimal
surfaces {N;}; spanned by T, possibly including in the count “singular” minimal surfaces,
whose singularities are anyway located away from T'.

Accessibility from infinity: For each connected component I of T', the set of points
x € I such that, for some unit vectors v and vy with vy - v9 < 1, the inclusion

FCm-i—{yGR"Jd:y~V120,y~V220} (1.3)

holds, is a set of positive H" ' -measure; see Figure 1.1.
Under these two assumptions, we have the following conclusions:

No-bubbling: There exists a single minimal surface N; such that M; — N; as j — o0,
in the sense that there exist open sets {E;}; with smooth boundary such that

lim |Ej| +H"(9E; \ (N; UM;)) =0.
J]—00
Here |E| denotes the (n + 1)-dimensional volume of E C R"*1,

Strong convergence and sharp estimates: If in addition I'; = I', N; has no singular-
ities, and Nj is strictly stable, in the sense that, for a positive constant A,

/N Vl? — |Ax, 2% > A /N 2 Ve HYN,



(where |Ay;,| is the Hilbert-Schmidt norm of the second fundamental form of N; — R"*1)
and if for some p > n we have a uniform bound

sup/ |Hpg, [P dH™ < o0,
jEN Mj

then there exist smooth functions u; : Ni — R with uj = 0 on ON; and [lujlc1(n,) — 0 as
J — oo such that

M; = {:U +uj(z)vn,(x) sz € Ni} ,
and the following sharp estimates hold:

1/p
w; L<C / Hy IP) ", 1.4
gl oo,y (Mj\ ) (1.4)
1/2
mas { M (M)~ HA VD), gy < c(/M 1) (1.5)

for a constant C = C(N,p).

Remark 1.1. As shown by simple examples (see Figure 3.2), if accessibility from infinity
fails then bubbling can occur in the convergence of {M,};. In particular, {M;}; could
converge to a smooth minimal surface with multiplicity 2, and some pieces of the limiting
minimal surface could not be part of any minimal surface spanned by the whole I'.

Remark 1.2. In the case M; is the boundary of an open set (and thus, necessarily,
I' = 0), and M; has almost-constant (non-zero) mean curvature, then the occurrence of
bubbling is unavoidable, and its description has been undertaken in various papers, see
e.g. [BC84, Str8&4, CM17, DMMN17, KM17, DM17]. From this point of view, the fact
that we can avoid bubbling under somehow generic assumptions on the boundary data I'
is a remarkable rigidity feature of Plateau’s problem.

Remark 1.3. The finiteness and regularity assumption is well-illustated in the case when
I' consists of two parallel unit circles in R?, having centers on a common axis. The idea
here is that, depending on the distance between the circles, there should be at most five
“generalized” minimal surfaces spanned by I' (see Figure 3.1): two parallel disks, two
catenoids (one stable, the other unstable), and two singular catenoids. Each singular
catenoid is formed by attaching a smaller disk to two catenoidal necks so that the disk
floats at mid distance from the two boundary circles, and the necks form three 120-degrees
angles along the circle. Notice that the floating circle does not count as a boundary curve,
but rather as a curve of “singular” points. Observe that accessibility from infinity trivially
holds in this case, while the validity of the finiteness and regularity assumption (which
is formally introduced in section 3.4) is not obvious, although it seems quite reasonable
to expect it to be true. If that is the case, the compactness theorem indicates that a
sequence of smooth almost-minimal surfaces spanned by I' (or with boundaries converging
to I') must converge to one of these five minimal surfaces, without bubbling. Actually, a
simple additional argument can be used to exclude that the singular catenoids are possible
limits, see Remark 4.1.

Remark 1.4. Both estimates (1.4) and (1.5) are sharp. When p = oo, (1.4) generalizes
to arbitrary minimal surfaces the fact that an almost-minimal surface bounded by a circle
deviates from a flat disk at most linearly in the mean curvature times the area of the disk.
The interest of (1.5) is that the L?-norm of the mean curvature appears as the dissipation
of the area along a mean curvature flow with prescribed boundary data, see for example
Huisken [Hui89] and Spruck [Spr07]. Moreover, we notice the close relation between (1.5)
and the main result from [DPM14], which addresses the problem of proving global stability
inequalities for smooth, area-minimizing surfaces.



The paper is organized as follows. In section 2 we discuss the equilibrium conditions
for soap films with gravity, and derive (1.1) under appropriate conditions. An interesting
outcome of this discussion is the idea, based on physical grounds, of formulating Plateau’s
problem as a singular capillarity problem. Section 3 consists in part of a preliminary
review of the necessary concepts from Geometric Measure Theory, and in part of a precise
formulation of our two main assumptions. In section 4 we give a precise statement and the
proof of our main compactness result, see Theorem 4.1. Finally, in section 5, we explain
the reduction to graph-like surfaces, and prove various sharp convergence estimates, see
Theorem 5.1. These last results show that on graph-like surfaces one can work with a
very weak notion of almost-minimality deficit, a fact that will likely prove useful in future
investigations.

Acknowledgments. F.M. and S.S. have been supported by the NSF Grants DMS-
1565354, DMS-1361122 and DMS-1262411.

2. SOAP FILMS WITH GRAVITY

Due to gravitational forces, surfaces with small but non-zero mean curvature arise nat-
urally in the study of soap films hanging on a wire. This effect is usually neglected in the
mathematical literature, leading to an exclusive focus on minimal surfaces. The resulting
model describes correctly the physical situation of small soap films. However, as noticed
by Defay and Prigogine, “gravitational forces [...] play a dominant role in determining
the shapes of macroscopic surfaces”; see [DP66, Section I-4]. The typical length scale
which separates small films from large films is given by the capillary length k=1 = \/0/pg,
introduced in (1.2). For a solution of soap in water at room temperature, the values of
the surface tension and of the density are, respectively, o ~ 0.03N/m and p ~ 103kg/m?,
while g ~ 9.81N/kg is Earth’s gravity, so that the length-scale k! is of order of 1.7mm.
The deviation of a soap film with gravity from its limit minimal surface is expected to
be O(h k) where h is the average width of the film. For typical soap films, we are in the
perturbative region, since we usually have h ~ 10~ 3mm ~ 107 3x~%.

Idealizing the wire frame as a smooth curve I' without boundary in R3, and the soap
film as a smooth surface M bounded by I, if we neglect gravity then we are led to modeling
soap films as minimal surfaces, i.e. surfaces with vanishing mean curvature

Hy =0. (2.1)

This condition is derived from balancing the atmospheric pressures on the two sides of the
film with the Laplace pressure induced by surface tension [You05, Lap06]. Denoting by o
the surface tension, if S is a small neighborhood of x € M, with outer unit co-normal l/éw
with respect to M, then the tension on S is given by

0/ u%:a/HM. (2.2)
oS S

Here, Hjs denotes the mean curvature vector to M, which, once the choice of a unit normal
vy to M is specified, defines a scalar mean curvature H); appearing in (2.1) through the
equation Hy; = Hjyyvy. If the atmospheric pressures on the two sides of the film are
assumed to be equal, as it is the case if we ignore gravity, then the Laplace pressure must
vanish, and we find (2.1). Let us recall that (2.1) can also be derived by the principle of
virtual works, as first done by Gauss [Gau30], by taking as the total energy of the film the
area of M times o, namely

EM) =oaH*(M). (2.3)

Equation (2.1) fails in describing macroscopic soap films in two ways:

(i) For a given contour I, the minimal surfaces spanned by ¢ T, for a scaling factor ¢t > 1,
are simply obtained by scaling the minimal surfaces spanned by I'. This is evidently not



the case for real soap films, where there is a competition between the capillary length =
and the length-scale of the boundary curve I' in determining if a soap film is produced
at all. From this point of view, Hy; = 0 fails completely at describing the macroscopic
length-scales at which soap films are actually formed. Equation (1.1), namely Hy; =
k2 hvy - e3 + O(h?), does not have this problem. Indeed, the solvability of a prescribed
mean curvature equation Hy; = f with OM = I requires a control on the size of f in
terms, for example, of H2(Mrp)~'/2, where My is the area-minimizing surface spanned by
T'; see, e.g., the papers by Duzaar and Fuchs [DF90, DF92|. In particular, the solvability
of (1.1) with boundary condition M = T' depends on the relative sizes of x*h (which
measures the physical properties of the soap solution) and of the length-scale of I'.

(ii) Equation (2.1) is invariant under rotations, while the effect of gravity is definitely
anisotropic. For example, a soap film M hanging from a circular frame I' of radius r
should be exactly a flat disk if I" is contained in a vertical plane, whereas it should possess
a non-trivial curvature if I' is in horizontal position, with average vertical deviation from
the flat disk of order r2 Hy;. This deviation is observable depending on the length scale
of I and on x. In the case of soap bubbles, where Hy; = 0 is replaced by Hjys constant,
a deviation is experimentally observed and is substantial; see [CDTR*17, Figures 1 and
3]. The presence of the vertical component of vj; makes indeed (1.1) anisotropic, and,
actually, (1.1) boils down to (2.1) only if M is contained in a vertical plane.

In order to take the effect of gravity into account, one might be tempted to add to the
surface tension energy functional a term corresponding to the potential energy of the film,
namely, to consider

E(M) = a H*(M) + g p« /M x3dx (2.4)

in place of (2.3), with p, denoting surface density of mass. While this would be correct
for a solid elastic slab, or a rubber sheet, for a fluid it is clearly incorrect. In fact, it would
amount to replace Hy; = 0 with the equation Hps(z) = x%z3, which would incorrectly
predict that a soap film hanging from a perfectly planar wire contained in a vertical plane
should have curvature and lie out of the plane!

In [DP66, Section 1.4], Defay and Prigogine explain how the effect of gravity should be
modeled by balancing pressures. One needs to consider the finite thickness of the film,
bounded by two different interfaces, and to take into account the difference in hydrostatic
pressures on the two faces caused by the gravitational pull. We now put into equations
this idea, and formulate a PDE for the problem. The resulting PDE, see (2.8), justifies
(1.1), which, in turn, appears in the literature when M is axially symmetric and very close
(in a C'l-sense) to a plane; see e.g. [IGBWQO03, Equation (2.5)].

Consider a smooth two-dimensional surface M bounded by a smooth curve I' in R?, and
oriented by a unit normal vy;. Here M plays the role of an ideal surface lying inside the
film. Given a smooth function « defined on M, we denote its graph over M by

M(a) = {x+a(ﬂs)1/M(x) tx € M}

The two interfaces of the soap film are described by graphs M («) and M (—f) for positive
functions « and 8. Up to replacing M with M ((a«—f)/2), and then setting ¢ := (a+)/2,
we can actually assume that the interfaces are M (1)) and M (—1), where % is a smooth
positive function on M. However, it does not seem that the symmetric parametrization is
always the most convenient, so we shall argue in terms of o and S.

Given z € M, and with reference to Figure 2.1, at equilibrium, the pressure p(x™*) at
rt =z + a(x) vy (z) € M(a) is given by
)

p(x™) = pg — o Hypoy(27), (2.5)



p(x™) =po — o Hyp—p)(z™)

FIGURE 2.1. The derivation of (2.8), after [DP66, Section I.4].

where H () is the scalar mean curvature of M () with respect to the unit normal pointing
outside the film, pg is the atmospheric pressure, and o is the surface tension. The pressure
p(z7) at 7 =2 — B(z) vm(z) € M(—p) is similarly given by

p(z7) =po — o Hy—p)(x7), (2.6)

where H)js_g) is the scalar mean curvature of M(—f) with respect to the unit normal

pointing outside of the film. Subtracting the two equations, we obtain
—y _p@@”) —p(a)

Hypo)(2") = Hy(—py(a7) = E——

The difference between p(z~) and p(z™) is the hydrostatic pressure

pla™) —p(at) = gp(at —a7)-e3 = gplafz) + Bx)) v (x)
(3)

where v,/ :=wv)-e3.

(2.7)

Combining (2.5), (2.6) and (2.7) we obtain the equation for minimal surfaces with gravity

Hygoy (@) = Hypy(a7) = 62 (alz) + B@) v (2),  Vze M. (2.8)

If [Va| and |V 3| are sufficiently small at =, and we consider the mid-surface parametriza-
tion, then we can assume that locally a = 8 = h, where h is a small positive constant.
Denoting by {k1,k2} the principal curvatures of M, and stressing the smallness of h by
requiring 0 < h < max{|1], |k2|} !, we thus obtain

2 2
) = 3 e = I Y008 Y,
1=1

=1 =1

2
Hy—p)(z7) = —Zlfh,% = —Hu(x hZ“ +O(h*) 3~}
1=1

i=1
and (2.8) is readily seen to imply
Hy(z) = &2 hl/(g)( ) + O(h?) Ve e M,
that is, (1.1).
We now explain how (2.8) can be derived from energy considerations. The idea is

treating the problem of a soap film hanging from a wire frame as a capillarity problem.
We model the wire frame as a solid §-neighborhood of an idealized curve T, setting

Ty = {x e R® : dist(z, ) < 5}, As = R3\ Ts.



FIGURE 2.2. Using Gauss’ capillarity energy to formulate Plateau’s problem.
Minimization of ¢ H?(M) among surfaces with M = T is replaced by mini-
mizing the capillarity energy among regions contained in the complement of a
d-neighborhood of I'. Equilibrium configurations with volume & < § H2(S) < 1
arise as normal neighborhoods of minimal surfaces spanned by I'. Here S denotes
the boundary of E away from the wire frame.

We model the soap film as a set E C As with very small volume ¢ = |E|, and, following
Gauss’ treatment of capillarity theory, we define its energy as

E(B)=ocH*(AsNOE) + oy H*(0As NOE) +gp / z3dx
E

see Figure 2.2. Here v € (—1,1) is a dimensionless parameter taking into account the
ratio between the surface tension on the liquid-air interface, and the surface tension on
the liquid-solid interface along the wire frame walls. Assuming that E is a smooth critical
point of this energy, the Fuler-Lagrange equations boil down to the equilibrium condition

cHg(y)+pgys = A YyeS=A;N0OFE, (2.9)

where Hp denotes the scalar mean curvature of OF with respect to the outer unit normal
to E, and ) is a Lagrange multiplier associated to the volume constraint. Equation (2.9)
is coupled with Young’s law,

ve(y) -vry(y) =7 Yy € SNOA;s. (2.10)

Under the assumption that
€
— <0
H2(9)

and that ¢ is sufficiently small in terms of the local and global geometric properties of I',
it is reasonable to expect the existence of critical points E described by means of mid-
surfaces M spanned by I'. More precisely, we consider critical points F corresponding to
surfaces M with OM =T in the sense that, for every x € M N As we can find » > 0 such
that

ENB,(z) = {z—l—tuM(z) LzeM,-Blz)<t< a(z)}.

In this case, (2.9) computed at y = 2+ a(z) vy (z) = 2t and at y = . — B(z) vy (z) = 2~
gives
o Hypoy(z™) +pga™-e3 =X, oHy—gy(@™) +pgz™ -e3=A. (2.11)

Notice that our sign conventions on scalar mean curvatures have been such that Hg(x1) =
Hpp)(x%) and Hg(x™) = Hyg—gy(z~). Subtracting the two equations we deduce indeed



the validity of (2.8) as a consequence of the equilibrium condition for Gauss’ capillarity
energy. Notice that the full set of equilibrium conditions is expressed by considering
Young’s law together with the two equations (2.11), or with the single equation (2.9),
rather than by (2.8) alone. Here the role of (2.8) is stressed because, as explained above,
it clearly motivates the study of surfaces with small mean curvature.

In summary, we have seen in this section how surfaces with prescribed boundary and
small mean curvature, such as the ones described by equation (2.8), or by its approximation
(1.1), arise naturally in the study of soap films hanging from a wire. More generally,
the use of capillarity theory to model soap films provides an additional, more physical,
point of view on the long-debated issue of prescribing boundary data in the mathematical
formulation of Plateau’s problem; see [Har04, Dav14, HP16, DPDRG16, DLGM17, GLF17,
DLDRG17, ABP17, FK18, DR18] for the most recent developments on this venerable
question. Leaving a more complete discussion of this last point to a forthcoming paper,
we focus here on a first problem raised by this approach, namely understanding the relation
between almost-minimal and minimal surfaces.

3. ALMOST-MINIMAL SURFACES

Let T be a compact (n—1)-dimensional surface in R**! without boundary. Motivated by
the study of surfaces obeying (1.1), we now consider the general question of understanding
the relation between the minimal and the almost minimal surfaces spanned by I'. The
question we want to address is the following:

In the class of surfaces spanned by I'
is the family of minimal surfaces rich enough (3.1)

to describe all the possible limits of almost-minimal surfaces?

Theorem 4.1 answers affirmatively to this question under the assumptions that I' is accessi-
ble from infinity and spans finitely many minimal surfaces without boundary singularities.
The statement of the theorem is actually quite delicate, as it involves several choices and
assumptions. In the following paragraphs we shall address these points. In § 3.1 we pro-
pose various ways of measuring the almost-minimality of a surface, while in § 3.2 we review
two notions of convergence for smooth surfaces arising in Geometric Measure Theory. In
§ 3.3 we discuss our geometric assumption on the connected components of I'; and in §
3.4 we make precise the idea that ' spans at most finitely many minimal surfaces.

3.1. Measuring almost-minimality. Directly motivated by the equation for minimal
surfaces with gravity (1.1), we shall consider the uniform deficit

0o (M) == ||Hpmllco(ar)

as our chief option to measure almost-minimality. But depending on other possible appli-
cations of almost-minimal surfaces, the family of integral deficits

op(M) = [[Hum| Lo (a1 » 1<p<oo,

may be more relevant. For example, do(M) definitely plays a role in the study of the
gradient flow defined by Plateau’s problem, see [Hui89, Spr07]. At the weaker end of the
spectrum, and closer to the point of view usually adopted when discussing Paley-Smale
sequences in variational problems, one may consider the duality deficits

§_p(M) := sup { /M div M X dH" : X € CHR™\ TR [ VX[ o i) < 1} ,



for 1 < p < oo. This last definition is motivated by the tangential divergence theorem,
stating that if M is a smooth compact n-dimensional surface with boundary I', then

/ divMXd’H”:/ X-HMdH”+/ X v a1t ¥vX e CHR™TL R (3.2)
M M r
M

Here v* is outer unit co-normal to I' with respect to M, and div MX is the tangential
divergence of X with respect to M, that is

divM X (z) := div X () — vas(z) - VX () [var(2)] Ve e M. (3.3)

An interesting fact is that on surfaces M that are a priori known to be graphs over strictly
stable minimal surfaces, the duality deficit d_o. (M) already controls the area deficit, see
Theorem 5.1.

3.2. Convergence of smooth surfaces. In order to provide a better insight into ques-
tion (3.1), we need to discuss possible notions of limit for a sequence of smooth surfaces.
To introduce the relevant ideas, let us consider a sequence {M;}; of smooth oriented
n-dimensional surfaces such that

OM; =T, sup H"(M;) < o0, sup sup |z| < oo, lim doo(M;) =0. (3.4)

J Jj xzeM; J—r0o0

Geometric Measure Theory provides two canonical ways to discuss the convergence of
such a sequence {M;};. Both approaches require the identification of each M; as a linear
functional on a space of test functions, or, equivalently, as a Radon measure on a suitable
finite dimensional space. The first approach, the theory of currents, allows to transfer the
spanning information OM; = I to a generalized limit surface. The second approach, the
theory of varifolds, allows to infer from d,(M;) — 0 the existence of a limit surface that is
minimal, again in a generalized sense. A subtlety lies in the fact that the generalized limit
surface in the varifold sense may be larger that its counterpart in the sense of currents.

The viewpoint of currents. We see each oriented surface M; in (3.4) as a linear continuous
functional [M;] on the space 2™(R™*1) of smooth, compactly supported n-dimensional
differential forms, equipped with the standard topology of test functions. More precisely,
if M; is oriented by a continuous choice of a unit normal vector field vy, we set

([M;], w) := / (v, (), w()) dH"™ (x) Yw € @"(R”H),
J
where, given v € S”, xv denotes the simple unit n-vector corresponding to the n-dimensional
plane v+ oriented by v, and the duality between n-vectors and n-covectors appears under
the integral. Let us recall that xvy;, induces a smooth orientation v on I' (that is, a
smooth field of simple unit (n — 1)-vectors defining and orienting the tangent planes to I')
in such a way that Stokes’ theorem holds

I,

J

(xvp,, dw) dH™ = / (mpyw)dH™ Y Yw e 2" HRMTY), (3.5)
T

where dw is the exterior differential of the (n — 1)-form w. In this setting, it is quite
natural to define the “boundary” of [A/;] as the linear continuous functional defined on
9" 1R by setting

(O[M;], w) = ([M;], dw) Yw e 2" YR . (3.6)

Of course, Stokes’ theorem (3.5) implies that if I" is oriented by the orientation 7 induced
by the choice of vy, then

o[M;] = 17



The second and the third condition in (3.4) and the compactness theorem for Radon
measures imply the existence of a linear continuous functional 7' on 2™(R"*1) such that,
up to extracting subsequences,

(T,w) = lim | («vpg,,w)dH"  Ywe Z"(R™). (3.7)

Is the linear functional T still represented by the action on forms of an oriented surface
with boundary, like the functionals [M;] are? A deep theorem of Federer and Fleming
[FF60] gives a positive answer, provided that we introduce a suitable class of generalized
surfaces with boundary. The key notion here is that of a rectifiable set. We say that a
Borel set N C R"*! is locally H"-rectifiable if, up to a H"-null set, N can be covered
by countably many Lipschitz images of R” into R"*!, and if H"(N N Bg) < oo for every
R > 0. If N is locally H™-rectifiable, then N has a tangent plane almost-everywhere, in the
sense that for H"-a.e. x € N there exists an n-dimensional linear subspace T, N C R"*!
such that

lim QdH™ = / @dH™ Ve e COR™. (3.8)

=0t J(N—z)/r »N
We can thus define a Borel vector field vy on N such that vy (z)+ = T, N at H"-a.e. € N.
Analogously to the smooth setting, such a vector field vy will be called an orientation of
the rectifiable set V. Coming back to (3.7), the Federer—Fleming compactness theorem
shows the existence of a locally H"-rectifiable set N, of a Borel measurable orientation
vn, and of a function « € L}, (H"LN;Z) (an integer-valued multiplicity on N) such that
T = [N,*vn,a], i.e.

(T,w) = /N a(z) vy (x),w(z)) dH"™ (x) Vw € 2R, (3.9)

Moreover, as a simple by-product of (3.6), we see that the limit current 7" has still boundary
', in the sense that 0T = [I'], or, more explicitly:

(T,dw) = ([T],w)  Ywe 2" YR"), (3.10)

The viewpoint of varifolds. The next question is if the rectifiable set N, found by taking
the limit of {M;}; in the sense of currents, is minimal, at least in some generalized sense.
The starting point is the tangential divergence theorem applied on M; to fields supported
away from I', which yields

/,

J

divMi X dH" = / X -Hy, dH" VX € CHR"\ TR (3.11)
M; ‘

Notice that, since doo(M;) — 0, the right-hand side of (3.11) converges to zero as j — o.
To pass to the limit on the left-hand side we adopt the following point of view. Let us set

G":=R"" x (S"/ =),
where v1 = vy if and only if v; = 14, and denote by [v] the =-equivalence class of v € S™.

The point (z,[v]) € G™ identifies the (unoriented) n-dimensional affine plane orthogonal
to v and passing through = in R"™!. Given X € C}(R"*1;R"*!) we can define

px € C(GM)
by setting
ox(z,[v]) =divX(z) —v-VX(z)v (x,[v]) € G™.
The definition is well-posed, as the right-hand side is invariant when exchanging v with
—v. In this way

/ div ™ X dH" = (var (M), ox)
M

J

10



if we agree to associate every smooth surface M with a linear functional var (M) on
CY(G™) by setting

(var (M), ) := /M o(z, [var(x)]) dH™ (x) Yo € CYU(GM). (3.12)

Notice that M does not need to be orientable here, as we are considering [vas(z)] in
(3.12). Clearly, var (M) can be seen as a Radon measure on G", with total mass equal
to H™(M). Thus, under the assumptions in (3.4), {var (M;)}; is a bounded sequence
of Radon measures with uniformly bounded supports, so that the standard compactness
theorem for Radon measures ensures the existence of a Radon measure V' on G™ such that,
up to extracting subsequences,

(Vip) = lim p(x, [var, (2)]) dH" (z) Vi € C2(G™). (3.13)

J]—00 Mj

Given that do(M;) — 0, the above argument shows that (V,¢x) = 0 for every X com-
pactly supported in the complement of I'. We then ask the question whether the varifold
V' can be associated to a generalized surface, and to what extent this surface is minimal.
Another deep theorem, this time due to Allard [All72], provides the following answer: there
exists a locally H"-rectifiable set N and a function 6 € L} (H™_N;N) (a non-negative inte-

gral multiplicity on N) such that V is represented by N and 6, in symbols V' = var (N, 6),
in the sense that

(Vi) = (var (N, 0), ) = /N 0(x) o(x, [on()]) dH" (x) Yo e C2(GM).  (3.14)

As noticed, under the assumption (3.4), we have (V,px) = 0 whenever sptX NT" = (.
In other words, the varifold V = var (N, 0) is minimal on R*** \ T (or stationary, in the
common terminology of Geometric Measure Theory), in the sense that

/ OdivVNXdH" =0 VX € CHR"\ ;R (3.15)
N

Two remarks are in order: (i) The rectifiable set N arising in the varifold convergence is
in general larger than the rectifiable set /N obtained by taking the limit of {A/;}; in the
sense of currents. The typical example is obtained by considering M; = By N (K/j) (for
Jj — o0) where K is a fixed catenoid. In this case the limit in the sense of currents is trivial,
N = (), because the two sheets of the catenoid cancel out in the limit due to their opposite
orientations; at the same time, if the limit is taken in the sense of varifolds, IV is equal to a
unit disk with multiplicity # = 2. For an example with fixed boundary data, see Example
3.4 below. From this point of view, answering question (3.1) partly amounts to determine
conditions under which this ambiguity between the two limits, one taken in the sense of
currents and the other in the sense of varifolds, does not occur; (ii) Coming back to the
generalized minimal surface condition (3.15), in the next classical example we notice how
this condition allows one to include in the theory of minimal surfaces non-smooth examples
that are actually physically relevant.

Example 3.1. Let I' = I'; UT'y be given by two parallel circles in R? with centers on a
same axis. We can construct generalized minimal surfaces on R? \ T' as multiplicity one
varifolds var (IV;) := var (V;, 1), associated to the rectifiable sets

N1 : =Dy UD>, Ny := K3, N3 = Ky,
Ny:=KsUKgUD7, N5s=KgUKgU D,

11



N1 N2 N3

N, 2m/3

FIGURE 3.1. When T consists of two parallel disks there are, in addition to the
disconnected surface defined by two disks, four minimal surfaces, two of them
singular, all composed by joining pieces of catenoids.

depicted in Figure 3.1, and referring to the following list of connected minimal surfaces:
Dy and D5 are two disks spanned by I'y and I’y resp. ;
K3 and K4 are the catenoids (one stable, the other unstable) spanned by I';
K5 and Kg are two catenoids meeting at a 27 /3-angle along a circle I's
lying on the midplane between I'; and I'e, centered along the same axis;
D7 is the disk spanned by I's;
Kg and Ky are another pair of catenoids meeting at a 27/3-angle along a circle 'y
lying on the midplane between I'y and I'e, centered along the same axis,
with the radius of I'y smaller than the radius of I's;
Dy is the disk spanned by I'y.
We claim that the var (IV;)’s are generalized minimal surfaces. Since Ny and N5 are not

smooth, we need to check carefully if they satisfy (3.15). By applying the tangential
divergence theorem separately on the three minimal surfaces K5, Kg and D7, we find that

/ div N X dH? = / X (S uffo Py ant
N4 FS

The sum of the above three co-normals is identically zero by the 27 /3-angle condition
imposed on Kg and K7, and so (3.15) holds, thus showing that N4 is minimal. The
minimality of N5 follows analogously. We also notice that every integer valued combination

5
V= Z gi var (N;) for some ¢; € N (3.16)
=1

satisfies (3.15), and is thus a possible limit for a sequence {M;}; satisfying (3.4) with
I' =Ty UT. If such a limit arises with ), ¢; > 2, we speak of bubbling. In fact, an
additional subtlety lies in the fact that varifolds of the form

5

V =q1var(D1) + qi 2 var (Dg) + Z gi var (N;) with ¢11 # ¢q1.2 (3.17)
=2

satisfy (3.15), and thus can arise as limits of almost-minimal surfaces (and indeed do so,
see Example 3.5 below, if the mean curvature deficit is sufficiently weak). A limit like

12



S Mj

FIGURE 3.2. The construction described in Example 3.4.

(3.17) is qualitatively worse than a limit of the form (3.16), in the sense that Dy and Ds
alone do not span the whole I', but just some of its connected components.

3.3. A geometric assumption: accessibility from infinity. Given z € I', we say that
I' is accessible from infinity at x if there exist a unit vector e and an angle 6 € [0, )
such that

I‘COC:U+{Z€R”+1:2-€> 2= (2 €)el (3.18)

~  tan(6/2) } ’
where I'°° denotes the convex envelope of I'. Notice that if (3.18) holds at a given = then
every minimal surface N spanned by I' is automatically contained in the wedge centered
at z which appears on the right hand side of (3.18).

Definition 3.2. We say that I' is accessible from infinity if, for each connected com-
ponent I'y, of I, the set of points = € I';;, such that I' is accessible from infinity at « has
positive H"~'-measure.

Remark 3.3. (i) Notice that I" does not need to be accessible at each of its points, we
are just requiring that points of access have positive H"~!-measure inside each connected
component of T'; (ii) if ' is contained in the boundary of a uniformly convex set K C R"+!,
then I' is accessible from infinity; the two conditions, on the other hand, are by no means
equivalent, recall Figure 1.1.

Without I' being accessible we can easily construct examples where question (3.1) has
negative answer, even if we intend almost-minimality in the strongest form defined by the
uniform deficit.

Example 3.4 (Negative answer to (3.1) and bubbling with uniform deficit). Consider two
concentric disks S7 and Sy contained inside a same plane, and bounded by circles I'y and
Iy, see Figure 3.2. Set I' = I'; UT'y, so that N = S} \ int(S2) is definitely a minimal surface
spanned by I'. Also, choose orientations on S, Se and I' in such a way that the spanning
condition holds for the associated currents, that is [N] = 9([S1] — [S2]) = [I']. We
construct a sequence of surfaces M; by slightly bending S and Sz in the radial direction,
and then connecting the two pieces with a catenoidal neck, see Figure 3.2. Evidently, this
can be arranged so that

OIMil=[r],  lim 6o(My) =0,

and the M;’s converge to two copies of Sy plus one copy of NV, in the sense that

var (M;) — var (N) + 2var (S3) = var (N, 1) + var (S2,2) . (3.19)
In particular:
lim pdH" = / QdH" +2 / odH™, Vo € COR™). (3.20)
I J M; N So
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Iy

FICURE 3.3. Bubbling is possible even when I is accessible from infinity if a weak
notion of deficit is used. Here M is the surface of revolution obtained by rotating
the one-dimensional profile on the right, B, (I'y) denotes an ¢;-neighborhood of
the circle I';, and M is the part of M; lying outside B, (T'1). We take &; such
that M; intersects OB, (I'1) in three circles, and so that the Hjy; is uniformly
small on M; \ M 7. The limit surface counts one copy of K, and two copies of the
disk filling I';.

On the other hand, the currents [M;] satisfy
[M;] — [N] in the sense of currents, (3.21)

that is
jllrélo<[Mjﬂ,w) = ([N],w) Yw e .@"(R"H), (3.22)

because the two copies of Sy appearing in the limit come with opposite orientations, and
hence the corresponding currents cancel out. For this simple boundary curve I', we thus
have a negative answer to (3.1): indeed, as shown by (3.20), the limit of the {M;}; cannot
be described only in terms of minimal surfaces spanned by I' (which indeed is not spanning
S3). In this example the bubbling phenomenon occurs, as part of the limit surface has
multiplicity 2. Observe also that I' is not accessible. Indeed, (3.18) cannot hold at any
x € I's. Finally, the example can be easily generalized to the situation when S; and Ss are
two smooth, bounded, simply connected orientable minimal surfaces S and Ss, spanned
by curves I'1 and I's, with Sy C 5.

Example 3.5 (Bubbling under accessibility from infinity with very weak deficit). As in
Example 3.1, let I' consist of two parallel disks I'y and 'y with centers on a same axis,
so that I" is accessible from infinity. We can give a negative answer to question (3.1) if
a too weak notion of almost-minimality deficit is used, arguing along the following lines.
Consider a catenoid K spanned by I', and construct a sequence M; by slightly deforming K
outwards while keeping the boundary data at I'e, sharply turning around along I'y, going
all the way towards the center of I'y, turning again downwards with a small catenoidal
neck, and then almost filling I'y with a disk; see Figure 3.3. Denoting by M the part of
M; lying at distance at most €; from I'y, by suitably selecting €; — 0 as j — oo, we entail

8Mj = F, hm ”HM]'HCO(M]-\Mf‘) = O, sup |’HMJHL1(M7) < C.
J=ro0 ! jeN

We claim that
lim 6_o(M;) =0, lim var (M;) = 2var (D) + var (K3),

J — 00 ] — 00
whereas

jhm [M;] = [Ks] .

Thus the limits in the sense of varifolds and currents do not agree (we observe bubbling),
while an almost-minimality deficit goes to zero (although this is indeed the weakest possible
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deficit in our scale). To show that d_(M;) — 0, we fix a vector field X compactly
supported away from I" and with |VX| < 1. We fist notice that

‘/ divaX‘ <HA(M}) = 0.
J

If I'; is the component of the boundary of M; \ M © that is not I's, then by our choice of
ej we find

y/ aiv x| < / \XHHMju/ X [0
MM M;\M; T3 ’

< diam(M;) H*(M;) | Hy, leoa\ae) + € HU(TY),

where we have used [VX| < 1and X = 0on I to deduce: (i) that [X| < ¢e; on I'}; and, (ii)
that | X| < diam(M;) on M;. Since Hl(F;) — 3HY(T) by construction, we have proved
our claim.

3.4. Finiteness and regularity of the Plateau problem. The second main assump-
tion we shall consider is that I' spans finitely many minimal surfaces. This is an idea that
has to be formulated with great care, because of the singularities that minimal surfaces
can exhibit.

Let I" be an (n—1)-dimensional compact smooth surface without boundary. As discussed
in § 3.2, any varifold V' = var (V, ) corresponding to a compact H"-rectifiable set N in
R and to a function § € L!'(H"LN;N) such that

/ OdivVNXdH" =0 VX e CHR"M\ ;R (3.23)
N

can arise as a possible limit of almost minimal surfaces. Possible limits V' have two other
important properties: (i) As a consequence of (3.23), the support of V' is bounded: indeed,
an application of the monotonicity identity implies that spt V is contained in the convex
hull of T', see [Sim83, Theorem 19.2]; (ii) Given our assumptions on M;, V has bounded
first variation, in the sense that

sup{/ 0divYy X dH" : X € CHR™ 1, R"1),|X]| < 1} <.
N
In particular, by differentiation of Radon measures, (3.23) is always extended to
/ OdivN X dH" = X -vdp,  YX € CHR"TL R (3.24)
N

Rn+1

where p, is singular with respect to H"LN, and where v is a Borel unit vector field.

Fully understanding the regularity of sptV when (3.23) holds is a major open problem
in Geometric Measure Theory. What is known on this specific problem is the following.
Define (for any compact set V) the sets of regular and singular points of N as

Reg(N) = {:c €N : dp>0s.t. NNB,(x)is a smooth surface

with or without boundary in Bp(x)} ,
Y(N) := N\Reg(N).

We further divide Reg(IN) into Reg®(IN), the set of regular points of interior type (i.e.,
NNB,(z) is diffeomorphic to an n-dimensional disk), and into Reg?(V), the regular points
of boundary type. Now, let V = var (N, ) be such that (3.23) holds, and consider any
open set A such that 6 is constant on AN N. Then Allard’s regularity theorem [All72]
shows that

H" ((A N N)ARegO(N)) —0.
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There is also a boundary regularity theorem [All75], showing the existence of £(n) > 0
such that if § =1 on ANN and H"(NNB,(z)) < (1+e(n))w,p™/2 for some x € ANNAL,
then N N Be(,,(z) is diffeomorphic to a half-disk.

The application of Allard’s boundary regularity theorem can be quite deceptive. With
reference to the notation of Example 3.1, it suffices to take N = D7 U K3 with 6 = 1 to
construct an example of V solving (3.23), with N \ I' = Reg®(V), and with I';y = 3(N).
Notice also that a similar example holds even in the “smoother” case when the measure
p« considered in the extension (3.24) of (3.23) actually agrees with H" 1T, and when v
is H" !-a.e. orthogonal to I'; that is to say, when (3.24) takes the more geometric form

v(z) € S"N(T,I)* for H" tae. x €T,

3.25
/ eleNX dHn _ / U- Xd%nfl VX € Ccl(RTL+1;Rn+1) ) ( )
N T

Indeed, if the distance between the circles I'y and I's in Example 3.1 is such that K3 meets
with D along I'; at a 120-degrees angle, then adding up the unit conormals of D; and
K3 on I'1 we obtain a unit vector

_ D1 K3
v =up, + vr,

such that (3.25) holds, but still the boundary regularity theorem cannot be applied at any
point of I';, as N \I' = Reg®(N) and I'y = 3(N).

Summarizing, the analysis of almost-minimal surfaces spanned by I' unavoidably leads
to consider minimal varifolds in R"*! \ T, but, in turn, these objects are only partially
understood. Our compactness theorem will thus be conditional to assuming a rather
precise structure for minimal varifolds in R"*!\ T'. Namely, we shall require the possibility
of decomposing them as linear combinations, with integer coefficients, of finitely many, unit
density, connected pieces N; with unit conormals v{° along finite unions I'® of connected
components of I' (in particular, each piece N; may just be spanned by part of T'); when
removing its singular set and I', each piece IV; is disconnected into at most finitely many
smooth connected components. As explained in Proposition 3.8 below, these assumptions
hold in the fundamental case when I' is a graph over a convex surface.

Definition 3.6 (Finiteness and regularity of minimal varifolds spanned by I'). Let I" be a
compact (n — 1)-dimensional smooth surface without boundary in R"*1, and let {I",,}M_,
denote the connected components of I'. We say that I' spans finitely many minimal
surfaces without boundary singularities if there exists a finite family {N;}; of
compact H"™-rectifiable sets with the following properties:

(i) for each i, N; \ T is connected, and there exists a finite union I') = Umer@ Tm of
connected components of I' with

N;NT =T® =Reg(N;), E(N)NT =0,

and such that for some v : T(®) — S with v%°(x) € (T,T®)+ N T, N; it holds

/ divNiX dH"™ = / v X dHvY VX e CHRMTL R

N; @)
moreover, Reg®(V;) has finitely many connected components {Ni’g}f:@l) such that,
for each £, cl(N;,) \ 3(N;) is an orientable, smooth n-dimensional surface with
boundary, whose boundary points are contained in INOF

(i) if V' = var (IV, 6) has bounded support, bounded first variation, and satisfies

/ fdivVX =0 VX e CHR"\ ;R (3.26)
N

16



then there exist ¢; € N such that
V= Z gi var (N;) .

Remark 3.7. By Allard regularity theorem and by property (i), for each i, var (IV;) is a
minimal varifold in R™*1 \ I with constant unit density, and thus we have

H"(X(Ni)) = 0.

Notice that we are excluding the possibility that X(N;) intersects I': in other words,
singularities are allowed, but not up to the boundary. In principle, this is the situation
depicted in Figure 3.1. It is not hard, however, to observe soap films with curves of singular
points extending up to the wire frame, so we do not expect this assumption to be generic.

The problem of checking Definition 3.6 on some classes of examples, or even in simple
explicit situations like the one described in Example 3.1, seems delicate. In the next
proposition we address the case of graphs over convex boundaries.

Proposition 3.8. If Q@ C R"™ x {0} is a bounded connected open set with smooth and
convex boundary, and if I C R™"*! is the graph of a smooth function u over 09, then T’
spans finitely many minimal surfaces in the sense of Definition 35.6.

Proof. Let us assume without loss of generality that 0 € Q. Let V = wvar(NV,0) be
an integral varifold with bounded support satisfying (3.26). We first prove that sptV is
contained in cl (2 xR), where cl (A) denotes the closure of A C R"*1. Indeed let Hg, denote
the mean curvature of 02 with respect to the outer unit normal to €2. Consider the open
cylinders K (t) = ¢t (2 x R) for ¢ > 1. Since the support of V' is bounded, for ¢ large enough
we have that sptV € K (t). If t, = inf{¢ : sptV € K(¢)}, then ¢, < oo and thus there exists
x = (2',2n41) € spt V N OK (t,) such that, in the ordering of vyg () (7) = va(r.), Tx 1=
(2’ /t,0), the smooth surface 0K (t.) touches from above sptV locally at x. Let us assume
that € R"*'\ T. Since K (t,) is smooth, Hy1,)(2) - vor(r.)(x) = Ho(xs)/t. > 0, and
V' is minimal in a neighborhood of z, by the strong maximum principle of Schétzle [Sch04,
Theorem 6.2] this is possible only if, locally at x, K (t,) is contained in sptV. Since sptV
is anyway contained in cl (K (t.)), by a continuity argument, and by the connectedness of
OK (t.), we obtain 0K (t,) C sptV. This would be a contradiction, since sptV is bounded.
Thus it must be that z € T', i.e. t, = 1, and sptV C cl (2 x R).

The classical area integrand theory (see, e.g. [Giu03, Chapter 1]) implies the existence
of a smooth extension of u to the whole €, still denoted u, such that G(u) = {(z,u(z)) :
z € cl(Q)} satisfies

/ div W X dH"™ = / X v dH™t VX € CHRMTL R
G(u) r

with v, (2) € (T,I)* for every z € T. Setting N1 = G(u), properties (i) and (ii) in
Definition 3.6 are clearly satisfied by Nj.

We finally prove that V' = ¢var (G(u)) for some ¢ € N. Since sptV is bounded and
contained in the closure of 2 x R, we find that
s* =inf {s: 2p1 < s+ u(z) Y(z, 2pt1) € sptV}

is finite. In particular, s*e,11 + G(u) touches sptV from above in the ordering of e, 1.
If the touching point & does not belong to I', then, again by Schétzle’s strong maximum
principle we find that s*e,+1 + G(u) C spt V with s* # 0. But then sptV would have a
contact point with 92 x R outside of I', where V' is minimal, and thus the strong maximum
principle would imply 02 x R C sptV/, once again against the boundedness of spt V. The
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touching point z of s*e,1+1 + G(u) and sptV must thus lie on T, so that s* = 0, and
Tnt+1 < u(z) whenever (z,2,+1) € spt V. An entirely similar argument shows that

Sy =sup{s:Tny1 > s+u(z) V(z,2n41) EsptV} =0.

so that we also have z,411 > u(z) whenever (z,2,4+1) € sptV. We have thus proved
that G(u) = spt V. The constancy theorem for integral varifolds, [Sim83, Theorem 41.1],
implies that V = gvar (G(u)) for a constant ¢ € N. O

4. THE COMPACTNESS THEOREM
We are finally ready to state and prove our main compactness theorem.

Theorem 4.1 (Compactness theorem for almost-minimal surfaces). Let I' be a smooth
(n — 1)-dimensional compact orientable manifold without boundary in R"*!  and let [T]
be the (n — 1)-current corresponding to the choice of an orientation 0 on I'. Assume that
T is accessible from infinity (see Definition 3.2) and that T' spans finitely many minimal
surfaces without boundary singularities (see Definition 3.6).

Let {M;}; be a sequence of smooth n-dimensional surfaces, oriented by smooth unit
normal vector fields vyy;, and with smooth boundaries I'; oriented in such a way that, if
[[Mj]] = [[Mj,*VMj, 1]]7 then

o[M;] = 5],
sup max ¢ H"(M;), sup |z| ¢ < oo,
j { (M) xEMj’ |} (4.1)

'lim/ |Hy| = 0.
J—00 Mj

Assume that I'; converges to I', in the sense that there exist Lipschitz maps f;: I' — R 1
with
fiT)=T;,  supLip(f;) < oo,
: . ’ (4.2)
lim || f; —idr[ler @y = 0.
j‘)OO

Then, there exist an H"-rectifiable set N, and Borel vector fields vy : N — S™ and
v:I[ — S™ with

vn(z) € (TuN)* for H"-a.e. x € N, (

v(z) € (T,I)* for H" ‘-a.e. z €T, (

AIN,*vn, 1] = [I7], (

(

/divNX:/X.ud%"—l VX € CHR™TL R
N I

and such that, up to extracting subsequences, M; — N both in the sense of currents and
in the sense of varifolds, i.e.

[M;] — [N, »vn, 1], var (M;) — var (N, 1). (4.7)

Remark 4.1. A point that we are not trying to formalize here is that in situations like the
one considered in Figure 3.1, when 3(V), if present, is “classical”, then one can actually
prove that X(N) = (), thus concluding that smooth M;’s cannot converge to minimal
surfaces with singularities. To illustrate the idea, let I'y and I'y be the circles of Example
3.1, and fix orientations on I'; and I's in order to define the associated currents [I';] and
[I'2]. Suppose by contradiction that as a limit of a sequence M; of almost-minimal surfaces
with O[M;] = [I] := [I'1]+[I'2] one obtains the singular minimal surface N = KUK'UD
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obtained by gluing two catenoids K and K’ to a disk D along the boundary circle ¥ = 9D
with a 120-degrees angle. Assign orientations to K, K’, and D in such a way that

I[K] = [T1] + 10[D] , O[K'] = [T2] + 020[ D], o; € {£1}.
The limit current 7" of the sequence [M;] must then satisfy
T = a1 [K]+ a2 [K'] + a3 [D]
for a; € {£1}, so that
OT = a1 [T'1] + a2 [T2] + (101 + azos + a3) [0D] .
Since T is the limit of currents defined by the M;’s, we also have
or = [I') = [T1] + [T2],

which implies a; = 1 = a and

o1 +o2+a3=0,
which is impossible, given 01,09, a3 € {—1,1}. A general argument along these lines can
be repeated if assuming that a number of odd half-spaces meet along points in X(N).

Before giving the proof of the theorem, we need to introduce some notation. Given an
n-dimensional varifold V on R"*!  that is, a Radon measure on G = R"*! x (S"/ =) as
described in section 3, we denote by

SV(X) = / div X (2) dV (z,T)
the first variation of V along a vector field X € C}(R"™1; R"™1). The weight of V and
the total first variation of V are defined by
IVIE) = V(Ex(S"/=))
ISV[(A) = sup {/ divr X (z)dV(z,T) : X € CL(A; Bl(O))} :

for every Borel set E and open set A in R"*!. Given an n-dimensional integer rectifiable
current T' = [N, *vy, ], the mass of T is the Radon measure

IT| := |o| H"LN .
We denote by

Vr = var (N, |af)
the induced varifold of T'.

Proof of Theorem 4.1. Step one: We start by discussing the varifold limit of the M;’s. By
the area formula and by (4.2) we have

H D) < CHPHT). (4.8)
Setting V; := var (M;), by the tangential divergence theorem we have

W) = [

J

for every X € C}(R"1;R"*1). In particular, (4.8) and &;(M;) — 0 imply

divMi X aH™ = / X -Hyy; dH" —i—/ X - yﬁfj dH 1 , (4.9)
M L'y

lim sup ||§V;]|(R™*!) < lim sup (/ [Hay, | dH™ + H"—l(rj)) < CH™YT),  (4.10)
: : "

Jj—o0 Jj—o0 f

while at the same time [|V;|(R"!) = H"(M;). By (4.1), the supports of the V;’s are
contained in a fixed ball, and
sup [V;[(R™1) < C,
J
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thus by Allard’s compactness theorem for integral varifolds (cf. [All72, Theorem 6.4],
[Sim83, Theorem 42.7]), there exists a not relabeled subsequence V; — V as j — oo for
an integral varifold V. We notice that

SV(X)=0 VX e CHR"\T,R"M). (4.11)
Indeed (4.2) implies that if spt X € R\ T, then spt X C R"™'\ T'; for every j large
enough. Thus, 6;(M;) — 0 and (4.9) give

SV(X) = lim 6Vj(X) = lim [ X-Hy, dH" =0,

J—roo I J M;
for every X € CL(R"1\ ', R""1)  as claimed.

Since I' spans finitely many minimal surfaces without boundary singularities, (4.11)
implies the existence of finitely many compact H™-rectifiable sets {Ni}le such that

k
V= Z gi var (NV;) for some ¢; € N, (4.12)
i=1
where, for each ¢, N; \ I' is connected, there exist a finite union ré = Uper@ Lm of
connected components of I' with
N;NT =T =Reg’(N;), S(N)NT =0, (4.13)

and a vector field vf° : T®) — S" with v%°(x) € (T,TO)L N T,N; for H* '-ae. z € TO
such that

/ div Vi X dH" = / v X dHt VX e CHRMTL R (4.14)
N; ()

Moreover, for each i, Reg®(N;) has finitely many connected components {NM}ZL:(ZI) such
that, for each ¢, cl(N;¢) \ X(1V;) is an orientable, smooth n-dimensional surface with
boundary, whose boundary points are contained in I'”). As noticed in Remark 3.7, (4.14)
and Allard’s regularity theorem imply

H"(E(N;)) =0. (4.15)
In particular, N; is H"-equivalent to Reg®(NN;), so that can rewrite (4.12) as

kE L()
V=>> gvar(Ny), (4.16)

i=1 (=1

with ¢; 0 = ¢; for every £ =1,..., L(3).

Step two: We now take the limit of the M;’s in the sense of currents. Setting T} := [M;],
by (4.8), sup; H"(M;) < oo, and by the Federer-Fleming compactness theorem [FF60],
see also [Sim83, Theorem 27.3]), we have that 7; — T in the sense of currents, up to
extracting subsequences, where 7T is an integral current. The C'-convergence of I tol,
T; — T, and 0T} = [I'], are easily seen to imply 0T = [I']. Moreover, it is easily seen
that, as Radon measures on R"*1,

1T <1V (4.17)

since the mass of currents is lower semicontinuous, the weight of varifolds is continuous on
sequences with bounded supports, and since ||Tj|| = H".M; = ||V;|. By (4.12),

k k k L)
spt(T) C | JN: < |[TulJsv)ulJ | Niel - (4.18)
i=1 i=1 i=1¢=1
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Next we introduce the integral n-current 7T;, := T'_N;,. Notice that IV;, is a smooth,
connected n-dimensional surface, and that

Ni,Z M spt aTZ‘j =0
since
Ni,g N SptaTi,z - NLg NsptdT = Ni,f NI C RegO(Ni) Nl = (Z),

thanks to (4.13). By the constancy theorem for integral currents (cf. [Sim83, Theorem
26.27]), we find o, ¢ € Z and realizations [N; ¢] of N; ¢ as multiplicity one integral currents
such that

Tie = ;¢ [Nig] -
Since H™(S(N;)) = 0, (4.18) implies that

k L(3)
T=>"> aiNil. (4.19)

i=1 (=1
Applying the boundary operator in the sense of currents to (4.19), and recalling that
OT = [I'], we find that
k L)
INEDDDIRTE TR (4.20)
i=1 =1
Recall that cl(N;e) \ 3(V;) is a smooth surface with boundary, with boundary points
contained in T@. If T',,, is one of the components of '™, then there is exactly one ¢ such

that T, N Reg®[cl (NV; ) \ Z(NV;)] # 0, and, in correspondence to it,
Iy C el (Nig).
In particular, localizing (4.20) to I'y,, and setting [I'y,] = [I'|clyn, we have
[Tn] = > 0 O[Ni(] T s (4.21)
il : TmCel (Nyg)
and since I';, itself is connected,
either O[Ni Ll = [Tl

if I, 1(Nie), th
1 Cc ( ,f) en { or a[[Nz,f]]LFm = _[[Fm]] .

In particular, for suitable o}", € {£1}, we deduce from (4.21) that

Z a% aje=1 forevery m=1,..., M. (4.22)
i€ 1 TmCcl(N; )

Step three: We now link T to V. Let Vp denote the integral varifold associated with T,

that is
k L(3)

V=YY ai| var (Niy). (4.23)
i=1 =1
Noticing that
Vr, = var (M;) =V,
and taking into account that I'; is converging to I' in C L V; — V as varifolds, and T; — T’
as currents, we are allowed to apply White’s theorem [Whi09, Theorem 1.2] to deduce the
existence of an integral varifold W such that

V= Vr42W. (4.24)
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Therefore, it has to be

k. L(i)

oW = Z Z(qz',z — | g]) var (N;p)

i=1 (=1
and the integrality condition of W in turn yields that there exist 3; , € N such that
Gie — |aie| =280 foreveryie{l,...,k}, 0e{l,...,L(i)}. (4.25)
We now claim that, for every m =1,..., M,

Z ¢i¢ 1s an odd integer. (4.26)
i,f: FmCCI(NL',g)

Indeed, using a = b mod(2) as a shorthand for saying that a and b have the same parity,

(4.25) implies that
Z Gie = Z | ¢] mod(2).
0,01 Ty Ccl(N; ¢) 0,01 Ty Ccl(V; ¢)

At the same time

> (eid —ofyeig) = 2 > g — 2 > g

i, : FmCCI(N,L’g) (ai,g>0)/\(0';r2=—1) (ai,2<0)/\(o';?[:1)
=0 mod(2),
so that, taking (4.22) into account, (4.26) holds.

Step four: We now exploit the assumption that I' is accessible from infinity, to improve
(4.26) and show that, for every m =1,..., M,

> ae=1; (4.27)
i,fl FrnCCI(Ni,l)

or, equivalently, that

Z ¢ =1, for every m = 1,..., M . (4.28)
i: mell®)

Indeed, by (4.12) and by (4.14), for every X € CH(R"" R"™!) we find

k k
WV(X) = E 4 /N div Vi X dH" = g % - X v dH™ (4.29)
i=1 ' ‘

i i=1
while, at the same time, fMJ_ |Hpg;| — 0 and (4.9) imply
SV(X) = lim 6V;(X) = lim [ X -7 dnt. (4.30)
J—o0 j—oo Jr; J

By (4.2), T'; = f;(T') with || f; — Id [[c1ry — 0 as j — oo, so that, by the area formula,
/F X- uéfj dH" ™ = /F(Xofj) : (yﬁff o fi) IV fjaH™ !, (4.31)
i

where the tangential Jacobian of f; along I' satisfies Jr fi = 1in C%(I"), while of course
(X o f;) = X in C%T). Considering that

M.
lvp,” o fillLery <1
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for every j, by weak-* compactness, and up to extracting a subsequence, there exists a
vector field o € L°(I, R™*!) with ||o]|eo(r) < 1 and a (not relabeled) subsequence such
that

v o f; 5 o i Lo(D, RAH),

Combining (4.29), (4.30), (4.31) and this last information with (X o f;)J'f; — X in
Co(T), we find

k
> a X-z/f":/X-a, VX € CHRML R (4.32)
=1 /T r
If we set
Ipi= |J Ty m=1,.,M,
m’/#m

then (4.32) tested at X € CH(R"+1\ T',,; R"*1) implies that for every such X,

Z G X v = X o, for every m =1,...,M . (4.33)

i: mel® L T

By arbitrariness of X,

o(x) = Z qi v;°(x) at H" l-a.e. z €T,,, and for every m =1, ..., M .
i: mel(®

This implies o(z) € (T,I')* for H* l-a.e. z €T, as well that

‘ Z qi vi°(x)

i: mel(®

<1 for H" lae z €T, (4.34)

for every m=1,..., M.

We are now ready to prove (4.28). Thanks to (4.26), for every m € {1,..., M} we can
find p € NU {0} such that

Y a=2p+1, (4.35)
i: mel®
and we want to show that it must always be p = 0. Since I' is accessible from infinity, we
can select z¢ € I', such that (4.34) holds at = zp, and such that there exists a wedge
W (strictly contained in a half-space) with vertex at xy and containing I'®°. Up to rigid
motions, we assume that zg = 0 and that

W = {(azl,x’) eR™: 2y >0and |2/] < 2y tan(gb)} , for some ¢ € [0,7/2).

The n-plane 7 := ef- = {z1 = 0} is then a supporting hyperplane to I'°® at zy = 0.
Furthermore, since x¢g = 0 is a point on I'y,, C I', the tangent space Tpl' is a linear
subspace of m. We may assume that ToI' = {z; = 0 = z,,11}. Finally, by the classical
convex hull property of minimal surfaces, we have N; C I'°® C W for every 1.

Now, for every i such that m € I, v := —p%(0) is a unit vector in the two-
dimensional plane (TpI')* = {x; = 0 for j = 2,...,n}. In the coordinates (z1,Zn11),
thanks to N; € W, we find that v points inwards W, and thus that

() = (cos Gi,sinei) for some |6;| < ¢.
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If {i1,.- . ipem)} C {1,...,k} is the set of indexes i such that m € I® | we define the
vectors vy, ..., v2py1 by setting

o
U1:U2:"‘:qu1 '_1/(1)7
) =0 =... =0 = pli2)
g+l = Vg +2 — — Yqi, +qiy T s
G
U2p+2—q;, = "7 = U2ptl 1= plir) )

so that, by (4.34) applied at z = xg = 0,

2p+1
- Y w0 = Y @ =Y
i: mel® i: mel® h=1
has length < 1. We conclude the proof by showing that, if p > 1, then
2p+1
> op|>1. (4.36)
h=1

A proof of (4.36) is in [DR16, Lemma 6.16]. For the reader’s convenience and for the sake
of clarity, we verbatim repeat the argument used in [DR16]. First, we order the vectors vy,
in such a way that 61 < 6y < --- <y, 1. For every j < p, set w; := v; + vop12—;. Using
simple geometric considerations, one immediately sees that w; is a positive multiple of the

vector
( cos <9j + 622p+2_j),sin (9j + 922p+2—j>> .

Since 0; < 0,41 < O9p42_j, the angle between the vectors w; and vy is

0+ Oopso_i| _ Oopioj— 0
Opi1 — J+22p+“ < PRI << T

- 2 2

Ywj, vpy1) =

so that w; - vp11 > 0. Then, we can use the Cauchy-Schwarz inequality to estimate

2p+1 2p+1 p
> wn| = <Z Uh) Vi1 = )Wy Vet + [vpra| > 1
h=1 h=1 =1

This proves (4.36).

Step five: We conclude the proof. By (4.28), for every m = 1,..., M, adding up over those
i such that m € I we find 3 ¢; = 1. By exploiting this fact, we find that:

e ¢; € {0,1} for every i € {1,...,k}; in other words, it cannot be ¢; > 2;

e if ¢; = 1, then ¢y = 0 for any i’ # i such that 1@ N I £ @: hence, for every
m =1,..., M there is one and only one i = i,, with m € I) and ¢; =1;

e from (4.25): since ¢; € {0,1} for every 4, B;, = 0 for every i € {1,...,k} and
te{l,...,L(i)}. Thus, if ¢; = 1 then oy ¢ = 1 for every ¢; if ¢; = 0 then o; p =0
for every /.

We can thus argue as follows. We set m; := 1, and let i; be the only index in {1,...,k}
such that 1 € I() and ¢;, = 1. Next, let mg :=min{m € 1,..., M : m ¢ 101} and let iy
be the corresponding index. Proceeding inductively, after a finite number h of steps the
set {m: m ¢ 1) U...UI0)} will be empty. We finally set

h
N = U N,
r=1
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and claim that N satisfies the conclusions of the theorem. In order to verify (4.6), we
define v : ' — S™ by

v(z) =v°(z) € (T,T)"  ifxely,,

and use (4.14). Noticing that ¢; = 0 if ¢ # i, for every r = 1,...,h, and ¢; = 1 otherwise,
we see that

k h
V= Zqi var (N;) = Zvar (N;,) = var (N),
i=1 r=1

so that var (M;) — var (N), which is the second conclusion in (4.7); and as for the first
conclusion in (4.7), ||T|| < ||V implies

L(ir)

=573 ai, N, (4.37)
r=1 (=1

with a;, ¢ = +1. Taking into account that H™(I'UJ'_, £(N;,)) = 0, we can now define

a Borel orientation vy: N — S™ by setting I/N|Ni , = Qi UUN, where UN,, . 18 the
orientation defining the current [NN;, ,]. With this definition, equation (4.37) reads
T = [N,»vn, 1], (4.38)

which implies that [M;] — [V, *vy, 1] in the sense of currents. This completes the proof
of (4.5), thus of the theorem. O

5. SHARP DECAY ESTIMATES

In this last section we refine the conclusions of Theorem 4.1 with sharp quantitative
estimates under the additional assumptions that: (i) the boundaries of the surfaces M;
are fixed, i.e., we assume I'; = T; (ii) for some fixed p > n,

Sup/ |Hp, [P < o0 (5.1)
jeN J
and (iii) the limit minimal surface N is classical, that is, X(N) = (). Under these assump-
tions, by combining Allard’s regularity theorem [All72] and the implicit function theorem

one can show the existence of smooth functions u; : N — R with u; = 0 on 9N, and such
that

My ={o+u@on@) e e Ny, lim gl =0.

Assumption (i) is not really needed to parameterize M; over N. Indeed, one could obtain
a global parametrization (possibly with non-trivial tangential components) as soon as I';
converges to I in, say, C1%, see [CLM16, LM17]. Assumptions (ii) and (iii) are instead
needed to have the quantitative regularity estimates of Allard, and the possibility to apply
them to the M;’s for proving the graphicality property. We omit the details of the argument
leading to the existence of the functions u;, since it has appeared many other times in the
literature: for instance, see [FM11, CLM16, LM17, KM17, CM17].

We now collect some formulas concerning the geometry of normal graphs over a smooth
compact embedded n-dimensional surface N C R"*!. Let us consider a smooth function
u: N — R with u=0on dN and [[ul|c1() < & small enough depending on N. We set

Py(x) ==z +u(x)vn(z), €N,
and let ¥, := 1, (N). By the area formula, it holds

H"(‘PU):/NJqu:/NG(a:,u,Vu), (5.2)

25



where G = G(z,2,£) : N x R x R" — R is given by

n

Gl,2,6) = [[(L +ri2) 1+Z(1+HZ ) , (5.3)

=1

k1 < kg < -+ < Ky, being the principal curvatures of N. For any ¢ € C’C1 (N) and t in a
neighborhood of 0, we can consider the variation

Uyt = {:c +u(zx)vn(z) +to(z)vy(x) :x € N}

= {y+tevmmny) iy e v}
where we denote by
TN : Bey(N) = N

the smooth nearest point projection of the gg-neighborhood of N onto N, and where of
course we are assuming € < €g. In particular, we have that

d n d n
1 M W) = | H (14 lern) o] ()
t=0 =0
= Hy, vy, - [(pvn)omn],
Wy
where we have set
VN — Z 1 UTZ' " @u * " "
v w(2)) = iz1 9 , oiu=-———, Viu = O;ut; € TN,
i) = e >
for a (locally defined) orthonormal frame {7;}!" ; on N. In particular,
d IV,
—| H " (Wurtyp) = / ¢ (Hy, 0 Py) ——m—s . (5.4)
dt -0 N V14 |V*’LL|2
By (5.2), we can also write
d n oG
— | H"(Vugtp) = —(,u, Vu)p 4+ VG (z,u, Vu) - Vo o . (5.5)
dt t=0 N 82’
We can explicitly compute the integrand in (5.5): for the {-gradient of G, we have
GG fl ?_ 1 + Ri Z
(@,2,6) = g(@,2,€) gla,zg) = IR 5

o0& (1+ kiz)?

\/1 + i <1+m)2

for the z-derivative of GG, instead, we find

oG " Ko 52.
7(I,Z,§):G($,Z,£) : {1_ } (57)
az ]Z; 1+Z,{j (1+ZH3) (1+Zz 1 <1+/{ z>2>

We now assume the strict stability of IV, and use the formulas above in order to obtain
a sharp quantitative estimates for Lipschitz graphs which only involves a very weak notion
of deficit.

Theorem 5.1 (Weak-deficit estimate on Lipschitz graphs). Let N be a smooth compact
orientable n-dimensional surface in R with boundary, and let u: N — R be a Lipschitz
function with w =0 on ON. Consider the almost-mean curvature deficit

d n
) imsup { G| HWasse) s [ V6 <10 € HYN .

t=0
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If Hy =0 and N is strictly stable, in the sense that, for some X\ > 0,

[V|Vw|2—|AN2¢2zA[Vw2 Vi € HY(N).,

then there exist positive constants € and C depending on N such that the condition

[ull co(ny + Lip(u) < e (5.8)
implies
0 < H"(¥,) —H"(N) < C(N)S(u)?. (5.9)
In particular,
0 < H"(¥,) —H"(N) < C(N) / |Hy )| (5.10)
U(u)

Proof of Theorem 5.1. We first notice that
5(u)? < C(N) / |, 2. (5.11)

Indeed, by (5.4), by Holder inequality and by the Poincaré inequality on NV,
2

2 JNw
u — H u v v
‘dtto Vutte) ‘/N(p( \I}”O¢)\/1+]V*u|2
< / P2 Iy, / (Hy, o.)> 3V,
N N
V?|

so that (5.11) immediately follows. In particular, (5.10) is a consequence of (5.9), which
we now prove. For the sake of clarity we shall first prove the theorem in the flat case when
ki =0foralli=1,...,n, and thus NV is an open bounded set with smooth boundary in
some n-plane of R™t1,

The flat case: In this case we have

u):sup{/ L-V
N 1+ |Vul?

90:/ Vel <1,p € HY(N)}.
N

Setting
fO) =1 () = [ VIT VAP,
we find "
n ! / 1 Vu
() -1 ) = [ rea= [ tdt/NW.vu:Hb,

where, by definition,

a =

/1tdt/ Ve Vu
0 N 1+ |Vu|? ’

1 1 1

tdt/ — Vu|?
/0 N {\/1—|—|tVu|2 \/1+|Vu|2} |

Clearly we have
1
O<asg 6(u) [[Vull gz
Now consider the function g(&) = (1 + |£]?)~/2, so that

€|
Vg (§)| = Wﬁ‘ﬂv
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and thus, for every ¢t € [0,1] and [¢] <1,

0(69) ~0(6) = | [ ats) cas| < ¥

1
byg/ tdt/ \Vu]4§Lip(u)2/ V2.
0 N N

So far we have proved

l€*

This implies that

0 < H"(Wy) — HM(N) < 6(u) [Vl p2(n) + Lip(u)? /N |Vul?.

‘We now notice that

Ve 1= YeF o [VuP
1+\/1+\Vu]2 37

since Lip(u) < e < 1 (this last inequality expresses the strict stability of N). In particular,

1 2 2
(3-2) [ 196 < 6 [Vl

(é - 52)2/N IVuf? < 6(u)?

Since we also have /1 + [£]2 — 1 < |£]? we finally conclude that

(é =) {mr(w) — 1N | < 8(w)?

This proves the theorem in the flat case.

that is

The general case: We use formula (5.2) for the area of a graph over N, with the function
G = G(x, z,£) defined in (5.3) to compute:

(W) — HMN) = / CH (W) d

= / dt/ (x,tu,t Vu)u + VeG(x, tu, t Vu) - Vu

= /R dt+/ tdts,
0

where
R(t) = / {gf(:r tu,tVu) —t(?;j(x,u,Vu)}u
+/ {VgG(x,tu,tVu) —tVG(z,u, Vu)} -Vu,
N
and where
oG
S = D2 — (@, u, Vu)u + V¢G(z,u, Vu) - Vu
d
= = " ‘Iju su
Is _OH (Wutsu)
< 0(u) [[Vull g2
Hence,

1
H"(Vy) — H"(N) < 0(u) [[Vull L2 +/0 R(t)dt.
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Concerning R(t), we first use the expression in (5.6) to compute
{vga(x, tu, t Vu) — t VeG(a, u, vu)} - Vu

" t(@iu)2

= (g(:c,tu,tvu) —g(z,u, Vu)) Z m

i=1

+g(z,u, Vu) z": <( t ¢ ) (8Z-u)2,
i=1

1+ trhiu)? (1 + rju)?

where
9(, tu, tVu) — g(@,u, Vu)| < C(N) (1 —t) (Ju] + [Vul),
and where, recalling Hy =0 and 0 <t <1, we get

‘; (1+tru)? (1 +Riu)2’ < C(N)u?.

Hence we obtain

‘{VgG(x,tu,tVu) —tVG(z,u, Vu)} : Vu‘

IA

C(N) [Vul® (Jul + |Vul)
C(N)e|Vul?.

IN

In order to estimate

)

——

/ {(?)f(x,tu,tVu) - taaf(x,u,Vu)
N

let us now set 5
(o, 8) = 52 (2,2,8),

and use the explicit formula (5.7) to observe that since

h(z,0,0) = G(z,0,0) ZRJ Hy =0,
we have
h(z,tu,tVu) —th(z,u,Vu) = ( ,0) (tu) + Veh(x,0,0) - (tVu)
gh(m 0,0)u — t Veh(x,0,0) - Vu
+0(u? + [Vul?)
= O(u*+|Vul?).

Hence,

oG oG
- _ < N 2 2
’/N {6Z(ac,tu,tVu) taz(x,u,Vu)}u‘ < O )6/Nu + |Vu|

In conclusion,

and we have proved

H* (Vy) = H(N) < 0(u) [Vullp2n) +eC(N )/NIVUI2-
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By the strict stability of N and thanks to a classical computation (see, e.g., [DPM14,
Lemma 3.2]) we find

n _qm L u2
H (W)~ H <N>zC(N)/er 2,

and we thus conclude that, if € is suitably small,
[ 190 < cnB) [Vl 2.
that is
C(N)§(u)? > / Vul?. (5.12)
N

Again by Hy = 0, a classical computation shows that

H (W) — HY(N) < C(N) /

W+ |Vul? < C(N)/ Vul2 < C(N) 6(u)?,
N N

where we have also used the Poincaré inequality on N. The theorem is thus proved. [
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