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Abstract

Weighted good-\ type inequalities and Muckenhoupt-Wheeden type bounds
are obtained for gradients of solutions to a class of quasilinear elliptic equations
with measure data. Such results are obtained globally over sufficiently flat
domains in R™ in the sense of Reifenberg. The principal operator here is

modeled after the p-Laplacian, where for the first time singular case SZ:? <p<

2—% is considered. Those bounds lead to useful compactness criteria for solution
sets of quasilinear elliptic equations with measure data. As an application, sharp
existence results and sharp bounds on the size of removable singular sets are
deduced for a quasilinear Riccati type equation having a gradient source term
with linear or super-linear power growth.
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1 Introduction and main results

In this article, we are concerned with global weighted gradient estimates for quasilinear
elliptic equations with measure data. Such estimates are then applied to address
the question of sharp existence and removable singularities for a quasilinear equation
with strong power growth in the gradient known as an equation of Riccati type.

In particular, our first goal is to obtain ‘good-A’ type bounds and nonlinear
Muckenhoupt-Wheeden type inequalities for gradients of solutions to quasilinear
elliptic equations with measure data:

U 0 on 0f. (1.1)

{—diV(A(x,Vu)) = pu in Q,

Here € is a bounded open subset of R", n > 2, and p is a finite signed Radon in €.
Our second goal is to employ those estimates to study a quasilinear Riccati type
equation with measure data:

{ —div(A(z,Vu)) = |Vul?4+p in Q,

u = 0 on 012, (1.2)

and removable singularities for related ‘homogeneous’ equations — div(A(z, Vu)) =
|[Vul?, g > 0. In particular, we address a question of sharp existence for (1.2) posed
by Igor E. Verbitsky (personal communication), which has also been stated as an
open problem in [11], pages 13-14.

In (1.1)-(1.2) and throughout the paper, the nonlinearity A : R” x R" —
R™ is a Carathéodory vector valued function, i.e., A(x,§) is measurable in z and
continuous with respect to £ for a.e. x. Moreover, for a.e. x, A(z, ) is continuously
differentiable in £ away from the origin and satisfies

[A(z,€)] < AlEPTY, [VeA(w, €)] < A2, (1.3)

(VeA(x, &)n,m) > A~ n?leP~2, (1.4)

for every (£,n) € R" x R™\{(0,0)} and a.e. z € R™, where A is a positive constant.
As for p in (1.3)-(1.4), in this paper, we shall restrict ourselves to the ‘singular’
case:

However, as we remark later, all of the results obtained in this paper also hold in the
‘regular’ case 2 — % < p < n. It also makes sense to consider the case 1 < p < gz:%
Unfortunately, our method breaks down in this case. However, some useful partial
results could be obtained for this range of p, and they will be presented elsewhere.

For our purpose we also require that the nonlinearity A satisfy a smallness
condition of BMO type in the z-variable. We call such a condition the (4, Ry)-BMO

condition.




Definition 1.1 We say that A(z,() satisfies a (0, Ry)-BMO condition for some
0, Ry > 0 if

[Alg, =  sup f O(A, B,(y))(x)dz < 6,
yER™,0<r<Ro J Br(y)

where

x, A
OAB.y)(e) = sup AL qu )]
ceRm\ (0}

and Ap, ,)(¢) denotes the average of A(-,¢) over the ball B,(y), i.e.,

Ap, ) (©) 32]{9@)%1(9576)%— |Bl( oo A(x,¢)dw

A typical example of such a nonlinearity A is given by A(x,¢) = |£[P~2¢ which
gives rise to the standard p-Laplacian Ayu = div(|Vul|P~2Vu).

In the case p = 2, the above (6, Ry)-BMO condition was introduced in [13],
whereas such a condition for general p € (1,00) first appeared in the paper [40]
(see also [54]). We remark that the (0, Rp)-BMO condition allows A(z,&) has
discontinuity in z and it can be used as an appropriate substitute for the Sarason
[58] VMO condition.

Due to the global nature of our gradient estimates, we also require certain
regularity on the ground domain ). Namely, at each boundary point and every
scale, we ask that the boundary of € be trapped between two hyperplanes separated
by a distance that depends on the scale. The following defines the relevant geometry
precisely.

Definition 1.2 Given § € (0,1) and Ry > 0, we say that 2 is a (J, Ro)-Reifenberg
flat domain if for every x € 9Q and every r € (0, Ry|, there exists a system of
coordinates {z1, z2, . .., zn}, which may depend on r and x, so that in this coordinate
system x = 0 and that

B,(0) N {z, > 0r} C B.(0)NQ C B, (0) N {zy > —0r}.

For more properties of Reifenberg flat domains and their many applications, we
refer to the papers [32, 36, 37, 38, 57, 59]. This class of domains appeared first in
a paper of Reifenberg (see [57]) in the context of the Plateau problem. Here we
remark that they include C!' domains and Lipschitz domains with sufficiently small
Lipschitz constants (see [59]). Moreover, they also include certain domains with
fractal boundaries and thus provide a wide range of applications.

In this paper, all solutions of (1.1) and (1.2) with a finite signed measure p in
Q will be understood in the renormalized sense (see [16]). For u € 9%,(2) (the set
of finite signed measures in ), we will tacitly extend it by zero to Q¢ := R™ \ Q.
We let 4™ and p~ be the positive and negative parts, respectively, of a measure
€ My(2). We denote by Mp(£2) the space of finite signed measures in Q which are
absolutely continuous with respect to the capacity c?’p. Here C%p is the p-capacity
defined for each compact set K C ) by

c%p(K) = inf {/Q |\VolPdz : ¢ > xkx,p € CEO(Q)} ,
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where xx is the characteristic function of the set K. We also denote by M5(2) the

space of finite signed measures in ) with support on a set of zero c%p—capacity. It is

known that any p € 91,(2) can be written uniquely in the form g = pp + ps where

o € Mo(Q) and ps € M(Q) (see [26]). It is also known that any py € M(2) can

be written in the form pg = f — div(F) where f € L'(Q2) and F € LP%(Q,R").
For k > 0, we define the usual two-sided truncation operator T}, by

Tk (s) = max{min{s, k}, —k}, seR.

For our purpose, the following notion of gradient is needed. If u is a measurable
function defined in €, finite a.e., such that Ty(u) € VVlif(Q) for any & > 0, then
there exists a measurable function v : Q — R" such that VT (u) = vx{ju|<} a-€. in
Q for all £ > 0 (see [5, Lemma 2.1]). In this case, we define the gradient Vu of u
by Vu :=v. It is known that v € L} (Q,R") if and only if u € I/Vli)cl(ﬂ) and then v
is the usual weak gradient of u. On the other hand, for 1 < p <2 — %, by looking
at the fundamental solution we see that in general distributional solutions of (1.1)
may not even belong to u € VV;CI(Q)

The notion of renormalized solutions is a generalization of that of entropy solutions
introduced in [5] and [8], where the right-hand side is assumed to be in L!(f2) or in
Mo(2). Several equivalent definitions of renormalized solutions were given in [16].
Here we use the following one:

Definition 1.3 Let p = po + ps € Mp(2), with po € Mo(Q) and ps € M4(Q). A
measurable function u defined in 0 and finite a.e. is called a renormalized solution
of (1.1) if Ty(u) € Wol’p(Q) Jor any k >0, [VulP™t € L"(Q) for any 0 < r < -,
and u has the following additional property. For any k > 0 there exist nonnegative
Radon measures A\, \;, € Mo(Q) concentrated on the sets {u = k} and {u = —k},
respectively, such that ,uz — ul, Ky — [y in the narrow topology of measures and
that

(e, V0, Te)da = [ pdo+ [ pani = [ pax;,
|u| <k} Q Q

{lul<k} {

for every ¢ € Wol’p(Q) N L>*(Q).

Here we recall that a sequence {yu;} C 9 (Q2) is said to converge in the narrow
topology of measures to p € M(N) if

hm/wm:/wm
k—o0 Q Q

for every bounded and continuous function ¢ on 2.

It is known that if g € My(Q2) then there is one and only one renormalized
solution of (1.1) (see [8, 16]). However, to the best of our knowledge, for a general
€ My(£2) the uniqueness of renormalized solutions of (1.1) is still an open problem.

In the first main result of the paper, we are concerned with a nonlinear Muckenhoupt
and Wheeden type bound for gradients of solutions of (1.1) that involves the class
of A, weights. We recall that a positive function w € Li (R") is said to be an A,

loc
weight if there are two positive constants C' and v such that

wB) < (1) wim),
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for all balls B = B,(x) and all measurable subsets £ of B. The pair (C,v) is called
the A constants of w and is denoted by [w]a

oo *

Theorem 1.4 Let u € My(Q) and gz:f <p<2-— % Let @ : [0,00) — [0,00)
be a strictly increasing function such that ®(0) = 0, lim_,oo ®(t) = 00, and ® is
of moderate growth, i.e., ®(2t) < c®(t) for all t > 0 with a constant ¢ > 1. For
any w € Ao, we can find § = o6(n,p, A, @, [wlja, ) € (0,1) such that if Q is (0, Rp)-
Reifenberg flat and [A]g, < § with some Ry > 0 then for any renormalized solution
u of (1.1) we have

/ B(|Vul)w(z)ds < C / & (M (1)) 7 o) . (1.5)
Q Q

Here C' depends only on n,p, A, ®, [w]|a_,, and diam(2)/Ry.

oo’

In (1.5) and in what follows the operator M; is the first order fractional maximal
function defined by

|1l (Bp())

Vo € R".
n—1

M, (p) () == sup =

We shall also use the Hardy-Littlewood maximal function M defined for each
locally integrable function f in R™ by

M(f)(x) = sup ]{3 R

p>0

The proof of Theorem 1.4 above is in fact a consequence of the following good-A
type inequality involving both M; and M, which is interesting in its own right.

Theorem 1.5 Let w € A, p € M(Q), and gz:f <p<2-— % For any
e > 0,Ryg > 0 one can find constants 61 = 01(n,p, A, e, [wla,) € (0,1), d2 =
da(n,p, A, g, [w]a,,, diam(2)/Ry) € (0,1) and Ao = Ao(n,p, A) > 1 such that if Q is
a (01, Ro)-Reifenberg flat domain and [A]r, < 61 then for any renormalized solution

u to (1.1), we have

w({(M(|Vu[©))Y > Agh, (M ()7 < 622} N )
< Cew({(M(|[Vu]*))/ 0 > A} N Q),

for any A > 0. Here vy ts a number in (2%7’, (pn__lfn>, and the constant C depends

only on n,p, A, diam(€2)/Ro, and [w]a, .

We now have some comments on the proof of Theorem 1.5. It is based on various
tools developed for quasilinear equations with measure data and linear or nonlinear
potential and Calderén-Zygmund theories (see, e.g., [5, 12, 16, 18, 19, 42, 45, 46,
49, 53, 54]). The key ingredients in this work which make it possible for us to apply
those tools are some new local comparison estimates obtained in the singular case
gz:% <p<L2-— %; see Lemmas 2.2 and 2.5 below. Earlier those comparison estimates
were known in the case p > 2 — 1 (see [19, 45]), and thus in fact one can follow the




method of this paper to prove Theorem 1.5 in the case p > 2 — % (with vo = 1).
With this remark, Theorem 1.4 also holds for p > 2 — % and so does its Corollaries
1.7-1.8 below. It is worth mentioning that the comparison estimates obtained in
Lemma 2.2 can also be used to extend the recent gradient pointwise estimates by
potentials obtained in [19] (see also [18, 39]) to the case 22=2 < p < 2 — 1 This
will be pursued in our forthcoming work. We should also mentlon that, at least for
interior estimates and for the case p > 2, an unweighted version of Theorem 1.5 was
obtained in [46].

We remark that the function ® in Theorem 1.4 is quite general. In particular, we
do not ask ® to be convex or to satisfy the so-called Vy condition: ®(t) > 5-®(at)
for some @ > 1 and for all ¢ > 0. As such one can take, e.g., ®(t) = t? for any
g > 0, or even ®(t) = [log(1 +¢)]*, a > 0, etc. We emphasize that the introduction
of ® in Theorem 1.4 is not just for the sake of generality. In fact, such ¢ will
serve as an indispensable tool in our study of the Riccati type equation (1.2). In
particular, Theorem 1.4 with such general ® is needed to obtain a useful criterion
for compactness of solution sets of equation (1.1); see Corollary 1.7 below.

In the case ®(t) = t4, ¢ > 0, estimates of the form (1.5) were obtained for (linear)
fractional integral operators by Muckenhoupt-Wheeden in the pioneering work [47].
It is worth mentioning that for quasilinear problems the fractional maximal operator
approach has been introduced in Mingione [46]. Also, for ®(¢t) = t?, ¢ > 0, and for
p > 2 — 1 estimate (1.5) Was obtained in [54]. Thus Theorem 1.4 is new at least
in the case 3” 2 <p<2-— E considered in this paper. Moreover, using Theorem
1.5 one can also obtain a welghted Lorentz space estimate in the spirit of [54] but
now for the singular case 3” 1 < p<2— . For a weight function w, the weighted
Lorentz space L% (), g € (0 ), s € (0, oo] is the space of measurable functions g
on (2 such that

HQHLZ,’S(E) = 1/q
supp>op< <{er ' <x>| > PV < oo if 5= oo
Here we write w(E) = [pw pw(xz)dr for a measurable set £ C R". Obviously,
lgllge) = lgllze Q), thus qu(Q) = L,(Q). As usual, when w = 1 we write

L%5(Q) instead of L&’ ().

Theorem 1.6 Let p € My (2) and 3 3" < p<2—=. Foranyw € Ay, 0 < q < 00,
0 < s < oo we can find 6 = d(n, p,A q, s, [wla.,) € (O, 1) such that if 2 is (0, Ro)-
Reifenberg flat and [Alr, < & for some Ry > 0, then for any renormalized solution
u of (1.1), we have

1
IVullpge @) < CIML ()]~ g2 0)-

Here the constant C' depends only on n,p, A, q, s, [w]a., and diam(€2)/Ry.

[e5s}

Theorem 1.4 implies the following compactness criterion for solution sets of
equation (1.1). This result will be needed in the proof of Theorem 1.9 below.



Corollary 1.7 Suppose that gz:% <p<2-— % For each j > 0, let p; € Mp(2).

Let uj be a solution of (1.1) with datum p = pj in Q. Assume that {[Ml(uj)]ﬁ}j,
q > 0, is a bounded and equi-integrable subset of L. (Q) for some w € A. Then,
there exists § = 6(n,p, A, q, [w]a,) € (0,1) such that if Q is (3, Ro)-Reifenberg flat
and [A]r, < & for some Ry > 0, then there exist a subsequence {uj };y and a finite
a.e. function u with the property that Ty(u) € Wol’p(Q) for all k >0, uy — u a.e.,
and

Vuj — Vu  strongly in  LL(Q,R"™). (1.6)

One can also combine Theorem 1.4 (or Theorem 1.6) with a classical result
of Muckenhoupt and Wheeden [47, Theorem 3| to obtain the following gradient
regularity result. This result was shown to be sharp for fractional integrals (Riesz’s
potentials) of order 1 (see [47, Theorem 4]).

Corollary 1.8 Suppose that gz:% <p<2-— % For each f € L' (), we denote by
u(f) the (unique) renormalized solution of (1.1) with datum p = f in Q. Assume

that 1 < s <mn, q= ., and V() is a nonnegative function in R™ such that

K= o (]i [v(:c)]qu)‘l] (][B [v<x>]s‘—?> e

Then there exists 6 = 6(n,p, s, A, K) € (0,1) such that if Q is (6, Ro)-Reifenberg flat
and [Alr, < 6 with some Ry > 0 then we have

[ V@I @yds <€ [ (#@) V) ds,
Q Q
where the constant C' depends only on n,p, s, A, K and diam(Q2)/Ry.

We next describe our results in regard to equation (1.2). For this, we shall need
the notion of capacity associated to the Sobolev space W1¥(R"), 1 < s < +00. For
a compact set K C R", we define

Capy(K) = inf { [ (el +)do s 0 € CER). 0 > .
Note that Cap; ; can be extended to all sets E' C R" by letting

Cap, 4(F) = inf { sup Caplys(K)}.
OoF KCO
Oopen g compact

Moreover, by the capacitability of Borel sets (see, e.g., [1, Theorem 2.3.11]) we have

Capl,s(E) = sup Capl,s(K)
KCE
K compact

for any Borel set £ C R™.



Theorem 1.9 Let gz:f <p<2-— % and ¢ > 1. There exists a constant 6 =

d(n,p,A,q) € (0,1) such that the following holds. Suppose that [Alr, < 0 and
Q is (0, Ro)-Reifenberg flat for some Ry > 0. Then there exists a constant cy =
co(n, p, A, q,diam(Q2), Ry) > 0 such that if p is a finite signed measure in Q with

Ul(K) < coCapy, s (K) (17)

q—p+1

for all compact sets K C ), then there exists a renormalized solution u € Wol’q(ﬂ)
to the Riccati type equation (1.2) such that

/ |[Vu|? < CCap; _a (K)

K > q—p+1

for all compact sets K C Q. Here the constant C' depends only on n,p, A, q,diam(Q),
and Ry.

It is worth mentioning that the capacitary condition (1.7) is sharp. Namely,
if (1.2) has a solution with w being nonnegative and compactly supported in
then (1.7) holds with a different constant ¢y (see [33, 51]). Moreover, it is also
practically useful. In particular, it implies that the Marcinkiewicz space condition

nla—ptl) n(p—1) . . . 13
weL e (€2), ¢ > ==, (with a small norm) is sufficient for the solvability of
(1.2). Other sufficient conditions of Fefferman-Phong type involving Morrey spaces
can also be deduced from (1.7) (see Corollaries 3.5 and 3.6 in [51]). See also Theorem
1.10 below in which (1.7) is used in the study of removable singularities for the
homogeneous Riccati type equation —div(A(z, Vu)) = [Vul?

Theorem 1.9 extends similar existence results obtained earlier for 2 — % <p<n
in [54, 55]. See also [51, 52] or [2, 3] where the case ¢ > p or ¢ = p is studied,
respectively. In particular, Theorem 1.9 solves an open problem in [11, page 13]
at least for compactly supported measures and for gz:% <p<2-— %, qg>1. Itis
natural to expect that Theorem 1.9 should also hold for p—1 < ¢ < 1 but we are not
able to prove it here due to the lack of convexity. It is also worth mentioning that
the ‘linear’ case p = 2 was first considered in the pioneering work [33]. There is a
vast literature on equations of the form (1.2) (but mostly for 0 < g < p). We refer to
[4, 6,9, 10, 11, 15, 17, 21, 24, 28, 29, 43, 48] and to [7, 22, 23, 34, 35, 25, 30, 31, 56]
for various contributions.

Finally, as mentioned above Theorem 1.9 can be used to give sharp bound on the
size of removable singular sets for homogeneous Riccati type equations. We recall
that a Borel set £ C 2 is a said to be a removable singular set for the equation
—div(A(z, Vu)) = |Vul? in Q if any solution u to

loc

{ uwe WHI(Q\ E), and
—div(A(z,Vu)) = |Vul?in D'(Q\ E)

can be extended to be a solution to

loc

ue WH(Q), and
—div(A(z, Vu)) = |Vul? in D'(Q2).



Theorem 1.10 Let gzj <p<L2-— % and q > 1. There exists a constant § =
d(n,p, A, q) € (0,1) such that the following holds. Suppose that [Alr, < § and § is
(6, Ro)-Reifenberg flat for some Ry > 0. If a Borel set E C Q) is a removable set for
the equation —div(A(z, Vu)) = |Vul|? in Q, then it must hold that

Cap; _a¢ (E)=0.

’ g—p+1

The proof of Theorem 1.10 is based on Theorem 1.9 and is similar to that of [51,
Theorem 3.9].

Remark 1.11 By [51, Theorem 3.8], Theorem 1.10 is sharp at least in the natural
class of A-superharmonic functions in ). Namely, if K is a compact set in ) with
Cap, - (K) =0 then any solution u to

7 g—p

—div(A(z, Vu)) > 0 in D'(2),
u € I/Vlif(Q \ K), and

—div(A(z, Vu)) = |Vul? in D'(Q\ K),
1s also a solution to

loc

ue W), and
—div(A(z, Vu)) = |Vul? in D'(Q).

The paper is organized as follows. In Section 2 we obtain some important
comparison estimates that are needed for the proof of Theorem 1.5. The proof
of good-A type bounds, Theorem 1.5, is given in Section 3. Then in Section 4, we
prove Theorem 1.4 and Corollary 1.7. Finally, we obtain existence results for the
Riccati type equation (1.2), Theorem 1.9, in Section 5.

2 Local interior and boundary estimates

In this section, we obtain certain local interior and boundary comparison estimates
that are essential to our development later. First let us consider the interior ones.
With u € I/Vllof(Q) and for each ball Bor = Bag(xg) CC €2, we consider the unique

solution w € Wol’p(BgR) + u to the equation

{—div(A(a:,Vw)) = 0 in B, (2.1)

w = u on OJ0BsypR.

We first recall the following version of interior Gehring’s lemma that was proved
in [20, Theorem 6.7].

Lemma 2.1 Letw be as in (2.1). There exist constants 61 > p and C > 0 depending
only on n,p, A such that the following estimate

1 1
2 =1
(f |Vw\91d:cdt> <C <][ |vw\p1d:c> (2.2)
B2 (y) By(y)

holds for all B,(y) C Bag.



The next lemma gives an estimate for the difference Vu — Vw. This is one of
the key estimates of this paper. We remark that earlier this kind of comparison
estimates is known only in the case p > 2 — 1 (see [45, 19]). Here we are able to

obtain it for gz:% <p<2-— %

Lemma 2.2 Let w be in (2.1). Assume that 32=2 < p <2 — L. Then it holds that

1 1
1 B L
<][ |Vu — Vw]”%x) Y <c ['LLR(niR)] et
Bar
2—p
B 2-p
+ CM ][ |Vu|"dx " , (2.3)
R 1 Bon
for some 2%” < < % < 1. In particular, for any € > 0 one can find Cc > 0
such that

1 1 1
<][ [Vu — Vw\”od:c> "< Ce [%B_Qf)} o +e <][ |Vu\'7°dx> " (2.4)
Bar Bar

Proof. For any ¢ € Wy (Byg), we have

/ (A(x,Vu) — A(xz, Vw),Ve)dx = / pdj. (2.5)
Bar Bar
We now set
Tiu(s) it [s| > 2h,
Thm(s) =< 2sgn(s)(|s| —h) if h<|s| <2h,
0 if [s[ < h,

for m > 2h > 0. It is easy to see that we can take ¢ = T}, p1-o(ju — w|™%(u — w))
with a € (—o0,1) and 0 < h < lew as a test function in (2.5). This gives

/ 1 u — w|g(u, w)de < CK|u|(Bag),
Born{z:(2h) T-o <|u—w|<k}
where

|V (u—w)|”
[Vw| + [Vul)>=#

g(uvw) = ( (2.6)

Thus sending h — 0 we get

/ i — w|*g(u, w)dz < CK|u|(Bar).
BgRﬂ{x:|u—w|<k}

We now estimate |u — w|~*g(u, w) in L7(Byg) for some appropriate . To do so
we employ the method of [5] (see also [53]). For k, A > 0, we let

Ok, N) =z |lu—w| >k, |Ju—w|"%g(u,w) > A} N Bag|.

10



As A\ — ®(k, \) is non-increasing, we find
1 1
®(0,N) < )\/ ®(0,s)ds < ®(k,0) + )\/ ®(0,s) — ®(k, s)ds
0 0
= |{z: |u—w| >k} N Bag|+

A
+ )\/ Hz:|u—w| <k|u—w| %g(u,w) > s} N Bag|ds
0

1
<E = 0l + 5 [ 0 — | g, w)da
LEBar) X g, fu—w] <k}
C]Cl a
< fu =)y, + Sl (Bor),
for any 8 > 0. Then choosing
1
w8 a7
b Allu w||L5(BgR)
|ul(B2r) ’
we obtain
8 _ _B_ Sl
A= {a s fu = w|™%g(u, w) > A} N Bag| < Clp|(Bar) = lu — wll 557
for all A > 0. Thus by Holder’s inequality, for 0 < v < ﬁ, we get
/ lu — w|~g(u, w)"dx
Baogr
1— (- @ y
< C|Bzg] ||Uu —w[ g, W) s
L(=a+B)"""(ByR)
_m(i-atp) (1
<SCR™7 |ul(Bar)lu = wllS 50 (2.7)
We next define a quantity
M = IV(u—w)| |u—w| >
Bar
Applying Sobolev’s inequality for the function |u — w\%, we have
(p—c)n 1—< ﬁ n
/ lu— |58 < ¢ / Vu—w Sld) = CME. (2.8)
Bor Bar

Then using Holder’s inequality and (2.8), we get

(p—a)n
[ 9w
Bar
a(n—1)

(p—o)n \ pn—o _a T;(S:Z)
<([ -5 (vl ul i)
Bar Bar

pn
< CM pn—a,
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Our next goal is to bound M. To this end, using 1 < p < 2, we have
V(u = w)] < C (glu,w)"7 + glu,w) /7] 7*)
and thus

e[ [lu- gt w) e+ ju -l Fguw) Tl
Bar

We now assume that

B g p=an
l—a+p’ p(n—1)

Thus, we can apply (2.7) to v = 1/p, to get

1/p <

(1

/ u— w| " # g(u, w)/? < CR"™
Bar

_n(lf B) 1—a
<CR" % |u|(Bag) P Mv=e,

where we used (2.8) in the last inequality.
Assume also that

(-am _2-p
pn — o 2

Yo =

and 20

Then by Holder’s inequality with exponents o +p 5 5

[ =l gluw) 9l
Bar

2yp+p—2 2—p

2079 270 270
< </ ‘u — w‘ p(2vo+p— 2)g(u w) 2W0+P 2) (/ ‘Vu”yo) .
Bar Bagr

We further restrict that

which then by (2.7) gives

2av9 Y0
/ i — w|” PE0=D g(u, w) Forr2
Bar

n70(1_2?a+[3) E
< CR" 700 |ul(Bar) 077 |lu — w350
n’yg(l*%‘i’ﬁ) Yo (P—22)

< CR" B@otr2 |u|(BgR)2VO+F 2 M (p—a) (279 +p-2) |

12

(1-«
2l (Bar) P — w5

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)



Hence, combining (2.10), (2.12), (2.14), and (2.16) we have

n(l—a+p) 1-a
M < ORS00 |l (Ban) /M= +

2y9+p—2

_nyp(1-3248) o (p—20) 279
+ | R B0+ |M|(BQR)2”0“’ 2 ) (o—o)(2vo+p—2) X

2—p

« (/BR yvum)% (2.17)

provided that (2.11), (2.13), and (2.15) are satisfied.
Let ap = § < 1/2 so that 8 = M We have

B n(2 - 040) -1
I/p< —— = >
/p l—a+p P n— g
2 — -1
o < 2/8 <~ p> —n( ao) s
270 +p—2 1—?"‘—#/8 n — ag
and
— 2 — 2 —1
_mem 2mp o 2a(n=1)
pn — o 2 n—ag
Therefore, if
S 3n —2
P=on =1
then (2.11), (2.13), and (2.15) hold for any
1a(2—
n—p

With this, using Holder’s inequality, we get from (2.17) that

p—a
_n(l—atp) -1
e S T R
(2vgtp—2)(p—a)
nyo(1— 2 +6) PY0
+ | R F@052 |u|(Bag) Fotr X

(p—)(2—p)

x </BR |vuyvo>’”°. (2.18)

Thus it follows from (2.9) and (2.18) that

pP—a p—

o) e |7
IV(u —w)| <C|R v8 | u|(B2r) +
Bar

(v +p—2)(p—a) (p—) (2—p)

n'yo(l—%)‘-ﬁ-ﬁ) PY0 P70
+ | B RO || (Byg) Tt (/ ‘Vu|70>
Bar

13



That is, we obtain (2.3) with 2%7’ <y < (pr%l)n <1 as desired.
Finally, using Young’s inequality, we get the bound (2.4) which completes the
proof of the lemma. n

The following proposition provides a useful estimate for the difference Vu — Vv
for a well-controlled locally Lipschitz function v.

Proposition 2.3 Let p € MM(Q2) and gz:% <p<2-— % Let vg be as in Lemma
2.2. There exists v € WHP(Br) N W™ (Bg/s) such that for any e > 0,

1
B 1 1/v0
HVUHL‘X’(BR/g) <C [|M|(n_21R):| P L C <][ vu|’Yo> 7
R Baogr

and

(F, oo sovar) ¥ <[]

for some C. = C(n,p,A,e) > 0. Here k is a constant in (0,1).

Proof. By [54, Lemma 2.3 and Corollary 2.4], there exists v € WYP(Bg) N
W12°(Bpg/s) such that

1/p
9ol <€ (£ 1v0r)
Br

and

]éR [Vw — Voldz < C([A]g,)" <]{9R |Vw|p> 1/p’

for some k € (0,1). Combining these with (2.2) in Lemma 2.1, (2.4) in Lemma 2.2,
we get the desired results. [

Next, we focus on the corresponding estimates near the boundary. We recall
that Q is (0o, Rp)-Reifenberg flat with §p < 1/2. Fix g € 2 and 0 < R < Ry/10.
With u € I/VO1 P(Q) being a solution to (1.1), we now consider the unique solution
w e Wol’p(QloR(J)(])) + u to the following equation

{—div(A(a:,Vw)) = 0 in Qr(zo), (2.19)

w o= u on  9Q0r(xo).

Hereafter, the notation §2,(x) indicates the set QN B.(z). By [53, Lemma 2.5], we
have the following boundary counterpart of Lemma 2.1.

14



Lemma 2.4 Let w be as in (2.19). There exist constants 61 > p and C > 0
depending only on n,p,dg, A such that the following estimate

1 1
o1 p—1
(7[ |Vw]01dacdt> <C (7[ Vw|p_1dm> , (2.20)
Bp/a(y) Bsp(y)

holds for all Bs,(y) C Bior(xo)-

We also have the following analogues of Lemmas 2.2.

Lemma 2.5 Assume that 32=2 < p <2— L. Let w be as in (2.19) and vo be as in

n
Lemma 2.2. Then we have

1 1
2—p

—w)|"dz B M p—1
<]i101%(960) M i > =¢ { Rn—1 ] +

70
+c|“|(Blngx0))][ Vafode | .
R Bior(zo)

In particular, for any € > 0,

% 1
][ V(u—w)rds | <C [WBIORW))} T
Bior (7o) = -1

1

Y0
€ (f ]Vu\”"dx) . (2.21)
Bior(wo)

Using Lemma 2.5 we derive the following boundary version of Proposition 2.3.

Proposition 2.6 Let € 9(Q2) and ;’Z:% <p< 2—%. Let v be as in Lemma 2.2.

For any € > 0, there exists g = dp(n,p,A,€) € (0,1) such that the following holds.
If Q is (09, Ro)-Reifenberg flat and u € Wol’p(ﬂ), xo € 09, and 0 < R < Ry/10, then
there exists a function V€ W1 (Bg 19(x0)) such that

= 1/

B —1

1YVl (o)) < C [!u!( 131_%1(1*0))]? +C<][ NWO) 7
R Bior

and

1

(7[ V(u— V)Wde) E
Bpr/10(%o)
1 1/70
< C; [WB”)RI(QCO))] . + C(([Alry)" +¢) (]{9 - |Vu|70> .

R~
for some C. = C(n,p,A,e) > 0. Here k is a constant in (0,1).

15



Proof. By [54, Corollary 2.13], for any € > 0, there exists dg = dp(n,p, A, &) €
(0,1) such that if Q is a (dp, Ro)-Reifenberg flat domain then we can find V €
W (Bg/10(z0)) satisfying

1/p
HVVHLOO(BR/m(l“O)) <C (][ |vw‘p> )
Br(zo)

and

1/p
][ Vw — VV|dz < C(([Alr,)" + ) (7[ |pr> ,
Br/10(0) Br(zo)

for some k € (0,1). Combining these with (2.20) in Lemma 2.4, (2.21) in Lemma
2.5, we arrive at the conclusion. [

3 Good-\ type bounds on Reifenberg flat domains

The purpose of this section is to prove Theorem 1.5. Our main tools here are
Propositions 2.3 and 2.6 and Lemma 3.1 below. This lemma can be viewed as a
substitution for the Calderén-Zygmund-Krylov-Safonov decomposition. The weighted
version that is used here was obtained in [42]. See also [60, 12, 14] for the case the
weight w = 1.

Lemma 3.1 Let Q be a (4, Ry)-Reifenberg flat domain with 6 < 1/4 and let w be
an A weight. Suppose that the sequence of balls {B,(y;)}2, with centers y; € Q
and radius v < Ry/4 covers Q). Let E C F C Q be measurable sets for which there
exists 0 < e < 1 such that

1. w(FE) < ew(By(y;)) for alli=1,...,L, and

2. forallz € Q, p € (0,2r], we have w(ENB,(x)) > ew(B,(x)) = B,(x)NQ C F.
Then w(E) < Cew(F) for a constant C depending only on n and [w]a_, .
We are now ready to prove Theorem 1.5.

Proof of Theorem 1.5. We shall use some of the ideas in the proofs of [54,
Theorem 1.4] and [49, Theorem 8.4] (see also [50, Theorem 3.1]).

Let 79 be as in Lemma 2.2 and let u be a renormalized solution of (1.1). We
first recall from [16, Theorem 4.1] that

1
—1)n < p—1
IVl oo ) S C RO

which implies that

1/ Pt
(é / |vul”> smwﬁ)]p L with R=diom(@),  (31)
Q

16



for any v € <0, (p__11)">.

n

For k > 0, let p19, A, A be as in Definition 1.3. Let uy, € Wol’p(Q) be the unique
solution of the equation

—div(A(z,Vug)) = pp in  Q,
u, = 0 on 01,

where we set i = X{Ju|<k}#0 + )\Zr — AL -
Note that we have up = Ti(u) and pp — p in the narrow topology of measures
(see [16, Remark 2.32]). Thus,

-1
Vup — Vu in L7(Q) Vye (O, (pn_1)n> . (3.2)
Let us set
Exs, = {(M(IVu )10 > AgA, (M (1)) 7T < 5,0} N0,

and
Fy = {(M(|Vu[™)) 7 > A} nQ,

for 62 € (0,1) and A > 0. Here A is a constant depending only on n, p,vo, A and is
to be chosen later. Also, let {y; iL:1 C Q and a ball By with radius 2R such that

L
QcC U Byy(yi) € Bo,

i=1
where ro = min{Ry/1000, R}.
We now claim that
w(Exs,) < ew(Bpy(yi)) VA>0,Vi=1,2,...,L, (3.3)

provided dy = da2(n, p, A, €, [w]a.,, R/Rop) > 0 is small enough.
Indeed, we may assume that E) 5, # () and thus

|l(©) < RPH(820)P 7

Since M is a bounded operator from L!(R") into L1**°(R"™), in view of (3.1) with
v =79 we find

0

C CR™ [|p|(Q)]7

<= W dy < ,
|Exs,| < TN /Q|Vu] dr < (AoA) [Rnl

Thus we obtain

CR" R 1(gy\)p1
|E)\,52‘ < |: ( 2 )

70
p—1
— Y0
(AgA)0 Rl } = 00" |Bol.

Hence using the property of A, weights we have

|E/\,52’
| Bo|

w(Eys,) <c < )Vw(Bo) < C65°w(By),

17



where (c,v) is a pair of Ay constants of w. It is known that (see, e.g., [27]) there
exist ¢; = c1(n, ¢,v) and v1 = vi(n,c,v) such that

M c ﬁ " 1=
”LU(BT’O(.%))S 1<’BTo(yi)’> Vi=1,2,...,L.

Thus we obtain

v B o .
wlBrs) < OO (520 ) (B () < culBr () Yi=1.2....,L

‘BTD (yz

provided 09 is small enough depending on n, p,vo, €, [w]a__, R/Ro. This proves (3.3).
Next we verify that for all x € Q, r € (0,2rg], and A > 0 we have

w(Ey 5, N Bp(x)) > ew(By(x)) = By(z) NQ C Fy, (3.4)

provided ds is small enough depending on n,p, A, 7o, €, [w]a_., R/ Ry .

Indeed, take z € Q and 0 < r < 2ry. By contraposition, assume that B,(x) N
QN FY # 0 and Eyg, N Br(x) # 0 ie., there exist 1,22 € By(x) N Q such that
[M(|Vu|70)(:v1)]1/'yo < X and My (i) (w2) < (520)P~L. We need to prove that

w(Ey s, N Br(x)) < ew(B,(x)). (3.5)
Clearly,
1
M(|Vul)(y) < max{[M (xg,, )| Vul™) ()]0 ,3"\} Vy € B.(x).
Therefore, for all A > 0 and Ag > 3",
1 1
Exs, N Br(z) = {M (X,,(@)|Vul™) 70 > AgA, (M1(1))7T < 820} N QN By (z).

To prove (3.5) we separately consider the case Bg,(x) CC 2 and the case Bg,(z)N
Q° £ (.

1. The case Bs,(z) CC Q: Applying Proposition 2.3 to u = uy € Wol’p(Q),,u = Uk
and Bap = Bs,(z), there is a function vy € WP(By,.(x)) N W1°(Bsy,(x)) such that
for any n > 0,

1 1/70
Bs, —1
||wk||m(32r<x>>sc*{wr solf wum)
r Bsr(z)

and

1

<][ |Vug, — Vvk|7°dx> "
By

<, [mkuBsr(m»] P AR +1) < f

n—1
r B8T'

1/
|Vuk|7°> ’ ,

for some x € (0,1).
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Using [M(|Vu0) (1)) < X and [My(u)(22)]7T < 8o with z1, 22 € By (),
and property (3.2), we get

1

P 1/
+C ][ |Vu|7°
Bgr(z)

< CIME (1) ()] + C V(T ) ()]
< C)\7

|1l (Bsr(x))

limsup [[Vok|| oo (B, (o)) < C | = 37

k—o0

and

1/70
+ C([Alr)* + 1) (é \Vu!W)

< Gy M (1) (2)] 7T + C(([Alr)* + ) (V) (1]
< C(Cpa + 67 +n) A

sr(z)

Here also we used that p; — g in the narrow topology of measures and that [A]r, <
1.
Thus there exists kg > 1 such that for all £ > kg we have

Vgl Loo (B, () < CA, (3.6)
and
1
0
(Jé . |V, — Vvkl”odx> < C(Cpba + 85 +m) A (3.7)
4r (T
Since
3 3
(MDD fi0)0 <3 (M(If7) 7,
J=1 Jj=1
we find

1
[Ex 6, N Br(x)] < [{M (XBy, )|V (ur, — vg)|) 0 > AgA/9} N By ()|
1
+ {M (X By, ()| V(1w = ug) ) 0 > AoA/9} N By ()|
1
+ {M (X By, ()| VUk[©) 70 > AgA/9} N By (). (3.8)

In view of (3.6) we see that for Ag > max{3",10C} (C is the constant in (3.6))
and k > kg, it holds that

1
M (X B,, ()| VUr[7?) 0 > AgA/9} N B,(z)] = 0.
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Thus, we deduce from (3.8) and (3.7) that for k£ > ko,

|Exs, N Br(@)] < [{[M (X8, () |V (ur, — vk)[)] 0 > AgA/9} N By ()|
(™M

1

(X B0 ()| V (u = wi)[)] 70 > AgA/9} N Br(2))|

C
< l) Wa—wr [ v ue
A Bor(2) Boy(x)
C
< |(Cya + 85+ )0 X0 4 / V()]
A0 Bay ()

At this point, letting k — oo we get
|Exsy 0 Br(2)| < C(Cyoz + 67 +n)" | Br(z)].

Thus,

w(Brs, N By () < <W> w(B,(z))

< (G2 + o + )" w(B,(2))
< ew(By(x)),

where n, 51 S C(napa A7 Y0, €, [w]Aoo) and 52 S C(n7p7 A7 Y0, €, [w]Aooa R/RO)

2. The case Bs,(z) N Q° # 0: Let x5 € 9 such that |z3 — x| = dist(z, 9Q2). We
have

Bay () C Bior(z3) C Bioor(73) C Biosr(z) C Biogr(71), (3.9)

and
Bioor(z3) C Biosr(x) C Biogr(z2). (3.10)

Applying Proposition 2.6 to u = ug € Wol’p(ﬂ),u = uy and Biog = Bioor(23),
for any n > 0 there exists 6y = do(n, p, A,n) such that the following holds. If Q is a
(89, Ro)-Reifenberg flat domain, there exists a function V3, € W% (B, (x3)) such
that

1 1/70
Bigor -1
||vvk‘m3wr($3))SC{WUM?EB»]P +o][ o)
Bioor(x3)

7anfl

and

1

0
][ IV (g — Vi) dz
Bior(x3)

1

1 /70
< ¢ (BN o agn )+ 0 (é ()rw%) ,

for some k € (0,1).
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Since [M(|Vu|™)(z1)]"° < X and [Ml(,u)(a:g)]ril < 02 with z1, 22 € By (x),
by (3.9), (3.10), the fact that [A]g, < 01, and property (3.2), we get

—_— 15 1/
. Bioor(z Pt
limsup ||V Vi zoo By, (2)) < C W +C (7[ \Vu]"m)
k—o0 r BlOOr(xS)
1 1/
<C {!u!(&ﬁq(m))} o 7[ V[
r Biogr (1)

< O (M () (@] 77 + [M(Tu™) 1)) )
A,

IN
Q

and

1

0
lim sup (][ |V (ug, — Vk)|70d$)
k—o0 Bg,,.(iﬂ)

< Gy M () (22)] 7 + C(([A],)" + 1) [M(| V") (1))
< C(Cyog +6F +n) A

Thus we can find kg > 1 such that for all & > kg we have
IVVill oo (Bay (2)) < CA, (3.11)

and

1

0
(7[ IV (g — vk)mdx) < C(Cyy + 6% +17) A (3.12)
Bay ()

As in the interior case we also have for k& > kg,

1

|Ex5, N Br(z)] < H{M (XByy(2) |V (uk — v)|°) 0 > AgA/9} N By()]
1
+ {M (X By, () [V (1 — ug)|°) 70 > AgA/9} N By ()],

for a constant Ay > 1 depending only on n,p, A. Therefore, we deduce from (3.11)
and (3.12) that, for k > ko,

C
|Exs, N Br(z)] < 5T </ |V (g, — vg)|° +/ |V (u — Uk)|7°>
BQT(I') BQr(x)

C
gxm0@®+ﬁ+mWWW+/ W@—mmﬁ.

B ()
Then letting k& — oo we get

|Exs, N Br(z)| < C(Cydy + 67 + 1) |Br ()]
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Thus we have

w(Exs, N By (x)) < ¢ <W) w(B, ()

< ¢ (Cyda + 07 + )" w(Br(2))
< ew(By(x)).
where n, 0 < C(?’L,p, Aa 70, €&, [UJ]AOO) and d2 < C(napa A7 70, €&, [’UJ]AOO ) R/RO)
With (3.3) and (3.4) in hand, we can now apply Lemma 3.1 with E = E} 5, and
F = F) to complete the proof of the theorem. ]

4 Proofs of Theorem 1.4 and Corollary 1.7

In this section we prove Theorem 1.4 and Corollary 1.7. We mention here that the
proof of the weighted Lorentz space bound, Theorem 1.6, can be done similarly to
that of Theorem 1.4 and thus will be skipped. We now begin with the proof of
Theorem 1.4 using mainly the good-A type bound obtained in Theorem 1.5.

Proof of Theorem 1.4. By Theorem 1.5, for any ¢ > 0, Ry > 0 one finds
§ = d(n,p, A e, [w]a,,) € (0,1/2), 02 = da(n,p, A, e, [w]a_,,diam()/Ry) € (0,1),
and Ao = Ao(n, p,70,A) > 1 such that if  is a (J, Rp)-Reifenberg flat domain and
[A]Ro < 6 then

w({(M(|Tu[©))Y7 > Agh, (My ()7 < 522} N )
< Cew({(M(|Vu[)"70 > A} nQ),
for all A > 0. Here the constant 7y is as in Lemmas 2.2, and the constant C

depends only on n,p,v0, A, [w]a_, and diam(€2)/Ry. Thus, as ® is invertible with
@1 :[0,00) — [0,00), we find

oo )

w{ (M(|Vu[?))! > &~H(t)} N Q)

1 -1
< w({(My ()77 > 2071 (1)} 1 Q) + Cew({(M(IVuo) Y0 > @T(t)

= bno)

for all t > 0. This gives, for any T > 0,
T 1
/ w({z € Q: B(M([Va[?))50] > t})dt
0
T 1
< Cs/ w({z € Q: B[A(M(|Vu[))%0] > £})dt
0

T 1
i /0 wlfe € 25 5 M ()7T] > ()
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As ®(2t) < cP(t) and D is increasing, this yields
T a
/ w{zr € Q: [(M(|Vu|™))w] > t})dt
0
T 1
< C'e/ w({x € Q: Hi®[(M(|Vu|")) 0] > t})dt
0

T 1
+/ w({z € Q- Hy®[(My (1)) 71] > t})dt,
0

A
where H; = cllog2(M)ll and H, = Aee2G0 gope [[a]] denotes the smallest integer
greater than or equal to a. Thus by simple changes of variables we arrive at

T 1
/O w({z € Q: B[M(|Vu[?))70] > t})dt

< che/OHl w({z € Q: [(M(|Vu[1))70] > s})ds
+ Hy /OH w({z € Qs B[(My(1))71] > s})ds.

Now using H; > 1 and letting ¢ = ﬁ we can absorb the first term on the
right to the left, which yields

T 1
/O w({z € Q: B[M(|Vu[))7] > £})dt

T

<oH, /0H2 w({z € Q= B[(My(1))7T] > s})ds.

Then sending T" — oo in the above bound and recalling that

[ ohuds = [ utis e s e( @) >
Q 0

we deduce
1
[ TS wds < 28, | D(Ms(0)7T s
Q Q
This yields (1.5) as desired and completes the proof of the theorem. [

We next prove Corollary 1.7 which provides a compactness criterion for solution
sets of equation (1.1):

Proof of Corollary 1.7. By de la Vallée-Poussin Lemma on equi-integrability,
there exists an increasing function G : [0,00) — [0, 00) with G(0) = 0 and

such that



Moreover, we may assume that G satisfies a moderate growth condition (see [44]):
there exists ¢; > 1 such that

G(2t) < e G(t) Vit >0.

Then applying Theorem 1.4 with ®(¢) := G(t9), which is also of moderate growth,
we get

| cvuu@is <€ [ G ) uleds < €.
Q Q

Thus by de la Vallée-Poussin Lemma the set {|Vu;|?}; is also bounded and
equi-integrable in Ll ().
On the other hand, from the assumption we have

@) < C. (4.1)

By (4.1), it follows from the proof of Theorem 3.4 in [16] that there exists a
subsequence {u; }; converging a.e. to a function u such that |u| < oo a.e., Ti(u) €
VVO1 P(Q) for all k£ > 0, and moreover

Vuj — Vu a.e. in Q.

We can now apply Vitali Convergence Theorem to obtain the strong convergence
(1.6). This completes the proof of the corollary. [ |

5 Existence of solutions to Riccati type equations
We shall prove Theorem 1.9 in this section. To that end, we need some preliminaries.

Definition 5.1 Given s > 1 we define the space M“*(Q) to be the set of all finite
signed measures [ in ) such that the quantity [/,L]Ml,s(ﬂ) < 400, where

[ ar1s () = sup {|ul(K)/Capy ,(K) : Capy ,(K) >0},
with the supremum being taken over all compact sets K C Q.

Due to the capacitability of Borel sets, [1] 1.5y remains unchanged in the above
definition even if the supremum is taken over all Borel sets K C 2.

Given a nonnegative locally finite measure v in R"™, we define its first order
Riesz’s potentials by

P v(By(x)) dt n
Ifl/(ﬂ?) :/0v W?’ x GR y

where p € (0,00]. When p = oo, we write I, instead of I°v and note that in this

case we have )

Ilux:cn/ ———dv(y), x € R™
(@) =cn) [ rmpdvty)
Let M = M(n) > 1 be a constant such that

ML (f))(z) € ML(f)(z), @ €R", (5.1)
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for all f € LL_(R"), f > 0. Recall that M is the Hardy-Littlewood maximal
function. Inequality (5.1) follows from an application of Fubini’s Theorem and
the fact the function 2 + |z|'~" is an A; weight. By an A; weight we mean a

nonnegative function w € L. (R™), w # 0, such that

M(w)(z) < Cw(x), a.e. ¢ € R",

for a constant C' > 0. The least possible value of C' will be denoted by [w]a, and is
called the A constant of w. It is well-known that A; C A. .

With R = diam(Q) and ¢ > p — 1, for each measure p € M"a=%1 (Q) we define
the set

Bi(n) = {v e Wg'(@) :/Q Voltwdz < T1/91§R(|M|)£1wdx
for all w € A; N L() such that [w]a, < M}

Here 71 > 0 is to be determined. Now if ¢ > 1, then under the strong topology of
I/VO1 (Q), we have that Ey(u) is closed and convex. Note that by [51, Corollary 2.5]

(see also [41, Theorem 1.2]) if u € MY () then so is I%R(M)ﬁ with

q

< C(n’p7Q7 R) [M]p—;#. (52)

1,—4 - X
M a=p+l M a=pFI

132 (|uf) 7]

We will need the following lemma.

Lemma 5.2 Let gz:? <p<2-— %, g>p—1,p€ MY e (Q). Let Ey1(n) and

T > 0 be as above. Then for any v € E1(u) we have

q—p+1

BA(VelTe) () < LT[ 7y TR (ul)(e), (53)

for a.e. x € Q and R = diam(R2). Here Cy depends only on n,p, and q.
Proof. For any v € E1(u), by (5.1) we have

/R Vol'xali (f)de < T / L7 (|u)) 7 vl (f)da,

for any f € L>°(R™), f > 0, with compact support. Hence by Fubini’s Theorem,

9
/ L (|Vo|'xq) fda < Tl/ L [1%(|ul) 7T xo) fda,
R" Rn
which yields
_q _4q .
L ([Vol'xa) < TL LI (|ul) 7T xa] < CTI I (|u))7Txa]  ae. in Q.

On the other hand, by inequality (2.10) of [51] with v = |ul|,p = 4R,a =1/2,p =
2 and with ¢ replaced by p%l > 1 we find

QR(2R/| [\l < e AR < e 2R
LI ()] (2) < C[N]Ml,quH(m () (r) < C[N]Ml,ﬁgﬂ @ I (|p]) (2).
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for a.e. x € Q. Thus for a.e. z € 2 we have (5.3) as desired. ]
We are now ready to prove Theorem 1.9.

Proof of Theorem 1.9. Since ¢ > 1, we have ¢ > p — 1. First we assume that
€ Mo(2) and let S : By (1) — Wy 4(Q) be defined by S(v) = u where u € W,(£)
is the unique renormalized solution of

—div(A(z,Vu)) = |Vul9+p in
U 0 on 0€.

We claim that we can find 77 > 0 and ¢y > 0 such that if (1.7) holds with ¢
then
S Ei(p) — Ey(p). (5.4)

Indeed, for any weight w € A N L>®(Q) with [w]a, < M and for any v € Eq(u),
by Theorem 1.4 there exists 6 = d(n,p, A, q) € (0,1) such that if [A]g, < ¢ and Q is
(6, Ro)-Reifenberg flat for some Ry > 0, then we have

q

/ VS(0)|wde < N / [BR(Velxa + )] 7 wda.
Q Q
Here N > 0 depends only on n,p,q, A, and R/Ry. We used the elementary fact
that, for any v € 9t,(92),
M, (Jv]) < CTE(|y|) a.e. in Q. (5.5)

Thus by Lemma 5.2 we find

g—p+1 q

/Q]VS(U)]qwdx <Nomp +1}1’—1/QI%R(|M);)qlwda:.

We now choose T7 = 2N and ¢g such that

p—1

0<co<er:=[2 —1)/2NCy)|Tw. (5.6)

Then it follows that if condition (1.7) holds then

/Q\VS(U)\qwdxSTl/QI%R(\,u\)quwda;.

This gives (5.4) for this choice of T} and c¢o.

We next show the continuity of S on Fj(u). Let {vg} be a sequence in Eq(u)
such that vy converges strongly in Wol’q(Q) to a function v € Ey(u). Set up = S(vg).
We have

—div(A(z,Vug)) = |[Vugl?!+p inQ,
ur = 0 on 0.

Now it follows from Lemma 5.2 that

LR (Vo2 + ) (z) < CBR(|u))(z) ae 2 €.
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Thus by (5.5) and Corollary 1.7 there exist a subsequence {uy } and a finite a.e.
function u with the property that Ts(u) € Wol’p(Q) for all s > 0, upr — u a.e., and

Vugr — Vu  strongly in - LI(2,R"™). (5.7)

Since uy, € Wy'(2), we also have u € W,4(). Moreover, as |[Vug|? — |Vo|?
in L1(Q), by the stability result in [8, Theorem 3.4], we have u = S(v) € Wol’q(Q).
Thus the limit in (5.7) is independent of the subsequence, which implies that the
whole sequence uj — u strongly in VVO1 1(€)). This proves the continuity of S.

Similarly, using Corollary 1.7 we can show that S(E;(u)) is precompact under
the strong topology of Wol’q(Q).

At this point, we can apply Schauder Fixed Point Theorem to obtain a renormalized
solution u € E;(p) to equation (1.2). Moreover, by Lemma 5.2, Theorem 1.4, and
(5.5), we have

/ |Vul|fwdx < C/ I%R(]ul)ﬁwdx,
Q Q
for all weights w € As.Thus by (5.2) and [41, Lemma 3.1}, we obtain

(V] <Cl <C.

L,*qf — 1,—4
M ampt(Q) M a=pFI(Q)

This completes the proof of Theorem 1.6 in the case u € My(€2).

We now remove the assumption p € 9Mo(2). Recall that p = po + ps where
o € Mp(Q) and ps € M(Q). Let ux = po + pi * s, where {pg }r~o is a standard
sequence of mollifiers. Then by [54, Lemma 5.7], we have uy, € S)JTO(Q)HMl’ﬁ (Q)
with

(1] By

1,—1 - < 1,—1 -
MY T=pFI (Q) MY TpFI (Q)
for some B > 1. Thus if we further restrict cg so that B¢y < c¢1, where ¢q is defined
in (5.6), then we have

<.

[;uk]MLﬁ @ =

This allows us to apply the above result: for each k > 0 there exists a renormalized
solution ug € Eq(pk) to the equation

—div(A(z, Vug)) = |Vugl?+ pr in Q,
ur, = 0 on 09,
such that
IVerl] . mter ) <
and

(| Vurl®xe + ) (2) < C B () (z)  ae z €.
Thus by (5.5),

M (|Vur|fxq + |un]) (@) < C B (|me])(z)  ae. 2 €Q.
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Now observe that we have

B (jael) < B (aol) + B (pr * |us))
— B(|uol) + pr * (B (1))
<OME(lu))  ae e,

where M is the Hardy-Littlewood maximal function.

Thus, since M(I3(|u|)) € LP%(Q), we see that the set {M;(|Vug|? + /Lk)ﬁ}
is equi-integrable in L'(€2). Then by Corollary 1.7 and the stability result of [8,
Theorem 3.4], there exists a subsequence {uy/} converging a.e. and strongly in
Wol’q(Q) to a function u € Wol’q(Q) such that u solves (1.2). This completes the
proof of the theorem. [
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