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ABSTRACT. We prove a homogenization result for Mumford-Shah-type energies associated to
a brittle composite material with weak inclusions distributed periodically at a scale € > 0.
The matrix and the inclusions in the material have the same elastic moduli but very different
toughness moduli, with the ratio of the toughness modulus in the matrix and in the inclusions
being 1/, with 8¢ > 0 small. We show that the high-contrast behaviour of the composite leads
to the emergence of interesting effects in the limit: The volume and surface energy densities
interact by I'-convergence, and the limit volume energy is not a quadratic form in the critical
scaling . = €, unlike the e-energies, and unlike the extremal limit cases.
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1. INTRODUCTION

We study the homogenization of a family of Mumford-Shah-type free-discontinuity functionals
representing the (linearly) elastic energy of a high-contrast composite material constituted by a
brittle matrix with weak inclusions distributed periodically. Our analysis is restricted to the case of
an anti-plane shear, namely to scalar displacements u : 2 C R™ — R, where 2 C R" is a bounded
and open set with Lipschitz boundary representing the cross-section of the reference configuration
Q x R. The energy we consider is

Fo(u) = /Q \Vul2dz + H" (S, NeP) + BH™ 1(Su N (Q\ eP)), (1.1)

where € > 0 is the ratio between the size of the microstructure and the observable length scale, and
P is the e-scaled copy of a connected, @Q-periodic, open set P C R™, with @ = (—1/2,1/2)™, which
models the matrix of the composite. The displacement w is in the class SBV(Q2) of special functions
of bounded variation, Vu denotes its approximate gradient and S, its approximate discontinuity
set. The volume term in F. represents the linearly elastic energy of the body, and the surface
integral describes the energy needed to open a crack in the material. Note that the matrix and the
inclusions have the same elastic moduli (normalised to 1), but very different toughness moduli:
the toughness modulus is 1 in the matrix and . > 0 in the inclusions, with 5. — 0 as € — 0.
This is why we call the brittle composite high-contrast.

The literature on high-contrast materials and on the derivation of their effective behaviour by
homogenization is vast. In the classical Sobolev case, it is well known that interesting effects
appear in the limit when the volume energy density does not satisfy uniform lower bounds (see,
e.g., [2, 17, 18], and [8] for the case of discrete energies). It is then natural to try to extend this
analysis to the case of free-discontinuity functionals, and there has been a recent effort in this
direction. Note that for free-discontinuity functionals the high contrast can be in the volume part
of the energy [3], 0], in the surface part [26], 27], or in both [I5] @, 25] [12].

For the functional the high-contrast behaviour is in the surface term. We show that
depending on how small (. is, with respect to the ‘critical’ value e, the effective behaviour of the
high-contrast material is different. To see this we introduce the parameter

£:= lim pe € [0, +o0],
e—=0 ¢
1



2 X. PELLET, L. SCARDIA, AND C. I. ZEPPIERI

T it :
A e .
foppeEmmEEE\ -
e EEnnEEEE
NEIEICICIEIEIEIEIEIE 4
mEEERREEE
FEIEIEIEIEIEIEIEL
NEIEIEIEEEE
A EIEIETE—

FI1GURE 1. Schematic of a periodic brittle material with weak inclusions

and characterise the I'-limit of F, in the case ¢ = 0 (subcritical regime), ¢ € (0,400) (critical
regime), and ¢ = 400 (supercritical regime).

1.1. Abstract I'-convergence result and the choice of the convergence. As a first step we
prove that there exists an infinitesimal sequence (ei) along which F;, I'-converges to a functional

Flf(’)(li’“) (depending on the sequence (gi)) which can be represented in an integral form as
}f(sk) / f][lom (Vu) dx+/s gho(rsnk)([ |, vu)dH" ™ if u € GSBV?(Q),
otherwise in L!(2),
where f ) and g Cf k) depend on the mutual vanishing rate of 5. and e, that is on ¢, and

GSBVQ( ) denotes the space of generalised special functions with bounded variation such that
Vu € L?(,R") and H"1(S,) < +o0.

In this step the choice of the convergence plays a crucial role and introduces some difficulties.
The functional F; in is non-coercive with respect to the L!(Q) topology, due to the infini-
tesimal prefactor 5. for the measure of the jump set in the inclusions Q \ eP. In [I5], where the
authors considered the Mumford-Shah functional on a perforated domain, namely

~ / \VulPde + H" (S, NeP) if ugn.p € GSBV(QNeP),
QNeP

F.(u) := (1.2)

+00 otherwise in L'(Q),

the (even more prominent) lack of coerciveness was solved by means of an extension result. Namely,
each sequence (u.) with equibounded energy ﬁe was replaced by a new, improved sequence . which
coincides with u. outside the perforations and which is precompact in L'(Q). Since F. (ue) =
ﬁ( ), this substitution does not affect the energy, and hence it is natural to study the I'-
convergence of F. with respect to the strong convergence in L1(Q) (see also [4, 25, [12]).

The situation in the case of the functional F, in is quite different, since Fy(uc) # Fe(tc).
It is therefore necessary to formulate a compactness result for the original sequence (u.). The
convergence we introduce only looks at the behaviour of (uc) on the matrix Q NeP: We say that
(ue) converges to u in QNeP if there exists a sequence (%.) C L' (Q2) such that @ = u. in QNeP,
and @ converges to u strongly in L'(Q) (see Definition .

This new convergence is natural since it guarantees the convergence of minimisers and minimum
values of F., up to the addition of a forcing term (see Proposition . It introduces, however,
several difficulties. First of all, we can only work with a sequential notion of I'-convergence for F..
As a result, the so-called localisation method of I'-convergence that is usually employed to prove
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the existence of a I'-limit of integral type does not apply directly. In particular, the proof of the
fundamental estimate, which is a crucial step to guarantee that the I'-limit is a measure, requires
some care (see Lemma. Moreover, dealing with a weaker convergence (than the usual L!(Q))
implies that there are more converging sequences, and therefore proving an optimal lower bound
for (k) and g“(=*) is more subtle.

1.2. The surface energy. We show in Theorem that the homogenized surface integrand

gﬁ’cffn’“) does not depend on ¢ or on the subsequence (g5) and

Thom (V) = §(v) (1.3)

for every ¢ € [0, +oc] and every v € S*~1, where § denotes the limit surface density of the Mumford-
Shah functional in a periodically perforated domain, ﬁs, in . This result is surprising since
the functionals F. in exhibit a high-contrast, S.-dependent behaviour in the surface term,
while the limit surface energy density is independent of £ and coincides with the case of 5. = 0.
In other words, the effective cost of introducing a crack in the material is the lowest possible, and
coincides with the case where the inclusions are replaced by perforations.

Note that, since F. > ﬁe, the bound gfwm > ¢ is immediate. However, proving the opposite
inequality is nontrivial and it requires extending partitions of a perforated domain inside the
perforations, without essentially increasing the perimeter of the partition.

1.3. The volume energy. The homogenized volume integrand fﬁ;)(;’“), instead, shows a nontrivial
dependence on ¢. The dependence on the subsequence (e ), however, is only present in the critical
regime ¢ € (0,400) and not in the extremal cases £ =0 and ¢ = +o0.

Specifically, in the subcritical regime ¢ = 0, for every £ € R™

From(€) = F(©), (1.4)

where f denotes the limit volume density of ﬁg (T heorem. So, in the subcritical regime 3. < ¢,
F. and ﬁe are asymptotically equivalent, since ‘cutting out’ all the inclusions has an infinitesimal
energy-cost of order f3. /¢ (given by the perimeter of the inclusion, which is proportional to "1,
for each of the 1/e™ e-cells in ). In other words, having very weak inclusions is equivalent to
having a perforated material.

In the other extremal regime; i.e., { = 400, the homogenized volume integrand is the highest
possible, namely f£° (£) = |£|? (Theorem [6.4)). In this case it is the upper bound f£°_(£) < [€]?
that is immediate; the difficulty in proving the opposite inequality is due to having to prove that
every sequence u. converging to ue = £ - in {2 N e P satisfies the lower bound

lim inf Fe (ue) > L (Q)|€)2. (1.5)

Note that means that the microscopic cracks at scale £ do not lower the elastic moduli of
the material. We prove the lower bound by classifying each e-cell in 2. Either the measure
of the jump set of u. in the cell is large, in which case we ‘cut out’ the inclusion from the cell as
in the subcritical case. Or, alternatively, the measure of the jump set of u. in the cell is small, in
which case the function is essentially smooth, thanks to an ‘Elimination Property’ for the jump
set due to De Giorgi, Carriero and Leaci [24] (see also [22]). Due to the relatively high cost of
creating a fracture in the supercritical case, we show that it is energetically convenient to have no
fracture at all in the majority of the cubes, and this gives (L.5).

In the critical case ¢ € (0,+00), we cannot exclude that the volume energy density fﬁ;(;’“) de-
pends on the subsequence (gi) along which we prove I'-convergence. Each (subsequence dependent)

fﬁ;)(;’“)7 however, satisfies some (subsequence independent) properties. First of all, fﬁ(’)(;’“) = [¢]? for
small |£|; namely, for small £ the effective elastic behaviour of the material is the same as in the
supercritical case. Moreover, unlike the extremal cases ¢ € {0, +o00}, the volume energy density
is not 2-homogeneous even if the volume density of F. is. This shows emergence of non-standard

constitutive laws in the homogenized limit of high-contrast brittle materials.
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1.4. Comparison with previous work. This work has interesting similarities and differences
with previous results on the homogenization of free-discontinuity energies.

1.4.1. Interaction of the volume and surface term in the I'-limit. Our result shows that the volume
and surface terms of F. interact in the limit. This case is different from the analysis in [13], where
the authors devise a list of assumptions ensuring that the volume and surface energies do not
interact in the homogenization of free-discontinuity functionals (see also [I0] for the periodic
case and [I4] for the stochastic stationary case). The functionals F; in are not covered by
the analysis in [13] due to their degenerate coercivity conditions. Such a degeneracy, and the
consequent lack of coerciveness, however, is not sufficient to cause the interaction of the terms of
the energy, since this was not the case for the functionals ﬁg.

1.4.2. Other high-contrast Mumford-Shah energies. The general form of high-contrast Mumford-
Shah energies is

He ) = [

Vuldz + . / Vul2dz + H' (S N eP) + BH (S0 N (2 £P)),
QNeP

QN(Q\eP)

where a., 8. > 0, with either a. or (. being infinitesimal for ¢ — 0. Note that ﬁg = HOO,
F. = H'P- while the case studied in [5] corresponds to H='1. In [5] the authors proved that the
volume energy density of the I-limit of H2='! is f, regardless of the smallness of a. relative to e.
Combining this result with the identification of the I'-limit of F. = H'P< proved in the present

paper, and of the I'-limit of F.o= H% in [15 [, 25], we can deduce the expression of the I'-limit
of ngﬂe, when both . — 0 and 8. — 0. This follows by letting ¢ — 0 in the estimate

HY(u) < HE=P= (u) < min{HP (u), H2= (u)}. (1.6)

Indeed, the limit volume energy density in the left- and right-hand sides of the inequality is
f , and the limit surface energy density in both sides of the inequality is g, so that the I'-limit of
Hffﬁf is the same as that of H2%; i.e., the same as the I-limit of the perforated Mumford-Shah
functional F. (see also [12]).

1.5. Structure of the paper. In Section [2] we introduce the notation used in the paper and we
recall some previous results on the homogenization of Mumford-Shah-type energies. Section [3|is
devoted to the statement of our main I'-convergence result, Theorem [3.8] and of its consequences.
The proof of Theorem [3.8]is split into the remaining three sections: The abstract I'-convergence
and integral representation result is proved in Section [d] while Sections [5] and [f] are devoted to the
characterisation of the surface and volume energy densities, respectively.

2. NOTATION AND PRELIMINARIES

In this section we fix the notation and recall some definitions and results that we are going to
use throughout the paper.

2.1. Notation. Let n > 2 and let 2 C R™ be open bounded and with Lipschitz boundary. We
denote with A(2) the class of all open subsets of 2, and with B(€2) the o-algebra of Borel sets in
). The n-dimensional Lebesgue measure is denoted by £", and the (n — 1)-dimensional Hausdorff
measure by H" 1. For U, V € B(Q) we set H* 1LU(V) := H""}(UNV). For every z € R" and
r >0, B.(x) will be the open ball with centre x and radius r, with B,. := B,.(0); for 0 < s < r we
also set B; , := B, \ Bs. The boundary of the ball B; will be denoted with S"~1.

For r > 0, @, denotes the open cube centred at the origin, with side-length . We write Q = Q.
For 0 < s < r we also set Qs := Q. \ Q,.

We also define the periodic set

P:=R"\ ( U (i+Q1/2)>. (2.1)

i€L™
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The functional setting for our analysis is that of special functions of bounded variation in €Q;
o SBV(Q) :={u € BV(Q): Du=Vul™ + (u" —u")v,dH" " LS,}.
Here S, denotes the approximate discontinuity set of u, v, is the generalised normal to S, u™
and v~ are the traces of w on both sides of 5,,. More precisely, we work with the following vector
subspace of SBV(Q):
SBVZ(Q) :={u € SBV(Q): Vuc L*(Q) and H""'(S,) < +o0}.
We consider also the larger space of generalised special functions of bounded variation in €,
GSBV(Q) :={uec L'(Q): (uAm)V (—m) € SBV(Q) for all m € N}.
By analogy with the case of SBV functions, we write
GSBV?(Q) :={u € GSBV(Q) : Vu € L*() and H"!(S,) < +oo}.
We also consider the space
SBVP(Q) := {u € SBV(Q) : Vu =0 L"a.e., " (S,) < +o0};

it is known (see [I, Theorem 4.23]) that every w in SBVP¢(Q2) N L*°(Q) is piecewise constant in
the sense of [Il, Definition 4.21], namely there exists a Caccioppoli partition (E;) of € such that u
is constant £™-a.e. in each set F;.

Moreover, we set

P(2) :={u € SBVP(Q): u(x) € {0,1} L™~ a.e. in Q}.

2.2. Mumford-Shah-type energies. For ¢ > 0 let 0 < a.,8: < 1; we define the functional
H. : LY(Q) — [0, +o<] as follows

d 2 LY gyn—1 - 2
/Qag(a)\w dm—&—/smﬂbg(a)d?{ (x)  ifue GSBV2(Q)

H.(u) := (2.2)

400 otherwise,

where a, b. : R™ — R are the Q-periodic functions defined as

1 ifyeQ. 1 ifyeQ:
ac(y) = . 2 b(y) = . =
o ity e B ifye@

on the periodicity cell Q. The particular choice of the geometry of the inclusions (or of the set P)
is not relevant for the subsequent analysis: Instead of Q)1/o we could consider any Lipschitz open
subset U of @, with U CC Q. In what follows however we only consider P as in for the sake
of the exposition.

2.2.1. The extreme cases a. = 3. = 1 and a. = B = 0. The case a. = . = 1 corresponds to the
(e-independent) Mumford-Shah functional, which we denote with

) / \Vaul?de +H" (S, NQ) if ue GSBV?(Q),
u) = Q

MS( (2.3)

+00 otherwise in L(2).

The other extreme case o, = . = 0 corresponds to the Mumford-Shah functional on a periodically
perforated domain, which we denote with

~ / Vul?dz + H (S, NeP) if ugnep € GSBV2(QNeP),
QNeP

F.(u) == (2.4)

+o0 otherwise in L().

We recall that the I'-limit of ﬁg with respect to the L!(Q2)-topology, which has been studied in
[25, 15, [} [12], is the anisotropic free-discontinuity functional F : L'(Q) — [0, +o0c] defined as

. / F(Vu) dx + / G(ry) dH™ " if u e GSBV2(Q),
F(u):=<¢ Ja 5.NQ
+o0 otherwise in L'(€),

(2.5)
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(see, e.g., [4, Theorem 4]). In (2.5), the volume density fiR™ - [0, +00) is the quadratic form
given by

f(€) := inf {/Qmp € + Dwl’dx : we H), (QN P)} , (2.6)

where H', (Q N P) denotes the class of Q-periodic functions in H*(Q N P). Moreover, there exists

per

a constant ¢; := ¢1(n, P) > 0 such that
el < f(€) < ¢ for every £ € R™. (2.7)
The surface density g: S"~! — [0, +00) is defined as

§(v) == lim inf{H"—l(sw N(QYNeP)): we PQYNeP),

e—0+t
w = ug; in a neighbourhood of GQ”}, (2.8)
where Q¥ stands for the unit cube centred in 0 with one face orthogonal to v and
{1 if (z,0) >0
0 if (z,v) <0.
It can be seen that the function ¢ in is continuous on S”~! and satisfies
c2 < g(v) <1 for every v € S (2.9)

for some constant cs := ca(n, P) > 0. Therefore, gathering (2.7)) and (2.9) we obtain the following
lower bound for F’ ~
min{cy, e} MS < F. (2.10)

Remark 2.1. By changing variables, we can equivalently write

g(v) = lim ! min{H"" (S, NP NtQY) : u € P(tQ" N P),

t—4oo tn—1

w = ug 1 in a neighbourhood of J(tQ")}.

Remark 2.2. In [I2] Braides and Solci proved, among other things, that E. I-converges to F
also with respect to the following convergence, that is weaker than convergence in L'(Q): Given
ue,u € LY(Q) we say that u. converges to u if

usXonep — Cpu  weakly in L'(Q),
where Op := L(QNP) = £"(Qy 1) =1 (3)".

2.2.2. High-contrast Mumford-Shah functionals. This is the case of the functional H. in
where either a. — 0 or S, — 0, as ¢ — 0. For this choice of a. and ., H. represents the
energy associated to a high-contrast composite material, the latter being characterised by two
constituents (the matrix and the inclusions) with significantly different mechanical properties.

The case where both a. — 0 and 3. — 0, as € — 0 was considered by Braides and Solci in [12].
In this case, independently of the vanishing rate of a. and §., the functionals H. I'-converge to
F with respect to the convergence introduced in Remark This means that, no matter how
small the weights a. and . are, as long as they are both infinitesimal, the effective behaviour of
the functional H. is the same as for ﬁe in , namely it is the same as for a. = 5. = 0.

The case a. — 0 and . = 1 was treated in [5], where the authors focus on the critical case
a. = ¢ and study the I'-convergence of H. with respect to the strong convergence in L!(§2). They
prove that the I'-limit of H., which exists up to a subsequence, is of free-discontinuity type. More
precisely, the limit volume density is the function f in corresponding to the case a. = 0.
The surface energy density, instead, depends non trivially on the jump opening [u], even if the
surface energy density in H. is identically equal to 1. In particular, the case considered in [5]
is an example where volume and surface energies interact in the I'-limit thus giving rise to a
homogenized effective energy of completely different nature with respect to the microscopic ones.
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Here we consider the complementary case to [5], namely in H, we choose o, = 1 and let 5. — 0
as € — 0. This choice corresponds to having inclusions which are much more brittle than the
matrix, but whose elastic behaviour is the same as that of the matrix.

3. SETTING OF THE PROBLEM AND STATEMENT OF THE MAIN RESULT

In this section we state our main result, that is a I'-convergence theorem for the functionals
F.: LY(Q) — [0, +00] defined as

/ Vul? dz + H* (S N (2N 2P)) + BH" " (Su N (Q\ P)) if u € GSBV2(Q),
F.(u) := Q

+00 otherwise in L!(Q),
(3.1)
where . N\, 0 as € tends to zero. We analyse the asymptotic behaviour of F. in three possible
scaling-regimes; i.e., 8. < ¢ (subcritical regime), 5. ~ ¢ (critical regime), and . > ¢ (supercrit-
ical regime). We note that trivially
F.<F.<MS, (3.2)

where F. and M are defined in (2.4) and (2.3), respectively.

For the I'-convergence result to be meaningful we first need to identify a notion of convergence
on the space L'(Q) for which the equicoerciveness of the functionals F. is guaranteed. This is
possible thanks to the extension result [I5, Theorem 1.1]. For the sake of completeness we here
recall the statement of the result, that we rewrite in terms of the notation used in the present
paper to make it directly applicable to our case.

Theorem 3.1 (Extension result in SBV?). Let Q C R™ be an open and bounded set with Lipschitz
boundary, and let P C R™ be the periodic set defined in (2.1)). Let ¢ > 0 be fized. There exist
an extension operator T¢: SBV2(Q2NeP)N LX(QNeP) — SBVZ(Q)N L>(Q) and a constant
co = co(n, P) > 0 such that

o TPu=w a.e inQNeP;

o [[T%ullze=(0) < llullze=(onep);

o MS(T%u) < co(F.(u) + H"1(89Q)),
where F- is as in (2.4).

Note that, since F- (u) = E_-(Teu), Theorem directly yields the L!-equicoerciveness of the
functionals F;. We can indeed always replace a sequence (u.) with equibounded ﬁs—energy with
the compact sequence (T°u.), without changing the energy (see also [25, Theorem 4.14] and [4]
Theorem 1] for two alternative proofs of the equicoerciveness of ﬁg) On the other hand, in
our case in general F(u) # F.(Tu), hence we are not allowed to replace a sequence (u.) with
equibounded F.-energy with the compact sequence (T°u.). As a consequence, the functionals
F. will be equicoercive with respect to a notion of convergence which is weaker than the L'-
convergence (see [I2, Theorem 4] for an analogous situation).

3.1. Choice of the convergence. Let (u.) C L*(2) be a sequence satisfying

sup HUEHL‘”(QOEP) < +oo and sup F(u.) < +oo. (3.3)

g g
Since . is a vanishing sequence, the uniform bound on F_(u.) gives no control on the surface term
H" (S, N(2\eP)) so that, in particular, the sequence (u.) is not uniformly bounded in BV ().
However, by combing (3.3)) and Theorem [3.1| we can find a new sequence (@.) := (T°u.) C L'(Q)
satisfying
e = U inQNeP

sup || te || oo () < +00
£

sup M S(t.) < +oo.
€
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Therefore, by the Ambrosio Compactness Theorem (see e.g., [I, Theorem 4.8]) we deduce that
there exist u € SBV?(2) and a subsequence of (), (not relabelled) such that @. — u in L(Q).
As a consequence we get

/ |u8—u|dx:/ |ﬂ5—u\dx§/|ﬂ5—u|dx—>0 as € — 0.
QneP QneP Q

The above observation motivates the following definition.

Definition 3.2 (Convergence). Let (u.) be a sequence in L*(2). We say that (u.) converges in
QNeP to a function u € L(Q), and we write u. — u, if there exists a sequence (i.) C L'(Q)
such that @, = u. in @ NeP, and 4. converges to u strongly in L'(Q).

Remark 3.3. We observe that Definition is well-posed. Indeed let (@), (G2,.) C L'(Q2) be
such that @1 . = g = u: in @ NeP and 4y, — uy and Gy — us strongly in L'(Q). Then

0 = lim |ﬂ175 — 122,5| dr = hm/ |’l~1175 — ﬂ275|XQm5p dr = Cp/ |U1 - U2| d.]?,
e—0 QNeP e—0 Q Q

hence, since Cp = £"(Q%,1) > 0 we necessarily have u; = us.

Remark 3.4. Let (u:) C L'(Q) be such that u. — wu in the sense of Definition [3.2] for some
u € LY(Q). Tt is immediate to see that
i lime [Jue — vl @nepy = 0;
ii. the sequence (usxonep) C L1(2) converges to Cpu weakly in L' (€);
iii. if (ul") denotes the sequence of truncated functions of u. at level m € N, then u* — u™
in the sense of Definition [3.2] where u™ denotes the truncated function of u at level m.

In view of the above considerations, in what follows we study the I'-convergence of the func-
tionals F. with respect to the convergence as in Definition To this end we give the following
definition.

Definition 3.5 (Sequential I'-convergence). Let F., F: L1(£2) — [0, +oc]; we say that the func-
tionals F. T'-converge to F with respect to the convergence as in Definition if for every
u € L1(Q) the two following conditions are satisfied:

(i) (Ansatz-free lower bound) For every (u.) C L'(Q) with u. — u in the sense of Definition
[3.2] we have

F(u) < liminf Fe (u.);
e—0
(ii) (Existence of a recovery sequence) There exists (u.) C L'(Q2) with @. — u in the sense of
Definition 8.2 such that
F(u) > limsup Fe(a.).

e—0

Remark 3.6. It is easy to check that F' is lower semicontinuous with respect to the convergence
as in Definition and thus, in particular, with respect to the strong L'(f2) convergence.

For every u € L'(Q) we set

- h?l}élf F.(u) := inf { hgn_%lf Fo(ue): ue — u} (3.4)
and
I-limsup F.(u) := inf { limsup F.(ue): ue — u}7 (3.5)
e—0 e—0

where the convergence u. — u is understood in the sense of Definition We also introduce
the more compact notation F’(u) := I-liminf, F.(u) and F”(u) := I'-limsup, F.(u). Then, it is
immediate to see that Definition [3.5[is equivalent to F’ = F”" = F in L'(Q). Further, it can be
easily shown that the infima in (3.4)) and are actually minima.
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3.2. Compactness and domain of the I'-limit. If not otherwise specified, in all that follows
the T'-convergence will be always understood in the sense of Definition [3.5)

The following proposition shows that the domain of the I'-limit of F. (if it exists) is the space
GSBV%(Q).
Proposition 3.7 (Domain of the I-limit). Let (u.) C L'(Q) be such that sup, F.(u.) < +o0.
Assume moreover that us converges to u in the sense of Deﬁnition then u € GSBV?2().

Proof. By Deﬁnitionthere exists (@) C L'(Q) such that @ = u. in QNeP, and . converges to
u strongly in L'(Q). Let m € N and let u™ be the truncated function of u. at level m. Appealing
to [I5l Theorem 1.1] we deduce the existence of a sequence (47*) such that 47" = v in QNeP
and

MS(u) < CF (u*) < CF.(ue),
for some C' > 0, where to establish the last inequality we have used the fact that F. decreases
by truncations. Therefore, in view of the bound on the energy, invoking [I, Theorem 4.8] yields

the existence of a function v € SBV?(Q) and a subsequence of (@™) (not relabelled) such that
™ — v strongly in L*(2). For every fixed m € N we have

0 = lim gt — ult| dax = Hm/ [al* — (@)™ | xanep dx = Cp/ v —u™|dz,
€20 Janep ¢=0.Jq Q

therefore v = u™ and u™ € SBV?(Q) for every m € N. This implies that u € GSBV?(Q). O

3.3. I'-convergence. Our main result is the following theorem.

Theorem 3.8. Let F.: L'(Q) — [0,4+00] be the functionals defined in (3.1) and let ¢ =
B Then for every sequence of positive numbers decreasing to zero, there exists a sub-

P

sequence (gx) such that the functionals F., T-converge to Ff  : L'(Q) — [0,+oc] defined by

; - / flom(Vu) da + / Ghom (W) dH™™ ifu € GSBV?(Q),
Fhom(u) T Q S5.08
+o0 otherwise in L*(9).

lim, 0

Moreover, the function gﬁom is independent of ¢ and it coincides with § as in (2.8), while the
function ff, . satisfies, for every £ € R™ and every £ € [0,+00], the bounds

F(&) < flom(©) < IEP,

where f is the quadratic form in (2.6). Furthermore, in the extreme regimes £ = 0 and { = 400
we have, respectively, fo (&) = f(&) and f25.,(€) = ||* for every & € R™. Therefore for £ =0
and £ = 400 the whole sequence (F.) T'-converges.

We divide the proof of Theorem into two main steps carried out, respectively, in Section
[4 and in Sections Specifically, the first step deals with the existence of a subsequence of F;
which T'-converges to a homogeneous free-discontinuity functional of the form

fA(Vu) dz + / g (ut —u v dH L
Q

u

Then in the second step we identify the integrands g* and £ in the three different scaling regimes.

3.4. Convergence of minimisation problems. Thanks to the I'-convergence result Theorem
3.8] we are able to establish a convergence result for the minimisation problems associated with a
suitable perturbation of the functionals F..

Let g € L>(Q2), and let G, : L'(Q) — [0, +00) be the functionals defined as

G.(u) = /Q luta) = g(a)] da.
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Let moreover G : L1(2) — [0, +00) be given by

Cp/ |u(z x)| dx,
where Cp 1= L"(Q1 ;).

Let € > 0 be fixed; we start by observing that F. + G, is lower-semicontinuous with respect to
the strong L' (Q)-convergence. Moreover, since F. decreases by truncations, we can readily deduce
that a minimising sequence (u;) for F. + G. satisfies the uniform bound |u;| 1) < [|9llz()-
The latter allows us to to invoke the compactness result [I, Theorem 4.7] and thus to use the
direct methods to deduce the existence of a minimiser u. € SBV?(Q) for F. + G..

The following proposition establishes a convergence result for minimisers and minimum values
of F. + G..

Proposition 3.9. Let (;,) and Ff,  be, respectively, the subsequence and the functional whose
existence is established in Theore h@ Let k € N be fized and let uy € L1(Q) be a solution to

my :=min { F;, (u) + G, (u) 1w € L*(Q)}.
Then, up to subsequences (not relabelled), uy, converges in the sense of Deﬁm’tion to a function
u € SBV?(Q) which solves
m := min {F}fom(u) +G(u):ue LY (D)}
Moreover we have myp — m, as k — +00.
Proof. Let (ux) C L'(2) be a sequence of minimisers for F., + G, ; i.e.,
my = F-, (u) + Ge, (ug) = min { F., (u) + G, (u) tu € L' (Q)},

hence in particular supycy Fz, (ux) < +00. A truncation argument also yields [ug|[re(q) <
lgll Lo (), so that we can readily deduce the existence of a subsequence of (uy) (not relabelled)
and a function 4 € SBV?(Q) such that ux — @ in the sense of Definition Thus, in particular

lim \uk—g|d$:Cp/ |a — g|dz = G(a),
k=400 Jone, P Q

therefore in view of Theorem [3.8| we get

Ff (@) + G(a) < hminf ( e (uk) + Ge, (uk)> = lim inf my,. (3.6)

k— 400
Now let w € SBV?() be arbitrary; again appealing to Theorem we can find (wg) C L'()
such that wy, — w in the sense of Definition [3.2] and
lim ng (wy) = Ff, . (w).

k—+
Since
Jim [ = glde = Glw),
we immediately deduce
lim sup my, < lim sup (F (wy) + Ge, (wk)) = FL(w) + G(w). (3.7)

k—4o00 k——+o00
Thus, putting together (3.6) and (3.7)) we obtain
F (@) +Ga) < hm_il_nf my < limsup my

0 k—+o00
< Fhom(w) + G(w)7
hence by the arbitrariness of w we deduce that @ is a minimiser for F, + G. Finally, taking

w = u also implies my — m. Since moreover this limit does not depend on the subsequence, the
convergence holds true for the whole (my). O
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4. '-CONVERGENCE AND INTEGRAL REPRESENTATION

In this section we prove the existence of a I'-convergent subsequence of F. to a homogeneous
free-discontinuity functional of the form

/ fH(Vu) da:+/ g (ut —u vy dH L
Q Su
To do so, we follow the so-called localisation method of I'-convergence [21], with the caveat that,
since we prove a sequential I'-convergence result, we cannot apply the abstract general theory
directly.

As a first step, we localise the functionals, and define F. : L'(Q) x A(Q) — [0, +00] as

/ |Vau|? dz +H" (S, N (UNeP)) + BH"1(S, N (U\ eP)) if ue GSBV(U),
U

400 otherwise in L().
(4.1)

F.(u,U) =

Remark 4.1. For every fixed e > 0 the functional F. : L'(Q) x A(Q) — [0, +o0] satisfies the
following properties, for every u € L'(Q2), and U € A(Q):

(1) F.(u,-) is increasing: F.(u,V) < F.(u,U) for every V € A(Q), V C U,

(2) F.(u,-) is super-additive: for U,V € A(Q), UNV = @, then

Fe(ua Uy V) P FE(U,, U) + FE(U,V);

(3) F.islocal: F.(u,U) = F.(v,U) for every v € L'(Q) such that u = v L"-a.e. in U;

(4) F. is invariant by translations in u: F.(u +s,U) = F.(u,U) for every s € R;

(5) F.(-,U) is decreasing by truncations: Fg(u™,U) < F.(u,U) for every m > 0, where
u™ = (uAm)V (—m).

Let (ef) be a positive sequence of real numbers decreasing to 0. We define the localised versions
F'UF"  LY(Q) x A(Q) — [0, +00] of (3.4) and (3.5) as
F'(,U) := F—lkim_ii_anek(~,U), F"(-,U) :=T-limsup F, (-, U), (4.2)
— 400

k——+o00
for every U € A(f2). We notice that in our case the functionals F’ and F” will depend on ¢,
however to simplify the notation at this stage we prefer to omit this dependence.

It is easy to prove that F’ and I are both lower semicontinuous with respect to the convergence
in Definition In view of Remark they are easily seen to be increasing and local; further,
F' is superadditive. Moreover, by combining (5) of Remark and iii. of Remark it can be
immediately checked that both F’ and F" decrease by truncation.

In general F'(u,-) and F"”(u,-) are not inner regular. Therefore we also consider their inner
regular envelopes, that is the functionals F’ , F”: L1(Q) x A(Q) — [0, +-00] defined as

F' (u,U) :==sup {F'(v,V): V.CCU, VeAN}.

and
F’(u,U) :==sup {F"(u,V): V.CCU, VeAN)}.

Remark 4.2. The functionals F/ and F” are both increasing, lower semicontinuous [21, Remark
15.10], and local [2I, Remark 15.25], and decrease by truncations. Moreover, F” is superadditive
[21, Remark 15.10].

The next proposition is the analogue of the compactness result [21, Theorem 16.9], when the
sequential notion of I'-convergence in Definition [3.5]is taken into account. We omit its proof as it
is completely standard.

Proposition 4.3. Let F.: L'(Q) x A(Q) — [0,+00] be the functionals defined in ([4.1). Then
for every sequence of positive numbers decreasing to zero, there exists a subsequence (gx) such that
the corresponding functionals F' and F" in (4.2)) satisfy F' = F”.
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We now reintroduce the ¢-dependence in our notation and define the functional
Fl,  =F =F" (4.3)
We observe that by monotonicity we always have
F'=F <F' <F" (4.4)

Therefore, if we show that F” is inner regular; i.e., F” = F” by combining (4.3) and (4.4) we
get F!' = F" = F!

hom?
14

hom*
A first step towards the proof of the inner-regularity of F" consists in proving that the func-

tionals F. satisfy a fundamental estimate, uniformly in €. The fundamental estimate we prove is
non-standard. Indeed, we need an error term that is infinitesimal for the convergence in Defini-
tion [3.2] and hence that only weights the functions outside the weak inclusion. We note that an
analogous estimate was also established by Braides and Garroni in [II, Proposition 3.3] (see also
[9, Proposition 20.5]).

and therefore the T'-convergence of the subsequence (Fy,) to the functional

Lemma 4.4. (Fundamental Estimate in perforated domains). For every n > 0, and for every
U, u", Ve AQ), with U CcC U”, there exists a constant M(n) > 0 satisfying the following
property: for every e > 0, for every u € LY(Q) with w € SBV2(U"), and for every v € L'(Q)
with v € SBV?(V), there exists a function p € C§°(Q) with ¢ = 1 in a neighbourhood of U’,
supp ¢ C U” and 0 < ¢ < 1 such that

Fo(pu+ (1=, U UV) < (1+n) (Fe(u,U") + Fo(v,V)) + M()[Ju = v||z2(smcp)  (45)
with S := (U"\U') N V.

Proof. Let 0 <n < 1, U’, U”, and V € A(Q) be as in the statement. Let § > 0 be small enough
so that Qé-&-é CC @, and let ¥ € C§°(Q) be a cut-off function between Q% and Q%Mv namely a
function such that 0 < ¢ <1,¢¥ =1 on Q%, and supp ¢ C Q%M-

For ¢ > 0 and i € Z", we define the operator RS : W™ (R™) — WL (R") as

loc loc
B0 = (1-v(-i))o@ v (P-0) f  oww

It is casy to see that R (¢)(z) = ¢(x) if v ¢ ci+eQy1 5, and Rf(¢) is instead constant in £i+£Q 1.
Finally, we define the operator R : W,->°(R™) — W,->°(R™) as

loc loc

RE(¢) () := {Rf((b)(x) ifx65i+sQ%+5’ iezm,

o(x) otherwise.

Let W/, W" € A() be such that U' CC W' cC W"” CcC U”. Let ¢ be a cut-off function between
the sets W/ and W and set ¢ := R®(¢); then ¢ is a cut-off between the sets U’ and U"”, provided
§ is small enough. Moreover, by construction, Dy = 0 on Q\eP and ||[Dy|| o) < C||D| 1),
with a uniform constant independent of ¢ (see e.g., [I1, Remark 2.7]).

Let u and v be as in the statement and let w := @u + (1 — @)v; clearly, w € SBV2(U' U V).
Then

F.(w,U'UV) = F.(u,U") + F*(v,V\U") + FX(w, S), (4.6)

where, for fixed w € L*(2), F*(w,-) denotes the measure that extends F.(w,-) to the o-algebra
B(£2) of Borel subsets of 2 ; i.e.,

F*(w, B) = / Vul2dz + HP=1(S, O B AeP) + BH (S, A (B £P))
B

for every B € B(Q).
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Now we estimate the last term in the right-hand side of (4.6). For any fixed n € (0,1) by
convexity and by the definition of ¢ we have

1— D(u—v) |2
Fws)< [ ootz o, DAz,
SneP 1—n 7
Vu+ (1 - ¢)Vo2
+/ ‘(1—17)‘/’ 1( #) ‘ d
S\eP -n

+H" (S, N (SNeP)) +H" (S, N (SNeP))
+ BH T (Su N (S \eP)) + BH (S, N (S \ eP))

<t (fvuk des [opas)+ 1 [ Dyt oas
1_77 S S N JsnepP
FH (S, N (SNeP)) +H" (S, N (SNeP))

+BHTH(Su N (S \ eP)) + BH" (S, N (S \ eP))

1 N N 1
< o (P2 8)+ (F208) + 1 D¢y /S fu — of? da

h 1- n NeP
1 * * C 2
<7(}?&(’“’5')""_(F‘a(’uvs))"i_i |u—v| dx.
1—n N JsnepP
This, together with (4.6]), concludes the proof. O

Theorem 4.5 (I-convergence and properties of the I'-limit). Let (ex) be the sequence for which
F'" =F". Then F{__ defined in ([£.3)) satisfies the following properties:

hom
i) (locality and lower semicontinuity) for every U € A(S2), the functional Ff, (-,
and lower semicontinuous with respect to the strong L'(§))-topology;
ii) (measure property) for every u € GSBV?2(Q), the set function Ff (u,-) is the restriction
to A(Q) of a Radon measure on €);
iii) (T-convergence) for every U € A(Q)
Fiom(-U) =F'(,U)=F"(-,U) on GSBV*(Q);
iv) (translational invariance in u) for every u € L'(Q) and U € A(2)
Ffomu+s,U) = F (u,U) for every s € R;
v) (translational invariance in x) for every u € L'(Q) and U € A(Q)
Flonu(- =), U +y) = F . (u,U) for every y € R™ such that U +y CC Q.

U) is local

Proof. Property i) is a straightforward consequence of Remark since lower semicontinuity with
respect to the convergence in Definition implies lower semicontinuity in L!(Q). Property ii)
follows by the measure-property criterion of the De Giorgi and Letta (see [2I, Theorem 14.23])
once we show that for every u € GSBV?(Q) the set function Ff_ (u,-) is subadditive. The proof
of the subadditivity of Ff  (u,-) is standard and follows from the fundamental estimate Lemma
In our case the only difference with respect to a typical situation is that the reminder in
is given in terms of ||[u — v||z2(gnep), While we are studying the I'-convergence of F, with respect
to the convergence in Definition which only ensures that ||u —v|[11(sn-p) tends to zero. This
difference, however, can be easily handled by using the fact that on SBV?2(2) N L () there is an
equivalent sequential characterisation of Ff__ (see e.g., [21, Proposition 16.4 and Remark 16.5])
and then appealing to a standard truncation argument as in e.g., [23, Theorem 3.4].

We now turn to the proof of iii). This will be achieved by showing that F is inner-regular. As
a consequence we will have F”' = F” = F’ = F! < F’ and therefore the I'-convergence of F.,
to Ff, ...

The inner regularity of F” is again a consequence of the fundamental estimate Lemma [4.4
In fact, let MS be as in and fix W € A(Q). Let u € GSBV?(Q); since MS(u,-) is (the
restriction of) a Radon measure on A(2), for every n > 0 there exists a compact set K C W such
that and MS(u, W\ K) <.

om
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Now choose U, U’ € A(Q) satistying K C U’ CC U CC W and set V := W \ K. Recalling that
F"(u,-) is increasing, Lemma easily yields

F'(u,W) < F"(u,U"UV) < F"(u,U) + F"(u,V) = F"(u,U) + F"(u, W \ K).
Moreover, by the definition of F” and by the trivial estimate F. < M S we have
F'(u, W) < F"(u, W) + MS(u, W\ K) < F"'(u, W) +n.
Hence by the arbitrariness of  we get
F"(u,W) < F"(u, W) for every W € A(Q), u € GSBV?(Q).

Therefore, as the opposite inequality is trivial, we deduce that F”(u,-) is inner regular.
Finally, the proof of iv) and v) is standard and follows as in e.g. [I0, Lemma 3.7]. O

4.1. Integral representation of the I'-limit. In this subsection we show that the I-limit F,
can be represented in an integral form.

Theorem 4.6 (Integral representation). Let F,  be the functional whose existence is established

in Theorem . Then, for every u € GSBV?(Q) and every U € A(Q) we have

Fon.0) = [ fron(Vaddot [ gl (fu) ) dre (47)
U S.nU
for a convex function ff, : R™ — [0, +00) satisfying for every € € [0, +00] and every £ € R™ the
following bounds
F(8) < from(©) < 1€ (4.8)
and a Borel function gt : R x S"™1 — [0, +00) satisfying:
i) (monotonicity in ¢ and symmetry) for any fized v € S*71, gl (-,v) is nondecreasing on
(0, +00) and satisfies the symmetry condition gi (—t,—v) = ghom(t, V) for t € R;
ii) (subadditivity in t) for any v € S*~1

gﬁom(tl + 2, V) < gﬁom(tlﬂ V) + gflom (t27 l/)’
for every t1,t; € R;

iii) (convexity in v) for anyt € R, the 1-homogeneous extension of gt (t,-): St — [0, +00)
to R™ is convexr. This condition can be also equivalently expressed in terms of the function gﬁom
as

gﬁom(tv V) < Algﬁom(tv Vl) + )‘QQﬁom(ta V2)7
for every v, v, 15 € SPTL, A1, Ay = 0 such that A\, + Aot = v,

Proof. We recall that F. satisfies the bound (3.2)), namely F. < F. < MS in L'(2). Therefore by
I'-convergence and in view of Remark 2.2 and Remark [3.4]ii. we get

F<FL,, <MS inL'(Q), (4.9)
thus invoking (2.10) we deduce
min{cy,co} MS < Ff,,, < MS in LY(Q), (4.10)

where ¢ and ¢y are as in (2.7)) and ([2.9)), respectively. Hence, Theorem (4.10), [6l Theorem 1],

and a standard perturbation argument (see e.g. [23, Theorem 2.2]) yield the integral representation
on the space SBV?(Q). Then a standard truncation and continuity argument allows to extend
this integral representation to the whole space GSBV?(Q) and thus to get exactly .

The convexity of fﬁom, the subadditivity of gﬁom in ¢t and the convexity in v of its 1-homogeneous
extension to R" are straightforward consequences of the L!(Q)-lower semicontinuity of Ffom. Since
moreover ff (€) = Ff . (ue, Q) where ug(x) := £ - x, the bounds in are an immediate
consequence of ([£.9). Finally, the monotonicity in ¢ and the symmetry of gf . follow from [6]
Theorem 1]. O
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5. IDENTIFICATION OF THE HOMOGENIZED SURFACE INTEGRAND

In this section we identify the limit surface integrand gﬁom. To do so we make use of the
following technical lemma (see [19, Lemma 4.5], and see also [20, Lemma 2.5] for a more general
version of the result).

Lemma 5.1 (“Fracture Lemma”). Let n > 2 and n € (0,1] be fized. There exists a constant
v =7(n,n) >0 such that if 0 < s < r, and v € P(Byr+s) verify the following hypotheses:

(H1) H™ (S, N B, 1s) < H (S, N B, r+s) for every competitor v € P(B, r4+s) satisfying
Supp(u - U) - Br,7'+s;

(H2) H" (S, N B, 4s) < st

then for every ro and sg such that r < rg < rog+ so < r+ s and sg = ns, there exists a radius
7 € (r+s0/3,r0 + 250/3) with the property that

The following theorem is the main result of this section.

Theorem 5.2 (Identification of the homogenized surface integrand). Let gf. . be the function
as in Theorem and let § be as in [2.8). Then, for every (t,v) € (R\ {0}) x S"~! and every
¢ € [0, +00] we have g, (t,v) = §(v).

Proof. For e,6 > 0 we define the comparison functional G : L'(Q) — [0, +o0] as

s / |Vu|?dz +H" (S, NeP) + 5/ (1+|[u]]) dH™ " if u € SBV?(Q),
G2(u) =< Ja Su
+00 otherwise in L!(2).

Let 6 > 0 be fixed; by [10, Theorem 2.3] we deduce that, as ¢ tends to zero, the functionals G?
I'-converge, with respect to the L'()-convergence, to the functional G® : L*(Q2) — [0, 4+-0c] given
by

s / |Vu|2dx—|—/ ¢ ([u], ) dH"™Y, if u € SBV2(Q),
G’ (u) =< Ja Su
+00, otherwise in L1(€2),

where ¢° : R x S"~1 — [0, +-00] is defined as

t——4oo tN—

1
gé<z,u) = lim T inf {/5 o (Xp +6(1+ \[u]|))d7—["—1 : u € SBVPC(1QY),

u = ug , in a neighbourhood of 8(15@”)}. (5.1)
Let € > 0 be small enough to have that . < J; then we immediately deduce the bounds
Fo(u) < Fo(u) < G3(u), for every u € L*(Q). (5.2)
From ([5.2)) it follows that for every z € R\ {0}, v € S*™1, and ¢ € [0, +]
(V) < Ghom(2:v) < g°(2,v). (5.3)

Indeed let (uc) C L*(2) be a recovery sequence for G2, with u. — ufj , strongly in L*(£2). Then,
since us — ug , in the sense of Definition we have

@z v)H"HQNTTY) = G (ufy ) = lim G (u.) > lim inf F. (u.)

> F(uf.) = Ghom (2, v)H"H(QNII).
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Similarly, let (uc) C L*(£2) be a recovery sequence for F;, with u. — ug . in the sense of Definition
Then there exists a sequence . with @ = u. in N eP and such that @. converges to ug ,
strongly in L'(€); hence

Grom(Z)HPHOQNTTE) = FA(uf ) = lim F.(u.) > liminf ﬁg(us) = liminf ﬁe(ﬂs)
5 e—0 e—0 e—0
> F(uf ) = §(z,v)H" 1 (QNTTY),
where IT§ := {y e R" : y - v = 0}.
We now claim that for every z € R\ {0}, v € S*~!
¢ (2,0) < 3(0) + o(1), (5.4)
as 0 — 0; hence (5.4) together with (5.3)) will imply the thesis.

To prove (5.4) let v € S*~! and ¢ > 0 be fixed, and let @ € P(tQ” N P) be such that @ = uf ,
in a neighbourhood of 9(tQ") and

H"1(S, NtQ” N P) = min {H”—l(su NtQ" N P): u € P(tQ" N P),u=ul, on 8(tQ”)}. (5.5)

Note that the minimiser in exists: indeed any minimising sequence is weakly convergent in
BV (tQ¥ N P), and the Hausdorff measure of the jump set in ¢Q” N P is lower semicontinuous.

We now modify @ in order to get a competitor for the minimisation problem in the definition of
¢°. More precisely, we construct from @ a Caccioppoli partition w defined on the whole tQ¥ and
such that

H" (S, NtQYNP)+6 (1+[[w]]) dH™ ™ < (1+6e(2))H" 1 (SantQ”NP)+ébc(2)t" ™ (5.6)
SwNtQV

holds true for some constant ¢(z) > 0 independent of ¢ and ¢.
It is convenient to write

tQ"nP= J @ nPyulJ (@ ntQ'nP),
keT! keT?
where QF :== Q + k, I' := {k € Z": Q¥ C tQ"}, and I? := {k € Z": Q* N A(tQ") # BO}. We now
illustrate in detail the multi-step construction of the desired function w.
Step 1: Modification of @ in the “internal” cubes QF, fork € I'. Let k € Z', and set u* := UjQrnp-
We recall that for our choice of P we have Q¥ N P = Q]f/z 1> where we defined Q’;b = Qap+ k
for any 0 < a < b < 1. We also define B(’f’b i=DBgp+k,forany 0 <a<b< 1l

Let v/2/4 <7 < r+s < 1 be fixed. We modify the function u* differently depending on whether
the function u* admits a small or a large jump set in Bfﬂ.ﬁ (note that B,’?,TJFS C Qlf/2,1)' More

precisely, we say that u* has a small jump set in B,’f, s if

H T (Sur N By s) <ys™ (5.7)

where v = 7(n,n) is as in Lemma corresponding to n = 1.

Note that for the cubes with small jump, the assumptions (H1) and (H2) of Lemma are
satisfied by u*. Indeed, (H1) follows by the minimality of @ (defined in (5.5)) in tQ” N P, which
implies its local minimality in every subset, and hence in particular the local minimality of u* in
Bf, ., for every k € T'. Finally, (H2) is exactly ’-7).

By Lemma [5.1| there exists 7 € (r + s/3,7 + 2s/3) such that S, N dBY = @, namely the trace
of u* on OB is constant. We denote this constant value by m”. Then we define the function v*
on the whole Q* as follows
(5.8)

m* in BE.

e {uk in Q*\ B,

Clearly v* € P(QF), and
H' (S NQF) = H (S, N(QF\ BF)) <H" H(San@F N P).
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Hence in a cube with small jump we have replaced % with a function v¥ € P(Q*) whose Mumford-
Shah energy in Q¥ is controlled by the energy of 4 in Q* N P.

If now u* has a large jump in B,’f,ﬂrs; i.e., if is not satisfied, then we extend u* to Q* by
simply setting

oF = d ?n Qlf/z’l’ (5.9)
0 in Qlf/z-
Clearly v* € P(Q"), and
H LSy NQF) < 2n(1/2)" L + H LSz NQF N P)
2n(1/2)"!
<
s
< CH" 1Sz nQ*n P).

Thus finally, for every k € T we have replaced @ with a function v* € P(Q¥) C SBV?<(Q*) whose
energy in Q" is controlled by the energy of @ in @ N P; moreover, [|u| pegrnpy = V7] (gn)-

H (S NBE )+ H"H(San Q"N P)

r,r+s

Step 2: Modification of @ in the “boundary” cubes Q*, k € Z?. In this step we consider only the
cubes Q* such that Q¥ N A(tQ¥) # @. In order to preserve the boundary condition we need to
distinguish between two cases. If Q¥ N 9(tQ" N {z - v > 0}) # @, in Q* we set

— . k:
N Q}C/Q’l’ (5.10)
1 in Ql/z,
while in those cubes Q* such that Q¥ N J(tQ” N {x - v < 0}) # O, we set
— . k
phe= Qllc/2,1’ (5.11)
0 in Q1/2.

The additional energy contribution of the boundary cubes is proportional to the perimeter of tQ";
i.e., of order Ct"~! for some C > 0 independent of .

Step 3: Adding up all the cubes. We now denote with v € P(tQ") the function defined as v = v*
in Q¥ for every k, where v* is as in (5.8) or (5.9) if k¥ € Z', as in (5.10)) if £ € Z2 and Q¥ intersects
otQ" N{x-v > 0}), or (5.11)) if k € Z? and Q* intersects (tQ” N {x - v < 0}).

By construction the function v satisfies the following properties:
i veP(QY),
ii. v =ug; in a neighbourhood of A(tQ"),
iii. HP (S, N (tQY N P)) < H" 1(Sa N (tQ¥ N P)),
iv. H LS, NtQY) < C(H™1(Sa N (tQ” N P)) +t"~1),
iv. [Jvlzeeqry = 18l Lo torrpy = 1.
We finally set w := zv so that w = ug , in a neighbourhood of J(tQ") and therefore it can be
used as a competitor in the minimisation problem defining ¢°(z,v).
We are now able to compare ¢°(z,v) and §(v). By definition of w have

HU(S, NtQVNP) +6 (1 + |[w]|) dH™ 1
SwNtQY

HH(Sa N (tQY N P)) + (1 + [2z[)H" (S, NtQ")
H* SN (tQ” N P)) +6C(1 4 |2|)(H" 1 (Sa N (tQ¥ N P)) +t"71),

which is exactly the claim ((5.6). Then in view of (5.1)) by dividing the above expression by ¢"~!
and letting t — 400, we get

<
<

5 .
o) < lim

(M8 N (tQ" N P)(1+6C(1+[2])) + 6 C(1L+ J2]).
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A

min{|¢[?, £ () + C}

\J

FIGURE 2. Bounds on f{

By virtue of ([5.5) the previous estimate yields
9°(2,v) <4(v) (1 +0C(1L+ |2)) + 8 C(1+[2)),

and hence the claim. O

6. IDENTIFICATION OF THE HOMOGENIZED VOLUME INTEGRAND
In this section we identify the limit volume integrand fﬁom. We start with a preliminary result.
Lemma 6.1. Let f{ . be as in Theorem m and let f be as in . For every £ € R™ we have
F(€) < from(€) < min{l, f(6) + O}, (6.1)
where C' > 0 is a constant depending only on P and on (.

Proof. Let £ € R™\ {0}. By the classical homogenization result for the Dirichlet functional on
a perforated domain [7, Theorem 5.1], there exists a sequence (ve) C H'(Q) which converges
strongly in L?(£2), as ¢ — 0, to the linear function ue(z) := & -z, such that |[Dve|12(0) < C, and

limsup/Q . |Dv.|2dz = L™(Q) f(£), (6.2)
Ne

e—0
where f is the quadratic form defined in (2.6). We define the new sequence u. : 2 — R as
ve in Qlial neo
U = 2 kez" 6.3
: mF in QYN (63)
2

where for 0 < s <7 we set Q%% :=£(Qs,, + k) for k € Z", and

mk ::][ ve () da.
Q%N
2

By (6.3) we immediately get

o= el = 3 [ o) = mb
kezn Y Q1°NQ
2
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moreover by the Poincaré-Wirtinger inequality, for every k € Z™ we have
/ e (z) —mF|? do < 052/ |Dv.(z)|? da,
Q% na Qb na
2 2

with a constant C' > 0 independent of € and of k. From the bound || Dv,||12(q) < C we eventually
deduce

[|ve — UE”L2(Q) < Cg,

therefore, since v, — ug strongly in L?(2), also (u.) converges to ug strongly in L?(£2). We now
estimate

Fo(u.) = /Q Ve 2dz + H' (S, N (QAP)) + BH"1(Su. N (Q\ P))
< / Do, 2da + B.H" (S, N A(Q\ £P)). (6.4)
QneP

For the second term in (6.4) we have

BH" (S, NO(Q\ eP)) < BN (e)H" Q. j2) + BH" (D),

where N (e) is the cardinality of the set {k € Z" : Q%= N Q # O}. Since Q is a bounded set with
Lipschitz boundary, we have that N(g) < ¢/e™ and H"~(d€2) < ¢, which gives

8.
3

F.(ue) < / |Dv.|?dz + C
QneP

Now, as in particular u. — ug in the sense of Definition by Theorem and Theorem [4.6]

we have

e—0

L) fom(€) = Flom(ug) < liminf F.(ue) < lim sup/ | Dve |2dz + O,
€0 QNeP
which, together with (6.2]), gives

L£7(2) f o (€) < limsup /Q IDuede+ CU< £ (@)F(€) + O
Ne

e—0

Dividing by £™(2) and using (4.8)) concludes the proof. O

6.1. Subcritical case: ¢ = 0.

Theorem 6.2 (Identification of the homogenized volume integrand for ¢ = 0). Let f{  be as
in Theorem m and corresponding to the choice £ = 0, and let f be as in (2.6). Then for every
¢ € R™ we have f2 (&) = f(&).

Proof. The thesis readily follows from (6.1)) by using the assumption that ¢ = 0, and the upper
bound in (2.7)). O

Remark 6.3. Note that, although in Theorem [.5]the I-convergence of F. has been established only
up to subsequences (and the I-limit might be in principle different along different subsequences),
in the subcritical case the situation is different. Indeed, thanks to Theorem and Theorem [6.2
we deduce that the I'-limit is the same for every subsequence, and is given by the functional F’

defined in (2.5)).
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6.2. Supercritical case: ¢ = +oc.

Theorem 6.4 (Identification of the homogenized volume integrand for £ = 4+00). Let f = be as
in Theorem [{.6 and corresponding to the choice { = +oo. Then, for every & € R™, we have that
Foom (&) = 1€
Remark 6.5. Theorem and Theorem imply that, for £ = 400, the I-limit of (F;) is
/ |Vu|?da +/ G(v)dH™t if u € GSBV?(Q),
Q

Fl?gm (U) = Su
+oo otherwise in L!(2).

In particular, the whole sequence (F;) I'-converges to F©° .

Before proving Theorem above we need to recall the Elimination Property proved in [22]
Lemma 0.7] (see also [24, Theorem 3.6] and [16, Lemma 3.4]). For the definition of local minimiser
of the Mumford-Shah functional we refer to [II, Definition 6.6].

Theorem 6.6 (Elimination property). Let Q@ C R™ be open. There exists a strictly positive
dimensional constant = 0(n) independent of Q such that, if u € SBV?(Q) is a local minimiser
of the Mumford-Shah functional and B,(x¢) C Q is any ball with centre xo and with

H" Sy N By(x0)) < 0p" 7,
then S, N Be (x0) = 0.
We now introduce some auxiliary functionals which will be used in the proof of Theorem

Let £ < r < 1 andlet ¢ € HY/2(0Q,). For h € N and ¢t > 1 we define the functionals
I, It LNQ,) — [0, +00] as follows:

|Dul?*dz  if u € HY(Q,), u=¢ on dQ,,
Ip(u) := /QT (6.5)

+00 otherwise in L'(Q,),

and

)

= QD on aQ?‘a

Nl

T

/ [Vul?dz + tH" (S, N Q1) + H" 1(SuNQ
L (6.6)

h,t .
157 (u) = if u e SBV2(Q,), H'1(S,) < <.
+00 otherwise in L'(Q,).

The next result is a straightforward adaption of [26, Lemma 4.3].
Lemma 6.7. Let % <r<1;let o € HY2(0Q,), and let (@) C H'2(0Q,) be a sequence with
on — ¢ in HY?2(8Q,), as h — 4oo.
Then the functionals 1, and Ig;f defined, respectively, as in (6.5)) and , with @ replaced by
©n, D-converge with respect to the strong L' (Q)-topology, as h — 400, to the Dirichlet functional
I, : LYQ,) — [0, +00] defined in (6.5]).
We now state and prove a technical result which is the heart of the proof of Theorem

Theorem 6.8 (Lower bound for F.). Let & # 0 and let (u.) C L'(Q) be a sequence such that
sup, F(uz) < +00 and u. — ug in the sense of Definition[3.4 Then

liminf Fy(u.) > L£™(Q)[€[% (6.7)
e—0

Proof. Assume that F.(u.) < c. The proof strategy consists of replacing the sequence u. with an
improved sequence w. (in a sense that will be clarified below) which converges to u¢ strongly in
L'(Q), and whose energy is asymptotically smaller than F.(u.).

Since the energy F. decreases by truncations, we can truncate the sequence (u.) at level
|lug|| (o) and preserve both the uniform bound on F;(u.) and the convergence of (uc) to we.
Hence in what follows we assume that [uc||zq) < |luel £ )
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As an initial step we rewrite ) as
Q: ( U Qk,a) N ( U Qk,sﬂQ)’
kel keZ?
where Q"¢ :=e(Q + k), I} .= {z € Z" : Q¥* C Q}, and Z2 := {2 € Z" : Q** N IO # B}. Clearly
Fe(ue) = Z Fe(uea Qk’s) + Z Fe(ua QlﬁE N Q)

kel keZ?
Step 1: Classification of the interior cubes. We estimate the energy in Q*¢, for k € !, namely
Fa(”a kas) = /

Qk,s
For y € QF set v.(y) := (v/B-e) 'u.(ey); by changing variables we have

1
Fe(usan’E) = /Bsgnl(/ ‘V'UE‘Q dy + —
Q*

Be
= fee™ T Fe(v:, Q).
Let ¥ > 0 be a fixed constant, and let € > 0 be fixed. We call Q* a good cube if
Fo(v-,Q%) < C forsome C >0 and H" (S, NQ*") <9, (6.8)

namely if both the energy of v. and the total measure of the jump of v. are bounded in the cube.
Otherwise, we say that Q¥ is a bad cube. Let 719, T1'* C T} denote the set of internal good and
bad cubes, respectively; we denote with N9 and N? their cardinalities. Let moreover N>! denote
the cardinality of the set of indices in Z1* such that the first inequality in does not hold
true, and analogously let N%2 be the cardinality of the set of indices in Z1** such that the second
inequality in does not hold. We have

¢> Fo(ue) > Bt Y Felve, Q%) > CB" NI,
kezl?

[Vuel? do+ H* 1 (Su, N QYS) + AH" (S, N QY).

H (S, NQE ) +H" (S, N Q’z))

and similarly,
¢ > Be" NP2,
Since clearly, N® < N»! + N%2 we can establish the following bound on the cardinality of Z}*:

(6.9)

Step 2: Energy estimate on the good cubes. This is the most delicate part of the proof, and is split
into a number of sub-steps.

Step 2.1: Elimination property. Let Q. for k € T}9, be an arbitrary good cube in the sense of
(6.8). We omit now the superscript k& for the sake of notation. Let % < ¢ < 1, for fixed e > 0
consider the following (local) minimisation problem:

(LMS). loc min{]—}(v,Qg) cv € SBV(Q.), Fo(v,Q.) < C for some C > 0,H" (S, NQ.) < 19}.

Let M3 denote the class of solutions of (LMS)_, and let 9. € M5. We recall that, following
[1, Definition 6.6], for every open set A CC Q¢ we have that F.(0.,4) < F.(v, A), whenever
{0 #v} CC A.

With no loss of generality we can assume that 9. is bounded in L™ (Q.) (with a possibly e-
dependent constant) as v, since the energy F. decreases by truncations. We observe that 0. is
also a local minimiser of (-, Q1 ).

By setting . (y) := v/B:0-(y), we have

R 1 . n—
]:E(UE;Q%S) = ﬂ(/@ \Vw8|2dy +H 1(5@5 N Qé7€)>’

1
2
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and

H' (S5, N Q1) =H" (S5 NQ1 ) < CB.
Hence the function . is a local minimiser of the Mumford-Shah functional in Q%,w and its jump
set has small Hausdorff measure. We then apply Theorem W to w,; namely, we fix zg € Q 1e
and consider a ball By)(z0) CC Q1 ., where p(e) is such that

H" Sy, N Byey(20)) < CBe < Op(e)* ™" (6.10)

is satisfied for € > 0 fixed, where 6 is the elimination constant in Theorem (note that p(g) can
be very small, of the order of (55)%1) Then Theorem m guarantees that

Sw. N Boe (xg) = O.

This same argument can be repeated for every x € @ 1o with any radius p(e) > 0 satisfying
(6.10). In this way we conclude that the jump of @, has to be contained in a neighbourhood of
8Q%’§3f order (55)%1 In particular, there exist % < p1 < p2 << such that Q,, ,, CC Q%S and
Sﬁ’s N QP17P2 = @
From the definition of w. we deduce that, for any 0. € M§ (and for sufficiently small ¢)
Hn_l (S@E N @ =0,
hence 9. € HY(Qp, p,), and S5, € Q,, U @, .. Moreover, since the Mumford-Shah functional is

e =

invariant under translations, we can assume with no loss of generality that any local minimiser
Ue € M satisfies

P1,P2)

/ b dx = 0. (6.11)
Qo102

Step 2.2: Comparison between U, and its harmonic extension. For a given 9. € M$ we define the
function 0. € H*(Q,,) as the solution of the following Dirichlet problem for the Laplace equation

(Dir) {Aw =0 in 9,)1,

w = U, in Qphpz.

Throughout this sub-step we simply write ¢ and v instead of 0. and ..
We now claim that for every n > 0 there exists ¥* = 9¥*(n) > 0 such that for every v € M3.
and every corresponding ¥ as in (Dir) we have

/ |D17|2dx<(1+77)/ Vo[ da. (6.12)

P2 P2

We note that the claim is true for constant ©. Therefore we only need to prove (6.12) when ©
is not constant. Arguing by contradiction we assume that there exists 7 > 0 such that for every
h € N there are 9, € M7 ), and ¥, defined as in (Dir) satisfying

/ \D6h|2dx>(1+n)/ |Von|? da.

P2 Qpo

Using that 9, = 0, in Q,, p,, and that ©" € HY(Q,, ,,) by Step 2.1, the previous estimate gives

/ | Dy, |2 da > (1+n)/ |V@h|2dx+n/ | Doy, |* dx (6.13)

1 Qpy Qp1.02
From the normalisation condition in and the energy bound in (LMS)_ satisfied by o,
we can apply the Poincaré-Wirtinger inequality to deduce that there exists a constant C' > 0
(independent of h) such that [|04]/s1(q,, ,,) < C. Therefore 9, converges weakly in HY(Qp, p»)s
hence in particular

¢n = (0n)jaq,, — ¥ strongly in Hl/z(an), (6.14)
for some ¢ € H'/2(9Q,,). Moreover, (9n)0Q,, = ¢n- Then, since

1Ol 1@, < Cllenllmrzoaq,,),
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we immediately deduce that @y, is uniformly bounded in H'(Q,,).

We now apply Lemma with r = p1, t = ﬁi and the functions ¢ and ¢ defined in (6.14).

By the fundamental theorem of I'-convergence, the sequence vy, which is a compact sequence of
minimisers for the functionals I, , converges weakly in H'(Q,,) to the unique minimiser of I,
which we denote with o. Furthermore we have convergence of the corresponding minimum values:

li Dop?dz = lim I, (8,) = i inf I
hﬁlinoo Qm‘ Uh| X hJ)IEOO wh(vh) h%lrfooveHlp(Qpl) @h,(v)

= min I (v :/ D?|? dx.
i 1= [ 1Dy

Similarly, the sequence 95, € Mj Ih which is a compact sequence of minimisers of the function-

h’t . 1 . .o . . . . ~
als I", converges in L (Qp,) to the unique minimiser of I,; i.e., to 0. Furthermore we have

convergence of the minimum values:

lim I™*(¢,) = lim inf I™(v)= min I (v :/ Dio|? dx.
hs+oo w (0n) h=+00 vEMS on (V) vEHL(Q,,) 2 (V) p1| |

On the other hand, we clearly have, by the definition of good cubes , with ¥ = %, that

lim I™*(%,) = i VoR|% d
h—1>I-&I-100 Ph (Uh) h—g-ir-loo Qp1| Uh| *

and hence

h—+oco

lim |V@h|2d:c:/ D2 da.
Qpl Qp1

By passing to the limit in (6.13]) we then have in particular that

(1+n)/ |Dﬁ\2dm§/ |D3|? dz,

P1 Qo

which gives a contradiction since D@ # 0 and 7 > 0, and thus proves (6.12)).
In view of (6.12), in what follows we will choose ¥ = ¥* in the definition of good cubes .

Step 2.3: Energy bound on the good cubes. Let ¥* be as in Step 2.2; we consider the following
minimisation problems

(MS), min {]—'E(U, Qpo) 1 v E€SBV*(Qp,), Su CQpy, H' 1 (Sy NQ,,) <V,
Fe(v,Qp,) < C for some C >0, v=uv, on 8Qp2}7

where % < p1 < p2 < 1. For a minimiser 9. of (MS)_, let 9. be the corresponding function as in
(Dir). Since 9. is also a local minimiser of the same functional, from (6.12)) we have

/ |D175|2dx<(1+n)/ |Vi.|? da.

P2 Qpo

Then for the sequence (v.) defined at the beginning of Step 1 we have

Fv:,Qp,) :/ Vo | dy + %”H"‘l (S0 N@Qyp) + 17 (801 Qy)

Qpy

> /sz |Vf)s|2 dy + é%"*l (S@E OQ%M) 4yt (Sﬁs HQ%)

7 ~ 12
>(1- 1 Di|? dy.
< 1+77>/Q,,2| el” dy



24 X. PELLET, L. SCARDIA, AND C. I. ZEPPIERI
By the change of variables . (cy) := /B0 (y), we get

Flue,Q5,) =/QE Ve 2o+ 17 (8., 0Q5,, ) +BH" 7 (S, N1Q1)

P2
> (1—”)/ \Da.|? dz.
1+n/ Jog,
Hence, for every k € 719,
2 n -
Fo(us,QkF) > (1 - 1+77> /Qk’s |Ditg e |* d, (6.15)
P2

where the subscript k£ has now been added to highlight the dependence of the construction of uy .
on the cube QF=.

Step 3: Energy estimate on the bad cubes and on the boundary cubes. Let now k € Z1* UZ2. We
bound the energy of u. on Q¥ NQ as

F.(uf, Q" N Q) > Fo(ig., Q" N Q), (6.16)
where 135 is defined as in (2.4) and g : Q**NQ — R is defined as
Uge :=Te ((u€)|(Qk'€ﬂ6P)ﬂQ) ) (6.17)

where T. denotes the extension operator provided by [I5, Theorem 1.1].

Step 4: Construction of an improved sequence converging to ue. We define the sequence we : 2 — R
as

~ : k,e k Il,g

Uk,e 1M Qp2 y ke L7,

We = < Ue in Q’;;E,p keIl9,

g in Q¥ NQ, keIlbUI?

Clearly w. € SBV?2(2); we now show that w. converges to ug¢ strongly in L'(€2).
As a first step we show that sup, M S(w.) < +o0.

From ((6.15)) applied to the good cubes, we have that for every € > 0

MS(wS, U ka5> = > (/ |Dakﬁ|2dx+Ms(u5,Q’;j1)> < (2+n)Fe(ue).

kezl? kezhe Y Qe

For the bad cubes, by (6.17)) and we have, for € > 0,

MS(wa, U Q’“’E) = Y MS(ke, Q") <C Y MS(u, Q) < Fe(ue),

kezl?® kezl? kezl?®

where C), is the perimeter of @ \ P in @. Similarly, for the boundary cubes we have

MS <w U (@ n Q)> <Y MS(ue, Q’;i NQ) +H"1(8Q) < F.(u:) + C.
keZ? keZ?
Eventually, since F.(u.) < C for every € > 0, we get the desired uniform bound on M S(w.).
Moreover, since |[uc||r~(0) < [|ug||r=() the function w. above can be constructed in a way
such that [|we||pe(q) < |lug||L~ (o). Hence, we can apply the compactness result [I, Theorem 4.8
to the sequence (w.) to deduce the existence of w € SBV?2() such that (up to a subsequence not
relabelled) w. converges to w weakly* in BV (2) and hence strongly in L!(Q).

It remains to show that w = us. We observe that

_ : e ._ k.e
we =ue in Aj = U Q1 N,
keTIUT?
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and xas — C(p2) weakly* in L>°(£2), for some constant 0 < C(p2) < 1. Moreover by assumption

Uus — U¢ in the sense of Definition so that there exists a sequence (@) C L'(Q) such that
. = ue in QN eP, and 4. converges to ue strongly in L'(€2). Hence, since A, CQNeP,

-

as € = 0. Since C'(p2) > 0 then necessarily w = ..

Step 5: Energy estimate for we. First of all, from (6.15)) and (6.16)) we have

Folus) > (1—1_2”) [ e@IvunPas, (6.18)

|te — we|dx = / e — we|xas dv — C(pg)/ |ue — wl|dz,
Q Q

€
P2

where

e(x) :=

0 ifze@hnQ, keZtuiz,
{1 Otherwisz in Q.
Note that ¢. — 1 in measure as ¢ — 0, by and since the cardinality of Z?2 is of order e!=".
By the previous step and by [Il Theorem 4.7] we have
lim inf H' (S0, NQ) = HH(Su, NQ) =0,
and since Vw, converges to & weakly in L?(Q), and ¢. — 1 in measure, we conclude that
liminf /Q 6o ()| Vw2 > /Q | Dug|?dz = £7(Q)[¢]2. (6.19)
Eventually passing to the liminf in and appealing to gives

N _ n n 2
hiri%lng(ug) > (1 1+77>£ (Q)€)°.

Finally, by letting 7 — 0™ we deduce that
. . > n 2
hgl}glfFE(us) = L)L,
which concludes the proof. O

We are now ready to prove Theorem

Proof of Theorem[6.4 Lemma gives f22 (£) < [€]? for every £ € R™, hence it only remains
to prove the opposite inequality. By I'-convergence we have that there exists a sequence (uy)
converging to ug in the sense of Definition [3.2] such that

£7(9) f5(6) = Figu () = lim Fu(uc),

hence the desired inequality immediately follows from (6.7)). O

6.3. Critical case: ¢ € (0,400). We start by proving a simple result, which is essentially a
corollary of Lemma Then the main result of this section is Corollary which asserts that
the homogenized volume integrand f{  is not 2-homogeneous, unlike the extreme cases £ = 0
and ¢ = 400, and unlike the volume integrand of the functionals Fr.

Lemma 6.9. Let { € (0,+00), and let f{ . be as in Theorem . Then ff.,, is 2-homogeneous
if and only if fL, (€)= f(€) for every & € R™.



26 X. PELLET, L. SCARDIA, AND C. I. ZEPPIERI

Proof. Assume that fﬁom is 2-homogeneous. Replacing £ by A in (6.1), with A # 0, gives
N F() < N2 flom(€) < min { W[, X2F() + C¢

which can be rewritten as
. . 14
FO < flon(©) < min { I, 76+ 55 }-

By letting |A| = 400, we have
Fhom(§) = £(8),

where we have used the obvious bound f(¢&) < |€]2.

In the following result we assume that . = ¢ for convenience.
Proposition 6.10. For every £ € R™\ {0}, and every ¢ € (0, +00), we have
Faom (&) # £().
Proof. Clearly the statement reduces to proving that f(&) < fL,..(€) for every € € R™\ {0}.
We first note that from the definition of f in we have that, if £ #£ 0,

f(6) < /Q €Pdx < /Q €Pde = ¢

f(&) < |€]* for every € € R™\ {0}. (6.20)

To prove the claim, it is enough to show that for every £ # 0 and for every admissible sequence
u. which converges to u¢ in the sense of Definition [3.2] we have

1

[N

Hence

f(&) < limsup Fr (ue, Q). (6.21)
e—0

Indeed, if the statement (6.21)) is proven, then we can choose u. to be the recovery sequence of F.
for ug and deduce, from the I'-convergence of F. to Ff  for 0 < £ < 400, that for

F(€) <limsup F(ue, Q) = from(€)-
e—0
We can assume sup, F;(u., Q) < +oo, otherwise there is nothing to prove. We can also assume

that ||ue|lr=(qQ) < [luelln=(q)-

Proceeding as in the proof of Theorem we fix ¥ > 0 independent of € and introduce a
classification of the cubes of the form Q"¢ := (Q + k), with k € Z", for the cubes well contained
in Q, as follows. We call a cube Q*° undamaged if it satisfies

H' T (Sue N QM) < Ve,
and damaged otherwise, namely if
H (S NQME) > e L.
Let T2 be the set of damaged or boundary cubes, and let Ny(¢) denote its cardinality.

Again, as in the proof of Theorem we can construct an improved sequence (w®) C L(Q) such
that w. converges to ug weakly in BV(Q), and

Fo(u) > <1 - 1117) /ngs(x)|Vw5|2dx + eNy(e)ve" L, (6.22)
where
¢e(x) :=

Note that [|¢c — 1||z1(q) < eNa(e)e™.

We consider two different cases.

. k,e d
{0 ifr€Qy" N keI, (623

1 otherwise in .
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If the number of damaged cubes is small; i.e.,

limsup e” Ny(e) =0,

e—0

since ¢. — 1 in measure and Vw. — ug¢ weakly in L?(Q), by taking the liminf in (6.22) we obtain
directly that

. . o 2
lim inf F (ue) > (1 lJr77>|€|

which by (6.20) and by the arbitrariness of 7 > 0 implies (6.21)).
On the other hand, if the number of damaged cubes is large; i.e.,

limsupe™Ny(e) = C > 0,

e—0

then there exists an infinitesimal subsequence (ej) such that
lim e} Ng(ex) = limsupe”Ny(e) = C.
k—+o0 e—0

From ([6.22) we deduce that

ka (uék) 2 (1 - ]_j»n)ﬁﬁk (wé‘k) + EkNd(Ek)ﬁgzil’

which, by the I'-convergence of ﬁs to ﬁ, implies that
limsup F;(ue) = limsup Fy, (ue,) > likm inf F, (ue,)
—00

e—0 k—o0

n n a
> minf F + 99 —— | f(+9
- ( 1+77> hk—>1 Ek(wak) ¢> ( 1+77> ( ) ¢

and hence the claim ([6.21)), by the arbitrariness of 7 > 0. This concludes the proof. ]
A direct consequence of the previous results is that f{__ is not 2-homogeneous.

Corollary 6.11 (f{ . is not 2-homogeneous). Let £ € (0,+00); then the function ff, . is not
2-homogeneous.

Proof. The conclusion is a straightforward consequence of Lemma and Proposition O
We can also say something about the behaviour of ffiom close to zero.

Corollary 6.12 (ff_ . = |£|? close to zero). Let ¢ € (0,00); then there exists a constant vo > 0
such that ft. (&) = [£]? for every |£] < vo.

Proof. Let £ € R, let u. be a recovery sequence for F,, converging to u¢ in the sense of Definition
and let w, be the improved sequence satisfying

FE(U/E) = <1— 1_’_7’) / ¢5 |VU}5| d.’L“i‘ENd( )19 n- 17
with ¢, as in (6.23)). Clearly
25 gt S __n . 2 o n—1
1€]" = from (&) = (1 1"'7]) hgrl}glf/QqSE(x)VwA dx+11£rl_>151f5Nd(5)195 . (6.24)

Note that, if £ is small, then the number of damaged cubes for w. has to be small. If not, then
from ([6.24) and by the arbitrariness of n > 0 we would deduce that

€12 > flom(€) = f(E) +CV > [€]%,

where the last inequality follows by the smallness of £, since C' > 0, and this would lead to a
contradiction. Hence there exists 79 > 0 such that whenever || < g, the improved sequence w,
has only a negligible number of damaged cubes, in which case, from (6.24), we would have that

4
67 > Fon©) > (1- 72 )€l

and so the claim. O
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Remark 6.13 (Asymptotic behaviour of Ffom at infinity). From Lemmawe know that for every
& € R™ and every £ € (0, +00)

F©) < fhom(€) <min{|€]%, f(£) + C1}, (6.25)

where C' > 0 is a constant depending only on P and on . Note that for |¢| sufficiently large
(6.25) simplifies to

F(©) < from(®) < f(6) +CC
which implies that, for || large, |f{,.(€) — f(€)] < C¢, uniformly in &. In particular, if we divide
by f (€) the previous estimate and let |£| — 400 we deduce the limit behaviour

i Trom(©) _
)
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