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1. INTRODUCTION

The detection of objects and object contours in images is a central issue in Image Analysis
and Computer Vision. From a mathematical modelling standpoint, a grey-scale image can be
described in terms of a scalar function g : Q — [0,1] (here,  C R" is a set parameterising the
image domain, e.g., a rectangle in the plane), which measures, at every point in €2, the brightness
(or grey-level) of the picture. After a model introduced by Mumford and Shah [48], the relevant
information from an input image g can be obtained from a “restored” image described by a
function w which solves the minimisation problem

min {MS(U) + /Q lu — g|?dz: u e SBV(Q)}, (1.1)

where

MS(u)—/Q]Vu\de—i—Hnl(Su) (1.2)

is the so-called Mumford-Shah functional and SBV(Q2) denotes the space of special functions
of bounded variation in Q [41], S, denotes the discontinuity set of u, and H"~! is the (n — 1)-
dimensional Hausdorff measure. By solving (1.1) the discontinuous function g is replaced by a
function w which is “close” to g and at the same time is smooth outside its discontinuity set
Sy. The latter, moreover, having a “minimal” (n — 1)-dimensional Hausdorff measure will only
detect the relevant contours in the input image g. We note that a more complete Mumford-
Shah functional would be of the form « [, |[Vu|?dz + SH™1(S,) with «, B positive “contrast
parameters”. In the analysis carried out in the present paper it is not restrictive to set a =
B8 = 1. Although the relevant space dimension for Image Analysis is n = 2, we define our
problems in a n-dimensional setting for the sake of generality, and also because in the case n = 3
the Mumford-Shah functional has an important mechanical interpretation as it coincides with
Griffith’s fracture energy in the anti-plane case (see [16]). Problem (1.1) is a weak formulation
proposed by De Giorgi and Ambrosio of the original minimisation problem proposed by Mumford
and Shah, where the minimisation is performed on pairs (u, K), with K piecewise-regular closed
set and u smooth function outside K. In the weak formulation (1.1)-(1.2) the set K is replaced
1
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by the discontinuity set of u, and a solution of the original problem is obtained by setting K = S,
and proving regularity properties of K (see the recent review paper [42]).

The existence of solutions to (1.1) following the direct methods of the Calculus of Variations
is by now classical [6]. However, the numerical treatment of (1.1) presents major difficulties
which are mainly due to the presence of the surface term H"~1(S,). A way to circumvent these
difficulties is to replace the Mumford-Shah functional in (1.1) with an elliptic approximation
studied by Ambrosio-Tortorelli [9, 10], which provides one of the reference approximation argu-
ment used in the literature (see e.g. [11, 36, 37, 47, 49, 51]). Following the Ambrosio-Tortorelli
approximation argument, in place of (1.1) one considers a family of scale-dependent problems

min {ATE(u,v) +/ lu — g|?dz: u,v € W1’2(Q)}, (1.3)
Q
where
1 —1)?
AT (u,v) = / (v* + me)|[Vul*dz + / (u + €!Vv|2>d:c. (1.4)
Q 2Jo\ €

Formally, when the approximation parameter € > 0 is small, the first term in the second integral
of (1.4) forces v to be close to the value 1 except on a “small” set, which can be regarded as
an approximation of S,. Additionally, the presence of the term v? in the first integral allows
u to have a large gradient where v is close to zero. Finally, the optimisation of the singular-
perturbation term with |Vv|? produces a transition layer around S, giving exactly the surface
term present in MS. The parameter 7. > 0 is used in the numerical simulations in order to
have well-posed minimisation problems in (1.3); it is taken much smaller than e, but does not
intervene in the mathematical analysis. It is interesting to note that the coefficient v 4 7. can
be also interpreted as a damage parameter (see e.g. [44]), so that, within Fracture Theory, AT
can be seen as an approximation of Griffith’s Fracture by concentrated damage. More in general
the functionals AT, are a prototype of phase-field models for free-discontinuity problems.

Since the functionals in (1.3) are equi-coercive and AT converge to MS in the sense of I'-
convergence [10], solving (1.3) gives pairs (ue,v:), where u. approximates a solution u to (1.1)
and v, provides a diffuse approximation of the corresponding discontinuity set S,. Moreover,
since the functionals AT are elliptic, the difficulties arising in the discretisation of the free-
discontinuity set are prevented and finite-elements or finite-difference schemes for AT, can be
implemented. From the I'-convergence of the numerical approximations of AT, with mesh size
0 (at fixed €) and the I'-convergence of AT. to MS, a diagonal argument shows that if the
mesh size § = §(e) is fine enough then the numerical approximations of AT, with mesh size d(¢)
I'-converge to MS. For finite-elements schemes Bellettini and Coscia ([12]; see also Bourdin [15]
for the numerical implementation) showed more precisely that this holds if the mesh-size 0 is
chosen such that §(¢) < €. In other words, this assumption on § allows a “separation-of-scale”
argument and to regard separately the two limits as € and ¢ tend to 0, respectively. Conversely,
note that if § >> ¢ then the second integral in (1.4) diverges unless v is uniformly close to 1,
which implies that the domain of the I'-limit of numerical approximations of AT, with mesh size
§ is with u € W12(Q), and hence the I-limit is not MS (see also the arguments of Section 6).

In order to illustrate in general the combined effect of § and ¢, in particular when ¢ is of
the same order of €, we briefly recall some analyses which started from a different discrete
approximation scheme for (1.1). Chambolle in [33], considered a finite-difference approximation
of MS based on an earlier model by Blake and Zissermann [13]: in the case of space-dimension
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n = 1,2, Chambolle studied the asymptotic behaviour of the discrete functionals given by
1 wofu) —u@) [P
F.(u) = B Z € mln{ — ], =, (1.5)

e e
1, EQNeZ™
li—jl=e

where the energies depend on finite differences through a truncated quadratic potential with
threshold energy 1/e. If n = 1 he showed that the functionals F. I'-converge to MS with respect
to an appropriate discrete-to-continuum convergence of lattice functions. In dimension n = 2,
however, the I'-limit of F. turns out to be anisotropic and given by

F(u):/ \vu|2dx+/ |vu|1dH?, (1.6)
Q Sy

where v, denotes the normal to S, and |v|; = |v1]| 4 |v2| is the 1-norm of the vector v, which
appears in the limit due to the specific geometry of the underlying lattice €Z2. Using the lattice
energy (1.6) as a model, some continuum approximations of the original isotropic Mumford-Shah
energy have been obtained. Notably, a continuum finite-difference approximation was conjec-
tured by De Giorgi and proved by Gobbino [45], while a non-local version involving averages of
gradients in place of finite differences was proved by Braides and Dal Maso [22].

Various modifications of F. have been studied, many of which in the direction of obtaining
more general surface terms in the limit energies. In [34] Chambolle introduced a variant of (1.5)
where arbitrary finite differences and truncated energy densities with variable threshold energies
are considered. He showed that this new class of functionals provides discrete approximations
of image-segmentation functionals where the anisotropy is “reduced” with respect to (1.6) (see
also the paper by Braides and Gelli [24]). Braides and Piatnitski [26] examined random mix-
tures of truncated quadratic and simply quadratic interactions producing surface energies whose
anisotropy can be described through percolation results, whereas in the recent paper [50] Ruf
shows that the anisotropy in the limit functional can be prevented by considering discrete ap-
proximating functionals defined on statistically isotropic lattices. The form of the surface energy
can be studied separately by examining energies on lattice spin functions (see e.g. [32, 3] and
[20] and the references therein); in particular patterns of interactions (corresponding to different
threshold values in the truncated quadratic potentials) satisfying design constraints and giving
arbitrary surface energies has been recently described by Braides and Kreutz [25]. As finite-
difference schemes involving energies as in (1.5) are concerned, in [35] Chambolle and Dal Maso
show that macroscopic anisotropy can be avoided by considering alternate finite-elements of
suitable local approximations of the Mumford-Shah functional.

The finite-difference schemes described above suggest that in the numerical implementation of
the Ambrosio-Tortorelli approximation, for general values of the mesh-size § and the parameter
¢ the anisotropy of the surface term cannot be ruled out as in the case considered in [12]. In
terms of I'-convergence, we may expect that for a general dependence of § on € a discretisation
of AT, with mesh size ¢ shall not converge to the Mumford-Shah functional but rather to some
anisotropic functional of the form

E(u):/Q|Vu|2dx—|—/S () dH L, (1.7)

where the surface integrand ¢ reflects the geometry of the underlying lattice and may depend
on the interaction between § and €. These considerations motivate the analysis carried out in
the present paper.

In the spirit of a recent paper by Braides and Yip [31] in which the discretisation of the
Modica-Mortola functional [46] is analysed, here we propose and analyse a finite-difference
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discretisation of the Ambrosio-Tortorelli functionals; i.e., we consider the functionals defined as

1 n o Ut —u! L =12 1 o vt — v
Eg(u,v):2<mz5(v) | T Xy Doe (1.8)
1,JEQNSZ™ 1€QNIZ™ 1,7 EQNSZ™
[i—jl=6 li—j|=6

and we study their limit behaviour as £ and ¢ simultaneously tend to zero. Since the discrete
functionals in (1.8) are more explicit than the Bellettini-Coscia finite-elements discretisation,
we are in a position to perform a rather detailed I'-convergence analysis for E. in all the three
possible scaling regimes; i.e., § < e (subcritical regime), 6 ~ ¢ (critical regime), and 6 > ¢
(supercritical regime). More precisely, if ¢ := lim, g, in Theorem 2.1 we prove that for every
¢ € [0,+00] and for n = 2 the functionals E. I'-converge to

Ey(u) = /Q Vuldz + /S el M,

for some surface integrand ,: S' — [0, 4oc]. Furthermore, we show that in the subcritical
regime g = 1 so that Ey = MS, in the critical regime ¢, explicitly depends on the normal v
(see (1.10), below), and finally in the supercritical regime ¢, = +00, so that E, is finite only
on the Sobolev Space W12(Q) and it coincides with the Dirichlet functional.

It is worth mentioning that the convergence results in the extreme cases ¢ = 0 and ¢ = 400
actually hold true in any space dimensions (see Section 4 for the case £ = 0 and Section 6 for the
case { = +00), whereas the convergence result in the critical case is explicit only for n = 1,2.
In fact, for £ € (0,400) the surface integrand ¢, can be explicitly determined only for n = 1,2
(see Theorem 5.10 and Remark 5.6), while for n > 2 we can only prove an abstract compactness
and integral representation result (see Theorem 5.3 and Theorem 5.5) which, in particular, does
not allow us to exclude that the surface energy density may also depend on the jump opening.
The main difference between the case n = 2 and n = 3 (and higher) is related to the problem
of describing the structure of the sets of lattice sites where the parameter v is close to 0, which
approximates the set jump 5,. In principle, if that discrete set presents “holes” the limit surface
energy may depend on the values u™ of u on both sides of S, (see [29]). In two dimensions this
is ruled out by showing that such lattice sets can be locally approximated by a continuous line.
In dimension n > 2 deducing that such set is approximately described by a hypersurface seems
more complex and in this case the difficulties are similar to those encountered in some lattice
spin problems (e.g., when dealing with dilute lattice spin systems [27]).

Below we briefly outline the analysis carried out in the present paper, in the three different
scaling regimes.

Subcritical regime: £ = 0. In this regime the I'-limit of the finite-difference discretisation F.
is the Mumford-Shah functional MS, as in the case of the finite-elements discretisation analysed
by Bellettini and Coscia in [12]. Even if the scaling regime is the same as in [12], the proof of
the I'-convergence result for E. is substantially different. In particular, the most delicate part
in the proof of the I'-convergence result is to show that the lower-bound estimate holds true.
Indeed, in our case the form (and the non-convexity) of the first term in E. makes it impossible
to have an inequality of the type

E.(u,v) > AT.(a,?) + o(1),

where @ and v denote suitable continuous interpolations of u and v, respectively. Then, to
overcome this difficulty we first prove a non-optimal asymptotic lower bound for E. which allows
us to show that the domain of the I'-limit is (G)SBV () (see Proposition 3.4). Subsequently, we
combine this information with a careful blow-up analysis, which eventually provides us with the
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desired optimal lower bound (see Proposition 4.1). Finally, the upper-bound inequality follows
by an explicit construction (see Proposition 4.2).

Critical regime: £ € (0,00). When the two scales € and § are comparable, we appeal to the
so-called “direct methods” of I'-convergence to determine the I'-limit of F.. Namely, we show
that F. admits a I'-convergent subsequence whose limit is an integral functional of the form

Eg(u):/Q\VuPdaz—f—/S bo([u], v )dH™ 1, (1.9)

for some Borel function ¢y : R x S"~! — [0,4+00). Here in general the surface integrand ¢y
depends on the subsequence, on the jump-opening [u] = ut —«~, and on the normal v, to the
jump-set S,. The delicate part in the convergence result as above is to show that the abstract I'-
limit satisfies the assumptions needed to represent it in an integral form as in (1.9). Specifically,
a so-called “fundamental estimate” for the functionals E. is needed (see Proposition 5.2).

For n = 2, which is the most relevant case for the applications we have in mind, we are able
to explicitly characterise the function ¢,. In particular we prove that ¢y does not depend on the
subsequence and on the jump-amplitude [u]. Specifically, we show that ¢y = ¢y where

1 , 1 S
we(v) = TEI—&I-IOO 5T inf {E Z (' —1)% + % Z |v* —v7|?: 3 channel € in TQ" NZ2:
i€TQVNZ2 1,j€TQY NZ2

li—j|=1
v=0o0n %, v=1 otherwise near OTQ”}. (1.10)

In (1.10) a channel % (see Definition 5.9 for a formal definition) is a path on the square lattice Z2
connecting two opposite sides of the square and can be interpreted as a “discrete approximation”
of the discontinuity line {x € R?: (z,v) = 0}. When v = e1,es we show that the channel ¢
in (1.10) is actually flat and it coincides with the discrete interface {x € R?: (x,v) = 0} N Z2.
As a consequence, the minimisation problem defining ¢, turns out to be one-dimensional (see
Remark 5.6).

For n = 1 the function ¢, is also explicit and equal to a constant; the proof of this fact is a
consequence of more elementary one-dimensional arguments and is briefly discussed in Remark
5.6.

Supercritical regime: £ = +00. In this scaling regime discontinuities have a cost proportional
to /e > 1 and are therefore forbidden. In fact the I'-limit Fo, turns out to be finite only in
Wh2(Q) (see Proposition 3.4) and

Eoo(u):/Q|Vu|2dac.

In order to allow for the development of discontinuities in the limit, in the spirit of Braides and
Truskinovsky [30], in this case we also analyse the asymptotic behaviour of a suitably rescaled
variant of E. whose I'-limit is still a functional of the form (1.7) with ¢(v) = ||~ (see Theorem
6.1), so that in this supercritical regime we recover a crystalline surface energy.

The paper is organised as follows. In Section 2 we introduce a few notation and state the
main I'-convergence result Theorem 2.1. In Section 3 we determine the domain of the I'-limit
in the three scaling regimes, we prove an equicoercivity result for a suitable perturbation of the
fuctionals E., and study the convergence of the associated minimisation problems. In Sections 4,
5, and 6 we prove the I'-convergence result Theorem 2.1, respectively, in the subcritical, critical,
and supercritical regime. In Section 6 we also analyse the asymptotic behaviour of a sequence
of functionals which is equivalent to E. in the sense of I'-convergence (see [30]). Eventually, in
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Section 7 we show that for n = 2 and ¢ € (0, +00), the surface integrand ¢, interpolates the two
extreme regimes £ = 0 and ¢ = +oo.

2. SETTING OF THE PROBLEM AND STATEMENT OF THE MAIN RESULT

Notation. Let n > 1, we denote by 2 C R™ an open bounded set of with Lipschitz boundary.
We furthermore denote by </(€)) the family of all open subsets of  and by «77,(Q) C &7 ()
the family of all open subsets of Q with Lipschitz boundary. If A", A € &/(f) are such that
A" CC A, we say that ¢ is a cut-off function between A" and A if ¢ € C°(A), 0 < ¢ <1 and
p=1on A

If t € R we denote by |[t] its integer part. If v = (v1,...,v,) € R™ we denote by |v| the
euclidian norm of v. Moreover, we set |v|1 1= Y _; || and |v|e := maxj<p<p |vk|. We use
the notation (v, ¢) for the scalar product between v, & € R®. We set S 1 := {v € R": |v| = 1}
and for every v € S~ we denote by II,, := {z € R": (z,v) = 0} the hyperplane through 0 and
orthogonal to v. We also denote by I} and IT, the two half spaces defined, respectively, as
I} := {z € R": (x,v) > 0} and [T, := {z € R": (z,v) < 0}. For every v € S"~! we denote by
Q¥ C R™ a given cube centred at 0 with side length 1 and with one face orthogonal to v, and for
all zop € R™ and p > 0 we set QZ(xo) =xo+ pQ". If {e1,...,e,} denotes the standard basis in
R"™ and v = ¢, for some 1 < k < n we choose () = ¥ the standard coordinate cube and simply
write Q,(zo).

By £" and H* we denote the Lebesgue measure and the k-dimensional Hausdorff measure
in R™, respectively. For p € [1,+o0] we use standard notation LP() for the Lebesgue spaces
and W1P(Q) for the Sobolev spaces. We denote by SBV () the space of special functions of
bounded variation in Q (for the general theory see e.g., [8, 17]). If u € SBV(Q2) we denote
by Vu its approximate gradient, by S, the approximate discontinuity set of u, by v, for the
generalised outer normal to S,, and u* and u~ are the traces of u on both sides of S,. We

also set [u] := ut — u~. Moreover, we consider the larger space GSBV (2), which consists of
all functions u € L'(Q) such that for each m € N the truncation of u at level m defined as
u™ = —mV (uAm) belongs to SBV (). Furthermore, we set

SBV2(Q) := {u e SBV(Q) : Vu € L*() and H"(S,) < +oo}

and
GSBV?(Q) := {u € GSBV(Q) : Vu € L*(Q) and H"(S,) < +o0}.
It can be shown that SBVZ(Q) N L>(Q) = GSBV?(2) N L>®(9).
Let u,w be two measurable functions on R™ and let A C R™ be open, bounded and with

Lipschitz boundary; by “u = w near JA” we mean that there exists a neighbourhood U of 0A
in R™ such that v = w L"-a.e. in U N A.

Setting. Throughout the paper € > 0 is a strictly positive parameter and 6 = d(¢) > 0 is a
strictly increasing function of € such that such that é(¢) — 0 decreasingly as ¢ — 0 decreasingly.

Set
0= 1im 2€). (2.1)
e—=0 €
We now introduce the discrete functionals which will be analysed in this paper. To this end let
Q C R™ be open, bounded, and with Lipschitz boundary. Let €25 := Q2N JZ"™ denote the portion
of the square lattice of mesh-size § contained in Q and for every u : Q5 — R set u’ := u(i), for
i € Qg. It is customary to identify the discrete functions defined on the lattice €25 with their

piecewise-constant counterparts belonging to the class

A(Q) := {u € LY(Q) : u constant on i + [0,0)" for all i € QN §Z"},
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by simply setting
u(x) ;= u' for every z € i + [0,8)™ and for every i € Q. (2.2)

If (u.) is a sequence of functions defined on the lattice Q5 and v € L*(Q), by u. — u in L'(Q)
we mean that the piecewise-constant interpolation of (u.) defined as in (2.2) converges to u in
LY(9).

We define the discrete functionals E. : L*() x LI(Q) — [O, +o0] as

— 1 V' — 7|2
TL l n n
R S W )
,JEQs SV 1,JEQs
i—j|=0 li—j|=6
if u,v e A.(Q), 0 <wv <1,

[ +00 otherwise in L'(Q2) x L'(€),
(2.3)
It is also convenient to consider the functionals F., G¢ given by

Z (v ‘“ _“J‘Q (2.4)

7]695
li—jl=4
and , ) , ,
1 (v'—1) 1 vt — ol |2
= - e i o" ‘ , 2.5
2 < 2ty 2 > (25)
1€Qs 1,j€0Qs

i—j[=6
so that in more compact notation we may write
B (u, v) F.(u,v) + G:(v) ifu,ve A (), 0<v <1,
U, v) 1= o
: +o00 otherwise in L'(Q2) x L'(€).

In what follows we will also make use of the following equivalent expressions for F. and G.:

) n i, i+0ek 2 n _ i—dek 2
D=y Do X | > =5
2 ) 1)
Z€Q5 kj:l =
i+dep Qs i—dep€Qs
and
_ vt _,UH-Jek
RO DD S
1€Qs 1€Qs k=1
i+de€Qs

For U € &7 (§2) we will also need to consider the localised versions of F. and G; i.e., for every
U e o/ (Q) we set

Us :=UnNJZ", (2.6)
and
n i __ ,iEder 2
F.(u,v,U) Z 6™ (v') Z Y Z ,
ZEU5 k=1
i+der€Us
1 " — v — v”“sek
Ge(v,U) =5 ( ds < Z >>
€Uy

z+66k €U5
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so that finally

F.(u,v,U) + Ge(v,U) ifu,ve A (), 0<v <1,

2.7
+o0 otherwise in L'(2) x L'(€). 2.7)

E.(u,v,U) := {

Sometimes it will be useful to distinguish between points ¢ € Us such that all their nearest
neighbours belong to U and points ¢ € Us such that i + dep, € U for some 1 < k < n. Then, for
a given U € A(Q2) we set

Us:={ie€Us: jeU forevery j € 0Z" s.t. |i — j| =46}, and 0OUjs:=Us\ Usy.

With the identification above, we will describe the I'-limits of energies . with respect to the
strong L'(Q) x L' (Q)-topology, in the spirit of recent discrete-to-continuum analyses (see e.g. [4,
28, 5, 21] for some general results in different limit functional settings and [18, 19] for some
introductory material).

In all that follows we use the standard notation for the I'-liminf and I'-limsup of the functionals
E. (see [18] Section 1.2); i.e., for every (u,v) € LY(Q) x LY(Q) and every U € o7/ (f) we set

Ey(u,v,U) :=T- limi(])af E:(u,v,U) and E;/(u,v,U):=T-limsup E.(u,v,U). (2.8)
e—

e—0

When U = Q we simply write Ej(u,v) and Ej(u,v) in place of Ej(u,v,Q) and E}(u,v,),
respectively.

The following I'-convergence theorem is the main result of this paper.
Theorem 2.1 (I'-convergence). Let ¢ be as in (2.1) and let E. be as in (2.3). Then,
(7) (Subcritical regime) If £ = 0 the functionals E. T'-converge to Ey defined as
/ |Vu|?>dz +H" (S, NQ) ifuc GSBV3(Q),v=1a.c. inQ,
Q
+oo otherwise in L*(Q) x L(Q);

Eo(u,v) :=

(#4) (Critical regime) If £ € (0,+00) there exists a subsequence (g;) such that the functionals
E., I'-converge to E; defined as

/ |Vu|? da +/ do([u), ) dH™™' ifu € GSBV?(Q),v =1 a.e. inQ,
Ey(u,v) :== ¢ Jo $unQ
+o0 otherwise in L*(2) x L1(£),

for some Borel function ¢¢: R x S™1 — [0,+00) possibly depending on the subsequence (g;).
If moreover n = 2 the function ¢; does not depend on the subsequence (g;). Furthermore, for
every (t,v) € R x S~ we have ¢y(t,v) = pu(v) where pp: S*~1 — [0, +00) is given by

1 X 1 . .
oo(v) = TETOO ﬁinf {6 Z (v' —1)% + Y] ' — vl * v € A (TQY),
i€TQVNZ2 1,j€ETQYNZ?
li—j]=1

3 channel € in TQ" NZ?*: v =0 on €, v =1 otherwise near 8TQ”},

(see Definition 5.9 for a precise definition of channel);
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(#i7) (Supercritical regime) If £ = +oo the functionals E. T'-converge to E, defined as

/ |Vul?dz  ifue WH2(Q), v =1 a.e. inQ,
Ex(u,v) =< Jo
+o0 otherwise in L1 (2) x L1(£).

The proof of Theorem 2.1 will be divided into a number of intermediate steps and carried out
in Sections 4, 5, and 6.

3. DOMAIN OF THE I'-LIMIT AND COMPACTNESS

In this section we prove a compactness result for the functionals FE.. This result is first
obtained for n = 1 and then extended to the case n > 2 by means of a slicing-procedure (see
[18] Section 15).

The main result of this section is the following.
Theorem 3.1 (Domain of the I-limit). Let (ue,ve) C LY(Q) x LY(Q) be such that

(te,ve) = (u,v) in LY(Q) x LY(Q) and su%) E(ug,ve) < 400
e>

and let £ be as in (2.1).
(i) (Subcritical and critical regime) If £ € [0, +oc) then u € GSBV?() and v =1 a.e. in Q.

(41) (Supercritical regime) If £ = +oc0 then u € W12(Q) and v =1 a.e. in Q.
The proof of Theorem 3.1 will be carried out in Proposition 3.2 and Proposition 3.4 below.

3.1. The one-dimensional case. In this subsection we deal with the case n = 1.
In what follows we only consider the case Q@ = I := (a,b) with a,b € R, a < b. The case of a

general open set can be treated by repeating the proof below in each connected component of
Q.

Proposition 3.2. Let (u.,v:) C LY(I) x LY(I) be such that

(ue,ve) = (u,v) in LY(I) x LY*(I) and su% E-(ue,v:) < 400
e>

and let £ be as in (2.1).
(i) (Subcritical and critical regime) If ¢ € [0,+00) then u € SBV2(I) and v =1 a.e. in I.
Moreover,

Ep(u,v) > /I(u')2dt + #(Sy).

(43) (Supercritical regime) If £ = +oo then u € WY2(I) and v =1 a.e. in I. Moreover,
B (u,0) > / ()2t
I
Proof. The proof will be divided into two steps.

Step 1: proof of (i); i.e., the case £ € [0, +00).

Let (us,v:) C LY(I) x L*(I) be as in the statement. We claim that E.(ue,v:) can be bounded
from below by AT. (i, .) for suitable functions 7. and 9. with (., ¥:) — (u,v) in L' (1) x L*(I).
Then the conclusion follows appealing to the classical Ambrosio and Tortorelli convergence result
[10, Theorem 2.1].
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For our purposes it is convenient to rewrite E. as follows

i+0)\2 i z+6 i85 12
u U —U
(Uue,ve) = E 5 ( ve)” | < E (5 g )
i€l i€l i€l
i€l i+del

We define moreover ., U. as the piecewise affine interpolations of u., v. on I, respectively; i.e.,
—u

~ o UZ+6 Zg . . .. ..
Ue(t) == u5—|—75 (t—1) ifteli,i+o), i,i+d¢€ls,

S(t—id) ifteli,i+9), i,i+0¢€l;s.

i+6

We note that (@, 0.) — (u,v) in LY(I) x L1(I).
Let 7 > 0 be fixed; for ¢ sufficiently small we have

(at+nb—n) c [ Jli+o)

o
i€l

Z/ dt>/:ne(a;)2dt, (3.1)

+n

therefore

v _ Uz+(5

255

o

i€l ’LGL;

for e small. Moreover, in view of the definition of 9. and the convexity of z — (2 —1)2, for every

1€ l5 we get

N 1 [its N g 2
/ ()dt:/ <<1—t61>vé+t(szvé+6—1> dt
i € € Ji
i _1\2 pite . 6 _q\2 pitd g
S(1)661)/ <1—t5l>dt+(vg . 1)/ tdzdt

= o (17 + @i - 1p?),

from which we get

i 1\2 b—n (~ _ 1)\2
S, PR, )
R £ a+n £
i€l

for € small. Finally, the definition of 7. together with the convexity of z — 22 yield

i+6 2 pids N i 2
|- [ (-5 )
2 i+ . i+ ;
ul — ul i t—1 it+o t—1
< |£ e _
Sl (“’5) / (1 5 >dt+( 2 / 5 dt)

S L)+ ) |l — ui
2

i it
u€ uE

0

i+0

o
for every ¢ € I5, and thus

Zd(vé)z +

o
i€l

(vé”) ’LL _ ul+5

o
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for € small. Eventually, gathering (3.1)-(3.3) we deduce
Ea(uaava) > ATa(ﬂa,ffav(a‘H?,b—U)), (34)

where AT, denotes the Ambrosio-Tortorelli functional; i.e.,

1 —1)2
AT (u,v) ::/UQNu\2dx+/ M%—awv]?da:,
Q 2Ja ¢

for every (u,v) € WH2(2) x WH2(Q) with 0 < v < 1. Hence the thesis follows first appealing to
[10, Theorem 2.1] and then by letting n — 0.

Step 2: proof of (ii); i.e., the case £ = +o0.
Let (us,v.) € LY(I) x LY(I) be as in the statement, then in particular

o .
sup g — (vl —1)? < 400.
e>0 -5 €
i€l

Hence there exists a constant ¢ > 0 such that for every ¢ € I5 and for every € > 0

(v —1)"<c 5
Let n € (0,1) be arbitrary; since by assumption £/ — 0 there exists eg = eo(n) > 0 such that
|vl — 1] < n for every i € I5 and for every € € (0,e0). Then, up to choosing ¢ small enough, we
have

i iks (2 b—n
e Z U (1 2 / (@)%dt. (3.5)
5 o

3 00

i€l

Since @, — u in L*(I), in view of the bound on the energy, from (3.5) we may deduce that
@t — u in Wt2(a +n,b—n) so that in particular u € W12(a +n,b—n). Moreover, (3.5) entails

lim inf B (ue,ve) > limi flzé( 2 e — ug™ 2>(1 )2 lim inf b_n(”)?dt
il Be(ue, ) > Himfpl 5 D 0| P ] = (o) limnt | (0
i€lg
b—n
> (- [y
a+n
so that the desired lower bound follows by letting n — 0. U

Remark 3.3. Let (uc,v.) C L'(I) x L*(I) be a sequence such that (uc,v:) — (u,v) in L'(I) x
LY(I) and sup, E.(ue,ve) < 4+00; let moreover £ € [0, +00). In view of (3.1)-(3.3), arguing as in
[10, Lemma 2.1] we note that the two inequalities

b
lim inf F_ (ue, ve) > / (u')?dt, liminf G (ve) > #(Su)
e—0 a e—0

also hold.
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3.2. The n-dimensional case. In this section we deal with the case n > 2. The following
proposition will be obtained by combining the one-dimensional result in Proposition 3.2 and a
slicing procedure in the coordinate directions.

To this end it is convenient to introduce the following notation. For every k € {1,...,n} set
% := {x € R": 2;, = 0} and let p* : R® — II* be the orthogonal projection onto IT¥. For all
y € IIF let

Uy ={teR:y+te, € Q} (3.6)
and
O = {yel*: O, #0}. (3.7)

For every w: 0 — R, t € Q. , and y € Q) we set

wh (t) == w(y + tey). (3.8)

Proposition 3.4. Let (u.,v:) C L'(Q) x LY(Q) be such that

(te,ve) = (u,v) in LY(Q) x LY(Q) and su%) E(ug,ve) < 400
e>

and let £ be as in (2.1).
(4) (Subcritical and critical regime) If £ € [0, +00) then u € GSBV?(Q) and v =1 a.e. in Q.
Moreover,

Ej(u,v) 2/ |Vu|2d$+/ V| oo dH™ L. (3.9)
Q SuNQ2

(41) (Supercritical regime) If £ = +o0 then u € W12(Q) and v =1 a.e. in Q. Moreover,

E. (u,v) > / |Vul|* d. (3.10)
Q
Proof. The proof will be divided into two steps.

Step 1: proof of (i); i.e., the case £ € [0, +00).

Let (us,v.) C LY(Q) x LY(Q) be a sequence converging to (u,v) in L'(Q) x L'(Q) and such
that sup, E.(ue,v:) < +00. Note that v. — 1 in L?(€2), so that v = 1 a.e. in (.

We now show that v € GSBV?(Q). To this end let k € {1,---,n} be fixed and for every

y € Qy consider the two sequences of functions (ulg’y), (vf ) defined on Q4 as in (3.8) with w

replaced by u. and v, respectively. Let n > 0 be fixed; set Q7 := {z € Q: dist(z,R™\ Q) > n}
and let Q] , be as in (3.6) with  replaced by Q. Moreover let Q) be defined according to (3.7).
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Set H'g = 1I* N §Z"1; a direct computation yields

Es(usyva)
1 u — uliéek U’i _ ,U’L'+5ek 2
-1 2 5 5
> g (2 > s (Za Py el ))
1€Qg 1€Qs 1€Qs
i+der €Qs i+der Qs
k?j s kv] s 2
1 . — +46
=Y (2 DRG0 g LU (3.11)
jettk i€Qy N7,
itder €y
. . . 2
4L 52 (0) — 1) LY @ V8 (i) — v (i + dey)
2\ . € , )
’LGQ]CJ'Q(SZ ’LGQk’jﬂ5Z

i+deg EQkJ

2/ (Fk(uky oEY Q) + GE (b Qky)) dH" " (y),
2

with
kY k- 2
L — (i £ 6
Fek(ukﬂ v, ky Qk‘y) 5 Z 5(U§7y(i))2 Ue (’L) ’U,g (7] ek)
ieﬂk,yﬁéz
z‘:t&ekeﬂk,y
and

oBY(3) — oBY (i + dey)
1)

GF (Y Qy,) - < > 5 )2+ Yoo 2>,

1€Qy jﬂ5Z ’L'Eﬂk’jﬂ(sz
i+5ek€Qk,y

where u. and v, are identified with their piecewise-constant interpolations.
Then invoking Fatou’s Lemma gives

lim iglf E-(ug,ve) > / lim inf (Ff(uf’y,vg’y, Qi y) + Glg(vf’y, Qk,y)> d’}-[”_l(y).
e—

—0
QZ €

Since for H" !-a.e y € €, there holds utY — u*¥ in LY(Q ), Proposition 3.2-(i) together with
Remark 3.3 yield u € SBV*(Q) ) for H* '-a.e. y € Q) and

limiéleg(ug,va) 2/ lim inf F (u; ky ) Vg kY Qp ) +11m1nfG ( Y Qg )dH"™ L)
E—r

Qn e—0

> /QZ (/Qz,y((uk,y),)th + # (Suk,y N QZ@)) dHn_l(y)_ (3.12)

Since (3.12) holds for every k € {1,...,n}, applying [17, Theorem 4.1 and Remark 4.2] we
deduce that u € GSBV?2(Q7).
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In order to prove the lower bound (3.9) we notice that for every k € {1,...,n} we also have

liminf B (u., v.)
e—0

>Z/ hmlanl (ub¥ oY QY dHH (y )—I—/ hmlnfG FohY Q) dH " (y)

o
SWATNE
—Z/m <31‘z> da:+/smm\<uu,ek> dH !

:/ \Vu]de—i—/ | (Vu, €x) ]d?-[n_l.
Qn SN

Then taking the sup on k € {1,...,n} we get

liminf E. (ue, ve) 2/ |Vu]2dx+/ V| oo dH™ L.
e—0 Qn uﬁQ"

u(1))) dt> B (y) + /Q # (S Q) A (y)

Finally, by letting  — 0 we both deduce that u € GSBV?(Q) and (3.9).

Step 2: proof of (ii); i.e., the case £ = +o0.

Arguing as in Step 1 and now appealing to Proposition 3.2-(i) yield both v € W12(£2) and
the lower-bound estimate (3.10). O
Remark 3.5. From the proof of (3.9) in Proposition 3.4-(i) we get that if £ € [0,400) and
(ue,ve) € LY(Q) x LY(Q) is such that (ue,v.) — (u,v) in LY(Q) x L1(Q) with sup, E-(ue,v.) <
400 then the two inequalities

lim inf F_ (ue, ve) / |Vu|? de, liminf G (ve) > / [V |oo dH™!
e—0 Squ

e—0

hold also true.

Remark 3.6. For later use we notice that Proposition 3.4 can be localised in the following
sense. Let £ € [0,+00), U € 471,(Q2) and let E} be as in (2.8). Then

Ey(u,1,0) 2/ |Vu2dz+/ [Vu|oodM™ L for every u e GSBV?(Q).
U SuNU

3.3. Convergence of minimisation problems. On account of the I'-convergence result The-
orem 2.1 in this subsection we establish a convergence result for a class of minimisation problems
associated to F.. Specifically, we consider a suitable perturbation of £, which will also satisfy the
needed equi-coercivity property. To this end, having in mind applications to image-segmentation
problems, for a given g € L*°(2) we define

1
= — / g(x)dx
0" Jiti0,6)
and consider the functionals

EY(u,v) == Ec(u,0) + Y "|u’ — g'[*. (3.13)
1€Qs

Moreover, we will only focus on the subcritical and critical regimes; i.e., £ € [0,+00), as these
are the only regimes giving rise to a nontrivial I'-limit.
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The following result holds true.

Proposition 3.7 (Equicoercivity). Let £ € [0,+00) and g € L>(Q). Then the functionals E?
defined as in (3.13) are equi-coercive with respect to the strong L*(Q) x L'(Q)-topology. More
precisely, for every sequence (ue,ve) C LY(Q) x LY(Q) satisfying sup, B (ue,v:) < +oo there
exist a subsequence (not relabelled) and a function v € GSBV?(Q) such that (ue,v.) — (u, 1) in
LY(Q) x L'(Q).

Proof. For n = 1 the thesis directly follows by combining the estimate (3.4) with the equi-
coercivity of the (perturbed) Ambrosio-Tortorelli functional [10, Theorem 1.2].

For n > 2 the proof is also standard and the equi-coercivity of E? follows from the one-
dimensional case invoking e.g. [2, Theorem 6.6] (see also [1, Section 3.8]). O

We are now ready to prove the following result on the convergence of the associated minimi-
sation problems.

Corollary 3.8 (Convergence of minimisation problems). For every fixred € > 0 the minimisation
problem
me = min{E?(u,v) : (u,v) € A(2) x A(Q)}.
admits a solution (tg,¢).
Let £ € [0,+00); then, up to subsequences, the pair (e, ?:) converges in L'(Q) x LY(Q) to
(G, 1) with @ solution to

my 1= min {Eg(u, 1)+ /Q lu — g\Qdaz RTRS SBV2(Q), ||u||Loo(Q) < ”g”Loo(Q)} ; (3.14)
moreover, ms — my as € — 0.

Proof. The existence of a minimising pair (1., 0 ) follows by applying the direct methods. Indeed,
let € > 0 be fixed and let (uy,vi) be a minimising sequence for EZ. Then there exists a constant

¢ > 0 such that

S 6" — g <,

1€Qs
for every k € N. Since for every i € Q5 it holds |g°| < ||g||f(q), we deduce that |u}| < ¢ for
every i € Qs and every k € N (where now the constant ¢ possibly depends on ¢). Hence, up
to subsequences not relabelled, limg u}c = ﬂg, for some ﬂg € R. Since moreover, 0 < vfc <1 for
every k € N and every i € )5, up to subsequences, we also have limy, vi = 9! for some 0! € [0, 1].
Since for fixed € > 0 the set {(u}c, v}C) 11 € Qg} is finite, up to choosing a diagonal sequence we
can always assume that

lim (u},v)) = (4, 0L) for every i€ Qs.
k—+o00

Then, to deduce that (7, ?.) is a minimising pair for EY it suffices to notice that

me = iminf EY (ug, vy) > EI(te, 0¢).
k—+o00
Since E. decreases by truncations in u, by definition of EY it is not restrictive to assume that
el oo () < |9l oo (). Moreover, invoking Proposition 3.7 gives the existence of a subsequence
(not relabelled) (i, 9.) and of a function & € GSBV?(Q) such that (., 0.) — (@,1) in L1(Q2) x
L'(Q); further, the Dominated Convergence Theorem also yields 4. — 4 in L?(2). Since clearly
4] oo () < llgllzoe (@), We actually deduce that @ € SBV?2(2). Then it only remains to show
that @ is a solution to (3.14). To this end, let g. € A.(€2) be the piecewise-constant function
defined by
g-(z) :=g" for every x € i+ [0,6)", for everyi € ;.
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Then g. — g a.e. in §); since moreover ||gellz) < [|gllz~(@) the Dominated Convergence
Theorem guarantees that g. — g in L?(£2). Therefore Theorem 2.1 gives

my < Ey(a,1) —|—/ |i — g|* de < liminf EY (i, 9.) = lim inf m.. (3.15)
Q e—0 e—0

On the other hand, for every w € GSBV?(Q) N L>®(Q) with [|w||ze(q) < |lgllpe() Theorem 2.1
provides us with a sequence (ue,v.) such that (ue,v:) — (w, 1) in LY(Q) x L'(22) and
limsup e (ue,ve) < Eg(w, 1).

e—0
Then if (@) is the sequence obtained by truncating (u.) at level |[wl|ze (), we clearly have
. — w in L?(Q) and
lim sup E.(te,ve) < Ey(w, 1),

e—0

so that
lim sup m. < limsup EY(t.,v:) < Ey(w, 1) —l—/ lw — g|* de.
Q

e—0 e—0

Hence by the arbitrariness of w we get

lim sup m. < my. (3.16)
e—0

Eventually, gathering (3.15) and (3.16) yields
lim m. = my = Ey(u, 1) +/ |4 — g|? dz
e—0 9}

and thus the thesis. O

4. PROOF OF THE I'-CONVERGENCE RESULT IN THE SUBCRITICAL REGIME ¢ = (

In this section we study the I'-convergence of E. in the subcritical regime; ¢.e., when ¢ = 0.
This regime corresponds to the case where the mesh-size d is much smaller than the approxima-
tion parameter e. We show that under such assumptions the discreteness of the problem does
not play a role in the limit behaviour of the functionals E. whose I'-limit is actually given by
the Mumford-Shah functional, as in the continuous case.

We recall the following definition

/ |Vu?dz +H" (S, NQ) ifue GSBV(Q), v=1a.e. inQ,
Q
+oo otherwise in L!(Q2) x L*(Q).

Eo(u,v) :== MS(u,v) =

We deal with the lower-bound and upper-bound inequalities separately.

4.1. Lower-bound inequality. In this subsection we establish the liminf inequality for F.
when ¢ = 0. The main result of this subsection is as follows.

Proposition 4.1 (Lower-bound for ¢ = 0). Let E. be as in (2.3) and { = 0. Then for every
(u,v) € LY(Q)x L1(2) and every (ue,ve) C LY(Q)x LY(Q) with (ue,ve) — (u,v) in L (Q) x LY(Q)
we have

liminf E. (ue, ve) > Eo(u,v).

e—0
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Proof. Up to subsequences we can always assume that sup, E-(ue,ve) < +00, otherwise there is
nothing to prove. Then Proposition 3.4-(i) gives u € GSBV?(Q) and v = 1 a.e. in Q. Thus, it
remains to show that

lim inf B (u, v.) > / Vul2da + H (S, A1 Q) (41)
e—0 Q

holds true for every u € GSBV?(Q). We first prove (4.1) for u € SBV?2(Q). To this end we use
the Fonseca and Miiller blow-up procedure [43]. For every € > 0 we define the discrete Radon

measure
) 11'7

ue:226n< 2271:1

1€Qs

i 'Liéek z' o z+6ek

Ug

(U — 1’ +zn:6

k=1

where 1; denotes the Dirac delta in 7. Since

sup f1e(2) < sup Eg(ue, v:) < +00
e>0 e>0

we deduce that, up to subsequences, j. — p weakly* in the sense of measures, for some positive
finite Radon measure p. Then, appealing to the Radon-Nikodym Theorem we can write p as
the sum of three mutually orthogonal measures

= pa L+ g H (S N Q) + .
We claim that

pa(xo) > |Vu(zo)|* for L -a.e. 29 € Q (4.2)
and

py(zo) >1 for H" l-ae. xg € S, (4.3)

Let us assume for the moment that we can prove (4.2) and (4.3). Then, by choosing an increasing
sequence of cut-off functions (¢x) C C2°(€2) such that 0 < ¢ < 1 and sup,, ¢, = 1 we get

liminf E. (us, ve) > liminf p () > lim inf/ Ordis = / Yrdu
Q Q

e—0 e—0 e—0

Z/sOkduaJr/ ordpy
Q SuNQ

2/ |Vu2gokda:+/ opdH?,
Q SuNQ

hence the conclusion follows by letting k — 400 and appealing to the Monotone Convergence
Theorem.

Let us now prove (4.2) and (4.3).
Step 1: proof of (4.2).

By virtue of the Besicovitch Derivation Theorem and the Calderon-Zygmund Lemma for
LMa.e. xg € ) we have

Ma(xO) _ hIIl (QP(‘TO)) — hm IU’(QP(‘TO)) (44)
0 L (Qpla0))  plor o

and
1

lim / u(x) — u(xg) — (Vu(zg), z — xo) |de = 0. 4.5
Jim it [, o) ) = (VuCao).z )| 5)

Let 29 €  be fixed and such that both (4.4) and (4.5) hold true. Since p is a finite Radon
measure, there holds 11(Q,(w0)) = 1(Q,(70)) except for a countable family of p’s. Moreover, for
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p sufficiently small the upper semicontinuous function Xg has compact support in 2. Thus,
P
appealing to [8, Proposition 1.62(a)] we deduce that for every p,, — 0 and every €; — 0 we have

. 1 . 1 — ) 1
o) =l Qo (a0) =l (@ (o) = N [ xg oyl

>

1 1
i i — = > i i — e .
i o S [ G i, 2l T e (@ (20)

M=+ jitco Pm
We now want to estimate p% pre; (Qp,, (w0)). To this end, we notice that for every j and for every

m we can find xé € 0;Z" and py,,; > 0 such that xé — T0, Pm,j — Pm, @S J — +00 and

52" Qe () = 6,27 1 Q)

so that
1
pTMsj(me(xo))
m
n n i i+djer, | i 2 n i i+djer, |
1 o7 P U, — Ue, (vg, = 1) Vg, — Vg,
DI (Th0 i PR D g
Prm, j k=1 J € k=1 J
zE%Z"ﬂme’j(xo)
" I+ ey )
n m
> 3 L O I e M
2 J,m 5
le-2i_znnQ =
where
L @temgl 1 @tpml
Uj7m = Ug]- ,ij7m : 'Ugj

Y
for every [ € p—]Z" NQ. (4.6)
m,j

Now we define a new sequence w;,, on the lattice % _zn by setting

Pm,j

y
for every 1€ —-7Z"NQ.
pm?j j

Pm,j
Since ujm — u(zo + pm -) in LY(Q) as j — +o0, appealing to (4.5) we deduce that by letting

first 5 — +oc and then m — 400 we get w;,, — wo in L(Q), where wo(z) := (Vu(z), x) for
every x € (). Moreover by definition

I+—1 ¢, I+——ep
U e wt o —aw. S
LR EC S 6_]’m for every 1€ —-7Z"NQ.
0; i Pm.j
Pm,j
Hence

n l H:p o7 Ok 2
1 Ly/dj\" Wim — W
L@tz S L) (3 [Fan i
pm ) Pm k=1 . X
€5 - 2m0Q = Pm.j

n
Pm,j

:< m]> st (wj,m7vj,M7Q)7
Pm

Pm,j
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then, a standard diagonalisation argument yields the existence of a sequence m; — +oo as
j — 400 such that 0 := —=— = 0, (Wj,m;, Vjm;) — (wo, 1) in LY(Q) x LY(Q), as j — +o0, and

mg.J

ta(zo) = ljlinﬁgof Fo, (Wjmy, Vjomy, Q)

2/ |Vw0|2dx: \Vu($0)|2,
Q

where the second inequality follows by Remark 3.5 in view of the equiboundedness of the total
energy Eg, (fwjvmj s Ujmy s Q).
Step 2: proof of (4.3).

To prove (4.3) let zg € S, N2 be such that

. 1 (@) (x0)) - u(@p(w0))
=1 P = lim —2——"° 4.7
MJ(xO) p—1>151+ Hn—l (QZ(Z’()) N Su) p—1>%1+ p”fl ( )
and
1
lim / u(z) — ut (z0)|dz = 0, 4.8
p—0+ pm (Q;’,(:fco))i| ( ) ( 0)‘ ( )

where v := v, (z9) and (QZ(xo))i = {z € Q)(z0) : £ (x —x0,v) > 0}. We notice that (4.7)
and (4.8) hold true for H" t-a.e. xgp € S, N Q.
Then, arguing as in Step 1 we deduce that for every p,, — 0 and every £; — 0 we have

: . 1
pa(zo) > lim limsup ——pe, (@) (0)),

m—-+00 j—+oo Pm

hence we are now led to estimate pn%lue (@) (z0)) from below. To this end, arguing as in Step
1, by a change of variables we have

Pm Pm,j

1 O n—1
it @ o) = (222) B 5 (00300.Q°)
m
where w;,, and v;,, are as in (4.6). Set

wo(x) = ut(zo) if (x,v) >0
: u_(ZEO) if <1’,y> < 0;

in view of (4.8) we deduce that u;,, — ug in L'(Q") if we first let j — 400 and then m — +oo0.

Then appealing to a diagonalisation argument we may find a sequence m; — +00 as j — +00

such that o; := pgj’j = 0, (uj,v5) = (Wjm;>Vjm;) — (uo,1) in LY(QY) x LY(QY), as j — +oo,

m

and

MJ(xO) 2 Elgl_’{gf EO'j (u_]J Uja Qy)

Therefore to prove (4.3) we now need to show that

ljlinigoonJ (uj,v5,Q") > 1. (4.9)

For the sake of clarity in what follows we only consider the case n = 2; the proof for n > 2 can
be obtained by means of analogous constructions and arguments.

Upon possibly extracting a subsequence, we assume that the liminf in (4.9) is actually a limit.
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We now define suitable continuous counterparts of u; and v;. To this end, set 7; := &;/pm;
and consider the triangulation 7; of Q" defined as follows: For every i € TjZ2 N QY set

T := conv{i,i + Tje1,i + Tjea} and T, :=conv{i,i — 1je1,i — Tjea},
and 7; := {T{*‘, T i€ TjZ2 NQ"}. Then we denote by @, ¥; the piecewise affine interpolations

of u; and v; on T;, respectively. Moreover, we also consider the piecewise-constant function

vj(x) := vj» ifreTUT, .

We clearly have i; — ug, 9; — 1, and 9; — 1 in L1(QY).
Let n > 0 be fixed; we now claim that

1 0; — 1)
Eq,(uj,v5,Q") = / (9))|Va;[Pde + 2/ G =17, 7| Vo;|* dx (4.10)
T-n Vo, 0
for j large.
For j sufficiently large there holds
2 i — T ?
/ 0|V |2dr < Z ZUij ] ] (4.11)
Qf i€ 22NQY k=1 7i

Moreover, for every i € Tj22 N Q" there holds
vj(x) = /\o(az)vé + )\1(x)v;+7hel + )\2(.13)1);+Th62 VazeTr,
for some Ao(z), A1(z), \a(z) € [0,1] satisfying Ao(z) + A1 (z) + Xa(z) = 1 for every z € T, and

1 1
/T;r Ai(z)dx = §E2(Ti+) = 6Tj2’ for every k=0,1,2.

Then, the convexity of z — (z — 1)? yields

(53'*1)2 1 i i+T7je1 i+Tjez 2
[ a2 (ot aton ™ e 1)

1 i +T5e i+T5e
<L ((v;. - 1)2/ No(@)da + (1T 1)2/ M(@)de + (v 1)2/ Ag(x)dac)
j ;" ;" T,

of -
i i+Tj€e1 2 i+T7je 2
1 vt —1)2 T v, 77 —1
IO e e O it VA
03 gj 0j
and analogously for 7, . Therefore summing up on all triangles Tf, T, € T; yields
i — 1 2 ,U’L“ -1 2
/D wdm < Z wa7 (4.12)
1-n J 1ET;Z2NQY J
for j sufficiently large.
Further, for every i € TjZQ N @ there holds
2 i i+Te1 i i+T;€2 2
T . U, —U. u. —u.-
SN2 o (2 J ()2 J J J J
V2 Vi, [2de = L (vl
/Ti+(vj) Vit Pde = 7 (u}) e




FINITE-DIFFERENCE APPROXIMATIONS OF FREE-DISCONTINUITY PROBLEMS 21

and analogously on T~ so that we may deduce

1 2 Ui< _ ui':i:'rjek 2
) (9;)2| Vi | 2dz < 5 PEEACHDY 377] (4.13)
1= i€T;Z2NQY k=1 J
for j sufficiently large. Finally, gathering (4.11)-(4.13) entails (4.10).
Now let II,, := {z € R?: (z,v) = 0}, y € Q" NI, and set
arv(t) =iy +tv), 07Y(t) = 0j(y + tv).
Clearly, ﬁ;’y € W1’2(#, 17777) for H'-a.e. y € Q7_, NI, moreover there holds
ay? = ug? i L'(=1/2,1/2) with  S,ev = {0}, (4.14)
for H'-a.e. y € Q¥ N1II,. By Fubini’s Theorem we have
1—
SN2 1T (2 i 21 2 1
| @prvata = [ < [ ol + )9ty + ) dt) aH' (v)
11/7” 11177101_[” Tfl
1-n
2 v, ~U,
> [ ( ICORC y>’>2dt> aH' ()
1My A\ =5

thus, from the bound on the energy we deduce the existence of a set N C II, with H!(N) =0
such that

1-n
sup / @) ((aYY)2dt < +oo (4.15)
j 712+U
for every y € (QY_,NIL,)\N. Further, it is not restrictive to assume that @, € Wh2(=5Hn, o)
for every y € (Q7_, N1IL,) \ N. Therefore, in view of (4.14)-(4.15), appealing to a classical one-
dimensional argument (see e.g. the proof of [17, Theorem 3.15]) for every y € (Q7_, N1L,) \ N

we can find a sequence (s) C (=57, 151) satisfying

07Y(s%) = 0 as j — +oo. (4.16)

Now let 9, be the one-dimensional slice of ¥; in the direction v; i.e., ¥;%(t) := 0;(y + tv). For
every y € (Q7_, N1L,) \ N let 3? be as in (4.16) and consider @;y(si’) Let moreover d > 0
be fixed; we want to exhibit a set de C II, with Hl(N]d) — 0 as j — 4oo with the following
property: for every y € (Q7_, N1L,) \ (N U de) there exists jo := jo(d,y) € N satisfying

vj’y(S?) <d for every j > jo.

To this end, for every i € TjZ2 N Q" set

MJ?’ = max{|v;- —v§-| L JETZANQY, |i—1 =T} (4.17)
set moreover
. y o d
de = {z € TJZQ NQ": Mj > 2}. (4.18)
From the energy bound we deduce the existence of a constant ¢ > 0 such that
2| V5 — V5| i\2 NG
=Y Y ot s Y s 4y,

ite‘.i JETIZ2NQY

: d
‘ 1€Ij
‘Z*lIZTj
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for every j. Hence, there exists a constant ¢(d) > 0 such that

4y < c(d)

0j

#(Z; for every j. (4.19)

Let p¥ : R®™ — 11, be the orthogonal projection onto the hyperplane II, and set

= J (@ ot
i€y
then in view of (4.19) we have
HY(NT) < 2v2r; #(Z8 )<2\/§C()—%O as j — +oo, (4.20)
aj
where the convergence to zero comes from the identity 7;/0; = 6;/¢;.

Now let j € N be large, let y € ( -y N I,) \ (NuU de), and consider the corresponding
s as in (4.16). By definition of 9; we deduce the existence of ig := ig(y) € (1,22 N Q") \I;i
such that y + sé’u € ng U T, and 1);0 — 0 as j — +o0o. Therefore for every d > 0 and every
y e (Qy_,NIL)\ (NU Nj‘-i) there exists jo := jo(d,y) € N such that v;-(’ < d/2 for every j > jo.
Moreover, since ig € (7;Z% N Q¥) \ Z{ we also have

loETjer

o d
v, <U;~0+§<d, for k = 1,2 and for every j > jo.
Therefore, since 17j (y + sjv) is a convex combination of either the triple (v 0FTIeL 0ty )

Jo ' Uj

or of the triple (v’ plomier  io—Tje2

v, v; ) U; ) we finally get

iy + Sgy) <d, forevery j > jo.

Since on the other hand (up to a possible extraction) 17;’3/ — 1 a.e., we can find 7’ , ;J €
(=5, 151 such that ri < s§ <7 and

5;’1/(7“?) >1-—d, v]’y( N>1-d

for j sufficiently large.
Hence, for every fixed y € (Q7_, NIL,)\ (N U N]d) using the so-called “Modica-Mortola trick”
as follows we get that

L -1y . o
Z J > _ SV Y AU (Y
o e U Ly N R R N RO
1-d
22/ (1—2)dz = (1—2d)?, (4.21)
d

for every j > jo. Moreover, by (4.20) we deduce that (up to subsequences)

X( v ﬂny)\(NUNJd) — 1 Hl—a.e. in Qlllin N HV

1-n

so that

Lon (=vy 2

s 1 (Uj -1 SVYV2 2

lim inf 3| on((07%)")"dt X(Qy_,AIL)\(NUNY) = (1-2d) (4.22)
2
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for Hl-a.e. y in @Q7_, N1II,. Thus, in view of (4.10), the Fatou’s Lemma together with (4.22)
give

~ L 1 2
lim EJA(uj,Uj’QV) Zliminf/ M"‘OHV@]'Fdx
j=too Jotee Joy o 0f
lon vy 2
2 (?}- — 1)
> lim inf ~J NI LCAY 3 1
- /Qll’nmnu p (/ oy o; +0;((77)) dt) X(@y_, )\ (vunddH (y)

> (1= 2d)*HN(Q_, NTL,) = (1 - 2d)*(1 - ),
so that we deduce (4.3) by first letting d — 0 and then n — 0.

Step 3: extension to the case u € GSBV?(Q).

Let u € GSBV?(2) and for m € N let «™ be the truncation of u at level m. Clearly, u™ — u
in L'(Q) as m — +oo. Therefore, since Ey = MS is lower semicontinuous with respect to the
strong L!(Q)-topology and Ej(-,v)) decreases by truncations, we deduce

E{(u,1) > liminf Ej(u™,1) > liminf MS(u™,1) > MS(u,1) = Ey(u, 1).
m——+00 m——+00
and hence the thesis. O

4.2. Upper-bound inequality. In this subsection we prove the limsup inequality for E. when
¢ = 0. To this end we start by recalling some well-known facts about the so-called optimal
profile problem for the Ambrosio-Tortorelli functional. We define

m := min {/+oo(f — )2+ (f)2dt: fe W, 2(0,400), f(0)=0, lim f(t)= 1}, (4.23)
0

t—+o00

a straightforward computation shows that m = 1 and that this minimum value is attained at
the function f(t) =1 —e*.
For our purposes it is also convenient to notice that 1 = m = m where

T
m = inf inf{/o (f = )24 (f)2dt: f € C*([0,T)), f(0) =0, f(T) =1, f(T) = f(T) = o}.

T>0

We are now ready to prove the following proposition.

Proposition 4.2 (Upper-bound for ¢ = 0). Let E. be as in (2.3) and ¢ = 0. Then for every
(u,v) € LY(Q) x LY() there ewists (ue,v:) C LY () x LY(Q) with (ue,ve) — (u,v) in LY(Q) x
LY(2) such that
lim sup F. (ue, v:) < Ep(u,v).
e—0

Proof. We can consider only those target functions v € GSBV?2(Q) and v = 1 a.e. in 2, otherwise
there is nothing to prove.

By virtue of [38, Theorem 3.9 and Corollary 3.11], using a standard density and diagonali-
sation argument it suffices to approximate those functions u which belong to the space W(2)
defined as the space of all the SBV (Q2)-functions satisfying the following conditions:

(1) S, is essentially closed; i.e., H" ' (S, \ Su) =0,
(2) Sy is the intersection of €2 with the union of a finite number of pairwise disjoint closed and
convex sets each contained in an (n — 1) dimensional hyperplane, and whose (relative)

boundaries are C°°,
(3) u e Who(Q\S,) for all I € N.
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We prove the limsup inequality only in the case S, = QN K with K C II,,, K closed and convex,
the proof in the general case being analogous.

Let p” denote as usual the orthogonal projection onto II, and for = € R" set d(x) :=
dist(x,II,). For every h > 0 define Kj; := {x € II,: dist(z,K) < h}. Let n > 0 be
fixed; by (4.24) there exist 7, > 0 and f,, € C?([0,T;]) such that f,(0) = 0, f,(T;,) = 1,
F)(Ty) = FU(Ty) =0, and

T
/0 (fp = 1>+ (f))%dt <1+

Clearly, up to setting f,,(t) = 1 for every t > T, we can always assume that f, € C?([0, +00)).
Let T' > T, and choose & > 0 such that & /e — 0 as ¢ — 0. We set

A= {2 € R™: p(2) € Koy gy, d(a) < & + V),
Be:={z e R": p’() € Koy yms, d(x) <& +V/nd + €T,
Cei={a € R": p'(x) € Kopa, d(a) < &/2),

De:={z e R": p(z) € Ko, d(z) < &},

and according to (2.6) we denote by A, 5, B: 5, C: 5, D, s the corresponding discretised sets. Let
e be a smooth cut-off function between C, and D, and set

ue () = u(z)(1 — ().
Since u € WH®(Q\ S,,) for every [ € N, we can assume in particular that « € C?(Q\ D;) so
that u. € C?(Q2). We notice that u. — u in L'(Q) by the Lebesgue Dominated Convergence
Theorem. Moreover, choose a smooth cut-off function 7. between K, /s and Ky, | ms and

define
ve(2) = 7 (P (2)) he (d(2)) + (1 — 7 (p”(2))),
where h : [0, +00) — R is given by

0 if t <& +/no,
he(t) = f, (M) if € + /b <t < & + /nd + €T, (4.25)
1 ift>¢& ++/nd+eT.

By construction v, € WH*(Q) N C%(Q) N C?(2\ A.) and v, — 1 in L'(Q2). We then define the
recovery sequence (g, v:) C Az () x A(Q) by setting

il = wu.(i), o :=0V (v-(i)A1) forevery i€ Qs.

We clearly have 9. — 1 in L*() as ¢ — 0. Moreover,

o vl < 30 [ el el

i€Qs i+
— Z/ (i) — u(z)ldz + Z/ e (6) — e (@)l da
i€y i+[0,6)™ icQs +[0,8)™
i+[0,8)"C(Q\D-) i4[0,6)"ND2 0
< e (| Vullpwb + ullpets) (4.26)

where to estimate the first term in the second line we have used the mean-value Theorem while
to estimate the second term we used the fact that

#{ic s i+ 0,0 nD.#0) =0(%).

Hence, the convergence 4. — u in L*(Q2) follows from (4.26) and the fact that u. — u in L*(Q).
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Thus it remains to prove that
lim sup E. (g, ;) < / \Vul*dx + H" (S, N Q).
e—0 Q

We clearly have
lim sup E. (e, U:) < limsup F¢ (e, v:) + limsup G (7). (4.27)

e—0 e—0 e—0

We now estimate the two terms in the right-hand-side of (4.27) separately. We start with
F(te,v.). Since v = v.(i) = 0 for all i € A, 5, we have

n

ue (i) — ue(i £ deg) |

F.(tie, 0.) = Z "l Y 5 (4.28)
zng\A k=1
i+der €Qs

Let i € Qs \ A.. By construction i £ dey, € Q5 \ D, for every k € {1,...,n} and since u. = u on
Q\ D, using Jensen’s inequality we deduce that

ue(i £ der) — ue(i)|? ’1

s d
/ (Vuli + tey), ex) dt 51/ (Vi + ter), ex) dt,
1) 4] 0 J 0

for every k € {1,...,n}. Therefore, thanks to the regularity of u and to the fact that 0 < v, <1,
the mean-value Theorem gives

é
F.(us,0:) < / (/ | (Vu(i & teg), ex) |2dt) d’H”_l(y)
ZEQ&\A k1 7 i+[0,6)™ 0
)
/ ( / (Vu(y + tex), ex) |2dt> dH () + O(6)
2695\14 =1 7 i+[0,0)™ 0
< / Vu(z)[2de + O), (4.29)
Q
so that
lim sup Fz(te, v:) < / |Vu|*dz. (4.30)
e—0 Q

We now turn to estimate the term G.(v;). We have

Vi 1)2 |y — gitoer |2
G(v5)<Gv€: > 5n< te) |——=—
lGQg\BE k=1 J
1 n (0= 1) |0l — vl
I N
1€B, 5\ Ae k=1
T e VY At
+2‘§ 5 <E+skzl = | (4.31)
1&g =
We start noticing that
S g ( wo oy ) (432)
ZEQ(S\BE k=1
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Indeed, for i € Q5 \ B we have d(i) > & + y/nd + €T. Then, since T > T, for ¢ sufficiently
small we deduce that d(i + dey) > d(i) — 0 > & + /nd + €T, for every k € {1,...,n} so that by
definition of h. we get vi = vit9% = 1, hence (4.32).

We now claim that

3 o (U ey

IGAE Fy

’U . ,UH-(Sek

c+0
) <c 5 * ——H"" 1( s+\/ﬁ(§) _>07 (433)

as € — 0. To prove the claim we observe that vl = v?”sek = 0 for every i € A.s and every
ke {1,...,n} such that i + de;, € A; 5. Hence we have

n i i+dey, |2
IR
i€A. 5 k=1
i+5ek€AE,5
5TL
- ¥ (1) - T
’L€A§
§e+0,
< 1 (K ) (4:3)

Then, it only remains to estimate the energy for those i € A.5 and k € {1,...,n} such that
i+ dey € B.5 \ Az s t.e., to estimate the term

n

POELNED DI

€A s

i itder 2
UE UE

J

k=1
i-‘r(sekGBE’(;\Ag’,;

To this end, we observe that in general, for every i € {25 and every k € {1,...,n}, thanks to the
regularity of v., by Jensen’s inequality we have

i itder 2
Ue — Y% —

vl Ve (1) — vz (i + deg)
)

]

<

/ | (Ve (i + tey), ex) |2dt. (4.35)

Since
Voe(z) = (he(d(x)) = 1) Ve(p”(2)) Dy (x) £ =(p" () he(d())v,
where DY (z) denotes the Jacobian of p” evaluated at z, using that he € W (0, +00) satisfies
[hL|| e < €, while ||V7e||ree < € and [Dyllree < 1, from (4.35) we obtain
i v;‘—i—dek 2

e |
1)

1 o
=0 <5> for every i € Qs5, for every k € {1,...,n} (4.36)

thus, consequently

n

PIELNED DI

Z'EAE’L;

<C#(3A56)51 <06H” " (Kepyms)

% _ H—éek
UE UE

J

k=1
i+5ek€BE’5\AE75

which together with (4.34) gives (4.33).
We finally come to estimate

1 vl —1)2 - —
5 Z 5n<(66)+€z €

iEBE,S\AE,é
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To this end, it is convenient to write B, \ A, as the union of the pairwise disjoint sets M, VL,
W, defined as:

M. :={z e R": p"(z) € Ky sms, & +Vnd < d(z) <& +Vnd + €T},
Voi={zeR": p’(z) € K25+\/55 \ KE—}-\/ﬁé’ d(z) <& + \/ﬁé}’
Wei={z eR": p"(z) € Kooy s \ Koy yis» & +V/nd < d(z) < & +v/nd + €T}

Further, we denote with M, 5, V. 5, W, 5 their discrete counterparts as in (2.6). We now estimate
the energy along the recovery sequence in the three sets as above, separately. To this end we

start noticing that #(V.5) = O (%%) and #(W.5) = O (;—i) Thus, appealing to (4.36) we
deduce that

1 i _1)2 n i i+dey |2
o CELIE EEE
1€V s k=1
and
1 (vi — 1)2 n Vi — yitder 2
2 (5” — )79
1€EWe s k=1

Finally, again using (4.36) we get

Z (571(”2;1)2 _I_ig
k=1

iEME,(;

i itde
v& U&

o

2 : 4
>§Z<6n(v5;1)2—|— gl t—x

o
ieMs,(S

5n
+ C;#(@M&(s);
moreover we notice that

& _
#(OM.5) < =5 (H” LK, +ﬁ5)+6).

Let now i € M, s; then ¢ + [0,6)" C M.. Hence, by definition of v, we have

d(l’) — 58 - \/ﬁcs d(l’) — 68 — \/ﬁé) v ini-+ [0,5)”.

9 9

vg(m):fn< ) and va(x):iif{](

Since f, € C*([0,T]), appealing to the Mean-Value Theorem we deduce that for every z €
i+1[0,0)"

‘fn(d(x) —55—\/55) _fn(d(i) —5; —x/ﬁé)‘

0
< 2 ] 7o
A <2 | £l zoe 0,19

while for every y € i + [0,8)" !, every t € (0,6), and every k € {1,...,n}

‘<<f/<d(y+tek) —& - \/ﬁé) B f,<d(i+tek) —& - ﬁ5)>u,ek>

5 1!
n - n 5 < Z Ifpllzeeom)-
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So that it follows

( f;(d<y SR T

3

i dt) d?—[”_l(y))

7 <d<x>—§a—ﬁ6>y2>dx

1 )
) (/
Z € Ji+[0,0)»~1\ Jo

k=1
+ Cé (an 1( €+\f5) —|—€)

[ (o),
* ci (Hnil(Ksﬂ/ﬁa) + 8)
(L0025

(R () )t
!

e++/né
5 n—
<<1+n+c€>H YKoy yms) + 0.

Thus, gathering (4.27), (4.30)-(4.33) gives

1 €

T 5
(/0 (fot) = 1)2 + (f,;(t))2dt> M () + = (' (Ko yms) + )

lim sup E. (g, v:) < / \Vul2dz + (1 +n)H" (S, N Q).
Q

e—0

and hence the thesis. O

Remark 4.3. For later use we notice that the upper-bound inequality in Proposition 4.2 can
be easily generalised in the following way: let ¢ € (0, +00) then there exists oy € (0,+00) such
that

Eg(u,1,U)g/ Vul2dz + (1 + a) K" 1 (S. N ),
U

for every u € GSBV?(Q2) and for every U € «7.,(1).

5. PROOF OF THE I'-CONVERGENCE RESULT IN THE CRITICAL REGIME / € (0, 400)

In this section we study the I'-limit of the functionals E. in the case where € and ¢ are of the
same order. We show that in this case the presence of the underlying lattice affects the I'-limit,
which in particular turns out to be anisotropic.

The treatment of this case presents some additional difficulties with respect to the subcritical
case investigated in Section 4. In particular, when the space-dimension n is larger than two we
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can only show that the I'-convergence of E. takes place up to a subsequence and that the I'-limit
can be represented as a free-discontinuity functional of the form

Eg(u):/Q|Vu2d:c+/S mQgz)g([u],uu)dH’H, (5.1)

for some ¢y which is not explicit and possibly depends on the amplitude of the jump [u]. We
observe that this dependence cannot be excluded a priori because in general we cannot exclude
the possibility for the term F; to enter in the definition of ¢y (as opposite to the case £ = 0 where
the surface energy is only determined by G¢). When n = 2, however, we are able to characterise
¢¢ showing, in particular, that it does not depend on [u] and on the subsequence so that in this
case the I'-convergence of the functionals E. takes place for the whole sequence.

The convergence result for F. in this critical regime will be achieved by means of the so-called
localisation method of I'-convergence (see e.g. [40, Chapters 14-20], [18, Chapters 16]). The
latter consists of two main steps: proving the existence of a subsequence (E;) I'-converging to
some abstract functional E when localised to all open subsets of €2 and, subsequently, showing
that E can be represented in an integral form as in (5.1).

In order to apply the localisation method we need to consider the functionals E. as functions
defined on triples (u,v,U) € L'(Q2) x L'(Q) x o7 () using the localised definition of the energies
as in (2.7). Moreover, for every £; — 0 we also need to consider E), E} : L'(Q)x L' (Q) x &/ (2) —
[0, +00] the localised versions of the I-liminf and I-limsup functionals; i.e.,

Ey(u,v,U) := T-liminf E;;(u,v,U), E/(u,v,U) :=I'-limsup E.;(u,v,U).
J—+00

Jj—+oo
Finally, we define the inner regular envelopes of Ej, and Ej, respectively; i.e.,
(Eé)*(v K U) = Sup{Eé(W E V) : V.cc U’ Ve M(Q)})
(E))_(-,-,U) :=sup{E/(-,-,V): V.cCc U, V e}
Remark 5.1. The functionals Ej, and E} are increasing [40, Proposition 6.7], lower semicon-
tinuous [40, Proposition 6.8], and local [40, Proposition 16.15]. Note that they both decrease by
truncation. Moreover, Ej is also superadditive [40, Proposition 16.12]. Further, the functionals

(E})— and (E})_ are inner regular by definition, increasing, lower semicontinuous [40, Remark
15.10], local [40, Remark 15.25], and (E})_ is superadditive [40, Proposition 16.12].

The next proposition shows that the functionals E. satisfy the so-called fundamental estimate,
uniformly in €.

ith

Proposition 5.2 (Fundamental estimate). For every e > 0, n > 0, U, UV € & (Q) w
(a,0) €

U cc U, and for every (u,v), (@,9) € LY(Q) x LY (), with 0 < v,% < 1 there exists
LY(2) x LY(2) such that

E.(u,0,UUV) < (1+mn) (Ea(u,v, U") + E.(a, 7, V)) + oe(u,v,a,0, U, U, V),
where o : LY (Q)* x o7 (Q)3 — [0, 4+00) depends only on & and E. and is such that
lim o (ue, ve, e, 0e, U, U, V) = 0, (5.2)
e—=0

for allU, UV € &/ (Q) with U CC U’ and every (us,v:) and (e, Vc) which have the same limit
ase — 0in L2(U'\U)NV) x L2(U'\U)NV) and satisfy

sup (Eg(ug,va, U + E.(te, ¢, V)) < +o0.
g
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Proof. Fix e > 0 and n > 0 and let U,U",V € &/(Q) with U cC U’. Let N € N and choose
Ui, ...,Unt1 € /() such that

Up:=UccU cc...cCUyy cclU.
For every [ € {2,..., N} let ¢; be a cut-off function between U;_; and U; and set

M =
2 Vel

Let (u,v) and (@,?) be as in the statement and define w € A.(Q) by setting
w' := min{v’, 7'},

for every i € QN JZ™. Notice that by definition of w® we have that for every i € QN 6Z"

(w' — 1) < (v' = 1)? + (8" — 1)? (5.3)
and
i itoey |2 i _ gitder |2 | &0 _ mitde |2
‘w g) < |2 Z + |2 z for every k € {1,...,n}. (5.4)

For every [ € {4,..., N — 2} we define the functions
ay = p(i)u’ + (1 — p(i))a’, i€ QNoZ™,
and
' Pi— 2( )U +(1—g0[ 2( ))w’ if i € U_oNOZ™,
o) = w' if i € (U1 \Uj—2) NOZ",
Prra(D)w + (1 — y2(0)d°  if i € (Q\ Upy1) NOZ™.

Then we have

E(ty, 0, UUV) < E-(u,0,U_q) + Ec(u, 0y, (Ui—3 \ Ui—a) NV) + Ec(u, iy, (U2 \ U;—3) N V)
+ Ec(tg, 01, (U1 \ Up—2) NV) + E- (i, 0, (Uppa \ Ups1) NV)
+ B (i, 01(Uigs \ Upy2) N V) + Ec (@, 5,V \ Uyss), (5.5)

where to shorten notation for every (u,v) € A.(Q) x A(2) and U € A(Q2) we set

n 7 itdep 2 z+(5ek
U —Uu — U — v
(u,v,U) E 5"( ’ E 5 +€ E )
g
Z€U5 k=1
i+de,eUUV Z+5ek€UUV

Analogously, we set

n i i+dey |2
~ ut —u
F.(u,v,U) E 0" (v z g 5
16U5 k=1
1+dercUUV
and
U _ UH—(Sek

Zé"( — +€Z

l€U5

)

H—éekEUUV



FINITE-DIFFERENCE APPROXIMATIONS OF FREE-DISCONTINUITY PROBLEMS 31

We now estimate the different terms on the right hand side of (5.5) separately. Taking into
account the definition of 9; we have
Ec(u,dy, (U3 \U—a) N V) = Fe(w, 0, (U3 \ U1—4) N V) + Ge(v, (Ul 3\ Ui—a)NV)

~ Az—&-ﬁek
v Y

d

n

e )

i€(U—s\U1—4)NV;s k=1
i+6er€(U1_2\U;_3)NV

On U;_5 we have

. N 2 . . ) . . 2
UZ z+(5ek . i — vz+éek . wh — wz+5ek
/A — <3| ra(i+6ep)? | ————| + (1 —@2(d)? | ————
1) 1) 1)
. . 2
N o1-2(7) — p12(i + dey) v — wi’2>
1)
i i+Ser |2 i itder |2
<3 ( e +2M2)_ 56)

Thus, thanks to (5.4) we may also deduce that
Ec(u, 01, (U3 \ U1—a) N V) < Ec(u, v, (U3 \ U;—4) N V)
+6 (Ge(o, (U3 \Uiea) NV) + Ge(0, (Uis \ Ui N1V
+3M°nd"e#((Ui—3 \ Ui—s) N V). (5.7)
Moreover, on U;_5 we have
(0 —1)* <2((v" = 1)* + (v’ — 1)?)
and (99)? < (v%)?, which together with (5.3),(5.4), and (5.6) give
E.(u, by, (U_o\U;_3) NV) < F(u,v, (U_3 \U;_3) NV)
+6 (ég(v, (U2 \T1—3) N V) + Ga(, (U2 \ Tj_3 N V))
+3M°nd"e#((Ui—2 \ Ui—3) N V). (5.8)
Analogously, we get

Ec (@, 01, (U2 \ Uiy1) NV) < Fo(@, 0, (Ury2 \ Ury1) N V)
+6 (G (0, (U2 \ Tis1) N V) + Ge(@, (Upso \ Tigr N V))
+3M°n6"e#((Uiga \ Urgr) N V3)) (5.9)
and
Ec(@, 0, (Urps \ Ury2) N V) < E(0, 8, (Ui \ Ur2) N V)
+6 (Gev, Vi3 \ Trg2) N V) + Ge(@, (U3 \ Ui V)
+3M*nd"e# (U \ Ury2) N V). (5.10)
Then it remains to estimate

E-(ty, 01, (U1 \ Ui—2) N V) = Fe(ty,w, (Ug1 \ Ui—2) N V) + G=(8r, (Ups1 \ Ui—2) N V).
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To this end, we observe that by definition of ¥; we have

(01, (U1 \Ui—2) NV)) = Ge(w, (U1 \ Ui2) N V)

. - 2
DR o g

1 S S | A
2 L= — )
ZE(UFI\UFQ)mV‘si-&-éekeUl,ng

i idbe |2

1 " oF — O

- n l l
T2 0D 5
i€(U1+1\U)NV5s_ k=1

Z+5€k€(Ul+2\Ul+1)ﬂV
From (5.3)-(5.4) we deduce that
Ge(w, (U1 \U1—2) NV)) < Ge(v, (Ug1 \U1—2) N V) + Ge(0,Up11 \ Uj—2) N V),

while the same computations as in (5.6) yield

. . 2
~j ~i+dey
D DILTIED Dl L
e T k=1 0
1€(Ulf1\U172)QV5i+58k€7]l_20V

3 n Vb — pitier 2 W — witoek 2
<o ) b > ( + 2M?
-2 ) )
, T k=1
Ze(Ul_l\Ul_Q)mV§i+5€k€Ul,2ﬁV
and
. » 2
1 . " b — o toek
20 2 T
€Uy \U )NV =
ie(Ui1\U)N 6i+5€k€(Ul+2\Ul+1)ﬂV
n ~i  ~itdey |2 i itdes 2
SSxee 3 (P ).
i€(U1\U)NVs_ k=1

i+0e,€(Up42\U41)NV

Hence, again using (5.3) we get

Ge(or, (Ui \ U-2) N V) < 6 (Ge(v, (Ura \ Tio2) NV)) + Ge(, (Ui \ Ur2) NV)))
+3M*né"e (#((Ui—1 \ Ui—2) N Vs) + #(Uisa \U) N Vp)) . (5.11)

Finally, arguing as in (5.6) for every i € (U;11 \ U;—2) N V5 and for every k € {1,...,n} we get

. . 2 . . . .
~q ~itdey i itSey, 2 ~1 ~it+Sey |2
A WU (T a2 — g2




and thus

Fe(ig, w, (Ui \Upg) N V) Z " (w') Z(

(Uz+1\Uz 2)NVs k=1

iy itder 2

U i az:ﬁ:éek
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+3M?n g 5" (w')?|u’ — u)?

2)
i€(Ur41\U1—2)NVs
< 3( (1,0, (Ui \ Up2) N V) + Fo(@, 3, (Upsr \ Ui—2) mV))
+3M%n > ot — (5.12)
ie(U[+1\ﬁl—2)mV§
where in the last estimate we have used the fact that w < v, w <9 and w < 1.
Gathering (5.5) and (5.7)-(5.12), summing up over [ we get
N-2
E.(ly,0,UUV) < (N —6+42) (E-(u,v,U") + E-(a,0,V))
=4
+ 21M?n6"e#((U'\ U) N V)
+9M?n ) 6" |uf — @'
i€(U\U)NVs

Hence we can find an index [ € {4,..., N — 2} such that

E.(u;,0;,UUV) < N iy, 0, U UV)
S ( ) E (U,U,U)+Ea(ﬂvﬁav))
2,
Q;M A (U \ U) N V5)

gM n|,,t ~7|2
+N—6 Z(S\u u'|

ie(U\U)NV;

We now choose N sufficiently large such that 42 < 7. Then the pair (u, ) := (1}, 0;) satisfies
E.(0,0,UUV) < (1+n)(E(u,v,U’ ) + E.(@,9,V)) + oc(u,v,a,9,0,U", V),

where

21M?n , , 9M*n ny, i 02
N—655#((U\U)QV5))+MA > ot @
iE€(U\U)NV;

Eventually, note that o, satisfies (5.2). O

oe(u,v, 0,0, U,U V) =

On account of Proposition 5.2 we are now in a position to prove the following compactness
result for the sequence E..

Theorem 5.3 (Compactness by I'-convergence and properties of the I'-limit). Let E. be as in
(2.3). Then, for every sequence of positive numbers converging to 0 there exist a subsequence
(¢;) and a functional E;: LY(2) x L1(2) x /() — [0, +00] such that for all U € < (Q)

Ey(-,1,U) = (E)_(-1,U) = (E})_(-\1,U) on GSBV2(Q). (5.13)
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Moreover, E; satisfies the following properties:

(1) For every U € &/ (2), the functional Ey(-,1,U) is local and lower semicontinuous with
respect to the strong L'(Q)-topology;
(2) for every u € GSBV?2(QQ) and every U € /() there holds

/ Vul?de + ——H"(Sy N U) < Eo(u, 1,U) < / Vul2dz + (1+ ad K1 (Su N 1),
U Vn v
where ay € (0,+00) is as in Remark 4.3;
(3) for every u € GSBV?(R), the set function Ey(u,1,-) is the restriction to o/ () of a
Radon measure;

(4) for every U € <71,(Q2) there holds
EZ(',LU) :Ez(alaU) :Eg('vlaU) on GSBV2(Q)
(5) Ey is invariant under translations x and in u.

Proof. The existence of the subsequence (¢;) and of the functional E, satisfying (5.13) directly
follows from [40, Proposition 16.9]. Further, Remark 5.1 gives (1). The estimates as in (2) are
a consequence of Remarks 3.6 and 4.3, and of the inner regularity of MS(u,1,-), where MS
denotes the Mumford-Shah functional. The proof of (3) and (4) is standard and appeals to the
fundamental estimate Proposition 5.2 and to the De Giorgi and Letta measure property criterion
(see e.g. [40, Proposition 14.23]). Finally, the proof of (5) is a consequence of the fact that E.
is invariant under translations in x and u. O

For later use we now prove that the abstract I'-limit E, provided by Theorem 5.3 is stable
under addition of suitable boundary conditions. To this end, for every (t,v) € R x S"1 we
localise Ey to the oriented unit cube Q¥ and set

Fiar.cpy {01 0 e 0 e 50
+o0 otherwise in L*(Q"),

where uy := tX{(z,,)>0}- Moreover, we define

Ee, Y if :AVHAV' 8V7 m§t7
Eéj(u,v,Q”) ;:{ e (w0, Q) if (u,v) = (U, 0,5) near 0QY, [lullr,

+o0 otherwise in L(Q¥) x L'(Q"),
where
i, = {3 ; 223 28 (519
and
0 = {? fthérfvjz,’ (519

for every 1 € Q¥ N 0;Z", with
Sy:={ie@”: 31 €Q"NJZL" such that [i —I| = d; and sign (i,v) # sign (I,v)}.  (5.16)

The following result holds true.

Theorem 5.4 (I'-convergence with boundary data). Let (¢;) and Ey be as in the statement of
Theorem 5.3, and let (t,v) € R x S"~L; then for every and u € L*(QV) there holds

. t vy __ t v
F'jETooEfj(u’l’Q )= E;(u,1,Q").
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Proof. The liminf inequality is straightforward. Indeed, let u € L*(Q") and let (uj,v;) C
LY(QV) x LY(Q") be such that (uj,v;) — (u,1) in L'(Q") x L'(Q¥) and sup; E;J_ (uj,v5,Q") <
+00. Then, in particular, u; = 4, ; in a neighbourhood of 9Q", hence u = uf in a neighbour-
hood of 0Q". Since moreover |u;||z~ <t for every j € N we also deduce that ||ul[z < t.

To prove the limsup inequality let v € GSBV2(QY) N L>(Q") be such that u = uY in Q¥ \ QY
for some p € (0,1) and |Jul| < t. Let (uj,vj) C L} Q) x L' (Q") be a sequence converging to
(u,1) in LY(Q") x L'(Q") and such that

limsupEEj(uj,vj, Q") < E(u,1,Q").

Jj—+oo
Since E.; decreases by truncation we can always assume that ||u;||p~ < [[ul[z~ < ¢ so that,
in particular, u; — u in L*(Q"). We now modify the sequence (uj,v;) in order to attain the

boundary condition. To do so we make use of the fundamental estimate Proposition 5.2. We
then fix p’ € (p,1) and set U := Q}, U := Q) and V := Q"\ Q. We notice that clearly u; — uf
in L?(V) and v; — 1 in L*(U’). We then let > 0 be fixed and arbitrary. Hence, invoking
Proposition 5.2, with U and V chosen as above, we can find a sequence (ij,7;) C L'(QY) x
LYQ"), such that (i;,0;) = (uj,v;) in Qb (47,7;) = (i, 0vy) in QY \ QY (@5, 05) — (u,1)
in L2(Q") x L*(Q"), |luj|lz= < t, and also satisfying

limsup E, (1,05, Q") < (1+ n)(lim sup E (uj, vy, QZ,) + limsup e (T,,5, 00,5, Q" \@Z))

j—+oo j—+o0 j—+o0
Moreover, we notice that F¢, (i, j, 0y, Q" \ Q4) = 0, while

limsup G, (0,5, Q" \@) < C’anl((QV \CTZ) NIL,),

Jj—+oo

for some ¢ > 0. Therefore we obtain
limsup -, (i, 55, Q) < (1+ 1) (B(u,1,Q") + ¢ K"~ (Q"\ @H) N1L,)) .

j——+oo
Then we conclude by the arbitrariness of n > 0 and p € (0,1). g
We are now ready to prove the following integral-representation result for the I'-limit Ej.

Theorem 5.5 (Integral representation). Let E; be as in Theorem 5.3, then there exists a Borel
function ¢y : R x S"~1 — [0, +00) such that

/ \Vu|*dx —I—/ do([u), v ) dH™™ " ifu € GSBV?(Q) andv = 1 a.e. inQ,
Ey(u,v) = ¢ Jo SN0
+o0 otherwise in L*(2) x L'(€).

Moreover ¢y is given by the following asymptotic formula

¢e(t,v) = limsup

lim inf{E., (u,v,Q}): (u,v) = (ltr5,0y;) near 0Q,}, (5.17)
p—0t P !

n=1 ;5 e

where Uy, 5 and Uy j are as in (5.14) and (5.15), respectively.

Proof. We first observe that Theorem 3.1-(i) together with Remark 4.3 ensure that the domain
of Ey coincides with GSBV?(Q2) x {1}. Moreover, in view of Theorem 5.3 E; satisfies all
the assumptions of [14, Theorem 1] except for the lower-bound estimate which can though
be recovered by using a standard perturbation argument. That is, let ¢ > 0 and for every
u € SBV?(Q) set

Ef(u,1,U) := Eg(u,l,U)+a/ |[u]|dH™ L.
SuNU
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Then, for every o > 0, E7 satisfies all the assumptions of Theorem [14, Theorem 1] which ensures
the existence of two Borel functions f7 : @ x R x R™ — [0,400) and g7 : @ x R x R x §"~1 —
[0, 4+00) such that

E7(u,1,U) :/ 17 (z,u, Vu)dac—i—/ g (z,ut u™, v ) dH

U SuNU
for every u € SBV%(Q), U € «/(Q). Since Ej is invariant under translations in u and in z, by (2)
and (3) in [14, Theorem 1] we have that f{ does not depend on x and u and that g is independent
of z and depends on u™ and u~ only through their difference [u]; i.e., g7 (z,a,b,v) = ¢7(a—b,v),
for some ¢7: R x S"~1 — [0, +00). Moreover, appealing to Theorem 5.3-(2) gives f7(£) = |¢[?
for every o > 0 and every £ € R". Further, formula (3) in [14, Theorem 1] implies that ¢7 is
decreasing as o decreases. Thus, setting ¢,(t,v) = lim, ,o+ ¢7(t,v) = infss0 @7 (¢, v), letting
o — 0T, by the pointwise convergence of EY to E; and the Monotone Convergence Theorem we
get

EE(U,l,U):/ZJVU|2d$+/g mU(JSg([u],yu)d’H”_l, (5.18)

for every u € SBV?2(Q), U € #/,(Q2). Hence, choosing U = Q gives the desired integral repre-
sentation on SBV?Z2(Q).

We now show that the integral representation (5.18) also extends to the case u € GSBV?2(Q).
To this end, for every u € GSBV?() set

B )= [ [VPdo+ [ oy

Since Ey coincides with Ey; on GSBV?(Q)NL>®(Q) we can deduce that Ej is lower semicontinuous
with respect to the strong L'(€)-convergence on GSBV?(Q) N L>®°(Q). Hence, in particular, F,
is lower semicontinuous on the space of finite partitions. Then, necessarily, ¢, is subadditive
in the first variable; moreover, for every ¢ € R the 1-homogeneous extension of ¢;(¢,-) to R™ is
convex (see [7]). Therefore, in view of the lower bound ¢y > 1/4/n we can apply [8, Theorem
5.22] to deduce that Ej is lower semicontinuous with respect to the strong L'(£2)-convergence
on the whole GSBV?2(). Since both E; and E; decrease by truncation, by virtue of their lower
semicontinuity we can actually deduce that they are continuous by truncations. Therefore, if
u™ denotes the truncation of u € GSBV?2(Q) at level m € N we have
: m : m
EZ(ua 1) - ml—l>r-1|—100 Ef(u ) 1) - m1—1>r-1i-100 Ef(u ) 1) - Ef(ua 1)7

and thus the desired extension.

We now prove (5.17). We start observing that combining the definition of ¢, with formula
(3) of [14, Theorem 1], for every (t,v) € R x S"~! we have

¢e(t,v) = inf lim sup
>0 p—0t P

]- . v n—
— inf {Eg(u, L,Qy) + O'/S |[u)|[dH™ L

QY
u € SBV2(QZ),u = uj near GQZ}.
For (t,v) € R x S"! set

¢e(t,v) ;= limsup —
p—0F pn !

inf {Eg(u, LQy):ue SBVQ(QZ), u = uy near OQZ} :

we now claim that }
bo(t,v) = ¢y(t,v) for every (t,v) € R x "L
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Since we trivially have ¢, > (;34, we only need to prove the opposite inequality. To this end, we
notice that up to a truncation argument, in the definition of ¢,(t, ) and ¢,(t, v) we can restrict
to test functions u satisfying ||ul|p~ < t.

Let p > 0 be fixed; for every (¢,v) € R x S"~! set

7 L. v v v v
Gep(t,v) = P inf { Ey(u, LQy):ue SBVQ(QP),U = uy near 0Qy, [[ullL~ < t},

and

1
gbzp(t, V) = = inf {Eg(u, L,Qy) + O'/S ] |dH™ 1

QY

u € SBVQ(QZ),U = uy near 9Q, ||ul|L= < t}.

For 0 > 0 and p > 0 fixed let u,, € SBVQ(QZ) be such that u,, = uy in a neighbourhood of
9Q}, |[upsllLe <t and such that

E(upe,1,Qp) < P (G p(t,v) + o). (5.19)
We then have

1
07,(tv) < W4<EA%JJ4%»+0/ wmAuH"1>

p
1
pn—l
By Theorem 5.3-(2) we also get

H ! (Su,., NQY) < VN Ey(ups,1,QY),
hence combining (5.19) and (5.20) gives

87 ,(t,v) < (1+20]t|V/n) (0, (t,v) + 0).

Thus, passing first to the limsup in p and then to the limit in ¢ we deduce that ¢y < g?)g and
hence the claim.

Eventually, to deduce the asymptotic formula (5.17) we notice that also in (5.17) we can
restrict the minimisation to those functions u also satisfying the bound ||u|/p~ < ¢t. Therefore,
(5.17) follows from Theorem 5.4 and the fundamental property of I'-convergence once noticed
that Theorem 3.1 and the constraint ||u||f~ <t ensure the needed equi-coercivity. O

Up,o

< <p”—1(¢”sg,p(t, V) +0) + 20[tH" (S, N Q;)) : (5.20)

Remark 5.6. If n = 1 the proof of the I'-convergence result in this critical regime simplifies.
In fact, by adapting carefully the arguments in [10, Lemma 2.1] to the discrete setting, one can
explicitly compute the I'-limit as

mm&riéwvﬁ+q#wm

where
. 1 . . ,
e i 1)2 Zattl _piN2 ) . 0 : T _
c .—mm{z <€(v 1) —i—g(v v') ) c v =0, iilinoov 1}.
1€N
Now let n > 1; using a slicing argument it can be also shown that
oo(t, tex) = cg, forevery t € R, forevery k € {1,...,n},

that is, in the coordinate directions, there is a one-dimensional optimal profile.
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Eventually, if v € S?~! is of the form
1 n
V= % ;akek, with a € {—1,1};

i.e., v is a symmetry axis of the underlying lattice, then, again by slicing, it can be shown that
Gu(t,v) = /ncen, for every t € R,
where
Cop = min Z g(vl —1)% + 1(fu”l —v9?): =0, lim o' =1 (5.21)
e : n [ ' " iS+oo ' '
1€EN
A solution v to (5.21) can be explicitly computed by solving the associated Euler-Lagrange
equation, whose solution is

vi:1—<2€n<\/m+€)—l>i,

and corresponding energy

2
dn + (VW +4n—l—€)
Cf,nzi—i_ D)
" E(\/€2+4n+€> 4+ 4nV 02 + 4n + 4And

so that

4+(¢m+£)2
E(m+£)2+4M+4E.

5.1. Characterisation of ¢, for n = 2. In this subsection we characterise the surface energy
density ¢, when n = 2. In particular we prove that in this case the function ¢, does not depend
on t; i.e., for every (t,v) € R x S! we have ¢y(t,v) = ¢¢(v) where o, is given by the following
formula

Cr = Cp1 =/{+

1 . 1 . .
(V) == T1—i>r—ir-loo ﬁinf {E Z (v —1)% + Y] W' — 0?0 € AL (TQY),
i€ETQYNZ2 1,jETQYNZ?
li—jl=1

3 channel € in TQ" NZ%: v =0 on €, v =1 otherwise near 8TQ”}, (5.22)

where we refer to Definition 5.9 below for the precise definition of a channel ¥. An immediate
consequence of (5.22) is that for n = 2 the I'-limit does not depend on the subsequence () so
that the whole sequence (E.) I'-converges to Fy.

We note that the definition of ¢, provided by the general asymptotic formula (5.17) involves
the whole functional E.,, whereas the minimisation problem in (5.22) depends only on a scaled
version of the functional G.,, the latter being as in (2.5). Then, to prove that for n = 2 (5.17)
and (5.22) actually coincide the idea is to show that for every (t,v) € R x S! a test pair (u,v)
for ¢¢(t,v) can be suitably modified in a way such that I, (u,v,Q}) =0 (with F;; as in (2.4)).
Since in (5.17) a test function u has to satisfy u’ = u¥(4) in a neighbourhood of 0Qy, intuitively
one would like to choose u = uy in @}, which would carry no energy contribution far from the
line II,. On the other hand, close to I, this choice would lead to a diverging F.;. Therefore to
find a pair (u,v) satisfying F; (u,v,Q}) = 0 we are going to show that we can modify v in a way
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such that the discrete level set {v = 0} contains a “path” which is “close” to II, and connects
the two opposite sides of () which are parallel to v. Then, along this path, the function u can
be discontinuous (jumping from the value 0 to the value t) and at the same time, when coupled
with v, it can satisfy the desired equality F:,(u,v,Q}) = 0.

Note that this last argument can be generalised to any space dimension, so that an analog of
formula (5.22) always provides an upper bound (see Step 3 in the proof of Theorem 5.10), upon
suitably defining an n-dimensional analog of a channel, which will be a “discrete hypersurface”
disconnecting T'Q¥. We do not make this remark precise further for the sake of brevity.

In what follows we make precise the heuristic idea as above. To this end we need to introduce
some further notation.

Definition 5.7. A sequence p := {i1,...,i;,} C 8772 is called a path of cardinality L, if
lik+1 —ik| =0  for everyk € {1,...,1, — 1}.

We say that two paths p = {i1,...,i,} and p’ = {i},...,4; ,} are disjoint if either pNp’ =0 or
P
if for every k € {1,...,l, — 1} and for every j € {1,...,ly — 1} there holds

. .
k1 # Yit1

Y . ./

e =1, — Tt1 75 T
. J
1k—1 3’é Lyt

i.e., if i, € pNp', then the vertical and the horizontal 0-segments departing from iy can only
“belong” to one of the two paths (see Figure 1a).

The definition of disjoint paths as above is motivated by the following fact: if p,p’ C Q) are
two disjoint paths we have

FE(U7U7QZ) 2 F€<’U,,’U,p) + FS(U,U,p/).

Definition 5.8. We say that a discrete set A C 672 is path connected if for every pair (i,j) €
A x A there exists a path p = {i1,... 49, } C A with iy =1 and iy, = j.
We say that p is a strong path if for every iy € p and every k € {1,...,l, — 1} there holds

i +de1 €Ep or ip—0del €p

i +des Ep or ip—des € p,

i.e., for each iy € p (except for iy and i;,) at least one horizontal and one vertical nearest
neighbouring points belong to p (See Figure 1b).

In analogy to the definition of path-connected set, we say that a discrete set A C 672 is
strongly connected if for every pair (i,j) € Ax A there exists a strong path p = {i1,... i} C A
with i1 =1 and iy, = j.

We note that the notion of strong path is motivated by the form of our energy and in
particular by the form of the term F.. Indeed, if p is a strong path connecting the two opposite
sides of Q) which are parallel to v and v € A.(f2) is such that v = 0 for all i € p, then it
is possible to construct a function u : QN 672 — {0,t} which is discontinuous across p and
satisfies F.(u,v,Q}) = 0 (see Figure 2a). In order to make the above construction precise, we
finally introduce the notion of channel.
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(A) Example of a path and of two disjoint paths. (B) Example of a strong path.
FIGURE 1. Examples of a path and of a strong path.
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(A) Example of a strong path connecting the left and (B) BEQZ, G%QZ and Sy.
the right side of a cube Q) and a pair (u,v) with

F(u,v,Q}) =0.

FIGURE 2. Example of a strong path and discretisation of the “left” and “right” boundary.

Definition 5.9. We say that ¢ C Q) is a channel in QN 0Z2 if € is a strong path connecting
Sy N 82@% and S§ N 8;2 o where S§ is as in (5.16) with §; replaced by 6 and
ﬁj{Qz = {z €Q, N6Z%: 3 j e 6Z% such that |i — j| = 6 and (j,vt) < —,0/2},
8};@; = {z €Q, N6Z?: 3 j € 67 such that |i — j| = & and (j,v) > /)/2}7
, 6%62% and 8};@% are the discretised “left” and “right” boundary of @}, respectively (see
Figure 2b). We also set
°Qy = {ieQyndz®: 3 jedZ’\ QY such that |i —j| =4}

We are now ready to state the main result of this section.
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Theorem 5.10. Let n = 2; let (t,v) € R x S, ¢o(t,v) be as in (5.17), and @i(v) be as in
(5.22). Then @y is well-defined, moreover ¢o(t,v) = ps(v) for every (t,v) € R x S*.

Proof. We divide the proof into three main steps.

Step 1: ¢y is well-defined and continuous.
For T'> 0 and v € S set

1 o
of (v) := —mf {6 Z Y] Z W' =2 v € A(TQY),
i€TQVNZ2 1,jETQYNZ2
li—jl=1

3 strong channel € € TQV NZ?: v =0 on %, v = 1 otherwise near 8TQ”}. (5.23)

Let = denote the set of unit rational vectors; i.e., Z:= {v € S1: I\ € Rs.t. \v € Q?}.
Arguing as in [23, Proposition 14.4] we obtain that limy_, o ¢! (v) exists for every v € Z.
We now claim that for every n € (0,1) there exists o = o(n) > 0 such that for every v,/ € S*

satisfying |v — /| < o there hold

| f —1 f < .24
[lim inf 7 (v) = lim inf o7 (/)] < e (5.24)
and
| lim sup ot (v) — limsup ¢} (v | <en, (5.25)
T—+o0 T—+o0

for some constant ¢ > 0 independent of n,o,v,v'; hence, in particular, both the functions
v liminfr ¢! (v) and v +— limsupy ¢} (v) are continuous.

To prove the claim we start observing that for fixed n € (0,1) we can find o € (0,7) such
that for all v,/ € S! satisfying |v — /| < o there holds

(1) (1=2n)TQ" C (1-nTQ" CTQ";
@) #' (10 (TQ\ (L -nTQ")) < eI
(3) H! (0TQ" N (I AILY)) < T'p;

for some ¢ > 0 independent of o,n, v, V.
Let now vy be a test function for gogl_n)T(l/) with

1 : ; _
EY h =124 Y b —vjP <20 TR0 + 1. (5:26)
ie(1—n)TQV' NZ2 i,je(1—n)TQY NZ?
li—j]=1

We suitably modify vy to obtain a test function o7 for ¢! (v). By definition there exists a strong

channel in (1 —7)TQ" NZ? along which vy = 0. Moreover, in view of (1)-(3) we may check that
there exist a strong path pr, C Z? of cardinality [, connecting

SV NOL(1—n)TQY and SYNOITQY
and a strong path pr C Z? of cardinality [z connecting
SV MNOL(1—n)TQ” and SYNOLTQ"
such that
g < e (H! (0 (TQUN (1= m)TQ™) ) + 1! (9TQ N (T AIT)) ) < T,
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Then we define the function 97 as follows

vh i e (1—n)TQY,
=40 ifi€pUpg,
1 otherwise in TQ" \ (1 —n)TQ".

Clearly 97 is admissible for (! (v); therefore in view of (5.26) we have

1 » 1 y »
CEE (D OC R DL ST
i€TQvVNZ2 1,jETQY NZ2
li—jl=1
=L Z(U§F—1)2+i vk — vl|?
2T , 20 , g
ie(1—-n)TQY NZ2 i,je(1—n)TQY NZ?
li—jl=1
1 y 1 PR
+ o7 (¢ > @%1)%27 > |v§«va|2>
1e(TQU\(1-n)TQY )Nz 1,j€(TQ\(1-n)TQ" )Nz>
li—j|=1
< (1= )W) + =+ el + L)
= ¢ 2T ' T
_ 1
<ol W) + o e

2T
Thus, passing to the liminf as T"— 400 we get

liminf ] (v) — en < liminf ¢} (V'
lim inf @ (v) — cn < lim inf 7 ('),
hence by exchanging the role of v and v/ we obtain (5.24). Then, an analogous argument also
gives (5.25).

By combining (5.24) and (5.25) we obtain that ¢,(v) is well-defined for every v € S!. Indeed
let v € S, since Z is dense in S*, for every ¢ > 0 we can find v, € Z such that |v — v,| < 0.
Then, by virtue of (5.24) and (5.25) and in view of the equality limy ! (v,) = @o(vy) we get

—en 4+ limsup ¢} (v) < po(vy) < liminf ¢} (v) + e,
T—+o00 T—+o0
hence the existence of limy ¢} (v) for every v € S* follows by the arbitrariness of 7.

We eventually notice that the existence of limy ¢} (v) together with (5.24) and (5.25) yields

the continuity of v — ().

We now turn to the proof of the equality ¢y = wy. This proof will be carried out in two steps.

To simplify the notation, in what follows we denote by E. the I'-converging subsequence
provided by Theorem 5.3.

Let (t,v) € R x S%; for e,p > 0 set

1. . A )
bep(t,v) == ;mf{Ea(u,v, Q)+ (u,v) = (Gtpe, D) in a neighbourhood of 9Q} },
where 1, and 7, are given respectively by (5.14) and (5.15) with ¢; replaced by e.

To simplify the proof we only consider the special case § = le, the general case §/¢ — ¢ being
a straightforward consequence of this special one.
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Under the assumption § = fe we then have

1 1 . . ; ) ; 1 . .
;Ee(u, v, Q) = 2 Z (v)2|u’ — u?|? + 2 (f Z(UZ —1)2+ 2 |v* — v3|2>.
i,jEQYNSZ> 1€QyNoZ2 1,jE€QLNSZ2
li—j|=6 li—jl=6

Step 2: ¢y(t,v) > @u(v) for every (t,v) € R x SL.
Let (t,v) € R x S! be such that ¢,(t,v) < 400, otherwise there is nothing to prove. Since
by definition

¢e(t,v) := limsup liH(l) Gep(t, V),

p*)0+ E—

up to a subsequence we can assume that

sup ¢e ,(t,v) < +oo. (5.27)
g,p0>0

Let N € N be fixed and let (uc p,ve ) be a test pair for ¢, ,(t,v) such that

N

We now claim that we can replace v, , with a function v, , which is equal to zero along a channel
in QN 872 without essentially increasing the energy. To this end, fix € (0,1) and set

I ={i e QZO(SZZ : vé’p <n}.

We notice that thanks to the boundary conditions satisfied by v. , we have Z! # (). Moreover,
in view of (5.27) and (5.28) we get

1 1
;Ee(ué,pa Ve, ps QZ) < ¢8,p(t7 V) + - (5'28)

ne ¢ P
#(I) < A= (5.29)
for some ¢ > 0 independent of ¢, p, and 7.

The general strategy to construct o, , is as follows: For every i € Z¢ we set 1727 = 0. Thanks
to (5.29) this modification to v, , increases the energy only by an error proportional to 7. Then,
if the discrete set Z is strongly connected we are done. If instead Z! consists of more than one
strongly connected component we show that we can connect the strongly connected components
of ZZ to one another in a way such that if we replace v, , by zero along the “channel” obtained
in this way, we essentially do not increase the energy.

We now illustrate in detail the multi-step strategy leading to the construction of the channel
as above. To this end set

Cl:={C CI!: C cluster in I7},
where by “cluster” in 7./ we mean a maximal strongly connected component in Z./. Thanks to the
boundary condition satisfied by v, , we can find clusters C’, C" € CZ such that C’ ﬂ@%Q;ﬁSg £ 0

and C" N 6}5{@; N S§ # (. We now denote by
Jo:={i€QyNéz*: 3j€C st |i—j| =05}

the set of all lattice points in Q) which have distance ¢ from C’. Then, by the maximality of C’
there exists a path pg = {i1,...,i,} C C"UJy connecting 85QZ NIL; and 85QZ N1I,, such that

(vit,)" + (v85)°
2

In fact, since by assumption ZZ consists of more than one strongly connected component, py can
be chosen in a way such that for every k € {1,...,ly — 1} either i) or igy; belongs to Jp \ I,

2
> % for every k € {1,...,lp — 1}. (5.30)
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which already gives (5.30). Then, due to the boundary conditions satisfied by u. , there holds

iy

u’; , =t and ucj, = 0. Thus, using Jensen’s inequality from (5.30) we deduce
lo—1 ¢ ) )2 k412 2 2
1 LR~ (v2)” + (v) ot

—F. ’ ) =~ - : o e > — 5.31

P E(u87p Ve,p Po) P Z 9 e,p — Uep =9 P(ZO _ 1) ( )

k=1
Let us now define

V= {CeCl: C'"UJyUC is strongly connected } .

If 0" € ¢™°, we can find two points i$,i3 € Jo such that ¢’ U {i},i2} UC" is the desired channel
¢ in QN 872. If instead this is not the case, we proceed as follows. We set

Cr:=C'USuilieC: Cecl?,
and we notice that Cy is strongly connected. Moreover, we set
Ji={i€QyNdz*: 3jeCsit. |i—j| =0}

Since by assumption C” & CQ’O, arguing as above we can find a path p; = {i1,...4,} CC1 U T
connecting 65QZ NILT and 8‘5@; N II,; such that (5.30) and (5.31) are satisfied with p;,l; in
place of pg, ly. Moreover, p; can be chosen in such a way that it is disjoint from pg. If now C” is
such that C; U J; U C” is strongly connected, we can find two points 2'(1), i% € Jo and two points
il,i? € Jy such that ¢’ UJC2O U {i},i2,i},i3} UC” contains a channel € in Q4 N 6Z>2. 1f this
is not the case we can iterate the procedure as above to define C'™, C,,, 11, and J,,+1 where for
every m > 1 we have

Crm.={CeCl: CpnUTnUC is strongly connected} ,

Cri1 = Cn U T U JC2™,
and
Tmt1:={i € Q) NOZ*: T j € Cppya sit. |i — j| = 6}
Let now M € N be such that ¢ € CZ™. Then there exist 2M points il,,i2, € J,, for
0 <m < M —1 such that C"U{i},3,...,i}, i3, }U UCE’M_1 UC" contains a channel € in
QyN 6Z2. Let us now define ¥, , by setting
iy 0 ifieZ! ori=il, forsomem € {0,...,.M —1},1=1,2,
0L =9
=P vz, otherwise in Q) N 872,
Then by definition v¢ , = 0 along a channel ¢ in @ N 8Z2%. Moreover, we have
e v @) 2 Gt 00y Q) — ey — M (5.32)
—Ge(ug p, v —Ge(ug p, U —c—— —cM- .
p 3 g,py YE,p p/ = ﬂ 3 g,py YE,p P (1 _ 77)2 p7
for some constant ¢ = ¢(¢) > 0 independent of €, p and 7. Indeed, to prove (5.32) we observe
that (5.29) gives

2
) ) 1 ) )
% (f(vé,p —1)*+ 7 > i, - véﬁ5ek\2)

€Ty
) 1< 3 n
~ 2 ~q ~1+dey |2
Z% ~ (E(’U&p—l) +ZZ’UE,,O_UE,p k’ ) —C(E—f—g) W
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Then, since 0 < 7. , < 1 we get

1 1 5 3 2 )
SO0t @) 2 L0 @) e () = (14 7) M
and hence (5.32).

Therefore, to conclude the proof of this step it only remains to estimate M in (5.32). To
this end, we notice that by construction there exist M pairwise disjoint paths p,, C Cy, U T,
0 <m < M —1 of length [,;, (where we have set Cy := C’) connecting 85Qz NIL} and 85QZ NIL;
such that (5.30) and (5.31) are satisfied with po, lp replaced by pp,, ly,. Further, in view of (5.29)
there exists ¢ > 0 such that l,,, < ¢p/d, for every 0 < m < M — 1. Then, since the paths p,, are
pairwise disjoint, summing up (5.31) over m yields

1 1 n? 25
;Fa(us,pave,pa Q) = me:o Fe(te,p, Ve,p, Pm) 2 2*0?]\4
which in view of (5.27) implies that there exists ¢ > 0 such that
2
c p
M <ty (5.33)
Thus, thanks to (5.33) estimate (5.32) becomes
1 1 5 n c
;Ga(va,pa QZ) Z ;GE(U&‘,p7 Q;) - c(l — 77)2 - 772t2 p-

Finally, setting T'(¢) := § and w! , := ﬁgfp for all i € T()Q¥ N Z?* from the above inequality we
deduce that

1
;Ee (ué‘,p7 Ve, ps Q;)

o i 1 i i 2 7 c
> —(E Z (Us’p—l)z‘f‘ﬁ Z ‘vs,p_vg,p‘ > _6(1_77)2 - thQp

2p 1€QyNIZ? i,j€QYNIZ?
li—j|=6
—a( T w0ty X bl ) et
i€T(e)QvNZ2 i,j€T()Q¥NZ?
li—jl=1
(5.34)

Then, since w, , is a competitor for ¢y(v), gathering (5.28) and (5.34) and passing to the limit
as ¢ = 0, we deduce

. n c 1
il_l’}r(l)qb&p(t, V) > ‘PE(V) - c(l — 77)2 - 772t2p - N

Eventually, letting p — 0% we get
n 1
tv) > S S A
Gu(t,v) > @u(v) ‘Gon? N
hence the desired inequality follows by first letting 7 — 0 and then N — +oc.

Step 3: ¢y(t,v) < py(v) for every (¢t,v) € R x St

Since ¢y is continuous by Step 1 and for every t € R the function v — ¢,(t,v) is continuous
by lower semicontinuity arguments, it suffices to prove the desired inequality for v € =. To
simplify the exposition we prove this inequality only in the special case v = es.
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Let 7 € N and let vr be a test function for ¢! (e2) such that

, 1 . .

Y W=7+ > lp— vl <20 (e) +1, (5.35)
i€TQNZ2 i,jETQNZ?
li—jl=1

where ¢] (e2) is as in (5.23). Let now ¢ be a channel in TQ N Z?* along which vy = 0. Then €
divides T'QQ into two parts defined as

TQT :={ieTQNZ?: 31 Nsuchthati—leg €€} and TQ := (TQNZ*)\TQ".
Now we define a discrete function ur in TQ N Z? by setting
; t ifieTQT,
Up = e _
0 ifieTqQ.
We extend the pair (ur,vr) to Z? by periodicity in direction e; and by setting (u’, v%) =
(uy?(i), 1) outside the discrete strip {z € R?: (z,e2) < T/2} NZ2. For every €,p > 0 set
L, ={2€Zx{0}: (0TQ+Tz) CQ,}
We now define a pair of competitors (ue p, ve ) for ¢. ,(t,e2) by setting

i Jup i€ Uee,, (0TQ +6T2),
ug?(i) otherwise in Q, N JZ?,

v ve  ifie U.er., (6TQ + 6T'z),
i) e otherwise in ), N 872,

where 9%, _ is as in (5.15) with ; replaced by €. Then the pair (ucp, ve,,) is admissible for ¢ ,

and by construction we have

Fa(ua,m Ve, ps Qp) = 0. (536)
Moreover, since #(I.,) < p/|[0T|, in view of the periodicity of (ur,vr) we get
0 i 0 i 0 i
— Y (W, P =HLp) s D (1) - > (i, 17
P i€Q,NS72 ieTQNZ2 P i€(Qp0Z2\U. ., (TQ+0T=)
) - 9 0
< L 2 j
< 7 S (Wh—1)% + p#({z e (@\ U 61Q+012))n 55(62)}>
i€TQNZ2 z€le,p
o - 9 0
< — r—1 =T .
il > (wh—1) +e T, (5.37)
i€TQNZ?
and analogously
0 i P12 0 i 2, 0
- > i, -l )< T > ok = +c;T. (5.38)
1,5€QpNSZ2 i,jETQNZ?
li—j|=0 li—j|=1

Hence gathering (5.37) and (5.38) gives

1 . 1 . . )
;GQ(’U&p, Qp) S m <£ Z (U%—v — 1)2 + ﬁ Z |U%—v - ’U%.,|2> —+ C;T
i€TQNZ2 i,jETQNZ?
li—gl=1

(=%
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Combining the latter estimate with (5.36) and (5.35) implies

1
¢E,p(t7 62) < ;Ea (Ua,pa Ve, ps Qp)
J 7 2 1 7 J |2 J
< sl E (vp —1)"+ — E lvp —vp|® ) + =T
207 1€TQNZ2 2, 2 p
1,JETQNZ
li—jl=1

5T [ 1 1 5
< — — ~T.
< 7] <Q0£ (e2) + 2T> +cpT

Therefore letting first € and then p go to zero we get

1
t,es) < ol —
(Z)Z( 762) — QOZ (62) + 2T7

thus finally the desired inequality follows by letting T — 4oc0. O

6. PROOF OF THE I'-CONVERGENCE RESULT IN THE SUPERCRITICAL REGIME { = 400

In this section we study the asymptotic behaviour of the functionals E. when & is much
smaller than 9.

We start recalling that Proposition 3.4-(ii) gives that in this case the domain of the I'-limit is
W12(Q) x {1} and that for every u € WH2(Q2) and for every (ue,v:) — (u,1) in LY(Q) x L}(Q)

we have

lim inf B, (u.,v.) > / |Vul|? dz. (6.1)
e—0 0

On the other hand, the upper-bound inequality is also straightforward. Indeed if u € C*°(Q),
then a recovery sequence is simply given by

ul = wu(i), ovl:=1 forevery ic Q.
In fact, u. — w in L'(Q) and G¢(v:) = 0, while Jensen’s inequality together with the mean-value

theorem gives

lim sup F¢ (ue, ve) = limsup F:(ue, ve) < / \Vu|?dx (6.2)
Q

e—0 e—0

as in the proof of (4.29) in Proposition 4.2. Then, the general case u € W12(Q) follows by a
standard density argument.
Therefore gathering (6.1) and (6.2) proves that for £ = +oo the functionals E. I'-converge to
/ |Vul|?de if u € WH2(Q), v =1 a.e. in Q,
Q
+00 otherwise in L'(Q2) x L' ().

Ex(u,v) =

The T'-convergence result as above implies, in particular, that if the pair (ug,v:) converges in
LY(Q) x LY(Q) to a pair (u,1) for some u € GSBV?(Q2)\ W12(Q) then E.(ue,ve) — +00. Then,
in the spirit of [30], the purpose of the following subsection is to study the asymptotic behaviour
of a suitable scaling of E. leading to a limit functional which is finite on the whole GSBV?2(Q).
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6.1. Formulation of an equivalent energy. We start noticing that the analysis performed
in the scaling regimes ¢ = 0 and ¢ € (0, +00) suggests that the development of a discontinuity
for u is penalised by a factor proportional to d/e, which is divergent in this supercritical regime.
This observation leads us to consider the following functionals:

1 o n wh — wli&ak
=3 20— —

1€Qs k=1
i+der€Qs

+;<25”1 N 25”1

1€Qs 1€Qs =
’L-i-(sek EQé

i _ Ui+5ek

)
We notice that H. is obtained by E. by scaling at the same time the energy and the variable u;

in fact we have c
H.(w,v) = gEg(\M;/aw,v).

With the following theorem we establish a I'-convergence result for the scaled functionals H,

Theorem 6.1. Let { = +oo and let H.: L*(Q) x L} () — [0, +0c0] be defined as

H (w,v) := (\/va) if w,v € A=(Q),
otherwise in L (Q) x Ll(Q),

Then the functionals H. T-converge to H: L'(2) x L1 (2) — [0, +o0] defined as

/ \va2dx+/ [VwloodM™™ 1 if w e GSBVZ(Q), v =1 a.e. in 9,
Q SwNQ

+00 otherwise in L'(Q) x LY(Q).

H(w,v) = (6.3)

Proof. The proof is divided into two main steps.
Step 1: liminf inequality.

The liminf inequality is proven in two substeps first considering the case n = 1 and then the
case n > 2.

Substep 1.1: the case n = 1.

Let Q = I := (a,b) be an open bounded interval. We start showing that in the one-
dimensional case the domain of the I-limit is SBV?(I) x {1}. To this end let (w,v) € L*(I) x
LY(I) and let (we,v:) C LY(I) x L*(I) be a sequence such that (we,v:) — (w,v) strongly in
LY(I) x L'(I) and satisfying

sup He (we, v:) < 400. (6.4)
3
Let 0. and w. be the piecewise affine interpolations of v., w. on I := I NJZ, respectively. From
(6.4) we deduce that 9. — 1 in L?(I); hence v = 1 a.e. in I.
We now prove that w € SBV?2(I). To this end we consider the discrete set
Jo={iely: vl <1/2}.
Again appealing to (6.4) we deduce that
1
c> 'Z:(v5 ~1)%> Z#(Jg).
i€Je
for some ¢ > 0, uniformly in €. Thus, we deduce that there exists N € N such that
#(J:) < N for every € > 0.
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Without loss of generality we then write
Je ={ir(e),....in(e)},  a<ii(e) <iz(e) < ... <in(e) <D,

where N is independent of €. Then for every 1 < j < N the sequence i;(¢) is bounded and thus
there exists ¢ € [a, b] such that (up to subsequences) i;(e) — t. Denote by

J:={tea,b: 3je{l,...,N}st. t=Ilimi;(e)}
e—0
the set of these limit points. Then we may write
J:{tl,...,tM}, a§t1<t2<...<tM§b, M < N.

We set dp := min{t;41 —t;: 1 <1< M —1}. Let n € (0,dp) and j € {1,..., N} be arbitrary.
By definition of J there exist [ € {1,..., M} and (j) > 0 such that

i5(€) € (= /2.t +0/2) Tor every e € (0,()).
By the arbitrariness of j € {1,..., N}, setting ¢ := min;<j<n £(j) we thus deduce that

. 1
v > 5 Viels\ (J+[-n/2,n/2]) for everye € (0,e0).

Hence, for € < gy we get
i i

; 1 wi —

Y bwy > X 8|S
i€ls\(J+[-n/2n/2]) i€ls\(J+[-n/2:n/2])

thus in view of (6.4) we deduce that the L?((a +n,b —n) \ (J + [-n,7n]))-norm of @, is equi-
bounded. Therefore, since w. — w in L'(I) the Poincaré-Wirtinger inequality implies that
W, is equibounded in Wh2((a 4+ n,b —n)) \ (J + [-n,7])) and @, — w weakly in Wh2((a +
n,b—n)) \ (J + [-n,7n]). Moreover, since o — 1 in L?(I), we have 9.0, — w’ weakly in
LY ((a+n,b—n)\ (J + [-n,7])). Hence, using estimate (3.3) in the proof of Proposition 3.2
entails

2 /
2 —
2 J(a+nb=n)\(J+[=n.n))

)
5 €

(wl)%dt,

2
> lim inf

Peet) /
€20 J(atnb—n)\(J+[-n.m))

i
wi —w

5 (0)* (L)t

el iN2
hrsn_:élf 5 Zo d(vl)
i€ly

> / (w')2dt. (6.5)
(a4n,b—m)\(J+[=n,1])

Then, by the arbitrariness of n € (0,dy) we deduce both that w € SBV?(I) and S, NI C J.
We therefore set
Swﬂftz{tl,...,tL}, L <M.

It only remains to prove that

1 ) 2 .
limint o (el =12+ 7 Sl — o | > L. (6.6)

e—0 ol -

els i€ls

To this end, we show that the number of lattice points i € I5 such that v — 0 is at least 2L.
Let 1 <1< L, set I] := (t; — n/2,t; +n/2) and define

(vEF)? + (vt

TR 2 /
my = hrgn_}l(glflnf{ 5 cie (I +(—0,0))NZ .



50 A. BACH, A. BRAIDES, C.I. ZEPPIERI

We claim that m; = 0. Let us assume by contradiction that m; > 0. Then there exists a
subsequence ¢; such that for j sufficiently large we have

i+3 ~
1 (v ) + (vL)?

— >1 foreveryi€ (I] + (—6;,6;)) N &;Z.
my 2
Therefore, we get
wo— w?.réj 2
/’(w;j)2dt < Z 5], 6367]
I €(1]+(—38;,6,))NS;Z J

15 ) ) 5|2
’Uéj_éj)2 4 (’UZ )2 wt — wg"sj

Smi Z 5j(

Lie(r+(~6;.8,)n8;2

uniformly in j. Thus, since (@.;) C W'2(I) and w., — w in L'(I) as j — +o0 we would
deduce that w., — w in W*(I]) and hence w € W2(I), which contradicts the fact ¢; € I;.
Hence, we may deduce that m; = 0. Consequently we can find a sequence of lattice points
i1(e) € (I] + (—9,0)) N 6Z such that

(U?(e))z + (Uiz(€)+5)2

£

2

—0 ase—0,

the latter implies

&) puEF 0 ase — 0,

which in its turn gives

lim i f-1)2>2.
1r€n_>1(1)1f Z (vp—1)">2
i€lsN(ti—n,ti+n)

Thus, since n < dy we get

e—0 A e—0
i€ls i€IsN(ty—n,t+n)

from which we deduce (6.6). Gathering (6.5) and (6.6) finally yields the liminf-inequality by the
arbitrariness of n > 0.
Substep 1.2: the case n > 2.

In this case the proof of the liminf inequality directly follows from the previous substep
arguing as in the proof of Proposition 3.4.

L
liminf Y (v —1)% > Zlim inf Z (vi —1)% > 2L,
=1

Step 2: limsup inequality.

It is enough to show that

I-limsup H.(w,1) < H(w,1) for every w € W(9Q), (6.7)
e—0
where W(Q) is the space of functions introduced in the proof of Proposition 4.2. Indeed, if (6.7)
holds than [39, Theorem 3.1, Remark 3.2 and Remark 3.3] allow us to apply a standard density
and lower-semicontinuity argument to deduce that
I-limsup H.(w,1) < H(w,1) for every w € SBV?(Q) N L™®(Q).
e—0

Finally, the case w € GSBV?(Q) follows by a standard truncation argument.

Therefore we now turn to the proof of (6.7). Let w € W(Q). To simplify the argument we
only discuss the case S, = K N, where K is a closed and convex set contained in II,, with
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v:= (v1,...,0,) € S"!; then the general case follows as in the proof of Proposition 4.2, Step
2. For every z,y € R" we denote by S(,,) the open segment joining z and y; moreover, for
every h > 0 set Kj := {z € II, : dist(x, K) < h}. Without loss of generality we suppose that
|V|oo = |Vn| = vpn. Further, upon considering a shifted lattice §Z™ 4 £ for a suitable sequence
(&) € R™ converging to 0 as ¢ — 0 we may assume that

SwNOZ™ =0 for every e >0

and we define
wh = w(i) for every i € Q.

Finally, we set

(O

i {0 if S(’L’*é‘en,i+66n) N I(\/ﬁfS 7é @’

AT otherwise in 5.

We clearly have (we,v:) — (w,1) in L'(Q) x L'(Q). Moreover, we claim that there holds

lim sup = (Zé" L +Z Z T 1€2| UL v2+6ek\2> <H" Sy NQ)|V|oo. (6.8)

€0 1€Qs 1€Qs =
Z+5€k GQ(;

Indeed, since #{i € Qs : vi =0} = 0O (5"%1), we get

2 . . 2
> Z 5t < i € g o = 01075 50 ase 0,

62
1€Qs =
z+5ek €Q5

while the fact that

. H"HQANK fm5) (v, €n)
#{1 € Qs 1 S(i—senivsen) VK yms # 0} =2 { 577,:(

yields

n—1

)
lim sup = Z Sl —1)? —hmsup
e—0 ZGQ(S

#{i € Qs : S(z’—éen,i+5en) N K\/ﬁé # 0}

= limsup 6" ! {

e—0

HH QN Kﬁ5)yn|J
67171

=H"(Sy NQ)|vn| = H" H(Sw N Q) |V]so.
Then, it remains to show that

lim sup = Z Z o=

e—0 ZEQg

w _ wz:|:5e;C

/ |Vw|*dz. (6.9)
Z:t(SBk

To do so, we first notice that for i € Q5 and k € {1,...,n} with S(; ;1se,) NS, = 0 by Jensen’s
inequality we have

‘w o w1+§ek

é
5 _(15/ | (Vw(i + tey), ex) 2dt ¥V 1<k<n.
0
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Hence, thanks to the mean-value theorem, using Fubini’s Theorem we get
2

n 1\2 i+deg )2 i __ ,,it0eg
Ty ) +gvs )? |wi e S/Q|Vw(q;)]2dx+(’)(5). (6.10)
T

S(iitsep,) Sw=0

We now claim that

n 72 i+dek )2
ve)” + (ve°%*)
Sy A
1€Qs k=1
i+56k6975
S(i,itoey,)NSw#D
so that combining (6.10) and (6.11) entails (6.9).
To prove the claim let ¢ € {35 and 1 < k < n be such that S ;4 se,) NS, # (0. This implies
(v, er) = v, # 0. Without loss of generality we assume that v > 0. We now show that
vt = pitoer = (6.12)

If kK = n then (6.12) follows directly from the definition of the sequence (v.). Let us now prove
(6.12) when k € {1,...,n — 1}. We have to show that

=0, (6.11)

S(i—Sen,i+§en) N K\/E(S 7£ @ and S(i+66k—§en,i+éek+6en) N K\/ﬁé 7é (Z)
To do so, we choose t € (0,5) such that i + tej, € Sy,. Then
sin ay,

1+ t— en € K
sina, Vb

where a4 and «,, denote the angle between e, and II,, and between e, and II,, respectively; we
note that
sinag = (v,ep) =1, and  sinay, = (v, e,) = vy,
Thus, since v, = |[V|oo > v > 0 we deduce that t:ﬁ%: € (0,0) and hence
sin a

+ tsin ap en € S(ii+sen)

which yields S ;yse,) N K /ms # () and then v! = 0 by definition. Moreover, we have

. sin oy,
— K /.
(1 + de) + (t — 9) o, en € K s

Since (t — 0) :iﬁz: € (—4,0), we get
. sin oy,
(i+0d)ex + (t =) o o € S(i+de,—den i+der)s

n

from which we deduce that S(;;se, —se, it+oe,) N K ms # 0 and thus vitoe = 0. The latter in
its turn implies (6.11) and eventually (6.9). Thus gathering (6.8) and (6.9) gives the limsup
inequality. g

Remark 6.2 (a I'-expansion of E.). For every fized w € GSBV?(Q) set u := \/gw, then using
the fact that Sy, = Sy and vy, = vy, we get

% H (w, 1):/ \Vu|2dx+5/ e dH
€ Q € JS.NOQ

which for ¢ = +oo is I'-equivalent to E.(u,v) in the sense of [30].
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7. INTERPOLATION PROPERTIES OF (g

In this last section we show that when n = 2 the surface energy density @, satisfies the
following interpolation properties.

Proposition 7.1. Let £ € (0,+00) and for v € St let p,(v) be as in (5.22). Then, we have

li = d i =1
M pelv) = oo and i) =1,

for every v € S'. Moreover, there holds

lim we(v)
{—+o0 V4

= ’V’OO’

for every v € S™.

Proof. Let v € S and for every T > 0 let ! be the auxiliary function as in (5.23). We start
showing that ¢y(v) — +o00 as £ — +oo. Indeed, for every T' > 0 and for every function vy
that is admissible for ¢! () there exists a channel ¢ in TQ" N Z? along which vy = 0. Then it
suffices to notice that #(%) > T to deduce that for every T' > 0 we have

l ; (
L) Zom Y, (p-1)? 25

Hence passing to the limit as 7' — +o00 we get ¢;(r) > ¢/2 and thus the claim.
We now prove that ¢,(v) — 1 as £ — 0. To this end we first show that

liminf ¢, (v) > 1. (7.1)
£—0

Let v € S1, T > 0, and let vr be an arbitrary test function for ! (v). Then in particular vy = 1
in a neighbourhood of the two opposite sides of ()7, perpendicular to v. For our purposes it is
convenient to extend vy to 1 to the discrete stripe S7 N 72, where

Sy = {z e R*: —T/2 < (z,vt) <T/2}.

With a little abuse of notation we still denote by vy such an extension. Moreover, we recall
that by definition of vy there exists a channel € in TQY N Z? such that vy = 0 on %. Since by
definition ¢ is a strong path (see Figure 1b), we can find a triangulation 7 of S% with vertices
in Z? such that if a triangle 7 € 7 has one vertex in % then all its vertices belong to %’. Denote
with 07 the piecewise affine interpolation of v on the triangulation 7. We have

1 i 2 1 ) j 12
2T<€ Z (UT—1)+27 Z |UT—U]T|>

ieTQvNZ2 1,jJETQYNZ2
li—j]=1
Ly > (u’—1)2+i S b — v
oT \ T 20 T T
i€SYNZ2 i,jESKNZ2
li—j|=1
> 1 / G 1)2+1yv~ %d
—_— vr — — v e
=97 | T ¢

T—V2
(T+v2)/2
T or ( / C(OF" (1) = 1)* + 2((@%”)’@))%) dai(y),  (7.2)

HZIQQ;_ﬂ 7(T+\/§)/2
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where #%:"(t) := or(y + tv), for every t € (—(T + v/2)/2,(T + v/2)/2). Thus, by definition of
vr for every y € I, N Q7. 5 we have o7 ((T +v2)/2) = 39" (—(T + V/2)/2) = 1. Moreover,
thanks to the choice of our triangulation 7T, for every y € 11, N Q;_ 3 there exists t, € (—(T' +
v2)/2,(T + +/2)/2) such that %" (t,) = 0. Thus, for every y € II, N Q;_\/i we get

(T+v2)/2

1 SV — 1) 4 B8V ()2

3 L o (OO 1 G 0
. (T+\/§)/2 ) oy s g ty 1 v ~Y,U\/ d
_/ty (1— 582 (1) |54 (0) t+/mm2< (1) (PR (1)t

:2/01(1—z)dz:1.

Therefore in view of (7.2) we deduce

S

1 i 2 1 i J (2 T
2T<€4 > (1) t3 > lop —orl”™ ) 2 ——,
1€TQVNZ2 i,j€TQYNZ2
li—jl=1

hence, by the arbitrariness of vp we get ¢} (v) > T_Tﬁ for every T > 0 and every £ > 0. Then,

letting T' — 400 gives pp(v) > 1 for all £ > 0 and thus (7.1).
Now it remains to show that

lim sup p(v) < 1. (7.3)
£—0

To prove the above upper-bound inequality (7.3) we construct a suitable test function vy for
¢¢(v). To this end let n > 0 be fixed; let 7,, > 0 and f € C?([0,7,]) be such that f(0) = 0,

f(Ty) =1, f'(T;) = f"(T;) =0, and
T”I
/ (f =12+ (f)dt < 1+n.
0

Clearly, up to setting f(t) = 1 for every t > T, we can always assume that f € C2([0,+o0)).
Let 7 > 0 and set 7' := T — /2. Denoting by d(z) the distance of z from TI, we set

0 if d(z) < V2,
or(@) = { [Udx) VD) itz € T'QY, dx) > vV,
1

otherwise,
which is well-defined for T' > % + 2v/2. We now define the sets

A:={ieTQ"NZ?: d(i) < 2},
B:={ieTQ' NnZ*: V2 <d(i)<T,/l+2V2},
C:={ie(TQ"\T'Q")NZ?: d(i) > V2}.
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We notice that the set A contains a channel % along which vy = 0. In particular, vy is admissible
for I (v). Thus we obtain

1 . 1 , .
T 3 2 3 712
wp (V) < o7 <€ E (vp — 1) + 2 E [vp — vyl )

i€TQVNZ2 i,jETQVNZ2
ji—jl=1
1 . 1 2 , .
- 2T<Z€<vér—l>2wz > o
€A i€eC k=1
i+er€TQV\C
. 1 & . . 1 2 .
+y (z (vh = 1%+ ok — vZT+ek|2) DD \UZTP) . (7.4)
i€EB k=1 i€eB k=1
i+ex,€B i+ep€A

We estimate the terms on the right hand side of (7.4) separately. First notice that #(A) < T,
while

#{ieC: it+e, €TQ"\C for some k=1,2}) <c¢/l,

for some ¢ > 0. Thus we get

57 2L (0h = 1)? = o #(A) < e (7.5)
icA
and
1 2 c
iter€TQY\C

Moreover, if i € B is such that i + e € A for some k € {1,2} then [vf|?> < ¢ /2 for some ¢ > 0
and #({i € B: i+ e € A for some k =1,2}) < ¢T'. Then

2
ﬁz > i<t (7.7)

i€eB k=1
1+eg €A

Finally, arguing as in the proof of Proposition 4.2 yields
, 1 & . .
a7 2 (L0h =12+ D =it P?)
i€B k=1
i+er€B

<L / ((or(@) — 1) + < Vop(z)2de + ¢ £2
2T = \ Jivfo,1)2 ¢

Iy
< % </ (f—1)*+ (f/)zdt) dH! + el < (L+n) +cl. (7.8)
I, NTQY 0

Gathering (7.4)-(7.7) we then obtain

1
T
oT(v) < 1+n+c(£+T72).
Passing first to the limit as 7" — 400 and then letting ¢ — 0, (7.3) follows by the arbitrariness
of n > 0.
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We now show that ¢g(v)/f — |V|so as £ — +oo. To this end let v = (v1, v5) € S'; without loss
of generality we may assume that |v|s = |va|. Let po : R? — I, be the orthogonal projection
onto I, and for every j € Ilo, NZ% let Rj:={k € Z: j+kes € TQ"}. Let T > 0 and suppose
that vr is a test function for ¢! (v). Let ¢ be a channel in TQ” NZ? along which vy = 0. Since
% is a strong path we deduce that for every j € pa(IL,) N Z? there exist at least two points
k1,k2 € R; such that U%Jrkl@ = U%HQQ = 0. This yields

1 ; 2 1 j+k 2 o [T] el
oT Z (vp —1) ZT Z Z(Ui]r “-1) ZT-
i€TQVNZ2 jep2(Il,)NZ2 kER;
Letting T' — +o00 we then obtain

o' (v)
]

2 |v2] = Voo, (7.9)

for every ¢ > 0.
To prove that, up to a small error, the reverse inequality also holds, we construct a suitable
test function vy for ¢ (v). To this end we set

'Ui . 0 lf S(i—ez,i-i—ez} N Hl/ # ®7
r 1 otherwise in TQ¥ N Z2.

Then, arguing as in the proof of Theorem 6.1, Step 2 one can show that the set {vp = 0} is a
channel in TQ" NZ?. In particular, vy is admissible for ¢! (). Moreover, a direct computation
gives

L 7 1 ; 2, |1 i g2
KW(V)SQT< Z (UT—1)+272 Z vy — vyl

i€TQvNZ2 i,jETQYNZ2

ji~7l=1
2
< Z1Thel] (145 )

Thus, letting T — 400, for every £ > 0 we get

1 2
por) <l (14 ).

which together with (7.9) gives the thesis. O
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