THE GAUSS-GREEN THEOREM IN STRATIFIED GROUPS
GIOVANNI E. COMI AND VALENTINO MAGNANI

ABSTRACT. We lay the foundations for a theory of divergence-measure fields in
noncommutative stratified nilpotent Lie groups. Such vector fields form a new family
of function spaces, which generalize in a sense the BV fields. They provide the most
general setting to establish Gauss—Green formulas for vector fields of low regularity
on sets of finite perimeter. We show several properties of divergence-measure fields
in stratified groups, ultimately achieving the related Gauss—Green theorem.
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1. INTRODUCTION

The Gauss—Green formula is of significant importance in pure and applied Math-
ematics, as in PDEs, Geometric Measure Theory and Mathematical Physics. In the
last two decades, there have been many efforts in extending this formula to very gen-
eral assumptions, considering ‘nonsmooth domains’ of integration and ‘weakly regular
vector fields’.

The classical Gauss—Green theorem, or the divergence theorem, asserts that, for an
open set Q C R™, a vector field F' € C*(2;R™) and an open subset E € {2 such that
E is a C" smooth manifold with boundary, there holds

/didex:/ FovpdH™ L, (1.1)
E OF

where vg is the exterior unit normal to OF and H" ! is the (n — 1)-dimensional
Hausdorff measure. The class of open sets considered above is too restrictive and this
motivated the search for a wider class of integration domains for which the Gauss—
Green theorem holds true in a suitable weaker form. Such a research was one of the
aims which historically led to the theory of functions of bounded variation (BV') and
sets of finite perimeter, or Caccioppoli sets. Indeed, an equivalent definition of set
of finite perimeter requires the validity of a measure theoretic Gauss-Green formula
restricted to compactly supported smooth vector fields. The subsequent problem is
then finding the geometric structure of its support.

While it is well known that a set of finite perimeter £ may have very irregular
topological boundary, even with positive Lebesgue measure, it is possible to con-
sider a particular subset of OF, the reduced boundary .# E, on which one can de-
fine a unit vector vg, called measure theoretic exterior unit normal. In view of De
Giorgi’s theorem, which shows the rectifiability of the reduced boundary, we know
that |[Dyg| = H" 'L ZF and a first important relaxation of is as follows

/didea::/ FovpdH™ !, (1.2)
E FE

where £ € Q has finite perimeter and F' € Lip(€;R™). This result, although im-
portant because of the large family of integration domains, is however restricted to a
class of integrands with a still relatively strong regularity.

The subsequent generalization of is due to Vol'pert [76] (we also refer to the
classical monograph [77]). Thanks to further developments in the BV theory, he was
able to consider vector fields in F' € BV (; R™) N L>(§2; R") and sets E € {2 of finite
perimeter, getting the following formulas

divF(E") = F.,, -vpdH" !, (1.3)

FE

divF(E' U ZE) = / o vpdi, (1.4)
F

where E' is the measure theoretic interior of F and F,, are the exterior and interior
traces of F' on .% F; that is, the approximate limits of F' at x € .# E restricted to the
half spaces {y € R" : (y—x)-(£vg(x)) > 0}. The existence of such traces follows from
the fact that any BV function admits a representative which is well defined H" !-a.e.
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Not all distributional partial derivatives of a vector field are required to be Radon
measures in ((1.3)) and , since only the divergence appears. Moreover, Gauss—
Green formulas with vector fields of lower regularity have proved to be very important
in applications, as for instance in hyperbolic conservations laws or in the study of
contact interactions in Continuum Physics, [17], [66]. All of these facts finally led
to the study of p-summable divergence-measure fields, namely L” vector fields whose
divergence is a Radon measure.

Divergence-measure fields provide a natural way to extend the Gauss—Green for-
mula. The family of LP? summable divergence-measure fields, denoted by DMP? | clearly
generalizes the vector fields of bounded variation. It was first introduced by Anzellotti
for p = 0o in [11], where he studied different pairings between vector fields and gra-
dients of weakly differentiable functions. Thus, he considered F' € DM () in order
to define pairings between bounded vector fields and vector valued measures given by
weak gradients of BV functions. One of the main results is |11, Theorem 1.2], which
shows the existence of L*(0€2) traces of the normal component of DM>(Q) fields
on the boundary of open bounded sets ) with Lipschitz boundary. These traces are
referred to as normal traces in the literature.

After the works of Anzellotti [11], [12], the notion of divergence-measure fields
was rediscovered in the early 2000s by many authors, with different purposes. Chen
and Frid proved generalized Gauss—Green formulas for divergence-measure fields on
open bounded sets with Lipschitz deformable boundary (see [17, Theorem 2.2] and
[19, Theorem 3.1]), motivated by applications to the theory of systems of conservation
laws with the Lax entropy condition. The idea of their proof rests on an approximation
argument, which allows to obtain a Gauss—Green formula on a family of Lipschitz open
bounded sets which approximate the given integration domain. Later, Chen, Torres
and Ziemer generalized this method to the case of sets of finite perimeter in order to
extend the result in the case p = 0o, achieving Gauss—Green formulas for essentially
bounded divergence-measure fields and sets of finite perimeter (|21, Theorem 5.2]).
Then, Chen and Torres [20] applied this theorem to the study of the trace properties
of solutions of nonlinear hyperbolic systems of conservation laws. Further studies and
simplifications of [21] have subsequently appeared in [25] and [24]. The alternative
approach in [24] follows the original idea employed by Vol'pert to prove and
(1.4). A key step is the derivation of a Leibniz rule between a vector field and a
characteristic function of a set of finite perimeter. As a byproduct, this ensures the
definition of a suitable generalized notion of normal trace, which is coherent with the
definition given by Anzellotti [11] and Chen, Torres and Ziemer [21].

The Gauss—Green formula for essentially bounded divergence-measure fields and
sets of finite perimeter (|24, Theorem 3.2]) states that, if ' € DM™>(Q) and E € Q
is a set of finite perimeter in €2, then there exist interior and exterior normal traces
of F on FE; that is, (Fi - vg), (F. - vg) € L=(F E;H" ') such that we hav]

divF(EY) = / Fi-vpdH™  and  divF(E'UZE)= [ F.-vpdH™ L
FE

FE

IThe absence of the minus sign at the right hand side of these formulas is due to our convention
that vg denotes the measure theoretic unit exterior normal. This differs from the convention in [24].
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In addition, the following trace estimates hold:
1 Fi - velLe(zpmn—1) S |Fllog and || Fe - vplliezpmun) < [|[Fllooe. (1.5)

It is of interest to mention also other methods to prove the Gauss—Green formula, and
different applications. Degiovanni, Marzocchi and Musesti in [32] and Schuricht in [66]
were interested in the existence of a normal trace under weak regularity hypotheses in
order to achieve a representation formula for Cauchy fluxes, contact interactions and
forces in the context of the foundations of Continuum Mechanics. As is well explained
in [66], the search for a rigorous proof of Cauchy’s stress theorem under weak regularity
assumptions is a common theme in much of the literature on divergence-measure fields.
The Gauss—Green formulas obtained in [32] and [66] are valid for F' € DMP(Q) and
p > 1, even though the domains of integration £ C ) must be taken from a suitable
subalgebra of sets of finite perimeter, which are related to the vector field F'.

Silhavy in [70] also studied the problem of finding a representation of Cauchy fluxes
through traces of suitable divergence-measure fields. He gave a detailed description
of generalized Gauss—Green formulas for DMP(Q)-fields with respect to p € [1, o]
and suitable hypotheses on concentration of divF'. In particular, he provided sufficient
conditions under which the interior normal traces (and so also the exterior) can be seen
as integrable functions with respect to the measure H"! on the reduced boundary
of a set of finite perimeter. We should also note that Silhavy studied the so-called
extended divergence-measure fields, already introduced by Chen-Frid in [19], which
are vector valued Radon measures whose divergence is still a Radon measure. He
proved absolute continuity results and Gauss—Green formulas in [71] and [72]. It is
also worth to mention the paper by Ambrosio, Crippa and Maniglia 3|, where the
authors employed techniques similar to the original ones of Anzellotti and studied a
class of essentially bounded divergence-measure fields induced by functions of bounded
deformation. Their results were motivated by the aim of extending DiPerna-Lions
theory of the transport equation to special vector fields with bounded deformation.

In the last decades and more recently, Anzellotti’s pairings and Gauss—Green for-
mulas have appeared in several applied and theoretical questions, as the 1-Laplace
equation, minimal surface equation, the obstacle problem for the area functional and
theories of integration to extend the Gauss—Green theorem. We refer for instance to
the works [61], [31], [48], [63], [65], [64], |50] and [51]. Recently Anzellotti’s pairing
theory has been extended in [26], see also [27] and [28], where the authors have also
established integration by parts formulas for essentially bounded divergence-measure
fields, sets of finite perimeter and essentially bounded scalar functions of bounded
variation. In the context of unbounded divergence-measure fields, we mention the
work [16], where new integration by parts formulas are presented and the normal
trace functional is studied in relation with the Leibniz rules between the fields and
the characteristic functions of sets.

The Gauss—Green formula has been deeply studied also in a number of different non-
Euclidean contexts, [46], [52], [45]. Related to these results is also the recent study
by Ziist, on functions of bounded fractional variation, |7§]. Other extensions of the
Gauss—Green formula appears in the framework of doubling metric spaces satisfying a
Poincaré inequality, [55]. Through special trace theorems for BV functions in Carnot—
Carathéodory spaces, an integration by parts formula has been established also in
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[75], assuming an intrinsic Lipschitz regularity on the boundary of the domain of
integration.

The main objective of this paper is to establish a Gauss—Green theorem for sets
of finite perimeter and divergence-measure vector fields in a family of noncommuta-
tive nilpotent Lie groups, called stratified groups or Carnot groups. Such Lie groups
equipped with a suitable homogeneous distance represent infinitely many different
types of non-Euclidean geometries, with Hausdorff dimension strictly greater than
their topological dimension. Notice that commutative stratified Lie groups coincide
with normed vector spaces, where our results agree with the classical ones. Stratified
groups arise from Harmonic Analysis and PDE, 73], [34], and represent an important
class of connected and simply connected real nilpotent Lie groups. They are char-
acterized by a family of dilations, along with a left invariant distance that properly
scales with dilations, giving a large class of metric spaces that are not bi-Lipschitz
equivalent to each other.

The theory of sets of finite h-perimeter in stratified groups has known a wide de-
velopment in the last two decades, especially in relation to topics like De Giorgi’s
rectifiability, minimal surfaces and differentiation theorems. We mention for instance
some relevant works [1], [57], [40], [39], [22], [53], |14], [7], [56], [29], [60], [54], [58],
[49], only to give a small glimpse of the wide and always expanding literature. Some
basic facts on the theory of sets of finite perimeter and BV functions hold in this
setting, once these notions are properly defined. Indeed, other related notions such as
reduced boundary and essential boundary, intrinsic rectifiability and differentiability
can be naturally introduced in this setting, see for instance [67] for a recent overview
on these topics and further references.

The stratified group G, also called Carnot group, is always equipped with left invari-
ant horizontal vector fields X1, ..., Xy, that determine the directions along which it is
possible to differentiate. The corresponding distributional derivatives define functions
of bounded h-variation (Definition [3.2) and sets of finite h-perimeter (Definition [3.12).
We consider divergence-measure horizontal fields, that are LP-summable sections of
the horizontal subbundle H(2, where (2 is an open set of G (Definition [£.1)). Notice
that the space of these fields, DMP(HY), with 1 < p < oo, contains divergence-
measure horizontal fields that are not BV even with respect to the group structure
(Example . Nevertheless, they satisfy a Leibniz rule when multiplied by a func-
tion of bounded h-variation, that might be much less regular than a BV function
on Euclidean space, see Theorem below. The loss of Euclidean regularity can be
already seen with sets of finite h-perimeter, that are not necessarily of finite perimeter
in Euclidean sense, [38, Example 1]. Sets of finite h-perimeter are in some sense the
largest class of measurable sets for which one can expect existence of normal traces
and Gauss—Green formulas for divergence-measure horizontal fields.

A special aspect of our techniques is a smooth approximation result, obtained by
the noncommutative group convolution (Definition . This is a well known tool in
Harmonic Analysis and PDE on homogeneous Lie groups, [35], [74], that has been
already used to study perimeters and BV functions on Heisenberg groups, [69], [59].
On the other hand, a number of smooth approximations can be obtained in Carnot-
Carathéodory spaces or sub-Riemannian manifolds using the Euclidean convolution,
also in relation to Meyers—Serrin theorem and Anzellotti-Giaquinta approximations
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for Sobolev and BV functions, [36], [37], [43], [44], |[75], [6]. The next result provides
a number of natural properties that are satisfied by the “correct” mollified function.

Theorem 1.1. Let f € BVpy0c(2) be such that |Dyf|(2) < +oo and let p €
CL(B(0, 1)) with p >0, fyon pde = 1 and p(z) = p(a~'). Then p. + f € Ch(OF)
and we have

Viu(pe* f) = Duf and |pe* Duf| = |Dufl, (1.6)
Vi (pe* )l < (pe % [Dufl) . on Qi (1.7)

for every € > 0 such that QX # (. Finally, the following estimate holds
Vi (pe * F)I(Q5) < [Dufl(). (1.8)

We believe this smooth approximation has an independent interest, with possibly
different applications. We would like to point out that other basic smoothing results
have been provided in Sections and . The inequality is between measures,
where 1 denotes the Haar measure of the group. Notice that here the minimal regular-
ity of the mollifier p is necessary in order to have Proposition[3.25|and its consequences.
Indeed, the mollifier p. can be also built using a homogeneous distance, that in general
may not be smooth even outside the origin. Theorem [I.1] plays an important role also
in the proof of the Leibniz rule of Theorem [1.2] The noncommutativity of the group
convolution makes necessary a right invariant distance d”® canonically associated to d
and the ‘right inner parts’ of an open set QX , that appear in the statement
of Theorem [l

Theorem 1.2 (Approximation and Leibniz rule). If F € DM™(HS?) and g € L>(Q)
with |Dgg|(Q2) < +o0, then gF € DM™(HQ). If p € C.(B(0,1)) is nonnegative,

p(z) = p(z™) cmd/ pdx = 1, then for any infinitesimal sequence &, > 0, setting
1

B(0,1)
g. == p. * g, there exists a subsequence ey such that g., — § in L>=(Q;|divF|) and
(F,Vuge,) i — (F,Dygg) in M(S). Moreover, the following formula holds
div(gF) = gdivF + (F, Dgg), (1.9)

where the measure (F, Dyg) satisfies
|(F. Dug)| < [|Fllc.alDrgl- (1.10)
Finally, we have the decompositions
(F, Dug)*n = (F,Vug)p and (F,Dpg)® = (F, Dyg), (1.11)
where Vg denotes the approrimate differential of g.

In the Euclidean setting, this Leibniz rule has been established in |17, Theorem 3.1]
and [41, Theorem 2.1]. The product rule is the starting point of many of our
results. For instance, applying this formula to /' € DM*(HS2) and g = xg, for a
set of finite h-perimeter ' € 2, and using Lemma [4.6| one is led to a first embryonic
Gauss—Green formula. Here the pairing (F, Dy xg) has still to be related to suitable
notions of normal trace. Indeed, the interior and exterior normal traces (F;, vg) and
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(Fe,vE), respectively, are defined in Section [5| through the notion of pairing measure
as follows:

(xeF, Duxe) = —5 (Fi,ve) |Duxel,

(XQ\EF7 DHXE) = - <~7:e7 VE> |DHXE|-

N~ DN =

We notice that this definition is well posed, since (xgF, Duxe) and (xo\eF, DuXxE)
are absolutely continuous with respect to the perimeter measure thanks to (1.10]).
It is important to stress that the weak assumptions of Theorem [1.2| a priori do not
ensure the uniqueness of g and of the pairing (F, Dy g). They may both depend on the
approximating sequence. A first remark is that at those points where the averaged
limit of ¢ exists with respect to d%, the function § can be characterized explicitly
(Proposition. However, the appearance of the right invariant distance d™ prevents
the use of any intrinsic regularity of the reduced boundary (Definition for sets
of finite h-perimeter.

Despite these difficulties, a rather unexpected fact occurs, since in the case g = xg
and E has finite h-perimeter, it is possible to prove that the limit Yz is uniquely
determined, along with the normal traces, regardless of the choice of the mollifying
sequence p., * xg. The surprising aspect is that we have no rectifiability result for the
reduced boundary in arbitrary stratified groups. We mainly use functional analytic
arguments, the absolute continuity divF < S9~! and the important Proposition m
that is further discussed below. We summarize these relevant facts by restating here
the main results of Theorem [5.13

Theorem 1.3 (Uniqueness of traces). If ' € DM>(HQ) and E C Q is a set of
finite h-perimeter, then there exists a unique |divF|-measurable subset

EY c Q\ FyE,
up to |divF|-negligible sets, such that

_ 1 _
Xe(7) = xprr(x) + ixyHE(:c) for |divF|-a.e. x € Q. (1.12)

In addition, there exist unique normal traces
(Fi,ve) s (Fe,vE) € L=(FuE; |Duxel)
satisfying

le(XEF) = XEl,FdiVF - <f;, VE'> ’DHXE'|7 (113)
div(xgF) = xprruzyedivF — (Fe,vE) |Duxel. (1.14)

Equalities and immediately lead to general Gauss—Green formulas.
Indeed, taking F' € DM™(HQ?) and a set of finite h-perimeter E € (2, it is enough to
evaluate and on 2, and then to exploit the fact that xgF' € DM (HQ),
thanks to Theorem [I.2] and Lemma [£.6] In this way, we obtain the following general
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versions of the Gauss—Green formulas in stratified groups:

divF(EM) = / (Fi,vs) d|Drxsl, (1.15)
FyE
divF(EYF U FyE) = /y _(Feove) dDixsl. (1.16)
-

We notice that, as a simple consequence of ((1.13)), we can define EV', up to |divF]-
negligible sets, as that Borel set in 2\ .Zy E satisfying

div(xgF)LQ\ FyE =divFL EYF. (1.17)

However, it is still an appealing open question to characterize E%" explicitly, namely
in geometric terms, or even to prove that the set FY" does not depend on the vector
field F', as it happens in the Euclidean context.

Nevertheless, we are able to find different sets of assumptions, involving either the
regularity of £ or of the field F, for which E% can be properly detected. This
immediately yields a number of Gauss—Green and integration by parts formulas in
the spirit of the well known Euclidean results.

Before discussing Gauss—Green formulas, it is natural to ask whether normal traces
have the locality property. Rather unexpectedly, also locality of normal traces is ob-
tained without any blow-up technique related to rectifiability of the reduced boundary.
Indeed, the classical proofs in the literature heavily employ the existence of an ap-
proximate tangent space at almost every point on the reduced boundary of a set of
finite perimeter ([3, Proposition 3.2] and [24, Proposition 4.10]).

In Theorem we show that the normal traces of a divergence-measure horizontal
section F' only depend on the orientation of the reduced boundary. It can be seen
using the Leibniz rule established in Proposition [5.2] the locality of perimeter in
stratified groups proved by Ambrosio-Scienza [9] and general arguments of measure
theory. Another important tool that somehow allows us to overcome the absence
of regularity of the reduced boundary is Proposition [3.20] where we prove that the
weak* limit of p. % xg in L>®(Q; |Dyxg|) is precisely 1/2, for any set £ C G of finite
h-perimeter and any symmetric mollifier p. This proposition can be proved by a soft
argument borrowed from [4, Proposition 4.3]. It seems quite interesting that this
weak™® convergence comes from an analogous study in the infinite dimensional setting
of Wiener spaces and it does not require any existence of blow-ups.

Proposition [3.20, together with Remark and Lemma [3.23] is fundamental in
proving the refinements and of the Leibniz rule, along with the unique-
ness results of Theorem [1.3] Furthermore, Proposition [3.20] immediately leads to the
‘intrinsic blow-up property’ (Lemma , that is fundamental to prove the estimates
of Proposition for the normal traces of ' € DM™ (). We point out that the
names of interior and exterior normal traces can be also justified by the same estimates
(5.18) and . We stress that the proofs of this result in the Euclidean literature
rely on De Giorgi’s blow-up theorem, see [24, Theorem 3.2], while Proposition
when the group is commutative, provides an alternative proof.

Returning to Gauss—Green formulas, we observe first that when .y F is negligible
with respect to |divF| (Theorem [6.5]), then the interior and exterior normal traces
coincide. In particular, we can define the average normal trace (F,vg) as the density
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of the pairing (F, Dy xg) with respect to the h-perimeter measure |Dy x|, according
to Definition [6.2] Thanks to (5.46)), it is immediate to observe that

<f,VE> _ <‘E>VE>—£<"T_.€7VE>‘

As a result, when |divF|(.ZgE) = 0, we have (F;,vg) = (Fe,vg) = (F,vg), so that
there exists a unique normal trace and the Gauss—Green formula (6.7) holds.

In case the divergence-measure field F' is continuous (Theorem[6.7)), then the Gauss—
Green formula holds and the normal trace has an explicit representation by the
scalar product between the field F' and the measure theoretic outer normal vg.

A first relevant consequence of the previous theorems is a Gauss—Green formula for
horizontal fields with divergence-measure absolutely continuous with respect to the
Haar measure of the group. Such a result could be also achieved from a modified
product rule with additional assumptions on divF, but we have preferred to start
from a more general Leibniz rule and then derive some special cases from it.

Theorem 1.4. Let F € DM™(HS) such that |divF| < p and let E € 2 be a set of
finite h-perimeter. Then there exists a unique normal trace (F,vg) € L (% |Dyxkl|)
such that there holds

divF(E) = / (F,vg) d|Dyxs|- (1.18)
FuE
The key point is to show that EV* can be replaced by E, namely, to prove that their
symmetric difference is |divF'|-negligible. The Gauss—Green formula ((1.18) naturally
leads to the following integration by parts formula.

Theorem 1.5. Let ' € DMS.(HSY) be such that |divF| < u, and let E be a set of
locally finite h-perimeter in Q. Let o € C(Q) with Vyy € L .(HQ) such that

loc

supp(¢xe) € Q.

Then there exists a unique normal trace (F,vg) € LS. (Y |Duxe|) of F, such that
the following formula holds

/ o ddivF +/ (F, V) dr = / 0 (F,vg) d|Dyxsl. (1.19)
E E FuE

We notice that the assumption |divF| < p is very general in the sense that it
is satisfied by F € Wé’foc(H Q), for any 1 < p < oco. Moreover, it clearly implies
|divF|(#gE) = 0, which means that the divergence-measure is not concentrated on
the reduced boundary of E, and thus there is no jump component in the divergence.
It is also worth to point out that both and hold also for sets whose
boundary is not rectifiable in the Euclidean sense (Example [7.2]).

If we slightly weaken the absolute continuity assumption on divF', requiring instead
|divE|(057E) = 0, where 93 E is the measure theoretic boundary of E with respect
to the right invariant distance d® , we are able to prove that EM is equivalent
to EV%; that is, the measure theoretic interior with respect to d®. As a consequence,
we can derive a modified Gauss—Green formula (Theorem [7.6)) and related statements.

Finally, other versions of the Gauss—Green theorem and integration by parts for-
mulas can be obtained in the case the set £ C G has finite perimeter in the Euclidean
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sense. Here it is important to investigate the behavior of the Euclidean pairing of
a field ' € DM™(HSQ) and a function g € BV (Q2) N L>(R2). Let us remark that,
even if the family DMP(HQ) with 1 < p < oo is strictly contained in the known
space of divergence-measure fields (Section , the known Euclidean results could
only prove that the Euclidean pairing measure (F, Dg) is absolutely continuous with
respect to the total variation |Dg|. This result does not imply the absolute continuity
of the pairing with respect to |Dpg|, since this measure is absolutely continuous with
respect to |Dg| while the opposite may not hold in general.

In Theorem we refine the classical results on (F, Dg), proving that, up to a
restriction to bounded open sets,

|(F, Dg)| < [|[Fllco.2| Drgl-

For this purpose, we have used the Euclidean convolution to compare the Euclidean
pairing with the intrinsic pairing in the stratified group. While no exact commutation
rule between the horizontal gradient and the Euclidean convolution holds, it is however
possible to use an asymptotic commutator estimate similar to the classical one by
Friedrichs [42], see also [43]. Thanks to the above absolute continuity, we can actually
prove that, given a set of Euclidean finite perimeter F, the group pairing (F, Dgxg)
defined in Theorem is actually equal to the Euclidean pairing (F, Dxg), according
to Theorem [8.4, An important tool used in the proof of this result is Theorem [4.7]
which states that |divF| < 971 if FF'€ DM (HSY). This property of divF allows
us to show in Theorem that we have EVF = E}}, up to a |divF|-negligible set,
where we denote by Eh the Euclidean measure theoretic interior of F; that is, the
set of points with density one with respect to the balls defined using the Fuclidean
distance in the group. These results allow us to prove Leibniz rules and integration
by parts formulas for sets of Euclidean finite perimeter in stratified groups.

Theorem 1.6. Let F' € DMy (HSY) and E C Q be a set of Fuclidean locally finite
perimeter in §), then there exist interior and exterior normal traces (F;,vg) , (Fe,VE) €

L (Q; | Dy xel) such that, for any open set U € Q, we have

div(xgF) = Xg divE — (Fi,ve) | Duxel, (1.20)
div(xgF) = XEL UZy B divF — (F.,vg) |Duxel, (1.21)
Xzye AVE = ((Fe,vp) — (Fi,ve)) |Duxe| (1.22)

in M(U). Moreover, we get the trace estimates

| {(Fi, vE) | 1o (7 EnviDarxs) < 1 |oo,B007

| (Fe, vE) |22 (ZuEnvDaxs) < ||F |loo,onE-

For any ¢ € C(Q) with Vi € LL .(HQ) such that supp(pxr) € 2, we have
/ o ddivF +/ (F, Vo) de = / o (Fi,vg) d|Dyxsl, (1.23)
B E FuE

/ goddivFJr/ (F, V1) dyc:/ o (Fo.vi) d| D). (1.24)



THE GAUSS-GREEN THEOREM IN STRATIFIED GROUPS 11

Formulas (1.19)) and (1.23)) extend Anzellotti’s pairings to stratified groups in the
case the BV function of the pairing is the characteristic function of a finite h-perimeter
set. Indeed, if we take E to be an open bounded set with Euclidean Lipschitz bound-
ary, as in the assumptions of |11, Theorem 1.1], then it is well known that Eh =F.
Thus, for this choice of E, it is clear that and are equivalent to definition
of (interior) normal trace of Anzellotti; that is, the pairing between F' and Dxg (see
[11, Definition 1.4]).

Let us point out that Theorem [I.6]is new even if it is seen in Euclidean coordinates,
since the measures appearing in the Leibniz rules are in fact absolutely continuous
with respect to the h-perimeter.

In the assumptions of Theorem [1.6] if E € 2, taking the test function ¢ = 1 in
both ((1.23]) and (1.24]), we get the following general Gauss-Green formulas

divF(E},) = /y _(Fivi) d\Dixl, (1.25)
7H

divF(E}, U ZyE) = /@ (Fervw) dIDuxsl. (1.26)
FH

Analogously, the estimates on the L*°-norm of the normal traces are similar to those
in (1.5). When the vector field F is C' smooth up to the boundary of a bounded set

E € Q of Euclidean finite perimeter, then all ((1.18]), (1.25) and ((1.26]) boil down to

the following one
/didex:/ (F,vg)d|Dyxsl :/ (F.N})d|Dxs| (1.27)
E FE FE

where NF = "y (N, Xj)gq X; is the non-normalized horizontal normal, G is lin-
early identified with R (Section[2.2)), (-, -)gq denotes the Euclidean scalar product, Ng
is the Euclidean measure theoretic exterior normal, |[Dyg| is the Euclidean perimeter
and .Z F is the Euclidean reduced boundary. In the special case of the proof is
a simple application of the Euclidean theory of sets of finite perimeter, see for instance
[23, Remark 2.1].

Equalities of can be also written using Hausdorff measures, getting

/Edidex:/% (PN ans” :/% (F,vg) dSQ, (1.28)

The first equality is a consequence of the rectifiability of Euclidean finite perimeter
sets [30] and the second one follows from [54], when the homogeneous distance d
constructing S?~! is suitably symmetric. For instance, when E is bounded, OF
is piecewise smooth and F is a C'! smooth vector field on a neighbourhood of F,
then and hold and the reduced boundary .# F can be replaced by the
topological boundary OF, coherently with the classical result .

For smooth functions and sufficiently smooth domains, Green’s formulas, that are
simple consequences of the Gauss-Green theorem, have proved to have a wide range of
applications in classical PDE’s. In the context of sub-Laplacians in stratified groups
these formulas play an important role, [15], [62].

As a consequence of our results, we obtain a very general version of Green’s formulas

in stratified groups. Precisely in the next theorem, (1.29)) and (1.30]) represent the first
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and the second Green’s formulas, where the domain of integration is only assumed to
be a set with Euclidean finite perimeter and the sub-Laplacians are measures.

Theorem 1.7. Let u € C}(Q) satisfy Agu € Mie(Q) and let E C Q be a set of
Euclidean locally finite perimeter in Q. Then for each v € C.(Q) with Vgv € L'(HRQ)
one has

/ vdAgu :/ v (Vyu,ve) d|Dpxe| —/ (Vyv, Vyu) d. (1.29)
El, Fu E
If u,v € C} .(Q) also satisfy Agu, Agv € M(Q), one has
/ vdAHu—udAHv:/ (vVygu —uVgv,vg) d|Dpxe|. (1.30)
Bl FuE

Il
If E € ), one can drop the assumption that u and v have compact support in €2.

These Green’s formulas are extended in Theorem to sets of h-finite perimeter,
assuming that the sub-Laplacian is absolutely continuous with respect to the Haar
measure of the group.

2. PRELIMINARIES

In this section we present some preliminary notions, hence setting the notation, and
extend some well known facts from the Euclidean context to the stratified groups’ one.

In what follows, €2 is an open set in a stratified group G. Unless otherwise stated,
C and C are equivalent. We denote by E € () a set E whose closure, E, is a compact
inside €2, by E° the interior of E and by OF its topological boundary.

2.1. Basic facts on stratified groups. We recall now the main features of the
stratified group, also well known as Carnot group. More information on these groups
can be found for instance in [34], [35], [47]. In particular, we are including at the end
of the section an approximation results for intrinsic Lipschitz functions.

A stratified group can be seen as a linear space G equipped with an analytic group
operation such that its Lie algebra Lie(G) is stratified. This assumption on Lie(G)
corresponds to the following conditions

Lie(G) =V, & --- YV, V1, V5] = Vin

for all integers j > 0 and V; = {0} for all j > ¢ with V, # {0}. The integer ¢ is the step
of nilpotence of G. The tangent space TyG can be canonically identified with Lie(G)
by associating to each v € TyG the unique left invariant vector field X € Lie(G) such
that X (0) = v. This allows for transferring the Lie algebra structure from Lie(G) to
ToG. We can further simplify the structure of G by identifying it with T,G, hence
having a Lie product on G, that yields the group operation by the Baker-Campbell-
Hausdorff formula. This identification also gives a graded structure to G, obtaining
the subspaces H’ of G from the subspaces

{ve )G :v=X(0), X €V},
therefore getting G = H' @ --- @ H*. By these assumptions the exponential mapping
exp : Lie(G) - G
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is somehow the “identity mapping” exp X = X(0). It is clearly a bianalytic diffeo-
morphism. We will denote by q the dimension of G, seen as a vector space. Those
dilations that are compatible with the algebraic structure of G are defined as linear
mappings §, : G — G such that §,(p) = r'p foreachp € H',r >0andi=1,...,

2.2. Metric structure, distances and graded coordinates. We may use a graded
basis to introduce a natural scalar product on a stratified group G. We then define
the unique scalar product on G such that the graded basis is orthonormal.

We will denote by | - | the associated Euclidean norm, that exactly becomes the
Euclidean norm with respect to the corresponding graded coordinates.

On the other hand, the previous identification of G with TyG yields a scalar product
on TyG, that defines by left translations a left invariant Riemannian metric on G. By
a slight abuse of notation, we use the symbols |- | and (-, ) to denote the norm arising
from this left invariant Riemannian metric and its corresponding scalar product. By
(-, )ra We will denote the Euclidean scalar product, that makes the fixed graded basis
(é1,...,€q) orthonormal.

Notice that the basis (X7, ..., X ) of Lie(G) associated

to our graded basis is clearly orthonormal with respect to the same left invariant
Riemannian metric.

A homogeneous distance

d:GxG —[0,+00)
on a stratified group G is a continuous and left invariant distance with
d(6:(p), (q)) = rd(p, q)
for all p,q € G and r > 0. We define the open balls as
B(p,r) = {q eG:d(q,p) < r}.

The corresponding homogeneous norm will be denoted by ||z|| = d(z,0) for all z € G.
It is worth to compare d with our fixed Euclidean norm on G, getting

C Yo —y| < d(z,y) < COlz —y|"* (2.1)

on compact sets of G. A homogeneous distance also defines a Hausdorff measure H®
and a spherical measure S¢. As it is customary, we set for 6 > 0 and A C G:

HE(A) = inf {Z (dla;“Aj> . diamA; < 6, A C | Aj} ,

jeJ jedJ

S5'(A) = inf{er-“ 1 2r; <6, Ac | B(xj,rj)}

jed jeJ
and we take the following suprema

HY(A) :=supH§(A) and S*(A) :=supSs(A).

0>0 6>0

It will be useful to introduce the right invariant distance d® associated to d as follows

d*(z,y) = oy~ = d(xy™",0) = d(z~",y7"). (2.2)
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It is not difficult to check that d” is a continuous and right invariant distance, that
is also homogeneous, namely

dR(6,z,6,y) = rd®(z,y)

for 7 > 0 and x,y € G. The local estimates ([2.1)) also show that d* defines the same
topology of both d and the Euclidean norm |- |. The metric balls associated to d® are

BR(p,r) = {q cG:d%¥(q,p) < r}. (2.3)
We notice that
BR(0,1) = B(0,1), (2.4)
being d®(x,0) = d(z7*,0) = d(0,z) for all z € G.
A basis (ey, ..., eq) of G that respects the grading of G has the property that

(emj_1+17 em]‘_1+27 s 761’1’1]')
is a basis of H’ for each j = 1,..., ¢, where m; = $2/_, dim H’ for every j = 1,...,,
my = 0 and m = my. The basis (ej,...,eq) is then called graded basis of G. Such
basis provides the corresponding graded coordinates x = (z1,...,x4) € RY, that give
the unique element of G that satisfies
q
p=> wzje; €G.
j=1

We define a graded basis (X7, ...,X,) of Lie(G) defining X; € Lie(G) as the unique
left invariant vector field with X;(0) =e; and j =1,...,q.

We assign degree © to each left invariant vector field of V;. In different terms, for
each j € {1,...,q} we define the integer function d; on {1,...,¢} such that

mg, 1 < j < myg,.

The previous definitions allow to represent any left invariant vector field X; as follows

q
X;=0,,+ >, a0y, (2.5)
i:d;>d;
where 7 =1,...,q and aj- are suitable polynomials. The vector fields X1, Xo,..., X,
of degree one, are the so-called horizontal left invariant vector fields and constitute
the horizontal left invariant frame of G.
Using graded coordinates, the dilation of x € RY is given by

q
6(x) =3 rYizje;.
=1

Through the identification of G with TyG, it is also possible to write explicitly the
group product in the graded coordinates. In the sequel, an auxiliary scalar product
on G is fixed such that our fixed graded basis is orthonormal. The restriction of this
scalar product to Vi can be translated to the so-called horizontal fibers

H,G={X(p) € T,G: X € Vi}

as p varies in G, hence defining a left invariant sub-Riemannian metric g on G. We
denote by HG the horizontal subbundle of G, whose fibers are H,G.
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The Hausdorff dimension () of the stratified group G with respect to any homoge-
neous distance is given by the formula

Q= ZL: idim(H").
i=1

We fix a Haar measure i on G, that with respect to our graded coordinates becomes
the standard g-dimensional Lebesgue measure .Z%. Because of this identification, we
shall write dz instead of dyu(x) in the integrals. This measure defines the corresponding
Lebesgue spaces LP(A) and L} (A) for any measurable set A C G. The LP-norm
will be denoted using the same symbols we will use for horizontal vector fields in

Definition 3.1
For any measurable set E C G, we have p(zE) = u(E) for any x € G and

(6 E) = X\9u(E)  for any A > 0.
Since B(p,r) = pd,B(0,1) and B®(p,r) = 6,(B(0,1))p, we get
w(B(p,r)) = r%u(B(0,1)) and u(BX(p,r)) = r?u(B(0,1)) (2.6)

due to the left and right invariance of the Haar measure . The previous formulas
show the existence of constants ¢, cy > 0 such that

H? =1 HE = o, (2.7)

where H? and "H% are the Hausdorff measures with respect to d and d%, respectively.
In particular, ([2.6) shows that u is doubling with respect to both d and d*, hence the

Lebesgue differentiation theorem holds with respect to p and both distances d and
dR®.

Theorem 2.1. Given f € L (G), we have
lim . |f(y) = f(z)]dy =0 and lim |f(y) = f(z)]dy =0,

r—0.JB( r—0 JBR(z,r)
for p-a.e. v € G.

For a general proof of the previous theorem in metric measure spaces equipped with
a doubling measure, we refer for instance to [10, Theorem 5.2.3].

2.3. Differentiability, local convolution and smoothing. The group structure
and the intrinsic dilations naturally give a notion of “differential” and of “differentia-
bility” made by the corresponding operations. A map L : G — R is a homogeneous
homomorphism, in short, a h-homomorphism if it is a Lie group homomorphism such
that L o9, = r L. It can be proved that L : G — R is a h-homomorphism if and only
if there exists (a1,...,am,) € R™ such that L(z) = ¥ ajz; with respect to our
fixed graded coordinates. If not otherwise stated, in the following we denote by €2 an
open set in G.

Definition 2.2 (Differentiability). We say that f : {2 — R is differentiable at xq € Q2
if there is an h-homomorphism L : G — R such that

1o @) = fla) = Lag's)

= 0.
Tr—T0 d(ﬂj, xo)

If f is differentiable, then L is unique and we denote it simply by df (xo).



16 GIOVANNI E. COMI AND VALENTINO MAGNANI

A weaker notion of differentiability, that holds for Sobolev and BV functions on
groups is the following.

Definition 2.3 (Approximate differentiability). We say that f : Q — R is approx-
imately differentiable at xq € € if there is an h-homomorphism L : G — R such

that

L @)~ fa) ~ L))

r—0% JB(zo,r) r
The function L is uniquely defined and it is called the approximate differential of f
at xo. The unique vector defining L with respect to the scalar product is denoted by

Vi f(xo).

Remark 2.4. When G is the Euclidean space, the simplest stratified group, Defini-
tion yields the standard notion of differentiability in Euclidean spaces.

dz = 0.

We denote by C}(Q) the linear space of real-valued functions f : 2 — R such

that the pointwise partial derivatives X f,..., X, f are continuous in €2. For any
f € CL(Q) we introduce the horizontal gradient
Vif =Y (X)X;, (2.8)
j=1

whose components X f are continuous functions in 2. Taylor’s inequality [35, Theo-
rem 1.41] simply leads us to the everywhere differentiability of f and to the formula

df (z)(v) = (Vu f(z ZUJX flx

q
for any x € Q2 and v = Zvjej e G.
j=1

We denote by Lip(€2), Lip,.(£2) and Lip,(©2) the spaces of Euclidean Lipschitz,
locally Lipschitz and Lipschitz functions with compact support in €2, respectively.
Analogously, we can define the space of Lipschitz functions with respect to any homo-
geneous distance of the stratified group, Lipy (€2). It is well known that Lip,.(Q2) C
Lipy10c(€2), due to the local estimate (2.1).

Theorem 2.5. If f € Lipy,,.(2), then f is differentiable u almost everywhere.

This result follows from the Rademacher’s type theorem by Monti and Serra Cas-
sano, proved in more general Carathéodory spaces, [57].

Remark 2.6. From the standard Leibniz rule, if f, g € Lipg,.(£2), the definition of
differentiability joined with Theorem gives

Viu(fg)(x) = [(@)Vug(z) + g(x)Vuf(x) for prae. z.

The Haar measure on stratified groups allows for defining the convolution with
respect to the group operation.

Definition 2.7 (Convolution). For f,g € L*(G), we define the convolution of f with
g by the integral

(f *g)(x /f g(y'x) dy:/@f(wy*)g(y) dy,
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that is well defined for p-a.e. © € G, see for instance [35, Proposition 1.18].

Due to the noncommutativity of the group operation, one may clearly expect that
g f differs from f * g, in general. This difference appears especially when we wish to
localize the convolution. In the sequel, {2 denotes an open set, if not otherwise stated.
For every € > 0, two possibly empty open subsets of {2 are defined as follows

Qr = {:1: € G : dist®(z,Q°) > 5} and Q. = {zx € G:dist(z,Q°) >}, (2.9)
where we have defined the distance functions
dist™(z, A) = inf {dR(x, y) 1y € A} and dist(z, A) = inf {d(x,y) : y € A}
for an arbitrary subset A C G. We finally define the open set
ARE = {:v € G : dist®(z,A4) < 5} :
Definition 2.8 (Mollification). Given a function p € C.(B(0,1)), we set

pe(2) = c7%p(d1/e(2))
for e > 0. If f € L'(Q) and = € G, we define

pex () = [ polay ™)/ (v) dy. (2.10)

R

r, then we can allow

If we restrict the domain of this convolution considering x € €2
for f € Li..(Q2) and we have

pex f@) = [ pulay ™)) dy, (2.11)

BR(z,)

which is well posed since the map y — p.(2y~!) has compact support inside B®(z,¢) C
Q). In addition, under these assumptions, a simple change of variables also yields

X = X o)y = | Sey V) dy. 2.12

per @)= [ o) S dy= [ o) (7)) v (212)

Due to the noncommutativity, a different convolution may also be introduced
ey = [S@e 0 dy= [ g0 @y, (213)

where the first integral makes sense for all x € G and the second one only for x € (2.

It is not difficult to show that the mollified functions p. * f and f % p. enjoy many
standard properties. For instance, p. * f converges to f in L (), whenever f €
Lioe(92).

We may also define the convolution between a (signed) Radon measure and a con-
tinuous function. As it is customary, we denote by Mi..(€2) the space of signed Radon
measures on €2, and by M(2) the space of finite signed Radon measures on 2.

Definition 2.9 (Local convolution of measures). Let us consider two open sets 2, U C
G and define the new open set O = U(Q™!) C€ G. Let f € C(O) and v € M(Q).
Then the convolution between f and v is given by

(f xv)(@) = [ flay™)du(y), (2.14)
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with the additional assumption that Q > y ~ f(xy™!) is |v|-integrable for every
x € U. Thus, f*v is well defined in U. If p € C.(B(0,1)), for any z € QF we may
represent the convolution as follows

(0= x @) = [ pelay () = [ play dvl).(215)

The first integral makes sense for all x € G, being p continuously extendable by zero
outside B(0,1). In addition, (2.15) is well posed also for v € My,.(Q), if z € QF.
The function p. * v is the mollification of v.

Definition 2.10 (Local weak* convergence). We say that a family of Radon measures
ve € M(Q) locally weakly* converges to v € M(Q), if for every ¢ € C.(€2) we have

| odv.— [[odv as =0t (2.16)

and in this case we will use the symbols v, — v as e — 0%.

Remark 2.11. In the sequel, the local weak* convergence above will also refer to
measures V. € M(Q°) defined on a family of increasing open sets Q° C  as ¢
decreases, such that (J.., 2° = Q and for every compact set K C €2 there exists ¢’ > 0
such that K C €)... This type of local weak* convergence does not make a substantial
difference compared to the standard one, so we will not use a different symbol.

For instance, the local weak* convergence of refers to a family of measures
that are not defined on all of €2 for every fixed ¢ > 0. We stress that this distinction
is important, since our mollifier p is assumed to be only continuous.

Remark 2.12. For any measure v € M(Q2) and any mollifier p € C.(B(0,1)) satis-

fying p(z) = p(x~!) and / pdx = 1, we observe that p. x v € C(G) and we have
B(0,1)
the local weak* convergence of measures

(pe *x V) — v (2.17)

in Q, as ¢ — 07. Indeed, let ¢ € C.(Q2) and let ¢ > 0 small enough, such that
supp¢ C U and U C QF is an open set. Then we have

/ch(x)(Pe *v)(z)dr = /Ugb(x) (/BR(M) pe(zy ™) dz/(y)> dx
— [ o ([ otor o s ) vty

UR:e

= /Q(ps *¢)(y) dv(y) — /Q¢(y) dv(y),

since URe C (QF)Re C Q and p. * ¢ — ¢ uniformly on compact subsets of 2. The
previous equalities also show that

6@ e x (@) do = [ (o 0) () dv(y). (218)

whenever p € C.(B(0,1)), v € M(Q) and ¢ € C.(Q) such that supp(¢) C QF.
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Remark 2.13. The previous arguments also show that p. * f, for f € L'(2), enjoys
all properties of the convolution in Remark 2.12] The same is true for p, * v, if we
consider

v=(u1,...,un)s, (2.19)
where w1, ..., uy : © — R belong to L'(Q; 3) and 8 € MT(Q).

Proposition 2.14. Let QF # () for some € > 0. The following statements hold.
(1) If f € Cy(), p € C(B(0,1)) Cmd/( )pdx =1, then p. x f € Cy(QF),
B(0,1

Xjlpe s f) = pox X;f in OF, (2.20)
and both p. x f and Vg (pe * f) uniformly converge to f and Vg f on compact
subsets of 0. In addition, if f € L*(Q) and p € C*(B(0,1)) for some k > 1,
then p. x f € CF(G).

(2) If f € L=(Q) and p € Lip.(B(0,1)), then p. * f € Lipy.(G).

Proof. Let f € CH(Q) and p € C.(B(0,1)). By the estimate of |35, Theorem 1.41]
and Lebesgue’s dominated convergence, we have

fly~"a(tey)) — f(y‘lfc)d

Xj(pa * f) (.T) - %l_{% B(0g) pa(y) P Yy
_ - flyTtalte)) — fy~le)
= /B 0.y PeW) i ; dy

- /B(O,E) pe(y)<Xjf)<y71x) dy = (ps * Xjf)(l')

for any z € QF, due to the left invariance of X;. By the condition /B o pdx =1, the
uniform convergence follows from the continuity of both f and Vg f ,7along with the
standard properties of the convolution. The second point can be proved in a similar
way, by differentiating the mollifier p.. Here we only add that this differentiation is
possible at every point of G, being p. * f defined on the whole group.

If feL>*(Q)and p € Lip.(B(0,1)), then it is easy to notice that the mollification
p- * f as in is well posed and belongs to L>°(G). Hence, for each compact set
K C G and any z,y € K, we have

[f7(@) = [ (y)] < /Q [F(2)] Npe(2™") = pe(yz~")| dz

= é‘Q/v £ ()] ’p (1/c(@=71) = p (1/ely=")
< [ flle2p1(B(0,1)) L Celx =y,

where V' = BR(z,¢) U BR(y,e) C Q, L > 0 is the Lipschitz constant of p and C. > 0
is the supremum of all Lipschitz constants L., of K 5 x> d1/.(xz7') as z varies in
V. Due to this fact, we have L, < 4o00. |

dz

The next density theorem follows from the choice of suitable mollified functions.

Theorem 2.15. If g € Lipy,.(2), then there exists a sequence (gi)r in C°(Q2) with
the following properties
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(1) gx — g uniformly on compact subsets of €2;
(2) IVuGk||cov is bounded for each U € Q and k sufficiently large;
(3) Vugr = Vg p-a.e. in Q.

If g € Lipy .(Q2), then we can choose all gy to have compact support in Q.

Proof. We consider p € C°(B(0,1)) satisfying p > 0 and /( )pdy = 1. Then we
B(0,1
define
() = (pey, * / pe(zy™ ) g(y) dy

for a positive sequence e, converging to zero, where p.(z) = e 9p(x/e). In this
way, we have gp € C*°(Q2) and Proposition implies the uniform convergence on
compact subsets of €2. For the subsequent claims, we may consider an open set U & (2
and take k sufficiently large such that U & QZ For every fixed x € U, formula

yields
1
= e d s
9x() /B (Oysk)pk(y)g(y x)dy

therefore the following equalities hold:

(gk(xh) — gr(w) — </B(078k) Pe, (Y)Vig(y~z)dy, >> [R]I~!
= (gk(xh) = gi(x) —/B(Oak) pee(¥) (Vg(y™'x), h) dy

_ gy 'wh) —g(y~'x) = (Vugly 'z),h)
—/B(O,ek) Per(Y) ( ] ) dy

1R~

N———

for h sufficiently small. The difference quotient in the last integral is uniformly
bounded with respect to y and h, due to the Lipschitz continuity of g. The a.e.
differentiability of g, by Theorem joined with Lebesgue’s dominated convergence
show that

Vage(r) = / P W)V gy~ x)dy.
B(Orsk)
The local Lipschitz continuity of g provides local boundedness for V g g, hence the pre-
vious formula immediately establishes the second property. By a change of variables,

we get
Vig(r) = Vig(e) = [ pe(ez) (Vug(2) = Vug(a)) dy.
T,
From this, it follows that

1
IVage(r) = Vag(z)| < H/)Hoo*Q/ IVig(2) = Vag(z)| dy,
Ek‘ BR(*Tka)

and now we can conclude by Theorem Finally, if ¢ has compact support, it is
clear that also supp(p. * g) is compact in Q, for £ small enough. (]
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3. SOME FACTS ON BV FUNCTIONS IN STRATIFIED GROUPS

In this section we present some basic notions on BV functions and sets of finite
perimeter in stratified groups. In particular, some new smoothing arguments for BV
functions in stratified groups are presented. Additional results and references on these
topics can be found for instance in [67].

We will need the important concept of horizontal vector field, that incidentally will
also appear in the sequel, in connection with Leibniz formulas and the Gauss—Green
theorem in stratified groups.

Let ©© C G be an open set and denote by H) the restriction of the horizontal
subbundle HG to the open set 2, whose horizontal fibers H,G are restricted to all
points p € .

Definition 3.1 (Horizontal vector fields). Any measurable section F' : 2 — HS) of
H() is called a measurable horizontal vector field in Q. We denote by |F'| the measur-

able function © — |F'(z)|, where | - | denotes the fixed graded invariant Riemannian
norm.
The LP-norm of a measurable horizontal vector field F' in €2 is defined as follows:
1/p
1|0 = (/ |F(z)[? d:c) it1<p < oo, (3.1)
9]
| F|| 0.2 := esssup |F(z)| if p=o0. (3.2)
e

We say that a measurable horizontal vector field F' is a p-summable horizontal field
if |F| € LP(Q2). For 1 < p < oo, we denote by LP(HS) the space of p-summable
horizontal fields endowed with the norms defined either in or . A measurable
horizontal vector field F'in €2 is locally p-summable if for any open subset W & €2, we
have F' € LP(HW). The space of all such vector fields is denoted by L} .(HS?).

For k € N\{0}, the linear space of all C* smooth sections of 2 is denoted by C*( H(Q)
and its elements will be called horizontal vector fields of class C*. Considering the
subclass of all C* smooth horizontal vector fields with compact support in € yields
the space CX(HQ). When k = 0 the integer k is omitted and the corresponding space

of vector fields will include those with continuous coeflicients.

It is easy to observe that considering any f € C'}(€) its horizontal gradient defined
in (2.8). automatically defines a continuous horizontal vector field in .

Definition 3.2. We say that a function f : 2 — R is a function of bounded h-
variation, or simply a BV function, and write f € BVy(Q), if f € L'(Q) and

Dy f1(9) = sup {/Qfdivgb dr: & € CHHQ),|¢| < 1} < 0. (3.3)
We denote by BV 10c(£2) the space of functions in BV (U) for any open set U € €.

Remark 3.3. In the case G is commutative and equipped with the Euclidean metric,
the previous notion of BV function coincides with the classical one.

Due to the standard Riesz representation theorem, it is possible to show that when
f € BVy(Q) the total variation of its distributional horizontal grandient |Dy f] is
a nonnegative Radon measure on ). In addition, there exists a |Dpy f|-measurable
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horizontal vector field oy : Q — HQ in Q such that |of(x)| =1 for |Dy f|-a.e. z € Q,
and

/Qfdivqbda: - —/Q<¢,af> d|D f), (3.4)
for all ¢ € CH(HQ). In fact, these conditions are equivalent to the finiteness of (3.3).

Remark 3.4. Using Theorem one can actually see that in (3.4) the horizontal
vector field ¢ can be taken with coefficients in Lipy .(€2).

The integration by parts formula allows us to think of Dy f as a kind of
“measure with values in H()”, even if we have not a standard vector measure in R".
In the former case, the different horizontal tangent spaces of H{2 do not allow us to
sum the different values of the measures.

Definition 3.5 (Measures in HQ?). Let v € M(Q) be a measure and let a: Q@ — HS)
be a y-measurable horizontal vector field. We define the vector measure ary in HS2 as
the linear operator

C(H) 26— [ (6,0) dy=: [ (6.d(ar).
bounded on C.(HU) for any open set U € €2 with respect to the L>-topology.

According to the previous definition, o¢| Dy f| is a vector measure on H2, that will
be also denoted by Dy f. When a horizontal frame (Xj,...,X,,) is fixed, we can
represent oy by the |Dy f|-measurable functions a}, o.,05 2 — R such that

m
of = Zagc X;.
i=1

Thanks to this representation, Dy f can be naturally identified with the the vector
valued Radon measure

(0} ) Dl (35)
For each j = 1,...,m, we define the scalar measures
Dx,f = o}|Dufl, (3.6)

that represent the distributional derivatives of a BV function as Radon measures. In
view of the Radon-Nikodym theorem, we have the decomposition

Duf = Dyf+Dyf

where Dy, f denotes the absolutely continuous part of Dy f with respect to the Haar
measure of the group and D3 f the singular part.

Any BV function is approximately differentiable a.e. and in addition the approxi-
mate differential coincides a.e. with the vector density of D% f, see [8, Theorem 2.2].
As a result, we are entitled to denote X, f € L'(Q) as the unique measurable function
such that

Dy, f = X,/ . (3.7)
Thus, to a BV function f we can assign a unique horizontal vector field Vg f €

L'(HS?) whose components are defined in (3.7) and by definition we have
Dyf=Vufu.
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As a result, we have the decomposition of measures

Dyf=Vyufu+Dyf. (3.8)

In the previous formula, Vg f is uniquely defined, up to p-negligible sets, and it
coincides a.e. with the approximate differential of f, see Definition [2.3]

The vector measure Dy f in HS) enjoys some standard properties of vector measures,
as those mentioned in Remark 2.13] The mollification of Dy f is the vector field

pe* D f () =Y (pe * (0} | Du f) ()X (x) = 3 (pe # (Dx, f)) (@) X, (). (3.9)
Jj=1 Jj=1
Lemma 3.6. Let F' € L*(HQ), v € M(Q) and o : Q@ — HQ be a y-measurable
horizontal section such that |a(z)| = 1 for y-a.e. x € 2. Let v := a7y be the cor-
responding vector measure in HQ and let p € C.(B(0,1)) be a nonnegative mollifier
satisfying p(x) = p(x~") and [y pdx = 1. Then the measures (F, (p. * v)) ju satisfy
the estimate

L1 (o v da < | Pl I71(2) (3.10)
for e > 0 and any weak* limit point (F,v) € M(Q) satisfies |(F,v)| < || F|lco0|V|-
Proof. For any ¢ € C.(Q2), denoting by K C € its support, we have

| 6@) (F@). .+ v)(@)) dw = [ o(a) <F<x>, /K Py ay) dyly) do
= [ | 6@) (F(@).ay) p.(y™") drda(y)
=/Q pe x (OF))(y), ay)) dv(y).
This implies that

/ ¢(x  (pe x ) (@) da| < lpe * (¢F)||oo,Q!V|(Q) < [1¢lloc ol Flloo alv|(€2),

therefore the sequence (F, (p. *v)) p satisfies Let now (F,(p., *xv)) pu be a
weakly converging subsequence, whose limit we denote by (F,v). T hen, by definition
of weak* limit, for any ¢ € C.(€2) we obtain

qbd (F,v)| = hm s (pe xv)) dx| < hm ]FHOOQ/ |@||pe,, * v| dx
< i Foo/ ) d:Foo/d,
< lim [ Fllwar [ 16100 W) d = o [ 1ol d
since (pe * |v|)p — |v| by Remark [2.12] This concludes our proof. O

Remark 3.7. We stress the fact that the pairing measure (F,v) is not unique in
general, unless |v| < p. Indeed, in the absolutely continuous case, we can write
v = Gu, for some G € L'(HQ) and we have p. * G — G in L'(HQ). Hence, it is clear
that

(F,(pexv)) p— (F,G)p in M(€),
and so (F,v) = (F,G) u

In the sequel, we need a weak notion of divergence for nonsmooth vector fields,
according to the following definition.
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Definition 3.8 (Distributional divergence). The divergence of a measurable horizon-
tal vector field F' € L} (HQ) is defined as the following distribution

C2(Q) 3 ¢ s — /Q (F,V o) da. (3.11)

We denote this distribution by divFE. The same symbol will denote the measurable
function defining the distribution, whenever it exists.

Remark 3.9. Due to Theorem [2.15[ we can extend (3.11) to test functions ¢ in

The representation of left invariant vector fields (2.5)) gives

m

m m q
F=Y FX =Y Fo,+ Y (
=1 i=1

q
ﬁ}ag.)ami =Y fiOs,, (3.12)
i=m+1 N j=1 i=1
therefore we have an analytic expression for the components f; of F' and we may ob-
serve that the distributional divergence (3.11)) corresponds to the standard divergence

(divF)(¢) = — /Q (F,V o) d = — /Q (F, V) dz, (3.13)

where V denotes the Euclidean gradient in the fixed graded coordinates.

Let us consider a horizontal vector field F' = 320", F; X of class C};, namely Fj €
CH(Q) for every j = 1,...,m. It is easy to notice that its distributional divergence
coincides with its pointwise divergence. Indeed, for ¢ € C!(Q) we have

= J (B Vno) o = = [ X5(F0)+ [[03 XiFyde = [ 03 XFdr

The last equality follows by approximation, using Theorem [2.15 the divergence the-
orem for C' smooth functions and the fact that divX; = 0. For this reason, in the
sequel we will not use a different notation to distinguish between the distributional
divergence and the pointwise divergence.

The following lemma will play an important role in the sequel. It tells us that a
mollifier that is only continuous turns a BV function into a C} function.

Lemma 3.10. If f € BVy10c(Q), € > 0 is such that QF # 0, p € C.(B(0,1)) is
nonnegative such that p(x) = p(x™") and [pe 1) p =1, then p. * f € C(Q%) N C(G)
and

Viulpe* f) = (p- * Duf) on QX. (3.14)

Proof. Let ¢ € CL(HQK). Arguing similarly as in the proof of (2.18) and observ-

ing that (QX)®* C QF, we get the following equalities, where the second one is a
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consequence of (2.20):
/Qg(ps « f)(z) divp(z) dz = /QR F() (pe * dive)(y) dy _/ fy) div(pe * ¢)(y) dy
--/ o (0= 8)(w),o5(1)) dIDu1(v)
--/ ¢ Jo P07 (0(2),05(1)) dwdI D 1(y)
_ /QR [ pelay™) (6(@),05()) dIDif|(y) da

£

=~ [ (9(), (9. Dy (@) d-

_1)

The standard density of C1(QF) in C.(Q}
proves the following formula

), shows that p. * f € BViic(QF) and

2¢e

Dy(pe * f) = (p-* D f)p on Q. (3.15)
By Remark and Remark it follows that both p. x f and p. * Dy f are
continuous, therefore p. x f € CL(QF) and formula ([3.14)) follows. O

Taking into account (3.6)), formula (3.14]) can be written by components as follows

X;(pe * f)(x) = (p- % Dx, f)(z) for every z € QF. (3.16)

We prove now the smooth approximation results stated in Theorem [I.1]

Proof of Theorem[I.1. The C}, smoothness of pE x fand Vg(pe * f) = p-* Dy f on
QF follow from Lemma “ As a result, by (2.17)) and taking into account (| . we
obtain the local weak* convergence X, (pE * f) - DX f forany 7 = 1,...,m. This
proves the first convergence of .

To prove ((1.7), we consider ¢ € C.(HQK), therefore

- Z/ 03(2) X, (pe %)) d

/QR <¢($)’ VH(pa * f)(ZU» dx

2¢e

— /Zpg*@ )dDx, f(y)

= | [ o+ 9)w).rp) diDa ()]
The second equality follows from (3.16)) joined with (2.18]) and the last equality is a
2.18

consequence of (3.6). As a result, applying again ([2.18]), we get

/QR <¢(‘T>’ VH(pa * f)(ﬂ?» dx

2e

< [ (- 16D di DS |(v)
= | 16@)] (b * D f]) (@) d

R
925

(3.17)



26 GIOVANNI E. COMI AND VALENTINO MAGNANI

By taking the supremum among all ¢ € C.(HU) with [|¢]|oc < 1 and U C QF open
set, we are immediately lead to ((1.7). From the first inequality of (3.17]), we also get

| (6@), Vulpe = F)(@)) o) < 6]/ D FI(S),

whenever ¢ € C.(HQF). This immediately proves (1.8]).
Finally, we are left to show the second local weak* convergence of (1.6). We fix an
open set U € €2 and notice that, by (2.17)), we have

p: % | Dy f| — |Dgf| in U. (3.18)
In addition, by (1.8]) and (3.16)) we know that
i sup [V (0 = £)|(U) < imsup o D fI(9F) < D (),
E— e—

hence there exists a weakly* converging sequence |Vg(p., * f)|p with limit v in U.
By virtue of [5, Proposition 1.62] with (1.6)), we have |Dyf| < v in U. Therefore,
taking nonnegative test functions ¢ € C.(U) and using (1.7)), we get

| eIVulpx Plde < [ o (p. s |Dufl)de

for ¢ > 0 sufficiently small, depending on U. Passing to the limit as ¢ — 0, due
to (3.18) we get the opposite inequality v < |Dpy f| in U, therefore establishing the
second local weak* convergence of (1.6]). O

Remark 3.11. In the assumptions of Theorem the first local weak* convergence
of (1.6)) joined with the lower semicontinuity of the total variation with respect to the
weak® convergence of measures imply that

limint [V o + )I(U) = |Duf ()

for every open set U € . If in addition p € C}(B(0,1)), and then p. x f € C*(G) by
Proposition [2.14] the previous inequality immediately gives

lim inf [V (- * 1)](2) > | Dy ().

3.1. Sets of finite perimeter in stratified groups. Functions of bounded h-
variation, introduced in the previous section, naturally yield sets of finite h-perimeter
as soon as we consider their characteristic functions.

Definition 3.12 (Sets of finite h-perimeter). A measurable set £ C G is of locally
finite h-perimeter in Q (or is a locally h-Caccioppoli set) if xg € BV 10c(2). In this
case, for any open set U & 2, we denote the h-perimeter of E in U by

P(E,U) = |0u E|(U) := [Duxp|(U).

We say that F is a set of finite h-perimeter if |Dgx | is a finite Radon measure on (2.
The measure theoretic exterior h-normal of E in Q is the |0y E|-measurable horizontal
section vg := —0,,.
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Definition 3.13 (Measure theoretic interior). If E C G is a measurable set, we define
the measure theoretic interior of E as

ENB

E' = xGG:limu( ($,7“)):1 :
™0 pu(B(x,r))

The measure theoretic exterior of F is the set

o [ o mENBE)
E‘{ € C T LB %‘

We can define two subsets of the topological boundary of a set of locally finite h-
perimter E: the reduced boundary .#y E and the measure theoretic boundary 03 E.

Definition 3.14 (Reduced boundary). If E C G is a set of locally finite h-perimeter,
we say that x belongs to the reduced boundary if
(1) |Duxe|(B(z,r)) > 0 for any r > 0;

(2) there exists lim ved|Dgxel;
r—0 B(z,r)
(3) =1.

The reduced boundary is denoted by #yFE.

B(z,r)

r—0

Definition 3.15 (Measure theoretic boundary). Given a measurable set E C G, we
say that = € 05 F, if the following two conditions hold:

p(B(x,r) N E) p(B(z,7)\ E)

lim sup >0 and limsup > 0.
r—0 e r—0 rQ
The Lebesgue differentiation of Theorem immediately shows that
pw(0E) = 0. (3.19)

However, a deeper differentiability result shows that indeed 0y E is o-finite with re-
spect to the h-perimeter measure. Indeed, a general result on the integral representa-
tion of the perimeter measure holds in doubling metric measure spaces which admit
a Poincaré inequality [2].

The following result restates [1, Theorem 4.2] in the special case of stratified groups,
that are special instances of Ahlfors regular metric spaces equipped with a Poincaré
inequality.

Theorem 3.16. Given a set of finite h-perimeter E in G, there exists v € (0,1) such
that the measure P(E,-) is concentrated on the set ¥, C 0 E defined as

W(E N Be.r) u(Blr,r)\ E)
{ W(Brr) MMam>}2”}

Moreover, S®~1 (05 E\X,) =0, S~ (05 E) < 0o and there exists a > 0, independent
of E, and a Borel function 0 : G — [a, +00) such that

Xy = {x : lim sup min

r—0

P(E,B) = / 0 dSQ! (3.20)

BNy E
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for any Borel set B C G. Finally, the perimeter measure is asymptotically doubling,

P(E,B(x,2
i.e., for P(E,-)-a.e. x € G we have lilil_%lp P((E’, B((xx”:))))

Lemma 3.17. If E C G is a set of locally finite h-perimeter, then
FuE COyE and HOY0L,E\ .FyE) =0. (3.21)

Proof. The lower estimates of [39] joined with the invariance of reduced boundary
and perimeter measure when passing to the complement of F immediately give the

inclusion of (3.21]). By Theorem [3.16| the perimeter measure P(E,-) = |[Dxgl(-) is
a.e. asymptotically doubling, therefore the following differentiation property holds:

lim vpd|Dpyxg| = ve(z) for |Dyxgl-a.e. .
r—0 B(z,r)

according to 33|, Sections 2.8.17 and 2.9.6]. This implies that |Dgxg|-a.e. © belongs
to FyE; that is, |Dyxe|(G\ FgFE) = 0. Moreover, yields |Dgxg|(B) >
aS9 (B N 95E) on Borel sets B C G. This inequality also extends to |Dpxgl-
measurable sets, hence taking B = G \ ZgE, we obtain S0, F \ FgxE) = 0.
Since H?~! and S9! have the same negligible sets, the equality of follows. [

Remark 3.18. The previous lemma joined with (2.7)) and (3.19) shows that
W(FyE) = 0. (3.22)

In addition, (3.20)) and (3.21]) imply that, for any Borel set B, |Dgyxg|(B) = 0 if and
only if S9~Y(BN.ZyE) = 0; that is, the measures | Dy x| and SY~1_ . Zy E have the
same negligible sets. In particular, |Dyxg| > aS9™ 1L ZE.

Remark 3.19. Let v € M(Q2) be any nonnegative measure and denote by Yz any
weak® cluster point of p. * xg in L>®(Q;v). Then the lower semicontinuity of the
L°°-norm gives
IXEl Lo~ (@) < Hminf [[(pe, * XB) [ @0) <1
er—0
for some positive sequence of ¢, converging to zero. Considering a nonnegative test
function ¢ € L'(Q;v), we also have

OS/Qq/J(pg*XE)dV%/QQ/&EdV,

hence proving that 0 < xg(z) < 1 for v-a.e. x € Q.

In relation to the following proposition, we are grateful to Luigi Ambrosio for having
pointed out to us his work with Alessio Figalli [4], where they study points of density
1/2 and relate them to the representation of perimeters in Wiener spaces.
Proposition 3.20. Let E C 2 be a set of locally finite h-perimeter, p € C.(B(0,1))

be a mollifier satisfying p > 0, p(x) = p(z~') and /( )p(y) dy = 1. It follows that
B(0,1

Dy ((pe * xp)xe) = (p= ¥ x2)Duxe + X&(p: ¥ Duxe) in M(QX) (3.23)
for any € > 0 such that QF # (0 and

« 1
peXXp =5 as e— 0" in L=(Q;|Drxs|). (3.24)
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Proof. Tt suffices to show that for any cluster point Yz € L®(Q; |Dgxe|) of pe * xE
as ¢ — 0, then we have Yz = 1/2 a.e. with respect to |Dyxg|. We consider a
positive vanishing sequence ¢, such that p., * xg — Xg in L=(Q;|Dgxg|). Indeed,
pe * Xp is clearly uniformly bounded in L*(;|Dgxg|), and therefore there exists
at least a converging subsequence. We have first to prove . We know that
pe * X € CH(QR) N C(G) by Lemma [3.10] Choosing any ¢ € CI(HQR) and taking
into account (3.16)), it follows that

/Q;i (pe * XE)xpdivg dr = /Qg xediv(é(p: * Xr)) dr — /Q%i- XE (@, p- ¥ Duxg) dx.

(3.25)

By Remark we get

/Q;i (pe * Xg)xpdivo dr = — /Q;z (pe * x8) (¢, Duxs) — /Q;z XE (¢ pe * Duxp) dz,

which implies (3.23)). Thus, taking into account (3.14) and ((1.7]), for any open set
A € Q such that A C QF, we obtain

Da(p-# xe)xe)(A) < [ o xpd\Dixsl + [ pos [Duxslde.  (326)
Now we observe that

| o< IDaxplde = [ [ xnal@)p-(ye™) diDirxsl(y) da
ENA G JQ

= /Q(pg * XEna)(y) d|Daxs|(y),

since p.(zy~!) = p.(yz~'). We notice that (p. * xgna) < (p- * xg) and

(3.27)

(pe * XEna)(2) =0
for any x ¢ A®*. Taking into account this vanishing property, along with (3.26]),

(13.27), (2.17) and the lower semicontinuity of the total variation, we let ¢ = ¢, and,
for any open set A € (), we obtain

[Daxel(4) <2 [ X5 dIDaxel,

since Xz > 0, as observed in Remark [3.19] in the particular case v = |Dgxg|. This
inequality can be refined by noticing that, given any open set A C €, if we take an
increasing sequence of open sets A; such that A; @ A;,; and U; A; = A, the regularity
of the Radon measure |Dyxg| yields

|Duxel(A) = limsup [Duxe|(A;))

J—+o0o

. (3.28)
< 2limsup /TﬁdlDHXE| < 2/AX7Ed|DHXE|'

j—+oo
This means that xg(x) > 1/2 for |Dgxg|-a.e. x € §2. Finally, we notice that also
Q\ E is a set of locally finite h-perimeter in Q and the equality
Per, ¥ XQ = Pe, * XE + Pe;, * XQ\E

yields the weak* convergence of p., * xao\g to 1 —Xg in L>°(;|Duxg|). This implies
that 1 —xz > 1/2 at |Dyxgl|-a.e. point of Q, therefore our claim is achieved. O
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Lemma 3.21. If v € M(Q) is a nonnegative measure and fr — f in L>=(;7) as
k — oo, then for every 6 € LY(Q;7), setting v = 0, we have

frv = fv
in the sense of Radon measures on Q0 and fr — f in L=(Q; |v]).

Proof. For any ¢ € C,(f2), one clearly has ¢ € L'(Q;~) and so we get

/Qﬁbfkdl/:/Q(?kad”y—)/gqb@fd’y:/gqbfdy.

We observe that |v| = |0], and so, for any ¢ € L*(Q;|v|), we have ¥|0] € L'(Q; 7).
Thus, we obtain

[ vsidvl = [ wlolsedy = [ vlolfay= [ vrdvl

Q Q Q Q

concluding the proof. O
Remark 3.22. By (3.24) and the previous lemma, we notice that

(pe * xE)v = (1/2)v,
having v = 0| Dy xg| and 6 € L'(Q; |DuxEl).

Lemma 3.23. Let E C Q be a set of locally finite h-perimeter and p € C.(B(0,1))
be a mollifier satisfying p > 0, p(z) = p(x™') and /( )p(y) dy = 1. Then, we have
B(0,1

1
Xe(pe * Duxp)p — 5 Duxe, (3.29)

1
Xa\e(pe * Duxp)in = 5 Duxp. (3.30)

Proof. By (13.23)) and (3.14)), we have
XE(pe* Duxe)it = XeVa(pex X))t = Du((p-*x£)XE) — (pe*XE)DHXE in M(Qg)
Since for any ¢ € C1(HS) we have supp(¢) C QF for € > 0 sufficiently small, we get
/chxEVH(pe * Xp)dv = — /Q(pa * Xp)XE dive dr — /Q(ps *Xr) (¢, dDuXE) -
We pass now to the limit on the right hand side, and, by Remark [3.22] we obtain that
- /Q(Pe * Xe)XE divg dr — /Q(Ps * XE) (¢, dDpXE)
converges to
) 1
—/ xe dive dx —/ - (¢,dDyxE)
Q Q2
as € — 07. The last limit equals
1
— (¢, dD )
/Q 9 (¢,dDyxE)

Therefore, by the density of C}(HQ) in C.(HQ) with respect to the sup norm, we get

([329). We observe that xo\r(pe * Duxr) = (1 — X5)Vr(pe * Duxs), and so (3.30)
follows from the first local weak* convergence of (|1.6) and from ((3.29)). O
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3.2. Precise representatives and mollifications. We now introduce the notion of
precise representative of a locally summable function, which shall play an important
role in the product rule for divergence-measure horizontal fields. However, due to our
choice of mollifying functions by putting the mollifier on the left, we shall need to
consider averages on right invariant balls.

Definition 3.24 (Precise representative). Assume u € L{ (G). Then

lim ][ u(y) d if the limit exists
wtR(z) == { 70 JBR (1) w)dy

(3.31)
0 otherwise

is the precise representative of u on the balls with respect to the right invariant
distance. We denote by C™ the set of points such that the limit in (3.31)) exists.

It is clear that, by Theorem all Lebesgue points of u belong to C*. Given a
measurable set F C €, one can consider its points with density « € [0, 1] with respect
to the right invariant distance

aR ._ C 1 M(EQBR(%T»_
ER,—{SL’EG.lgI(l) ((BR(z. 1) —Oé},

and hence define

INE =Q\ (EVR U EOR), (3.32)
Then, if we set CZ}E = CE, we clearly have
Cp= U E*F
a€gl0,1]
and
5K =xmr in Q\OGCE. (3.33)

We state now a simple result which relates the pointwise limit of the mollification
of a function f € L] .(G) and the precise representative of f on right invariant balls.

Proposition 3.25. Let n € Lip([0, 1]) withn > 0 and n(1) = 0, and p(z) = n(d(z,0))
for all x € G such that gy p(x)de = 1. If f € L, (Q) and x € CF, then we have

(pe * f)(x) = fR(z) as ¢ — 0.

Proof. Let x € CF and € > 0 be sufficiently small, so that B®(z,¢) C Q. We assume
first that 7 is strictly decreasing. By Cavalieri’s formula, we have

(e + () = / cy & 2000y ) dy

)
L Fly)? dy i
1

B(z,e): p(01 /e (zy=1))>1}

(=) - Ny /0 Lo
[

(r =se B(0,1)) Q][ ) y) dy ds.
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The last equalities have been obtained from the standard area formula for one-
dimensional Lipschitz functions. Now, we use the existence of the limit of the av-
erages of f on the balls B®(z, s¢). This also implies that these averages are uniformly
bounded with respect to ¢ sufficiently small. Thus, by Lebesgue’s dominated conver-
gence we obtain

(0 + 1)) = ~u(BOD)FRG) [ of(5)s2ds

We observe that the constant C, g := —u(B(0,1)) [ 7'(s)s? ds is independent from
f. In addition, if we take f = 1, we clearly have (p. * f) = 1 on QF. Thus, we can
conlude that

~u(BO.1)) [ (5)s¥ds =1

and the statement follows. We use now the well known fact that any Lipschitz contin-
uous function in one variable can be written as the difference of two strictly decreasing
functions to write n = 1, — 1, with 7; € Lip([0, 1]), strictly decreasing and satisfying
(1) = n2(1). We can now repeat the above argument and so we obtain

(e 1)) = =u(BO D)) [ (0 (5) = h(5))s s
= P E@u(BO.D) [ ()5 ds = ),

for any x € C’}z. O

Remark 3.26. We point out that the previous result also holds in the Euclidean case,
corresponding to a commutative group G. It is then easy to see that the hypothesis
that p is radially symmetric cannot be removed. Indeed, we may consider f = yg,
where E = (0,1)2 and G = R?, with « = 0. Clearly, x55(0) = 1/4. If we choose

p € CE(B(0,1)N(=1,0)%), p>0, with /( )p(y) dy =1,
B(0,1

then we have

(pe * xE)( :/ y) dy —/ pe(y) dy
B(0 B(0,6)N(—1,0)2

= dy =1,
/BOl)ﬂ (—1/€,0)2 <) Y

for any € € (0, 1].

4. DIVERGENCE-MEASURE HORIZONTAL FIELDS

In this section we will introduce and study the function spaces of p-summable
horizontal sections whose horizontal divergence is a Radon measure. In the sequel, 2
will denote a fixed open set of G.
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4.1. General properties and Leibniz rules. By a little abuse of notation, for
any p-measurable set E we shall use the symbols || F||, z and || F||c,z with the same

meaning as in (3.1) and (3.2)).

Definition 4.1 (Divergence-measure horizontal field). A p-summable divergence-
measure horizontal field is a field F' € LP(H2) whose distributional divergence divF
is a Radon measure on Q. We denote by DMP(HS) the space of all p-summable
divergence-measure horizontal fields, where 1 < p < co. A measurable section F' of
HQ is a locally p-summable divergence-measure horizontal field if, for any open sub-
set W € Q, we have ' € DMP(HW). The space of all such section is denoted by
DM (HQ).

loc

It is easy to observe that, if F' = 'L, F;X; and F; € LP(Q2) N BVy(Q) for
all j = 1,...,m, then F € DMP(HR). We also notice that, from and
, the divergence-measure horizontal fields forms a subspace of the whole space
of divergence-measure fields. Hence, if we denote by T2 the tangent bundle of €2,
we have DMP(HSY) C DMP(TK?), for any p € [1, 00|, where DMP(T?) denotes the
classical space of divergence-measure fields with respect to the Euclidean structure
fixed on G. Actually DMP(HQ) is a closed subspace of DMP(T?), according to the
next remark.

Remark 4.2. As in the Euclidean case (|17, Corollary 1.1]), DMP(HS) endowed
with the following norm

[E e ey = [1F[lp.0 + [divE| ()

is a Banach space. Any Cauchy sequence {F}} is clearly a Cauchy sequence in LP(H(2),
and so there exists F' € LP(HQ) such that F, — F in LP(HQ). Then, the lower
semicontinuity of the total variation and the property of the Cauchy sequence yield
F € DMP(HQ) and |div(F — Fy)[(Q2) — 0.

The following example shows that fields of DMP(H(?) may have components that
are not BV functions. It is a simple modification of an example of Chen-Frid, see
[18, Example 1.1].

Example 4.3. Let G = H!', be the first Heisenberg group, equipped with graded
coordinates (z,y,z) and horizontal left invariant vector fields X; = 0y — yd; and
X9 = 0y + x05. We define the divergence-measure horizontal field

F = si
(2,y,2) Sm<x_y
It is plain to see that F' € L>°(HH"), and that

1 1
divF = X sin () + X5 sin <> =0,
r—y r—y

in the sense of Radon measures, but the components of F' are not BV'.

><X1 +X,).

Remark 4.4. We notice that, for a given F' € DMP(T), if we denote by Fy its pro-
jection on the horizontal subbundle with respect to a fixed left invariant Riemannian
metric that makes X, ..., X, orthonormal, we may not get F'y € DMP(HS2). Let
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us consider the Heisenberg group H' identified with R3, as in the previous example,
along with the vector fields X7, X5, and define X3 = 0s.
Let us consider the following measurable vector field

1
G(z,y, z) = sin (H) () + 5 + ).
We clearly have G € DM>®(TH!'), i.e. G is a divergence-measure field. However, if
we consider its projection onto horizontal fibers

Gz, y.2) = sin (

)(Xl + Xo),

r—z
for any x # z, we have

1 1
diVGH(x,y,z):—w os< >,

(x — 2)? r—z
which is not a locally summable function in any neighborhood of {x = z}. This shows
that divGy ¢ M(H).

We show now an easy extension result (see also [24, Remark 2.20]).

Remark 4.5. If 1 <p < oo and F' € DMP(HQ) has compact support in €2, then its
trivial extension

. F(z) if z€Q
F =
(z) {o it 1€G\Q,

belongs to DMP(HG). Indeed, since F' € L?(HG) and for any ¢ € C°(G) and a
fixed £ € C'°(Q2) that equals one on a neighborhood of the support of F', we have

/G<F, Vo) de = /Q (P, Vo) dz
- /Q<F Vi(£9)) dz + /Q<F7 Vi((1—€)¢)) da (4.1)

- —/ dd(divFLE) = —/ S d(divFLE),
Q G
where we denote by divF L ¢ the signed Radon measure on G such that
divFLE(E) = / £ ddivF
QNE

for every relatively compact Borel subset £ C G. Thus, we have shown that Fe
DMP(HG) and divF = divF L{. The equalities of imply that the restriction of
divE to Q coincides with divF and in particular |divF|(Q) = |divF|(2). The same
equalities also imply that |divE|(G \ Q) = 0.

As a consequence, we can prove the following result concerning fields with compact
support, which can be seen as the easy case of the Gauss—Green formula, since there
are no boundary terms. A similar result has been proved in the Euclidean setting in
[24, Lemma 3.1].

Lemma 4.6. If1 <p < oo and F € DMP(HQ) has compact support in ), then
divF(Q) = 0.
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Proof. Since F' has compact support in €2, the extension F defined in Remark
shows that F' € DMP(HG), divE = divF as signed Radon measure in Q and divF is
the null measure when restricted to G\ 2. As a consequence, if ¢ € C°(G) is chosen
such that ¢ = 1 on a neighborhood of €2, then

/ ¢ ddivE = / ddivE = divF(Q).
G Q
By definition of distributional divergence, there holds
/ éddivE = — / (F,V o) dz = 0,
G Q

since F' has support inside {2 and ¢ is constant on this set. This concludes the
proof. O

We show now a result concerning the absolute continuity properties of divFE with
respect to the S%measure, for a suitable a related to the summability exponent p.
This is a generalization of a known result in the Euclidean case (|70, Theorem 3.2]).

Theorem 4.7. If F € DM} _(HQ) and & < p < +o0, then |divF|(B) = 0 for any

loc

Borel set B C Q of o-finite S97 measure. If p = 0o, then |divF| < S9!,

Proof. Let % < p < +oo. It suffices to consider a Borel set B such that S (B) <
00. We can use the Hahn decomposition in order to split B into B, U B_, in such
a way that £divF'L By > 0, thus reducing ourselves to show that divF'(K) = 0 for
any compact set K C By. Without loss of generality, we consider K C B,. Let
¢ : G — [0, 1] defined as follows

| ifd(z,0) < 1
o(x) :=42—d(z,0) ifl <d(x,0)<2.
0 itd(z,0) > 2

It is clear that ¢ € Lip.(G), therefore it is also differentiable u-a.e. with |Vyp| < L
for some constant L > 0, by Theorem
We notice that since S?7(K) < oo, then pu(K) = 0. This implies that for any
e > 0 there exists an open set U € Q such that X C U and ||F|,uv < €, because
|F| € L1 .(92). In addition, we can ask that such an U satisfies |[divF|(U \ K) < ¢,
because of the regularity of Radon measures.
It is clear that there exists 0 > 0 such that for any 0 < 2r < § and for any open ball
B(x,r) which intersects K we have B(x,2r) C U. Then we can select a covering of
K (which can be also taken finite by compactness) of such balls {B(z;,r;)};es and
so, by the definition of spherical measure, we have

S r@T < SOP(K) + 1,

jed
for 6 small enough.
We set ¢;(z) = (01, (z; 'x)) and ¥(z) := sup{yp;(z) : j € J}. It is easy to see that
0 <1 <1, p,; is supported in B(xj,2r;), ¢» € Lip,(2), supp(¢) C U and ) = 1 on
K. Then, by Remark [3.9] we have

divF(K) = /K b ddivF = — /U (F, V) do — /U L LddivE,
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which implies
divE(K) <[[FlpullVadlyo +¢& <e(lVaylpv +1).

Since ¢ is the maximum of a finite family of functions, we have Vgi(z) = Vgo;(z)
for some j € J and p-a.e. @ € Q. Indeed, Theorem [2.5 shows that Lipschitz functions
are differentiable p-a.e., moreover, ¥(x) = ¢;(z) in the open set {¢; > ¢;, Vi # j},
while Vy;(z) = Vupi(x) for p-a.e. z on the set {¢; = ¢;}. Then

/ VP do < Z/ Vs |7 do = Z/ IV ;| da
jeJ jeJ (j,2r;)
< 29u(B(0,1)) L7 S r? 7 < 29LF u(B(0,1))(S9Y (K) + 1).
jedJ
This implies

1
7/

0 < divF(K) < (1 + 27 Lu(B(0, 1)) (SO (K) + 1)

1
7)
and, since ¢ is arbitrary, we conclude the proof.

In the case p = oo, we proceed similarly by considering a Borel set B such that
S91(B) = 0 and a compact subset of B.. For any ¢ > 0, there exists an open set U
satisfying K C U € Q and |[divF|(U \ K) < ¢, as before. Now, there exists a 6 > 0
small enough such that we can find a finite open covering {B(x;,7;)};es, 2r; < 6, of
K, which satisfies 3 ;¢ ; 'r’JQ*1 < ¢, and B(xz;,2r;) C U whenever B(xj,r;) N K # (.

It is clear that

‘/U<F= V) de| <||F ooyl Vatlio

and that
Javlde <3 [ (Vaelde =3 [ [Vagy|dr
jeJ jeJ (zj,2r;)
< 29Lu(B(0,1)) Y r? ™ < 29Lu(B(0,1))e.
Jj€J

Thus, we conclude that
divF(K) = —/ (F, Vi) do — /\ Y ddivE < e(1+ 2°Lu(B(0, 1)) Flloy),
U U\K

which implies divF (K) = 0, since ¢ is arbitrary. O]

We notice that there is a precise way to compare S?~7" and the Euclidean Hausdorff
measure ’Hﬁfp on a stratified group G of topological dimension ¢, as shown in [13].
In particular, [13, Proposition 3.1] implies that

ST <1

This shows that Theorem [4.7)is coherent with the Euclidean case (|70, Theorem 3.2]),
and that the divergence-measure horizontal fields have finer absolute continuity prop-
erties than the general ones.

Now we prove a first case of Leibniz rule between an essentially bounded divergence-
measure horizontal field and a scalar Lipschitz function, whose gradient is in L'(HQ).
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Proposition 4.8. If F € DM>™(HQ) and g € L>(2) N Lipy (), with Vg €
LY(HSQ), then gF € DM>®(HQ) and the following formula holds

div(gF) = gdivF + (F,Vgg) . (4.2)

Proof. Tt is clear that gF € L*(HSQ). For any ¢ € C}(Q) with ||¢|| < 1, by Remarks
and [3.9) we have

[ (FVud) de = [ (F,Vulga)) de— [ 6(F, Vug) du
= —/Q¢gddiVF—/Q¢<F, Vug) dz,
which clearly implies that gF' € DM (HS2) and holds. O

We have now all the tools to establish a general product rule for essentially bounded
divergence-measure horizontal fields and BV functions, see Theorem [I.2] This is one
of the main ingredients in the proof of the Gauss—Green formulas.

Proof of Theorem [1.3. We notice that holds for every g. with ¢ > 0 and we
also have |g:(z)| < ||g|lcoo for any x € Q. The family {gs, } is then equibounded in
L>(€2; |divF|) and there exists § € L>(€;|divF|) and a subsequence ¢, — 0 such
that g., — g. It follows that

/ g, ddivE — / G ddivF
Q Q

for any ¢ € L'(;|divF]). In particular, the previous convergence holds for any
¢ € C.(), and so g, divF — gdivF in M(Q).

Now we show that {div(g.F)} is uniformly bounded in M(Q2): by (4.2]), we obtain
that

’/Q¢ddiV(geF)‘ < ’/Q<bgg ddivF‘ + ‘/Q(MF’ Vil(g.)) do

< [[¢llso.cllgllco.ldivE|(S2) + IIFIIOO,Q/qubIIVHgaIdSB-

As a result, considering supp(¢) C QF, by (1.8]) we conclude that
|div(g: F)[(25%) < [|9lloc.ldivE[(Q) + [|F |l 0 Digl(2). (4.3)

We have shown that {div(g.F")} is uniformly bounded in M(€) for any open set
Q' € (), and so up to extracting a further subsequence that we relabel as &, the
sequence {div(g., F)} is a locally weakly* converging subsequence. However, it is
clear that div(g., F') weakly* converges to div(gF') in the sense of distributions, and
that C2°(Q) is dense in C,(£2). Therefore, by uniqueness of weak* limits, we conclude
that div(g., F') — div(gF) in M().

Thus, (F,Vpgg.,) is weakly* convergent, being the difference of two weakly* con-
verging sequences, and taking into account we get

(F,Vuge,) — (F,Dyg) := div(gF) — gdivF. (4.4)
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In relation to (F, Dyg), we first argue as in Lemma For any ¢ € C.(2), we have

Q ex—0 |.Jq R fo)

< [1Flloo limsup [ |6[(pe, * [Drgl) dx

er—0
= 1Flloog Yim, [ (puy 6 dIDugl = 1F o [ 6] d|Dirgl.

where the second inequality follows by ([1.7]), since supp(¢) C QX for &, small enough.

2€k

The subsequent equality is a consequence of (2.18]), therefore proving ((1.10). The
decomposition (3.8 in our case yields

Dpg=Vugp+ Dyg,

where V¢ is also characterized as the approximate differential of g, [8, Theorem 2.2].
We aim to show that

(£, Dug)*n=(F,Vug)p and (F,Dyg)® = (F,Dyg),

for some measure (F,D5g) € M(Q) that is absolutely continuos with respect to
|D%g|. Indeed, by (3.14) we get Vyg. = pe * Dyg on Q' for every fixed open set
Q' € Q and € > 0 sufficiently small. On this open set we have

(F.Vge) = (F,pe * Vug) + (F, p- x Dyyg) . (4.5)

By Lemma the measures (F, p. x D$;g) u are uniformly bounded, so that possibly
selecting a subsequence of ¢, denoted by the same symbol, there exists (F, D} g) €
M(2) such that

(F' pe, * Dirg) = (F, Dyg)
and applying again Lemma [3.6 we get

|(F, Dyg)| < [ Fllco,2 [Drgl- (4.6)
Since Vg € LY(HQ), we clearly have p. * Vyg — Vg in LY(HQ), which yields the
following weak* convergence
in M(Q). Since (4.5) holds on every relatively compact open subset of €, we get

(F, Dirg) = (F,Viag) ji+ (F, Diyg). (4.7)

Due to (4.6) the previous sum is made by mutually singular measures, then showing
that

(F, Dug)*p = (F,Vug)p and  (F,Dug)® = (F, Dyg),
hence (1.11)) holds. O

Proposition 4.9. Let F' € DM™(H) and let g € L>=(QQ) with |Dgg|(2) < +o0. If
we define g. := p. * g using the mollifier p of Proposition then any weak® limit
point g € L>®(8; |divF|) of some subsequence g, satisfies the property

§(z) = g*"(x) for |divF|-a.c. z € CF,



THE GAUSS-GREEN THEOREM IN STRATIFIED GROUPS 39

where CX is introduced in Definition @ In addition, if g € L>*(Q) N C(Q) and
Vug € LY(HQ), then g(x) = g(x) for |divF|-a.e. x € Q and
div(gF) = gdivF + (F,Vug) p. (4.8)
Proof. Let g., — g in L*°(Q; |divF|). By Proposition , we know that
9z, (@) = g7 (x)

for any x € CJ*. If we choose as test function ¢ = Xcry, for some ¢ € LY(; |divFY)),
we have

/ 9., ddivF = / Ve, ddivF — / bR ddivF
) CR CR

by Lebesgue’s theorem with respect to the measure |divF|. Since v is arbitrary, this
implies §(z) = ¢g*®(z) for |[divF|-a.e. x € C)X. Let now g € L>®(Q) N C(Q) with
Vg € LY'(HQ). Tt is then clear that g(z) = g(z) for |divF|-a.e. = € , since
g"®(z) = g(x) for any z € , being g continuous. In addition, since Dyg has no

singular part, (1.11)) implies immediately (4.8)). O

Remark 4.10. We stress that in Theorem the pairing term (F, Dyg) depends
on the particular sequence g.,, and therefore on g. In order to obtain uniqueness,
one should be able to show that there exists only one accumulation point g of g..
For instance, this happens in the Euclidean case G = R", in which § = g*(= ¢*%)
H" la.e. However, it is possible to impose some more conditions on the measures
divF and |Dgg| under which g and (F, Dgg) are uniquely determined.

Corollary 4.11. Let F' € DM™>(HQ) and let g € L>*(Q) with |Dyg|(2) < +o0.

Let div’F' and D%;g be the singular parts of the measures divF and Dgg. If we also

assume that |div°F| and | D% g| are mutually singular measures, then we have
div(gF) = (g div'F + (F, Vug) )p+ §div'F + (F, Dy;g), (4.9)

where § € L>(Q; |divF)|) and (F, Dyg) € M(Q) are defined as in Theorem [1.4 and
the singular measures g div°’F and (F, D%};g) are uniquely determined by g and F. In
particular, if |divF| < p, we have

div(gF) = (g div'F + (F,Vyg) ),u + (F, D};9). (4.10)

Proof. It is well known that we can decompose the measures divF and (F, Dyg) in
their absolutely continuous and singular parts. By Theorem [I.2] we know that

div(gF) = (§div'F + (F, Vug) )u + §div’F + (F, Dyg).

We also have g(x) = g(z) at p-a.e. € Q in that g. converges to g in L] .(Q) for
any mollification of g. This implies that gdiv*Fu = ¢gdiv®Fu in the sense of Radon
measures. It follows that (4.9) holds and clearly

§divE + (F, Diyg) = div(gF) — (g div'F + (F, Virg) ).

We have shown that the singular measures on the left hand side are uniquely de-
termined by g and [, since the right hand side is uniquely determined and the two
measures are also mutually singular. Indeed we have |(F, D%9)| < || F|lc.0|D3%9g| by
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Theorem|[1.2] To conclude the proof, we observe that the condition |divF| < u clearly
gives div’F' = 0, so (4.10) immediately follows. O

Remark 4.12. It is clear that one can obtain (4.10) if we have F' € L>®°(HS)) with
divF € LY(Q) and g € L*>(Q2) N BV ().

Remark 4.13. Under no additional assumption on F' € DM (H(2) and g € L>(Q2)
with |Dgpg|(©2) < 400, we can always decompose the term gdivF. Indeed, we have

gdivF = gdiviFpu+ g* R diviFLCF + gdiviFL(Q\ CF). (4.11)
It follows that gdivF is uniquely determined by divF and g if |diviF|(Q\ CJ) = 0.

5. INTERIOR AND EXTERIOR NORMAL TRACES

In this section we introduce interior and exterior normal traces for a divergence-
measure field. The absence of sufficient regularity for the reduced boundary (Defini-
tion does not guarantee their uniqueness a priori. However, the next section will
present different conditions that lead to a unique normal trace and a corresponding
Gauss—Green theorem.

Let ' € DM*(HQ) and E C Q be a set of finite h-perimeter. Let p € C.(B(0,1))
be a nonnegative mollifier satisfying p(z) = p(x~!) and [ pdz = 1, and ; be a suitable
vanishing sequence such that

(XEF, pe, * Duxe) 1 — (XeF, DaxE)

in M(Q). 5.1
<XQ\EF, Pey, * DHXE> = (xo\eF, Duxe) i M(®) (5.1)

The existence of such converging subsequences follows from Lemma [3.6] which implies
also the estimates

|(XeF, Duxe)| < |Fllc,z |[Drxe|  and
|(XQ\EF> Duxp)| < HFHoo,Q\E | Dirxel- (5.2)

It is worth to mention that another definition equivalent to (5.1)) is possible. Em-
ploying formula ([3.14)), we obtain

<XEF7 Pey, * DHXE> = <XEF7 VH(pék * XE)>

in QF . 5.3
<XQ\EF7 Pey * DHXE> = <XQ\EFa Vi (pe, * XE)> e (5:3)

We point out that the measures at the right hand side in are not defined on the
whole €2, while this is true for those at the left hand side. However, arguing as in
Remark , we can see that the weak* convergence is equivalent to the weak*
convergence

<XEFa VH(Pek * XE)> B (XEF; DHXE)a

5.4
<XQ\EFa Vi (pe, * XE)> = (xo\eF, DuXxE). (5.4)

It is important to stress that at the moment the “pairing measures” (xgF, Dy XE)
and (xo\gF, Dpxe) may depend on the choice of the sequence ¢, and also on the
mollifier p.
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We are now in the position to define the interior and exterior normal traces of F
on the boundary of F as the functions (F;, vg), (Fe,vg) € L®(Q; |Dyxg|) satisfying

—2(xeF, Duxe) = (Fi,ve) |DuXxel, (5.5)
—2(xa\eF, Daxe) = (Fe,ve) |DaXE|- (5.6)

Since p., * xg is uniformly bounded, up to extracting a subsequence, we may also
assume that

Pep ¥ XE — XE in L®(Q;|divF)|). (5.7)
This allows us to define the sets
E'={zreQ:xp(x)=1} and E°:={zxecQ:yp(x)=0} (5.8)

to be the measure theoretic interior and the measure theoretic exterior of E, respec-
tively, with respect to F' and xr. We may also define an associated reduced boundary

FuE =FyE\ (E'UE). (5.9)

We wish to underline again the fact that these notions heavily depend on g, which
is not unique, a priori, since it depends on the choice of the sequence p., * xg.

In the sequel, we will refer to the above sequence ¢, or possible subsequences,
such that and hold. Notice that despite this dependence we will provide
conditions under which the limit measures of and the sets of and

prove to have an intrinsic geometric meaning.

Remark 5.1. By (5.1)), observing that p., * Dyxg = —p-, * Daxo\g, We also get the
following equalities

(XeF, Duxe) = —(XeF, Duxa\r),
(xe\eF, Daxe) = —(Xo\eF, Duxo\r)-
We conclude that the normal traces of F' on E and Q\ E satisfy the following relations
<~Fi7VE> :_<]:67VQ\E> a’nd <~F67VE> :_<]:’L7VQ\E>

We employ now the Leibniz rule (Theorem and (5.1) to achieve the following
result, which is a key step in order to prove the Gauss—Green formulas.

Proposition 5.2. Let FF € DM™(HQ) and E C Q be a set of finite h-perimeter,
then the following formulas hold

div(xgF) = xgdivF + (F, DgxEk), (5.10)
) S 1 1
div(xpF) = (Xp)*divF + §(F> Duxe) + (xeF, Duxe) (5.11)
_ . 1 1
Xe(l — Xg)divE = §(XEF, Duxe) — §(XQ\EF, Duxe) (5.12)

in the sense of Radon measures on ), where Xg € L>®(Q; |divF|) is defined in (5.7).

Proof. By Theorem applied to F' and g = xg, up to extracting a subsequence, we
can assume that the choice of &4 leads to (5.10) in analogy with Theorem [I.2] We
observe that

div((ps, * x)xeF) = div(xpF) = div(xgF),
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as measures, since x3 = xg. By (4.2), (5.10) and (3.14)), we get the following identities

of measures on QF :

div(Fxe(pe, * xE)) = (pe, * XE)div(XEF) + (XBF, Vi (pe, * XEB)) 1 (5.13)
= (pey, * XB)XEAVE + (pey * XE)(F, DuXr) (5.14)
+ (XEF, pe), ¥ Duxe) p-
Recall that our subsequence ¢;, is chosen such that both and hold. In view

« 1
of (3.24)), we have (p., * xg) = 5 € L>=(Q; |Dgxe|). By (1.10) we get

|(F, Duxe)| < [[FllocolDaxel

and we observe that the definition of (F, Dyxg) from Theorem fits with the
definitions ([5.1]), thanks to (5.4)), getting the obvious identity

(F,Duxe) = XeF,Duxe) + (xo\eF, Duxe)- (5.15)
Remark [3.22] shows that

1
(pe, * XE)(F, Duxe) — i(F’ Duxe).

All in all, by passing to the weak* limits in (5.13)), we get (5.11)). Subtracting (5.11])
from ([5.10|) we have

__ . 1

From (5.16) and (5.15) we get (5:12). 0
Remark 5.3. In the assumptions of Proposition , joining ((5.12)), (5.5)) and ([5.6)),

we get the following equality

<-7:e, VE> - <E, VE‘>
4

We now prove sharp estimates on the L*°-norm of the normal traces. Let us point
out that such estimates could not be obtained directly from , employing
and . A more refined argument is necessary, involving the differentiation with
respect to the h-perimeter measure.

Proposition 5.4. If F € DM (HQ) and E C Q is a set of finite h-perimeter, then
“ <~Flv VE'> HLOO('?HEJDHXED < ||F||OO7E7 (518)
[ (Fes ve) (2B Drxe) < [F lloo.\es (5.19)

where the interior and exterior normal traces of F' are defined in (5.5) and (5.6)).

Proof. By Theorem the perimeter measure |Dgxg|(+) is a.e. asymptotically dou-
bling. Therefore the following differentiation property holds (see [33, Sections 2.8.17
and 2.9.6]): for Dyxp-a.e. © € FyE one has

N () = im_Q(XEFyDHXE)(B(ZL‘,’I"))
(Fi,vp) () = lim Dial(Blor)

Let e, be the sequence defining ([5.1)) and (5.7). By (3.10]), we obtain that the sequence
| (xgF, pe, * Duxg) |p is uniformly bounded in M(2). Thus, there exists a weak*

Xe(l — xg)divE =




THE GAUSS-GREEN THEOREM IN STRATIFIED GROUPS 43

converging subsequence, which we do not relabel. Let the positive measure \; € M(Q)
be its limit.

In an analogous way, one can prove that the measures | <XQ\ 2F, pe, * Dy E> | are
uniformly bounded in M(£2). So there exists a weak* converging subsequence, which
we do not relabel again, and whose limit is the positive Radon measure \. € M(£2).
We also observe that the sequences xg|ps, * Duxeln and xo\gl|pe, * Duxe|n are
bounded in M(2) and that, if v € M(Q) is any of their weak* limit points, then
v < |Dyxgl, due to .

We can choose a sequence of balls B(z,r;) with r; — 0 in such a way that
|Duxel(0B(z,r;)) = Xi(0B(x,75)) = Ae(0B(z,7;)) =0
for all j. As a result, taking into account [5, Proposition 1.62] and (5.1)), we have

2(xeF, Duxe)(B(x,7;))| _ |e—=0" JB@r)
|\Dxe|(B(z,1;))

| lim 2 (XEF, pe, * Dpxg) dx

lim )|p6k x Dy xg|dr
Ty

exr—0JB(z

lim XE|pe, * Duxe| de

€x—0 JB(z,r;)

< 2[|Flloo,e— :
lim )|p€k x Dy xg|dz

€0 JB(z,r;

The last term can be also written as

81;T_>ﬂ0 e Xo\E|pe, * DuXxE|dx

2[[Flloo,p | 1 —

lim |pe, * D xp|dx

ex—0 B(z,rj)

It follows that

lim
er—0

€ * D dz
2(xeF,Duxe)(B(z,1;)) /B(a:,rj) Xo\E(pe, HXE)

| Duxel|(B(x,75))

|sz||F||oo,E o8
lim ) |p€k * DHXE)’ dx

ex—0J B(z,r;
1 DHXE B T, T;
2|Duxsl(B(z,r;))
by (3.30) and the second limit of (1.6). Taking the limit as j — oo, the definition of
reduced boundary immediately yields
2(xeF, Duxe)(B(z,7;))
| Duxel(B(z,r;))

The estimate for the exterior normal trace (F., vg) can be obtained in a similar way,
hence the proof is complete. Il

[(Fi, ve) ()] = lim

k—o00

‘ < 1P o

5.1. Locality of normal traces. In this section we show the locality of normal
traces, along with their relation with the orientation of the reduced boundary. First,
we need to recall some known facts on the locality properties of perimeter in stratified
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groups. By Theorem [3.16] (see also [1, Theorem 4.2]) and Lemma [3.17] for any set E
of finite h-perimeter in 2, there exists a Borel function g, such that 6z > a > 0 and

[ Duxel(B) = /B O dso1, (5.20)

which implies § € L'(;SY'L.#yFE). By this representation, a property holds
|Dyxe|-a.e. if and only if it holds S9 !-a.e. on .ZyE, see also Remark

Given two sets E1, E of finite h-perimeter such that S~ (#yE,N.FxE,) > 0, by
[9, Theorem 2.9], for any Borel set B C FyE1 N FyEs we have

‘DHXE1‘(B) = |DHXE2’(B)'

NFy

Hence, (5.20)) implies that
QEl (.T) = HEQ(LL’) for SQ_I—a.e. x € yHEl N yHEQ (521)

Moreover, [9, Corollary 2.6] implies that, for S®l-a.e. z € FyE; N FyE,, we have
ve, (r) = 2vg, ().
Lemma 5.5. If B, and E, have finite h-perimeter in Q with S~ FyE, N FyEy) >
0, then we have

D (xe: — x2)|(B(z,7)) = o(| Duxg,|(B(z,7))) (5.22)
for 89 la.e. ¥ € FyE, N FyEy such that vg, (v) = vg,(z), and for j = 1,2.
Analogously, we have

1D (xe, + XE,)|(B(2,7)) = o(| D x| (B, 7)) (5.23)

for 89 a.e. ¥ € FyE, N FyEy such that vy, (z) = —vg,(z), and for j = 1,2. In
addition, we have
|Duxe |[(B(x, 7)) ~ [Duxe|(B(z,r)), (5.24)
for S9 ' q.e. x € FyFE1N FpyEy and j = 1,2.
Proof. We first define the following sets
L= gHEl N CngE'g and G := ﬁHElAyHEQ
Then, by (5.20) and (5.21]), we obtain
|Duxe|LL = |[Dpxe|L L, (5.25)
1Duxe| = [Dixel| = 0S97'LG, (5.26)

where 0 = 0, (x) for S@lae r e FyE; and for j = 1,2. Hence, since LNG = (),
for S9"l-a.e. v € L, we have

1Dmxe| = [Dixell (B,r) = [~ 0ds9 =o(r?),  (5.27)
GNB(z,r)
by (5.26]) and standard differentiation of Borel measures. In addition,
|Drxg,|(B(z,r)) > cr®! (5.28)

for S lae. z € FyE;, r > 0 sufficiently small and j = 1,2, by [1, Theorem 4.3].
Then, (5.27) and the triangle inequality imply that, for j = 1,2,

1Daxe [(B(z,r) = |Duxe|(B(z,7)| = o | Duxe,|(B(z,r))),
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from which we get (5.24). Then, we notice that, for S¥"t-a.e. # € L such that
ve, (x) = vg, (), and j = 1,2, we have

|Du(Xe: = X8,)|(B(2,7)) =

~ vy Durxe| G| (B(a.1)

(VEI - VE2)|DHXE1|I—L + VE1|DHXEl|I—GHL

S/B( )|VE1_UE2|d|DHXE1|I—L+
+ |Duxr [(GN B(z,r)) + |[Duxe,|(G N B(z,7))

< Jyo, m = vm @) dIDic,

¥ [ W = v (@) dIDixe) +0(re )
= 0(|DHXEJ|(B('Z'7 T)))a

by (5.25)), (5.24), (5.28), the triangle inequality and standard differentiation of Borel
measures. Thus, we can conclude that (5.22)) holds. Analogously, (5.23)) follows for
S@ lae 1€ FyE N FyE, such that vg, (v) = —vg, (7). O

Theorem 5.6. Let F' € DM™(HQ), and Ey, Ey C § be sets of finite h-perimeter
such that S°~Y(FyEL N .FyEy) > 0. Then, we have

(Fisve) (2) = (Fi,vm,) (v) and (Fe,ve,) (¥) = (Fe, vi,) (), (5.29)
for 89 ta.e. x € {y € FyELNFyEy: ve, (y) = vE,(y)}, and
(Fiove) (1) = = (Fe,vm,) () and (Fe,vp,) (v) = — (Fi,vi,) (), (5.30)
for 89 ae. v € {y € FyE N\ FyEs: v, (y) = —vs,(y)}.

Proof. We recall that, by Theorem m, the perimeter measure |Dyxg,|(-) is a.e.
asymptotically doubling, for j = 1,2. Therefore, by the definitions (5.5 and (/5.6]),
and the differentiation of perimeters (see [33, Sections 2.8.17 and 2.9.6]), we have

-y ) = —91im (x5, F, Duxg,)(B(x,7))
<~7:z7 Ea>( ) 271~—>0 \Daxe, (B, r)

2N () — —2%im (xa\g, F, Duxe,)(B(x,r))
<fe’ EJ>( )= 211“—)0 | Drxe, |(B(z,7)) 7

for 5 = 1,2, and for S lae. z € FuE;. Let v € FyE N FyE, be such

that vg, () = vg,(x) and (5.22)) and (5.24) hold true. Taking into account that
| (Fi,ve,) () — (Fi, ve,) (z)| can be written as the limit of the difference

(Xen By Duxe ) (B, 1)) (X F Dixs, ) (B(x, 7))

| Duxe |[(B(x,r)) | Duxe|(B(z,r))

2 lim
r—0
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using the linearity and the triangle inequality, we get

(XE1F7 DH(XE1 — XEz))(B(xar))'
|DHXE1|(B(J77T))

| <"T:l7 VE1> (.’L‘)— <‘F27 VE2> (ZE)l < 21imsup

r—0

. (X F, Dr(xE, — XB,))(B(7,7))
+ limeup Dixe,|(B(z, 7)) |
+ limsup (XE1F7 DHXE2>(B(:C7 T)) o (XE2F7 DHXEl)(B(‘rv T)) | ‘
r—0 |Daxe |[(B(r,7)) |Da X, |(B(x,1))

By (L.10), we have [(xg, F, D (X, — X8))| < | Flloo,5; | Dr(XE: — X8,)|, for j = 1,2,

and so, by (5.22)), we conclude that

(XE, F, D (XE, — X82))(B(%,7))
|DHXE]|(B('Ia ’I"))

for j = 1,2. Now we have to deal with the last term, which, by (5.24]), is infinitesimal

as r — 0 if and only if so is

(X F, Drxe,)(B(z, 7)) — (X& F, DHXEl)(B(%T))‘

|Drxe,|(B(z,r))

By Theorem |1.2} we know that yg, F' € DM™(HQ), for j = 1,2. Let & be the
defining sequence for

<~F67VEJ->’ <E,VE].>, (XEjFa DHXE]) and (XQ\EJF; DHXEJ)

through limits analogous to those of (5.1) and (5.7)) for E;, j = 1,2, in place of E. It
follows that

‘—>0,

(5.31)

Pe ¥ XEy = XB, 0 L(Q; |divE])
and, by (4.2)), (5.10) and (3.14)), in QF we have
div((psy, * XE)XEE) = ey * Xa V(X F) + (XE B, Vi (e, * X)) 1
= (pe, * X£)XEAIV(F) + (pe, * X, )(F, Duxm,)  (5.32)
+ (XE, F' pey, ¥ DuXe,) 1

Since |pe, * X |(x) < 1 for any = € €2, up to extracting a further subsequence, we
may find Xz, € L>(Q; |(F, Dyxg,)|) such that
Pey, * XE; ixiEl in LOO(Q;’(FvDHXE2)|>'

Thus, by Lemma [3.21} we get the weak* convergence

(Per * XE)(F DuXe,) — Xe, (F, DuXE,)-
Moreover, by Lemma [3.6] the sequence (x g, F, pe, * Duxp,)) p¢ is uniformly bounded
on €2, hence, up to extracting further subsequences, there exists the weak* limit

<XE2F7 Pey, * DHXE1> n—= (XE2F7 DHXE1>

By Remark we know that |divF|-a.e. there holds 0 < y, < 1 and by Lemma[3.21]
we conclude that

(Pey * X)X div(F) = Xz, XE,divF.
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Passing now to the limit in as €, — 0, there holds
div(xe, X, F) = XEXE,AVE + XE, (F, Drxe,) + (XeF, DX, )- (5.33)
Arguing in an analogous way, exchanging the role of xg, and xg,, we get
div(ixe, X5 F) = Xe X5, diVE + X5, (F, Duxe,) + (Xe F, Duxe,)- (5.34)
Then and yield
(XEF, Duxe) — (Xe By Duxe,) = Xe(F, Duxe,) — X6 (F, Duxe,).  (5.35)
Joining , Lemma and , we can conclude that
Xe (2) = X5 (x) =1/2  for S9! —qe. x € FyFEy N FyEy =: L.
By , we notice that
((F, Dirxe,)ILL < | Fllooal Dirxs | L, for j=1,2. (5.36)
and so, by Remark [3.18 we obtain

1 1
Xe,(F, Duxp )L L = i(F’ Dyxe,)L L, Xg,(F,Duxg,)L L = §(F= Dyxp,)L L.

Now, if we set G := FyE1AF g FE,, we observe that we can rewrite ([5.35)) as
(XmF, Duxr,) — (X F, Duxe,) = X5, (F, Duxe,) LG — Xa, (F, Duxe,) LG (5.37)

1
+ §<F7 DH(XE1 - XEz))I—L'

By (1.10) and by standard differentiation of Borel measures, we have
(F, Duxe,)LG|(B(z,7)) < ||FllscalPuxs (G0 Bz, 7)) = o(r?")

for S9 t-a.e. x € L, since GNL =0, and j = 1,2. In addition, |Dyxg,|(B(z,r)) >
cr@71 for S ae. x € FyE;, r > 0 sufficiently small and j = 1,2, by [1, Theorem
4.3]; and so we obtain

|(F, D xe,)LG|(B(z,7)) = o[ DX, |(B(z,7))).
As for the second term, by (1.10]) and (5.22)) we get

((F, Du (X, — xz)I(L N B2, 7)) < [|Fllsc Du (e, — xz)|(B(z, 7))
= o(|Duxm|(B(z,1)))

for S®lae. v € FyE, N .FykE, such that vy, () = vg,(z). This implies that the
expression in ((5.31]) goes to zero as r — 0, and so it proves the first part of ([5.29).
Concerning the exterior normal traces, one can argue in a similar way for the sets

Q\ E; and Q\ E,. Finally, taking into account (5.5)), (5.6), Remark and (5.29))
applied to Fy and Q \ Es, and conversely, we arrive at (5.30)). O
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5.2. Tripartition by weak™® limit of mollified functions. In this section we study
the properties of the limit Xz defined in (5.7) and the related Leibniz rule. From
Remark we have that 0 < yg(z) <1 for |[divF|-a.e. z € Q.

Proposition 5.7. Let FF € DM™(HQ) and E C ) be a set of finite h-perimeter. Let
Xz, E', E° and FyE be as in (5.7), (5.8) and (5.9), respectively. It holds
divF|(Q\ (ZyEUE' U EY) = |divF|(Q\ (FnEUE UEY)) =0.  (5.38)

In particular, Xg is uniquely determined on Q\ FpFE, up to |divF|-negligible sets,
and we have
Xe = Xg |divF|-a.e. in Q\ FyE, (5.39)
so that B
div(xgF)L(Q\ FyE) = divF L(E' \ ZyE). (5.40)

Proof. From (5.17) we immediately conclude that
[ Xe( = Xp) ddivF| = 0.
ON\FyE

Therefore definitions and give
Q:Eluﬁouﬁfuzg,
where Z5 = Q\ (ZyFE U E' U E°) is |divF|-negligible. This proves (5-38). Then, if
we restrict to Q\ FyFE, we have
div(xgF)L(Q2\ FpE) = XpdivFL(Q\ FyE), (5.41)

which immediately shows that Xz is uniquely determined on Q\ Zy E, as a function

in L>(Q; |divF|). Moreover, by (5.38]), we have that yz(z) € {0,1} for |divF|-a.e.
x € Q\ FpE, and this implies (5.39). Finally, this immediately shows that (5.41)) is
equivalent to (5.40)). O

Formula (5.39) will be important to show that indeed the set E'is uniquely defined
up to |divF|-negligible sets.

Remark 5.8. We notice that, by Proposition , xe(2) = x5~ (x) for |divE|-a.e.
x € C%. In particular, we obtain

|divF| (E'AE"R) N CF) = 0 and |divF| (E°AE"®) N CE) =0.

If we now assume that
[divF|(Q\ CF) =0, (5.42)
then it follows that yz(z) = X3 (z) for |divF|-a.e. # € Q. In particular, this yields
|divF|(E*AEYR) =0 and |divF|(E°AE*R) = 0.
Thus, we have shown that
IFEN\ FyE=Q\ (EY"RUERUZHE) = (Q\ (E'UE U ZyE)) U ZE,
for some |divF|-negligible set ZE. By (5-38), we obtain |divF| (95~ E \ ZyE) = 0.

Hence, under the assumption (5.42), we can identify E* and E° with EY® and E®R,
up to |divF|-negligible sets, thus obtaining their uniqueness in this special case. In
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fact, as we shall see below, the uniqueness holds in general, even if (5.42) fails to be
true.

The following proposition proves that any given set of finite h-perimeter E in (2
yields a tripartition of Q. More precisely, for F' € DM (HY) there exists a repre-
sentative g of xg such that xg(x) € {1,0,1/2} for |divF|-a.e. z € Q.

Proposition 5.9. Let F' € DM™(HQ) and let E C 2 be a set of finite h-perimeter.
Let p € Ce(B(0,1)) be a mollifier satisfying p(x) = p(x~") and [,y p(y) dy = 1. If
XE € L=(82;|divEF)|) is defined by (5.7)), then

XE = ; |divF|-a.e. on FyE. (5.43)
In addition, the normal traces of F' on the boundary of E satisfy
(Fi,vg) = (Fo,vg) |Duxg|-a.e. on E*UE° (5.44)
and we have
XgpdivE = ((Fe,ve) — (Fi, ve))| DXl (5.45)

Proof. From (5.17)) it follows immediately that

((Fisve) — (Fevp))[Duxel =0 on FyEN (E'UE°),
proving (5.44). Let &, be the defining sequence such that (5.1)) and (5.7) hold. We
have

(pey * XE)XE(L — Xi)divF — (V5)2(1 — Xg)divF,

by Lemma [3.21} Since the traces (F;, vg) , (Fe,vg) defined in (5.5) and (5.6) belong
to L>®(;|Duxe|), Remark [3.22] and (5.17) imply that
(Fe;ve) — (Fi, VE) 1 {Fe,vp) — (FivE)

4 2 4

1 s
= §XE(1 — xg)divF.

(Pey, * XE) |Drxel | DXl

Again (5.17) shows that the previous sequences of measures are equal, hence so are
their limits. Taking their difference, we get

!
(@5 - 2) Y5(1 = ¥5)divFL FyE = 0.

1 —_ —
This implies Xz = 5 |divF|-a.e. on FyE. From ((5.43)) and (5.17)), we obtain (5.45)).
O

Remark 5.10. Proposition and ([5.43)) imply that

|divF|(}‘ZE\ (reQ:vm= 1/2}) 0.

Since Proposition |5.7] states that Q = E'UE°U.Zy EUZE, for some |divF|-negligible
set ZL then we get the tripartition

Xe(x) € {0,1,1/2} for |divF|-a.e. z €.
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As a result, we have shown that for every F' € DM™(HQ), taking any weak* limit of
pe * X in L®(€; |divF|), this limit attains only the three possible values 1,0, 1/2 for
|divF|-a.e. z € Q. This motivates our definitions (5.8) and (5.9).

Remark 5.11. If ' € DM™(HQ) and E C Q is a set of finite h-perimeter, then

Fi,ve) + (Fe, v
(F, D) = — Tt el T )

This follows from ({5.15) and from the definitions of the normal traces, (5.5)), (5.6]).

|DHXE|- (5-46)

We are now arrived at our first general result on the Leibniz rule for divergence-
measure horizontal fields and characteristic functions of sets of finite h-perimeter in
stratified groups.

Theorem 5.12. If F € DM™(HQ) and E C Q is a set of finite h-perimeter, then
we have

div(xgF) = X divE — (Fi,ve) | Duxel, (5.47)
div(xeF) = Xz 7 5dVE — (Fe, ve) [Duxsl, (5.48)
where Xg € L*(Q;|divF)|) is the weak® limit defined in (5.7).
Proof. By Remark [5.10] we have

_ 1 .
Xe(z) = x5 (2) + 2)(;;@(%) for |divF|—a.e. x € Q.

Due to ([5.46)), we can rewrite ([5.10]) as follows

1 (Fi,vp) + (Fe, vi)
2 2

We can now employ ((5.45)) to substitute the term deivF , obtaining

<f67VE> - <‘E7VE>
2

div(xelF) = xzdivE + X7 pdivE — |DuxEl.

Fi,vp) + (Fe, v

The previous equality immediately gives (5.47)). To derive (5.48)), we simply join ({5.47))
with (5.45)) and (5.44)). O

5.3. Uniqueness results. The previous results, together with the auxiliary defini-

tions of E', E° and .Zy E, allow us to obtain the following uniqueness theorem, along
with a number of relevant consequences.

Theorem 5.13 (Uniqueness). If F € DM™(HQ) and E C Q is a set of finite
h-perimeter, then there exists a unique |divF|-measurable subset
BV c Q\ FyE,
up to |divF|-negligible sets, such that
1

Xe(r) = xprr(z) + §X9HE(x) for |divF|-a.e. z € Q. (5.49)
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In addition, we have
|divF| (ﬁHE \ %E) =0 (5.50)
and there exist unique normal traces
(Fi,ve) s (Fe,vp) € L(FuE; |Duxel)

satisfying

div(xgF') = xp1rdivE — (F, vE) |DrxEl, (5.51)

div(xgF) = xpr.rozypdivF — (Fe, ve) |Duxel- (5.52)
Proof. Thanks to the set

EY = '\ #yE C Q\ FyE

satisfies the equality Xz = xpi.r |divF]-a.e. in Q\.Zx E and it is uniquely determined
up to |divF|-negligible sets. By the tripartition stated in Proposition , we get

_ 1 :
XEB(%) = Xg1r (2) + Xgin 2, p(%) + 5)(;;[75@) for |divFl|-a.e. z € Q, (5.53)

from which we get
E'= BV U (E'N.ZyE) and E° = E%F U (E° N .Z4E),

where E*F = Q\ (B U Z5E). Let E be a set of finite h-perimeter in 2. We notice
that .ZyE is a Borel set, by definition, so that, if F' € DM (HS?), the measure
|divF|L . FyE is well defined. Let ¢ be the fixed nonnegative vanishing sequence
such that p., * yg — Xg in L°(;|divF|). Then, we also have

Pep ¥ XE — Xg in L2(Q;|divF|L FgE). (5.54)

To see this, it is enough to multiply any test functions ¢ € L'(Q;|divF|L.ZgF) with
X7y E, getting a function in L*>(Q; |divF).
Now, Theorem [4.7| shows that |divF| < S®~!, so that

|divF|L #yE < S 'L FyE,
which, by Theorem |3.16| gives

Then, it is easy to see that (5.55) implies |divF|L.#gE = O0pg|Duxel|, for some
Orp € L'(Q;|Dyxg|), by Radon-Nikodym theorem. We recall that, by (3.24)), we
have

pe * XE — 1/2
in L>®(Q; |Dyxg|). Due to Lemma it follows that
1
(pe * xg)|divF|L FyE — §|diVF]L9HE.

On the other hand, (5.54) implies
(pey, * XE)|diVE|L FyE — Xg|divF|L FyE,
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and so we conclude that any weak™ limit point of {p. * xg}eso in L°(£2; |divF|) must
satisfy xg(z) = 3 for |[divF|L.ZyE-a.c. x € Q. Clearly, this means that

1
Xe(r) = 5 for |divF|-a.e. v € FyE. (5.56)
As an immediate consequence, we obtain
divF|(E' N ZyE) =0 and |[divF|(E0N.ZyE) =0,
which implies (5.50). Thus, combining these results with (5.53]), we deduce that there
exists a unique |divF|-measurable set VY C Q\ .Zy F such that ((5.49) holds. Hence,
there exists a unique weak™ limit g of {p- * xg}eso in L>(;|divF|). Thanks to
(5.47)) and (5.48)), we obtain the uniqueness of the normal traces. Indeed, we have
div(xpF) — xprrdivE = — (Fi, vg) [Duxel,
div(xp ') — xp1rugypdiVE = — (Fe, vg) [Duxel,
and the uniqueness of the terms on the left hand sides implies the uniqueness of those
on the right hand sides. O

In view of the previous uniqueness result, we are in the position to introduce the
following definition.

Definition 5.14. Let E C Q be a set of finite h-perimeter and let F' € DM™(HQ).
We define the measure theoretic interior of E with respect to F as BV C Q\ FyE,
such that
diV(XEF) L(Q \ LG/\HE) = xpurdivF. (557)
Analogously, we define the measure theoretic exterior of E with respect to F' as a set
E% C Q\ FyE such that
div(xo\eF)L(Q\ FHE) = xpo.rdivF. (5.58)

Remark 5.15. The existence of EF', along with its uniqueness up to |divF|-negligible
sets, is a direct consequence of restricting ((5.51)) to Q \ .FxFE. Analogously, the exis-
tence and uniqueness up to |divF|-negligible sets of E%¥ follows from applying ((5.51])
to Q\ F and restricting it to 2\ #gE. In addition, we have

|divF| (Q\ (B U E*F U ZyE)) =0,
since

XEO,FdiVF = le(XQ\EF) L(Q \ EHE) = XQ\gHEdIVF — dIV(XEF) L(Q \ yHE)

= (XQ\,ﬁHE — XELF) divF' = xo\ (1. Fuzy B)dIVE,

thanks to (5.57)).

Remark 5.16. Theorem shows that the interior and exterior normal traces
(Fi,ve) and (F.,vg) are unique up to |Dpyyg|-negligible sets. As an immediate
consequence of this fact, joined with (5.5) and (5.6)), we see that also the pairings
(XeF,Dpxg) and (xo\eF, Daxg) are uniquely determined and do not depend on
the approximating sequences (xgF, Vi (pe, * XE)) p and <XQ\E‘F, Vi (pe, * XE)> w. In
addition, ([5.46]) also shows that the pairing (F, Dy ) is unique and independent from
the choice of the approximating sequence.
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We conclude this section with the following easy refinement of ((5.45]).
Corollary 5.17. Let F' € DM™(HQ) and E be a set of finite h-perimeter. Then,

we have
XzypdiVE = ((Fe,vE) — (Fi,ve))| Drxel (5.59)
Proof. 1t is enough to subtract (5.51)) from ((5.52)). OJ

6. GAUSS—GREEN AND INTEGRATION BY PARTS FORMULAS

This section is devoted to establish different Gauss-Green formulas and integration
by parts formula in stratified groups. Throughout we shall use the measure theoretic
interior B C G introduced in Definition [5.14, We start with a general version of

the Gauss—Green formulas, which is a direct consequence of Theorem [5.13]

Theorem 6.1 (Gauss—Green formula I). Let FF € DM (HQ) and E € Q) be a set of
finite h-perimeter. Then, we have

divF(E"T) :/ (Fisve) diDuxel, (6.1)
FH
divF(EM U FyE) = /9? _(Feove) d\Dil. (6.2)

Proof. If we evaluate ((5.51]) and (5.52)) on €2, we obtain
div(xpF)(Q) = divF(EY) = [ (F, vg) d|Dixl,

FuE
div(xuF)(Q) = divF(EY U Z4E) — / (F.,vi) d|Duxs.
FHE
Then, we exploit the fact that ygF' € DM™(HQ), thanks to Theorem , and
Lemma 4.6 in order to conclude that div(xgF)(Q2) = 0. O

We consider now some special cases in which the normal traces coincides; that is,
in which there are no jumps along the reduced boundary of the integration domain.
To this purpose, we give the following definition.

Definition 6.2. Let FF € DM (HS) and let E C Q) be a set of finite h-perimeter. We
define the average normal trace (F,vg) as the function in L*(€Q; |Dyxg|) satisfying

(F, Duxe) = —(F,ve) |Duxel- (6.3)
Remark 6.3. Thanks to ((1.10)), we have
((F, Duxe)| < [|Fllc.olDrxel,
which implies the existence of (F,vg) € L™(Q; |Dyxr|) satisfying (6.3), by Radon-
Nikodym theorem. In addition, shows that
(Fi,ve) +(Fe,vE)
2

Proposition 6.4. Let F € DM™(HQ) and let E C 2 be a set of finite h-perimeter
such that |divF|(FgFE) = 0. Then we have

<-Fi7VE’> = <fe,VE> = <f, VE> |DHXE|'a~€- wm €. (65)

(F,vg) = |DpxE|-a.e. in Q. (6.4)
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As a consequence, we obtain
le(XEF) = XEl,FdiVF + (F, DHXE) = XEl,FdiVF — <.F, I/E> |DHXE| (66)

Proof. Equality (6.5)) is an immediate consequence of |divF|(ZyE) = 0, (5.59) and
(6.4). Then, by combining (5.51), (6.3) and (6.5) we obtain (6.6). O

The previous result immediately gives a new version of the Gauss—Green formula
without jumps on the reduced boundary of the domain.

Theorem 6.5 (Gauss—Green formula II). Let FF € DM (HSQ) and let E € Q) be a
set of finite h-perimeter with |divF|(FgE) = 0. Then there exists a unique normal
trace (F,vg) € L>®(Q;|Duxg|) such that

divF(EM) = / (F,vg) d|Dyxs. (6.7)
FuE

Proof. The existence of a unique normal trace (F,vg) follows from Proposition
Then, we evaluate on €2 and apply Lemma , and thus we obtain (/6.7]). O

We now prove that, in the case F' is continuous, the normal traces are equal and
coincide with the scalar product in the horizontal section.

Proposition 6.6. Let FF € DM™(HQ) N C(HQ) and E C Q be a set of finite h-
perimeter. Then we have

(Fi,ve) (x) = (Fe,vg) () = (F(x),vg(x)) for |Dpxg|-a.e.x € FyE  (6.8)
and in particular |divF|(FyE) = 0.
Proof. Let ¢ € C.(€2) and let (xgF, Dgxg) be as defined in (j5.1)), hence

/chd(xEF, Duxg) = lg%/g (OF, x5(pe * Duxg)) dz.

We observe that ¢oF € C.(Q, HQ) and taking into account that vg is the measure
theoretic exterior h-normal, by (3.29)) we obtain

1
/Q<Z5d(XEF, Duxe) = —/Q§¢<F, vp) d|Duxel-
By definition of interior normal trace (5.5)), we obtain that
(Fi,vg) (x) = (F(x),vg(x)) for |Dyxe|-ae. z € Q,

which implies for the interior normal trace. The identity for the exterior normal

trace in can be proved in an analogous way, employing (13.30|) and definiton (/5.6)).
Finally, in view of (5.59)), we get |divF|(#yE) = 0. O

Theorem 6.7 (Gauss-Green formula III). Let F' € DM™(HQ) N C(HS) and let
E € Q be a set of finite h-perimeter. Then the following formula holds
divF(EM) = / (F,vg) d|Dyys|- (6.9)
FuE
Proof. By Proposition we have a unique normal trace, that |Dyxg|-a.e. in FyFE
equals the scalar product (F,vg). In addition, |divF|(ZgFE) = 0. Since E € €, we
may apply (6.7]) to conclude the proof. (]
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Next, we apply the Leibniz rule (Theorem to derive integration by parts for-
mulas.

Theorem 6.8 (Integration by parts I). Let F' € DM (HQ), E be a set of locally

loc

finite h-perimeter in Q and ¢ € C(Q) with Vg € L (HQ) such that
supp(pxe) € Q.

Then, there exist interior and exterior normal traces
<‘Fi> VE> ) <F67 VE) € Lii:(Q; |DHXE|)
such that the following formulas hold

/ gpddivF—f—/ (F,Vyp) dx :/ o (Fi,vg) dDyxE|, (6.10)
ELF E FnE
/ pddivF + [ (F.Vug)dv= [ o(Fove) dDyxsl  (611)
EVFUZLE E FuE
In addition, for any open set U € (), we have the following estimates
| (Fi, ve) | Lo 7y EnviDaxel) < 1F o020, (6.12)
1(Fe, ve) ooz EnviDrxel) < I llocoe- (6.13)

Proof. Let U € 2 be an open set such that supp(¢xg) C U. Then, we clearly have
F € DM*(HU), xg € BV(U) and ¢ € C(U)NL>®(U) with Vo € L*(HU). Hence,
Theorem implies that ygF' € DM™(HU) and so we can apply (4.8) to ¢ and
xeF', thus obtaining

div(pxeF) = pdiv(xeF) + (XeF, Vae) 1 (6.14)

in the sense of Radon measures on U. Now, Theorem [5.13| implies the existence
of interior and exterior normal traces (F;,vg), (Fe,vg) in L®(U; |DgxEgl|), and, by

(5-51)) and ([5.52)), we get
div(pxeF) = xXpr.redivF — o (Fi,vg) |Duxe| + xe (F, Vo) 1, (6.15)
div(pxeF) = Xpr.ruz,pedivE — o (Fe,vp) |Daxe| + xe (F, Vae) p. (6.16)

Finally, we evaluate (6.15) and (6.16) on U, and we employ Lemma and the
assumption that supp(exg) C U, so that (6.10) and (6.11) immediately follow. The
estimates (6.12)) and (6.13)) follow from the restriction of F' and yg to U and from

(.18) and (5.19). 0

Remark 6.9. We notice that the local statement of Theorem [6.8 shows that the field
F' needs not be essentially bounded on the whole set {2, but only on an arbitrarily
small neighborhood of .#x E. In particular, let € > 0 and E € 2. We define

E.:={x € E : dist(x, ¥y FE) < e},
Ef:={x € Q\ E:dist(z, FgF) < e}.
Then, from (6.12)) and (6.13]) one can deduce that we have

H <‘FZ7 VE> ”Lw('?HE?‘DHXE') < }:r>1£ HFHOOEsa

|| <"r€7 VE> ||L“(<@HE;\DHXE|) < égg ||F||OO,EE'
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Indeed, it is enough to take the open set U = E. U E° = {z € Q : dist(z, FyFE) < ¢}
for some € > 0 such that U & €2, and then to pass to the infimum in ¢.

As an application of the integration by parts formulas, one can generalize the clas-
sical Euclidean Green’s identities to C};(£2) functions whose horizontal gradients are
in DMy, (HQ).

In the spirit of Definition (3.8, we can define the distributional sub-Laplacian of
a locally summable function v : 2 — R with horizontal gradient satisfying Vyu €
L. (HQ) as the distribution

C®(Q) 3 ¢ s — /Q (Viu, Vi) dr. (6.17)

We shall denote the distributional sub-Laplacian of u by Ayu and, with a little abuse
of notation, we shall use the same symbol to denote also the measurable function
defining the distribution, whenever it exists. Arguing as in the paragraph after Re-
mark [3.9 one can show that, if u € C%(f), then its distributional sub-Laplacian
coincides with the pointwise sub-Laplacian, and so we can write

Agu = ZXJQU

Jj=1

Theorem 6.10 (Green’s identities I). Let u € CH(Q) satisfy Agu € Mo(Q) and
let E C Q be a set of locally finite h-perimeter in Q). Then for each v € C.(Q2) with
Vgv € LY(HQ), one has

/ vdAgu :/ v (Vyu,vg) d|Dpxe| —/ (Vyv,Vyu) dx, (6.18)
B} FHE E

where E! := EYWH" js the measure theoretic interior of E with respect to Vgu. If
u,v € Cy (Q) also satisfy Agu, Ayv € M(Q), then we have

/ vdAHu—/ludAHU :/ (vVgu —uVyv,vg) d|Dyxel, (6.19)
El El

FuE

where B! := EYVHY analogously as with u. If E € Q, one can drop the assumption
that uw and v have compact support in Q.

Proof. Arguing as in the proof of Theorem [6.8 we can localize to an open set U € Q
such that supp(vxg) C U. Then, we notice that, since u € C%(U) and Agu € M(U),
then Vyu € DM™(HU) N C(HU). Thus, since E is a set of finite h-perimeter in U,
the normal traces of Vgu on Zy ENU coincide with (Vyu(z), vg(z)) for |Dyxgl-a.e.
T € U by Proposmon | In addition, Proposition [6.6] gives |Ayu|(FyE) = 0, and

SO 0) implies (6 1f we set Eb Vi =: B
If now u,v € C’H’C(Q) and satisfy Agu, AHU € M(Q), one also has (6.18)) with

the roles of u and v interchanged, and thus with a set E! uniquely determined by
Vyv, instead. Subtracting these two expressions leads to (6.19). If E € €2, then the
assumption on the compact support of u and v are not anymore needed. (]
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7. ABSOLUTELY CONTINUOUS DIVERGENCE-MEASURE HORIZONTAL FIELDS

This section is devoted to some first applications of our previous results, which
cover the case of F' € L*(HQ) with divF € L'(Q), and consequently the cases
FeWh(HQ) and F € Lipy (HQ).

Theorem 7.1. If F € DM™(HQ) and |divF| < p, then for any set of finite h-
perimeter I C ), we have

div(xgF) = xpdivF + (F, DuXE) (7.1)
in the sense of Radon measures on 2. Therefore, we also obtain ,
|divF|(EMAE) =0, (7.2)
and
div(xgF) = xgdivF — (F,vE) |Daxe|- (7.3)

Proof. Formula (7.1]) is a simple application of (4.10) to ¢ = xg, taking into account
(3.8]). Since the absolute continuity assumption and (3.22)) give |divF|(#gFE) = 0,

we can apply Proposition and obtain (6.5). In addition, by comparing (6.6 and
(7.1)), we get (7.2)). Thus, ([7.3)) is an immediate consequence of and (7.2). O

Thanks to Theorem the proofs of Theorem [I.4] and Theorem [I.5] can be imme-
diately achieved.

Proof of Theorem[I.} We evaluate (7.3) on © and apply Lemma [£.6, thanks to the

fact that £ € 2. 0
Proof of Theorem[1.5. It suffices to combine (6.5), (7.2)) and |divF|(ZxE) = 0 with
Theorem [6.8] ]

We notice now that Theorem[I.5|may be applied to a set of locally finite h-perimeter
whose reduced boundary is not rectifiable in the Euclidean sense.

Example 7.2. We recall that a set S C G is called a C§-regular surface if, for any
p € S, there exists an open set U and a map f € C(U) such that

SNU={qeU: f(qg)=0and Vyf(p) # 0}.

In [68, Theorem 3.1], the authors proved the existence of a C}-regular surface S in

5—¢

the Heisenberg group H! such that H. 7 (S) > 0 for any € € (0,1); which means
that S is not 2-Euclidean rectifiable. In particular, they showed that there exists a
function f € C}(H') related to S as above, with U = H'. From [40, Theorem 2.1],
it is known that the open set £ = {p € H' : f(p) < 0} is of locally finite h-perimeter
and ZyE = S. Thus, given any F € DM (HH') such that |divF| < p = 2, we
can apply Theorem to F' and E to show that there exists a unique normal trace
(F,vg) € L2.(HY; |Dgxgl|). In addition, for any ¢ € C.(H') with Vg € L'(HH')
we obtain

/EgoddivF—l—/E(F,VH@ dxz[g@(}",m;) d|Duxe|

We stress the fact that, on the right hand side, we are integrating on a fractal object,
which is an Euclidean unrectifiable set.



58 GIOVANNI E. COMI AND VALENTINO MAGNANI

Theorem 7.3 (Green’s identities IT). Let u € C}() be such that Agu € Me(2)
with |[Agu| < p and let E C Q be a set of locally finite h-perimeter in Q2. Then for
each v € C.(Q) with Vyv € L'(HQ) one has

/ vdAgu :/ v (Vyu,ve) d|Dpxe| —/ (Vgv,Vyu) d. (7.4)
E FuE E
If u,v € Cl (Q) also satisfy Agu, Agv € M(Q), |Agu| < i, [Agv| < p, one has
/ vdAgu —udAgv :/ (vVygu —uVygv,vg) d|Dpxg| (7.5)
E FuE

If E € (), one can drop the assumption that u and v have compact support in €.

Proof. 1t suffices to combine the results of Theorem [6.10] with the fact that, in this
case, B} = E! = F up to p-negligible sets, which follows from Theorem [7.1] O

It is worth noticing that one could weaken the absolute continuity assumption on
divF, by asking only |divF|(957E) = 0. We also notice that, in the Euclidean
context, this resembles part of the hypotheses assumed by Degiovanni, Marzocchi and
Musesti in [32, Theorem 5.2] and Schuricht in [66, Proposition 5.11]. However, we
do not require the existence of any suitable smooth approximation of F', as they do:
thus, our results are more general, even though we cannot represent the normal traces
as the classical scalar product.

Before stating our results, we need a preliminary lemma.

Lemma 7.4. Let F € DM™(HQ) and let E C Q be a set of finite h-perimeter such
that (5.42)) holds. Then, we have

|divF|(E*"AEYR) =0 and |divF|(E“FAE"®) = 0. (7.6)
Proof. Thanks to Remark [5.8] we see that
|divF| (E"FAEY®) N CE) = 0 and |divF| ((E*"AE"®) N CE) = 0.
If (5.42)) holds, then it is clear that we obtain ([7.6]). O

Proposition 7.5. Let F € DM™(HQ) and let E C Q be a set of finite h-perimeter
such that |divE|(05FE) = 0. Then we have (6.5)), (7.6) and

div(xgF') = xgrrdivF — (F,vp) [Duxsl- (7.7)
Proof. We notice that Q\ C¥ C 8ERE, therefore we can apply Lemma to get
(7.6). Thanks to and (7.6)), we easily get

div(xgF') = xp1rdivF — (Fi, vg) [Duxe|. (7.8)
In addition, and |divF|(9}°E) = 0 imply that

|divF|(FE) < |divF|(EY® N FE) + |divF|(E*® N FyE)
= |divF|(EY N ZyE) + |divF|(E™ N ZyE) =0,

since BV E% € Q\ Z#y E by Definition . As an immediate consequence of this

fact and of ([7.6]), we may rewrite (5.52)) as
div(xpF) = xp1rdivF — (Fe, vp) | Duxe|. (7.9)

Finally, by combining (7.8]) and (7.9)), the equalities (6.5 and ([7.7]) follow. O
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Theorem 7.6 (Gauss—Green formula IV). Let F' € DM™(HSY) and let E € 2 be a
set of finite h-perimeter such that |divF|(85~E) = 0. Then, we have
divF(E'"R) = / (F,vg) d|Dyxs|. (7.10)

FuE
Proof. We just need to evaluate ([7.7) on Q and we apply Lemma to get (7.10). O

In analogy to the case |divF| < p, we can obtain similar integration by parts
formula and Green’s identities in the case |divF|(957E) = 0, with E“® instead
of E in the integration with respect to the divergence and the Laplacian measure,
respectively.

Theorem 7.7 (Integration by parts II). Let ' € DMy (HQ), E be a set of lo-
cally finite h-perimeter in Q such that |divF|(05FE) = 0, and let o € C(Q) with
Vap € Li, (HQ) such that supp(pxr) € Q. Then there exists a unique normal trace

(F,vg) € LS. |Duxel|) of F, such that the following formula holds
|y wddivF+ [ (F.Vy)de= [ o (F,vm) diDaxel
BELR E FuE
Proof. Proposition implies that, if |divF |(8}}RE) = 0, then we have (6.5)), (6.3])
and ([7.6). One needs just to combine these results with Theorem . 0
Theorem 7.8 (Green’s identities ITT). Let u € CL(Q) satisfy Agu € Mioe(Q) and let

E C Q be a set of locally finite h-perimeter in Q such that |Agul(95~E) = 0. Then
for each v € C.(Q) with Vyv € L'(HQ) one has

/ vdAgu :/ v (Vyu,vg) d|Dyxe| —/ (Vgv,Vyu) dz.
ELR FuE E

Ifu,v € Cy (Q) also satisfy Agu, Agv € M(Q), IAqu| (057 E) = |Agv| (57 E) =0,

one has

/ vdAHu—udAHv:/ (vVgu —uVyv,vg) d|Dyxel|-
ELR FuE
If E € (), one can drop the assumption that u and v have compact support in €.

Proof. 1t suffices to combine the results of Theorem [6.10| with the fact that, by Propo-
sition 7.5} E! = E} = E'® up to |Agul, |Ayv|-negligible sets. O

As an easy consequence of Theorem 5.6, we obtain the same locality property for
the normal trace in the case |divF| < p and |divF|(957E) = 0.

Proposition 7.9. Let FF € DM™(HQ), and Ey, Ey C § be sets of finite h-perimeter
such that S~ (FyFy N FyEy) > 0 and |divF|(957E;) = 0, for j = 1,2. Then, we
have

<'F7 VE1> (:L') = <]:7 VE2> (l’), (7'11)
for 89 tae. x € {y € FuE, N FyEy :vg (y) = ve,(y)}, and
<~F7 VE1> (SC) = <‘F7 VE2> (l‘), (712)

for S ae. v € {y € FyE1 N FuEs :vp, (y) = —vi,(y)}-

Proof. The result follows immediately from Theorem and (6.5), which holds by
Proposition [7.5] O
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8. APPLICATIONS TO SETS OF EUCLIDEAN FINITE PERIMETER

The underlying linear structure of G allows for introducing an Euclidean scalar
product, for instance using a fixed system of graded coordinates, see Section
With respect to this metric structure the classical sets of finite perimeter can be
considered. We will call them sets of Fuclidean finite perimeter to make a precise
distinction with sets of finite h-perimeter.

If E C G is a set of locally finite FEuclidean perimeter in 2 C G and F €
DM (HSY), then we can refine and employing the theory of divergence-
measure fields in Euclidean space. From the Euclidean Leibniz rule for essentially
bounded divergence-measure fields (|41, Theorem 2.1] of Frid), the uniqueness of the
representative g in Theorem and of the pairing measure follows.

Recall that we can identify G with R, where q is the topological dimension of G.
In this section, we shall denote the Euclidean norm by | - |, and the Riemannian one
by |- |g- The L>®-norm || - ||, for horizontal fields is the same defined in using
| ) ‘g-

We denote the Euclidean Hausdorff measure by 7 and the Euclidean ball by

B(z,r) ={y e RY: |z —y| <r}.

Consequently, given u € L{. (G), we denote by

loc

lim ][ u(y)dy if the limit exists,
u‘*l({,(;) = ({r—=0 By, (z,r)

0 otherwise,

(8.1)

the Fuclidean precise representative of u.

The following useful lemma is a consequence of the rectifiability of the reduced
boundary and of the negligibility of characteristic points [53|. Its proof can be found
in [67]. For the ease of the reader, we add a short proof.

Lemma 8.1. If E is a set of Euclidean locally finite perimeter in 2 and if we denote
by FE the Euclidean reduced boundary, we have SO~ FyEAFE) = 0.

Proof. By Theorem [3.16,, Lemma and |67, Proposition 5.11], we know that
|Duxe| = |raNe| H{['LFE =089 L. FyE, (8.2)

where my N is the projection of the Euclidean measure theoretic exterior normal Ng
on the horizontal bundle of G. Hence, since g > o > 0 by Theorem [3.16|, we get

SN FyE\ FE) =0,
In addition, [67, Proposition 5.11] implies also that the set
Char(E) :={x € FE : myNg(x) =0}
is S9 L-negligible. Therefore, by (8.2) we have
HIH(FE\ (FyE U Char(E))) =0,

which implies S ZE \ (ZgE U Char(E))) = 0 by [39, Proposition 4.4]. Since
Char(FE) is S9 l-negligible, the proof is complete. O
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We now recall the Euclidean Leibniz rule for essentially bounded divergence-measure
fields in a stratified group.

Theorem 8.2. Let F € DM™(HQ) and g € L>*(2) be such that for every j =
1,...,q we have 0,,9 € M(RQ). It follows that gF' € DM™(HQ) and

div(gF) = g{ divF + (F, Dg), (8.3)

where (F',Dg) is the weak® limit of (F, D(pe%g))ga it as € — 0, denoting by % the
Euclidean convolution product, by p € C*(B)(0,1)) a radially symmetric mollifier
with [ pdr =1 and p.(z) = e 9p(x/e).

Proof. Since F' € DM*(HQ) C DM>(Q2) and g is an essentially bounded function
of Euclidean bounded variation, [41, Theorem 2.1] shows that gF € DM*(Q) and
that we have (8.3). Then we clearly have gF € DM™(HQ), since F' is a measurable
horizontal section. O

We stress the fact that g € BV(Q2) in general does not imply g € BVy(Q2), unless
the set ) is bounded. Since a function of Euclidean bounded variation on €2 belongs
only to BV 10¢(£2), we shall need to localize all the following statements.

Theorem 8.3. Let ' € DM™(HQ) and g € L>(Q) be such that 0,,g € M(Q) for
j=1,...,q. Then, the measure (F, Dg) satisfies

[(F, Dg)|LU < [|Flloou|Dug|LU, (8.4)
for any open bounded set U C €.

Proof. Without loss of generality, we may assume €2 to be bounded, which means that
we have g € L®(Q) N BVy(2). By Theorem 8.2 we know that

(F,V(p*g))ga b — (F, Dg)

as ¢ — 0. By (3.12)) one easily observes that (F, V(p%g))ga = (F, Vi (pe*g)) and this
means that

(F, Vi (pekg)) p — (F, Dg). (8.5)
We notice that, for any ¢ € C.(Q2), we have

lim sup
e—0

/ & (F, (p-%Dyg)) da:’ < limsup||F||oo,Q/ |6 pe*| Dy g| d
Q e—0 Q
= |Fllxa | 161d|Dugl.

by well-known properties of Euclidean convolution of measures (see [5, Theorem 2.2]).
Now we show that

(F, Vi (pexg)) 1t — (F, (p*Dpg)) p — 0. (8.6)
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Indeed, if holds, then, for any ¢ € C.(£2), by we have
[ d(F. Dg)| =ty | [ &(F. Vulp.59)) da

< lim sup ‘ / ¢ (F,Vi(p:*g) — (p-*Dng)) dx

e—0

= lim
e—0

+ lim sup /gb(F, p*¥Dyg) dx
e—0

< |Fllws |, 16]d|Dig].

which implies . Therefore, we need to show a commutation estimate. We recall
the fact that |a}(x) — a}(y)| < Clz — y| on compact sets, for any j = 1,...,m and
i=m+1,...,q. Hence, for any x € 2 and € > 0 such that B(z, ) C €, the equality
between the modulus of the sum

a

>~ a5(x)(p0,,9)(x) — pH(aj0,,9)(x)

i=m+1

and its more explicit version

a

5 [y @0~ S~ 1) dD9(0)

i=m-+1

leads us to the inequality

3 @0, ~ pH 0,0 < Ol o DA EAED (87

We now take ¢ € C.(€2) and we employ the fact that 9,,(p-*g) = (p-*0,,g), for any
=1,...,q, to obtain

'/Q@F’VH(PJ‘Q) (p*Dug))

‘/ ¢ZF ( Z i~(p£§<8xig) _pg%(a§8xig)) dx

t=m+1
B
(Byi(@,€)) .
ga-1

< CIFlaloleson [ o) 2
by . Let now £ > 0 be smal enough so that
supp(¢) C Q2 := {x € Q : dist||(z,00Q) > €}.
It follows that

/\¢ |D9|(fll /E/BH“) D)1 d|Dg|(y) da

—/ [, @l syl
< p(B1(0, 1)) [|6]loo,0l Dyl (€2).

We finally conclude that

ed-

dzr — 0.
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All in all, follows, and this ends the proof of (8.4)).
O

Thanks to the Leibniz rule of Theorem [8.2] and to its refinement given in Theo-
rem [8.3] we are able to obtain the Gauss-Green formulas for Euclidean sets of finite
perimeter in stratified groups. Even though such results could be proved directly, us-
ing and employing techniques very similar to those presented in [24, Theorems
3.2, 4.1, 4.2], we shall instead first show that, in the case of a set of Euclidean finite
perimeter E, the pairing (F, Dgxg) defined in Theorem actually coincides with
(F, Dxg) introduced in Theorem Then, the Gauss—Green formulas will be just a
consequence of Theorem [5.12

Let us denote by E|1,‘ and Eﬁ the Euclidean measure theoretic interior and exterior
of a measurable set E C §2; that is,

Vg i MBu(@ ) NE) }
= {rea O 1)

0 _ . - lim N<B|-|(x’7")mE> _
Ey —{ eQ.LO (B (1) 0}.

We recall now that, if E is a set of Euclidean finite perimeter and we denote by .% E
the Euclidean reduced boundary, then

. 1
XE|| = XE}, T S XTE; (8.8)

see for instance [24, Lemma 2.13] and the references therein.
We proceed now to show that, in the case g = xg for an Euclidean set of finite
perimeter F, the Euclidean Leibniz rule is equivalent to the group one.

Theorem 8.4. Let ' € DM™(HQ) and E be a set of Euclidean finite perimeter in
Q. Then we have xgF' € DM™(HQ),

and the following Leibniz rule holds:
div(xgF) = Xp, | divF + (F, Duxe). (8.10)

In addition, for any p € Ce(B(0,1)) satisfying p > 0, p(z) = p(—z), [pe1 p(z)dx =

1, we have p. * xp — Xg,)| L>(Q; |divE]) and (F, Vi (pe * xE)) 0 = (F, Dxg) in

M(Q). In particular, EYF = E|1.| and E%F = Eﬁ, up to |divF|-negligible sets.

Proof. 1t is easy to see that ygF' € L*(HQ), hence (8.3) with g = yg yields
div(xpF) = Xp, | divF + (F, Dxg), (8.11)

which gives xpF' € DM (H). Notice that this fact would not follow directly from
Theorem [1.2] since in our assumptions the h-perimeter of E is only locally finite. Let
us assume now {2 to be bounded, so that F is a set of finite h-perimeter in 2. By

(5.10)), we immediately obtain
Xp, | divF + (F, Dxg) = XpdivF + (F, Duxg), (8.12)
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where Yz and (F, Dyxg) are unique, thanks to Theorem and Remark This
means that
(F, Duxe) = Xp,divE + (F, Dxg) — XedivF. (8.13)

Hence, if © is unbounded, we get (8.12)) and (8.13]) in the sense of Radon measures
on any bounded open set U C . Taking into account Theorem [8.2] we know that

divF € M(Q), Yz, Xy € LZ(Q|divF]) and  (F, Dyg) € M(Q),

therefore the right hand side of is a finite Radon measure on €. In other
words, we have proved that (F, Dyxg) € M(Q), even if E is only a set of locally
finite h-perimeter in §2. Hence, holds on the whole €2. We recall now that, by
Lemma S Y FyEAZE) =0, which implies

|divE|(FgEAFE) =0, (8.14)
by Theorem [4.7, Now, we employ (5.49) in order to rewrite (8.12)) as follows
. 1 .
(XEl-I — XE'l,F> divF = 5 (XgyE — XoE)diVE + (F,Dyxg) — (F,Dxg). (8.15)

Thanks to (8.14]), we have
(X7uE — XzE) divE =0,

so that (8.15)) reduces to

(XE% - XEI,F) divF = (F,Dyxg) — (F,Dxg). (8.16)
If we restrict (8.16]) to .#y E, we obtain
XEﬁ‘ﬂﬂHEdiVF = (F, Duxg) — (F, Dxg), (8.17)

since EM" C Q\ FgE, by Definition and |(F, Dgxg)|,|(F,Dxr)| < |Duxel
by and . We notice that
|divF\(E|1_| NFyE) = |divF|(E‘1.| N(FyENZFE))+ \divF|(E|1_| N(FyE\ FE))
< |divF|(#gE \ FE) =0,
by and the fact that E|14| N.Z#E = (. As a consequence, we get

XEhﬂﬁHEdiVF =0,

which, joined with (8.17)), yields the equality of measures (8.9)). This equality, along
with (8.11]), leads us to (8.10]). Thus, combining (8.12)) and (8.9), we obtain

(X — XE) divF =0,
which immediately yields Xg(z) = xp () for [divF|-a.e. x € 2. As a consequence,
we get |divF|(EVYAE]) = 0 and |[divF|(E“TAE})) = 0. O
Remark 8.5. By Theorem , xeF, xo\gF € DM (HQ) for any F' € DM*>(HQ)
and any set E of Euclidean finite perimeter in ). This means that, by , we have

(xeF, Dxe) = (xeF, Duxe) and (xo\eF, Dxe) = (xo\eF, DuxE)-

Thus, we can define the normal traces of F' on the reduced boundary of an Euclidean
set of finite perimeter as in (5.5) and (5.6). We wish to stress that, as a simple
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consequence of Theorem the measures (xgF, Duxg) and (xo\eF, Duxg) do not
depend on the vanishing sequence ¢y, see Remark for more details.

These results enable us to prove Gauss—Green formulas for sets of Euclidean finite
perimeter, Theorem , extending [24, Theorem 4.2] to all geometries of stratified
groups.

Proof of Theorem[1.6. If we choose U € €, it is clear that F is a set of finite Euclidean
perimeter in U, and so of finite h-perimeter in U. By Theorem[8.4] we know that, up to
|divF|-negligible sets, EM" = Eh. Then, (1.20), and follow immediately
from ((5.51)), (5.52) and ((5.59)). The estimates on the normal traces are a consequence
of (6.12) and (6.13)) in Theorem , since assumptions imply that E is also a set
of finite h-perimeter on any bounded open set of 2. The same theorem shows that

(1.23) and ([1.24]) are a consequence of (6.10)) and (6.11), taking into account that
|divF|(EYTAE]) = 0. Thus, we conclude the proof. O

Remark 8.6. The normal traces of F' on the reduced boundary of an Euclidean set
of finite perimeter F satisfy the same locality property stated in Theorem [5.6, As a
byproduct, we have also provided an alternate proof of the locality of normal traces on
reduced boundaries of Euclidean sets of finite perimeter. Such proof does not employ
De Giorgi’s blow-up theorem, which was essential in |24, Proposition 4.10].

Arguing as for Theorem [1.6] we can provide a generalization of Green’s identities
to stratified groups for sets of Euclidean locally finite perimeter, Theorem [I.7], which
extends the result of |24, Proposition 4.5] to stratified groups.

Proof of Theorem[1.7]. It suffices to combine the results of Theorem [6.10] with the
case of a set of Euclidean finite perimeter. By Theorem [8.4] we know that, up to
|Agu|-negligible sets, E! = E|1_|, and so we get . The same is clearly true up to
|Apvl-negligible sets, and this concludes the proof. 0J
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