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Abstract

In this paper we study the vanishing inertia and viscosity limit of a second order
system set in an Euclidean space, driven by a possibly nonconvex time-dependent
potential satisfying very general assumptions. By means of a variational approach,
we show that the solutions of the singularly perturbed problem converge to a curve
of stationary points of the energy and characterize the behavior of the limit evolution
at jump times. At those times, the left and right limits of the evolution are connected
by a finite number of heteroclinic solutions to the unscaled equation.

Keywords: singular perturbations, Balanced Viscosity solutions, variational methods,

quasi static limit, vanishing inertia and viscosity limit

1 Introduction
This paper is concerned with a variational analysis of the limit behavior of the system
e2 Al (t) + eBu(t) + Vo F(t,u.(t)) =0, (1.1)

where A and B are positive definite and symmetric matrices and F' a time-depending
driving potential, as the small parameter € — 0. The above system describes the evolu-
tion of a mechanical system where both inertia and friction are taken into account, and
can be considered as a second order approximation for the quasistatic evolution problem

V. E(t, u(t)) = 0, (1.2)



which appears in many areas of Applied Mathematics. In this respect, (1.1) can be
seen as a selection criterion for finding piecewise continuous solutions of (1.2), since
discontinuities are expected to appear if we allow F' for being nonconvex. As such, it
has been used in several applications, even in an infinite-dimensional context. We may
mention, for instance, [4], where the solutions of the quasistatic evolution in linearly
elastic perfect plasticity are approximated by the solutions of suitable dynamic visco-
elasto-plastic problems; [16], where a “vanishing viscosity and inertia” limit is computed
for a dynamic process in delamination; [6, 7], where a “vanishing inertia” analysis is
developed for a model of dynamic debonding in the framework of fracture mechanics; [15,
8] for damage models, with a damping term in the wave equation. All these approaches
build upon previous results in the simpler setting of vanishing viscosity (see, e.g., [9, 5,
10, 11, 12, 4, 1] and the references therein). There, problem (1.2) is seen as the limiting
case of a system governed by an overdamped dynamics, that is

et (t) + Vo F(t,uc(t)) = 0. (1.3)

In this paper we aim at providing a general variational approach to the limit de-
scription of (1.1), extending some recent results for the first-order system (1.3). For the
moment, we will confine ourselves to a finite-dimensional setting and to a smooth driv-
ing potential F'. We have to warn the reader that many of the mentioned applications,
instead, deal with infinite dimensional rate-independent evolutions. In this case (see [14,
Introduction and Section 7]), F' usually takes the form

F(t,u)=  E(t,u) + D(u) ,
— ~——
stored energy dissipation potential

where the existence of D involves some constraints on the admissible increments, or
equivalently forces to allow for nonsmoothness. However, many nontrivial issues already
arise in our simpler setting, where significant steps towards a general understanding of
the problem can be made. Before describing our approach in detail, we recall some
recent abstract results on the limit behavior of systems of the type (1.1) or (1.3).
Results present in literature. The asymptotic behavior of the solutions of singularly
perturbed differential systems in finite dimension has been investigated by several au-
thors [1, 2, 13, 18, 17]. A first general approach to the limit behavior of the solutions
of (1.1) has been developed by Agostiniani [1], extending a previous approach by Zanini
[18] for the vanishing viscosity problem (1.3). Under suitable assumptions on F(¢, z), it
is proven that, when ¢ — 0, it holds

(ue (), eBric(t)) — (u(t),0),
where u is a piecewise-continuous function solving
V. FE(t,u(t)) =0 (1.4)

at every continuity time ¢t. Moreover, the trajectories of the system at the jump times
t; are described through the autonomous second order system

Ati(s) + Buir(s) + Vo F(ti, w(s)) = 0, (1.5)



with conditions lim w(s) = u_(¢;), lm w(s) = uy(t;) where Vo F (t;,us(t;)) = 0,

§——00 s——+00
and lim w(s) =0.
s—+oo

It is worth noting that the presence of the damping term € B, is crucial for obtaining
the above results, as it also will be in our setting. There are indeed examples of singularly
perturbed second order potential-type equations (with vanishing inertial term), such that
the dynamic solutions do not converge to equilibria, while the formal limit equation is
(1.2) (see, e.g., [13]).

As a matter of fact, the set of assumptions considered in [1] involves some significant
restrictions. First of all, a central role in the constructive approach contained there
is played by the so called transversality conditions (see [18, Assumption 2]), holding
at degenerate critical points of F(¢,-). Although the genericity of such assumption, it
excludes some interesting situations, like bifurcation from a trivial critical state with
change of stability. Even more cumbersome is the fact that one has to assume that
the limit points w4 (¢;) of the heteroclinic trajectories governed by (1.5) are strict local
minimizers of F'(¢;,-) ([1, Assumption 4]), while in general they could even be saddle
points.

Therefore, we take a different viewpoint of variational character. Our starting point
is the paper by Agostiniani and Rossi [2], concerning the limit behavior of the first-order
system (1.3). Along with typical regularity, coercivity and power control assumptions
on F' (which we also consider, see (F0)-(F2)), a crucial role in the analysis is played by
the assumption that the set of critical points C(t) := {u € X : V,F(t,u) = 0} consists
of isolated points (also this one is assumed in our paper, see (F5) below). This allows
for recovering the necessary compactness through a careful analysis of the behavior at
jumps. They indeed show that, up to a subsequence, the solutions u. of (1.3) pointwise
converge, as € — 0, to a so-called Balanced Viscosity solution u of the limit problem
(1.4) defined at every ¢ € [0,T]. The function u is regulated, i.e., the left and right limits
u_(t) and uy (t) exist at every t, and satisfies the stability condition

VoF(t,u_(t)) = Vo F(t,us(t)) = 0.

Furthermore, under additional assumptions (in the same spirit of our assumptions (F6)-
(F3)), u fulfills the energy balance

F(t,us(t)) + pu([s,t]) = F(s,u_(s)) +/ OrF(ryu(r))dr Y0<s<t<T,

where p is a positive pure jump measure with an at most countable support J, that
coincides with the jump set of u. For t € J, the following jump relation hold:

p({t}) = Ft,u(t)) = Ft,ug(t)) = cr(ug(t), u-(1))

where the cost ¢; is defined as
1
ci(u1,ug) := inf {/ 10|V E(t,v(s))| ds : v(0) = up,v(l) = uz} : (1.6)
0
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In particular, at a jump point ¢ € J, transitions between (meta)stable states of the
energy happen along (a finite union of) heteroclinic orbits of the unscaled autonomous
gradient flow

w(s) = =V F(t,w(s)).

Description of our results. We now turn to the description of our results. A first
step is to investigate the compactness properties of the sequence (uc(t)).. To this end,
we preliminarly provide some a-priori estimates (Proposition 3.2), namely L*°-bounds
on ue, et and e2iic, and bounds for el|i.||2,, 1|V, F||2, and &3[|iic||2,. These bounds
stem out of (1.1) and the energy equality

2
SOl + F(tue(®) +< [ ie(rPar =
(1.7)

2
€ .
EHUE()HZ—}—FSUE /aFTug ) dr,

(we assume here for simplicity of exposition that the matrices A and B in (1.1) are equal
to the identity matrix), but some care has to be used to estimate L[|V, F||2, and 3||iic |2,
separately. In particular, we are forced to require more regularity on the energy F'(¢,x)
with respect to the first-order case analysed in [2]. Namely, with assumption (F4),
we consider F(t,-) € C?(X) for every t € [0,T] and the Hessian matrix V2F(t,u) to
be continuous in the product space [0,7] x X. We remark nevertheless that the same
assumption was already present in [1].

With the aforementioned a-priori bounds, under assumptions (FO0)-(F5) (see Sec-
tion 2.1), one can pass to the limit along a subsequence independent of t on wu.(t)
(Theorem 4.1), and find that they converge for all ¢ to a regulated function wu(t), whose
jump set J is at most countable. This limit function in general satisfies the stability
condition

VaF(tu_(t) = VoF(t, up(t)) = 0 (1.8)

for all ¢ € [0,T].
The proof moves from the remark that, by the previous a priori estimates, the se-
quence of positive measures
He 1= 5||us(')||2£1

is equibounded in L'(0,T) and then is weakly* converging to a positive finite measure
won [0,7T], whose set of atoms J is at most countable. The key point is showing that
oscillations in the limit of the sequence u.(t) always happen at a nonvanishing cost, and
therefore a limit is uniquely determined for each ¢ ¢ J. To this end, a crucial role is
played by Proposition 3.4, where, exploiting (F5) and assuming that sg, 5 are sequences
in [0, 7] both converging to ¢ and such that u., (sg) = w1, ue, (tr) — u2, with u; # us,
it is shown that the dissipation integrals

/k IV F (7, ue, (r)) [l ae,, (r) |dr (1.9)



are bounded away from zero for k large enough. The resulting continuous limit function
u(t) complies with the stability condition (1.8) at every ¢ € [0,T]\J. The existence of
left and right limits of w(¢) still relies on Proposition 3.4 and on the asymptotic and
monotonicity properties of the functions

62 t
g2(0) 1= F(t.ucle) + SO = [ 0, () ar

via Helly’s Theorem.

After that compactness and stability properties of the limit evolution have been
established, we show that the limit evolution u(t) satisfies a balance between the stored
energy and the power spent along the evolution in an interval of time [s,¢] C [0,7], up
to a positive dissipation cost which is concentrated on the jump set of u, or equivalently
on the jump set of the energy ¢ — F(¢,u(t)). Namely, we prove in Theorem 5.4 that
there exists a positive atomic measure ju, with supp(pu) = J, such that

F(t,us(t)) + p([s,t]) = F(s,u—(s)) +/ O F(r,u(r))dr, (1.10)

for all 0 < s <t < T. While the “<” inequality in (1.10) can be obtained passing to
the limit in the energy inequality deriving from (1.7), the “>" ensues from the stability
condition, and requires the additional assumptions (F6)-(F3’) on the energy, which are
instead not necessary in order to recover compactness (see Section 2.1).

We retrieve for u an analogous of the notion of Balanced Viscosity solution introduced
in the first-order setting in [2], as we show (Remark 5.9) that, for all ¢ € J,

F(t,u () — F(tup () = p({t}) = ex(ur (1), u_(1)). (L11)

The cost ¢; is, as one may expect, different from the cost (1.6) considered in [2], since it
reflects the second-order structure of our problem. Assuming for simplicity of exposition
that the matrices A and B in (1.1) are equal to the identity matrix, it is actually defined
as

1 (N
ct(ug,ug) := inf {2/ |VaFi(v(s) +5(s)|)? + [|[o(s)]|?ds : v e Vji{\fw, N € N} ,
-N
(1.12)

where

Vi, = {v € WA=, N], X) : 0(=N) = ur,0(N) = us, 5(~N) = 6(N) = 0},
and uy,us € X.

Exploiting (F5) and some general properties of the cost ¢;, proved in Theorem 5.7, by
means of an inductive construction, we are indeed able to show that an optimal decrease
of the energy can be realised at discontinuities via a finite number of transitions between
metastable states. This gives the desired equivalence and entails our first main result,
Theorem 5.10. There we show that the limit u(t) is exactly a Balanced Viscosity solution
in the sense discussed above.



From the jump conditions (1.11) we can deduce a variational description of the
behavior of the limit evolutions at jumps. More precisely, in Theorem 5.13 we prove
that, if (1.11) holds, then every infimizing sequence for ¢;(u_(t),u+(t)) converges to a
finite union of heteroclinic solutions to the unscaled problem

Ai'(s) + Bo'(s) + V. F(v'(s)) =0, VscR. (1.13)

Each v’ connects two distinct critical points w;_1, u; of V,Fy(-) in the sense that
v¥(—o0) = u;_1, v'(+00) = u;, and the endpoints of this finite chain of critical points
are exactly u_(t) and u4(t). In this way, the results of [1] are extended to a general
framework of driving potentials. We also believe that the approach pursued here can
represent a solid building block for the understanding of related infinite dimensional
problems.

Plan of the paper. The paper is organized as follows. In Section 2 we fix notation and
introduce the main assumptions on the energies F(¢,z) we will adopt throughout the
paper. Section 3 contains some preliminary results useful in the sequel, as basic inequal-
ities, a priori estimates and other technical tools. In Section 4, we prove compactness
of the u. and stability properties of the limit evolution. In Section 5 we show that the
limit evolution w fulfills an energy balance with a cost concentrated on the jump points
(Theorem 5.4). Finally, with Theorem 5.13 we provide a variational characterization of
the behavior of the limit evolution at the jump times, by showing that the left and right
limits u_(t) and wuy(t), respectively, are connected by a finite number of heteroclinic
solutions of the unscaled autonomous equation (1.13).

2 Notation and main assumptions on the energy

In this section, we fix some general notation that will be used throughout. We aim
at describing second order quasistatic evolutions driven by a time-dependent, possibly
nonconvex energy functional F : [0,7] x X — R, with 7" > 0. Throughout the paper
we assume that (X, ||-]|) is a Euclidean space with dimension n > 1, endowed with inner
product (-,-). For a symmetric, positive definite operator @ : X — X the equivalent
norm || - [l on X is given by |ullg = (u, Qu)% It holds ||ullqg = HQ%UH, where Q2 is
the principal square root of (). With this, the Cauchy-Schwarz inequality takes the form

1
(21, 22)| < [lz1llg-1l22ll < §(||21Héfl + [122[13), (2.1)
for every 21,29 € X. We also point out the simple identity

l21 + QI = ll21lg-1 + 2(z1, 22) + |21 (2.2)

for every z1,z2 € X. The symbol ||Q|| will stand for the operator norm of Q.

Given z € X and M > 0, we will denote by Bjs(x) the closed ball centered at x
with radius M. When the ball is centered at 0, the shortcut Bj; will be used. In order
to shorten notation, we will often indicate by u(—oc) and u(+o0) the limits

SEI_IIOOU(S), SEI—EOOU(S)?



respectively.
We now recall the definition and some basic properties of regulated functions, which
will play an important role in the sequel.

Definition 2.1. A function u : [0,7] — X is said to be regulated if for each s € [0,T]
there exist the one-sided limits u4 (s) and u_(s) defined as

wi(s) = lim u(s+ h)

and

u_(s) = hlirglﬁ u(s+ h).

The existence of the above limits immediately implies that, for each N € N, the
set of points ¢ where [|uy (t) —u_(t)|| > & cannot have accumulation points. It follows
that the jump set of a regulated function is at most countable. In particular, u is a
right-continuous Lebesgue representative of v and u_ is a left-continuous one.

It is well-known that a function of bounded variation f € BV([a, b]; R) is a real-valued
regulated function. The representatives f; and f_ are in this case good representatives
in the sense of [3, Theorem 3.28]: as shown there, the distributional derivative D f (which
is a Radon measure) satisfies

Df([s,t]) = f+(t) — f-(s) (2.3)

for any s,t € [a,b] with s <.

2.1 Assumptions on the energy

We require the energy functional satisfy the following assumptions:

(FO) F € CY[0,T] x X);

(F1) the map F : u+— sup |F(t,u)| satisfies the condition that, for every p > 0, the

t€[0,T]
sublevel set {u € X : F(u) < p} is bounded;

(F2) there exist C,Cy > 0 such that
|0:F(t,u)] < C1F(t,u) + Ca, Y(t,u) €[0,T] x X, (2.4)
where 0, F' denotes the partial derivative of F'(¢,z) with respect to t;
(F3) for every t € [0,T] and u € Byy, it holds
|0V F(t,u)] < an(t), (2.5)

for some function ay; € L(0,T).



(F4) F(t,-) € C*(X) for every t € [0, T] and the Hessian matrix V2 F (¢, u) is continuous
on [0,T] x X;

(F5) for any ¢ € [0, 77, the set of critical points
C(t):={ue X : V,F(t,u) =0}, (2.6)

where V. F' denotes the gradient of F' with respect to x, consists of isolated points.
We note that from (F2) and the Gronwall’s inequality we get

F(ta U) < (F(S, ’LL) + 02) ecl(t_s) _ 02’
forall 0 < s <t<T and u € X. This implies, in particular, that

sup |F(t,u)| < (F(0,u) + C)e“'T —Cy,  forallu e X, (2.7)
te[0,7

which will be useful to deduce equi-boundedness estimates.

The above assumptions (F0)-(F5) will be enough to establish compactness of the
limit functions in Section 4, while in Section 5 we will be forced to consider an additional
assumption (F6) and to strengthen assumption (F3) in order to recover an energy
balance. We will namely assume that the driving energy F'(t,x) satisfies:

(F6) For any t € [0,7] and for any u € C(t),

P F(t,?}) B F(tv U)
lim inf >
vou [V F ()|

(F3’) For fixed u € X, the function ¢t — V,F(t,u) is Lipschitz continuous on [0,77],
locally uniformly w.r.t. w.

Condition (F3’) is satisfied, e.g., if the mixed derivative 0;V,F(-,-) is continuous on
[0,7] x X. Thus, it is a reinforcement of assumption (F3), since it amounts to require
that aps therein be bounded on [0, T7.

The generic character of assumptions (F5)-(F6), which are satisfied by a broad class
of potentials, is discussed in detail in [17, Section 2.1]. It is shown there that (F6) holds,
for instance, if F(¢,-) is convex for fixed ¢, but also whenever F(¢,-) complies with the
Lojasiewicz inequality.

3 Preliminary results

We state and prove here some preliminary results. In particular, we show that each
solution wu. to (1.1) complies, for every fixed € and for every ¢ € [0,7], with an energy
identity that will be a useful tool for the sequel.



Lemma 3.1. Under assumptions (F0)-(F2) there exists a unique ue : [0,T] — X of
class C?, solution of the Cauchy problem associated to (1.1) with initial condition at
t = 0. Moreover, the following energy identity holds:

t 2
o [ el dr + SOl + P ue(o)

52 2

= Sl + Fus) + [ 0F(rum)ar
(3.1)

for every 0 < s <t <T.

Proof. Since the power control (F2) provides, in particular, the boundedness from below
of the energy F', the (local) existence of u. is ensured by a standard argument in ODEs
for Cauchy problems associated to (1.1). Testing (1.1) by 4. we get

e2(Aiic(r),1ie (r)) + e(Bie (r), tie(r)) + (Vo F(r, ue(r)), e (r))
€2 d d (3.2)

= 55@4@5(7“)7 UE(T» + €<B115(7’), 115(7“» + EF(n u€<7’)) - 8TF(7~, Us(”) =0,

whence, integrating in time between s and ¢, with s,¢ € [0,T] we obtain

2 2 t
eI = Slhic@ +e [l dr+ Pt us(e) = Fls,ue(s)

B / O F(ru (7)) dr 0,

that corresponds to (3.1).
O

t
As an easy remark, we note that just neglecting the non-negative term & / || (7)]|% d7
S
in (3.1), we get the inequality

62 5 2

O+ Ftue(0) < i)l + Plu) + [ oPru)dn (33

for every 0 < s <t < T. We will often refer to (3.3) as the energy inequality.

The following proposition collects some a priori bounds, involving u. and its deriva-
tives, that will provide key estimates in the proofs of the main results of this paper.

Proposition 3.2 (A priori bounds). Assume (FO) — (F4). Let u. : [0,T] — X of
class C? be the solution of the Cauchy problem associated to (1.1) with initial condition
at t =0, and assume u:(0), eu:(0) to be bounded. Then for alle >0 and t € [0,T], the
following a priori bounds hold:



(i) [lue(@)] < C;
(i) ella-(t)ll < C;

(iii) &llie(t)ll < C;

T
(iv) « / i ()2 dr < C;

1 /7
(v) 26/ |V F(r,us(r)) + 52Aﬂg(r)||2dr <C;
0

(vi) €

T
/0 {iio (1), Vo P (r, ue(r) dr| < O

1 T
(vii) / |V F(r, ug(r))||2d7“ < C;
2e 0

T
it & [ ()P ar < €.
0
Proof. (i) As a consequence of (2.7) we deduce the equi-boundedness of F (¢, u.(t)) and,

in view of (F1), the compactness of (uc(t)). at every t. In particular, we obtain (i).

(i) By (3.3) it holds

T
ellae(t)[a < \/2 (1F'(t,ue(t)] + [F(0,uc (0)]) + €2l (0)[|% + 2Cy /0 F(r,ue(r)) dr +2C,T.

Since || - ||a is an equivalent norm, the estimate follows from (F0)-(F2), (2.7), (i) and
the boundedness of u.(0), et.(0).
(iii) From (1.1) we get

e[| At (1) < el Bae ()] + IV F (¢, ue(t)]] -
Since A is coercive, (iii) follows as a consequence of (i), (ii) and (F0).
(iv) By arguing as for (ii), the bound (iv) is a consequence of (3.1), (i), (ii), (F0)-(F2),

(2.7) and the boundedness of . (0), et.(0).
(v) From (1.1) we deduce the identity

e [T 2 7 2 2
2/0 | Bite ()2 dr = 25/0 IVaF(r, ue(r)) + €A (1) dr,
from which the desired bound follows by applying (iv).

(vi) An integration by parts gives

T
. /0 (Aiic (r), Vo P (r, uc(r))) dr

T

T
— e[(VaF(r,uc(r), Ade(r))] - /O (OrV P (1, ue(r)) + V2F (r,ue (r)e (1), Atte(r)) dr

0

10



moreover, by (F3) and (ii) we get

T T
c / 0,V F(r, ue(r)), Adie(r))| dr < ]| 4] / 10, V2 F(r, us ()| e ()| dr
0 0
< Cllac|lzr(o,m)
while by (F4) we obtain

T

T -
c / (V2 F(r, ue(r))ine(r), 6 (r) | dr < CAlle / e dr,
0 0

where C' is a uniform bound for V2F(t,u) on the compact set [0,7] x Bo. Thus,
combining these estimates with (iv), the boundedness of V,F(¢,u) on [0,7] x B¢ and
the boundedness of ¢||1. ()], the assertion follows.
(vii)-(viii) From the identity
1 2 4 2 1 2 e . 2
22 Vel (rue(r)) + e Atie (r)|I° = V2 F(r, us ()7 + 5 [|Ade(r)]
+ e(Aiic(r), Vo F(r,us (1)),

by integrating in time we get the estimate
/ i Pdr o [ VG R ar

< — HV F(r,us(r)) + &2 Aiie(r )szr—i—s

T
25 /0 (Atig(r), Vo F(r,us(r)))y dr| .

From this, exploiting the coerciveness of A, both (vii) and (viii) immediately follow with

(v) and (vi).
O

Corollary 3.3. Under assumptions of Proposition 3.2, it holds

e (t)||> = 0, as € — 0, for almost every t € [0,T].

Proof. From Proposition 3.2(iv) we obtain

T
52/ e () ||> dr < C,
0

from which we deduce the convergence 1. — 0 in L?(0,7) and then the convergence
a.e. in [0, 7. O

11



A wuseful tool in the proof of the compactness Theorem 4.1 will be the following
technical result dealing with the asymptotic behaviour of the energy dissipation integrals
f;: |V 2 F (r,vi(r)||||og(r)||dr, where the curves (vg) are defined on intervals [sg, tg]
shrinking to a point {t} as k — +o0o0. More precisely, exploiting the assumption (F5)
on the isolatedness of the critical points of V F(¢,-), we show that if vg(sg) — wi,
vg(tg) — ue, with u; # ug , then the energy dissipation integrals are bounded away
from zero. Notice that for the argument below one does not need to require that uy, us
belong to C(t)

Proposition 3.4. Assume (F0)-(F3) and (F5). Let t € [0,T], u1,us € X and sg,ty
be sequences such that 0 < s <t < T for every k € N and s — t, tp — t as k — +o0.
Let (vg)x be such that vy (ty) — uy and vg(sk) — u2 as k — 400, with uy # uy. Assume
that there exists M > 0 such that ||vg(r)|| < M for every r € [sg,ti] and for every k € N.
Then there exist § = §(t, M,u1,us) > 0 and ko € N such that

ty
/ IV F(ryvp(r) ||| 0k (r)||dr > 6,  for every k > ko. (3.4)

Sk

Proof. By assumptions (F1) and (F5), the set By, N C(¢) is finite, thus there exists

71 = 7(t, M, uy,uz) such that, for every 0 < n < 7, it holds
Boy(v) N Bay(w) =0,  for every v,w € S, v # w, (3.5)

where § = S(t,uy,ug, M) := (By NC(t)) U {ur,u2}. Now, if we introduce the compact
set K, defined by K, := B\ U,cs By(v), we have that m}? IV F(t,u)| > 0 and, by
UCHy

the regularity assumption (F0), there exists v = v(t, M, u;,u2) > 0 such that

my = min |V F(r,u)|| > 0. (3.6)
u€Ky,r€t—,t+7]

Since t;, — t and si — t, for every k sufficiently large we have that sk, tx] C [t —7,t+7].
Moreover, since vy(ty) — w1 and vi(sg) — u2, and from the definition of K, we also get
that the set

T :=={r € [sg, tx] : vi(r) € Ky}

is nonempty, for k sufficiently large, and that there exist r1,ro € Tg, with r1 = ro, such
that ||vg(r1) — w1l = n and ||vg(r2) — u2|| = n. Thus, by (3.6) we get

/ IV o F (o () 65 (r) | dr > / IV o F(r, 0 () 165 ()
>mﬂ/ 65 (r) | dr

> my min (o = w] - 20) =,

)

where ¢ is strictly positive by (3.6) and (3.5). O
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4 Compactness

The main result of this section is the following compactness result. We will show that
u(t) converges, as € — 0 along a subsequence independent of ¢, to a regulated function
u(t) for all ¢. This limit function satisfies the stability condition

V. F(t,u(t)) =0 (4.1)

for all t € [0, 7]\ J, where this latter is the (at most countable) jump set of u. Moreover,
at each jump point ¢ € J, it holds

VoF(tu_(t)) = Vo F(t,uy (t)) = 0. (4.2)

Theorem 4.1 (Compactness). Assume that (F0)-(F5) hold and let u : [0,T] — X
be the solution of the Cauchy problem associated to (1.1) with initial condition at t =0
and u:(0), euz(0) be uniformly bounded ase — 0. Then, up to a subsequence independent
of t, (uz)e converge pointwise, as € — 0, to a function u : [0,T] — X satisfying the
following properties:

(i) u is regulated;
(ii) 4t holds
VoF(t,ug(t) = Vo F(t,u—(t)) =0 in X for everyt € (0,7T], (4.3)
where we understand u4(T) := u(T).

Proof. Throughout the proof, M will denote an upper bound for ||u.(-)||, whose existence
is proved in Proposition 3.2 (i). We consider the family of positive measures (. ). defined
as

e = 5||'L.L€(')||2B£1>

where £ denotes the 1-dimensional Lebesgue measure. From Proposition 3.2(iv), the
family ()e is equibounded in L!(0,T), therefore it converges weakly* (up to a subse-
quence) to a positive finite measure p on [0,7]. Then, the set of atoms J, of p is at
most countable. As a consequence of Proposition 3.2(vii), we have also that

V.F(t,u.(t)) -0 forae. te[0,T]. (4.4)

We may now fix a countable dense subset I C [0,7] with the property that I D
J,U{0}, and define for all ¢ € I the pointwise limit u(t) of u.(t) (along a time independent
subsequence) via a diagonal argument. If ¢ € [0,77]\ I, it holds in particular ¢ ¢ J,,. Let
(tr)r and (sg)r be two distinct sequences of points in the set I, both converging to t,
and u; and ug be the limits of u(tx) and u(sg), respectively. With a diagonal procedure
we can extract a subsequence u,, such that

Ug, (tg) = ur and  ug, (Sg) — u2.

13



Up to further extraction, it holds either ¢, < s; or s; < ti for all k. Assuming this
last one is the case, we then have by the convergence of ji., to i, namely, by the upper
semicontinuity, that

tg
MW—nx+m>zmnmpGg/ M%&m%h>,

k—}—‘rOO Sk

for any n > 0. Letting n — 0, since t € J,, we deduce that

173
lim e ' 2dr =0, 4.5
Jim e [ e, ()P (45)
where we additionally exploited that || - ||z is an equivalent norm.

Now, being u; # ug, by Proposition 3.4 we may find § = 0(¢, M, uq,us) > 0 such
that
2
/ Vo (r, e, (r))|[[[ e, (r) | dr > 6,
Sk
for k large enough. Then, as a consequence of Young’s inequality and of Proposi-
tion 3.2(viii), we obtain

5</kHVJ:F(T’uek(r))HHuek(T)Hdr

Sk

S/%W&Wwﬂm+iMM%MMMW+/%G%MMWD(%MMMOM

Sk Sk
(1.1) e ) g3 1
L o [ 1B e, lldr + [ (2 1At (1] ) (2 e, ()] ) dr
Sk Sk
b SlA2 [ clalR [
gmw/u%vww+/emvam+ /em%mﬁw
Sk t 26’”‘4”2 Sk t 25 Sk g

CIAIRY %\ oy 8
< e e
< (121 + <50 [" ataoipar+ 3,

Sk

(4.6)

whence, passing to the limit as k& — 400 and with (4.5) we deduce 6 < /2, which is a
contradiction. Therefore, it must be u; = us.

Setting u(t) = u; we can then extend u in a unique way to a function defined on
all [0,7]. Furthermore, the same argument as above, with u; = wu(t) and (sg); being
the sequence constantly equal to ¢, together with the Urysohn’s property, shows that
ue(t) converge to u(t) also for ¢ € [0,T]\I. A further application of the same argument
shows that u is continuous at any t € [0,7]\J,. Therefore, the jump set J of u is
contained in J,,, and is at most countable. By pointwise convergence and (4.4), we also
have VF(t,u(t)) = 0 for almost every t € [0,T]. By continuity, we deduce

Vo F(t,u(t)) =0

14



for every t € [0,T7] \ J.

To prove the existence of the left and right limits of u, we fix two sequences (t)x
and (sg)r with g, sp \, t. It is not restrictive to assume that s < ¢y, for all k. In order
to prove the existence of u, (t), it will suffice to show that

li —u(t 0.
,lejrﬂ lu(sk) — u(ts)|| =

For this, we argue by contradiction and assume that

lim inf - .
lim inf [|u(sp,) —u(ty)]| > 0

Up to extracting a subsequence (not relabeled), we may assume also that
u(ty) = w1 and wu(sg) — uz

with uy # us. Now, setting

ge(t) = F(tu.(t) + = |u€ / O, F (r, ue(r

by (3.3) it follows that the functionals ¢ — g.(¢) are non-increasing and bounded on
[0,T]. Therefore, as a consequence of Helly’s Theorem, there exists g € BV([0,T]) such
that, up to a subsequence (not relabeled), g-(t) — g(t) for every t € [0,T], where g is
non-increasing.

We then have

lim (lim g.(t)) = tim (Tim g.(s1)) = g+(8)

k—+oco \e—0 k—+oco \e—0
lim <limu t ) = u
k——+oo \e—0 e (tk) ’
lim (limu s ) = Uuy.
k—+o00 \e—0 E( k) 2

With a diagonal procedure we can extract a subsequence €, — 0 such that

Jm ge, (te) = i ge, (si) = g+(2), (4.7)
kll}rf Ug, (tg) = u1 # ug = kll}rfoo Ue, (Sk) - (4.8)

Now, by using the energy identity (3.1) and (4.7) we get

tx
lim sup/ ekllite, () |5 dr < llimiup (Ger, (5) = Gey (tr)) = g+ (t) — g+(t) = 0.
)

k—)-‘rOO Sk

Again, since || - || 5 is an equivalent norm, we deduce
23
lim ex e, (r)||*dr = 0. (4.9)
k——+o0 Sk
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Assuming (4.8) and with (4.9), we can perform an analogous argument as in the
proof of the continuity of w on [0,7]\J. Namely, since u; # ug, we may find 6 =
d(t, M, uy,uz) > 0 such that

/ VL E tey, (1) |[l[tee,, (r) | dr > 6,

Sk

for k large enough. Then, by arguing as for (4.6), we finally get

b : CIAIPY [™ 2 0
§ < [ [IVaF(rue, (), (r)lldr < (1Bl + —5— ekllte, (r)|7 dr + 2,
. 2 ) /., 2

from which, passing to the limit as k — 400, we get a contradiction. Thus, u; = us
and this proves the existence of uy(t) at every t. The existence of u_(t) can be proved
along the same lines. The proof of (i) is then concluded. Now, (ii) immediately follows
by (4.1) and (FO0).

O

Remark 4.2. The point ¢t = 0 has in general to be excluded from (4.3) since, if we
convene to denote u_(0) := u(0), the initial data u.(0) might not converge to a critical
point of F(0,-). Notice, instead, that by (4.3) the right-limit u, (0) must be a stationary
point. Thus, if u_(0) ¢ C(0), a jump occurs already at the initial time. Also for such a
jump we will provide a characterization in terms of a dissipation cost in the next Section.

5 Energy balance

Our main aim is to show that the limit evolution () provided by Theorem 4.1 satisfies
a balance between the stored energy and the power spent along the evolution in an
interval of time [s,t] C [0,7], up to a (positive) dissipation cost which is concentrated
on the jump set of w.

Define the function f:[0,7] — R as

F(1) = F(t,u(t)) — /0 0, F(r, u(r)) dr, (5.1)

and, correspondingly, consider its right-continuous and left-continuous representatives,
namely

Fi(t) = F(tuy () /0 O, F(r,u(r)) dr,
and

t
f=(t) == F(t,u_(t)) — /0 Op F(r,u(r))dr,

respectively.

We note at first that, under our assumptions, and in particular by assuming (F6) and
(F3’), the right continuous representative of function f defined in (5.1) has a positive
right derivative at every point.
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Proposition 5.1. Assume (F0)-(F6), with (F3’) in place of (F3). Let f : [0,T] — R
be defined as in (5.1). Then, for any t € [0,T], the Dini lower right derivative of the
right-continuous representative fi att is non-negative; i.e., it holds

f+@E+h) — f+(1)
h

= limi > 0. .
D, fi(t) hzn\%lf >0 (5.2)

Proof. The proof is verbatim the one given in [17, Proposition 5.1], since it only makes
use of the stability condition (4.3) together with the assumptions on the potential F'. []

In order to prove our main result, we need the following elementary lemma, whose
proof can be found in [17, Lemma 5.2].

Lemma 5.2. Let g : [a,b] — R be continuous and such that the Dini upper right
derivative of g at ¢,

Dt g(t) == hmsupw >0

, Vte(ab).
hN\O h

Then g is non-decreasing on (a,b).

In order to pass to the limit in some energy inequalities, we will need the following
Lemma, whose elementary proof is omitted.

Lemma 5.3. Assume (F0)-(F5). Let u. and u be defined as in Theorem 4.1. Then
the following results hold:

(i) 21_1}(1) F(t,u.(t)) = F(t,u(t)), for every t € [0,T];
(ii) lim [ OpF(r,us(r))dr = /0 OpF(r,u(r))dr, for every t € [0,T].

e—0 0

The following theoretical result provides the energy balance equality (5.3) for our
energies F(t,u).

Theorem 5.4. Assume (F0)-(F6), with (F3’) in place of (F3). Let u. and u be
defined as in Theorem 4.1, with £u.(0) — 0, and let J be the jump set of u. There exists
a positive atomic measure p, with supp(p) = J, such that

F(t,uy(t)) + p([s, t]) = F(s,u—(s)) + / Op F(r,u(r)) dr, (5.3)

forall0 <s<t<T.

17



Proof. Let f : [0,T7] — R be defined as in (5.1). With fixed § > 0, we extend the
function f to the open interval (—4,T + §) as

(0) if s € (=5,0)
(s) ifsel0,7T]
F(T) ifse(T.T+56).

i f
fls) =1 f

With a slight abuse of notation, we will denote still by f such an extension. Now, if
we define p := —Df, we have supp(u) C [0,7]. We aim to show that p is a positive
measure, and for this it will suffice to prove that f belongs to the Lebesgue class of a
non-increasing function. First, we prove the following Claim.

Claim: fi is non-increasing.
Proof of Claim. Let s,t € (—6,T + 0) with s > t, we then have three cases:

(a)

()

0 <t <T. We can fix two sequences s \, s, tr \( t with s > ¢ for every
k € N and such that &2||u.(¢;)]|> — 0 (as a consequence of Corollary 3.3). From
the energy inequality (3.3) we get

52 ) Sk
F(sk, ue(sk)) < F(tg, ue(tr)) + 5”“5(%)”?4 + [ OF(ruc(r))dr
tr
and then, passing to the limit as ¢ — 0, by Lemma 5.3 we obtain

Flspu(si)) < Fltpu(te) + [ 0,F(r,u(r)) dr.

tr

Finally, passing to the limit as k — 400, we get
F(s,u+(9) < Fltoun () + [ 0F(rur)
t

which corresponds to fi(s) < fy(t).

t < 0. If also s < 0, the assertion is trivial. If s > 0, we have to show that
fi(s) > f+(t) = 0. Since €. (0) — 0, it will suffice to consider s “\, s and use the
inequality

2 Sk
Fses (1)) < FOuc(0) + 5 [0+ [ 0P (o)
0

where we pass to the limit as ¢ — 0 first and then as k — 4oc0.

If t > T, since by convention u (7T') = w(T) and then f(T) = f(T), the assertion
follows immediately.

This concludes the proof of the Claim.
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The Claim implies now that ¢ = —Df is a positive measure and, in particular,
f € BV(=6,T + ). Moreover, by [3, Theorem 3.28] we get

F(t,us(t)) + p([s,t]) = F(s,u—(s)) + / Oy F(r,u(r))dr, (5.4)

for all 0 < s <t, with the usual convention that u4(7) = u(T) and u_(0) = u(0).
We are left to show that supp(u) = J. In order to do that, we define

) =" (f1(s) = f-(9)),
s€[0,t]

which is the right-continuous jump function of f. We note that the set of discontinuities
of f7 coincides with J and Df’ = (Df)”, the latter being the jump part of measure
Df. Moreover, f” is nonincreasing, so that

F7() — f(t+h)

lim inf >0 5.5
T oo )
and p/ = —Df7 is positive. It holds also p > u”, since y is positive. Summing up (5.5)

and (5.2) we get

(Fe=P)+h) = (F =10

lim inf

R\0 h

Since, by construction, fi — f is a continuous function, by Lemma 5.2 f, — f” is
nondecreasing. Therefore fy (t)— f7(t) > f.+(0)— f7(0) for all t € [0, T], or, equivalently,

F(t,us (1)) + 7 ([0.4]) = F(0,u(0)) +/0 O F (r, u(r)) dr,

where, by the usual convention, u(0) = u_(0). Comparing the latter estimate with (5.4)
we finally get

! ([0,8]) = u((0,4)) > w?([0,4]), W,
which gives u’/ = p, thus concluding the proof.

Remark 5.5. We note that, by construction, it holds
F(tu_()) — F(tus () = p({t}) >0, Vte . (5.6)

5.1 The energy-dissipation cost

In this section, we prove that the gap of the potential F'(¢,u(t)) at a jump point t € J
can be measured by means of a (positive and symmetric) cost function, solution to an
optimization problem with boundary conditions at infinity v(—o00) = u_(t), v(+o00) =
u4(t); namely,

F(t,u_(t)) — F(t,us(t)) = ce(u—(t),us(t)), for everyt e J.

In order to lighten the notation, from now on we set Fy(u) := F(t,u).
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Definition 5.6. For every ¢ € [0,7] and uj,us € X, we define the energy-dissipation
cost as

1 (N
ct(ug, ug) := inf {2/ V2 Fr(v(s)) + Ab(s) |51 + [[0(s)|Bds: v € VJ;%Q, N € N}
-N
(5.7)

where

ul,u2

VEN {U € W22([=N,N], X) : o(=N) = u1,v(N) = ug, o(~N) = 0(N) = }

denotes the class of the admissible curves.
The following theorem collects the main properties of the cost function.

Theorem 5.7. Under assumptions (F0)-(F5), for every t € [0,T] and uj,us € X we
have:

1) the cost is symmetric; i.e., ci(u1,u2) = cy(ug,ur);

(1)
(2) ci(ur,u2) =0 if and only if uy = ug;
(3) ci(ur,uz) > [Fy(ur) — Fy(uz2)l;
(4) for every us € X, the triangle inequality
cr(ur, uz) < cpur, ug) + cr(us, u2) (5.8)

holds.

(5) if ur # ug and uy,ug € C(t), then

. 1 [ree . :
ciun,ua) = int {5 [ IVF(0(0) 4 AT + 0G0 s 0 € Ve
(5.9)
where

u1,u2

Vo= {v e W?A(R, X) : v(—o00) = uy,v(400) = UQ} .

Proof. (1) If u; = ug, then the assertion is trivial by the definition of ¢;(u1,ug2). Thus,
let uy # ug, fix N € N, consider v € VJ;{)@ and define 0(s) := v(—s). We then have
v € VJ;{YLI and

N
crluzu) £ 5 [ IVLF(E(5) + AT+ [5(5) B ds
-N

1 [N (5.10)

=5 [ VLR + A0 s+ () [ ds
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Now, taking the infimum in the right hand side of (5.10) on the set qu;{\{“ and N € N,
we get the inequality

ct(ug,u1) < cr(ur, uz).
The assertion then follows by interchanging the role of u; and wue.

(2) Let uy # ug. It clearly suffices to provide a lower bound, independent of N, on the
energy of competitors v € Vuti{\;g satisfying

N
3 | IVLFos) + b+ o) ds < 1. (5.11)
-N

We begin by proving the following
Claim: there exists M > 0, not depending on N, such that

sup  o(s)] + [o(s)I < M (5.12)
s€[—N,N]
/N |Ad(s)[|* ds < M, (5.13)
-N
N
/ IVaFi(u() P ds <, (5.14)

for every v € VJ;{\LQ which satisfies (5.11).
In order to prove the Claim, we note that, by the fundamental theorem of calculus,
with the Cauchy-Schwarz inequality (2.1) and (5.11), for every s € [-N, N] we have

R+ 316 = R + [ (aR00) + 450,00 dr
< Fy(ur) + % /_SN IV Fy(v(r)) + Ab(r) |- + [0(r)||% dr (5.15)
< Ft(U1) +1.

Now, from (5.15) we get the equi-boundedness of Fy(v(s)) and [|9(s)|%, and, in view of
(F1), also (5.12). Furthermore, denoting with o and  the coercivity constants of A
and B, respectively, with (5.12) and an integration by parts we obtain

N N
| lasRas+ [ 1RGP
_N _N

N N
= / Vo Fi(v(s)) + Ai(s)||> ds — 2/ (VaFi(v(s)), Av(s))ds
-N

<+2'/ (V2F3(v(s)) Ai(s), 5(s)) ds

2 24+ M
52*52/_N””( s < 25

IN
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where we have also exploited the regularity assumptions (FO0) and (F4), and (5.11).
Since the constant on the right-hand side does not depend on N, this gives (5.13)-(5.14)
and concludes the proof of Claim.

We now observe that, since uj # uz, we may find a constant 6 = 0(¢, uy, uz) > 0, not
depending on N, such that

uy,u2’

N
5 < / Vo E(o(s))|[[(s)]| ds,  for every v € VEN (5.16)
-N

This can be proved along similar lines than in the proof of (3.4), using (5.12) and (F'5).
Taking into account (5.16), (5.14) and applying the Cauchy inequality we further get

s< [ IvLR@EIl \ds</ VoI S Eote)s ds

N
< VLR ds + / li(s)|% ds

IM 2032
) M N 2
<5+ [ lilhds
N
<3+ 2 (5 ) IR + A0+ ol s ).

which gives
1 252

N
5 ) IVaF0() + A5+ [(s) [ ds > G > 0 (5.17)

Since this lower bound is independent of the competitor v and of N, we get ¢;(u1,u2) > 0
whenever u; # us. The other implication is obvious.
(3) Since the cost ¢i(u1,ug) is symmetric, it will suffice to show that

ce(ur, ug) > Fi(ug) — Fy(uy).

From the definition of ¢;(u1,us), for every fixed n > 0 there exist N € N and v € VJ;J,\;Q
such that

1

N
3 /N IVaEi(v(s)) + Av(s) 51 + [[o(s) 5 ds < eelur, uz) + 1.

With the fundamental theorem of calculus and (2.1), we then have
1. .
Fi(ug) = Fi(u) = Fi(v(N)) = Fu(v(=N)) + 5 ([o(N)I3 = [[o(=N)[I%)
N
— [ (VaFi(u(e) + A(s). 00} ds
-N

1 [N . .
< 2/ IVaFy(v(s)) + Ab(s)|[5-1 + |0(s)[| B ds < celu, ug) + 1,
-N
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whence we get the thesis by the arbitrariness of 7.
(4) With n > 0 fixed, we may find N1, Ny € N, v € qui{\{g and vy € VJé{\LZQ such that

1 (M . .
ci(u1,ug) > 2/ IV Fy(v1(s)) + Aby ()] %1 + [61(s) |5 ds — n, (5.18)
—Ny
1 [N . 9 . 9
ci(ug, ug) > 5 |V Ey(v2(s)) + Ava(s)l| -1 + [|02(s)[| 5 ds —n. (5.19)
—1iNV2

It suffices to set

v3(s) =

’01(8 —|—N2) if s € [—(Nl + NQ),Nl — NQ]
’UQ(S — Nl) if s € [Nl — No, N1 + NQ] R

to have an admissible competitor in qui%l;NQ. With (5.18) and (5.19) we get ¢;(u1, uz) <
ci(u1,us) + c¢(us, ug) + 21, whence the conclusion follows by arbitrariness of 7.

(5) The ”>” inequality is obvious, since each function v € VJ;%Q can be extended to a
function in V! by simply setting v(s) = uy if s < —N and v(s) = ug if s > N without

u1,u2
spending additional energy whenever uj,us € C(t). To prove the converse, we set

. ) 1 [t . )
¢t(u, ug) = inf {2/ IV Fi(v(s)) + AU(S)H2B_1 + Hv(s)HZB ds: v e thw} .

—0o0

We fix n > 0 and v € V! with

uy,u2

L[+ " : .
2/ IVaE(v(s)) + Ab(s) |51 + [0(s) I ds < G (ur, uz) +1

By definition of V!

u1,u2?

we may fix a < 0 < b € R with the property
[o(a) |l + [[v(a) — wr |l + [[o(B)]| + [Jv(b) — w2 <, (5.20)
Next, we define the function z as

ur+g(s+1—a)(v(a) —u1)+h(s+1—a)i(a), ifse (a—1,a],
z(s) = S v(s), if s € (a,b),
v(b) 4+ g(s — b)(ug — v(b)) + £(s — b)o(b), if se[bb+1),

where
g(p) =3p° —2p°, h(p)=p*(p—1), Lp)=p’—2p"+p, pe(01]

Note that, by construction, the right and left limits of both z and Z for s -+ aand s — b
coincide, so that z € W22(Ja —1,b+1], X). It also holds 2(a—1) = 2(b+1) = 0 so that
we simply can extend z with the constant values z(s) = u; for s > a — 1 and z(s) = uq
for s > b+ 1 to have z € qu;{\{m for a suitable NV € N.
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Taking into account (5.20) we infer

1

Q/R\( ) IVoFi(2(s)) + A2(s) |50 + 12(s)|[ B ds < C(JA]], | BI)n? + ()

where w(n) is a modulus of continuity for V,F;(-) on the union of balls Bj(us) U By (u1).
With this, we finally get

b

= C(IAll, I BIN7* + w?(n) + % IVaFy(v(s)) + Ad(s)l5-1 + [|o(s)lI5 ds

a

< CUIANL IBIhn? + w?(m) + &(ur, uz) + 1,

which implies the conclusion by arbitrariness of 7.
O

We can now show that ¢t (uy(t), u_(t)) is a lower bound for the dissipation p({t}) at
a jump point .

Proposition 5.8. Assume (F0)-(F5). Let ¢; be the cost function defined in (5.7), u_(t)
and u4(t) be the left and right limits, respectively, of the function u of Theorem 4.1 at
each point t. Then it holds

Fu(u_ (1) — Fo(us (1) > culus (6),u_(1), Vi€ (0,T]. (5.21)
If additionally eu:(0) — 0, the above inequality also holds for t = 0.

Proof. Let ues,u be as in the statement of Theorem 4.1. We restrict to the case t € J,
since for any ¢ € [0,T]\J (5.21) holds as an equality in view of Theorem 5.7(2). If ¢t = 0
we convene that the function wu. is extended to a left neighborhood of 0 with an affine
function of constant slope . (0). First, we note that we can find sequences s;  t and
tr ¢t and a subsequence € — 0 such that

ey (51) = u (), ey () = us (1), (5.22)
5kaak (Sk) — O, Ekﬂak (tk) — 0, (5.23)

as k — +oo. For this, we preliminary remark that, by virtue of Corollary 3.3 (and of the
assumption eu.(0) — 0 in the case t = 0), we can fix two sequences s A/t and t; \ ¢
such that
lim et (s) = lim eug(tg) = 0. (5.24)
e—0 e—0

Moreover, since u is regulated by Theorem 4.1(i), there also hold

u(sk) = u—(t), u(ty) = uy(t). (5.25)
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Now, we define by induction on k£ > 1 the sequence

Ep— . . 1
e = f < 25t — u(t)] + uc(on) = o)l + il + Jeie(e)] < 1}

which is well posed since, for every fixed k, it holds
lim [lue (te) — w(te)ll + lus(sk) = ulsi)ll + llede(sk)ll + llete ()] = 0.

Along such subsequence, in view of (5.24) and (5.25), we get (5.22) and (5.23). As a
consequence of (F0) and (5.22) we notice that

Fyy (ue, (sx)) = Fi(u—(1)), (5.26)
Fiy, (ugy (t)) = Fi(u (1)), (5.27)

as k — +oo.
The proof distinguishes now between two cases:

it holds either

t —
lim sup -~ k +00; (5.28)
k €k
or
. tk — Sk
lim sup < 400. (5.29)
k €k

Proof if (5.28) holds. Let 6 > 0 be fixed. Define
Cn(t) :==C(t) N By, (5.30)

where C(t) is the set of critical points of V,F;(-) as in (2.6) and M > 0 is such that
|lue(s)|| < M, s € [0,T], as it follows by Proposition 3.2(i). In the case ¢t = 0 we set

Car(0) = (€(0) N Bay) U{u—(0)}

as the initial datum w_(0) might in general not be a critical point. In this case, we
recall that, instead, the right limit u4(0) € C(0) by (4.3). In both cases ¢ = 0 and
t # 0, by assumption (F5), the set Cys(t) is finite, and we denote by N its cardinality,
Ni := #(Cp(t)) < 4o00. Since Cpr(t) is finite, we may define the strictly positive value
d as

d=d; = min{||w — z|| : w,z € Cpr(t), w # 2z} (5.31)

and fix an arbitrary § > 0 with the property that

J < g (5.32)
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With this, | | o
Bs(u') N Bs(u?) =0,  for every u',u’ € Cpr(t), i#7.

In particular, if for some v € Bjy, it holds
dist(u, Cps(t)) < 6,
then there exists a unique u € Cps(t) such that
dist(u, Car(t)) = ||u — ul| < 0. (5.33)

Since both ¢, — t and s — t, we may assume that ¢, — s < 0§, for every k € N.
Moreover, in view of the continuity of ||V, F(.)(-)|| ensured by (F0), we can fix n > 0,
with < §, complying with the following property:

1
if (s,u) € [sg,tx] X Bas satisfies iHVmFs(u)H2 <, then dist(u,Cpr(t)) <9. (5.34)

We denote with L a Lipschitz constant for F;(-) on the set Bjy.
We first prove the following
Claim: for every k € N, there exists a finite collection of times

8k§ti»7<t’1€»+§§t2’7<t’z+§gt?k77<t2nk,+§tk

with my, < Ny, and a set of distinct critical points of Fy(-), say {u!,...,u™} C C(t)NByy,
with u™ = wu, (t), such that, setting u® = u_(t), the following properties are satisfied:

(1) fue, (ty7) = u—(D)]] = 6;
(2) [lue, (57) = us ()] < 6

(3a) dist(us, (1), Car(1)) = [lue, (t57) = u' ! = &;
Cu(

(3b) dist(ue, (17 1), Car(t)) = |lue, (t7) — || <6,  foreveryi=1,...,my;

. €31 i 2 : ER e ity 2

(4) limsup EHUE’“ (ty A < (2L+1)§, limsup 5”“6/9(% NEA < 6;
k—+o0 k—+o0

(5) |lue, (t) — u=L|| > § for every ¢ > t;ﬂ’_ and every i = 1,...,mg;

ot —h M

(6) limsup £—%* < — < 4o0.

k—4o00 €k n

Notice that (3a), (3b) and (5) together imply that u’ # u/ for every i,j with i # j. In
order to prove the Claim, we will perform an algorithmic construction.

Step 1. Since ||ug, (sx) —u—(t)|| = 0 as k — +oo and

lin inf [l (1) = (8)] > s (1) = u(8)] > d,
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it is well defined

1

t, " r=max{s € [sp, tg] : [Jus,(s) —u_(t)| <6}, (5.35)
and it satisfies s < ti’f < tg, t,lﬂ’f — t and then t,i,’f — 8 — 0. Moreover
. 1,— 1,—
dist (1, (£, Car (1)) = [l (87 = u_(8)| = &, (5.36)

Observe that from (FO0), (5.22), and (5.26) we get

lin sup{F, (1, (58)) — Fyt— (e (t47))] = lim suplFi(u_(£)) = Fiut, (¢7))]

k—+o0 k—+o0

< limsup L|ue, (t;7) — u_(t)|| < Ld.

k—+o00
With this, rewriting the energy inequality (3.3) for s = s; and t = t,lv’f, namely

2 2
15 . 1,— 1,— 3 .
?kHuék(tk )\\124 < FSk (uak (Sk)) - Ftiv* (U’Sk (tk )) =+ f”uak(sk)”i

1,—

v ", F(uey () dr.

Sk
and using (5.23) we deduce
. 5% . 1,—\ 12
limsup 7|, (t, )[4 < Ld. (5.37)
k—+o0 2

We define a sequence of times t,lg’+ > t,lc’_ as follows. From the bounds (iv) and (vii)
of Proposition 3.2, we have that

1,—, M
1 [t toee

2
€L -

SIVaFs(ue () + < e, (5)]* ds < M. (5.38)

€k Jtb 2 2

If t < t,i,’f + %5;€7 we set t’1€,+ := t;.. In this case, we deduce that

_ 9 _
. . 1,4 €k i+ L+y2|
Jimdistae (147, Cart) + ey (1) = 0

which in particular implies that

) :
. . €Ly
lim | dist (ue, (t; ), Car (1)) + F[lie, (87| < 6.

k—+o0 |

If instead ¢, > t,lg’_+%€k, by (5.38) and the Mean Value Theorem there exists t]1€,+ > t,lc’_
such that

1 1 €2 . 1
IV Pyt ey (NI 4+ i, ()7 < .
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This implies
dist (ue, (£, ), Car(t)) <6 and ifmkka;+mafga
By (5.32) and (5.33) there exists a unique u!' € Cps(¢) such that
dist(ue, (), Crr (1)) = Jue, (™) — u'[| < 6. (5.39)

Moreover, by construction, it holds

lim sup
k Ek

while (5) is satisfied by (5.35). Now, if u! = uy(¢), the Claim is proved with m;, = 1.
Otherwise, the construction goes on.
Step 2: Assume that a collection

s<tyT <ty < <T < <y

has been constructed for 1 < j < 4, such that all the properties in the Claim are satisfied
with the exception of (2). By (5.22) it then must be u® # uy(t), t{ﬁ # t) and it is
therefore well defined

tfjl’_ = max{s € [sg, 1] : |lue, (s) — u’|| < 6}. (5.40)
By construction it holds tZ’JF < tﬁjl’_ < tg; we have also
dist (ue, (£, 7), Car (1) = [Jue, (£77) = ]| = 4.
Moreover, it holds the estimate
€k i+1,—(12
lim sup ?Hugk (ty " )lla < (2L +1)6. (5.41)

k—4o00

This can be proved with an analogous argument as for (5.37), replacing s with t;f and
t,lﬂ’f with t?l’*, using the bound provided by (4) for eg||de, (t2’+)||2. Observe indeed

that tﬁjl’* - t?f <ty — s — 0 and that, by construction, ue, (t;f) and e, (tﬁjl’*) are
close to the same point u' € Cps(t).
Now, as in the proof of Step 1, we have the bound
i+t1l,— , M
1 [t e €.
— /. SIVaFuue, ()1 + L e, ()] ds < M. (5.42)
Ek t}jl’_ 2 2

If t, < t?jl’_ + %&?k, we set t2+1’+ := ti. Otherwise, by (5.42) and the Mean Value
Theorem there exists tfjl’Jr > t?jl’* such that

1 +1,+ b1 qitlt
S IVaFyiwns (uey NIZ + ngusk(tZ N? <.
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This implies

2
. i S i
dist(ue, (6,7),Car (1)) <6 and —F e, (1) 1% < 6.

With (5.32) and (5.33) we again have that there exists a unique u*! € Cy/(t) such that
dist (uz, (£5757), Car (1)) = ug, (£575F) — w1 < 6,

Moreover, by construction, it holds

i1+ itl,—
, gt M
limsup 22—k < =

< 400, (5.43)
Kk €k n

while (5) is satisfied by (5.35). Together with (3a) and (3b) this gives u'™! # u’ for all
J <. With this, since Cps(t) has a finite cardinality N; and recalling (5.22), in a finite
number of steps my < Ny we will get property (2), concluding the proof of the Claim.

Let us go back to the main proof. Since mj < N¢, up to passing to a subsequence,
we may assume my = m for any k, with m independent of k. We also observe that,
combining (1.1) with (2.2), applied with Q@ = B, z1 = V,F,(u., (1)) 4+ £} Aiic, (1), and
29 = Exle, (1) we get

0 = [|Va Fy (ue, (1)) + i Aiie, () [ -1 + 2(Va Fr (ug, (1)) + exAtic, (7), epte, ()

+ el (M5
for all r € [0, 7). With (5.22) and (5.23), this gives

Fi(u—(t)) — Fi(uy(t))
2 2

i €kl €L .
= Jim [F (uey (1)) = Fo (e (80)) + e (1) 1% = 5 e (60) 1

tk
+ arFr(ugk (7")) d?"]

Sk

1 [t
— kll)I—&I—loo - /Sk — (Vo Fy(ug, (r)) + €2 Aiic, (1), eptie, (r)) dr (5.44)
= lim 1/tk |V Fy (e, (1) + €2 Adie, (r)||5-1 + e2]|tte, (r)||% dr
k—oo 28k Jg, k k B %

m i+
- 1 ) .
> limint 3 - /t VB e (1) + A, (1) + € e, () .
=1 k

k—+4o00 4
i

Let w be a modulus of continuity for V. F(,y(-) on [0,7] x By. By assumption (FO0),
the L*°-bounds of Proposition 3.2 (i) and (iii), and (5.43) we note that, for each fixed
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i=1,...,m, it results

1

ot
h‘/t IVaFy (e, (r) + ex A, (r) |51 — IV Fy(ue, (r)) + 3 Aiic, ()| -1 dr
k

i+
1 [t
< %er | Ve Fyp (ue, (M) 11 = Ve Fr(ue, (1) 151 | dr
tk’
LB

tpt
- /t_,_ IV Fr(ue, (1) = Vo Fi(uz, (r) ||l Aiic,, (r) || dr
k

et =) it -
<ol ") [max{\tk’ —#], [£57 — ¢} + w(max{
Ek

=l 1 — )]
M i+ -~ i+ —

< C— Imax{[t," — ¢, [ty — t]} + wlmax{|t," — ¢, [t; —t]})]| =0
U

as k — +oo. Thus, we get
Fy(u_(t)) — Fi(uy (1))

> lim inf

m tk+ 5 . ) . 9 (5.45)
imnint Y o0 [ VB, (1) + i (] + el ()]
i=1 t

With fixed i € {1,...,m}, we set

VE(T) := g, (€T + t;;_), for every 7 € R.

From the L> bounds of Proposition 3.2 (i)-(iii) we immediately deduce the equi-boundedness
of vy, in W (R). Moreover, through the change of variables r = e,7 + ¢ we obtain

i,+
1 [

2o Jyi IV i (e, (7)) + g Ate, (r) |51 + eillte, ()| dr
k

i i
e Tt
1 e

5[ IVR) + AT+ ol dr

In order to simplify notation, here and in the following we will denote by a,’i the ratio
it gi,—
%. The bounds (1)-(4) can be re-read for vy, as

[or(0) — ' 1| <6,
ok (0)[|1% < 2(2L 4 1)6,
Consider the functions

lor (k) — 'l <6, (5.46)
[or(or)l% < 20 '

g(p) =3p* —2p°, h(p)=-p(1-p), pe0,1],
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and the competitor

ui—, T < —1,
w4+ g(1 + 1) (v(0) — uiY) + h(T 4+ 1)04(0), T e [-1,0],
Op(1) = < vi(7), TE [0,0'z],
uk(o}) + 9(1 — o) (W' = vp(0})) = M1 = 0})ik(a},), T € o}, 0 + 1],
ut, T >0+ 1

Fix an arbitrary N € N with 2N +1 > o} + 1, &, € V3, .. Since u’ € C(¢) for all i > 1
(notice that this holds also for ¢ = 0), exploiting (5.46) we obtain that there exists a
uniform constant C' such that

1 2N+1

3 IVaRG) + AB s+ [l dr

1 (% ) :
<5 [ IV ) + A5 + (I dr
0

+2[C6 + W (CV0)],

(5.47)

where w is a modulus of continuity for V,F;(-) on Bys. Above we additionally exploited
(5.32) to estimate d 4 v/ only in terms of v/ inside the function w?.

With the time translation o, (s) = 9x(7 + N — 1) we get a competitor for ¢;(u’~!, u?)
with

2N+1 . .
/ IV Ei (5 (7)) + S ()3 + [0 (r) 1% dr =
-1

N
/ IV Fu(i0(s)) + Abr(8)]1%r + [u(s)]1% ds.
N

Then, from (5.47) and condition (4) of Theorem 5.7, we get
cr(u®,u™) < th(ui_l,ui)
i=1

< m(Co-+A(CVRN+ Y 5 [ IVaB o) + i) s+ ()l
=1

whence, passing to the limit as k — +o00, we finally obtain
ei(u®,u™) < 2m[C5 +wA(OVE)] + Filu_(t)) — Fulus ()
< 2N;[C6 + W (OVO)] + Fi(u—(t)) — Fi(uy (),

from which, by the arbitrariness of § > 0 and taking into account the symmetry of the
cost function ¢;(u—(t), us(t)) = ct(uy(t),u—(t)), we deduce

ct(u—(t), u (b)) < Fr(u(t)) = Fi(u (1)),
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since by (1) and (2) of Claim it must be u’ = u_(t) and u™ = w4 (t). This concludes
the proof, if (5.28) holds.

Proof if (5.29) holds. In this case, one does not need to prove the Claim, since
trajectories already move from u_(t) to u4(t) in a time interval whose length is a O(ey,).
One can then perform an analogous argument as in the previous case with m = 1,
tllﬁ’_ = s and t,1€’+ = tx, starting from the chain of inequalities in (5.44). Observe indeed
that (5.29) replaces (5.43), while the conditions in (5.46), with ¢ = 1, are in this case
automatically satisfied because of (5.22), and (5.23). O

Remark 5.9. As a consequence of Theorem 5.7(3) and Proposition 5.8, we get the
equality
Fy(u-(t)) = Fi(ug(t)) = ce(us(t),u-(t)), vt e[0,T].
We conclude with the following theorem that summarizes the results of this section
and characterizes u as a Balanced Viscosity solution of the problem

V.Fi(u(t)) =0 in X for a.e. t € [0,T].

Theorem 5.10. Assume that (F0)-(F6) hold, with (F3’) in place of (F3), and let
ue 2 [0, T] — X be the solution of the Cauchy problem associated to (1.1) with initial
condition at t = 0 and u-(0) be uniformly bounded, €i.(0) — 0, as € — 0. Let ¢; be
the cost function defined in (5.7). Then, up to a subsequence independent of t, (u)e
converge pointwise, as € — 0, to a function u : [0,T] — X. Moreover, u satisfies the
following properties:

(i) w is requlated;
(ii) 4t holds
ViFi(ug(t)) =V Fi(u_(t)) =0 in X for every t € (0,T];

(iii) w fulfills the energy balance

Fylus(®)+ D erlum(r),us(r) = F(u(s))
reJn[s,t

T (5.48)
+/ O Fy(u(r))dr,  for every 0 <s<t<T.

5.2 Behavior at jump points

As a final result, we want to characterize the behavior of the limit evolution at the jump
times, by showing, with Theorem 5.13, that the left and right limits u_(t) and u,(t),
respectively, are connected by a finite number of heteroclinic solutions to the unscaled
autonomous equation

Ai(s) + Bi(s) + Vi Fi(v(s)) = 0.
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We will mainly focus on the case where both u_(t) and u4 () are stationary points of
F(t,-). The only exception could happen for ¢ = 0, where it might be u_(0) ¢ C(0):
this case only requires minor adaptions, and, differently than in the proof of Proposition
5.8, we will not give details, but only provide the slightly different statement in Remark
5.14.

We start with a simple lemma dealing with the asymptotic behavior of functions v
such that 0(s) and V,F(t,v(s)) € L?(R). Namely, we prove that both their limits at
infinity v(—o00) and v(+00) exist and belong to the set of critical points of F(¢,-).

Lemma 5.11. Assume (F5). Let t € [0,T] be fired and v € WH2(R; X) N L2(R; X) be
such that

+o0o
/ IVaFi(o(s) 12 ds < +oo. (5.49)
Then the following limits exist finite:
SE@OOU(S) = Vs, (5.50)
Sgrfoov(s) =0, (5.51)
and vy, v* € C(t). If, in addition, v € W?2(R; X) then it also holds
sl}gloov(s) = 0. (5.52)

Proof. We only prove (5.50), since the proof of (5.51) is similar. Define the limit class
of v as

w = {w € RU{zxoo}: Isp — —oo such that klil}rl v(sg) = w} .
—+o0

Clearly, w is nonempty and w C R since v is bounded, say ||v[| @) < M for some
M > 0. In order to prove (5.50), we have to show that w = {v,} for some v, € R.
We then argue by contradiction and assume that w contains at least two points wy and
way, with wy # wq. Let si,tx — —oo be such that v(sg) — wy and v(ty) — we. Up
to a further extraction, we may assume that s < tg, tp < sgpy1 for every k € N and
s <t < —n for every k large enough. Now, since Cps(t) := C(t)N By is finite, the same
argument as in the proof of Proposition 3.4 provides the existence of 6 = §(¢, w1y, w2) > 0

and kg € N such that .

k

5 < [ ITLE) ) s
Sk

for every k > kg. Moreover, by applying the Cauchy-Schwarz inequality, we get

I ‘
5< 5 [ ITEQI + )]s
Sk

whence, summing up k, we deduce that

+o0 oo sty -
PILEEDY / IVeE(w(s)I? + (s)]2ds < 5 / "IV B (DI + 19(s) s,

k=ko k=koV*® e
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that contradicts (5.49) and the fact that © € L?(R). Thus, there exists v, € R such that
w = {v,} and (5.50) holds. Moreover, it must be v, € C(¢) in order to have

n
[ IVLFs) s <+

for every fixed 1 > 0.

Assume now, in addition, that ¢ € L?(R). We can choose a sequence tj, — —00
such that 0(tx) — 0 as k — +oo. By a simple computation and the Cauchy-Schwarz
inequality we have

1 1 t
“[o@I1P = slloe)* + [ (i(s),5(s)) ds
2 /t’“ (5.53)

1. IR ,
< Sl + 5 [ 1o)IE + () ds.
—00
For every fixed e, there exists ¢t < 0 such that, for every ¢ < ¢, the integral at the right
hand side of (5.53) is smaller than e, thus obtaining
Loy 10 _
SO < Slo)P+e, Vi<t

whence, letting t, — —oo, we finally deduce tlim 0(t) = 0, as desired. O
——00

We will also make use of the following technical Lemma.

Lemma 5.12. Let (fi)ren be a sequence of functions such that frp — f as k — +oo
uniformly on the compact subsets of R, and assume that

Jm  fz) = f". (5.54)
Then there exist xj — 400 and (kj)jen such that
1f; (25 +7) = f| =0 (5.55)
as j — +oo, for every T € R.

Proof. We argue by induction on j > 1. By assumption (5.54), we can fix z; > Z;_4
such that

e L )
Hf(.f)_f H < g, for eveI‘y;L'ij7
and, with the local uniform convergence f;, — f, we can choose k; > k;_1 such that
1 — —_ .
kaj(x>_f(x>H S g, for every r € [,’L““[E‘] +,]]

Setting z; := Z; + %, for any fixed 7 € R we have z; + 7 € [Z;,Z; + j] for every j > 2|7|,
and then

i, (a5 +7) = P < swp @) — P+ swp iy (@)~ F@)] < gy

T>T; x€[Z5,%5+]]
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from which, passing to the limit as j — 400, we get (5.55).
O

Now, we can state and prove the announced result. Observe that condition (5.56) in
the statement is indeed satisfied for u = u_(t) and v = u (¢) for any ¢t € J , as pointed
out in Remark 5.9. For ¢ = 0, the assumption u_(0) to be a critical point of F(0, -) might
be not verified: this case requires a minor modification and will be shortly discussed in
Remark 5.14.

Theorem 5.13. Assume (F0)-(F5). Let t € [0,T] be fized and assume that there exist
u,v € C(t) such that

Ft(u) - Ft(v) = Ct(u7 U)v (556)
where ¢; is the cost function defined by (5.7). Then, there exist a subset of distinct points
{ul ul, . um} CC(t) with u® = u, u™ = v and a family of functions (v')i—1,. m such
that, for everyi=1,...,m,

Adt(s) + Boi(s) + V. F(vi(s)) =0, Vs€eR;
! u

. Qi) — il (&) — 40

sgr_noov'(s) =u ,SEIJZIOOU (s) =u'; (5.57)
lim ¢'(s) =0.

s—Fo00

Proof. The argument is based on a recursive construction on the number i > 1 of
functions v’ complying with (5.57). We subdivide it into two steps.

Stepl. First, we fix ux to be an infimizing sequence for the infimum problem (5.9),
which equivalently defines ¢;(u,v) according to (5) in Theorem 5.7; i.e., a sequence
ug, € W22(R; X) such that ug(—00) = u, u(+00) = v and

.1 +oo .. 2 . 2 1. _
lim / Ve Fi(uk(s)) + Aiig(s)|| -1 + llik(s)||p ds = ci(u, v). (5.58)

k—+oo 2 — oo

With (5.56) we then have

.1 [t . .
Jim 5 VL Fu (o) + Aig )+ i) ds = Fiw) - Fiw). (.59
Furthermore, since by Lemma 5.11 it results ux(£o00) = 0 for every fixed k € N, we get
that

oo . . L. 9 | T
T unls)) + A, i) s = Fua) + gl

—00

= Fi(ug(+00)) = Fi(ur(—00)) = Fi(v) — Fy(u),
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Summing up with (5.59), and eventually using (2.2), we deduce
+00 1 ) ) 9
0= lim 5 {IVaFi(u(s)) + Adr(s) -1 + llin(s)ll5} ds

k—+oco J_ oo

+o00
+ /_ (Vo Fi(ug(s)) + Aiig(s), g (s)) ds
+o00
— lim %]\Auk(s) + Big(s) + Vo Fy (un(s)) |31 ds.

k—+oc0 — oo

Notice that (5.59) provides an upper bound on

1 [T . :
3 [ IVaFitun(s) + i) + fias) s ds

(5.60)

which is independent of k. With this, (5.12)-(5.14) hold for a constant M not depend-
ing on k, and we deduce that the sequence (u(s)); is equi-bounded in W22(R; X) N

L>(R; X). Thus, in particular, there exists M = M(t,u,v) > 0 such that

llug(s)|| < M, for every s € R and k € N.

Correspondingly, we define the set Cp/(t) := C(t) N By and d; as in (5.30) and (5.31),

respectively, and we fix d < idv
Now we set u’ := u and, for every k € N,

tr :=min{s € R : |jug(s) —u°|| = d},

where the minimum is well posed since uy(—o00) = u and ug(+00) = v # u.
Then, we consider the time-translations by t}C of uy, namely

vr(s) == ug(ty +5), VscR.
We notice that, by the definition of t,lg, it holds
1 0 1
loi(s) = w’ll < d < 7y, for every s <0,

while for every s, they comply with the identity

S

Fy(u(s)) + %H@k(S)Hi = Fi(u) +/ (VaFi (g (r)) + Avg(r), oy (r) dr.

—0o0

Now, by (5.60), we obtain

timinf [ (V. Fk) + ABkr), o) ar

k—+oco J_ oo

o 1 [® , .
=it (=5 [ IVLRk0) + AT+ ok )

k——+oo o
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(5.61)

(5.62)

(5.63)

(5.64)



Moreover, for every fixed k, since [[vi(0) — u°|| = d and vi(—o00) = u°, by arguing as in
the proof of (5.17) we can find 1 = v1(¢,u’, d, M, 3) > 0 such that

1 [0 . )
2/ IV Fy (v (r) + Ay (r)[| 51 + [lop(r)[|B dr > 1,

and this obviously implies

1 [e ) :
2/ IVa Fe(vi(r) + A (r) [ -1 + [0 ()| dr > 1, (5.65)

for every s > 0. Thus, combining (5.63), (5.64) and (5.65) we deduce

1
lim inf <Ft(v,£(s)) + 2|U]£(S)||124> < Fy(u®) — 1, for every s > 0. (5.66)

k—+o0

The sequence v} is equi-bounded in W22(R; X), since it is a time-translation of uy,
for which (5.12)-(5.14) hold. By virtue of Ascoli-Arzela Theorem there exists a (not
relabeled) subsequence of v,ﬁ and a function v! such that v,ﬁ — vl 1'1% — 0! uniformly on
the compact subsets of R, and v}, — v! weakly in W??(R; X). By semicontinuity and
from (5.60), for every arbitrary closed interval [a,b] C R, we obtain

1 b
2/ |Ad! (r) + Bt (r) + Vo Fr (v (1) [|5-1 dr <0

whence we finally get
Avt(r) + Bo(r) + Vi Fi(v'(r)) = 0

for every r € R Similarly, we also deduce

+oo
/ Ve Fi(v! () |2 dr < M

—00

where M is given by (5.14). Therefore, by virtue of Lemma 5.11, there exist the limits

. 1y o1 . TN o1 S
Tgr_noov (r) = v, € Cp(2), TEIJPOOU (r) =v"" € Cp(t) and Tl}rinoov (r) = 0. Thus, from

(5.62), it must be v! = u°. From (5.66) it follows that
1
(Ft@l(r)) + 2uvl<r>ua> < F(u®) -y, for every r >0, (5.67)
whence, in particular,
Ft(vl’*) < Ft(uo)
and then v%* # u°. Now, define u! := v € Cp(t). If u! = v, then m = 1 and

construction stops here, otherwise the proof goes on as follows.

Step 2. Let i > 2. Assume that the sequences (v!(r)); have been constructed for
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every 1 < 1 < i — 1 and the corresponding limits v' comply with (5.57), for some
ul =t ul € Cpy(t).

In order to define v’, we apply Lemma 5.12 to the sequence (v} '(r),; '(r)). There-
fore, there exist a sequence t; — 400 and a subsequence k; — +oo such that

(Uiig;l(tj +s), @;i;l(tj +3s)) — (ui_l,O), as j — +oo, for every s € R. (5.68)
Now we define . ' ‘
t: = min{s > t; : Hv]lgl(s) — Y = dY,

and we note that this definition is well posed, since v,ij__l are translations in time of uy;
and uy, (+00) = v # u'~'. Moreover, tj — t; — +o00 by (5.68). Setting

vé(s) = U,i;l(té +s), seER,

for every s < 0, there exists j = j(s) such that
loj(r) —=u' Y < d, V7€ [s,0], Vi > j(s) (5.69)

(namely, it will suffice to choose t;- —t; > |s|). Being translations in time of uy;, with
(5.60) we can show that vé comply with

+oo q ) . .
lim 1455 (s) + Boj(s) + Vo Fi(v(s)) 141 ds=0 (5.70)

Jj—=+00 ) _ oo

and that v; is an equi-bounded sequence in W22(R; X) N L®(R; X ), with the bounds
independent of i and j, provided by (5.12)-(5.14) along the sequence uy. By the Ascoli-
Arzela Theorem, there exists a function v’ such that, up to a (not relabeled) subsequence,
vé- — v, v; — 9" uniformly on the compact subsets of R, and v;- — o' weakly in

W22(R; X). By semicontinuity, from (5.70) we obtain, for every arbitrary closed interval
[a,b] C R,

IR . ;
2/ |AD* (r) + Bo'(r) + vat(vz(T‘))HQB,l dr <0
a
whence we finally get ‘ ‘ ‘
A (r) + Bo'(r) + Vi Fi(v'(r)) =0
for every r € R. As in Step 1, we have v* € W22(R; X) N L®°(R; X) and
+o00 .
/ |V Fy (v (1) ||> dr < M.
—00
Therefore, again by virtue of Lemma 5.11, we get the existence of the limits lim v’ (r) =
r—r—00
vi € Cy(t), lim v'(r) = v™* € Cp(t) and lim 9°(r) = 0. Passing to the limit as
r—+00 r—+oo

j — +o0o in (5.69) we deduce that

) . 1
[ (7) =M < d < 2ds (5.71)
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for all 7 < 0. Since vi € Cps(t), by our choice of d; we conclude that it must be vZ = u'~1.

Now we show that v™* # u!, for every [ < i — 1. In order to do that, we first note
that for every s > 0 it holds

B (s)) + 5151 < imint (Rl () + 51557 (21
s ‘ A ) (5.72)
[ TeR) + A, 50)) dr).
—(t5—t5)
By (5.68), for s = 0, we have that Ft(vé_l(tj)) — Fy(u'™') and H@T%Q)Hi — 0.
Furthermore, with (5.70) we also get

lim inf 2/ i |G (r) + Bj(r) + Vth(vj(r))||2B_1 dr
4 (5.73)

< lim ;/:O JAB(r) + Bi () + Vo Fi(ui (1) |3 dr = 0.
Observe that, by (2.2) with @ = B we have for every r
2(Vy Fy(vj(r)) + Av}(r), 05(r)) =
1465 (r) + BUi(r) + Vo (0} (0) -1 = {IV2Fv(r) + A5 () os + 1551 }
Combining this with (5.73), it holds for all s > 0

lim inf /S <VIF,5(U§-(T)) + Av;(r) v; (r))ydr =

J=Heo J(ti—t))

o I i i N2 12
< - — g . _ g
<t (= [ ISREO) AT IGOB)
J
0
<timinf (- 1/ IV F (03 () + AT 31 + 18 ()3 dr)
- j*)“rOO 2 _(t;'__tj) J J B J ’

where the last inequality is simply due to assuming s > 0. Since vj(—(té- —tj) =
vé_l(tj) — 't while Hv;(O) — u*1|| = d, by arguing as for (5.65), there exists v; =
vi(t,d,u*=t, M, 3) > 0 such that
1 [ ; ¥
—2/( - IV F (v (r)) + AT (r) [0 + 05 (r) [ dr < =, (5.75)
—(ti—t;

for every fixed j. With (5.72), (5.74), and (5.75) we then conclude that
, 1. .
Fi(v'(s) + 519" (o)I3 < Fuu'™) =i

< Fi(u'™?) — % — Yie

1—1
S Ft(u()) - nyza
k=0
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for all s > 0, whence, passing to the limit as s — 400 in each of the previous inequalities,
we get '
Fi(v™*) < Fy(u'), for every 1 =0,...,i— 1.

Thus, v** # u! for every | = 0,...,7 — 1. Setting u’ := v®*, if it results u’ = v then
m = 1 and the proof stops here, otherwise the construction goes on and it will stop after

a finite number of steps since Cps(t) is finite and uy(+00) = v.
O

Remark 5.14. If a jump occurs at ¢ = 0 and u_(0) ¢ C(0), the statement of the
previous Theorem has to be modified as follows. One sets u’ = u_(0) and the point u'
is obtained as limit for ¢ — +o00 of a solution v! to the problem

Adl(s) + Bol(s) + V. Fi(vl(s) =0, VseER;
vi(=1) =0, oY(-1)=0.

Notice that above the initial condition can be given at any time other than ¢t = —1,
since solutions are invariant for time-translations. If m > 1, then the procedure goes on
exactly as in (5.57).

6 Appendix

We discuss here a simple explicit example of a (discontinuous) quasistatic evolution
originating as limit of (1.1). By doing this, we also highlight the difference between the
limit evolutions in our case, compared with the singular limit of gradient flows considered
in [2, 17, 18]. Indeed, we will show that the two evolutions, coinciding until the first
jump time t* = 1, then have a different behavior in the right neighborhood of ¢*: while
the rescaled gradient flow is actually stuck to the closest potential well, a second-order
dynamics can overcome an energy barrier, reaching a different limit point.
For this, we consider a non-convex driving energy F : I xR — R, with I := [0, +00),
defined as
Fi(z) := —x(t — 1 + 2°) + P(x), (6.1)

where P(z) is a function such that P(x) = 0 if # < 0, P(z)/2% — 0 as # — 07 (in
order to have Fy(z) € C3(I x R)) and P(z)/2® — +00 as x — +oo (in order to get the
necessary equicoerciveness).

It is easy to see that the function ¢(t) :== —,/35%, for ¢ € [0,1), is a curve of local
minimizers of Fy(x). Now, for ¢ > 0 let u; . and ug be the solutions of the problem

{Zﬂl,e(t) =—F{(u1(t)), tel
u1£(0) = —(1 +5)\/§
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and
e%line(t) + Juac(t) = —Ff(uge(t)), tel

ure(0) = —(1+2)y/}

U2(0) =1,

respectively. It follows from [18, Lemma 3.1] and [1, Proposition 3.4 and Remark 3.9],
respectively, that the limit evolutions w1, ug satisfy

ui(t) = ua(t) = p(t), for every t € [0,1).

In particular, it holds that
ul(l—) = ZLQ(l—) = 0,

while for ¢ = 1 we must have a jump, since ¢(t) is not defined for ¢ > 1. Our goal is
now to show that, up to suitable choosing P(z) in the definition of the driving energy
(6.1), we have uj(14) # ua(1+). More precisely, let P(x) be such that Fi(x) := F(1, z)
complies with the following assumptions:

(H1) F{(z) =0 if and only if z € {0,1,2,9};

(12) Fy(1) =

(H3) F1(2) = —1 +n, n>0;

(H4) F1(3) = =3 and F{(x) < —1 for every z € [3,8];

(H5) F{'(1) > 0 and F{'(9) > 0.

Under the above assumptions, we claim that

U1(1+) =1#£9= U2(1+)- (6.2)

To prove the claim, observe that by assumption (H5), the points + = 1 and = 9
are strict local minimizers of Fy. Hence, no heteroclinic orbit of 10 = —F{(v) and of
B+ 10 = —F{(v) can start from v =1 or v = 9 for s — —oo. With this, (6.2) is a direct
consequence of [18, Proposition 1] (for u;) and Theorem 5.13 (for ug), once we prove
that the heteroclinic solutions of 0 = —F{(v), and of & + 10 = —Fj(v) starting from
v =0 for s - —oo have v = 1, and v = 9, respectively, as a limit when s — 4+00. We are
therefore only left to prove the following Proposition. Below, we set F' = F} for brevity.

Proposition 6.1. Assume that F' complies with assumptions (H1)-(H5) above. Let v,
be the unique (up to translations in time) solution of the first order problem

ety =

and vy be the unique (up to translations in time) solution of the second order problem

b+ 1o =—F'(v),
v(—o00) =0, (6.4)
0(—00) = 0.
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Then we have that

sginoo vi(s) =1, (6.5)
and
Sginoo va(s) = 9. (6.6)

Proof. The existence and uniqueness (up to translations in time) of v; and vy are a
consequence of [18, Lemma 2.1] and [1, Lemma 2.5], respectively. Since the total energy
is nonincreasing along the evolutions, and Fj(v) > 0 for v < 0, we have v;(t),v2(t) > 0
for all t. Since v = 1 is a local minimum of the energy, (6.5) is an immediate consequence
of the gradient flows’ properties. In order to prove (6.6), we observe that the w-limit
set of (va(s),v2(s)) can only consist of equilibria, since we have a second-order scalar
dissipative equation. Hence, it will be sufficient to show that
SEIEOO va(s) > 2, (6.7)

since v = 9 is then the unique available limit point.

We preliminarly note that we can fix s9 € R such that v2(sp) > 0, v2(sg) € [0,7n] and
[0 |o2(s)[*ds < n. We argue by contradiction, and assume that va(+00) < 2. In this
case, it will be either va(+00) = 1 or va(+00) = 2. Setting

1 . 2
=1 [l as,

in the first case by (H2) we have D = 1, while in the second one it results D = 1 — 7 by
(H3). Thus,
D <1. (6.8)

Claim 1: there exists ¢ty € R such that ve(tg) = 1 and v2(tp) > 0.
For this, we assume by contradiction that ve(t) < 1 for every t € [sg, +00). In this case,
we have vg(+00) = 1. Furthermore, it holds v2(t) > 0 for every ¢. Indeed, if not, since
02(s0) > 0, it would exist ¢ such that 92(t) = 0 and v2(¢) < 0. But this contradicts the
equation #y(t) = —30a(t) — F'(v2(t)), since F’'(v) < 0 for v € (0,1). Now, one the one
hand from wvy(400) = 1 we infer that

/ lia(5)2 ds = F(va(—00)) — F(ua(+00)) = F(0) — F(1) = 1. (6.9)

On the other hand,

o %0 (6.10)
<”+1/w><>‘<m
=7 1 o V2 (S) - Va2l S S

Since



and
%|i}2(t)|2 < F(0) — F(va(t)) < F(0) — F(1) =1, for every t € R,

by (6.10) we can deduce that

1 2
i [ras < v

which is in contradiction with (6.9). Then, there exists ¢y such that ve(tg) = 1. As
remarked before, 03(tp) > 0, but since v = 1 is a critical point of the energy, it must be
Vo (to) > 0.

Claim 2: there exists t; € R such that vy(t1) = 2 and 02(t1) > 0.

As before, we argue by contradiction and assume that v (t) < 2 for every t € [tg, +00).
Set ¢, = 3 min{ia(ty),n} and let ¢ be the smallest time in (o, +00) with 02() = ¢,
which must exist since () — 0 when ¢ — +o00. Notice that, since 03(t) > 0 for every
t € [s0,to], we also have 5(t) > 0 for every t € [sg,t]. Moreover, we get

1

3+ [ lia(e)Pds = F(O) — Flea(d) 2 1- (6.11)

since 1 = vy (tg) < vo(f) < 2. Furthermore, for every t € (—oo, ] it holds that

Sl < F(0) ~ F(ualt) < F(0) ~ F(1) =1.

We then obtain

i/t ]7)2() ds< + /|Uz |2dS§Z \4[/“2(3)(15

—00 S0

gfﬁfﬁ

which contradicts (6.11) for n small. Then, the smallest time ¢; where v2(t;) = 2 is well
defined and, as v = 2 is an equilibrium, it must be 02(¢1) > 0.

Now, since F'(v) < 0 for every v € [2,9], as already done for Claim 1 we can show
that, if M > 0 is chosen such that vy (t) < 9 for every t € [t1,t; + M], then 9(t) > 0 in
[t1,t1 + M]. As a consequence, there exist to < t3 such that

'UQ(tQ) =3< Uz(t) <8 = Ug(tg), Vt € [tg,t3]. (6.12)
In addition,

%\m(tg)lz + i/_t; (0o ()]? drr = F(0) — F(3) = 3.

This implies, with (6.8), that
1., 1.,
3 < Sloa()]” + D < Sloa(t2)l” + 1,
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from which 92(t2) > 2. With this, using the equation (6.4), (6.12), and assumption (H4),
we can show with similar arguments as before that vy(t) > 1 for every ¢ € [to, t3]. From
this, we finally deduce

1 t3 1 t3 1 t3
D > / \1}2(7’)|2dr = / Oa(r) - O (r) dr > / Oo(r)dr
4 to 4 to 4 to
1 8—3
= 4 (v2(t3) —va(t2)) = —— > 1,
thus contradicting (6.8). Therefore, (6.7) must hold. O
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