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Abstract

We introduce and study a mean-field model for a system of spatially distributed play-
ers interacting through an evolutionary game driven by a replicator dynamics. Strategies
evolve by a replicator dynamics influenced by the position and the interaction between
different players and return a feedback on the velocity field guiding their motion.

One of the main novelties of our approach concerns the description of the whole
system, which can be represented by an evolving probability measure ¥ on an infinite
dimensional state space (pairs (z,0) of position and distribution of strategies). We
provide a Lagrangian and a Eulerian description of the evolution, and we prove their
equivalence, together with existence, uniqueness, and stability of the solution. As a
byproduct of the stability result, we also obtain convergence of the finite agents model
to our mean-field formulation, when the number IV of the players goes to infinity, and
the initial discrete distribution of positions and strategies converge.

To this aim we develop some basic functional analytic tools to deal with interaction
dynamics and continuity equations in Banach spaces, that could be of independent
interest.

Keywords: evolutionary games of mean-field type, spatially inhomogeneous replicator dy-
namics, well-posedness of ODE, superposition principle, well-posedness of transport equa-
tions in separable Banach spaces.
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1 Introduction

1.1 Evolutionary games

Physical systems naturally tend to minimize the potential energy. For this fundamental
reason the study of steady states in physical systems is of utmost relevance, given the ex-
pected frequency for such states to occur. This is also the rationale according to which game
theorists have focused on the characterization of game equilibria. Very celebrated is in fact
the work of John F. Nash [25], where a new notion of non-cooperative equilibrium is intro-
duced. The main result of [25], building on John von Neumann’s notion of mixed strategy
(necessary to ensure existence of saddle points in zero sum games with two players), is the
existence of mixed strategy equilibria for non-cooperative games with any finite number of
players. However, already at the origin of game theory, Oskar Morgenstern and John von
Neumann pointed out in their classical treatise on game theory [31] the desirability of a
“dynamical” approach to complement their “static” game solution concept. In fact, while in
physical systems evolutions towards minima of the potential energy are explained according
to Newton’s law (for which evolutions are, for conservative forces, the gradient flows of the



potential energy), it is not at all clear whether and how in dynamical games equilibria can
emerge. Certainly John Nash had anticipated this issue, when (in an unpublished section
of his thesis [25]) he sketched a “mass action approach” to his equilibrium notion which,
many years later, was re-discovered as the evolutionary approach. Additionally, while Nash
equilibria are natural “good” states for non-cooperative games, often in cooperative games,
such as the one of the prisoner’s dilemma, Nash equilibria are not necessarily the most
interesting or favorable states. For this reason, it would be very desirable for a proper con-
cept of dynamical game to be able to select either Nash equilibria or other type of steady
states, according to which is more convenient. Evolutionary games are dynamical processes
describing how the distribution of strategies changes in time according to their individual
success.

1.2 Spatially homogeneous replicator dynamics

One of most advocated mechanisms of dynamical choice of strategies is based on a selection
principle, inspired by Darwinian evolution concepts. The main idea is to re-interpret the
probability of picking a certain strategy with the distribution of a population of players
adopting those strategies. The emergence of steady mixed strategies would be the result
of an evolutionary selection: at discrete times players meet randomly, interact according
to their strategies, and obtain a payoff. This payoff determines how the frequencies in the
strategies will evolve. The discrete time stochastic evolution described above has been for-
malized in [9] and yields, as an appropriate limit is considered, a continuous time dynamics
as follows: In games where players can adopt pure strategies out of a finite set of N choices,
we may describe those as uq,...,uy € U, where U is the set of strategies. We may denote
with o; the frequency with which players pick the strategy u;. The payoff of playing strategy
u; against u; will be denoted by J(u;,u;), where J: U x U — R. The relative success of
the strategy u; with respect to the strategies played by the population is measured by

N N N
AN(U,Z‘):Zj(ui,u]‘)aj—ZZ(UJ(U@,’LLJ‘)UJ', iZl,...,N. (1.1)
j=1 =1 j=1
The relative rate of change of usage of the strategy w; is then described by
. N N N
(2 .
i An(u;) = ZJ(ui,uj)Jj — ZZagJ(w,uj)aj, i=1,...,N,
J=1 /=1 j=1
or
N N N
é’i: ZJ(ui,Uj)Jj—ZZUgJ(Ug,Uj)Uj 0, ’i:1,...,N. (1.2)
j=1 =1 j=1

The system of ordinary differential equations is known as replicator dynamics in the
literature of evolutionary games [19]. It is one of the most popular dynamical game models,
because its w-limit (the set of accumulation points of the dynamics) and steady states are
closely related to the Nash equilibria of the game described by the payoff matrix A =



(J(ui,uj))ij [19, Thorem 7.2.1] (the so-called “folk theorem of evolutionary game theory”).
Moreover, as discussed in [20], adopting an equilibrium-based viewpoint is often unable to
always account for the long-term behaviour of realistic players, who adjust their behaviour
to maximise their payoff. The replicator dynamics aims at being a more robust model.

1.3 Mean-field replicator dynamics

There is by now a large scope of literature addressing the replicator dynamics for infinite or
continuous strategies [8], 14} [15] 17, 18] 26, 27, 29], which can be viewed as a natural limit
for N — oo of system (|1.2)). The way of deducing this limit is by defining the probability
measure

N
ol = Zaﬁtsuj e 2(U),

J=1

and its evolution according to
ol = </ J(, ) dolN (u) — / J(w,u) daiv(w)dagv(u/)> oy,
U UxU

or, in weak form,

% | o) o (u) = /U o(u) ( /U J(u, ') dof (u) - /U ) dof (w)do® (u’)> doy (u),

for any ¢ € C(U). For any 0 € #(U), we may denote

Ay (u) = < /U J(u, ') do(u') — /U . J(w, ') dJ(u;)dJ(u’)),

so that Ay (u;) = An(u;) as in (1.1]) for o = Z;vzl 0;0y;. By assuming that the initial
conditions o) — & for a given & € #(U), one can show that o} — oy for N — oo for any

t, where o is the solution to

d

G | ewant = [ o dnw. o0 -0

U

A result of well-posedness of such equation for special choices of U is obtained for instance
in [6]. In contrast with finite strategy spaces, where the notion of equilibrium is well
understood and studied [19, B3], the situation of games with infinite strategies has been
missing for a long time a general theory due to the technical and conceptual difficulties
stemming from understanding which notion of distance between probability measures was
the most suitable to use [26]. Our approach uses the classical transport distances, and the
general frame of evolution problems in the class of probability measures, see for instance
[2] for a systematic treatment of this topic; see also [I1], 28] for recent contributions. Some
results of asymptotic behavior and the stability of solutions are given in [0].



1.4 Spatially inhomogeneous replicator dynamics

In this paper, differently from spatially homogenous dynamical games, we assume that the
population of players is distributed over a position space and that they are each endowed
with probability distributions of strategies, which they draw at random to evolve their
positions. The positions of the players are assumed to be in the d-dimensional Euclidean
space R? and the pure strategies v are in a compact metric space U; a probability measure
o € Z(U) denotes a mixed strategy.

With these definitions, the space of pairs of positions and mixed strategies is C' == R% x
P(U), whose elements are pairs y =(x,0) describing the state of a player. The system will
be described by the evolution of a measure ¥ € 2(C) = Z(R% x 2(U)) on our state space,
which represents a distribution of players with strategies. Notice that such a measure ¥ well
describes the superposition of players with different strategies that at some time occupy the
same position.

Omitting for the time being the temporal variable, we proceed to the description of the
dynamics of the pair y := (z,0) € C. The player 2 moves with a velocity which is obtained
by averaging over all the strategies a suitable function e: R% x U — R%, namely

;t:/e(:v,u)da(u). (1.3)
U

For instance, in the simplest case when e(x,u) = u and the set of strategies U consists of
a finite subset of R?, this “mean velocity” dynamics can be thought of as the outcome of
a faster time scale. For convenience, it is useful to see the right-hand side of as the
result of a map a: C — R?, by means of defining

a(y) = a(x,0) = /Ue(x,u) do(u). (1.4)

Notice that a depends linearly on ¢. In order to write the evolution law for the strategies we
will assume that it is driven by an interaction mechanism, which depends only on the state
of the system (position and strategies) and does not distinguish two players occupying the
same place with the same instantaneous strategy distribution. Thus we consider a Lipschitz
function

J:RIxU)? =R (1.5)

and we define an interaction potential
A: Z2(C)xC — C(U), (X,y) = Asy, (1.6)

by setting (notice that the integrals make sense, under suitable moment assumptions on X,
since J has at most linear growth)

Asy = As (2,0 (1) ::/ / J(z,u, 2" v ) do’ (u) dX(2', o)
CcJU

—/U/C/UJ(x,w,x’,u’)da’(u’)dE(ﬂU/,U,)dU(w)-

5

(1.7)



The evolution law for the mixed strategies of the player at x is again according to a replicator
dynamics similar to the ones mentioned above, and it can be written as

(5’ = AE,(I,O’) g. (18)

The interaction potential A has here the following simple interpretation: J(x,u,z’,u’)
represents the contribution to the payoff that the player x gets from the pure strategy u
assuming that the player x’ acts with pure strategy u/. When player 2’ acts with mixed
strategy o', we obtain

J(x,u,2’,0") ::/ J(z,u, 2’ u') do’ (u). (1.9)
U
Therefore, the full payoff of x given the pure strategy u is
/ J(x,u, 2’ 0")dS (2, o), (1.10)
C

corresponding to the first integral in . The second term is the integral of this quantity
with respect to o, thus the payoff expected by z from the mixed strategy o, given the full
distribution .

We remark that the dependence of the payoff in on the full strategy ¢’ of 2/, which
may imply a certain level of anticipation, is made for the sake of generality: in practical
situations J may only depend on a marginal of ¢/, and the strength of the interaction
between players may be influenced by their distance |z — 2’| through the function J. From
another point of view, this full dependence (as the expectations of the players on the future
in the mean field games theory, see [12] and the short discussion in Section could emerge
from a repetition of the evolutionary game, see [9] for a contribution in this direction in the
spatially homogeneous case.

Putting together and , we can write the evolution for y as

y=(z,0)= (a(x,a),Az,(xvg) o) =: by (y), (1.11)

which can be interpreted as an ODE in the convex set C. The theory of ODEs in Banach
spaces (see Appendices|A|and [B} or [I3], Partie II], [16, Chapter X] for classical monographs
on this topic) will be a useful tool in the study of the well posedness of , the existence,
uniqueness, and stability of its solutions, and their properties.

In order to do so, we embed C in the Banach space Y := R? x F(U), where F(U) =

span(z@(U))”.HBL and the closure is taken in the dual space (Lip(U))" with respect to the
dual norm (also called bounded Lipschitz norm)

14]lsL = sup {{¢, ) : ¢ € Lip(U), llelluip < 1}, (1.12)
where || - ||rip is the Lipschitz norm in (2.4)) below. Notice that F'(U) C (Lip(U))’, and that
(Y, Illv), with |lylly = ||(z,0)|ly = |z| + ||o|/BL, is a separable Banach space. The space

F(U) defined above, known in the literature as the Arens-Eells space [5], is isometric to the
!/

predual of Lip(U), see [3, [32] for more details also on the space (Lip(U))".



1.5 Formal derivation of a nonlinear master equation

We fix a time interval [0, T], a time step h = T//N and an initial datum ¥ € 2(R% x 2(U)),
assuming for simplicity that the first marginal of 3 is compactly supported. Recalling the
notation C' = R%x 2 (U) and its natural structure of convex set, we build a discrete solution

My € 2(C([0,T};C))

concentrated on paths (z(t),o(t)): [0,7] — C, which are piecewise affine (in the N inter-
vals). We denote ¥, = (evy)4 My, where evy: C([0,T];C) — C defined by evy(z,0) =
(z(t),o(t)). In particular, (evg)x My, = ¥ is the given initial condition.

The heuristic idea is the following: If the player at time ¢t = ih, for i € {0,...,N}, is in
the position Z, with mixed strategy represented by the probability measure &, first they
upgrade their belief on the probability replacing & by

o =1+ hAs, (26)) 0

Then, they move to the next position T + he(Z,u) choosing u with probability ' and
carrying the same probability &’ to the new position. The probability measure M), takes
all the future stochastic realizations into account. In more formal terms, the conditional
probability relative to My|jg 4p) of (x(t + h),o(t + h)), given the information that at time
t one has (z,0)(t) = (z,5), is ((Z + he(Z,-))#0’) x d5. By iterating this process N times
one can build M}, on the whole time interval [0,7] (alternatively, one can view this as a
Markov process with the above defined transition probabilities and build first a measure
Nj, in 2(C)N+L, then Mj, by associating to N + 1 points in £2(C) a piecewise affine path
in [0,77).

Under boundedness assumptions on the field e: R?xU — R? and on the interaction potential
A, it turns out that M), is concentrated on paths (z(t),o(t)) satisfying the equi-Lipschitz

property
|z(s) —z(t)| < L|s —t|, |lo(s) —o(t)|Br < L|s —t], forall0<s<t<T, (1.13)
with L = L(e, J,U) > 0.
Given now a bounded test function ®: Y — R of class C! (in the Fréchet sense) with
respect to the || - |y norm, let us write a discrete continuity equation associated to 3, the
marginals of M}, in the sense X, = (evy)4Mj,. For t =ih, 0 <i < N — 1, one has
[ #@.0)d(Einn ~ S0

= /[(D(x(t +h),o(t+ h)) — (x(t), o(t)] dMp(z(),0())

= /[‘I’(w(t +h), (L4 hAs, , o@).0m)o(t) — (2(t), 0(t))] dMp(x(-), ()

~ h/D‘P(ﬂf(t),J(t)) (a(@(t),0(t), As, , w(t). oty (1) AMp(2(), ()

—h / D®(z,0) by, , (2,0) dZep(z, o),

7



where by, is given by , and we used the chain rule for Fréchet differentiation.
Recalling from that M}, is concentrated on equi-Lipschitz paths t — (z(t),0(t)), the
family {M},: h = T/N, N > 1} is weakly compact in the space Z(C([0,T];C)) and by
Prokhorov theorem it has limits points as h — 0. Any limit point M is concentrated on
Lipschitz paths satisfying and this construction builds a continuous map : [0,7] —
C by ¢ == (evy)4 M, satisfying the equation

8t§]t + diV(bZt Et) = 0, (114)

in the weak sense of ([3.15]) below, with 3 as initial condition. In the following, we explore
notions of solutions to (|1.14) and conditions for their existence and uniqueness, starting
from the corresponding finite agents model.

1.6 Comparison with mean-field games

The master equation is a novel model of spatially non-homogenous evolutive games,
which fuses mean-field theory, optimal transport, and replicator dynamics from evolution-
ary game theory. There are other approaches towards modeling spatially non-homogenous
games of a large population of indistinguishable agents. Perhaps the most prominent is the
so-called theory of mean-field games. This class of problems was considered in the economics
literature by Boyan Jovanovic and Robert W. Rosenthal [23], in the engineering literature
by Peter E. Caines, Minyi Huang, and Roland P. Malhamé [21], 22], and independently and
around the same time by the mathematicians Jean-Michel Lasry and Pierre-Louis Lions [24].

In continuous time a mean-field game is typically composed of a Hamilton-Jacobi-Bellman
equation for the optimal control problem of an individual, and a forward Fokker-Planck-
Kolmogorov equation for the dynamics of the aggregate distribution of agents. Under fairly
general assumptions, it can be proven that a mean-field game is the limit as N — oo of a
N-player Nash equilibrium. In particular, one can consider the stochastic evolution of NV
players dictated by equations

dX; = uidt +v2vdB;, i=1,...,N, (1.15)

where Xé are independently drawn at random according to a probability distribution
po € P2(RY), B! are independent d-dimensional Brownian motions, and v > 0 is a noise
parameter, so that the limiting case v = 0 corresponds to the so-called first-order games.
The player i can choose a strategy u’ adapted to the filtration

Fe=o0(X],Bl:s<t j=1,...,N). (1.16)
The payoff of player i is given by

T
JNW!, .. uN)=E /0 Q]ut‘2+F(Xt,N_125Xg)dt. (1.17)



The solution of the N-player game is the suitable minimization of ((1.17)) under the con-
straints (1.15) for all @ = 1,..., N. Hence, the appropriate notion of solution may be

precisely the Nash equilibrium, i.e., a configuration of strategies (u*!,...,u*") such that
JN (st ut Ny < TNt e T e at T L at Y, for all u,
for all i = 1,..., N. The computation of such equilibria becomes intractable already for a

moderate number N of players. However, for N very large a mean-field approximation for
N — oo may help to obtain approximate Nash equilibria. In particular for N — oo one
can approximate the empirical distribution M{V = % Zf\il 1) Xi supported on realizations of
by the solution of the forward Fokker-Planck-Kolmogorov equation

Oip — vAp~+ div(up) = 0, (1.18)

for an appropriate control function u(¢,z). For a given time-dependent distribution fi,
the corresponding payoff functional would be given by

() = /OT /R <;|u(t,x)]2 +F(m,ﬂt)) dpndt. (1.19)

The solution of the mean-field game comes from the minimization of ((1.19) under the PDE
constraints (1.18) and the fixed point condition u; = fi;, and these yield the mean-field
game system

1
~Oip —vAY + S |VU [ = F(a, ),
Ope — vAp — div(Vypu) =0,

(1.20)

with appropriate inital and terminal conditions. The choice u(t,z) = —V(t,z) yields
nearly optimal strategies to be inserted in by posing u} = u(t, X}). Several comments
about differences between our spatially non homogeneous evolutionary game and mean-field
games are in order:

e Mean-field games are intimately linked to the theory of (stochastic) mean-field control
and as such are global-in-time optimizations: in other words, one has to forecast
the future behavior of the agents in order to be able to solve the game and this is
mathematically expressed by the need of simultaneously solving a backward-in-time
evolution to compute the optimal strategy. Our model is a simple forward-in-time
evolution according to the master equation in a continuous local-in-time search
for pairwise-game equilibria.

e Mean-field games are built around the concept of Nash equilibrium for non-cooperative
games, one of the notion of solutions considered in evolutionary game theory, which
also aims at reaching different situations.

e Well-posedness of the mean-field game system ([1.20]) has been shown for special choices
of costs F, the so-called potential games [24]. Accordingly, the numerical solution of
the mean-field game system, see also, e.g., [I] for alternative approaches, could be



based on the iterative solution of backward-forward system by means of individual
solvers for the two equations: starting from a given initial trajectory ¢ — ugo), one

iterates the numerical solution for n =0,1,2,...

—0) — v AY™ + LTI = F(a, 5™),
1 n2 1 (1.21)
Ayt — pAp D — div(Vyp) p (1)) = 0,
where (" = % Yoy 1 and with appropriate initial and terminal conditions. This

iterative procedure, also called learning or fictitious play in [12] provides a justifica-
tion to the “knowledge about the future” incorporated in the model, and is shown
to converge, at least for potential games. For our model, we will prove that the
well-posedness (existence, stability, and uniqueness) of the master equation is
ensured under Lipschitz assumptions on the function e in ((1.4) and on our pairwise-
game payoff function J defined in (L.5)). In addition, the formal derivation of the
master equation as in Section provides already a rather clear path towards
a time marching numerical solution.

2 Measure theoretic preliminaries

Before exploring notions of solutions to and conditions for their existence and unique-
ness, we make more precise the functional setting where the evolutions governed by
take place. We use here differential and Bochner calculus in separable Banach spaces and
we refer to the Appendix [A] for some related basic notions and results.

2.1 Notation and distances in the space of measures

If (X,dx) is a metric space, we denote by .#(X) the space of signed Borel measures in X
with finite total variation, by .Z, (X), &(X) the convex subsets of nonnegative measures
and probability measures respectively. For o € #(X), |o| € #4+(X) denotes the total
variation measure of o (see also below). We shall also use the notation .#y(X) for
the subset of measures with 0 mean; we shall use the identity R(Z(X) — (X)) = #,(X)
(in the sense of Minkowski sums) provided by the Hahn decomposition theorem for signed
measures.

For a Lipschitz function f: X — R we denote by

() — 1f(z) = )l
L1p(f) = Iszi%/)x dx (7.9)

the Lipschitz constant and denote by Lip,(X) the space of bounded Lipschitz functions.
Given p € A (X) and f: X — Y, with f p-measurable, we shall denote by fupu € AL (Y)
the push-forward measure, having the same mass as y and defined by fuu(B) = u(f~1(B))
for any Borel set B C Y (when p € &£(X), in probability theory it is also named law of f
under p); we shall also often use the change of variables formula

/Ygdf#u=/xg<>fdu

10



whenever either one of the integrals makes sense.

In a complete and separable metric space (X, dx ), we shall use the Kantorovich-Rubinstein
(possibly infinite) distance Wi (u,v) in the class &2(X); thanks to Kantorovich duality, the
definition

Wi, v) = sup{/ sodu—/ pdv: ¢ € Lip,(X), Lip(p) < 1}
X X

is equivalent to the one

Wi (p,v) = inf {/XXX dx(z,y) dll(z,y): II(A x X) = p(A4), II(X x B) = I/(B)}

involving couplings II of p and v, but we shall mostly be working with the first one. Notice
that Wi (u,v) is finite if u, v belong to the space

P1(X) = {,u e Z(X): /XdX(x,a_c) dp(x) < 400 for some T € X} (2.1)

and that (21(X), W) is complete if (X,dx) is complete. Recall also that the convergence
of up € Z1(X) to p € F1(X) with respect to the distance Wi is equivalent to weak con-
vergence in the duality with bounded Lipschitz functions plus convergence of first moments
[2], namely [, dx(-,Z)dup = [y dx(-,Z)dp for all 7 € X.

We also need a C% variant of Kantorovich duality, valid in separable Banach spaces, stated
below.

Lemma 2.1 (C! duality). For any separable Banach space Y one has that

des (p, v) = du— [ ¢d
cr (V) ¢€Sc?<)y></y¢” /YqbV>

Lip(¢)<1
defines a distance in A (Y'), which coincides with W1 when restricted to 21(Y).

Proof. Symmetry and triangle inequality are obvious. To prove the non-degeneracy, notice
that any cylindrical function ¢(y) = ¥ ({(y,2}), ..., (y,z})), with ¢: R? — R bounded, con-
tinuously differentiable, and Lipschitz and z§ €Y' isa Ci function on Y and, after suitable
rescaling, satisfies Lip(¢) < 1. If two measures yu, v have vanishing dgi-distance, then nec-
essarily they must coincide on the o-algebra generated by such cylindrical functions. From
[34, Lemma at pag. 131-132], since Y is separable there exists a sequence (z});cy in the unit
ball of Y/ with

lylly = sup(y, z;) = sup Ur((y, %)),  forally €Y, (2.2)
i i,
where ¥ (r) = ktanh(r/k).
Hence, balls and then open sets belong to the o-algebra generated by cylindrical functions.

It follows that this o-algebra coincides with the Borel o-algebra and p = v.

11



The proof of the final statement requires a slight refinement of the previous argument. Let
p, v € 21(Y) and for every a > 0 let us set L, == {¢ € Lip,(Y) : supy |¢| < a,Lip(¢) < 1}.
We consider the subset G, of functions ¢ € £, such that

[ odn= [ odv < dorur).

By definition of dgi, G, contains L, N Cé(Y); we want to show that G, coincides with
Lqy. Since G, is closed with respect to pointwise convergence, it is sufficient to prove that
Go =Ly N CL(Y) coincides with £,. Notice that the topology of pointwise convergence in
L, is metrizable: it is sufficient to select a countable dense subset (y;);en of Y and consider
the distance

de, (6, 9) : 22 No(yi) — (wi)l-

By approximating the convex function Sy(r) :=r  VraV---Vry, r = (r1,...,ry) € RY
by convolution with a symmetric, nonnegative mollifier k € COO (RN) ), [k=1,

Snu(r) =hN [ Sy(r—s)k(hs)ds, heN,
RN

we obtain an increasing sequence of smooth functions converging to Sy as h — oo, and
satisfying

In(r) < Sna(r) < Sn(r), SN n(r) = Snp(r)] < sup |ry — 17l
1<n<N
where In(r) == =Sy(—r) = r1 Arg A--- Ary. It follows that if ¢q,..., 0N € G, then

Yy, = Snn(1,...,¢¥N) belongs to G, and therefore also 1 = 1 V g V - - V 1n belongs
to G,. The same property holds for the infimum and extends to a countable family of
functions.

By using the representation ([2.2) it is then easy to check that any functions of the form
y > —aV (b+ |ly — yoll) A a belongs to G,. Since every f € L, can be expressed as

fly)= nf —aVv(f)+lly-yIhAa VyeY
TAS )

for any dense and countable subset Y of Y, we conclude. O

From now on we fix a compact metric space U with a distance d. The space .# (U), when
endowed with the total variation norm

- sup{/ pdo e CU),|g| < 1}
U

has the structure of Banach space, isometrically isomorphic to the dual of C(U). We will
also use the representation formulas

lolry = [ol(T) = sup { [ wdo: o) ol < 1}, (2.3)
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where By (U) denotes the class of bounded Borel functions ¢: U — R.
Mixed strategies can be interpreted as Borel probability measures in U. The set of Borel
probability measures &?(U) is a convex and weakly* closed subset of .# (U), corresponding
to the class of nondecreasing linear functionals L: C(U) — R with L(1) = 1 in the dual
representation of .#(U). On the other hand, &(U) can also be realized as a compact
convex set of another Banach space, the dual (Lip(U))" of Lip(U): the norm in Lip(U) is
given by

I ltip == sup ()] + Lip(¢) (2.4)

ucelU

so that, for ¢ € (Lip(U)),
1€]lBL, := sup { (£, ¢) : € Lip(U), [llluip < 1}.
For later use, let us record the property

e llLip < ll@lLipllelLip, (2.5)

for all ¢, € Lip(U).
Actually, while the linear structure we need forces us to go beyond & (U), for our purposes
it will be more convenient to work in a closed subspace of (Lip(U))’, namely

F(U) = span(2(0)) ™" ¢ (Lip(U))"
This space, also called Arens-Eells space in the literature, is a separable Banach space
containing . (U).
Notice that, for a measure v € .#,(U), the BL norm is equivalent to the norm induced by

the dual formulation of the 1-Wasserstein distance: in fact for every 1-Lipschitz function
p: U — R and for every xg € U we have

[ v = [ (el@) = ptan)) avta) < ol (sup dlaz0) + 1).

so that, with Dy := min max d(xg,z1) < diam(U), one has
zoeU z1€U

vlon < sup{ [ pav: Lin(e) <1} < (04 Do)l
U
In particular, when v = p; — po with uy, pe € Z(U), Kantorovich duality gives

|1 — p2llBr, < Wi(p1, p2) < (1+ Dy)llpa — pellBr- (2.6)
We summarize the previous discussion in the following list of properties:
(i) (A (U),| - |lrv) is a Banach space continuously imbedded in (F(U), | - ||sL) with

lvlsL < |lv|Tv, for every v € . (U). (2.7)
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(ii) Z(U) is a weakly* and closed convex set of .#(U), endowed with the total variation
norm; it is also compact in F(U). Thanks to (2.6) and to the fact that Wi metrizes
the weak™ convergence in & (U), the BL norm induces the weak* topology in Z(U).

(iii) For every p1, ue € P(U), besides (2.6) and (2.7)) with v = p1 — pe, we have

Wi (1, p2) < Dyllpn — pellTv. (2.8)

2.2 Differentiable curves in the space of measures

Let us now consider two curves t — o, € Z(U), and t — 1, € F(U), t € [0,T]. We will
assume that ¢ and v are continuous with respect to the B norm and we want to give a
meaning to the differential equation

d
@O’t = Vg, S [O,T] (29)

It is easy to check that the classical formulation of (2.9) as an ODE in the Banach space
F(U) is equivalent to the weak formulation of (2.9)), that reads as

t
/ pdoy — / pdos = / (Vr, ) dT, for every ¢ € Lip(U), s, t € [0,T. (2.10)
U U s

Indeed, since v is continuous, the map
¢
tv—>Nt:/ v dr (2.11)
0

is of class C! and its derivative exists in the classical sense

=0, for every t € [0,T]. (2.12)

. 1
lim Hh(Nt+h —Ny) — 1
BL

h—0

From (2.10) it follows that

/ pdoy = / edog + (N, ), for every ¢ € Lip(U)
U U

and therefore the density of Lip(U) in C(U) implies oy = o¢ + N; for al t € [0,7]. In
particular (2.12)) gives that ¢t +— oy € F(U) is of class C! and that (2.9) holds in the classical

sense.

Remark 2.2 (Vector integral). Since v is continuous, the integral in (2.11) can be equiva-
lently defined as a Cauchy-Riemann integral or as a Bochner integral (see Section .

Let us now suppose that v takes its values in the smaller space .Z(U) C F(U) and that
the stronger condition

T
/ ill vy dt < +o0
0

14



is satisfied. Notice that the TV norm is lower semicontinuous with respect to the BL
topology, so that the map ¢t — ||14]|Tv is lower semicontinuous and therefore Borel. From
the representation formula of oy it follows that

t
ot — osllrv = [N — Ns[[rv < / |vzllrvdr,  forall0<s<t<T, (2.13)
S
so that t — o, € .#(U) is absolutely continuous. In particular, if ||v¢||Tv € L*°(0,T), then

oy is a Lipschitz curve. Eventually, if v is even continuous with respect to the total variation
norm, then ¢ + oy € .# (U) is of class C!, namely

=0, for every t € [0,T]. (2.14)
TV

lim

1
h—0

E(Utm —0y) — 1

2.3 ODE'’s in the space of measures

Let us now consider the case when the right hand side 4 in is given by a time dependent
family of operators A(t,o): [0,T] x Z(U) — F(U), not necessarily linear with respect to
o; we assume that A is a continuous map when both &(U) and F(U) are endowed with
the BL topologies. Then, we are considering the ODE

d

aO't = A(t, O't), t e [0, T], (215)

in F(U). Initially, one can also look for solutions o € C([0,T]; (Z(U), || - ||sL)) in the weak
sense of (2.10), namely

t
/ godo’t/ pdos = / (A(1,07), ) dr, for every ¢ € Lip(U),0 < s <t <T. (2.16)
U U s

But, since A is continuous, we deduce from the previous discussion that ¢t — oy € F(U) is
of class C!, therefore (2.15) holds in the classical pointwise sense at every t € [0, T):

=0, for all ¢t € [0, 7). (2.17)
BL

lim

1
h—0

E(UtJrh —o1) — A(t, 0¢)

If moreover A maps [0,7] x Z(U) to the smaller space .#(U) and we know that

sup || A(t, o1) |l ry < +o0
te[0,7)

then we deduce that the curve t — oy is Lipschitz with respect to the total variation norm.
Finally, if A: [0,T] x Z#(U) — .# (U) is continuous when the target space is endowed with
respect to the total variation norm, (2.17) improves to

=0, for all t € [0,77]. (2.18)
TV

lim

1
h—0

E(Ut+h — o) — Alt, o)
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3 Finite agent model

3.1 1l-average-player evolution

In order to explain how to apply the previous discussion to our model, let us first consider the
simplest, and somehow degenerate, case of a single player. Recalling the formal derivation of
our model in Section this case should be considered as a limit of an evolution process,
when all the players (whose total mass is conventionally normalized to 1) are initially
concentrated in the same initial place  with the same initial distribution & of strategies.
The evolution is then given by a moving point y; = (z¢,0¢) € R? x 2(U) and % is just the
Dirac mass concentrated at 1;. Then y satisfies the differential equation

iy = a(zy, 00) = /Ue(xt,u) dot(u),
3.1
op = (/UJ(xt,-,xt,u’)dat(u’)—/UXU J(xt,w,xt,u’)dat(u’)dat(w))at, o

where we denoted by e: R? x U — R? the velocity field driving the motion of the player
according to the choice of a strategy w. This can be interpreted as a differential equation
in the phase space C = R? x 2(U) C Y = R? x F(U) of the form

Yt = b(yt) (3.2)

where b is the vector field
bz, o) = ( /U e(,u) dor(u), ( /U Iz, 20y do () — /U @) o) da(w))a).

The 1-average-player evolution thus reproduces the mechanism of a replicator equation
influenced by a vector parameter x, whose dynamics is in turn affected by the evolving
strategy distribution. As we will see in the next more general cases, the particular structure
of the vector field b satisfies the structural assumptions of the main existence Theorem
and the second component o; of the curve y; will be differentiable even with respect to the
total variation norm.

3.2 N-average-player system

In the case of N players, we have to follow the evolution of N points y;+ = (zit,0i¢),
it =1,...,N. It is useful to introduce the interaction field f: C x C — Y between two
players (as usual, a player is identified by the position z and a mixed strategy o): we can
write f as a pair (fs, fy) where f,: O xC — R%and f,: CxC — F(U); the first component
is in fact independent of the interaction and can be written as

fe(y, ) = fuo(z, 0,2 0") = a(x,0) = / e(z,u)do(u), (3.3)

U
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whereas the second component f, is given by
fa(ya yl) :fU(x7 g, xlv UI)

::(/UJ(:U,~,:U’,u’) dal(ul)—/UXUJ(:E,w,x’,u’)da'(u’)dcr(w))a. (34)

The system

Ty = a(wig, 050) = / (w4, u) doj ¢(u),
U

N
. 1
Tit = <NZ (/ J(@ig, - xjg,u') doje(u) —/ I (@i, w, zjp, ') doj(u) d(fz',t(w))>ffv:,t:
o Ju U
can be rewritten in the compact form

1 N

Uit = > F Wi yja)- (3.5)

Jj=1

We will see in the next section that such a problem always admits a unique solution,
whenever f satisfies the following two conditions:

(i) f is Lipschitz from C' x C' to Y when Y is endowed with the product norm induced
by the Euclidean norm in R¢ and the BL norm in F(U) and the convex subset C' is
endowed with the distance induced by the inclusion in R? x F(U);

(ii) for every R > 0 there exists a constant # > 0 such that for every z, 2’ € Bg(0) C R?
and 0,0’ € Z(U)
o+ 0f,(z,0,2',0") € 2(U). (3.6)

This last condition is needed to have condition (B.2]) in Theorem fulfilled.

The above conditions are surely satisfied if the function .J is Lipschitz in (R? x U)2.
Notice that (3.5)) admits an equivalent formulation by introducing the time-dependent dis-
tribution ¥ = - ZZ]\LI by, € Z(X) and the associated vector field

N N
1
bng (y) = ben (t,y) = /Yf(y,y/) dEiV(y’) - N ZZf(%%,t)- (3.7)
i=1 i=1
Such a vector field induces a family Yy~ (t,s,:): C — C, for 0 < s <t < T, of transition

operators (also called flow map) associated to the initial value problem

Ur = by (7, yr), Ys = Y, (3.8)

namely Y (t,s,y) = ys.
Therefore (3.5)) reads as

Yir = Y (t,5,0is), sothat BN = Y (t,s,) 42N, for every 0 <s <t <T. (3.9)
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We conclude this section by further elaborating the expressions above. By a suitable ex-
change of integrals, we rewrite the following equation with the equivalent notation

N
) 1
Git :(N Z (/U J(@ig, xjp,u’)doj(u') — /U><U J(@ip,w,mjp,u) daj,t(u')daiyt(w))>ai7t,

Jj=1

:(/ (/ J(xig, -2’ u') do’ (u) —/ J(@ig,w, 2’ ) da’(u’)dai,t(w))dZiV(:c’,a’))ai’t
c NJu UxU
=<J*Eiv(ffi,tw) —/ T B (i, w) dUz‘,t(w)>0’i,t»

U

where in the sequel we shall use the compact notation

Jx Az, u) = /O/UJ(a;,u,x',u’)da'(u’)dA(x',a’) (3.10)
for A € 2(C).

3.3 Distributed players system: Eulerian and Lagrangian solutions

The general problem associated to an arbitrary initial distribution of players ¥ € 22(C)
can be described as follows. Recall that we are endowing C' with the distance

do(y1,y2) = |71 — 22| + ||o1 — 02| BL, yi = (i, 04). (3.11)

First of all, in order to take care of the lack of compactness of R?, the first factor of C, we
assume that the first moment of the first marginal of ¥ is finite:

/ 2] dS(z, 0) = My < +o0. (3.12)
C

Since U is compact, (3.12)) holds if and only if & € £21(C), with 2, (C) defined as in (2.1)).
We observe that for every continuous curve ¢t € [0, 7] — ¥; € Z71(C) it is possible to define
a time dependent vector field

bs(t, ) = bs, (y / ) Ao (3.13)

with f = (fz, fs) as in ., . Since f(y,-) is continuous with linear growth and
¥ € 21(C), the integral above can be interpreted as a Bochner integral, see Section
We can then associate to by, the transition maps Yx(¢,s,y) induced by ODE in YV

Ue =0z, (y),  ys=v. (3.14)
A solution y = (z,0) to (3.14]) satisfies, with the notation (3.10]),

( a(wy, 00) = / e(wt, u) dog(u),
< T, ') do’ () — /U ) 4o’ (u' o () dZt(x',a')>at,
(J*Et 0,) /UJ*Et(a:t,w) dat(w))at
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and the existence of a solution to follows again by Theorem see Theorem
under the structural properties assumed in Section below.

Whenever we have at our disposal the flow map Yy, the transported measures 5 =
Y (t,0,-) 4% solve an infinite-dimensional continuity equation driven by the vector field by,

given by (3.13]), namely (in integral form)

/ o(t,y) dSa(y) — / $(0, ) dS(y)
© © (3.15)

= [ [ (@bt + [ Dot )7 a5.0) aSitas

for every ¢ € C{([0,7] x Y). Indeed, using the change of variables formula for the push-
forward measure, the chain rule, and once more the change of variables formula, one has

jt/caﬁ(t,y)dit(y) Z/C((;t¢(t,Yg(t,O,z)) d%(z)

= [ (090t ¥(8.0.2))+ Do(t, V(8.0 2)) b, (Y5(1.0.)))) 4S(2)
= [ (00(t.9) + Dt 9) b, () a1(0)
—/ (&aqb(t, 0) +/ D¢(t,y)(f(y,y’))d2t(y’)) dX¢(y).

C C

Formula (3.15]) follows now by integration in time.
We look for an evolving distribution 3 which is self-transported by the generated vector
field by, so that 3 = X. These facts motivate the following definition.

Definition 3.1 (Lagrangian and Eulerian solutions). Let ¥ € C°([0,T]; (221(C), W1)) and
Y € P1(0). We say that ¥ is an Eulerian solution of the initial value problem for the
master equation starting from ¥ if L9 = X and holds with ¥ = ©. We say that % is
a Lagrangian solution starting from % if

Y =Yx(t,0,- )42 for every 0 <t <T, (3.16)
where Yx(t,s,y) are the transition maps associated to the ODE (3.14]).

The Lagrangian notion of solution given by the transport identity is rather standard
and accepted in the literature of multi-agent systems and mean-field equations. One can
see, for instance, the notion of solution given in [II, Definition 3.3]. On the other hand,
as in fluid mechanics, when looking at the evolution of spatially averaged quantities it is
also important to derive an alternative Eulerian description in terms of a PDE, in our case
(13.15).

We shall first address the problem of existence and uniqueness of Lagrangian solutions.
Given that, as we illustrated above, Lagrangian solutions are Fulerian, this settles the exis-
tence problem also for Eulerian solutions. The uniqueness of Eulerian solutions is technically
harder, and it will be dealt with in Section
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Theorem 3.2. Suppose that J: (R?xU)? = R and e: R¢x U — R are Lipschitz maps and
let f: C xC —Y be defined as in , . Then, for every 3 € P1(C), there exists a
unique Lagrangian solution ¥ and its flow map Yx(t,s,y) = (zc(t, s,y),0(t, s,y)) satisfies
the additional regularity property that o (-, s,y) is of class C* with values in (A4 (U), |- |l7v),
with

Lip(o(,5,9), (A (U), | - 7)) < Lydiam(U). (3.17)

Moreover, there exists L > 0 such that for every pair X!, i = 1, 2, of initial data in P1(C),
the corresponding solutions ¥} satisfy

Wi(S), %7 < ety (2t 22, for every t € [0,T]. (3.18)

The proof of Theorem [3.2] will be given in Section &} it does not depend on the particular
structure of f and J, but relies on their Lipschitz property, the convexity of C, and the
Banach framework. Notice that comes immediately from and the definition of
the F'(U)-component (bs,)s(y) = [y fo(y,y') dE(y') of by, by using the estimate

J

which, thanks to the uniformity with respect to y' = (2/,0’), gives that ||(bg,)s|l7v <

Ljdiam(U). Then, thanks to the discussion in Section we obtain also C! regularity
with respect to the total variation norm.

/ J(z,u, 2’ u') do’ (u') / J(z,w, 2’ u") do’ (v )do(w)| do(u) < Lydiam(U)
U UxU

3.4 Structural properties of the interaction term f

Recall that C' = RY x 2(U) is a closed and convex subset of Y = R? x F(U). We shall
denote in the sequel by L. and L; the Lipschitz constants of e and J respectively.

Remark 3.3. We endow C' x C with the distance induced by the norm in'Y XY

(v, w2)|l = lly1llBL + ly2||BL-

With this choice, a function is L-Lipschitz if (and only if) it is L-Lipschitz separately in
the components, that is, if for every y, y1, y2 € C' one has

1 (y1,9) = f(y2,9)ll < Lllyr — y2llBL, 1 (s 91) = f(y,w2)ll < Lllys —2lsL (3.19)

then

1 f(y1,y2) — W, va)l < L(llys — villsL + ly2 — vhllBL) = LIl (v, v2) — (W1, 95)[l. (3.20)

For y = (z,0) € C and ¥ € 2(C), let bx(y) = [, f(y,y')dE(y) as in (3.13)), where
f: C xC =Y is defined by

.y) = <a(y), ([ 16 ararwr= [ s da'(u’)da(w))a), (3.21)

20



with a(y) = a(z,0) = [, e(z,u) do(u) as in (T.4). We define a map j: R? x R x 2(U) —
Lip(U) by

(,2',0") v j(z,2!,0")(u) = /UJ(x,u,x',u’) do’ (u'). (3.22)

Notice that the map j(x,2’,0") depends linearly on o’. Moreover, recalling that ¢’ is a
probability measure, it is not difficult to see that

||j(l‘a$/70-,)”Lip(U) = Hj({l/‘,fE,,O',)HLoo )-}-Ll]_ﬁ)( (CC ' O )) < maX|J(:l:7'a:Ela )|+LJ dlam(U)

(3.23)
Lemma 3.4. Let 0 € Z(U) and let z € Lip(U). Then the following estimate holds
lzollsL < [lzllLipllollBL- (3.24)
Proof. 1t follows directly by (2.5) and by the definition ((1.12]) of the BL norm:
|zollBr = sup /U(U)Z(U) do(u) < ||z[|Lipllo]/BL- O
nlnllLip <1 JU

Proposition 3.5. The map f defined in (3.21)) is L-Lipschitz (in both variables), with L
depending only on Le, Ly, and diam(U), and satisfies the compatibility condition (see also

(4.2) below)

VR>030>0: vy, e€CnNBgr(0) = yx0f(y,y)eC. (3.25)

Proof. By Remark we can study the Lipschitz dependence of f separately with respect
to y and 3. Moreover, we can consider the Lipschitz dependence on z and o separately,
keeping the other variable frozen. Let us start with f,; since it does not depend on 3/, we
only study the Lipschitz dependence on y. We have

Felr) — Folynry >|—|a<y1>—a<y2|—\ / (1, u) dory (1) — / (2, ) doa ()

’/ e(z1,u)doy(u) — /(xl, )doa(u ‘/ e(zy,u)doa(u) — /(xg,u)dag(u)

(1+diamU)||o1 — o2||BL + Le|z1 — 22| < Le(1 + diam U)||y1 — y2l,

(3.26)

where we have used (2.8]). To study the Lipschitz dependence of f, on its variables, it is
convenient to do it for z, 2/, o, and o’ separately. The Lipschitz dependence on z is easy
to obtain, and it leads to

Hfg(l’l, g, y’) — fg(xg, g, y')HBL < 2LJ(1 + diam U)|£Cl — 1'2’. (327)
Similarly, one can prove that

1fo(y, 21,0") = foly, 25, 0")[BL < 2Ly(1 + diam U) |z} — 23]. (3.28)
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Let us consider the dependence on o. Using the map j(z,2’,0’) defined in (3.22)), we have
to estimate

HfU(‘T7O-17 ) fo—(.’E 02,Y ||BL—

(] (z, x a /Uj(a:,a:’,a')(v)dal(v)>
—Ug(jxx o) /Uj:rx o) dO’Q(’U))

BL (3.29)
< <ay—ag(j@axca®«>—jgj@axcavuodaxvn -
+ 01(/Uj(x,x/,a')(v) d(o9 — 01)(1))) . =T+ 1II.

Term I above can be estimated as follows

(o1 =o2)( [ (oo, = s o) (0) dra)

< Lj(1+diamU)||lo1 — o2||BL-

I =

BL (3.30)

To estimate 1, we use the definition of BL norm and the fact that o3 — o9 € #,(U)

II = sup Ln(u)(/{}j(w,x’,a’)(v) d(og — 01)(1))) doy(u)

n:[|nllLip<1

<

/Juxaxwa@—omm
t/uxxo ) — (2!, o) (w)] d(o2 — 01)(v)

S LJ diam UHUI — UQHBL.

Putting (3.30) and (3.31)) together, we can complete the estimate for (3.29)) and obtain

| fo(x,01,4") = fo(x,00,4)|IBL < 2L;(1 + diam U)||o1 — o2||BL- (3.32)

(3.31)

Using (3.24) and that ||o||pL < 1, let us now estimate
o(ite, D)) = [ e, o)) dolo)
U
~ (i o)) = [ i o) do(w)

< H](‘% xly Ull) - ](:L’, $l7 Ué)”LiP

/U (4(z, 2", 01)(v) = j(z,2',0%) (v)) do(v)

| fo(y, 2’ 01) — foly,2',09)||lBL =

BL (3.33)

=TI +1I.
Lip

+

To estimate I’, we use the definition (3.22)) of j(z,2’,¢’) and the fact that o} — o}, € #,(U)
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to obtain

= / J(z,- 2! ') do' (') — / (@, 2! ) doy(ud)
U U

= /J(x,-,x’,u')d(Ull—Ué)(“/)
U

Lip (3.34)
= /U (J(m, sl u') — J(, ',m/,vl)) d(oy — og)(u')

< LJ(l + diam U)HO’i — UéHBL-

Lip

The estimate of I’ follows in a similar way, so that we obtain
1fo(y, 2", 01) = fo(y. 7', 03) L < 2L,y (1 + diam U)||o} — o||pL- (3.35)
Putting (3.27)), (3.28)), (3.32)), and (3.35|) together, we obtain

1 fo(y1,y1) — fo(y2, v5)|IBL < 2L5(1 + diam U) ([lyr — ya| + |9} — v5l). (3.36)

which, together with gives the Lipschitz estimate on f.

Let us now discuss the compatibility conditions for the f defined in . It is clear
that the first component of y + 6 f(y,'), namely z + fa(y), belongs to R? for all # € R, so
that we are left with checking that the second component o + 0 f,(y,y’), namely

o+ 00(/ J(z, 2’ v )do' (') — / J(z,u, 2’ u) da'(u')da(u)), (3.37)
U UxU
belongs to F'(U). As a matter of fact, we will prove that (3.37) is an element of &(U), which

means that its integral over U is 1 and that it is positive. The proof that o + 0 f,(y,3") > 0
can be obtained via some manipulations and using the Lipschitz estimate on J. Indeed,

a+9fa(yay/):G<1+0(/UJ(:E,u,x',u')da’(u’)—/

UxU

_J<1+0/U(J(x,u,x’,u')—/UJ(x,w,:n’,u’)da(w)) da'(u’))

- g<1 n Q/UXU(J(:U,U,:E’,U') — J(z,w, 7)) da(w)da’(u’))

J(z,w, 2’ u') da'(u')da(w)))

> a<1 - QLJ/ dy (u, w) da'(u')) >o(1—60L;diamU),
U

which is nonnegative as soon as § < (LjdiamU)~!. By recalling that f,(y,y') € .#(U),
we obtain that o + 0 f,(y,y’) € 2(U). O
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4 Existence and uniqueness of Lagrangian solutions

4.1 Interaction systems in Banach spaces

Let us consider now a Banach space (Y, || - ||) with a closed convex set C' and a L-Lipschitz
map

f:CxC—=Y (4.1)

satisfying the compatibility condition
VR>030>0: ¢,/ €CnNBgr(0) = c+0f(cc)eC. (4.2)
Let us consider a continuous curve of measures 3 € C([0,T]; (£21(C), W7)). Recalling that
L& ) < 11 (con eo)ll + Lllle — coll + 1€ coll) (43)

where ¢q is an arbitrary point in C', we can define the time-dependent vector field by (t,-): C' —
Y by

bas(t, ¢) = bs, (¢) = /C Fle,d) ds(c), (4.4)

where the integral above can be interpreted in the strong sense, as a Bochner integral.
We are going to prove the following result, which provides (taking Proposition into
account) the proof of Theorem

Theorem 4.1. Given ¥ € 2,(C) there exists ¥ € CO([0,T]; (21(C),W1)) with Xg = 2
such that the family of transition maps Yx(t,s,-) in C associated to the ODE

g =bs(t,y), vys=vy, y€CY[s,T}Y), yr€C for everyt € [s,T] (4.5)
with the vector field by, given by satisfies
Ye=Yx(t,s, )42 for every 0 < s <t <T. (4.6)
In addition, one has the stability estimate
W1 (2, 2)) < 2EEW (2, 8)),  for every 0<s<t<T, (4.7)

for the solutions ¥, X! starting from X, X', where L is the Lipschitz constant of f.

4.2 Existence for the discrete problem

We first study the discrete problem for N particles evolving in Y, corresponding to the
evolution of a discrete (atomic) measure. This case could be simply seen as a byproduct of
the more general “diffuse” measure well-posedness result; however we include it both as a
guideline to introduce the more general case and also as a constructive approximation (for
N large, see also Remark below), which could be useful for the purpose of numerical
simulation. We consider the convex set C in YV with the norm

N
1
ylly~ ZZNZH%H’ y=(y,...,yn) €YV
=1
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We define the map f~ = (f,...,f¥): ¢¥ — YN by

1 N
Zf (iy;),  i=1,...,N. (4.8)
=1

.

We notice that f is Lipschitz, since

1N () = @)y < ZH]Z N

N

L

- N2 Z 1 is ) = £ 9 < 75 2 (s = will + llys = 951D
It i,j=1

< 2Ly —y'|ly~.

Let us now check that CV satisfies the invariance properties with respect to fV: if y € CN
with |ly|| < R then every component y; belongs to C' and ||y;|| < NR. By (4.2)) (applied to
the constant N R) we may find a constant § > 0 such that

vi +0f(yi,y;) € C for every i, 7,

so that the convexity of C yields

N
yi +0£N (y Z yi +0f (i, ;) € C.

By applying Theorem with C, YV we obtain the following result.

Corollary 4.2. For every y € CV, there exists a unique curve y: [0,+00) — O of class
C! such that

y(0) =y.
In particular, the family ¥y = ZN dy;, provides a solution to the existence part of

Theoremfor the initial datum ¥ = ~ ZN g, -

4.3 Stability estimates

Proposition 4.3 (Properties of b;). Let A, A" € C([0,T]; 21(C)), let by ,bpr be defined as
in (4.4) and let f: C x C =Y be L-Lipschitz. Then

(i) o)1 < 11.f (wo, yo) | + Llly = woll + L Jolly' — woll dAe(y’) for all yo € Y';
(i) [|ba(t, y) = ba(t, 2)|| < Lily — =[|;
(iii) [|ba(t,y) —ba(s,y)|| < LW1(A, As);
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(i) [[ba(t,y) — bar(t,y)|| < LW1i(Ag, AY);

(v) If there exists R > 0 such that Ay(C \ Bg(0)) = 0 for every t € [0,T), then for every
R > 0 there exists 0 > 0 such that

yel, |y <R, t€[0,T] = y+0bs(t,y)€C. (4.10)
Proof. Property (i) follows immediately from . To prove (ii), we notice that
Ioate.) = bate. )] = | [ (f(y,y’) - f(z,y'>) s < 2l - 21
Estimate (iii) is a simple computation
Ioatt) = ba(e)ll = | [ o/ = 20
= s [ G - a0w)

2e", ||zl <1
S LWl(Ata As)v

where we have used that the map v — (z, f(y,9’)) is L-Lipschitz. The proof of (iv) is
analogous.

Let us now consider the last statement (v); we may assume R > R and we can choose 6 > 0
such that holds. Therefore

v 0oalt) = [ (v+0£.9) dhuly) € C.

since C' is convex and closed, and A; is a probability measure. O

Corollary 4.4. Let A, A* € C([0,T]; 21(C)), let by, bp: be defined as in (&.4), yo €Y and
let f: C' x C =Y be L-Lipschitz. Then

(1) for every y € C and s € [0,T] there exists a unique solution yx = Ya(t,s,y) from
[5,T] to C of class C' of the Cauchy problem

Ur = ba (7, yr) = ba, (yr), Ys = U5 (4.11)

(ii) Ya(t,0,y) satisfies the estimate

1Y a(£,0,9) = woll < (ly — voll +tB(A.,50))e™ (4.12)
with
B ) = o)+ Lmax [l —wlahw) (@13

(i1i) Y (-,0,y) satisfies the estimate

”YA(tvay)_YA(tlvovy)H < |t_t/|[B(A7T7 y0)+L(Hy—y0H+TB(A7T7 yo))eLT]; (414)
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(iv) Ya(t,s,-) satisfies the estimate
IYA(t5,9) = Yaltos,g) <"y =y, 0<s<t<T; (4.15)

(v) more generally, Y a1, Y a2 satisfy the estimate for 0 < s <t <T:

t
1Y a1 (t, s,40) = Y e (t,s,9%)| < e[|yt —4?(|+ L / LTI (AL AZ) dr. (4.16)

Proof. Let us first assume that A and A’ are concentrated on a ball of radius R in Y. Then
statements (i) and (iv) immediately follow by Theorem thanks to the estimates of
Proposition [4.3]

The proof of (ii) is a computation: recalling (3.13)), Proposition [4.3|i) and the definition
of B(A,t,yo), the triangle inequality gives

IYa(t0,9) — ol <lly — ol + /0 b2, (u(s)) ] ds
(4.17)

t
<Ily - voll + tB(A, t,y0) + L /0 ly(s) — wol ds,

which yields (4.12)) by Gronwall’s inequality. Estimate (4.14)) follows from combining Propo-
sition [4.3(i) with estimate (4.12)), so that (iii) is proved.

Concerning (v), it is clearly sufficient to consider the case s = 0. Denoting by v, t € [0, 77,
the solutions to (4.11]) with respect to the fields bi = b A and the initial conditions ¢*, from

' = bi(y®) we have, by Proposition (ii) and (iv)
S
dt

which gives by a simple comparison argument

g —y2(t) < Ibi(y") = bf () + 116 (v°) — b7 (y*) | < Llly" — v + LW (A, A7),

t
ly*(t) = > @) < eIy — 2] + L/O MW (AL, A2) dr. (4.18)

The general case when A may have unbounded support can be obtained by approximation,
using once more Proposition since the estimates are independent of R. O

4.4 Contractivity and stability
We now fix 3 € 2,(C) and we consider the metric space
o = {A € C([0,T]; (21(C),W1)) : Ag = £}, (4.19)

complete when endowed with the usual sup distance (as a consequence of the completeness
of (21(C),W1)). We define a map 7: &/ — & in the following way: given A € &/
we first compute the flow map Ya(¢,s,-) associated to by and then we define the curve
T[A]: [0,T] — 21(C) by

TIAle = YA(t,0,) x5 (4.20)

It is immediate to check that 7 maps &/ to <.
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Lemma 4.5. For every A, A', A2 € o/ we have

WA(TIAL, TIAL) < |t 3| [B(A,T, y0)+L( Llv=wmllast)+ T, yo>)eLT] (1.21)

t
Wi (TIAY,, TIAZ)) < L / LTI (AL, A2) dr, (4.22)
0

where the constant B(A, T, yo) is defined in (4.13) fort ="T.

Proof. Estimate (4.21)) follows immediately from the definition of T[A] in (4.20), estimate
(4.14), and the fact that X is a probability measure. Estimate (4.22)) is a direct consequence

of , since
Wi(T A, T[A%):) S/CHYAl(t,O,y)—YA2(t,0,y)Hdi(y)

and ¥ is a probability measure. O

Corollary 4.6. The map T admits a unique fixed point, which provides the unique solution

¥ in Theorem [{1]

Proof. Let us fix a constant L' > 2L so that ¢ :== L/(L' — L) < 1 and let us consider the
equivalent distance in 7 given by

d(A, A = mex e LW (A, A).

Then, from (4.22) we immediately get

t
e FtW (TIAl, TIN)) < L / eL=EN=9) qs Wy (A, AL) Yt € [0,T],
0

so that our choice of L’ gives d(T[A], T[A']) < d(A,A). O

We can slightly modify the previous argument in order to derive a stability estimate of the
solution ¥; in terms of the initial datum .

Lemma 4.7. Let ¥, ¥2 be initial data in 21 (C) and let 3 be the corresponding solutions.
Then o
Wizl 2?) <P w (2L 2 v elo,T). (4.23)

Proof. Let us fix 0 < s <t < T and consider an optimal coupling II; between X! and ¥2,
so that using the fact that (YE1(t,8,y1),YZ2 (t, s,yQ))#Hs is a coupling between ¥} and

¥? we can write

Wl(zz}v E?) < /C CHYZl (tv 57y1) - YZQ(tv 87y2)H dHS(ylu y2)' (424)
X
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By (A.I6) we get

t
Wi(sh s <09 [yt — ALl ?) + L [ W (s S ar
CxC s
t
==y (2l 22 + L / L= (2L 52 dr.

Choosing t = s + h, this proves that the upper right derivative d/ds; of the map s
Wi (3L, ¥2) satisfies

d
—Wh(25,52) < 2LWi (2L, 52)
d8+
and therefore (X!, ¥2) < 25T (£, £2), which proves (4.23)). O

Remark 4.8 (Another existence proof). The following argument can provide an alternative
strategy to the construction a solution starting from the discrete solutions of the previous
section. In fact, one can use the contractivity to pass to the limit in the discrete problem.
Choose 7;(w) € C independent and identically distributed, with law ¥, so that the random
measures LV (w) = % Zfi 1 05,(w) almost surely converge in #1(C) to Y. We fix w such
that this happens, set g;(w) = §; and let y(t) = (y1(t),...,yn(t)) be the discrete evolution
starting from y(t) = (91,...,%n). Then, by contractivity, L = % Zfil dy,(+) converges
weakly, and it is not hard to prove that ¥; = limy_, Eiv provides a solution.

5 Uniqueness of Eulerian solutions

In this section we address the uniqueness of Eulerian solutions, according to (3.15)). Our
first proof uses a classical duality argument, adapted to the infinite-dimensional space of
measures and to the special structure

bx(t,c) = by, (c /fcc ) dX () (5.1)

of the vector field, with f = (f., f5) as in . - One of the advantages of the duality
proof is that it provides uniqueness in the larger class of signed measures; the drawback is
that, since we don’t have at our disposal the mollification schemes of the finite-dimensional
setting, we have to require C! regularity in place of Lipschitz regularity with respect to
the x variable of e and J. We use the special structure of the vector field, together with
, also to make use of the flow map Y (s,¢,x) backward in time, i.e. for times s < ¢;
indeed, yields that the abstract compatibility condition holds also for —b, whose
forward solutions correspond to backward solutions for b.

In this section we shall apply the abstract calculus tools of Sections and [B| with C =
R? x 2(U), E =Y = R% x F(U), the subspace Ec = Yo = R% x .#y(U) and its closure
Ec=RYx {0 € F{U):ao(l) =0}
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5.1 Uniqueness by duality

Theorem 5.1. Suppose that J: (R x U)? — R and e: R x U — R are Lipschitz maps,
with J(-,u,z’,u') of class C' for all (u,z’,u') € U x R? x U, and e(-,u) of class C' for
all w € U. Then, for all & € .#(C) with [ |z|d|S] < +oo, equation admits a
unique solution in the class of weakly continuous maps t € [0,T] — ¥y € A (C) with
sup; [o(1+ |z]) d[E] < 400 and B = 3.

Proof. Let us consider solutions X1, %2 of (3.15]) such that ¥} = 33 and fix h > 0. Let us

denote
R = {r:[0,h] = Cy(Y): r is Borel, r; € CH(Y), Lip(ry) < 1 for all t € [0, h},

with the usual notation r¢(y) = r(t,y).
The difference 3 := ¥} — ¥2 solves

%zt +div(bsy 3) = —div(b,X7) (5.2)

in the weak sense of (3.15), with by = by — by2. Let us stress that by has null first
component, since it is the difference of the vector fields by1 and by2 which have the same
first component (recall the notation (3.10])):

byi (z,0) = (/Ue(x,u)da(u),(J*z;'(g;,-)—/UJ*zg(x,u)da(u))cr), i=1,2.

By linearity of the second components with respect to X we obtain the representation

bi(z,0) = (o, (J*Zt(x,-)—/UJ*Et(x,u) da(u))o—>.

We consider a bounded solution g € C*([0, h] x C) of the backward transport equation with
velocity field bztl, right-hand side r4, and terminal condition g, = 0 (with the usual notation
gs<c) = g(S, C)):

Org + Dgt(bz}) =7r; in [0, h] x C,

5.3
gn =0 in C. ( )

We stress now that the differentiations acting on g; with respect to ¢ are all meant in the
Fréchet sense (see Definition ) and that the pairing Dgt(bzi) corresponds to the direc-
tional derivative of g, along the vector bz} € Yo. By the classical method of characteristics,

one can construct a solution g of (5.3)) with the required C! regularity property by setting:

h
gi(c) = —/ rs(Ysi(s,t,c))ds. (5.4)
t
Indeed, the C}(Y) regularity of 7, the C! regularity of Y5 (s, ¢, ) granted by Theorem

(and the arguments below, see before formula (5.5))), and Theorem yield the C! regu-
larity of the function g in (5.4)), together with the exchange of Fréchet differentiation with
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integration (the latter granted by (A.11])). Obviously g, = 0 and one can check that g
satisfies ((b.3) with the following observation: since, thanks to (A.2)),

&g(ta c(t)) = (9rgt + Dge(bs1)) (¢, c(t))
along any C! solution c(t) of the ODE

S elt) = by (elt),

if for any co € C and ty € (0, h) we are able to find a C! solution c(t) to the ODE above with
c(tg) = co and %g(t, c(t)) = re(e(t)) at t = tg, we are done. Choosing ¢(t) = Yx(t,0,d) for
some d € C, from the semigroup property we get

h
gt (1)) = —/t ro(Ysr (5,0, d)) ds

so that we are able to check (5.3 at any (to,co) with ¢o = Y51 (t0,0,d). Choosing d =
Y 51(0,%0,co) (only at this point we are using the flow backwards in time) we obtain the

global validity of ([5.3).
As mentioned above, the C! regularity of Y5 (s, t,-) follows from Theorem if we check
that

(t,c) = Dy, A(t,-)(c) is continuous from [0,T] x C to L(Y¢, Y ¢) (5.5)

in the sense of , with
A(ta C) - bEtl (C)a

and we recall Proposition It is at this stage that we need the extra C! assumption
on J(-,u,z’',u’) and e(-,u). Indeed, thanks to the representation of by, it is sufficent
to check C! differentiability of f(-,¢’) for all ¢ = (2/,0) in the direction (v,6) € Y¢; the
partial differential with respect to the z variable at ¢ = (z,0) is given by

veRY— (/ Dye(z,u)(v)do(u),
U
(/ D.J(z,-, 2, u')(v) do’(u) — / D.J(z,w, 2", u’)(v) da'(u’)da(w))a)
U UxU
while a partial differential with respect to the ¢ variable is given by

0 € My(U) (/Ue(:z,u) d0(u),(/U J(z, - 2 i) do’ () —/ J(z,w, 2 ) da'(u/)da(w)>0

UxU
_ (/UXU J(z,w, 2’ u) da’(u')dﬂ(w))ff),

so that the differential is continuous from [0, 7] x C to L(Y¢, Y o).
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Since r; are 1-Lipschitz, and the Lipschitz constant of bztl can be estimated from above by

L. = Lsup, |%}|(C), with L Lipschitz constant of the interaction term f in (5.1]), from the
Lipschitz estimate on Yy (t, s, ) granted by Theorem we get

IDg(c)llceve vy < (b — t)e™T, for all (t,c) € [0,h] x C. (5.6)

Since g;3; vanishes at t = 0 and ¢ = h, by the Leibniz rule and Theorem we get

h h h
d
0_/ /gtdEtdt—/ /(3tgt+Dgt(bE1)dEtdt+/ /Dgt(bzl)dzfdt. (5.7)
o dt Jo o Jo ¢ 0o Jo ¢
Using ([5.3)), we obtain that

h h
sup/ /rtdEtdtg/ /]Dgt(bt)\dlE?Idt. (5.8)
reRJ0o JC 0 C

Motivated by this estimate, we work with the distance dqi in .#(C) of Lemma Let us
prove now that

h h
sup/ /frtdtht—/ dei (2F, ¥2) dt. (5.9)
0 C 0

reR

The inequality < is obvious, since r; is an admissible function in the definition of dq1 for
any t € [0, h]. To prove the converse, we apply a measurable selection argument: since Y is
separable, it is easily seen that

B:={veCy(Y):veCyY), Lip(v) < 1}

is a Borel and separable subset of Cy(Y'), and that ¢ — dci (2, %2)) is a Borel function.
Then, for § > 0 fixed we consider the set

r= {(t,v) €[0,h] x Co(Y): v € B, den (S}, 52) <5+/ vdEt}
Y

which is measurable, thanks to the above-mentioned properties, with respect to the product
of the Borel g-algebras. Then, a measurable selection theorem [7, Theorem 6.9.1] grants
the existence of a Borel selection map 7: [0, h] — B, satistying (¢,7;) € I for a.e. t € [0, h].
Since, by construction, 7 € R, it follows that

h h h h
SUP/ / redXydt > / / redXdt > —5/ |%|(C) dt + / dCl(E%’Z%) dt.
rerJo Jc 0o Jo 0 0

Since § > 0 is arbitrary, this proves (5.9).

Combining (5.8)) and ([5.9) we obtain
h h
/ dei (BF, ¥2) dt g/ / Dy (bs)| d|%7| dt. (5.10)
0 0 C
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It remains to estimate from above the right hand side in (5.10). Recalling that the norm
on Y is given by ||y|ly = ||(z,0)|ly = |z| + ||o|/BL and using (5.6)), we have

h h
/ / Dge(be)] d|S2|dt < / / 1Dt v 1B w1y A2 ()l

/ —t/H J*Zt ) — /J*Et(x w) do(w ) )H d[22|(y)dt
T/O (h—t)/CH J*zt(x,-)—/UJ*zt(a;,w)da(w))aHBLd|z§|(y)dt

Moreover, (2.7)) gives
H (J* Yi(x,-) —/ J *x Xy (x, w) da(w))a
U BL

IA

IN

§2/U]J*Et(:n,u)|da(u),

and
|J % B¢(z,u)| < Lydca (2F, B2),

so that, with S = sup, |X?|(C), we get

h h
/ /C]Dgt(bt)\d]E?]dt < QSeL*TLJh/ dei (31, ¥2) dt. (5.11)
0 0

Combining (5.10) and (5.11)) we obtain

h h
/ der (2,23 dt < 2SeL*TLJh/ der (3, 57) dt.
0 0

For h > 0 small enough such that 2Se’*TL;h < 1, one has
der (2], %2) =0, for all 0 < t < h,

so that the the curves 3! and Y2 coincide in [0, k] and the proof is achieved by repeating
this argument finitely many times. O

5.2 Uniqueness by superposition

In this section we prove uniqueness of Eulerian solutions, as defined in Definition under
the same assumptions of Theorem dealing with Lagrangian solutions. In particular,
we require the sole Lipschitz continuity of e and J, not requiring the C' smoothness of
J(,u, 2’ u') and e(-,u) of Theorem The proof covers the more general setting of
interaction systems in Banach spaces of Section see Theorem for the existence and
stability of Lagrangian solutions.

Our main tool in the proof is the so-called superposition principle: it allows to lift solutions
to the continuity equation to probability measures on paths, thus recovering an (extended)
Lagrangian representation; the principle, which remarkably works under no regularity as-
sumption on the vector field, has by now many versions, see for instance [2, Theorem 8.2.1]
in Euclidean spaces and [30] in the context of the theory of currents. Here we consider the
case when the state space is a separable Banach space.

33



Theorem 5.2. Let (Y,||-|ly) be a separable Banach space, let b: (0,T)xY — Y be a Borel
vector field and let iy € (YY), t € [0,T], be a continuous curve with

T
/U/WMMM<Hn (5.12)
0 Y

If

d :
&Mt + le(bt/Lt) =0

in duality with cylindrical functions ¢ € C}(Y), precisely of the form (here (-,-) denotes the
duality map between Y and Y')

o((y, 21), (Y, 29)5 - -5 (Y, 2))

with o € CLRY) and 2},...,2) €Y', then there existsm € P(C([0,T);Y)) concentrated on
absolutely continuous solutions to the ODE y = by(y) and with evi(n) = pu for allt € [0,T].

Proof. We start from the version of the superposition principle in the space R of all se-
quences (z;), i > 1, proved in [4, Theorem 7.1] by finite-dimensional approximation. We can
endow R> with the distance doo(z,y) :== 27" min{1, |z, — y»|}, which makes it a complete
and separable metric space. If ¢: (0,T) x R® — R* is a vector field, with components ¢’
measurable with the respect to the product of the Borel o-algebras in the domain, and if
vy € P(R>) satisty fOT Jgeo I€i] dvy dt < +o00 for any i and solve the continuity equation

d .
T +div(ey) =0

in duality with Cl% cylindrical function ¢ (i.e., dependent on finitely many coordinates x;),
there exists o € Z(C([0,T];R*)) such that:

(1) o is concentrated on continuous curves 7: [0,7] — R*°, with absolutely continuous
components v* solving the infinite system of ODE #¢ = ci(v), i > 1;

(2) evi(o) =1y for all t € [0, T].
Given this basic result, if we strengthen the integrability assumption on ¢, by requiring
T .
/'/ W(sup |ci]) dvy dt < +oo (5.13)
0 oo i
with ¥ a non-decreasing function such that U(z)/z — 400 as z — oo, then it is immediately

seen that o is concentrated on a Borel set © (i.e. (C([0,T];R*>) \ ©) = 0) made of curves
~ absolutely continuous with respect to the norm || - o, more precisely one has

t
sup |y, — ¥ g/ sup |cz| o - dT, forall 0 <s<t<Tandally€0O,
(2 S 7

T
/ T (sup |ct| oy, ) dr < 400, for all v € ©.
0 i
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Now we turn to the case of a separable Banach space Y. Thanks to Dunford-Pettis theorem,
applied to the space-time measure p;dt, we can find a non-decreasing function ¥: [0, +o00) —
[0, 4+00) with ¥U(z)/z — +00 as z — 400 such that (5.12]) improves to

T
/ / U(||belly) dpedt < +oc. (5.14)
0 Y

Let (z]) C Y’ as in the proof of Lemma [2.1{ and let us consider the map E: Y — {5, C R®
defined by

E(y) = ({y, 21), (v, 25), - - ).

It is immediately seen from that the mapping F is an isometry of Y into .., hence,
E(Y) is closed and separable in £ ; in addition, [7, Theorem 6.8.6] grants that E maps Borel
sets of Y into Borel sets of R*, in particular E(Y") is a Borel set of R*. As a consequence,
E~! extended to 0 out of E(Y) is u-measurable for any u € 2(R™).

Let us consider the measures v, = Eypy € Z(R*); if we define

chi= (b, 2}y o B} on E(Y), fori>1

(and equal to 0 on R* \ E(Y), this extension is irrelevant since the measures v; are con-
centrated on E(Y')) we obtain by construction that the continuity equation holds, with the
stronger integrability condition coming from (5.14)), since sup; || < [|b]]y (recall
that ¥ is non-decreasing).

Then, from the superposition theorem in R we obtain a probability measure
o € 2(C([0,T];R*>)) concentrated on solutions of the ODE 4 = ci(y) and absolutely
continuous with respect to the norm || - ||oo. Moreover, since v; are concentrated on E(Y")
we obtain that, for any ¢t € [0,7T], v € E(Y) for o-a.e. 7. In particular, restricting ¢ to a
countable set, for o-a.e. v, one has

v € E(Y) for any t € QN [0,T]. (5.15)

If we fix v € © (so that v is absolutely continuous with respect to the || - ||oc norm) and
holds, since our choice of the z/ guarantees that the composition with E~!is an
isometry between the norm || - || and || - ||y, from v, € E(Y) for any ¢t € QN [0,T] we
deduce v([0,7]) € E(Y): indeed, if t, € QN [0,7] and ¢, — ¢, v, = E(yn), then the
absolute continuity of v yields that (y,) is a Cauchy sequence in Y, hence y,, — y for some
y € Y and then 4 = E(y) € E(Y). Therefore, we proved that for all v € © the property
improves to y([0,7]) C E(Y), and the same argument shows that the transformed
curve £~y in Y is absolutely continuous.
The ODE 4} = ¢i(y) becomes, for the transformed curve y; = E~ 17,

d / / -
a(y, z;) = (bt oy, 2;), forall i > 1,
that, since the z separate points in Y, allows to conclude that y = b; 0 y.
Let us now consider the map E: C([0,T];Y) — C([0,T];R*®), E(y) := E o+, which natu-
rally extends E to the corresponding complete and separable spaces of curves. Since E is
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continuous and injective, it maps Borel sets into Borel sets. It follows that the inverse map
E., v+ y = E~l5, arbitrarily defined to a constant on the Borel and o-negligible set

C([0, T];R™) \ E(C([0,T);Y)) € C([0, T|; R®) \ ©,

is Borel.
To conclude, having set § = (E,)x0o, from evi(o) = v, one obtains ev,(n) = p; for all
t € [0, T]. The measure 1 then satisfies all stated properties. O]

Theorem 5.3. Let ¥ € 21(C), f: C x C =Y be L-Lipschitz, and let by, be defined as in
(5.1). Then there is a unique ¥ € C([0,T]; 21(C)) with Yo = %, satisfying

[ st0am0) - [ 6000500 = [ [ (0.606.)+ Doto.)(bs. () . e

for all ¢ € CL([0,T) x Y).

Proof. Let us consider Eulerian solutions X! and ¥? starting from the same initial datum
¥ and let us denote b'(t,y) e b%(t,y) the respective velocity fields and Y!(¢,y), Y2(¢,y) be
the respective flow maps. By applying the superposition theorem to b% (extended with the 0
value to (0,T) x (Y \ C)), ¥ we obtain that X! = ev,(n') for suitable n* € Z(C([0,T];Y))
concentrated on absolutely continuous in [0, 7] solutions to the Cauchy problem

y = bEi (ta y) in (O) T)

On the other hand, since from Theorem we know that the solution to the Cauchy
problem is unique, the conditional prpbabilities n; of i given the initial ‘conditi_on y(0) =1y
have to be Dirac masses, precisely 1 = dyi(.,y. It follows that ¥} = Y*(¢,) 4 for all t €
[0,7]. An application of the stability estimate in Theorem yields uniqueness. [

A Calculus in Banach spaces

We adapt some basic calculus notions in Banach spaces to our framework, where the domain
C of the functions we wish to differentiate is a convex subset of a normed space E but need
not be open; in this case we denote by E¢ the vector space R(C' — C). For ¢ € C, we shall
instead denote by E. the convex cone of directions

E.=Ri(C—-c¢) C Ec.

A.1 Differentiation

We first introduce a notion of multivalued Fréchet differential, adapted to functions defined
on convex sets.
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Definition A.1 (Multivalued F-differential). Let E, F' be normed vector spaces, C C E
convez, and let f: C — F be a map. We say that f is F-differentiable at ¢ € C if there
exists L € L(Ec, F') such that

) = F@) — L = )l

Coc—c HCI —CHE

0. (A1)

This notion is too strong for some applications, since the natural domain of L should be
only the closure of the cone E., on which L is uniquely determined by (A.1l). We denote
the F-differential of f in c € C

Df(c) = {L € L(Ec, F) : L fulfills (A1)},

and, if E. is not dense in F¢, the map D is multivalued (as in the case of the subdifferential in
convex analysis). By density, each L € D f(c) uniquely extends to an operator in L(Ec,F).
Hence, the F-differential D f(c) is a closed convex subset of L(E¢, F'). For any e € E¢ we
denote

Df(c)e=Df(c)(e) = {L(e) = Le: L € Df(c)}.

If e € E. then Df(c)e is a singleton and in this case, with a slight abuse of notation, we
may use D f(c)e instead of Le for any L € Df(c).

A straightforward consequence of is the chain rule for curves: if t — c(t) € C1([0,T]; O)
is a differentiable map, then ¢(t) € E ;) C Ec¢ and

Lres)| = DAEED). (42)

s=t

whenever f is F-differentiable at ¢(t) (we remark the abuse of notation mentioned above).
For F-differentiability we can also adopt the handy notation

f(d) = f(e) =Df(e)(c" = c) = o([[ = c||)-

If we consider the particular case when E = F and f: C — C, obviously any L € Df(c) is
a linear operator from F¢ to Ec. With these notions, the proof of the following chain rule
is standard.

Theorem A.2 (Chain Rule). Suppose f: C — C and g: C — R are F-differentiable,
respectively at ¢ € C and at d = f(c) € C. Then go f: C — R is also F-differentiable at ¢
and

D(g o f)(¢) € Dg(d) o Df(c),
where Dg(d) oDf(c) ={MoL: M € Dg(d),L € Df(c)}.

Notice that if e € E. then Df(c)(e) is unique (i.e., it does not depend on the choice of L)
and belongs to E4. Therefore, also the choice of the element M € Dg(d) is irrelevant.
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Proof. Tt suffices to write

go f(cd)—gofle)=g(d+Df(c)(c —c) + R(c)) — g(d)

with ||R(c)||g = o(||d — ¢||g) as ¢ — ¢, and the expansion g(d’) — g(d) = Dg(d)(d’ — d) +
o(||d" — d||g) with d =d+Df(c)(c —¢) + R(c). O

We say that f is of class C! and we write f € C1(C; F) if f is F-differentiable at each ¢ € C,
and there exists a selection L(c) € Df(c) for all ¢ € C, such that

¢ — L(c) is continuous from C' to L(E¢, F) (A.3)

with £L(E¢, F') endowed with the distance induced by the operator norm. To conform with
the classical continuous Fréchet differentiability, below we may write with a slight abuse of
notation that

¢ — Df(c) is continuous from C to L(E¢, F) (A.4)

to actually mean f € C}(C; F) as in (A.3).

In the context of Theorem by choosing a continuous selection for D f(c) and for Dg(d),
we have a continuous selection for the F-differential of the composition at ¢, D(g o f)(c),
thus granting the C! regularity of g o f.

Definition A.3 (G-differentiation). Let E, F' be normed vector spaces, C C E convezx, and
let f: C'— F be a map. We say that [ is G-differentiable at ¢ € C if the directional right
derivatives

df(e,e) == lim flet he) = f(c)

exist in I for all e € EL.
h—0+ h

Of course, F-differentiability at ¢ implies G-differentiability at ¢, with df(c,e) = Df(c)(e)
for all e € E.. In connection with the differentiability properties of flow map, it is useful to
establish the converse implication.

Lemma A.4 (Criterion for C! regularity). Let f : C — F be a continuous map and assume
the existence of a continuous operator

C>cw L(c) € L(Eg, F)

such that df(c,e) = L(c)e for allc € C and all e € E.. Then L(c) € Df(c) is an admissible
choice in (A1) for all c € C, so that f € CY(C; F).

Proof. Set ¢, = c+t(c' —¢) for t € [0,1] and set e = ¢/ — ¢ € E,, and notice that +e € E,,
for all ¢ € (0,1). Since t — f(c;) is continuous in [0, 1] and differentiable in (0,1), we can
write

1 1
()= fle) _/0 df(ce,e) dt—/0 L(cp)edt. (A.5)

Now we use that L(c)e/|le||lg — L(c)e/|e|| g uniformly in [0, 1] as ¢ — ¢ to obtain (A.1). O
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Remark A.5. Formula (A.5) also shows that a function f € C!(C;F) with a uniformly
bounded F-differential selection L: ¢ — L(c) asin (A.3), i.e., L € Cy(C; L(E¢, F)), satisfies

a uniform bound

1F (e < [If(co)llF + lle = coll Sup 1L 2o, F)» (A.6)

where ¢g is a given point in C. In particular f has linear growth

aup @

— < co)l| + sup || Le . A7
sup i N < (o) + 50 | Lel e (A7)

The left-hand side of (A.7) defines a norm in the space Ciz(C, F') of continuous functions
with linear growth (the definition is in fact independent of ¢p). The same argument of the
proof of Lemma [A4] also shows that the graph of the multivalued operator D

X = {(f, L) € CHC,F) x Cy(C, L(Ec, F)) : L(c) € Df(c) for every c € C’}, (A.8)

between C(C; F) and Cy(C; L(E¢, F)) is closed, and thus a Banach space, with respect to
the graph norm

If()llr
, L = sup ———————— +sup || L(c A9
|(f, L)|lx Ceg T+ [e—collp CEgH O zeo,r) (A.9)

which in turn is equivalent to || f(co)||r + supe.ec [1L(c) |l 2(Eq,F)-

The closedness of the graph X is equivalent to saying that if ¢ — L,(c) € Df,(c) is a
sequence of maps in Cy(C; L(Ec, F)) uniformly converging to L € Cy(C; L(E¢, F')) and
lim;, 00 fn(co) = f(co) in F, then f, is also converging uniformly on bounded sets to a
function f € CY(C; F) and L(c) € Df(c) for all c € C.

A.2 Bochner integration

Let (A, A, 1) be a o-finite measure space and let E be a Banach space. A p-simple function
f: A — FE is representable as

N
f = Z XAnen?
n=1

where e, € F and A,, € A with u(A,) < +oc.

Definition A.6 (Bochner integral). A function f: A — E is pu-Bochner integrable if there
exist simple functions fp: A — E such that

(i) lim, f, = f p-a.e. (strong p-measurability);

(ii) Ty [y | fu — Lo dp = 0.
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If f is p-Bochner integrable then

/fd,u:hm/fnd,ueE
A noJa

exists, is independent of the sequence ( f,), it is called the Bochner integral of f, and satisfies

|7,

We shall use the fact that, in the case when (A,d4) is a separable metric space and A is
the Borel o-algebra, any continuous function f: A — F is strongly pu-measurable. This
is a consequence of Pettis measurability theorem (see for instance [34, Chapter 5]), since
x — (¢, f(z)) is continuous, hence p-measurable, for any ¢’ € E’ (the so-called weak
measurability property), and the separability of the range of f.

A simple criterion for Bochner integrability is the following.

< [ 1z an (A.10)

Proposition A.7 (Bochner integrability criterion). A strongly p-measurable function (as
in (i) of Deﬁm’tion f: A — FE is u-Bochner integrable if and only if

/A 1115 dya < +oc.

Bochner integral commutes in many ways with linear operators, let us illustrate these prop-
erties for duality operators, linear operators and differentiation operators.
(1) For any =’ € E’ one has

</Afdu’m,>ExE, :/A<f7x/>E><E’ du

and an analogous formula with the pre-dual holds if F is a dual Banach space.
(2) If f: A — E is p-Bochner integrable and 7' € L(E,F), then Tf: A — F is also

p-Bochner integrable and
/ fdu= / Tfdu.

(3) Let E, F be normed spaces. If (f,L): A — X, where X in the Banach space defined in
, where L(z,-) is a continuous selectlon in Df(x,-), is p-Bochner integrable, then

/ f(a / Liz,) dp(x) € Co(C; L(Ee, F)). (A11)
A

This useful formula explains the correct exchange of F-differentiation and Bochner integra-
tion. In particular it provides, in conjunction with item (1) above, the following simple
extension of the fundamental theorem of calculus, for which in fact the simpler Riemann
integral would be sufficient.

Theorem A.8. If f: [a,b] — F is continuous, differentiable in (a,b), and f' extends
continuously to [a,b], then
b
- [ 1@
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B Well-posedness of ODEs in Banach spaces and lineariza-
tion

First we recall Brezis’ theorem [10, Sect. 1.3, Thm. 1.4, Cor. 1.1] on the well-posedness of
ODE’s in Banach spaces.

Theorem B.1. Let (E,|| - ||g) be a Banach space, C' a closed convex subset of E and let
A(t,-): C — E, t € [0,T], be a family of operators satisfying the following properties:

(i) there exists a constant L > 0 such that

|A(t,c1) — A(t,c2)|lg < Lller — 2|l for every c1, ¢ € C and t € [0,T]; (B.1)

(ii) for every c € C the map t — A(t,c) is continuous in [0,T);
(iii) for every R > 0 there exists @ > 0 such that

ceC, |lc[e <R = c+0A(tc)eC. (B.2)

Then for every ¢ € C' there exists a unique curve c: [0,T] — C of class C satisfying ¢; € C

for allt € [0,T] and

d
= A(t,e) in [0,T7, cp = C. (B.3)

2 are the solutions starting from the initial data ¢*, ¢ € C respectively,

Moreover, if c', ¢
we have
Hc% — C?HE < eLtHE1 — EQHE, for every t € [0,T). (B.4)

Assume now that A(t,-): C — FE is a family of operators as required by the assumptions of
Theorem so that the flow map Y : [0,7] x C' — C given by

%Y(t, )= ALY (tc), Y00 =c (B.5)
is well defined. For simplicity we consider only the flow map starting from ¢ = 0, but the
same results hold for the full family of transition maps Y (¢, s, ¢).

Thanks to , the operators A take their values in E¢. In this section we shall highlight
additional conditions on A for the flow map Y (¢,-) to be continuously F-differentiable,
uniformly in ¢ € [0, T]. More precisely, we assume that the operators A(t,-) satisfy

(t,c) — Dpg,A(t,-)(c) is continuous from [0,T] x C to L(Ec, Ec). (B.6)

According to (A.4), by we mean that there exists a selection L4(t,c) € Dg A(t,-)(c)
such that (¢,c¢) — La(t,c) is continuous from [0,7] x C to L(E¢, E¢).
Under this assumption, we prove by classical linearization and stability arguments the
existence of the G-derivatives, and then their continuity as functions of the point of differ-
entiation, using eventually Lemma to obtain the F-differentiability.
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Theorem B.2. Under the assumptions of Theorem and , the map Y (t,-) is
continuously F-differentiable for all t € [0,T], with a F-differential DY satisfying:

(i) (t,c) — DY (t,-)(c) continuous from [0,T] x C to L(Ec, E¢);
(i) DY () () p(pe Foy < el for all (t,c) € [0,T] x C.
Proof. For c € C, e € E. and h > 0 sufficiently small, let us consider the finite difference

(s (cre)) = Y(t,c+ hz) — Y(t,c)' (B.7)

From (B.5)) we obtain the equation

d A(t,Y (¢ he)) — A(t, Y (t
 anlt, (evey) = ALY R Z ALY )
In view of the well-posedness of (B.5]), also (B.8) is well-posed. We highlight now some
regularity properties of the functions t — zp(t, (¢, e)), which naturally come from the as-

sumptions on A.

By definition of zj(¢, (¢,e)) and (B.4)) we observe that

sup |[za(t, (c,e)|[p < llellme™™, (B.9)
t€[0,T

z1(0, (c,e)) = e. (B.8)

where L is the constant of Theorem |B.1{(i). Hence ¢t — z(t, (¢, €)) are uniformly bounded
in [0,7] with respect to h. To compute their limit as h | 0, notice that an application of
Theorem [B.1| (or more classical results for linear ODE’s) yields for all f € E¢ the existence
and the uniqueness of a C! map t + 2(t) € E¢ solving the linear differential equation

2'(t) = La(t,Y(t,¢))z(t), z(0) = f, (B.10)

for a continuous selection LA(t,Y (t,c)) € Dg,A(t,-)(Y (t,c)), whose existence is granted
by . For later use we denote the solution z = z; to emphasize its initial datum.
From and (B.§) we have the identity (with the notation 2"(t) := zj(t, (c,e)))

%(zh(t) — 2.(t)) = h YA, Y (L, ¢) + hz"(t)) — A(t, Y (t,¢)) — hLa(t,Y (L, ¢))2"(1)]

+ La(t, Y (t,¢)[2"(t) — ze(t)].

We recall now that for any g € C1([0,T]; E) the map t ~ ||g(¢)|| g is Lipschitz and satisfies
(as a simple consequence of the fundamental theorem of calculus and (A.10))

(B.11)

<Ild' )| E, for almost every t € [0, T.

d
—llg(t
a0l

Then, we obtain the estimates

%th(t) —ze(t)||lg < Hh_l[A(t, Y (t,¢) + hz"(t)) — A(t, Y (t,¢)) — hLa(t, Y (t,¢))2"(t)]
+ La(t, Y (t,0)[2"(t) — z(1)]| 5
< || AR Y () + h2"(8) — AL Y (£, ¢) — hLa(t, Y (t,0))2" ()] 4

+L[|2"(1) — z(t)lle,
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since || La(t, Y (¢,0))l 2. By < L thanks to (B.1). By Gronwall’s inequality and using
that 2(0) = z.(0) = e we obtain

12" (8) = ze () &
/ | A(s, Y (s,¢) + hz"(s)) — A(t, Y (s,¢)) — hLa(t, Y (t,¢))2"(s)]|| ye* ) ds.

By the pointwise limit

Hh_l[A(s, Y (s,c) + hz"(s)) — A(t,Y (s,¢)) — hLo(t, Y (t,¢))2" —0 for h — 0,

S)]HE

and by the dominated convergence ensured by assumption (B.1)) and the uniform bounded-
ness in , we conclude that

lim sup |2"(t) — z(t)||g = 0.
h=0¢ejo, 1]

Moreover, with a similar argument as above we have

d
<
Sl®ls < Llz)ls,

and again by Gronwall’s inequality and z.(0) = e
lze(®)le < llefl pe™. (B.12)

We shall denote now by L(t, ¢) the linear operators induced by by setting L(t,c)f =
zf(t) for any f € Ec (not to be confused with La(t,c) € Dg,A(t,-)(c)). Notice that in
view of the operators L(t,c) € L(E¢c, E¢) are in fact uniformly bounded. With all
of this we proved that Y'(¢,-) is G-differentiable (uniformly in ¢ € [0,7]) and that

dY (t,c,e) = L(t, c)e, for every e € E., t € [0,T],

In order to improve from G-differentiability to F-differentiability, we apply Lemma [A]]
if we were able to show that the operator (¢,¢) — L(t,c¢) is continuous from [0,7] x C
to L(Ec, Ec). Since uniform continuity with respect to ¢ is obvious, the continuity with
respect to ¢ can be again shown by considering, for ¢, ¢’ € C, the operator

Z(t,c,c) = L(t,c) — L(t,c)

Indeed, for ¢, ¢’ fixed, we have the linear differential equation in the space L(E¢, Ec)

%Z(t,c, ) =Lat,Yi()) o Z(t,c,d) + [La(t,Y () — La(t,Yi(c))] o L(t,c),

with the initial condition Z(0,¢,c) = 0; here, we denoted Y,(c) = Y (¢,¢). Under the
assumption and by a similar argument based on the Gronwall inequality as above,
since, for ¢ fixed, La(t,Y+(c')) = La(t,Y¢(c)) as ||c — ¢||p — 0, we can conclude that
Z(t,e,d) — 0as ||c—=||g — 0 uniformly in [0, T, and therefore the continuity of ¢ — L(t, ¢).
It follows that Y7 is of class C!, uniformly with respect to t € [0,T], with a F-differential
at ¢ given by L(t, c). O
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